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Abstract
Low-bit storage of optimizer states can reduce the memory footprint of large-scale language-

model training, but for states updated by exponential moving averages (EMAs), it also changes
the optimizer dynamics. At every step, the stored state is dequantized, updated, requantized, and
written back, so quantization errors are recursively fed into future optimizer states. We analyze the
quantized EMA recursion and identify a failure mode: biased quantization errors accumulate into
persistent drift, error variance is amplified, and the aggregate state error scales with state dimension-
ality. We propose BReD (Block Replay Dithering), which adapts classical subtractive dithering to
optimizer-state storage using deterministic seed replay and block-wise shared dither values. BReD
leaves optimizer updates and hyperparameters unchanged, stores no auxiliary random tensors, and
reduces random-number generation from O(d) to O(d/B) for state dimension d and block size
B. In controlled 120M pretraining experiments across five optimizers, 4-bit BReD remains stable
where nearest and stochastic rounding diverge or degrade. In AdamW and Muon pretraining at
1.1B and 3.4B parameters, 4-bit BReD closely tracks full-precision optimizer-state baselines: val-
idation perplexity shifts by at most 0.3, average zero-shot accuracy changes by at most 0.5 points,
and optimizer-state memory is reduced by up to 86.0% in the evaluated settings. These results
suggest that stable low-bit EMA-state storage is a practical option for memory-constrained scaling.
Keywords: Optimizer-state quantization; quantized EMA dynamics; memory-efficient training;
subtractive dithering.

1. Introduction

Many optimizers used in large-scale model training maintain auxiliary states [6, 10, 11, 14, 27,
31], such as momentum buffers, first- and second-moment estimates, or preconditioner statistics.
These states are updated throughout training and can add one or more parameter-sized tensors to
the optimizer memory footprint. Since this cost grows with model size, storing optimizer states in
low-bit formats is a natural way to reduce the memory required for training.

For EMA-based optimizer states, however, low-bit storage introduces an additional issue. The
state is not quantized once and then treated as a fixed compressed tensor. At each optimizer step,
the stored value is dequantized, used in the optimizer update, updated by the EMA rule, quantized
again, and written back. Thus, the quantization error introduced by the low-bit format is fed into
the next EMA update. Over many steps, small per-step errors can become accumulated state error.

We study this effect through the error recursion induced by quantized EMA storage. The anal-
ysis shows that biased quantization errors produce persistent drift, while error variance is amplified
by the EMA decay. These effects are most pronounced when the decay factor is close to one, as in
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common momentum and second-moment states. This suggests that aggressive low-bit EMA-state
storage should avoid systematic bias while keeping the error variance controlled.

We propose BReD (Block Replay Dithering). BReD uses subtractive dithering [19] to obtain
unbiased rounding under a fixed quantization grid. To make this practical for large optimizer states,
it regenerates dither values by deterministic seed replay instead of storing random tensors, and
shares one dither value within each block to reduce random number generation cost. BReD leaves
the optimizer update and hyperparameters unchanged.

We evaluate BReD in language-model pretraining with AdamW [11, 14], Muon [10], NAdamW
[6], SOAP [27], and MARS [31]. In controlled 120M experiments, nearest and stochastic rounding
[1, 26] diverge or substantially degrade under the same scaling rule and quantization grid, while
4-bit BReD remains stable. At 1.1B and 3.4B parameters, 4-bit BReD closely tracks full-precision
optimizer-state baselines for AdamW and Muon, with validation perplexity shifts at most 0.3 and
average zero-shot accuracy changes within 0.5 points. Across the evaluated settings, packed 4-bit
BReD reduces optimizer-state memory by 35.9%–86.0%.

More related work is provided in Appendix A.

2. Quantized EMA Error Accumulation

Many optimizer states are updated by exponential moving averages. Let st denote a full-precision
EMA state,

st+1 = βst + (1− β)ut+1, 0 < β < 1, (1)

where ut+1 is the incoming update term. With low-bit storage, the optimizer reads a dequantized
state ŝt, applies the same EMA update,

s̃t+1 = βŝt + (1− β)ut+1, (2)

and then quantizes the updated state for storage. Define the accumulated state error and the one-step
quantization error as

et := ŝt − st, ϵt+1 := ŝt+1 − s̃t+1. (3)

A direct subtraction gives
et+1 = βet + ϵt+1. (4)

Thus, the quantization error at one step is reused through future EMA updates, rather than appearing
as an independent one-step perturbation. This model isolates the error caused by low-bit state
storage; it is not a convergence result for the full optimizer, where changes in the stored state may
also change the parameter trajectory and the future update terms ut.

