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Abstract

There has been substantial progress in the inference
of formal behavioural specifications from sam-
ple trajectories, for example using Linear Tempo-
ral Logic (LTL). However, these techniques can-
not handle specifications that correctly characterise
systems with stochastic behaviour, which occur
commonly in reinforcement learning and formal
verification. We consider the passive learning prob-
lem of inferring a Boolean combination of proba-
bilistic LTL (PLTL) formulas from a set of Markov
chains, classified as either positive or negative.
We propose a novel learning algorithm that infers
concise PLTL specifications, leveraging grammar-
based enumeration, search heuristics, probabilistic
model checking and Boolean set-cover procedures.
We demonstrate the effectiveness of our algorithm
in two use cases: learning from policies induced
by RL algorithms and learning from variants of a
probabilistic model. In both cases, our method au-
tomatically and efficiently extracts PLTL specifica-
tions that succinctly characterize the temporal dif-
ferences between the policies or model variants.

1 Introduction

Temporal logic is a powerful formalism used not only for
writing correctness specifications in formal methods but also
for defining non-Markovian goals and objectives in rein-
forcement learning (RL) and control tasks [Li et al., 2017;
Camacho et al., 2019; Hasanbeig et al., 2019; Bozkurt et
al., 2020]. Among temporal logics, Linear Temporal Logic
(LTL) [Pnueli, 1977] is a de-facto standard for expressing
temporal behaviours due to its widespread usage. The pop-
ularity of LTL stems from its desirable theoretical properties,
such as efficient translation to automata and equivalence to
first-order logic, as well as its interpretability, which arises
from its resemblance to natural language.

Traditionally, specifications (whether temporal or not)
have been manually constructed. This approach is error-
prone, time-consuming, and requires a detailed understand-
ing of the underlying system [Bjgrner and Havelund, 2014;
Rozier, 2016]. As a result, in recent years, there has been
concentrated effort on automatically designing reliable and

interpretable specifications in temporal logics. A substan-
tial body of research has centred on learning specifications
in LTL [Neider and Gavran, 2018; Camacho and Mcllraith,
2019; Raha et al., 2022] and its continuous-time exten-
sion Signal Temporal Logic (STL) [Bombara ef al., 2016;
Mohammadinejad et al., 2020; Fronda and Abbas, 2022].

The primary setting of such learning frameworks is to in-
fer specifications based on examples of trajectories gener-
ated from the underlying system. While these frameworks
are effective in learning specifications for deterministic sys-
tems, a similar approach will not be sufficient for systems
with stochastic behaviour. Specifications for these are inher-
ently probabilistic, for example asserting that the probability
of some behaviour being observed exceeds a given threshold.
In these cases, it is not sufficient to infer a specification that
characterises individual trajectories.

To accurately capture the behaviour of stochastic systems,
we propose to learn temporal logic specifications from their
formal models. As the logical specification formalism, we
use probabilistic LTL (PLTL) [Vardi, 1985], which places
thresholds on the probability of satisfaction of LTL formulas.
The core models that we work with are discrete-time Markov
chains (DTMCs). These are commonly used for modelling
of stochastic systems in formal verification. In the context
of RL, they capture the behaviour of an agent executing a
specific learnt strategy (a.k.a., policy), in a probabilistic envi-
ronment modelled as a Markov decision process (MDP).

We adopt the passive learning framework [Gold, 1978] and
use a set of positive and negative DTMCs as input. The pos-
itive examples represent reliable probabilistic models or de-
sirable strategies executing in stochastic environments, while
the negative examples correspond to unreliable models or the
behaviour of undesirable strategies. The learning task is to
derive a concise PLTL specification that captures the proba-
bilistic temporal behaviour exhibited by the positive DTMCs
while excluding the behaviour of the negative DTMCs.

To illustrate our problem, we consider a simple stochas-
tic office world environment, adapted from [Camacho et al.,
2019], shown in Figure 1. The environment consists of three
features: office O, coffee ®, and decoration *. A slip-
pery area (shaded) near the coffee station introduces random-
ness in the agent’s movement. In this environment, desirable
and undesirable strategies correspond to positive and negative
DTMCs, respectively. Based on this input, a possible formula
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Figure 1: An illustration of an office-world environment with the following features: office O, coffee ®, and decoration *. The shaded part
near ® s slippery and introduces stochasticity in the agent’s movement. The positive example demonstrates a strategy where the agent A
collects ® and delivers to O while avoiding *, whereas the negative examples do not achieve this temporal task.

could be PZO‘Q[F(! AN F(O))] AN PZO.Q[G(_‘*)], which is a
conjunction of two PLTL formulas. This formula uses the
temporal operators F' (eventually) and G (always), along with
the probabilistic quantifier P g (at least 0.9 probability) to
state that the agent has a high probability of getting coffee
and delivering it to the office while avoiding the decoration.

