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ABSTRACT

Reinforcement Learning with Verifiable Rewards (RLVR) has catalyzed a leap in
Large Language Model (LLM) reasoning, yet its optimization dynamics remain
fragile. Standard algorithms like GRPO enforce stability via “hard clipping”,
which inadvertently stifles exploration by discarding gradients of tokens outside
the trust region. While recent “soft clipping” methods attempt to recover these
gradients, they suffer from a critical challenge: relying on log-probability gradient
(Vg log mp) yields divergent weights as probabilities vanish, destabilizing LLM
training. We rethink this convention by establishing probability gradient (Vgmg) as
the superior optimization primitive. Accordingly, we propose Decoupled Gradient
Policy Optimization (DGPO), which employs a decoupled decay mechanism based
on importance sampling ratios. By applying asymmetric, continuous decay to
boundary tokens, DGPO resolves the conflict between stability and sustained ex-
ploration. Extensive experiments across DeepSeek-R1-Distill-Qwen series models
(1.5B/7B/14B) demonstrate that DGPO consistently outperforms strong baselines
on various mathematical benchmarks, offering a robust solution for RLVR.

1 INTRODUCTION

Reinforcement Learning (RL) has become a cornerstone for aligning LLMs, particularly in reasoning
domains where Verifiable Rewards (RLVR) provide ground-truth feedback |(Ouyang et al.| (2022);
Lightman et al.| (2023)); |Shao et al.| (2024); |Guo et al.| (2025). However, optimizing RLVR is
challenging due to the conflict between exploration and stability.
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ity at the left boundary (Figure[T). for explo.rati.on, avoiding the gradient divergence
of soft-clipping methods.
We propose Decoupled Gradient Policy

Optimization (DGPO), shifting the optimization primitive from log-probability to probability (V gmp).
DGPO replaces hard clipping with a decoupled decay mechanism applied to the probability gradient
weight. It ensures convergent weights for stability while sustaining exploration for high-reward
tokens. Our contributions are: (1) establishing Vgmy as the superior primitive for LLMs; (2)
proposing DGPO to reconcile exploration and stability via adaptive decay; (3) demonstrating superior
performance and scalability across 1.5B, 7B, and 14B models.
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Figure 2: Comparative analysis of gradient dynamics. We systematically contrast DGPO with the
standard GRPO, prior “soft clipping” enhancements (CISPO, GPPO, and CE-GPPO), and importance
sampling improvements (ASPO). The visualization highlights the theoretical properties regarding the
exploration capability of clipped tokens and the alignment with the true policy gradient, demonstrating
DGPOQO’s superior stability and gradient consistency.

2 PRELIMINARY

Problem Definition. Given a query g, a policy 7y generates response o. A group of outputs {o; }$
is sampled from 7g,,,. The advantage A; is computed by normalizing reward [Shao et al.| (2024).

Unified Gradient Formulation. Most RLVR algorithms can be unified under a single gradient

estimator. Let w; ((0) = 7;;95‘();":'1:; <<tz)

be the Importance Sampling (IS) ratio:

1
VoJ(0) = E=—
> loil
Here, F; ,(0) defines the clipping strategy based on five regions (Table . Prior methods like GRPO,
CISPO, GPPO, CE-GPPO, and ASPO are specific instantiations of F; ; () |Chen et al.{(2025);|Su
et al.|(2025azb)); Wang et al.|(2025)) (detailed in Appendix .

Z}—i,t(e)Aive log 7 (0i,¢]q, 0i,<t)- e
it

Table 1: Definition of clipping regions based on IS ratio w; ,(6) and advantage A;.

Case Abbrev. Condition

Left Boundary (Low ratio, Neg. adv.) LN w;,t(0) <1 — clow A Al <0
Right Boundary (High ratio, Pos. adv.) HP w;,£(0) > 14 epigh A A; >0
Reverse Left (Low ratio, Pos. adv.) LP w1 (0) <1 —eow AA; >0
Reverse Right (High ratio, Neg. adv.) HN w;¢(0) > 1+ enign A A; <0

)

In-Boundary M Otherwise

3 METHODOLOGY

3.1 SHIFTING Focus: FROM log 7 TO 7

Classical policy gradient methods |Williams| (1992)) prioritize Vg log mg. We argue that probability
gradient is superior for LLMs. Comparing Supervised Fine-Tuning (SFT) and RL objectives:

VoJser =E» Vylogmg,  VoJr =E»  Vomo. )
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Table 2: Comparison results of different methods on various benchmarks. Avg@32 (%) and Pass@32
(%) are abbreviated as A@32 and P@32. The best results are bold, and the second-best results are
underlined, respectively.

AIME24 AIME25 AMC23 MATHS500 Minerva Olympiad Avg.
Method

A@32 P@32 A@32 P@32 A@32 P@32 A@32 P@32 A@32 P@32 A@32 P@32 A@32 P@32

DEEPSEEK-R1-DISTILL-QWEN-1.5B

GRPO 332 718 277 499 795 948 77.6 90.8 261 488 463 647 484 70.1
CISPO 348 69.1 258 533 769 949 768 918 265 542 458 658 478 715

GPPO 296 605 235 519 735 941 763 89.1 266 500 439 642 456 683
CE-GPPO 351 702 277 551 825 950 767 902 278 505 456 63.1 492 707
ASPO 364 732 283 515 831 947 746 905 260 498 449 637 489 70.6
Ours 433 793 328 561 86.0 950 779 910 282 504 48.0 664 52.7 73.0

DEEPSEEK-R1-DISTILL-QWEN-7B

GRPO 482 825 374 605 8.1 966 848 924 374 572 572 739 589 712
CISPO 516 766 382 654 906 96.6 821 916 387 565 543 699 593 76.1
GPPO 431 725 317 625 856 949 832 954 331 593 532 743 550 765
CE-GPPO 487 769 364 604 905 950 843 933 390 554 549 725 590 756
ASPO 518 796 371 541 900 972 838 949 370 592 541 728 590 763
Ours 555 819 431 680 906 9.6 854 920 398 567 577 720 620 779

SFT maximizes log-probability, while RL maximizes probability directly (see derivation in Appendix
[C.1). Since SFT is a lower bound of RL|Qin & Springenberg (2025)), aligning the gradient design
with probability (7) rather than log-probability (log ) better serves the RL objective. Furthermore,
probability lies in a bounded symmetric interval (0, 1), facilitating stable gradient design compared
to the unbounded (—o0, 0) of log-probability.