Unrolling Eq. (4) gives the steady-state effect of the one-step quantization error. If E[ϵt] = b,
then

E[et] = βtE[e0] +
1− βt

1− β
b −→ b

1− β
. (5)

Thus, a biased quantization error produces persistent bias in the stored EMA state. Under the
temporal-independence assumptions stated in Appendix D, if ϵt = b + ξt with E[ξt] = 0 and
E∥ξt∥22 = σ2, then

lim
t→∞

E∥et∥22 =
∥b∥22

(1− β)2
+

σ2

1− β2
. (6)
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Figure 1: In-training diagnostic for quantized EMA-state storage during LLaMA-120M AdamW
pretraining. Left: the measured mean state error follows E[ϵt]/(1 − β2) after the tran-
sient. Right: relative state error log10(∥et∥F /∥st∥F ). NR accumulates drift and larger
relative error, while SR and SD have near-zero mean error and smaller relative error in
this diagnostic.

For a state with d entries, write the per-coordinate squared bias and residual variance as µ2 :=
∥b∥22/d and τ2 := σ2/d. Then Eq. (6) becomes

lim
t→∞

E∥et∥22 =
dµ2

(1− β)2
+

dτ2

1− β2
. (7)

This makes the dependence on state dimension explicit: small per-coordinate bias or variance can
produce a large accumulated error for large optimizer states, especially when β is close to one.

For a fixed scale and quantization grid, and away from clipping or saturation, the rounding
rule determines the quantization error. Nearest rounding can introduce systematic bias. Stochastic
rounding is locally unbiased but still leaves large variance. This motivates a rounding rule with
small systematic bias and controlled variance, which we introduce in Section 3.

In-training diagnostic. We check whether this mechanism appears during language-model pre-
training. In a LLaMA-120M AdamW run, we maintain measurement-only quantized copies of one
second-moment state using nearest rounding (NR), stochastic rounding (SR), and subtractive dither-
ing (SD). These copies do not affect training. For each copy, we record the accumulated state error
et and the one-step quantization error ϵt. For AdamW’s second-moment state, the EMA coefficient
in Eq. (4) is β = β2, so Eq. (5) predicts the steady mean error E[ϵt]/(1 − β2) after the initial
transient.

3. BReD: Block Replay Dithering

The analysis above suggests that low-bit EMA-state storage should avoid systematic quantization
bias and keep the variance small. BReD applies subtractive dithering to EMA optimizer-state stor-
age and regenerates the required dither values without storing auxiliary random tensors.

Local rounding rule. Given a quantization scaling rule and a quantization grid, and away from
clipping or saturation, the local quantization error is determined by the rounding and reconstruction
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rule. Consider a scalar value x. Let p0(x) ≤ x ≤ p1(x) be the neighboring grid points, and define

∆(x) := p1(x)− p0(x), α(x) :=
x− p0(x)

∆(x)
∈ [0, 1]. (8)

Stochastic rounding is unbiased and has conditional variance

Var(x̂SR − x | x) = ∆(x)2α(x)(1− α(x)) ≤ ∆(x)2/4. (9)

Definitions of nearest rounding and stochastic rounding are given in Appendix B.
Subtractive dithering draws r ∼ Unif(0, 1), rounds a dithered coordinate to a grid point, and

reconstructs using the same r:

cSD(α; r) := 1{α+ r ≥ 1}, x̂SD := p0(x) + ∆(x)

(
cSD(α; r)− r +

1

2

)
. (10)

Conditioned on x, this gives

E[x̂SD − x | x] = 0, Var(x̂SD − x | x) = ∆(x)2/12. (11)

The advantage of SD is that the variance is independent of α, and its worst-case conditional variance
is smaller: ∆(x)2/12 instead of ∆(x)2/4. SD does not dominate SR pointwise, since SR has a
smaller variance near grid points. The proof is given in Appendix D.

Seed replay and block sharing. Subtractive dithering requires the same dither value during quan-
tization and dequantization. Storing one random value per state entry would remove the memory
savings. BReD instead regenerates dither values from deterministic keys. For an optimizer-state
tensor with identifier state id, block index j, and stored step index t, BReD uses

r
(t)
j ← PRNG(seed, state id, t, j) ∈ (0, 1). (12)

The same key is used when the stored state is reconstructed, so the same r
(t)
j is replayed without

storing a random tensor.
BReD shares one dither value within each block. Let {Bj} be a partition of a state tensor

into blocks of size B. For all entries i ∈ Bj , BReD uses the same r
(t)
j in Eq. (10). Since r

(t)
j

is uniform, each coordinate remains marginally unbiased under the local non-clipped model. The
sharing introduces within-block correlation, but reduces the number of random draws from O(d) to
O(d/B) for a state with d entries.

