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Abstract

This paper considers the simulation optimization with continuous decision variables.
Under certain reasonable assumptions, we provide a worst-case lower bound on
the optimization error for any algorithms. The lower bound can incorporate the
noiseless and noisy problems in an unified framework. The result highlights that
the optimization error of noisy problems can be very close to that of noiseless
problems when the observation’s variance is small and the budget is not very large.

1 Introduction

This paper targets the minimization of a continuous objective function under the budget constraint on
the total number of observations that we can make. This problem setting is common in operations
research and machine learning. For example, we may need simulation to analyze and optimize the
performance of complex systems in supply chains and healthcare (Hong and Nelson, |[2025). Running
simulation is time-consuming and the simulation observation is often stochastic. Another example is
the hyper-parameter tuning to optimize the performance of a machine learning model. The model
may be very complicated and regarded as a black-box. In the literature, such type of problems is
called simulation optimization with continuous decision variables (CSO), global optimization or
black-box optimization. In this paper, we call it CSO.

CSO has three distinctive features. First, the objective function may be non-convex and non-smooth.
Second, unbiased observations of the gradient are often unavailable. Third, observations of the
objective may be noisy. Given the finite total budget of noisy observations, the estimated optimal
solution of a CSO algorithm cannot be the true optimal solution with probability one. A common
efficiency measure is the optimization error (also called simple regret), which quantifies how far the
objective value of the algorithm’s estimated optimal solution is from the optimal objective value.

Many popular algorithms have been proposed to solve different types of CSO. Suppose the obser-
vations are noisy. Let n denote the total budget. For strongly convex CSO (i.e., the objective is
strongly convex), the stochastic approximation (Hong et al., 2020; Hu and Fu, [2024)) can achieve
the optimization error O(n_l/ 2). When the objective is quadratic, the optimization error can be
further reduced to O(nil) (Shamir}, [2013)). Besides the CSO whose observations are noisy, we may
also come across noiseless CSO whose observations are deterministic. The noiseless setting can
be considered as the special case of the noisy setting where the variance of observations is zero.
Algorithms for noisy CSO may be applied to noiseless CSO. But the optimization error can be
significantly smaller if the algorithm is specialized to the noiseless CSO. For example, if the objective
is strongly convex, the optimization error can be exponentially small (Munos| 2014).
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The variance of observations (denoted by ¢2) is an important factor to solve CSO efficiently. Bartlett
et al.| (2019) proposed a simple algorithm whose optimization error is adaptive to the variance. They
found that there exists a threshold such that the optimization error is the polynomial rate O((o2/n)*/?)
if the variance is above the threshold but the near-exponential rate O(exp(—cn/(logn)?)) for a
strictly positive constant c, independent of o2, if the variance is smaller than the threshold. The
threshold for variance depends on the budget n and tends to decrease to zero as n grows. Thus, as long
as the variance is non-zero, the optimization error will finally become the polynomial rate when n is
large enough. However, if the variance is small, the optimization error may be the near-exponential
rate, same as that for noiseless CSO, before n becomes very large.

Optimizing a Quadratic Objective

Optimization Error
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Figure 1: The decrease of optimization error when the observation’s variance is different.

In Figure|l] we optimize a quadratic function y(x) whose observation at x follows the distribution
N (y(x),0%) with o being different values. The main observation from Figure I is consistent with
the ﬁndmg m Bartlett et al.|(2019): when the variance is small and the budget is not very large, the
optimization error of noisy CSO is almost same as that of noiseless CSO (o = 0); when the budget is
large enough, the optimization error of noisy CSO will finally be larger than that of noiseless CSO.
This interesting phenomenon gives the rise to a fundamental question: is the current variance-adaptive
rate of optimization error near-optimal? To answer this question, we need the lower bound analysis
on the optimization error of CSO.