3.2 DECOUPLED GRADIENT POLICY OPTIMIZATION (DGPO)

Instability in Soft Clipping. Prior soft clipping methods (e.g., GPPO) maintain constant weights for
V log 7. In probability space, this implies the effective weight W o< 1/7. As m — 0 (Left Boundary),
the weight diverges, causing instability.

DGPO Formulation. We propose DGPO to: (1) preserve gradients for exploration, (2) stabilize via
adaptive decay, and (3) minimize bias. We define the weighting function WPP"(6) applied to the
probability gradient:

Clert - 89" 0], if LN,
WPEPO(0) = { Clign - sg~ 7 o], if HP, 3)
1/76,, otherwise.

The objective function is Jpgpo(f) = E S WPSPO(9) A;7g(0;.¢). Here, n,m € Z* control decay
rates. Clee and Crigne are constants ensuring con’tinuity (derived in Appendix @) DGPO applies a
polynomial decay (n) to low-probability tokens for stability and a reciprocal radical decay (m) to
high-probability tokens to foster exploration. This mathematically guarantees gradient continuity and
prevents the divergence seen in prior methods. Theoretical analysis (Appendix [C.3)) confirms DGPO
achieves minimal bias relative to the true policy gradient compared to baselines.

4 EXPERIMENTS

We use DeepSeek-R1-Distill-Qwen (1.5B/7B/14B) models|Guo et al.|(2025) on the DAPO-Math-17K
dataset|Yu et al.[(2025). Baselines include GRPO, CISPO, GPPO, CE-GPPO, and ASPO. We report
Avg@32 and Pass@32 on benchmarks like AIME and MATH MAA|(2024; 20255 2023)); [Hendrycks
et al.| (2021); Lewkowycz et al.|(2022); He et al.|(2024)). Full details are in Appendix@}
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Figure 3: Training dynamics. DGPO (red) avoids the collapse seen in soft-clipping methods and the
premature convergence of GRPO, maintaining healthy entropy and higher accuracy.

Performance & Dynamics. Table [2]shows DGPO significantly outperforms baselines. On the 1.5B
model, DGPO surpasses GRPO by +4.3% in Avg@32. On 7B, it leads by +3.1%. Figure[3]illustrates
training dynamics. Soft-clipping methods (CISPO, GPPO) suffer from collapse due to divergent
weights. GRPO shows premature convergence (entropy drop). DGPO maintains stable entropy and
sustained performance gains.

Scalability. We extended experiments to the 14B model (details in Appendix [E.T). DGPO achieves
56.7% Avg@32 vs. GRPO’s 53.6%, confirming that the benefits of decoupled gradients scale
effectively.

Ablation. We analyzed hyperparameters n (stability) and m (exploration). Increasing m boosts
exploration but risks instability if unchecked. We recommend n = 1, m = 2 as a robust configuration.
Mechanistic analysis (Appendix [E-3)) confirms DGPO produces a wider, yet controlled, distribution
of importance sampling ratios compared to GRPO’s narrow and GPPO’s divergent distributions,
aligning with observations that effective exploration requires broader coverage Yang et al.|(2025b).

5 CONCLUSION

We introduce DGPO, rethinking RLVR optimization by prioritizing probability gradients. By decou-
pling decay mechanisms for stability and exploration, DGPO resolves the fragility of prior hard and
soft clipping methods. Empirical results across multiple model scales validate DGPO as a robust and
scalable solution for reasoning LLMs.
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A EXTENDED RELATED WORKS

A.1 RLVRINLLMs

RLVR utilizes deterministic signals (e.g., correct answers) rather than learned reward models to
enhance LLLM reasoning [Uesato et al.|(2022). Recent advancements like DeepSeek-Math Shao et al.
(2024) popularized GRPO, which efficiently normalizes rewards within a sampled group, eliminating
the need for a critic. However, GRPO inherits the clipping-induced exploration limitations of PPO.

A.2 IMPORTANCE SAMPLING AND CLIPPING

IS enables off-policy training by correcting distribution shifts via the ratio 7y /mg,,, [Precup et al.
(2000); Schulman et al.|(2015)). To prevent variance explosion, PPO|Schulman et al.|(2017) clips this
ratio within [1 — &, 1 + £]. This “hard clipping” mechanism zeros out gradients for outlier tokens,
prioritizing exploitation while neglecting low-probability tokens essential for exploration, causing
rapid entropy decay |O’Donoghue et al.[(2016); Yu et al.| (2025). To mitigate exploration losses,
several methods dynamically adjust clipping bounds |Yu et al.|(2025); Yang et al.|(2025a)), allowing
more updates for specific tokens. However, they still rely on hard boundaries, inevitably discarding
gradient information for tokens beyond the adjusted thresholds.

A.3 SOFT CLIPPING POLICY OPTIMIZATION

More recent approaches replace “hard clipping” with soft schemes. For instance, CISPO |Chen et al.
(2025) combines “soft clipping” with soft dual clip|Ye et al.|(2020), while GPPO |Su et al.| (2025a)
retains a constant log-probability gradient weight for out-of-bound tokens. Crucially, both CISPO
and GPPO suffer from left boundary instability: as 7y — 0, the gradient grows indefinitely. Without
proper decay mechanisms, this results in divergent updates that destabilize training. CE-GPPO |Su
et al.[ (2025b) attempts to scale boundary gradients via hyperparameters but fails to resolve the
underlying divergence. Distinctly, ASPO Wang et al.|(2025) proposes a reversed ratio to balance
updates. Compared with these approaches, DGPO redefines the optimization target in probability
space to ensure theoretical continuity and stability.