Detailed pseudocode for one EMA optimizer-state tensor is given in Appendix C.

4. Experiments

We evaluate BReD in language-model pretraining. The experiments focus on two questions: whether
the rounding rule matters under a fixed low-bit format, and whether 4-bit BReD remains close to
full-precision optimizer-state training at larger scales while reducing optimizer-state memory. Un-
less otherwise stated, all low-bit variants use the same optimizer update, learning-rate schedule, and
hyperparameters as the corresponding full-precision optimizer-state baseline; only the rounding and
reconstruction rule for the EMA optimizer states is changed. We report validation perplexity (PPL)
and average zero-shot accuracy over standard language-model evaluation tasks. Full training setup,
task-wise results, 3-bit results, and ablations are provided in Appendix E.
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(a) 120M rounding controls
Optimizer NR SR BReD

AdamW Diverged Diverged 18.7
Muon Degraded (31.0) Degraded (21.7) 18.0
NAdamW Diverged Diverged 18.9
SOAP Diverged Diverged 18.1
MARS Diverged Diverged 18.9

(b) Scale check and optimizer-state memory
Scale Opt. ∆Avg. ∆PPL Opt. mem.

1.1B AdamW −0.1 +0.1 8.20→1.18GB (85.6%)
1.1B Muon −0.5 +0.3 4.59→1.47GB (68.0%)
3.4B AdamW −0.3 +0.1 25.53→3.58GB (86.0%)
3.4B Muon −0.5 +0.2 13.53→3.17GB (76.6%)

Table 1: Main pretraining results for 4-bit BReD. In (a), NR, SR, and BReD use the same scal-
ing rule, quantization grid, optimizer update, and hyperparameters; numbers are valida-
tion PPL when training completes. In (b), changes are relative to the corresponding full-
precision optimizer-state baseline; ∆Avg. is the change in average zero-shot accuracy.
“Opt. mem.” denotes optimizer-state memory only.

Rounding controls. Table 1(a) isolates the effect of the rounding rule at the 120M scale. NR,
SR, and BReD use the same scale, quantization grid, optimizer update, and hyperparameters. NR
and SR diverge or substantially degrade across the five optimizers, while 4-bit BReD remains stable
for all of them. This controlled comparison shows that stability is not a consequence of the low-bit
format alone; the rounding and reconstruction rule matters for EMA-state storage.

Scale check. We next evaluate AdamW and Muon at 1.1B and 3.4B parameters. Table 1(b) shows
that 4-bit BReD closely tracks the full-precision optimizer-state baselines. Across these four set-
tings, validation PPL changes by at most 0.3, and average zero-shot accuracy changes by at most
0.5 points. The result is consistent across both AdamW, which stores first- and second-moment
estimates, and Muon, which stores momentum buffers.

Optimizer-state memory. The same table reports the memory used by optimizer states. At 3.4B
parameters, 4-bit BReD reduces AdamW optimizer-state memory from 25.53GB to 3.58GB, and
Muon optimizer-state memory from 13.53GB to 3.17GB. These reductions are for optimizer states
only; they do not include parameters, gradients, or activations. Together with the controlled round-
ing results, these experiments support the main claim: BReD provides stable 4-bit EMA-state stor-
age in the evaluated large-scale pretraining settings while substantially reducing optimizer-state
memory.

5. Conclusion and Limitations

We studied how quantization errors accumulate in low-bit storage of EMA optimizer states. The
analysis shows that small systematic bias can accumulate into persistent state error, while variance is
amplified. BReD addresses this issue by applying subtractive dithering to EMA-state storage, using
deterministic seed replay and block-wise shared dither values to avoid storing auxiliary random
tensors. It keeps the optimizer updates and hyperparameters unchanged. In the evaluated pretraining
settings, 4-bit BReD closely tracks full-precision optimizer-state baselines at 1.1B and 3.4B scale
while substantially reducing optimizer-state memory.

The main limitation lies in the experimental scope. Our largest experiments are up to 3.4B
parameters, with large-scale results focused on AdamW and Muon. Broader validation on larger
models, longer runs, additional optimizers, and distributed training settings remains future work.
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Appendix A. Related Work

Low-bit optimizer states. Optimizer states are a major memory bottleneck in large-scale training.
Existing approaches reduce this cost structurally, as in Adafactor [24] and Adam-mini [33] or at
the system level, as in ZeRO-style sharding/offloading [16–18]. We study a complementary axis:
low-bit storage of EMA optimizer states. Prior work has shown strong results for block-wise 8-bit
optimizers [5] and 4-bit AdamW [12]; we refer to the latter as Adam-LPMM. Recent methods
further push low-bit AdamW states by focusing on EMA dynamics [30], or use optimizer-specific
structure for Muon- [29] and Shampoo-style [7] states. In contrast, BReD targets the shared
quantize–write-back path of EMA states. It changes the rounding and reconstruction rule used for
state storage, while keeping the optimizer update and hyperparameters unchanged.

