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Exploiting Chordal Sparsity for
Globally Optimal Estimation with Factor Graphs
Avinash Subramanian1, Connor Holmes2, Timothy D. Barfoot2, Frank Dellaert1, and Frederike Dümbgen3

Abstract—Robust and efficient state estimation is crucial for
perception, navigation, and control in robotics. State estima-
tion problems are conveniently modeled using the factor-graph
framework as enabled by modern software packages such as
GTSAM or g2o. However, the standard solvers included in such
frameworks are local and may converge to poor local minima,
posing significant safety concerns. Conversely, techniques based
on convex relaxations have been shown to provide a means of
globally solving or certifying many state estimation problems.
However, these relaxations 1) often require substantial effort to
formulate, and 2) may incur significantly higher cost compared to
efficient local solvers, as they require solving a large semidefinite
program (SDP). In this work, we address both shortcomings
by 1) creating a new procedure within the GTSAM framework
for automatically constructing convex SDP relaxations for any
factor graphs with common factor and variable types, and by
2) exploiting the Bayes tree constructions native to GTSAM to
decompose the SDP problem, leading to significant speedup in
solver time for chordally sparse problems. We demonstrate the
favorable scaling of this structure-exploiting global estimator
compared to standard local solvers for two case studies: A 3D
pose-graph SLAM problem with a ring factor graph and a 2D
localization problem with a chain factor graph. The software
framework is available at https://github.com/borglab/gtsam.

I. INTRODUCTION

Fast and accurate state estimation is crucial for autonomous
navigation and control of robots [1]. Factor graphs have
emerged as a powerful framework, popular amongst robotics
practitioners, for modeling complex estimation and sensor fu-
sion problems: They are defined as a bipartite graph with edges
between variable nodes (denoting states to be estimated) and
factor nodes (denoting various measurements or priors) [2].
The factor graph modeling framework has been democratized
by state-of-the-art software implementations such as GTSAM
[3] and g2o [4]: These provide a comprehensive set of pose
parameterizations, measurement and prior factor types, as well
as efficient local optimization solvers such as Gauss-Newton
and Levenberg-Marquardt for solving the estimation problem.
While these local solvers are computationally efficient, they
typically require high-quality initialization and do not provide
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guarantees of global optimality, which render them risky for
safety-critical applications.

Recently, certifiably optimal state estimation techniques [5]
have been proposed that leverage the fact that polynomial
optimization problems often admit a tight convex relaxation
in the form of an semidefinite program (SDP) [6], [7].
These methods provide a posteriori optimality guarantees and
scale favorably compared to always-optimal, but worst-case
exponential, branch-and-bound methods. However, the naive
use of SDP solvers for the resulting relaxations may incur
prohibitive costs. To address this issue, a number of related
works have proposed techniques to exploit problem structure
in the quest for a scalable certifiably global state estimator.
Rosen et al. [8] introduced SE-Sync, which exploits the low-
rank structure of SDP solutions through the Burer-Monteiro
factorization [9] by applying the Riemannian staircase method.
Tian et al. [10] extended this work to use a distributed
algorithm via Riemannian block coordinate descent.

Other works have focused on exploiting the chain-like
sparsity structure exhibited by a subset of estimation problems.
Building on the seminal works from the SDP literature [11],
[12], Duembgen et al. [13] introduced a distributed global
estimator that can exploit chordal sparsity, and laid some
foundations in using the factor-graph language to simplify
problem formulation. However, the empirical validation and
provided software were limited to specific problems and
sparsity patterns, i.e., localization with chain-like sparsity.
Going beyond the (first-order) Shor’s relaxation, Kang et al.
[14] showcased a GPU-accelerated solver for trajectory op-
timization exploiting chain-like sparsity also for higher-order
moment-hierarchy relaxations. Graesdal et al. [15] proposed
a method for contact-rich motion planning where the same
chain-like sparsity structure is exploited in the setting of
graphs-of-convex-sets relaxations.