B DETAILED INSTANTIATIONS OF BASELINES

Instantiations of Clipping Strategies. Various existing methods can be interpreted as specific
instantiations of F; ;(6). Standard PPO [Schulman et al. (2017) and GRPO |Shao et al.|(2024) applies
“hard clipping” to penalize excessive updates:

0, if LN v HP,
T ) = {wi,t(e), otherwise. @
CISPO Chen et al.| (2025) preserves exploration for these tokens by the following gradient weight:
1—€w, IfLNVLP,
FPO(0) = ¢ 1+ engn, if HPVHN, 5)
w;¢(0),  otherwise.
This method inherently employs soft dual clip |Ye et al.|(2020), which clips the loss values for LP and

HN (reverse cases) while preserving gradients. Subsequently, GPPO Su et al.| (2025a) introduces a
gradient weight more aligned with PPO, focusing solely on LN and HP cases:

1 —é€w, ifLN,
FPO(0) = { 1+ epign, if HP, (6)
w;¢(0),  otherwise.
CE-GPPO Su et al.[(2025b)) further refines GPPO by introducing hyperparameters (/31 and 33) to
control gradient scaling at both boundaries:
,@1(1 _Elow)7 lfLN7
FH(0) =  Bo(1 + enign), if HP, )
w; 1 (6), otherwise.
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To address the imbalance in updating positive-advantage tokens, ASPO [Wang et al.[(2025) reverses
gradient weight and adopts soft dual clip:

0, if LN \V HP,
1—¢ if LP
ASPO _ low? )
]:i,t (0) - 1+ E{]igh? if HNI7 (8)
L otherwise.

Wy, t (9) ?
The values of 1 — &, and 1 + ey, for cases LP" and HN' in ASPO may be more extreme.

C DERIVATION AND PROOF

C.1 DERIVATION OF RL ESTIMATOR IN SFT FORM

The token-level objective of RL is to maximize the arithmetic mean expectation of the estimated
advantage, formulated as follows:

o]
T (0) = Bgup, onrms(la) | D At ®
t=1

Assume that 7. (-|q) represents the ideal expert distribution, which satisfies two key properties: (1) its
output follows a one-hot distribution; (2) every sampled token o; achieves the maximum advantage
A. By applying Importance Sampling, we obtain:
lol
o(0t \ q,0<t)
\7 ~ o~ : A (10)
RL( ) q D, e(1a) Zl Ot | Q>0<t) !

Since 7 (-|q) is a one-hot distribution, the probability 7 (0 | ¢, 0<¢) is always 100%, leading to:

TRL(0) =Egop, onr, (g | D 7001 | §,0<1) - Ay (11)

Given that each action o; attains the highest possible A;, under the binary advantage setting, A; is
consistently 1, resulting in:

TrL(0) = E(g.0)~p, Z (o1 | g, 0<1) (12)

Consequently, the gradient is derived as:

VoTrL(8) =E(g,0)~p. Zvewa or | 4,0<t) (13)

C.2 DERIVATION OF CONTINUITY CONSTANTS

In this section, we derive the constants Clef; and Ciigy used in the DGPO weighting function. The
primary objective is to ensure that the gradient estimator is continuous with respect to the policy
probability 7y at the clipping boundaries.

From equation equation ??, the gradient equation of DGPO can be explicitly expressed as:
G |07‘
>N O WRERO0)AiVomo(0i g, 01,<t), (14)
z 1 | 7'| =1 t=1
Using the identity Vgmg = w9V log my, the effective coefficient applied to the standard score
function Vg log mg is Fi y = WPPT© - mg. Since 7y is continuous, ensuring the continuity of WP
at the boundaries is sufficient to ensure the continuity of the entire gradient estimator.

VGJDGPO( ) EQND {0 3§ 1~ oy, ( |q)

Letw;: = 7:29

denote the importance sampling ratio. The In-Boundary (M) weight is given by:

1
)

old

WY, = (15)

old
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C.2.1 LEFT BOUNDARY DERIVATION

The transition between the Left Boundary (LN) and the In-Boundary (M) region occurs when the
importance sampling ratio is w; ; = 1 — €}ow. At this boundary, the current policy probability is:

Ty = (1 - 510W)7T90]d. (16)
We then equate the weighting functions for the LN and M regions at this point:
Wir = Wi
T lw, p=1—€ow wi r=1—€lw
" 1
Clee - g = —
T o1
n 1
Chefi - [(1 - €1ow)7T901d] = —_—- (17
T4
Solving for Cleg:
1 1
Crere = = (18)
. TGt * (1 - glow)"ﬂ'gold (1 - Elow)nﬂ-GJrl

Thus, Cleft = (1 - 610W) 7T9 SH_D

Table 3: Definition of bias relative to Policy Gradient

Bias Type Mathematical Definition

In-Boundary Bias BlasAlgO = ”ngAlgo(H) ngpG(G)H
Left-Boundary Bias Biasgly, = HVg\ZH:O(@) VQJP%\I(G)H
Right-Boundary Bias Biasflpg0 = ||V9JAlg0(9) ng (0)”
Reverse Left-Boundary Bias Biasly, = H Tateo(0) — Vo Tsé (0) H

Reverse Right-Boundary Bias Biasjy, = ||V9 Ao (0) — ng O

C.2.2 RIGHT BOUNDARY DERIVATION

Similarly, the transition between the Right Boundary (HP) and the In-Boundary (M) region occurs
when w; ; = 1 + €pign. At this boundary:

Ty = (1 +5high)71—0[,m' (19)
We similarly equate the weighting functions for the HP and M regions at this point:
Wit -
" lwg y=14€nign wg  =14¢epign
Crign -7y ™ = —
ioht * 7T mo o —
e e T4
BN 1
Cright ! [(1 + E‘hlgh)ﬂ—eold] "= . (20)
7Taold

Solving for Crigp:

1
(1 + Ehigh) 901(1

[
Cright = = (1 + ehign) " mg", - 21
T4
This concludes the derivation of the constants.
C.3 PROOF OF PoLICY GRADIENT BIAS
C.3.1 STANDARD POLICY GRADIENT ESTIMATOR
The gradient estimator for the standard policy gradient method is formally given by:
VOJPG( ) IE’qw'D o~ (+|q) [AtVQ IOg o (0t|Qa O<t)] (22)
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By introducing Importance Sampling with the old policy, we obtain the following form:

7T6(0t|Qa0<t)

VOJPG(G) = EQNDK’N“%]d('M) T, (0t|q O<t)
old ’

AV log mg(o¢|q, 0<t) (23)
We adopt Equation equation [23]as the standard policy gradient estimator in the subsequent proofs.