To address the passive learning problem for PLTL, we pro-
pose a novel symbolic search algorithm comprising three key
procedures. The first procedure uses grammar-based enumer-
ation to identify candidate LTL formulas. The second pro-
cedure determines threshold values for probabilistic quan-
tifiers through probabilistic model checking, which results
in a PLTL formula. Finally, the third procedure constructs
Boolean combinations of PLTL formulas using a generaliza-
tion of the set-cover problem.

To improve learning, the algorithm incorporates several
heuristics for pruning the search space, including LTL simpli-
fication rules, inference techniques based on model checking,
and tactics for Boolean combinations. Overall, the algorithm
is designed with theoretical guarantees to learn concise and
interpretable PLTL formulas from DTMCs.

We implement our algorithm as a tool PriTL to leverage
the grammar-based search heuristic coupled with the state-of-
the-art tool PRISM [Kwiatkowska e al., 2011] for probabilis-
tic model checking of DTMCs. We evaluate PriTL through
two case studies. In the first case study, we consider learning
PLTL formulas to distinguish between desirable and undesir-
able strategies obtained using RL for a variety of temporal
tasks. In the second case study, we consider distinguishing
between different variants of a probabilistic protocol. In both
case studies, PriTL effectively infers concise and descrip-
tive PLTL formulas that explain the probabilistic temporal be-
haviour of the systems. Moreover, we demonstrate how the
different procedures contribute to the learning process. We
refer the reader to the extended version [Roy et al., 2025] for
additional proofs, implementation details, and experimental
results.

1.1 Related Work

There are two main areas of related work: learning temporal
logics from data and explaining strategies/policies in RL.

Learning Temporal Logics. There are numerous works
on learning temporal logics from data, specifically focusing
on LTL [Neider and Roy, 2025] and STL [Bartocci et al.,

2022]. Our work falls within the category of exact learn-
ing, which seeks to infer minimal formulas that perfectly fit
the data with provable guarantees. Notable works in this
category include those for LTL [Neider and Gavran, 2018;
Camacho and Mcllraith, 2019; Raha et al., 2022; Valizadeh
et al., 2024], STL [Mohammadinejad et al., 2020], and sev-
eral other temporal logics such as PSL [Roy et al., 2020],
CTL [Pommellet et al., 2024] and ATL [Bordais et al., 2024].
The learning techniques primarily involve deductive methods
such as constraint solving and enumerative search.

There are also several works within the category of approx-
imate learning, which seeks to infer formulas that fit (typ-
ically noisy) data well. Notable works in this category in-
clude those for LTL [Bartocci et al., 2014; Luo et al., 2022;
Wan et al., 2024; Chiariello, 2024] and STL [Nenzi et al.,
2018]. The learning techniques involve statistical optimisa-
tion, genetic algorithms, and neural network inference.

Our work considers the exact learning of probabilistic LTL,
which, to our knowledge, has not been explored before.
Moreover, we introduce a new learning framework based on
symbolic search guided by dedicated model checkers.

Explaining RL policies Several approaches exist for ex-
plaining policies in reinforcement learning [Milani ez al.,
2024]. Our work falls within the category of global expla-
nations of pre-trained policies using formal languages. No-
table works in this category include providing contrastive ex-
planation using restricted queries in PCTL" [Boggess et al.,
2023], extracting finite-state machines from neural policies
[Danesh et al., 20211, and summarizing using abstract policy
graphs [Topin and Veloso, 2019].

In contrast, our approach explains the temporal differ-
ence between policies using the full expressive power of
PLTL. Such explanations can also be translated to natural lan-
guage [Fuggitti and Chakraborti, 2023].

2 Preliminaries

Let N ={0,1,2,...} be the set of natural numbers.

2.1 Markov Chains and MDPs

A discrete-time Markov chain (DTMC) is a tuple M =
(S, sr, P,AP,{), where S is a finite set of states, s; € S is
an initial state, P : S x S — [0, 1] is a probabilistic transition
function, AP is a set of atomic propositions and ¢ : S+ 24F



is a labelling function. Atomic propositions will form the ba-
sis for temporal logic specifications and the function [ defines
the propositions that are true in each state.

A path m of M is an infinite sequence of states 7 =

808182 ... € S“ such that P(s;,s;41) > 0 forall i € N.
We denote the state at position ¢ of a path m by «[i] = s;
and the infinite suffix starting in 7[i] as 7[i ;] = $;8;41 ...