While some software packages that exploit chordal spar-
sity exist [16], [17], they come with software interfaces not
necessarily suited for roboticists and do not always allow for
control of the (non-unique) decomposition technique used.
The aforementioned use cases in robotics instead manually
decompose the chain-like problems, but this approach does
not scale well to more complex sparsity patterns. Instead, we
propose integrating chordal decomposition techniques into GT-
SAM, which is commonly used to formulate robotics problems,
and is already equipped with variable elimination and chordal
decomposition tools. In concurrent work, the fast SDP solver
techniques based on the Riemannian staircases are also being
integrated in GTSAM [18], which will significantly reduce the
effort required for practitioners to investigate the efficacy of

https://github.com/borglab/gtsam
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Fig. 1. Visualization of the proposed framework. (a) The user creates the factor graph representation of the problem (here, a 3D pose-graph SLAM problem
with 10 variables is shown), (b) we automatically lift the factor graph to a quadratically-constrained quadratic program (QCQP) in lifted variables xi, (c) we
construct the Bayes tree through variable elimination, which is then used to directly create a clique-based semidefinite program (SDP) problem (d): instead
of solving for one large positive semidefinite (PSD) variable, we solve for smaller PSD variables (one per clique), shown by the corresponding colors.

alternative structure-exploiting solvers for their use cases. In
summary, we make the following contributions:

1) We develop an easy-to-use GTSAM-based software
framework that democratizes access to SDP-based cer-
tifiable estimators.

2) We show how to use variable elimination on a factor
graph, and the resulting Bayes tree, to create a chordally
decomposed estimator for arbitrary sparsity patterns
beyond commonly treated chains.

3) We demonstrate the favorable scaling of this estimator
on two problems of interest: A 3D pose-graph SLAM
problem modeled as a ring factor graph with poses in
SE(3), and a 2D localization problem modeled using a
chain factor graph with poses in SE(2).

II. METHOD

In this section, we show how to obtain a computationally
efficient convex relaxation for many canonical state estimation
problems by leveraging both the graphical modeling capabili-
ties and efficient factorization procedures provided by GTSAM.
The workflow is visualized in Figure 1 for the 3D pose-
graph SLAM problem with a ring factor-graph structure. In
particular, we first construct the original estimation problems
using a standard factor graph (Section II), then lift the problem
to an equivalent Quadratically Constrained Quadratic Program
(QCQP) (Section II-A), and finally perform variable elimina-
tion to construct a Bayes tree (Section II-B). The cliques of
the Bayes tree correspond to the chordally decomposed SDP
relaxation. Importantly, the entire process following the factor
graph setup can be automated, resulting in an easy-to-use yet
certifiably optimal estimation pipeline. Most common state
estimation problems can be formulated as inference on a factor
graph. State estimation involves determining the maximum a-
posteriori estimate of the robot state from noisy measurements,
equivalent to solving a nonlinear least squares optimization
problem assuming zero-mean Gaussian noise and conditional
independence:

{ξ̂i}Ni=1 = arg min
ξi∈X ,i∈[N ]

∑
k∈Q

ek(ξk)
⊤Wkek(ξk)

+
∑

(i,j)∈R

eij(ξi, ξj)
⊤Wijeij(ξi, ξj),

(1)

where ξi, i ∈ [N ] := {1, . . . , N} represent the state variables
to be estimated, with X often chosen to be SO(d) or SE(d).
We denote by Q (R) the set of indices (pairs) at which we have
absolute (relative) measurements or prior terms. The cost terms
of the first and second sum correspond to unary (absolute)
factors and binary (odometry) factors, respectively.1 These are
defined by their respective error terms ek(·), eij(·) and corre-
sponding inverse covariance matrices Wk, Wij . Problem (1)
is a nonconvex optimization problem for nonlinear ek, eij or
for a nonconvex set X . Problem (1) can be represented by a
factor graph Gf = (V,M, E) [2], where V contains all states,
M contains the measurements or priors, and E defines the
(bipartite) connectivity between V and M.

Example — 3D SLAM with ring factor graph: Figure 1(a)
presents the ring factor graph for an example 3D pose-graph
SLAM problem. The variable nodes of the factor graph are
the poses ξi : Ti0 ∈ SE(3) to be estimated. The odometry
(binary) factors are noisy relative pose measurements eij =

∥Ti0− T̃ijTj0∥2σij
where T̃ij is a measurement of the relative

transform from pose i to pose j and T̃i0 a measurement of pose
i. We are also given an absolute measurement on the initial
pose, which forms a unary factor ek = ∥Ti0 − T̃i0∥2σi

). We
assume isotropic noise for all measurements thus Wij = σ−2

ij I

and Wk = σ−2
i I .

A. Lifting to a QCQP

The variables and factors of Problem (1) are lifted to a
higher-dimensional space to yield a QCQP for which standard
SDP convex relaxations exist [19], [20]. Importantly, this
operation leaves the graph’s original connectivity unchanged.
The intuition behind variable lifting is to introduce enough
higher-order terms such that the cost and the constraints
stemming from X in Problem (1) become quadratic in the
lifted vectors. The state ξi yields the lifted variable

xi ∈ RD,xi :=
[
1 ξ⊤i ℓi(ξi)

⊤]⊤ , (2)

where we have introduced the lifting function ℓi and the
homogenization constant 1, which allows for constant and
linear terms to be represented using quadratic terms as well.