C.3.2 DECOMPOSED GRADIENT ESTIMATION

To distinguish gradient estimators under different conditions, we define the following binary variables

based on the importance sampling ratio r;(6) = % and the advantage A;. Note that while
o (0114,0<1

r¢ is a function of 6, for the purpose of defining the estimator’s functional form, these regions are
treated as piecewise conditions:

VN =T[ry(0) < 1 — 0w A A < 0]
U?P :]I[Tt(e) > 1+5high/\At > 0]
U{“P = H[Tt(tg) <1—e1owNA; > O] . (24)

’U?N = ]I[rt(ﬁ) >1 +5high /\At < O]
oM = 1 — (0N 4 olP - olP 4 oY)

The policy gradient estimator is formally decomposed and expressed as a sum of five distinct terms:

VoTra(0) = Y VaTss(0), (25)

XeXx

where X' € {M, LN, LP, HP, HN}, and the general mathematical form for each term is defined as:
Vejp)é(e) = EqN'D, o~ (1) [U;SX . rtAtVH 1Og o (Ot‘Q7 0<t)] . (26)

Similarly, gradient estimators for GRPO, CISPO, GPPO, CE-GPPO, ASPO, and DGPO can be
consistently decomposed into five-term sums. The bias is defined as the magnitude (L2 norm) of the
difference vector between the algorithm’s gradient estimator and the standard policy gradient under
identical conditions, as shown in Table 3}

C.3.3 IN-BOUNDARY BiAS

The gradient estimates for each algorithm under in-boundary conditions are analyzed below. While
most algorithms (GRPO, CISPO, GPPO, CE, DGPO) maintain an unbiased estimator locally (v,fw =
1), ASPO introduces a non-linear regularization term specifically when the advantage is positive
(A; > 0). The magnitude of the bias is then computed as shown in Table [

Table 4: In-Boundary bias among various policy optimization algorithms

Algorithm In-Boundary Bias Magnitude

GRPO, CISPO,

GPPO, CE-GPPO  Biasy = || Vo %' (0) — Vo Jp6(0)|| = 0
DGPO

oM
Biasaspo = ‘

1
EgnD, onmg, (-l0) {USA : (Ti - n) - AtV log m(ot|q, 0<t)} H

ASPO M *
R || EqaD, onmg LGl vt —2(ry = 1)-A+Volog mo(ot]|q,0<¢) | || # O
o

At

The relationship of in-boundary bias magnitudes is determined to be:

_RieM  _pio M LM
0 = Biaspgpg = Biasqers < Biasagpo-

10
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VejPG (0) = q~D 0rTY M‘N ¢+ AtV 10%”6(0t|q,0<t)]
GRP0(9) q~D O~TO [”tN 0 AV logﬁe(ot\%oqﬂ
vngISPO(g) Eq~p, 0T [”UtLN (1 — €1ow) - At Vg log We(ot\q70<t)]
v67~7GP1>0( ) =Eq~D, o~ old [UtLN (1 —elow) - At Vg log 770(0t\q70<t)} 27)

VoI (0) = Eqap, onmy, (V6 - B1(1 — €iow) - AV log mo(04]q, 0<¢)]
V9~7Aspo( ) = EgD, onmy old [ N'O'AtVG 10g779(0t|%0<t)]

‘7DGPO( ) = Eg~D, oy old 'U;]:“N dnﬁ AtV logmy (0t|Q7 0<t>:|

Table 5: Left-Boundary bias among various policy optimization algorithms

Algorithm Left-Boundary Bias Magnitude

GRPO Biascrro = || Vo Jarro(0) — VoTrs (0|

_ ’ EqgnD, 0y, [0 7y - AV log mo(0t]g, 0<¢)] H
CISPO Biascispo = ||VoTciseo(0) — Vo Jod (0)]]

— ‘ g~D, o~ [U,I;N - (ro — i) - AtV log mo(oe|q, 0<t)] H
GPPO Biasgrro = ||VoTerro(0) — VoTrs (0]

CE-GPPO  Biasey = || Vo J&R (0) — VoTsd (0) ||

Eq~D, o~my » [vtLN < (ro —1¢) - AtV log me(0tq, 0<t)} H

= ’ Eq~D,o~7r9 old {Ut . [517‘0 - Tt] . AtVB log 7T9(Ot|(b 0<t)}H
ASPO Biasispo = || VoJaseo(0) — Vo Tt (0)|
= ‘ EqaD, o, [0 - 7 - Ay Vg log mo(or]q, 0<t)] H

DGPO Biaspero = || Vo Jbaro(0) — VoJea (6) ||

C.3.4 LEFT-BOUNDARY BIAS

n+1

) - AtV log me(otlq, 0<t)] H

LN
0

The gradient estimates for each algorithm under specific left-boundary conditions (r; < 1—¢jow, A <
0) are presented in Eq. equation[27] Let rg = 1 — €jow. The magnitude of the bias is calculated as
shown in Table

Since 0 < 7y <7 < 1,it foll.ows unive.rsally that B.»iasf)lépo < B.iasléll\ipo gnd Biasgpo < Biaskspo.-
However, ranking other algorithms requires a quantitative analysis of the integrals.

Decoupling Assumption and Quantitative Analysis. To rigorously compare the bias magnitudes,
we apply a decoupling assumption: we assume the gradient norm is locally independent of the im-
portance sampling ratio 7, within the small boundary region. Let 6 = E,.p[|| Vg log mg(os|q, 0<¢)|]
denote the average gradient magnitude.

The explicit expressions analytically are derived as follows (integrals are over 7;):

T 2

BiastN., = BiastN,, = *0_ v _ k5r6’+
GRPO — D1aSpgpg = |0 —7¢| -0 kr) dry = (28)

0 S—— v+ 2

Coeff. Diff
"o 1 1

Biastp, = Biaskh :/ ro — 14| -8 - k) dr, = koryH? (_) 29
CISPO GPPO A IT0 ¢l - p ATy 0 T+l 712 29)

Coeff. Diff

11
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T0
1
BiaSLN:/ ro —1¢| -6 - kry dry = kérdt? S 30
&= | (o —rd0- kil an o (30)
Coeff. Diff
Biashypo = /TO i — 7|0 kr] dry = k5r7+2 LI ! 31
0 Ty Y+2 n4+y+2
Coeff. Diff

where we utilize the property r; > ' ntl /7t for 1y < rg. In the extreme limiting case (y — +00),
the resulting bias ratios are:

lim BRSDGRO _ LaSLDEPO — him POFD (32)

—IN L
7= Biasggpg 77 Biasgppg Ve v+ 2+ n

Biassy, 1 2 -1
lim &8}\;0 = lim n(y+ Dy +2+n) =0 (33)
v—eo Biasgy oo [(1—B1)y+1—2p]
lim BiLgI\ISPO = lim % = lim 1 =0 (34)