The set of all paths of M starting from state s is written as
M (). In standard fashion [Kemeny et al., 1976], we define
a probability measure Pr?/ on the set of infinite paths T (s).

A Markov decision process (MDP) is a tuple
(S,sr, A, P,AP,¢), which extends a DTMC by allow-
ing a choice between actions in each state. The set of all
actions is A and the probabilistic transition function becomes
P:SxAxS8—|0,1], where P(s,a,s’) is the probability
to move to s’ when action a is taken in s.

A strategy (a.k.a., policy) of an MDP defines which action
is taken in each state, based on the history so far. In their most
general form, strategies are defined as functions o : (S x
A)*S — A(A), where A(A) is the set of distributions over
A. The behaviour of an MDP under a strategy o is defined
by an induced DTMC, which we denote by M 7. In general,
M? is infinite state. In this paper, however, we can restrict to
finite-memory strategies, whose action choices depend only
on the current state and a finite set of memory values, since
these suffice for objectives specified in LTL. In this case, the
induced DTMC M? is finite [Baier and Katoen, 2008].

2.2 Probabilistic Linear Temporal Logic (PLTL)

Probabilistic Linear Temporal Logic (PLTL) is the proba-
bilistic variant of the popular logic LTL, and is commonly
used to express the temporal behaviour of probabilistic sys-
tems. A PLTL formula takes the form P.,[¢], stating that
the probability with which LTL formula ¢ is satisfied meets
the probability threshold > p. For example, PLTL formula
P>o.9[F(a A Fb)] means that the probability of observing
proposition a and then b is at least 0.9.

In this work, we learn specifications expressed in an ex-
tension of PLTL, which we call PLTL™, that allows positive
Boolean combinations of PLTL formulas.

Formally, the syntax and semantics of these logics are de-
fined as follows. Firstly, LTL formulas ¢ are defined induc-
tively using the following grammar:

pu=ploplevelenp| Xe|leUe,

where p € AP is an proposition, — (not), V (or) and A (and)
are standard Boolean operators, and X (neXt), U (Until) are
standard temporal operators. We allow the standard temporal
operators F (Finally) and G (Globally) as syntactic sugar,
where F ¢ := true Uy and G ¢ := = F —p.

We interpret LTL formulas over paths of a DTMC. The
satisfaction of LTL formula ¢ by (infinite) path 7 is defined
inductively as follows:

7 = piffp € £(7]0])
T Eeiff T e
TEXpiff r[l:] E e
7 E Uy iff there exists i € N : 7[i ;] = ¢’
and forall j <i:7m[j:] =

We interpret Boolean combinations in the standard fashion
and therefore omit the definitions.
A PLTL™ formula @ is defined as:

® = Poyly] | VO | DA D,

where 1 € {<, >, <, >}, p € [0, 1] is a probability threshold
and ¢ is an LTL formula.

A PLTL™ (or PLTL) formula is interpreted over the states
of a DTMC. The satisfaction of PLTL " formula ® by a state s
is defined as follows:

s | P[] iff P (s |= ) bap,

where PrV(s = ) = PrM({r € M (s) | 7 = }) de-
notes the probability that LTL formula ¢ is satisfied by a path
starting in state s of M. We say that a DTMC M satisfies a
PLTL™" formula ® if, for the initial state s; of M, s; = ®.

3 Passive Learning of PLTL" Formulas

We frame the problem of learning a PLTL™ formula as a typ-
ical passive learning problem [Gold, 1978]. Apart from be-
ing a fundamental learning problem, passive learning forms
a key subroutine in other learning frameworks, such as active
learning [Camacho and Mcllraith, 2019] and learning from
positive examples [Roy er al., 2023].

In this problem, we rely on a sample S = (P, N) con-
sisting of a set P of positive DTMCs and a set N of neg-
ative DTMCs. We define sample size |S| as the total num-
ber of DTMCs in S. The goal is to learn a concise PLTL™
formula ® that is consistent with S = (P, N), i.e., for all
MeP,ME ®,andforall M € N, M £~ .

To quantify conciseness, we measure the size |®| of PLTL™
formulas ®. To avoid checking redundant formulas, our
learning algorithm uses LTL in negation normal form (NNF),
a standard syntactic form where negation applies only to
atomic propositions. We define the size of an LTL formula
by the number of operators o € {F,X, G, U, A, V} and lit-
erals A = {p,—p | p € AP} in the formula. For instance,
the formula F(p A F(—q)) has size 5. The size of a PLTL™
formula @ is defined exactly the same way.

We now formally define the problem of passive learning of
PLTL formulas.