Unbiased rounding and dithering. Unbiased rounding reduces systematic rounding bias. Stochas-
tic rounding is unbiased in expectation [1, 26]. Subtractive dithering is a classical technique that
gives unbiased reconstruction [9, 19, 23, 25]; under the local non-clipped interval model used in
2, it has smaller worst-case conditional variance than stochastic rounding. However, subtractive
dithering requires the same dither value at quantization and dequantization time, which is impracti-
cal at LLM scale if per-element dither values must be stored or generated. BReD makes subtractive
dithering practical for persistent EMA optimizer states through deterministic seed replay and block-
wise shared dither values.

Appendix B. Rounding

Nearest rounding (NR). NR deterministically selects the nearest endpoint:

cnr(α) := 1{α ≥ 1/2}, α̂ = cnr(α). (13)

NR is computationally efficient, but it can introduce biased rounding errors for asymmetric data
distributions.

Stochastic rounding (SR). SR draws u ∼ Unif(0, 1) and selects the upper grid point with prob-
ability α:

csr(α;u) := 1{u < α}, α̂ = csr(α;u). (14)

Then E[α̂ | α] = α, hence E[ϵelem | x] = 0, and

Var(ϵelem | x) = ∆(x)2α(1− α) ≤ ∆(x)2/4. (15)

Although SR achieves unbiasedness, it can still leave a large variance, which is also amplified by
the EMA recursion.
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Appendix C. BReD Algorithm

Algorithm 1: BReD for one EMA optimizer-state tensor
Input: low-bit codes qt and block scales at storing one EMA state at step t; update tensor ut+1; EMA

coefficient β; block partition {Bj}; global seed; state identifier state id
Output: low-bit storage of state ŝt+1 and block scales at+1 storing the updated EMA state

Reconstruct the EMA state stored at step t.
foreach block Bj do

r
(t)
j ← PRNG(seed, state id, t, j)

Form the quantization grid for block Bj using scale at,j
foreach entry i ∈ Bj do

zt,i ← the grid point represented by code qt,i
∆t,i ← the interval width used for the code qt,i under this grid

ŝt,i ← zt,i −∆t,i

(
r
(t)
j − 1

2

)
end

end

Apply the usual EMA update.
s̃t+1 ← βŝt + (1− β)ut+1

Quantize the updated EMA state for storage.
foreach block Bj do

r
(t+1)
j ← PRNG(seed, state id, t+ 1, j)

Compute the block scale at+1,j from s̃t+1,Bj

Form the quantization grid for block Bj using scale at+1,j

foreach entry i ∈ Bj do
xi ← s̃t+1,i

if xi is clipped by the representable range then
qt+1,i ← the boundary code after clipping

end
else

Find neighboring grid points p0(xi) ≤ xi ≤ p1(xi)
∆(xi)← p1(xi)− p0(xi)

α(xi)←
xi − p0(xi)

∆(xi)

ci ← 1{α(xi) + r
(t+1)
j ≥ 1}

if ci = 0 then
qt+1,i ← the code of p0(xi)

else
qt+1,i ← the code of p1(xi)

end
end

end
end

The algorithm is written at the same local-interval level as Eq. (8)–(10). At reconstruction time,
zt,i is the grid point represented by the stored code, and ∆t,i is the corresponding local interval width
under the same grid and quantization rule used when the code was written. For clipped entries, all
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methods use the same clipping behavior; the unbiasedness and variance statements in the main text
apply to non-clipped entries.

Appendix D. Proofs

This appendix provides the proofs for the EMA error accumulation results used in Section 2. All
tensor-valued quantities can be flattened into vectors; we use ∥ · ∥2 for the corresponding Euclidean
norm, equivalently the Frobenius norm for tensors.

D.1. EMA error accumulation

Recall the recursion
et+1 = βet + ϵt+1, 0 < β < 1, (16)

where et is the accumulated EMA-state error and ϵt+1 is the one-step quantization error introduced
when the updated EMA state is quantized and reconstructed.

Lemma 1 (Mean error under EMA quantization) Assume that E[ϵt] = b for all t ≥ 1 and that
E∥e0∥2 <∞. Then, for the recursion in Eq. (16),

E[et] = βtE[e0] +
1− βt

1− β
b. (17)

In particular,

lim
t→∞

E[et] =
b

1− β
. (18)

Proof Unrolling Eq. (16) gives

et = βte0 +

t∑
k=1

βt−kϵk. (19)

Taking expectation and using E[ϵk] = b yields

E[et] = βtE[e0] +
t∑

k=1

βt−kb = βtE[e0] +
1− βt

1− β
b. (20)

Since 0 < β < 1, the first term vanishes as t→∞, which proves the claim.