LN

y—co  Biasgg y—oo Biasgr  v—oe [(1—f1)y+1—20]

. BiaskY Biasky . v+1 1
V13]20ﬁ:1 — A0 — lim - A (35)
ascg oo Biascg y=oo |(1 = B1)y + Bl |1 =B

Assuming n = 1 (linear decay), we obtain the strict ranking:

0 < Biasfipo < Biasespo = Biasgppo < Biasgy < Biasgrpo = Biaskspo- (36)
C.3.5 RIGHT-BOUNDARY BIAS

The gradient estimates for the right-boundary case across algorithms are shown in Eq. equation [37}
The bias magnitude is computed as shown in Table[§]

( )= qND o~y [’UFP - AtV log 779(0t|q7 0<t)]

VGJGRP (0) = q~D ooy, [UF 0 AyVglogmg(olq,0<4)]
VGJCISPO(H) =E¢~p, ormg o [Ut (1 + enign) - AtV log mo(or|q, 0<t)}

VGJGPP (9) = q~’D o~y [Ut (]- + Z':hlgnbh) Atve IOg o (Ot|Q7 0<t)] (37)
( ) - E q~D, o~y old [ Hp 62(1 + 6hlgh) : AtVG log 7T0(0t|q7 O<t)]
VGJASP (0) qND ONTG 14 [ a 0- Atvﬂ 10g o (0t|Qa 0<t)]

VGJDGPO(Q) q~D O~TG {Ut (1 + Ehlgh) m T; <AV IOg o (0t|Qa 0<t)}

Given the right-boundary condition 1 < 1 + epjgp < 7¢, and adopting the CE-GPPO configuration
B2 = 1, we derive the ranking:

0 < Biaspapo < Biasgispo = Biasgppo = Biasty < Biasgrpo = Biashapo- (38)

C.3.6 REVERSE LEFT-BOUNDARY BIAS

Based on the definition of ASPO, if the reverse left-boundary is treated as a clipping region 1 — €0y,
the gradient estimates are listed in Eq. equation[39] The bias magnitude is shown in Table

The reverse left-boundary bias magnitude relationship is directly derived as:

. (LP ;o LP . LP - LP . LP - LP
0 = Biasggpg = Biasgrpo = Biasgppg = Bias¢g < Biasggpg = Biasggpo- (40)

12
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Table 6: Right-Boundary bias among various policy optimization algorithms

Algorithm  Right-Boundary Bias Magnitude

GRPO Biascrro = || VoTareo(0) — VoTes (0)]|

= } Eqp, ommg, [U1 - Tt AtV log ma(0t]q, 0<t)] H
CISPO Biasciseo = ||VoTlrseo(0) — Vo TG (0) ||

= ’ EqaD, onmg,, {0 - [re — (1 + enign)] - AV log mo (0t g, 0<t)}H
GPPO Biascrro = || VoToreo(0) — VoTss (0) |

= ’ EqnD, o, {’U?P - [re = (1 + enign)] - A: Vo log mo(0t|q, o<t)}H

CE-GPPO  Biasey = || Vo ek (6) — VeTre (0)]|

ASPO BlaSASPO = ||v9\7ASPO( VGJP]EP H

DGPO Biashiro = || Vo Jbeeo(0) — VoTsg (0)|

Egud, onmgy, {08 - [re — B2(1 + enign)] - A¢ Vo log mo(o:lg, 0<t)}H

Eg~D, onmg, [0 - 74 - AtV log mo(ot]q, 0<t)] H

1 1-L
EqND,ONWeold [UEP “[re — (1 + Enign) ™ rtl m]. AV logme(orlg, 0<t)} H

Tpi (0) = q~D 0~ Ty [Ut ¢+ AV log W0(0t|Qv0<t)]
v0~7GRP (0) = q~D 0Ty [UtL ¢ - AtV log 7T9(0t|qvo<t)]
6 J¢isp0(0) = Equp, onm old [UtLP (1 Elow) + AtV 10g7T9(0t|Qa0<t)]
v9\7GPP (0) = Eqp, ooy old [lefp t - AtV log mg(ot]q, 0<t)} (39)
NHOE Eq~D 0oy [U%P : Atv@ log g (0t g, 0<t)]
VGJASPO(Q) q~D ooy [U% (1 — low) - AtV log mo(org, 0<t)]
VGJDGPO(H) Eqap, oy old M‘P t+ AtV logwe(oth,od)]

Table 7: Reverse Left-Boundary bias among various policy optimization algorithms

Algorithm Reverse Left-Boundary Bias Magnitude
GRPO, GPPO .

CE-GPPO, DGPO  Biasx = [[VoIx"(0) = Vo Tes (0)] = 0
CISPO, ASPO Biasciseo = || VoTciseo(0) — VoTud (6) ||

Eqop, onTa [vtLP (1 — elow — 7¢) - AtV log mg(0¢]q, 0<t)] H #£0*

-

j N (0) = EqND 0~y [U?N + - AtV log mg(04lq, 0<t>}
0 TGrvo(0) = q~D o~y [U?N ¢+ AtV log mo(0t]q, 0<1)]
VOJCISP ( ) = EqaD, o~ o [ 1+ Ehigh) - AtV log 7T0(0t|q7 0<t>]
vf7~7GPPo( ) =E¢p, 0nmy old [”?N 'Atv@lOgW0(0t|Qa0<t)] (41
( )= q~D o~y [U%{N AtV logﬂe(ot\q,oqﬂ
v0~7ASP0(9) q~D 0Ty [Uf (1 + enign) - At Vo log mo(or]g, O<t)]
VoTpep0(0) = Eqad, onmg,, (V1 - Tt - AtV log mg(0t]q, 0<1)]

C.3.7 REVERSE RIGHT-BOUNDARY BIAS

Assuming the reverse right-boundary of ASPO is 1 + ep;gn, the gradient estimates are listed in Eq.
equation[#1] The bias magnitude is shown in Table|[8]

13
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Table 8: Reverse Right-Boundary bias among various policy optimization algorithms

Algorithm Reverse Left-Boundary Bias Magnitude
GRPO, GPPO ._HN HN HN
CE-GPPO,DGPO  Biasx" = [|VoJx"(0) = VoJrs (0)]| =0
CISPO, ASPO Biasciseo = ||VoTiseo(0) — VaTeg (0)]]

-|

Eg~D, onm,, [0i™ - [re — (1 + enign)] - AtV log mo(0t|q, 0<1)] H #0

The reverse right-boundary bias magnitude relationship is directly derived as:

0 = Biaspopo = BiastRpo = Biastne, = Biastn < Biasgspo = Biashgpo.- (42)

C.4 DERIVATION OF LEARNING RATE SCALING

To ensure consistent training dynamics across models of varying sizes (1.5B, 7B, and 14B), we
employ a learning rate scaling rule based on the principle of Constant Total Gradient Variance. Below,
we provide the formal derivation of this scaling law.