Problem 1. Given a sample S = (P, N), size bound K and
propositions AP, learn a minimal PLTL™ formula ® over AP
such that: (i) ® is consistent with S, and (ii) || < K.

A solution to Problem 1 (which is not necessarily unique)
is a concise PLTL™ formula @ that distinguishes between the
probabilistic temporal behaviour of the positive and negative
DTMCs. The size bound K ensures three attributes for the
solution formula ®: (i) it does not get too large, (ii) it does not
overfit to the sample, and (iii) it makes the passive learning
problem decidable, ensuring a terminating algorithm.

4 The Learning Algorithm

We now describe the learning algorithm that we propose to
solve Problem 1. Figure 2 provides a high-level overview
of our algorithm. The algorithm consists of three main pro-
cedures: (i) grammar-based enumeration, which efficiently
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Figure 2: The high-level overview of the learning algorithm. The set
JFn consists of formulas of size n, the set D,, consists of discarded
formulas, and the set 13,, consists of formulas for Boolean combina-
tions. The procedures PTS and BSC output a consistent PLTL and
PLTL" formula ®*, respectively, if they find one.

enumerates through the space of LTL formulas, (ii) proba-
bilistic threshold search, which employs probabilistic model
checking to determine whether a formula is consistent with
the given sample, and (iii) Boolean set cover, which con-
structs Boolean combinations of PLTL formulas to form a
consistent formula. The algorithm iterates over formulas of
increasing size, starting from 1, using GBE, and then checks
the consistency of the formulas using PTS and BSC. We now
describe each of these procedures in detail.

4.1 Grammar-based Enumeration for LTL

The grammar-based enumeration (GBE) procedure incre-
mentally explores the space of LTL formulas. Since the num-
ber of syntactically distinct formulas grows exponentially
with formula size', GBE employs pruning techniques to man-
age the search space efficiently.

Importantly, GBE relies on the nesting depth (or depth, for
brevity) of temporal operators in formulas. We define the
nesting depth d((p) for LTL recursively as: d(I) = 0forl € A,
d(ip 0 @) = max(d(p),d(¢")) for o € {A,V}, d(op) = 1 +
d(p) foro € {X,F,G},d(p U¢') = 1+max(d(p), d(¢)).
For instance, the formula F (p A F(—q)) has depth 2.

The nesting depth is essential for managing the search
space effectively as well as ensuring the practical applicabil-
ity of the formulas. Heavily nested formulas (e.g., those with
a depth > 3) are considered hard to interpret [Camacho and
Mcllraith, 2019] and are also uncommon in widely used LTL
patterns [Dwyer et al., 1998]. Therefore, GBE incorporates
maximum depth D as a parameter.

To build formulas F,, of size n and all depths d < D,
GBE employs a bottom-up dynamic programming approach.
Specifically, the set F,, is built as a union of subsets F¢ of
LTL formulas of size n and depth d. GBE initializes F{ := A
and }'{1 := () for 0 < d < D. It then inductively combines
formulas from F¢ of different depths to form larger formulas.

The inductive step of GBE F, 1 is outlined in Algo-
rithm 1. It follows the LTL grammar, adding operators to
smaller formulas to construct larger ones. The algorithm uses
two heuristics to eliminate semantically equivalent (=) for-
mulas, where ¢ = ¢’ ifand only if 7 = ¢ <> 7 |= ¢’ for any
path 7 € (247)«. These heuristics are briefly described here.

! Asymptotically 27:1/% [Flajolet and Sedgewick, 2009]

Algorithm 1 Inductive step in GBE
Input: 7, Max depth D
1: ford=0to D do

2: fg+1 =0

3:  forpec Fildo

4: Construct 1) = op for o € {X,F, G}

5 Add ¢ to .F;‘fﬂ if temporal simplify does not hold
6: end for

7. fork=1ton—1do )

8: for p € F tand ¢’ € U,y FI, do

9: Yv=pUy
10: Add 1 to F 11 if Boolean simplify does not hold
11: end for ;
12: for p € Fland ¢’ € Uy FL_, do
13: Y=oy foroe {A,V}
14: Add ¢ to ]—'ffH if Boolean simplify does not hold
15: end for
16:  end for
17: end for

18: return F,, 1

The first heuristic, temporal simplification, removes re-
dundant formulas by applying syntactic rules to rewrite LTL
formulas into normal forms [Baier and Katoen, 2008, Fig.
5.7]. For example, FF(p) = F(p), FX(p) = X F(p), and
F G F(p) = G F(p) (see [Duret-Lutz, 2024, Sec. 5.4] for the
full list). If a constructed formula is not in simplified form,
it is discarded. These checks are constant-time operations,
making them highly efficient.