1Note that we focus on unary and binary factors, which are the most
common and the only types required for the presented examples. The
framework does allow for any factor types.
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Fig. 2. Solver times (left) and Average pose error (right) for the 3D pose-graph SLAM problem with a ring factor graph as a function of the number of
poses N . The presented chordal estimator has a complexity comparable with local solvers and with little variance in solution time and accuracy.

The QCQP reformulation of (1) takes the form:

{x̂k}k∈V =arg min
xk,k∈V

∑
k∈Q

x⊤
k Qkxk +

∑
(i,j)∈R

x⊤
ijRijxij

s.t. x⊤
k A

s
jk
xk = bjk , k ∈ V, jk ∈ [Ns

k ]

x⊤
k A

p
jk
xk = 0, k ∈ V, jk ∈ [Np

k ]

, (3)

where xij is the concatenation of xi and xj .The constraint
matrices As

jk
and scalars bjk , jk ∈ [Ns

k ] enforce the sub-
stitution constraints from (2) for lifted variable k, and Ap

jk
,

jk ∈ [Np
k ] enforce the primary constraints from X . The cost

matrices Qk and Rij are derived in closed form for each of the
measurement and prior types. This QCQP can be represented
as a lifted factor graph as shown in Figure 1(b).

B. Bayes Tree Construction

By collecting all variables in one large vector x, the QCQP
could be relaxed to an SDP with variable X ⪰ 0 of size ND,
obtained by forming the rank-one variable X = xx⊤ and
relaxing its rank constraint. For the detailed reformulation, we
refer the reader to [13]. However, the cost to solve such an
SDP would in general be approximately cubic in its dimension.
We will refer to this formulation as the monolithic SDP.

Instead, we formulate an equivalent SDP problem with
multiple, often significantly smaller, PSD variables. Starting
from the QCQP factor graph, a variable elimination (factor-
ization) procedure is executed using a specific ordering (e.g.,
COLAMD or METIS) as explained in detail by Dellaert and
Kaess [21, Ch. 4]. This yields a Bayes net, which is known to
always be chordal [21]. The maximal cliques of the Bayes net
can be listed in an undirected tree called a clique tree (also
known as a junction tree) or a directed tree that preserves
the order of eliminations called a Bayes tree [21]. The Bayes
tree is defined as Tc := (Vc, Ec), where the vertices index
the maximal cliques, and edges between two cliques indicate
shared variables. Figure 1(c) illustrates the Bayes tree attained
by performing variable elimination on the shown QCQP factor
graph with a METIS ordering.

By associating T smaller PSD matrices Ct, t ∈ Vc with the
maximal cliques obtained from the Bayes tree, we arrive at a

chordally decomposed SDP formulation:

{Ĉi}t∈Vc = arg min
C1,...,CT

∑
t∈Vc

tr (QtCt)

s.t. At(Ct) = bt, t ∈ Vc

St′

t (Ct) = St
t′(Ct′), t, t′ ∈ Ec

Ct ⪰ 0, t ∈ Vc

, (4)

where At is the linear operator stacking all primary, substi-
tution, and possibly redundant constraints2 of clique t , and
St′

t is the operator selecting the shared variables with t′ from
clique t. Qt is the clique-wise cost matrix, obtained from
splitting the cost variables equally across overlapping nodes.
The decomposition of the PSD variable into its cliques is
shown in Figure 1(d).

We note that the fact that the chordally decomposed SDP
Problem 4 is equivalent to the monolithic SDP is a conse-
quence of the fundamental result by Fukuda et al. [23]: If
the aggregate sparsity pattern of cost and constraint matrices
corresponds to a chordal graph, the large PSD constraint
X ⪰ 0 can be decomposed into a set of smaller PSD
constraints on the maximal cliques of the graph, coupled
by equality constraints on their intersections [24]. The key
insight leveraged in our formulation is that the cliques of the
Bayes tree correspond to the maximal cliques of the chordal
completion of the sparsity pattern of the monolithic SDP.

C. Implementation

The lifting procedure and the formulation of the SDP
problem are implemented in C++ using the MOSEK fusion
API for C++ [25]. Similar to GTSAM’s implementation,
a template metaprogramming approach is used to generate
specialized code at compile time for the different matrix
Lie group types (currently Rot2, Rot3, Pose2, Pose3
supported) and factor types (currently FrobeniusBetween,
FrobeniusPrior, PriorFactor supported) of GTSAM.3

2Redundant constraints are irrelevant to the original problem but yield a
tighter convex relaxation (closer to the global optimum) without changing the
original feasible set [22]. We implicitly assume that redundant constraints
do not change the problem sparsity. If redundant constraints add novel
connections in the original factor graph, they must be added before the Bayes
tree construction.