Assumptions. Consider two models with identical architecture but different parameter counts,
denoted by N. We make the following standard assumptions for large-scale model training:

* The training data, batch size, and optimizer configuration remain constant.

* The gradient variance of a single parameter, denoted as o2, is constant and independent of
the total model size (assuming high redundancy in LLM parameters).

* The gradients of individual parameters are approximately independent.

Total Gradient Variance. Let VL represent the gradient vector of the loss function with respect
to the model parameters § € RY. Based on the independence assumption, the variance of the total
gradient norm is the sum of the variances of individual parameter gradients:

N
Var(VoL) =Y Var(g;) = N - o” (43)
=1

Stability Condition. To maintain a consistent convergence speed across different scales, we require
the variance of the parameter update step (the “step size” in the parameter space) to remain constant.
Let n be the learning rate. The update step is A8 = 7 - Vy L. The variance of this update step is:

Var(Af) = Var(n - VoL = n* - Var(VoL) = n>No? (44)
We define a stability constant C' such that:
n”’No? =C (45)
Scaling Law Derivation. Let (1;, N1 ) be the configuration for the base model (1.5B) and (73, N2)
be the configuration for the target model (e.g., 7B or 14B). From Eq. equation we have:
niN10? = n3Na0® = C (46)
Eliminating constant terms o2 and C, we obtain the relationship:

N
MNL =n3Ny = m=m Fl 47
2

This establishes the Inverse Square Root Scaling Law relative to the number of parameters.

14
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Numerical Verification. Applying this rule to our experimental settings with the base learning rate
M.sB = 1.0 x 10_61

e For 7B Model:
6 1.5 _6 _7
g =1.0x107° x — ~ 1.0 x 107" x 0.4629 ~ 4.63 x 10
e For 14B Model:

/1.5
g = 1.0 x 1076 x 1 S 10X 107% % 0.3273 ~ 3.27 x 1077

These calculated values correspond exactly to the learning rates reported in Table [I0}

D IMPLEMENTATION DETAILS

D.1 INFRASTRUCTURE AND ENVIRONMENT

Computational Resources. Our experiments are conducted on a high-performance computing
cluster consisting of 30 nodes. Each node is equipped with 8§ x NVIDIA A100 GPUs (80GB VRAM),
interconnected via NVLink for high-bandwidth intra-node communication. The multi-node training
relies on a robust Ethernet/InfiniBand fabric to ensure synchronization efficiency. The total effective
training time for the largest model (14B) was approximately 500 hours.

Software Stack. We build our reinforcement learning pipeline upon VeRL [Sheng et al.[(2025)), a
flexible framework designed for post-training.

* Training Backend: We utilize Fully Sharded Data Parallel (FSDP) for distributed training.
This setup manages memory efficiency through parameter sharding and offloading, allowing
us to train 14B models with full-parameter updates without memory overflow.

* Inference Engine: To maximize rollout throughput, we integrate vVLLM as the inference
backend. We leverage its PagedAttention mechanism to efficiently manage Key-Value
(KV) cache memory, significantly reducing fragmentation during the generation of long
reasoning chains. We align the environment configurations (CUDA version 12.4, PyTorch
version 2.6.0) across all nodes to prevent numerical discrepancies.

D.2 DATA AND EVALUATION BENCHMARKS

Training Dataset. We utilize the DAPO-Math-17k dataset for training. We employ the official
tokenizer corresponding to the Qwen2.5-Math series to ensure consistent token mapping between
the pre-trained backbone and the RL fine-tuning stage. The maximum response length is set to 8192
tokens. This length is empirically chosen to sufficiently accommodate the chain-of-thought reasoning
steps required by benchmarks like AIME and MATH, while maintaining high training throughput.

Benchmark Details To rigorously evaluate the mathematical reasoning capabilities of our models,
we selected a suite of diverse benchmarks. These datasets cover a spectrum of difficulty levels,
from foundational high school mathematics to expert-level olympiad problems. Table 9] provides a
comprehensive overview of their characteristics.

The datasets used for evaluation can be accessed via the following repositories:

e AIME 2024: https://huggingface.co/datasets/math-ai/aime24

AIME 2025: https://huggingface.co/datasets/math-ai/aime25

AMC 2023: https://huggingface.co/datasets/math-ai/amc23
MATH-500: https://huggingface.co/datasets/HuggingFaceH4/MATH-500
e Minerva: https://huggingface.co/datasets/math-ai/minervamath

L]

¢ OlympiadBench: https://huggingface.co/datasets/math-ai/olympiadbench
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Dataset Core Description Key Characteristics

AIME 2024 The 2024 edition of < Focuses on arithmetic precision and number theory.
the American Invitational e« Requires answers in a strict integer format (000-999).
Mathematics Examina- e Tests robustness against recent contamination.
tion, serving as a bridge
between the AMC and
the USAMO.

AIME 2025 The most recent itera- < Zero data contamination risk due to recency.
tion of the AIME com- ¢ High complexity requiring multi-step logical chains.
petition, representing a ¢ Validates the model’s potential for future reasoning.
strictly “held-out” set for
evaluating generalization
to unseen problems.

AMC 2023 Selected problems from ¢ Covers broad topics: Algebra, Geometry, Counting.
the 2023 American Math- * Functions as a baseline for competitive math ability.
ematics Competitions * Requires mapping multiple-choice logic to open-ended
(AMC 10/12), repre- generation.
senting the entry-level
olympiad difficulty.

MATH-500 A curated subset of 500 « Spans 7 categories including Calculus and Probability.
representative problems ¢ Reduces evaluation costs while maintaining distribution
from the widely used fidelity.

MATH dataset, designed  * Heavily relies on LaTeX understanding.
by OpenAl for efficient
evaluation.