The second heuristic, Boolean simplification, removes re-
dundant Boolean combinations such as ¢1 A @5 or 1 V @,
where 1 = @9 or 1 = —s. It checks the syntactic equality
of ¢; and 3, via a linear-time scan of their syntax trees. It
then checks semantic equivalence, which can be doubly ex-
ponential in formula size but is efficiently handled by modern
LTL satisfiability checkers [Duret-Lutz et al., 2022].

We formalise the completeness of the GBE procedure be-
low?, which can be proved by induction on formula size.

Lemma 1. | J,, ./ F computed by GBE consists of all se-
mantically distinct formulas of size < N’ and depth < D.

4.2 Probabilistic Threshold Search for PLTL

The probabilistic threshold search (PTS) procedure steps
through the formulas generated by GBE and evaluates the
likelihood of the formulas being satisfied/consistent. The
main steps of PTS are outlined in Algorithm 2.

PTS first computes the probability measure for a formula
@ € F, for each M in the given sample. More specifically,
PTS computes the vector V¥ : S — [0, 1], mapping each
state s € S of M to Pr (s |= ). Weuse v} = VM9 (s;)
to denote the probability for the initial state s; of M.

Our implementation, which is based on the PRISM
tool [Kwiatkowska et al., 2011], deploys standard proba-

This result establishes GBE’s complete search in isolation;
when combined with PTS, as we see later in Section 4.2, several
formulas are pruned using heuristics.



bilistic LTL model checking procedures [Baier and Katoen,
2008]. First, the LTL formula ¢ is translated into an equiv-
alent deterministic Rabin automaton (DRA) A,. Then the
product DTMC M x A, which combines the DTMC and
DRA, is constructed and solved using standard numerical
methods based on value iteration.

PTS exploits the computed vector V¢ to search for a for-
mula that has a higher probability of satisfaction in the posi-
tive examples than in the negative examples. For this, it com-
putes the minimum probability p, = min{véw’@ | M € P}
of satisfaction of ¢ among the samples in the set P, and the
maximum probability n, = max{v,"? | M € N} of satis-
faction of ¢ among the samples in the set V.

To identify a significant probabilistic difference in the tem-
poral behaviour, PTS employs a small tolerance parameter
d € (0,0.1). We explain the motivation for this parame-
ter using the introductory example from Figure 1. In this
example, the probability of reaching the office, i.e., satisfy-
ing F(O), can be slightly lower in the positive example (say
0.94) compared to the negative examples (say, 1.0 and 0.95).
This small difference could arise because the agent takes a
slightly longer slippery route in the positive example than in
the second negative example. However, F(O) is not a pri-
mary distinguishing factor between the positive and negative
examples and must not be considered by PTS.

Thus, PTS checks if the difference p, — n, between the
probability of satisfaction of ¢ in the positive and negative
examples is greater than the tolerance ¢. If indeed p, — n, >
d, then PTS outputs the formula ® = Ps,, [¢], where the

threshold m, = P2f™2  While any threshold between p,

and n, could be chosen, the choice of the mean of the two
values is to reduce overfitting to the input sample.
We state the soundness of the PTS procedure as follows.

Lemma 2. [If PTS returns a PLTL formula ®, then ® is con-
sistent with sample S.

Proof. PTS always returns a formula of the form & =

Pon, [¢], where m, = p“’;”“’ and p, — n, > J. We can

state that

VM € P,ot% > my, it PrM (s; = @) > my, iff M = @,

VM € N,v)"? < my, iff Pr (s; |= @) < my, iff M = ®.
O

Note that PTS restricts the search to only PLTL formulas
of the form P, [¢]. The relation > is not required due to
the non-zero parameter J, while the < relation can be derived
from the > relation and the dual LTL formula —¢ using the
relation P[] = Psq_p[—¢)].

If a formula ¢ is not consistent, PTS discards it by adding it
to D,, if it is not useful for the next GBE iterations; otherwise,
it adds ¢ to ,, for Boolean combinations. We briefly discuss
the heuristics used for discarding formulas.

This heuristic, inconsistency removal, discards ¢ if the fol-
lowing condition holds: V% = 0 for each M € P, or
VM» =1 for each M € N, where 0 and 1 are the vectors
with all zeros and all ones, respectively. In simpler terms, ¢
is discarded if it is unsatisfiable in any state of the positive

Algorithm 2 Probabilistic Threshold Search (PTS)
Input: 7, Probabilistic tolerance §

1: ford=0to D, p € Fldo
2:  Compute VM for each M in S

. M, _ M,
pp = min{v; "}, n, = max{v; 7}

3
4. ifp, —n, > 0 then

5 return ¢ = P_ Potn [¢]

6: else

7. Add ¢ to D,, if inconsistency removal holds
8 Add ¢ to B,, otherwise

9 end if

10: end for

DTMC:s or universally satisfied in all states of the negative
DTMCs. Such formulas cannot be meaningfully combined in
subsequent iterations, as stated below for the positive cases;
a similar argument applies to the negative cases.