In this paper, we mainly consider the CSO under a smoothness condition slightly generalized from the
strongly convex CSO and leave the analysis when the smoothness condition does not hold to another
work. Some lower bounds have been established in the literature under certain smoothness conditions
on the objective. For example, Shamir| (2013 and |Akhavan et al.[|(2020) considered the strongly
convex CSO and found that the lower bound is ©(n~'/?) and may be improved further if the objective
has the higher order smoothness. [Locatelli and Carpentier| (2018)) established the lower bound of
non-convex CSO with respect to the budget n. These lower bounds did not analyze the dependency
with variance o2. |Singh| (2021) characterized the objective’s smoothness in the global domain by
a very general function space and provided a variance-adaptive lower bound whose rate matches
that of the simple pure exploration algorithm. For example, when the objective is d-dimensional
Lipschitz continuous, their lower bound is Q(max{(c?/n)~1/(4+2) n=1/4}) much slower than the

above-mentioned polynomial rate O((o2/n)'/?) and near- exponentlal rate O(exp(—cn/(logn)?)).
Thus, the result of Singh|(2021) cannot answer the research question considered in this paper.

This paper will establish a variance-adaptive lower bound for the optimization error. Together with
the conclusion on the algorithms’ optimization error in the literature, we confirm that for noisy CSO,
the optimal order of optimization error is indeed exponential if the variance is small and the budget is
not very large and will be the polynomial rate when the budget is large enough. As a special case, the
optimal order for noiseless CSO is exponential.



2 Problem Formulation

We consider the following CSO problem

min y(x)
where x = (z1,...,x4) is the vector of decision variables, X’ is a d-dimensional hypercube of
feasible solutions for x, and y(x) is the objective. The assumptions on the CSO problem are below.

Assumption 1. The optimal solution to minye y y(X) is unique.

Denote the optimal solution by x* £ argminyex y(x). We use the following assumption to
characterize the smoothness of y(x).

Assumption 2. There exists a smoothness parameter o with 0 < « < oo such that
Mjx —x*[[% < ly(x) —y(x")| < Mx —x"[|%, Vx € X, (M
with strictly positive constants M and M chosen appropriately.

The function smoothness in Assumption2]is defined with respect to the difference |y(x) — y(x*)|.
Under this assumption, as x gets closer to x*, the objective value y(x) will approach the optimal
value y(x*) due to the upper bound in (T)), but y(x) will not be very close to the optimal value due to
the lower bound in (T).

The value of parameters o, M and M in Assumptioncan be arbitrary as long as they are fixed. Many
problems including the strongly convex CSO satisfy Assumption 2] Furthermore, the function that is
strongly convex around x* locally but non-convex in the global domain X may satisfy Assumption
as long as the value of M is small enough to form the lower bound outside the local area of x*.
In addition, Assumptionallows y(x) to be discontinuous at x # x* only if (I)) holds. To find the
optimal solution x*, we can choose to obtain observations at any solution x in X. The observations
of y(x) satisfy the following assumption.

Assumption 3. Given x, the observation Y (x) is independent of everything else and Y (x) — y(x) is
o-subgaussian with o > 0.

The independence assumption of Assumption [3]is commonly assumed in the literature. The o-
subgaussian assumption of Assumptionpermits the distribution of noise £(x) £ Y (x) — y(x) to
be normal, which is also common in the literature. In the special case where o = 0, the observation

is deterministic.

The CSO algorithm with budget n can decide which solutions to sample (denoted by x1, X3, ..., Xy)
and obtain n observations (denoted by Y (x1), Y (x2), ..., Y (X)) in total. The algorithm outputs
the estimated optimal solution (denoted by X)), which is often stochastic due to the randomness of
observations. We use the following optimization error as the efficiency measure to quantify how good
the estimated optimal solution is:

Ely(x,) —y(x7)]-

An efficient CSO algorithm should have its optimization error as small as possible. We make the
following assumption on the algorithm.

Assumption 4. The algorithm with total budget n satisfies the following conditions.
1. Fort = 0, the solution x; is a function of Uy where U is an independent random variable.

2. Fort=1,2,...,n — 1, the solution X, to be sampled at iteration t + 1 is a function of
the historical sampling information x1,Y (x1), . ..,X¢, Y (Xt) and an independent random
variable Uy 1.

3. The estimated optimal solution X}, is a function of the historical sampling information
x1,Y(X1),...,Xn, Y (Xy) and an independent random variable U:.

4. xf e {x1,...,Xn}.