Minerva A collection of tech- < Involves higher-order symbolic reasoning.
nical mathematics * Contains domain-specific vocabulary and notation.
problems derived from e Tests capabilities beyond standard competition math.
scientific papers and
undergraduate-level
coursework.

OlympiadBench A comprehensive ag- ¢ Represents the upper bound of mathematical reasoning.

gregate of international
mathematics  competi-
tions (e.g., IMO, CMO)
spanning multiple lan-
guages and formats.

Includes theorem proving and fill-in-the-blank types.
Challenges the model’s cross-lingual mathematical logic.

Table 9: Detailed comparison of the mathematical reasoning benchmarks used in this study.

Reward Function.

We employ a strict rule-based reward mechanism to rigorously verify the
correctness of the generated solutions.

¢ Format Verification: We first check if the output follows the required format (e.g., enclosing the
answer in \boxed{}).

* Correctness Check: Using the math_verify toolkit, we compare the extracted answer against
the ground truth. A reward of » = 1 is assigned for a correct match, and r = —1 otherwise.
This binary reward setting poses a significant challenge for exploration, as no partial rewards are

applied.

D.3 TRAINING PROTOCOLS

Optimization Strategy. We employ the AdamW optimizer with 51 = 0.9, 52 = 0.95, and a small
weight decay. Unlike standard pre-training schedules, we adopt a constant learning rate strategy
without warm-up or cosine decay. This design choice eliminates the confounding factors of learning
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Table 10: Detailed hyperparameter configurations for all experiments. To ensure a fair comparison,
we maintain identical training settings across all algorithms, varying only the learning rate according
to the model scale.

Model Scale Algorithm  Learning Rate  Specific Hyperparameters

Common Settings: Mini-batch Size = 32, Rollout Batch Size = 512, Max Length = 8192

GRPO €low = €high = 0.2
CISPO €low = Ehigh = 0.2
— i GPPO —6 Elow = Ehigh = 0.2
DeepSeek-R1-Distill-Qwen-1.5B CE-GPPO 1.0 x 10 Elow = Ehigh = 0.2, 81 = 0.75, B2 = 1
ASPO Elow = Enigh = 0.2, 1, = 0.33, 61/1igh =3
DGPO Elow = €high = 0.2,n =2, m =2
GRPO €low = Ehigh = 0.2
CISPO Elow = Ehigh = 0.2
L GPPO -7 €low = E€high = 0.2
DeepSeek-R1-Distill-Qwen-7B CE-GPPO 4.63 x 10 Elow = €nigh = 0.2, 1 = 0.75, Bz = 1
ASPO Elow = €high = 0.2, E{OW = 0.33, 6llqigh =3
DGPO Elow = Ehigh = 02,n=1,m =2
GRPO Elow = Ehigh = 0.2
CISPO Elow = Ehigh = 0.2
. GPPO 7 €low = €high = 0.2
DeepSeek-R1-Distill-Qwen-14B CE-GPPO 3.27 x 10 Elow = Ehigh = 0.2, 81 = 0.75, Bz = 1
ASPO Elow = E€high = 0.27 E]/nw = 0.33, 8l/1igh =3
DGPO €low = €high = 0.2,n =1, m = 2
0651 Grro — GRPO = GRPO
0.601 DGP;') 0451 DGPO f 0.8 DGPO
e AN
0s5{ il [ ild ’ \
< /4 20401 4 061 \
0501 S ~’//V 2 ‘
2] o o
g $ 0357 | = \
9’0'45‘ / > i 0.4
< 0.401 < 0307
‘ ‘ 0.2
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Figure 4: Training dynamics of DeepSeek-R1-Distill-Qwen-14B comparing GRPO and DGPO.

rate scheduling, allowing us to attribute performance gains solely to the algorithmic improvements. To
ensure consistent convergence dynamics across different model scales (1.5B, 7B, 14B), we calibrate
the learning rate based on the Constant Total Gradient Variance principle.

Numerical Precision and Stability. All models are trained using bfloat16 precision. We apply
gradient clipping with a norm threshold of 1.0 to mitigate gradient explosion. Random seeds for
model initialization, data shuffling, and sampling are fixed to 42 to ensure reproducibility.

D.4 HYPERPARAMETER SPECIFICATIONS

Table[T0] summarizes the key hyperparameters used across all experiments.

Controlled Variables. To ensure a fair comparison and strictly isolate the impact of different
gradient weighting strategies, we unify the clipping thresholds across all experiments. Specifically,
for all methods involving trust region clipping or boundary definitions (including GRPO, CISPO,
GPPO, CE-GPPO, ASPO and our DGPO), we fix:

€low = Ehigh = 0.2
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This rigorous control ensures that any observed performance differences are primarily attributable to
the gradient dynamics rather than minor variations in the trust region size.

Common Configurations. We set the KL coefficient Sg;, = 0. By removing the explicit KL
penalty, we rely implicitly on the trust region constraints imposed by the clipping mechanisms to
prevent policy collapse. The rollout generation uses a temperature of 1.0 and a top-p of 1.0.

Method-Specific Settings. The method-specific configurations are as follows:

¢ CE-GPPO: Adopts scaled soft clipping with 5; = 0.75 and 82 = 1.0, as recommended in
the original paper.

* ASPO: Use ¢, = 0.33 and &, = 3 as soft dual clip threshold.
* DGPO: We introduce the decoupled decay parameters n and m:

-15B:n=2,m=2.
-7B&14B:n=1,m = 2.

The continuity constants Ciee and Ciigy are automatically calculated based on g, .

E ADDITIONAL EXPERIMENTAL RESULTS

E.1 14B MODEL TRAINING DYNAMICS

We visualize the training trajectories of the DeepSeek-R1-Distill-Qwen-14B model in Figure
Similar to the 1.5B and 7B models, DGPO on 14B scale demonstrates faster convergence and higher
asymptotic performance on AIME benchmarks while maintaining a stable entropy reduction curve,
avoiding the collapse issues seen in RLVR.

Table[TT|provides comprehensive evaluation results for 14B model, including both Avg@32 (expected
performance) and Pass@32 (potential capability).

E.2 PASsS@K STATISTICS ON AIME BENCHMARKS

We report Pass@K (k € {1,2,4,8,16,32}) metrics specifically for the AIME 2024 and AIME
2025 benchmarks across 1.5B, 7B, and 14B scales (Table[T2)). The results demonstrate that DGPO
consistently achieves higher coverage of the solution space (higher Pass @K) compared to baselines,
particularly as k increases.