Lemma 3. Let VM¥ = 0 for each M € P. Then ¢ cannot
be a subformula of a minimal consistent PLTL formula.

Examples of formulas that can be discarded from the intro-
ductory example include F(x A ), G(®), and G(*) since
they never hold in any state of the positive DTMC.

4.3 Boolean Set Cover for PLTL T

The Boolean Set Cover (BSC) procedure combines PLTL for-
mulas using Boolean operations. We adapt this procedure,
originally introduced in [Raha ef al., 2022], to accommodate
probability thresholds. The steps of our algorithm are detailed
in Algorithm 3.

First, BSC discards formulas from I3,, that are not useful
for Boolean combinations. For this, it uses a condition sim-
ilar to, but weaker than, inconsistency removal used in PTS:

v = 0forall M € P,orv}"¥ =1forall M € N.

For the remaining formulas, BSC assesses how close they
are to being a consistent formula. To do this, it relies on the
function ¢(ip, r), which quantifies the quality of ¢ with prob-
ability threshold r, defined as follows:

o) = | 3 W >+ Y [ <1l

MeP MeN

where [[-] denotes the Iverson bracket, evaluating to 1 if the
condition holds, and 0 otherwise. We have c(p,r) = |S| if
and only if P, [¢] is consistent with S.

BSC computes, for each LTL formula ¢ € B,,, a maximal
probability threshold r* = arg max,¢(o,1) c(¢,r) that maxi-
mizes consistency with S. This can be computed via a linear
scan over the sorted list of probabilities v}vj"P for M in S.

BSC then constructs the PLTL formula & = P« [] along

with its score o(®) = c(p,7*)/(1 + /|®|) and adds it to
a heap H. The scoring function and the subsequent steps
of BSC are as in [Raha et al., 2022]. Briefly, a maximum
Boolean combination limit L is considered. The PLTL for-
mulas with the L highest scores are selected, and combined
as disjunctions and conjunctions with all formulas in H.

Below, we state the soundness of BSC for PLTL, based
on [Raha et al., 2022].



Algorithm 3 Boolean Set Cover (BSC) for PLTL
Input: 5,,, Max size K, Max Limit L
1: Discard formulas from 8,, not suitable for bool comb
for ¢ € B,, do
Compute ® = P .« [¢], score o(P) and add to H
end for
‘H* < Highest L formulas in H w.r.t score o
for V €¢ Hand ® € H* do
®':=TVodforoe {AV}
if |®'| < K and @’ is consistent then
Store @’ as consistent and update K « |®'| — 1
end if
end for

TR UNRELDN

—_—

Lemma 4. [f BSC returns a PLTL™ formula ®, then ® is
consistent with sample S.

Theoretical guarantees. We state the guarantees of our al-
gorithm with respect to the search space © (K, D, §) of PLTL
formulas constrained by the considered parameters, i.e., size
< K, depth < D and tolerance > §.

Theorem 1. Given sample S, size K, depth D, and tolerance
0, our learning algorithm has the following guarantees:

* (soundness) if it returns a PLTLT formula ®, then ® is
consistent with S and |®| < K, and

* (completeness and minimality) if there exists a PLTL for-
mula in ©(K, D, ) consistent with S, then it returns a
minimal PLTL™ formula.

Proof. Soundness follows from the correctness of PTS
(Lemma 2) and BSC (Lemma 4) in outputting a consistent
formula. Completeness is ensured by the exhaustive enumer-
ation by GBE (Lemma 1), discarding only inconsistent for-
mulas (Lemma 3). Minimality follows from the complete it-
erative search over increasing formula sizes (see Fig. 2). [

5 Evaluation

In this section, we evaluate the capability of our learning
algorithm to infer concise PLTL* formulas from samples
of DTMCs. To this end, we developed a prototype tool,
PriTL3, implemented in Python3, which integrates the three
procedures, GBE, PTS and BSC, of the learning algorithm.
For heuristics in GBE, we rely on LTL simplification and sat-
isfaction features from the SPOT library [Duret-Lutz e al.,
2022]. For LTL model checking of DTMCs in PTS, we rely
on the PRISM tool [Kwiatkowska et al., 20111, using its (de-
fault) hybrid model checking engine.