Assumption ] prescribes how a CSO algorithm decides the solutions for sampling and the estimated
optimal solution. Different algorithms correspond to different functions in Assumption @] 14]3. If the
sampling method or the selection of X is deterministic given the historical sampling information,
then the corresponding function in Assumption []is invariant of the random variable U, 41 or U};.
Many popular algorithms satisfy this assumption, including the tree search algorithms (Munos| 2014),
Bayesian optimization (Hong and Zhang} 2021)), and random search methods (Fan et al., [2025).

Furthermore, we require in Assumption [d]4 that the estimated optimal solution is one sampled
solution. This is just a technical treatment. For an algorithm that may output a solution not sampled
before, we may construct a new algorithm with budget n + 1 whose first n sampled solutions are
same as the original algorithm and (n + 1)-th sampled solution is the original algorithm’s estimated
optimal solution and analyze the performance of the new algorithm.

3 Main Results

Let Ecso denote the expectation taken with respect to the distribution of X}, of a given algorithm
when solving the CSO problem CSQO. The lower bound on the optimization error is below.

Theorem 1. Let C denote the set of CSO problems under Assumptions For any algorithm
satisfying Assumption 4| and n large enough such that n > max{b;c?, bs} where by and by are
properly defined constants, we have

sup Eeso[y(X5) — y(x*)] > by max{(o?/n)7, K"},
cs0eC

where bz and by are properly defined constants.

Theorem|I]offers the worst-case (also called minimax) lower bound about the largest optimization
error among all CSO problems under Assumptions|[I}f3] For a specific CSO, the optimization error
could still be smaller than the worst-case lower bound. The lower bound is in the form of the
maximum of a variance-dependent polynomial term (o2 / n)% and a variance-independent exponential
term K ~%4"_ Which of the two terms is dominating depends on the magnitude of o'2. If o2 is small
enough, then the exponential term is the leading one; otherwise, the polynomial term is dominating.
However, as long as 02 > 0, when budget n is very large, the polynomial term will always be the
dominant term because it decreases to zero relatively slowly as n increases.

For strongly convex CSO with o = 2, Theorem [1|implies that depending on the value of o2, the
fastest rate of optimization error could be either exponential or polynomial and cannot be improved
further. It also explains the phenomenon in Figure[I]that given the budget n, the optimization error
could be the (nearly) exponential rate when o is small and n is not very large.

To establish the worst-case lower bounds, we need to construct some CSO problems under Assump-
tions and show that there exists at least one construct CSO problem for whom the optimization
error of a given CSO algorithm is greater than the lower bound. The proof relies on three lemmas
that connect the optimization result of any two CSO problems. Let X' denote a sub-region of X’. The
first lemma provides an upper bound on the probability of {X} € X'} for a CSO by that of another
CSO and the expected log-likelihood ratio of observations. We can utilize the first lemma to show the
variance-dependent lower bound.

The second lemma considers the distribution of the first time ¢ when the sampled solution of an
algorithm is in the sub-region &". It shows that the distribution remains the same for two different
CSO problems if their observations have the same distribution outside X'. The third lemma shows
that if there are 2n mutually exclusive sub-regions, then there must exist a sub-region such that it
does not receive any observation with probability greater than 1/2 for any algorithm with budget n.
We can use the two lemmas to provide the variance-independent lower bound, which is tighter than
the variance-dependent lower bound when o is very small. The maximum of the variance-dependent
and variance-independent lower bound is the final lower bound in Theorem I}

In summary, we provide a variance-adaptive lower bound for CSO under the smoothness condition
slightly generalized from the strong convexity. The lower bound confirms that the optimization error
of noisy CSO can be an exponential rate, same as that of noiseless CSO, when the variance is small
and the budget is not very large.
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Reviewer Feedback

The paper is clearly interesting but may suffer from a huge competition. It gives interesting bounds
for the optimization error in simulation optimization with continuous decision variables but it may be
hard to follow for the following reasons (I acknowledge that it is not easy due to space constraints):

¢ There is no link to a longer version with proofs.

* Itis is asserted that the added value with respect to the literature is the dependency with
variance, but no comparison with the existing bounds is given to illustrate the gain.

* The impact of the dimension d of decision variables is given and discussed at the end of
Page 1, but it seems that due to strong convexity it is not the case anymore. The authors
could have gone directly into that assumption to save space, or discuss the impact of d in
general on the results (if any).

* Figure 1 is not very neat.
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