3Note that any factor and variable types that can be encoded with polyno-
mial cost and constraints are suitable for the lifting procedure.
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Fig. 3. Solver times (left) and Average pose error (right) for the 2D pose localization problem with a chain factor graph representation as a function of the
number of poses N . The presented chordal estimator has complexity comparable to that of local solvers, with little variance in solution time and accuracy.

III. RESULTS AND DISCUSSION

The proposed method is applied to a 3D pose-based SLAM
problem represented by a ring factor graph and a 2D lo-
calization problem represented by a chain factor graph. For
comparison of solver times and accuracy of estimated poses,
three other estimation algorithms are implemented: The mono-
lithic SDP estimator that does not exploit any sparsity structure
but results in a certifiably global estimate, local random and
local ground truth, which use GTSAM’s Levenberg-Marquardt
nonlinear least-squares solver with starting values chosen as
random poses or ground truth poses, respectively. All experi-
ments are run on an Apple M1 MacBook Pro.

A. 3D pose-graph SLAM example

We first treat the 3D pose-graph SLAM problem with ring
structure described in Section II. We study the scalability
of the proposed chordally sparse SDP formulation as the
number of poses N increases. All problems have the same
fixed scale; thus, increasing N increases the sampling density
of measurements. For each value of N , the sensor noise is
randomly sampled and composed with the nominal measure-
ment. Each of the 4 estimators is run five times with the
same measurement, such that the only stochasticity arises from
randomness in the estimation algorithm (in starting value or
convergence). The empirical results in the left plot of Figure 2
show that the solution time of the chordal estimator grows
(roughly) linearly in the number of poses, and is similar to the
two local solvers, albeit with larger constant. The local random
estimator is much slower than the local ground truth estimator
and has a larger variance, indicating the dependence on the
quality of the initialization. Lastly, we note that the chordal
estimator has relatively low variance in solution time, which
may be desirable for deployment on hardware for applications
with strict time budgets.

The right pane of Figure 2 presents a box plot of the
average pose error between the estimate and the ground truth,
computed using the log-map norm (

∥∥log(T−1
gt,iTi

)∥∥
2
). The plot

shows that the chordal estimator has similar accuracy to the
local ground truth estimator, with the local random estimator
often resulting in an order-of-magnitude higher average pose
error. In addition, local random has a large variance in errors,
indicating the peril of converging to spurious local minima

after poor initialization. Conversely, the chordal estimator
performs deterministic global optimization and thus has zero
variance in average pose error.

B. 2D pose localization example
The 2D pose localization example we study has poses in

SE(2), relative measurements between consecutive poses, and
absolute measurements for each pose; the problem can thus
be represented by a chain factor graph.

Figure 3 shows that, similar to the 3D pose-graph SLAM
problem, the proposed chordal estimator has a comparable
runtime complexity to that of local solvers, but it is even
faster thanks to increased sparsity. For certain large estimation
problems, the chordal estimator is even faster than the local
random estimator, which is notable since it comes with global
optimality guarantees since the convex relaxation is known to
be tight. Lastly, we observe that the chordal estimator has low
variance in solver time and always finds the global minimum,
while the local random estimator often converges to poor local
minima.

IV. CONCLUSIONS AND FUTURE WORK

This work demonstrates a scalable certifiable estimator
applicable to state estimation problems on arbitrary factor
graphs (including those with a ring topology) composed of a
subset of commonly used factor and variable types. We present
an implementation in GTSAM to facilitate use by practitioners.
Furthermore, we show that existing GTSAM functionality for
constructing a Bayes tree automatically yields the chordal
decomposition crucial for the estimator. We have shown, for
two representative problems, that this chordal estimator has a
runtime complexity that empirically is linear in the problem
size, similar to local solvers, yet reliably finds certifiably
global optima without requiring a high-quality initialization.
Future work involves implementing the proposed lifting trans-
formations for a broader range of variable and factor types that
arise in different inference problems. A systematic comparison
with the alternative structure-exploiting solver based on the
Riemannian staircase [18], enabled by its GTSAM integration,
is also planned. Finally, a promising extension is the imple-
mentation of a distributed version of this chordal estimator in
GTSAM, leveraging splitting methods such as the Alternating
Direction Method of Multipliers (ADMM) [26], [13].
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