To the best of our knowledge, no existing tool can directly
learn arbitrary temporal specifications from DTMCs. To eval-
uate PriTL’s ability to learn concise and distinguishing for-
mulas, we tested it on strategies generated within a stochastic
environment and on various variants of a probabilistic model.
For all experiments, we set the maximum depth D = 2, tol-
erance = 0.05, and a Boolean combination limit L, = 10.
If PriTL identifies multiple minimal formulas, it returns the

3https://github.com/rajarshi008/PriTL

one with the highest probability difference, p, — n,. In case
of a tie, PriTL returns all valid formulas.

We conducted all experiments on a MacBook Pro M3 (ma-
cOS 14.6.1) with 18 GB RAM. A detailed discussion of
the implementation and experiments can be found in the ap-
pendix of the extended version [Roy et al., 2025].

Learning from strategies in stochastic environment

For this experiment, we focus on strategy DTMCs gener-
ated via non-Markovian reinforcement learning algorithms.
Specifically, we utilize different Q-learning algorithms pro-
posed by [Shao and Kwiatkowska, 2023] that are capable of
generating optimal strategies for LTL tasks.

As the underlying MDP, we select the widely used OpenAl
Gym frozen lake environment [Brockman et al., 2016], em-
ploying the same layout as in [Shao and Kwiatkowska, 2023].
This environment is an 8 x 8 gridworld, where an agent nav-
igates a slippery frozen lake, introducing stochasticity: with
a 1/3 probability, the agent moves in the intended direction,
and with a 1/3 probability, it deviates sideways. The environ-
ment includes three key features: two campsites, a and b, and
several holes h.

We evaluate PriTL on two distinct applications: (i) learn-
ing from strategies trained on correct and incorrect LTL tasks,
and (ii) learning from optimal and suboptimal strategies for
the same LTL task. For both (i) and (ii), we set the proposi-
tions AP = {a, b, h} and formula size bound K = 10.

For application (i), we identify several desirable LTL tasks
and designate them as correct tasks. As incorrect tasks, we
select LTL tasks that are less precise than their correct coun-
terparts. For example, the correct task F(a) A G(—h) requires
reaching campsite a while always avoiding holes &, whereas
the incorrect task F(a) specifies a weaker condition of reach-
ing the campsite, which may result in falling into holes. The
first two columns of Table 1 list the considered correct and
incorrect tasks, respectively. For each correct and incorrect
task, we generate 10 positive and 10 negative optimal strat-
egy DTMCs, respectively, using the CF+KC Q-learning al-
gorithm [Shao and Kwiatkowska, 2023], known for its fast
convergence to optimality. The cumulative state space of the
samples is of the order of 102 (see fourth column of Table 1).

We present the learned PLTL* formulas for each task in
Table 1. For the first two tasks, PriTL inferred PLTL*"
formulas with safety properties, G(—h) and —h U a, which
were violated in the negative examples. In subsequent tasks,
PriTL inferred formulas that indicate the specific require-
ments missing in the negative examples. These include re-
peated reachability G F(a) instead of simple reachability
F(a), performing two tasks simultaneously F(a) A F(b) in-
stead of just one F(a) or F(b), etc. Overall, PriTL success-
fully produced concise formulas that explain the differences
between strategies trained on different tasks.

For application (ii), we identify some more desirable LTL
tasks (in Figure 3) and generate optimal and suboptimal
strategies for each. We extract strategy DTMCs from in-
termediate episodes of the KC Q-learning algorithm since
it has relatively slower convergence to optimality [Shao
and Kwiatkowska, 2023], thereby often yielding sub-optimal
strategies. We considered a strategy that achieves a high prob-
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Correct task for P Incorrect task(s) for NV

Learned PLTL™ Formula

State space S LTL Space Time (sec)

F(a) A G(—h) F(a)
F(a) A G(—h) F(a), G(—h)
F G(a) A G(—h) F(a) A G(—h)
G F(a) A GF(-a) A G(—h) F G(a) A G(—h)
F(a) ANF(b) A G(—h) F(a) A G(—h), F(b) A G(—h)

P.o.49[F G(a)], P>0.49[GF(a)] 2.7-10°

P.o.5[F(a)] A Pso.99[F(D)] 3.2-10°

P-0.76[G(—h)] 2.5-10° 24/24 1.77
P.o.76[~h U d] 1.9-10° 110/186  3.39
112/186  4.93

50/186 3.9
476/7314  24.1

P-05[G F(—-a)] 0.9-10°

Table 1: Summary of the learning from strategy DTMCs for correct and incorrect tasks on Frozen Lake.