Theorem 2 (Steady-state second moment) Assume

ϵt = b+ ξt, (21)

where {ξt}t≥1 are independent over time, E[ξt] = 0, and E∥ξt∥22 = σ2 for all t. Assume also that
e0 has finite second moment and is independent of {ξt}t≥1. Then

lim
t→∞

E∥et∥22 =
∥b∥22

(1− β)2
+

σ2

1− β2
. (22)

11
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Proof Using ϵt = b+ ξt, the unrolled recursion becomes

et = βte0 +
t∑

k=1

βt−kb+
t∑

k=1

βt−kξk. (23)

Let

at :=
1− βt

1− β
. (24)

Then

et = βte0 + atb+

t∑
k=1

βt−kξk. (25)

Because ξk are zero-mean and independent of e0, the cross term between βte0+atb and
∑t

k=1 β
t−kξk

has zero expectation. Thus

E∥et∥22 = E∥βte0 + atb∥22 + E

∥∥∥∥∥
t∑

k=1

βt−kξk

∥∥∥∥∥
2

2

. (26)

For the first term, since E∥e0∥22 < ∞ and βt → 0, we have βte0 → 0 in L2, while atb →
b/(1− β). Hence

E∥βte0 + atb∥22 −→
∥b∥22

(1− β)2
. (27)

For the second term, independence and zero mean imply that the cross terms vanish: for i ̸= j,

E⟨ξi, ξj⟩ = 0. (28)

Therefore

E

∥∥∥∥∥
t∑

k=1

βt−kξk

∥∥∥∥∥
2

2

=
t∑

k=1

β2(t−k)E∥ξk∥22 (29)

= σ2
t−1∑
r=0

β2r (30)

= σ2 1− β2t

1− β2
. (31)

Taking t→∞ in Eq. (26) gives Eq. (22).

Corollary 3 (Dependence on state dimension) Consider a state with d entries. Under the as-
sumptions of Theorem 2, define the average squared bias and average residual variance per coor-
dinate as

µ2 :=
∥b∥22
d

, τ2 :=
σ2

d
. (32)

Then

lim
t→∞

E∥et∥22 =
dµ2

(1− β)2
+

dτ2

1− β2
. (33)

Proof This follows by substituting ∥b∥22 = dµ2 and σ2 = dτ2 into Eq. (22).

12
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D.2. Local rounding facts

We also record the local rounding facts used in Section 3. Consider a scalar x inside a quantization
interval with neighboring grid points p0(x) ≤ x ≤ p1(x). Let

∆(x) := p1(x)− p0(x), α(x) :=
x− p0(x)

∆(x)
∈ [0, 1]. (34)

For any reconstruction rule that returns

x̂ = p0(x) + ∆(x)α̂, (35)

the local reconstruction error is

ϵelem(x) := x̂− x = ∆(x)
(
α̂− α(x)

)
. (36)

The following statements are local, i.e., they assume a fixed scale and quantization grid and do not
include clipping or saturation effects.

Lemma 4 (Stochastic rounding) Let u ∼ Unif(0, 1) and define stochastic rounding by

cSR(α;u) := 1{u < α}, α̂ := cSR(α;u). (37)

Then

E[ϵelem(x) | x] = 0, Var(ϵelem(x) | x) = ∆(x)2α(x)(1− α(x)) ≤ ∆(x)2

4
. (38)

Proof Since cSR is Bernoulli with success probability α,

E[α̂ | x] = α, Var(α̂ | x) = α(1− α). (39)

Multiplying by ∆(x) gives the mean and variance of ϵelem(x) = ∆(x)(α̂ − α). The upper bound
follows from α(1− α) ≤ 1/4.

Lemma 5 (Subtractive dithering) Let u ∼ Unif(0, 1) and define subtractive dithering by

cSD(α;u) := 1{α+ u ≥ 1}, α̂ := cSD(α;u)− u+
1

2
. (40)

Then

E[ϵelem(x) | x] = 0, Var(ϵelem(x) | x) =
∆(x)2

12
. (41)

Proof Let v := {α+u} denote the fractional part of α+u. Since u is uniform on [0, 1], the shifted
fractional part v is also uniform on [0, 1]. Moreover, because cSD(α;u) is the integer part of α+ u
for α, u ∈ [0, 1],

α̂− α = cSD(α;u)− u+
1

2
− α (42)

=
1

2
−

(
α+ u− cSD(α;u)

)
(43)

=
1

2
− v. (44)

13
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Thus α̂− α is uniform on [−1/2, 1/2]. Therefore

E[α̂− α | x] = 0, Var(α̂− α | x) = 1

12
. (45)

Multiplying by ∆(x) gives the stated result.