E.3 HYPERPARAMETER ANALYSIS

We investigate the impact of hyperparameters n and m by expanding from the baseline (n = 1,
m = 1) to four configurations: (1,1), (1,2), (2,1), and (2, 2). Figure[3{e.k) shows their performance
on AIME25 across 1.5B and 7B models.

Robustness and Patterns. All DGPO configurations outperform GRPO (with the exception of
n = 2 and m = 2 on the 7B model), demonstrating our algorithm’s robustness. However, the
optimal configuration varies by scale: (2,2) for 1.5B and (1, 2) for 7B. Analyzing Figure [3e.fk,]),
which reveals a consistent pattern: increasing n or m generally yields: (1) improved performance,
(2) elevated overall entropy levels, but (3) reduced entropy stability. Notably, significant entropy
volatility is observed only in the 7B model under the (2, 2) setting that negates the performance
benefits.

Tuning Guideline. Based on these observations, we propose a heuristic for hyperparameter tuning:
Enhance exploration by increasing n and m as long as entropy remains stable. Upon observing
instability, revert to the preceding stable configuration. Empirically, we recommend n = 1 and
m = 2 as a robust and conservative baseline configuration.
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Table 11: Full performance comparison on DeepSeek-R1-Distill-Qwen-14B.

AIME24 AIME25 AMC23  MATHS500 Minerva  Olympiad Avg.
A@32P@32 A@32 P@32 A@32 P@32 A@32 P@32 A@32 P@32 A@32 P@32 A@32 P@32
DEEPSEEK-R1-DISTILL-QWEN-14B

GRPO 56.6 829 405 678 922 974 665 704 226 353 432 50.7 536 674
DGPO 633 862 47.6 664 939 991 67.0 751 23.0 379 451 574 56.7 704

Method

Table 12: Detailed Pass @K performance on AIME 2024 and AIME 2025 across all model scales.

Method P@1 P@2 P@4 P@8 P@16 P@32

DeepSeek-R1-Distill-Qwen-1.5B

Dataset: AIME 2024

GRPO 33.2 432 53.2 61.6 67.9 71.8
CISPO 34.8 44.1 52.0 58.7 64.4 69.1
GPPO 29.6 38.4 47.1 53.6 57.9 60.5
CE-GPPO 35.1 44 .4 52.6 60.0 66.2 70.2
ASPO 36.4 44.4 53.1 61.7 68.5 732
DGPO 43.3 53.4 63.1 70.6 75.6 79.3
Dataset: AIME 2025
GRPO 27.7 33.0 38.1 42.6 46.5 49.9
CISPO 25.8 31.8 37.6 43.6 49.2 53.3
GPPO 23.5 29.3 34.3 40.0 46.4 51.9
CE-GPPO 27.7 33.1 38.3 44.1 50.1 55.1
ASPO 28.3 33.0 37.1 41.2 45.9 51.5
DGPO 32.8 38.3 43.6 48.6 52.7 56.1

DeepSeek-R1-Distill-Qwen-7B

Dataset: AIME 2024

GRPO 48.2 58.0 66.6 73.4 78.6 82.5
CISPO 51.6 60.9 68.5 73.5 75.8 76.6
GPPO 43.1 52.1 59.3 65.0 69.7 72.5
CE-GPPO 48.7 55.7 62.3 68.1 73.0 76.9
ASPO 51.8 61.2 68.5 73.4 76.7 79.6
DGPO 55.5 64.1 71.6 77.0 80.2 81.9
Dataset: AIME 2025
GRPO 37.4 44 .4 50.8 55.2 58.1 60.5
CISPO 38.2 45.2 51.7 56.5 60.8 65.4
GPPO 31.7 38.5 45.8 53.0 58.6 62.5
CE-GPPO 36.4 43.1 49.1 53.9 574 60.4
ASPO 37.1 433 48.4 51.2 52.6 54.1
DGPO 43.1 49.7 55.2 60.1 64.6 68.0

DeepSeek-R1-Distill-Qwen-14B

Dataset: AIME 2024

GRPO 56.6 69.3 76.0 79.8 81.9 82.9

DGPO 63.3 70.4 76.4 81.1 84.6 86.2
Dataset: AIME 2025

GRPO 40.5 48.4 54.2 60.1 04.7 67.8

DGPO 47.6 53.7 58.7 61.7 63.9 66.4

E.4 MECHANISTIC ANALYSIS VIA VISUALIZATION
Mechanism of Stability (Left Boundary). Why does DGPO prevent collapse? Figure [5[a) visual-

izes the joint distribution of probability and IS ratios in the final mini-batch. Crucially, tokens at both
boundaries are predominantly low-probability tokens. Figure [5[b) further details the relationship
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Figure 5: Comparison of gradient weight distributions (Prob: Probability, Grad: Gradient). (a)
Overall distribution. (b) Detailed scatter plots of grad weight vs. IS ratio (top row) and prob (bottom
row) across three methods: GRPO (left), GPPO (middle), and DGPO (right). Points are colored by
advantage. (c) Boundary distribution analysis.

between probability, IS ratio, advantage, and relative gradient weight (normalized by 7, probability)
for GRPO (zero weight), GPPO (divergent weight), and DGPO (convergent weight). As illustrated,
GRPO’s zero gradients at the left boundary lead to the narrowest ratio distribution and insufficient ex-
ploration. Conversely, GPPO’s divergent weights induce an excessively broad distribution, eventually
precipitating training collapse due to instability (Figure Ekb,c,h,i)) Yang et al.|(2025b)). In contrast,
DGPO maintains convergent relative weights, resulting in a ratio distribution only slightly wider than
GRPO that successfully balances stability with effective exploration.

Mechanism of Improvement (Right Boundary). Why does DGPO perform better? Compared
with GRPO (where right-boundary tokens have zero gradient and the narrowest ratio distribution),
DGPO maintains gradients to foster exploration. Compared with GPPO (which uses a reciprocal
standard weight equivalent to DGPO’s m = 1), DGPO with m = 2 employs a reciprocal radical
weight. This design induces the widest ratio distribution on the right boundary (Figure [5]c)),
significantly enhancing performance. This finding aligns with prior research suggesting that increasing
the contribution of positive samples improves performance |Yang et al.|(2025b); |Xi et al.| (2025)), and
is consistent with our hyperparameter analysis in Section ?? where increasing m boosts results.
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