102 | | LTL Tasks
3 —o -hUa
s 0| ||- Farr@)
= GF(a) ANF(b)
. GF(a)VGF(D)
107 ¢

10 20 30 40 50 60
Number of DTMCs

Figure 3: Runtime comparison for strategies generated from varying
formulas and varying sample sizes.

ability (i.e., p > 0.95) as optimal, while one that achieves
a lower probability (i.e., 0.5 < p < 0.9) as suboptimal.
Overall, for each LTL task, we collected at least 30 positive
DTMCs and 30 negative DTMCs corresponding to optimal
and suboptimal strategies, respectively. We evaluated our al-
gorithm using varying sample sizes |S|, ranging from 10 to
60 DTMC:s per sample, with an equal split between positive
and negative examples.

We present the runtime for varying sample sizes in Fig-
ure 3. For the tasks -hUa and GF(a) V GF(b),
PriTL consistently inferred the formulas P~ 9[G(—h)] and
P.0.93[GF(a) V G F(b)], respectively, across all samples.
The runtime for these increased linearly with the sample size.

For the task F(a A F(b)), PriTL inferred Psg.97[F(D)]
for a sample size of 10 and a more precise formula,
P-o.04[F(a)] A Psg.97[F ()], for larger sizes. Similarly, for
the task G F(a) A F(b), PriTL inferred P 92[F(b)], for
smaller samples (< 40), whereas it inferred a more precise
formula, Ps¢.92[G F(a)] A Psg.95[F(b)] for larger samples
(50 and 60). Both tasks showed a runtime spike due to the
change in the inferred formula, deviating from the linear trend
in other tasks. Moreover, in both cases, the more precise for-
mula was inferred by the BSC procedure. Overall, PriTL
successfully inferred expected PLTL™ formulas, with run-
time generally scaling linearly with sample size.

We also briefly discuss how different parts of PriTL con-
tribute to the learning process. PTS dominates the running
time, while GBE and BSC take negligible time. For exam-
ple, inferring P~ 5[F(a)] APs¢.99[F(b)] (from Table 1) took
24.05 seconds for PTS, and 0.05 and 0.01 seconds for GBE
and BSC, respectively. The heuristics enhance efficiency by
reducing the search space, particularly for larger formulas.
The fifth column of Table 1 compares the considered formula

for PTS with the total space up to the size of the learned for-
mula. For the same example, the search was reduced to just
7% of the possible LTL space via heuristics.

Learning from variants of probabilistic models

In this experiment, we compare two implementations of the
probabilistic secret-sharing protocol EGL [Even et al., 1985;
Norman and Shmatikov, 2006], where two parties, A and B,
share 2P secrets (2-length bit-vectors) over several rounds.
The two implementations we consider, EGL1p and EGL2p,
are parametrized by the number of secrets P = 1,...,7.
The key difference in the variants is in the sharing order: in
EGL1 p, each party sequentially shares all their i bits, while
in EGL2p, they alternately share half of their i bits.

To apply PriTL, we treat EGL1p as positive, EGL2p as
negative, K = 6 and AP = {kA,kB}, where kA (kB resp.)
represents A (B resp.) knows of B’s (A’s resp.) secrets.

For P = 1,2,3,4,5, PriTL inferred the formula
P, [—kA U kB| with progressively increasing thresholds p =
0.88,0.90,0.94,0.97 with running times 0.37, 0.38, 0.68,
1.31 seconds, respectively. The inferred formula indicates
that, in EGL1 p, the probability that B knows A’s secret be-
fore A knows B'’s is higher as compared to EGL2 p.

For P > 5, however, PriTL did not infer any formula.
This indicates that no PLTL formula with parameters K < 6,
d < 2 and § > 0.05 distinguishes the variants when a higher
number of secrets are shared, based on our exhaustive search
(Theorem 1). Overall, PriTL could identify key proba-
bilistic temporal differences between variants of probabilistic
models, or confirm their absence.

6 Conclusion

We focused on the automatic learning of temporal behaviour
in stochastic systems. Specifically, we considered the pas-
sive learning problem of learning concise probabilistic LTL
(PLTL) formulas that distinguish between positive and nega-
tive Markov chains. Our novel learning algorithm combines
grammar-based enumeration with probabilistic model check-
ing, enhanced by search heuristics. We demonstrated the
ability of our approach in inferring temporal specifications
in both reinforcement learning and modelling applications.

In the future, we plan to integrate our algorithm into other
learning frameworks, such as active learning [Camacho and
Mcllraith, 2019] and learning from positive examples [Roy
et al., 2023]. Moreover, we aim to extend our approach to
multi-agent systems [Boggess et al., 2023].
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