Lemma 6 (Coordinate-wise marginal unbiasedness under block-wise sharing) Suppose a block
Bk shares a single random variable u(k) ∼ Unif(0, 1) across all coordinates in the block. If the
underlying element-wise reconstruction rule is unbiased for every fixed coordinate value, then each
coordinate remains marginally unbiased under block-wise sharing.

Proof Fix a coordinate i ∈ Bk and condition on its value xi. Although the same u(k) is shared with
other coordinates in the block, its marginal distribution for coordinate i is still uniform on [0, 1].
Therefore the same element-wise calculation applies:

E[x̂i − xi | xi] = 0. (46)

Block-wise sharing can introduce correlations among reconstruction errors within the same block,
but it does not change the marginal unbiasedness of each coordinate.

Appendix E. Experimental Setup

This appendix provides the experimental details for the results in Section 4. Unless otherwise stated,
for each optimizer and model scale we keep the model architecture, data recipe, training length,
batch size, learning-rate schedule, optimizer hyperparameters, and evaluation protocol fixed across
the full-precision optimizer-state baseline and the low-bit variants. In the controlled rounding com-
parisons, the scale, quantization grid, and clipping behavior are also kept fixed; only the rounding
and reconstruction rule is changed.

E.1. Pretraining setup

We evaluate BReD in language-model pretraining with AdamW, Muon, NAdamW, SOAP, and
MARS at the 120M scale, and with AdamW and Muon at the 1.1B and 3.4B scales. The 120M
and 1.1B models use LLaMA-style decoder-only architectures following TinyLlama-style configu-
rations, while the 3.4B model follows an OpenLLaMA-style configuration. All pretraining runs use
SlimPajama as the training corpus. The standard 120M runs are trained for 10.5B tokens, and the
1.1B and 3.4B runs are trained for 31.4B tokens. The hyperparameters are given in Sec. F.

Standard pretraining results are reported as mean and standard deviation over three runs. The
100B-token run is reported as a single run due to its computational cost.

E.2. Quantized optimizer states

BReD is applied to EMA optimizer states, such as the first and second moments across five opti-
mizers. For Muon-style optimizers, we quantize the momentum buffer. For SOAP, we quantize the
moment estimates and the preconditioner states. Following prior low-bit optimizer-state work [5],
we keep embedding-layer optimizer states in full precision during pretraining.

14
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For 4-bit storage, we use the MXFP4 [20, 21] format with block scaling. For 3-bit storage, we
use the grid {0,±1,±2,±3} with Microscaling [20, 21]. Unless otherwise stated, BReD uses block
size B = 32. The block-size ablation in Appendix G.1 compares this default against element-wise
dithering and larger blocks.

All rounding baselines use the same scale, quantization grid, and clipping behavior as BReD.
Nearest rounding (NR), stochastic rounding (SR), and BReD therefore differ only in the rounding
and reconstruction rule. This controlled setup is used to isolate the effect of the rounding rule on
EMA-state storage.

E.3. Baselines and low-bit variants

The full-precision optimizer-state baseline uses the same optimizer and training recipe, but stores
the selected optimizer states in full precision. The NR and SR baselines replace BReD’s subtractive
dithering with nearest rounding or stochastic rounding while keeping the same low-bit format.

We also compare with optimizer-specific low-bit methods where applicable, including AdamW-
LPMM for AdamW and Muon-Grasp for Muon. When BReD is combined with an optimizer-
specific low-bit method, the optimizer-specific method is kept fixed and BReD is used as the round-
ing and reconstruction rule for the selected EMA states.

E.4. Evaluation protocol

For pretraining, we report validation perplexity and zero-shot language-model evaluation accuracy.
The zero-shot tasks are HellaSwag [32], OpenBookQA [15], WinoGrande [22], ARC [4], BoolQ [3],
and PIQA [2]. The average zero-shot accuracy is the arithmetic mean over these tasks.

E.5. Packed low-bit storage and memory accounting

All reported BReD low-bit runs use physically packed optimizer-state tensors rather than high-
precision emulation. The implementation stores encoded optimizer states in packed integer tensors,
reconstructs them during the optimizer step, performs the EMA update in higher precision, and then
requantizes and packs the updated states back to memory.

The memory footprint reported in the paper refers to the optimizer-state memory only. For full-
precision optimizer-state baselines, this counts the selected optimizer-state tensors in full precision.
For BReD, this counts the packed low-bit codes and the associated scale information. The reported
optimizer-state memory does not include model parameters, gradients, activations. For settings
where embedding-layer optimizer states are kept in full precision, their memory is included in the
corresponding optimizer-state memory total.

E.6. Randomness and reproducibility

BReD uses a stateless keyed pseudo-random number generator to generate dither values from the
global seed, state identifier, training step, and block index. This allows the same dither value to be
regenerated during reconstruction without storing an auxiliary random tensor. The keyed construc-
tion also makes the generated dither values independent of kernel scheduling or block execution
order.

15
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When multiple runs are reported, we report mean and standard deviation over completed runs.
All low-bit variants are evaluated with the same training recipe as their corresponding full-precision
optimizer-state baseline.

Appendix F. Pretraining Optimizer Hyperparameters

This appendix reports the complete optimizer hyperparameters used in all experiments. Unless
otherwise stated, we keep all training settings identical across methods (model architecture, data
recipe, training length, batch size, learning-rate schedule, and evaluation), and only vary the storage
precision of optimizer states.

F.1. Global settings

All runs share the following optimizer-related settings:

• Gradient clipping: global norm clip at 1.0 (disabled if set to 0).

• Epsilon: ϵ = 1× 10−8.

• LR scheduler: WSD [8, 28].

• Warmup ratio: 0.1 (warmup steps = 0.1× total steps).

• Min LR ratio: 0.1 (minimum LR = 0.1× peak LR).

F.2. Hyperparameters for 120M pretraining

Table 2 summarizes the optimizer hyperparameters used for pretraining the 120M model. Unless
otherwise noted, all unspecified entries are not applicable to the corresponding optimizer.

Table 2: Optimizer hyperparameters for the 120M pretraining runs.

AdamW Muon NAdamW SOAP MARS

Peak LR 1× 10−3 1× 10−3 1× 10−3 2× 10−3 1× 10−3

(β1, β2) (0.9, 0.95) — (0.9, 0.95) (0.95, 0.95) (0.9, 0.99)
Weight decay 0.1 0.1 0.1 0.01 0
Weight decay (1D params) — — — — 0.01
Muon momentum β — 0.95 — — —
NS steps — 5 — — —
Momentum decay — — 0.004 — —
Shampoo β — — — 0.95 —

F.3. Settings for larger models

Following Liu et al. [13], we use the same learning rate and weight decay for Muon and AdamW.
For the 1.1B and 3.4B models, we use:

• Peak LR for 1.1B model: 6× 10−4.
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• Peak LR for 3.4B model: 6× 10−4.

• AdamW betas: (β1, β2) = (0.9, 0.95).

• Muon momentum: β = 0.95.

• NS steps: 5.

17
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Appendix G. Full pretraining results

Table 3: Zero-shot LM evaluation accuracies for the 120M model. Subscripts denote standard de-
viations over three runs. Parentheses report the difference relative to the full-precision
optimizer-state baseline of the same optimizer.

Optimizer HS OBQA WG Arc e Arc c BoolQ PIQA Avg.↑

AdamW 29.410.4 27.600.7 51.200.4 36.360.1 21.791.1 56.121.9 60.580.6 40.4(+0.0)
AdamW-LPMM 29.150.2 27.730.8 50.640.7 35.661.0 22.580.9 57.441.9 58.941.0 40.3(-0.1)

AdamW-LPMM+BReD 28.910.1 26.331.3 51.880.4 35.800.3 22.180.8 59.350.4 59.210.6 40.5(+0.1)
AdamW-4bit+BReD 29.120.2 27.070.6 52.040.7 35.841.0 21.820.7 59.351.0 59.580.5 40.7(+0.3)
AdamW-3bit+BReD 28.680.2 27.270.5 51.930.2 36.100.9 22.330.6 59.631.3 58.620.6 40.6(+0.2)

Muon 29.850.1 26.730.4 51.300.5 36.600.3 22.500.3 59.162.6 60.190.3 40.9(+0.0)
Muon-4bit+BReD 29.440.2 27.131.5 52.571.1 36.671.3 22.550.3 60.151.7 60.080.9 41.2(+0.3)
Muon-3bit+BReD 29.020.1 27.470.6 51.490.8 36.740.4 22.240.5 59.670.6 59.990.4 40.9(+0.0)

NAdamW 28.910.5 26.470.4 50.850.9 36.080.4 21.960.9 56.712.3 59.390.4 40.1(+0.0)
NAdamW-4bit+BReD 29.980.3 26.931.2 49.591.1 36.000.6 22.040.8 60.442.4 60.010.1 40.6(+0.5)
NAdamW-3bit+BReD 28.910.2 25.931.4 51.121.6 35.640.7 21.960.5 60.202.4 59.670.6 40.5(+0.4)

SOAP 29.690.1 24.930.3 50.121.2 36.600.7 22.470.5 54.088.8 59.431.1 39.6(+0.0)
SOAP-4bit+BReD 28.970.1 27.200.2 50.540.9 36.020.7 21.730.4 58.035.1 59.360.6 40.3(+0.7)
SOAP-3bit+BReD 28.860.1 26.470.8 50.700.5 35.620.8 22.470.8 61.041.7 59.011.2 40.6(+1.0)

MARS 29.030.1 27.200.5 51.651.1 36.001.0 21.560.5 60.892.3 59.251.0 40.8(+0.0)
MARS-4bit+BReD 28.880.1 25.200.7 50.540.3 35.690.3 22.580.7 59.671.0 59.330.3 40.4(-0.4)
MARS-3bit+BReD 28.590.3 27.471.2 51.930.5 35.910.6 22.551.2 61.221.0 59.491.0 41.0(+0.2)

Table 4: Zero-shot LM evaluation accuracies and validation PPL on 1.1B and 3.4B models. Sub-
scripts denote standard deviations over three runs. Parentheses report the difference rela-
tive to the full-precision optimizer-state baseline of the same optimizer.

#PARAM OPTIMIZER HS OBQA WG ARC E ARC C BOOLQ PIQA AVG. ↑ PPL ↓

1.1B ADAMW 43.450.1 30.800.4 52.620.5 45.380.4 25.660.7 59.660.1 68.050.7 46.5(+0.0) 10.8(+0.0)
ADAMW-4BIT+BRED 43.050.3 30.671.3 52.120.2 45.502.0 25.510.5 59.631.8 68.030.2 46.4(-0.1) 10.9(+0.1)

MUON 46.010.5 31.070.6 52.751.1 48.231.1 26.370.5 59.572.7 69.100.5 47.6(+0.0) 10.3(+0.0)
MUON-4BIT+BRED 44.460.4 30.871.6 53.570.3 47.281.1 25.570.6 58.964.2 68.930.3 47.1(-0.5) 10.6(+0.3)

3.4B ADAMW 48.010.3 31.330.3 53.991.8 48.450.4 26.930.4 56.474.7 69.980.6 47.9(+0.0) 9.7(+0.0)
ADAMW-4BIT+BRED 47.080.7 31.470.7 52.801.8 47.531.2 26.080.2 59.251.0 69.240.2 47.6(-0.3) 9.8(+0.1)

MUON 48.370.2 31.530.3 54.911.3 49.170.4 26.480.1 57.502.8 69.680.5 48.2(+0.0) 9.6(+0.0)
MUON-4BIT+BRED 46.310.0 30.470.3 54.960.9 47.111.2 26.230.4 59.771.0 68.740.4 47.7(-0.5) 9.8(+0.2)
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G.1. 3-bit results and block-size ablation

The main results use 4-bit BReD as the default operating point. We also evaluate 3-bit BReD as a
more aggressive compression setting. As summarized in Table 5(a), 3-bit BReD remains convergent
in all evaluated pretraining and fine-tuning settings, but the quality shifts are larger and less uniform
than in the 4-bit case. We therefore treat 3-bit BReD as an alternative rather than the default setting.

We further ablate the block-wise randomization component of BReD. Block-wise randomiza-
tion (BWR) shares one dither value within each block. BWR shares one dither value within each
block, reducing PRNG calls from O(d) to O(d/B) while introducing within-block correlation.
Table 5(b) shows that the default B = 32 remains close to element-wise dithering in quality,
while reducing the number of generated random values by 32× and lowering generation time from
486.32±29 ms to 340.88±41 ms.

Table 5: Aggressive compression and BWR ablation. (a) Summary of 3-bit BReD results. ∆Avg.
denotes the range of changes relative to the corresponding full-precision optimizer-state
baseline. (b) Block-wise randomization ablation for 4-bit AdamW at the 120M scale.

(a) 3-bit BReD summary

Setting Architecture / size Optimizers ∆Avg. ∆PPL

Pretrain LLaMA-style / 120M 5 opt. [+0.0,+1.0] [+0.2,+1.2]
Pretrain LLaMA-style / 1.1B AdamW, Muon [−0.9,−0.7] [+0.1,+0.6]

(b) BWR ablation

Block size B Avg. acc. ↑ PPL ↓ Random ratio Generation time

1 40.9 18.8 1 486.32±29 ms
32 40.7 18.7 1/32 340.88±41 ms
256 40.6 18.8 1/256 335.47±35 ms
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