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Abstract

We study the feature-based newsvendor problem in high dimensions and pro-1

vide sharp regret characterizations for three widely used prescriptive analytics ap-2

proaches: the conventional Estimate-Then-Optimize (ETO), and the more recent3

end-to-end methods of Integrated-Learning-Optimization (ILO) & Direct Policy4

Optimization (DPO). Under well-specified linear demand model, we derive the5

regret results using convex Gaussian minmax theorem. Numerical explorations6

enabled by the results offer robust evidence of the superiority of ETO persisting7

even in high-dimensional regimes. Further, we highlight substantial performance8

gains attainable over all 3 methods by utilizing downstream optimization only in9

the model selection stage, instead of embedding it in training as with ILO & DPO.10

1 Introduction11

Recent advances in end-to-end learning of prediction models tailored for downstream optimization12

[1, 2, 3, 4] present modern operations managers with a critical design choice: Should estimation13

and optimization be treated as separate stages, or integrated into a single, end-to-end pipeline? The14

central premise of the latter is that being optimization task-aware enables learning that is directly15

aligned with decision costs and quality. But does this promise hold in out-of-sample deployment?16

In particular, does the in-sample optimality achieved by integrated methods consistently translate17

into improved out-of-sample performance? The anticipation of such gains has spurred a surge of18

decision-focused learning approaches in recent years; see [5] and references therein for a compre-19

hensive overview of integrating learning and optimization in data-driven contextual optimization.20

Out-of-sample generalization bounds for integrated-learning-optimization (ILO) approaches (see,21

eg., [2, 6, 7, 8]), while useful for gaining insights into specific learning algorithms, tend to fall22

short of revealing the benefits of ILO, if any, over the conventional Estimate-Then-Optimize (ETO)23

approaches. For instance, in predicting demand for a newsvendor problem, is there a compelling24

reason to favor ILO over established procedures such as least-squares or Lasso regression? Under25

model misspecification, recent efforts [9, 10] have shown that ILO can achieve smaller regret in26

contextual optimization and deliver additional first-order improvement in non-contextual settings.27

By contrast, when the learning model is well-specified, theoretical evidence thus far points to28

stronger performance guarantees for ETO, including faster regret convergence in contextual linear29

optimization [11] and stochastic dominance for regret in broader data-driven optimization [9]. It30

should be noted that the latter results are obtained in fixed-dimensional large-sample regime, which31

typically asserts the optimality of unregularized ETO (eg., Cramer-Rao lower bound, see also [12]).32

Such optimality observations drawn from fixed dimensional analysis may appear at odds with the33
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widespread need for model selection tools such as regularization or dropout-type techniques that34

have proven essential in high-dimensional learning contexts.35

Does ETO continue to dominate ILO even in high dimensional settings, where the first-step estima-36

tion needs to learn a prediction model from a high-dimensional feature representation? This paper37

is devoted to examining this question in the well-studied feature-based newsvendor model treated38

in [2]. Using the Convex Gaussian MinMax Theorem (CGMT) [13], we derive sharp regret charac-39

terizations in the regime where the ambient dimension p is proportionately large as the sample size40

n under a well-specified model. Unlike in finite-dimensional regimes, the resulting regret does not41

vanish asymptotically, underscoring the intrinsic difficulty of this setting. Numerical explorations42

enabled by the regret characterizations reveal the superiority of ETO over ILO & DPO. The end-to-43

end coupling in ILO and DPO distort the KKT optimality conditions, inflating both prediction error44

and prescriptive costs. Furthermore, they highlight substantial performance gains attainable over45

ETO, ILO & DPO when the downstream optimization task is utilized only while cross-validating46

for model selection, instead of embedding it directly in training as with ILO & DPO.47

2 The Feature-based Newsvendor Model & Estimation approaches48

We consider the feature-based newsvendor problem treated in [2]: A decision-maker, responsible49

for making purchase orders for a product sold by their firm, is faced with uncertain demand D50

for the product. While determining the number of units to be ordered, the decision-maker has the51

flexibility to leverage observable contextual information X ∈ Rp (such as weather, spatio-temporal52

attributes, economic indicators, etc.) which may have a role in influencing/explaining the demandD.53

The decision-maker is also equipped with the dataset D = {(X1, D1), . . . , (Xn, Dn)} comprising54

n independent historical observations of the demand paired with the respective contextual feature55

information. Upon ordering w units of the product, the decision-maker pays either a holding cost of56

h(w −D)+ to store the excess (w −D)+, or, a back-order cost of b(D − w)+ as a penalty for the57

shortfall (D − w)+, depending on the realized value of the demand D. Here h, b > 0.58

If the decision-maker is risk-neutral, it would be ideal if they could identify an ordering rule w :59

Rp → R that minimizes the conditional expected costE[Lnv(w(X)−D) |X] almost surely, where60

Lnv(w − d) = h(w − d)+ + b(d− w)+ (1)
is the combined holding and back-order costs incurred by ordering w units of the product. Identi-61

fying such conditionally optimal order quantity is an impossible proposition though, given that the62

decision-maker has access to the distribution ofD |X only via the limited dataset D. They may nev-63

ertheless utilize the dataset D to either (a) learn how the distribution of the demand D is determined64

by the contextual information X and use this subsequently to determine the order quantity, or, (b)65

rather directly learn an ordering rule which is optimal within a class of pre-specified ordering rules.66

Assuming a linear demand model67

D = θ∗0 + θ∗⊤X + ε, (2)
where θ∗0 > 0,θ∗ ∈ Rp, and ε ∼ N (0, σ2), this paper is devoted to sharp performance analyses of68

the following prominent contextual optimization approaches aligning between either possibilities.69

Estimate-Then-Optimize (ETO): As the name suggests, this approach focuses on first estimating70

the unknown model parameters θ∗0 ,θ
∗, and σ via a conventional regression procedure such as71

(θ̂0, θ̂) ∈ argmin
θ0,θ

1

n

n∑
i=1

(
Di − θ0 − θ⊤Xi

)2
and σ̂2 =

1

n− p

n∑
i=1

(
Di − θ̂0 − θ̂⊤Xi

)2

,

that focuses primarily on prediction error. One may alternatively consider a regularized variant as in72

(θ̂
(η)

0 , θ̂
(η)

) ∈ argmin
θ0,θ

1

n

n∑
i=1

(
Di − θ0 − θ⊤Xi

)2
+ η∥θ∥22, where η > 0. (3)

The distinguishing feature of this conventional ETO approach is that model estimation is under-73

taken entirely agnostic to the newsvendor’s downstream cost (1). Supposing the estimated model74

parameters (θ̂0, θ̂, σ̂) to be well-describing the ground truth, ETO then prescribes the decision rule,75

w(X) = F̂−1
D|X

(
b

b+ h

)
= θ̂0 + θ̂⊤X + σ̂Φ−1

(
b

b+ h

)
, (4)
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as it minimizes the resulting estimate of E[Lnv(w(X)−D) |X]. Here, F̂D|X(·) denotes the CDF76

of the estimated conditional distribution D |X ∼ N (θ̂0 + θ̂⊤X, σ̂2) and Φ−1(p) = inf{z ∈ R :77

P (Z ≤ z) ≥ p} is the inverse CDF of the standard normal distribution.78

Integrated-Learning-Optimization (ILO): Observe that the ordering rule w(X) = θ0 + θ⊤X +79

sΦ−1(b/(b+ h)) is optimal for the demand model D |X ∼ N (θ0 + θ⊤X, s2). Hence, the task of80

finding model parameters which minimize the sample average newsvendor cost associated with the81

respective optimal ordering rule can be accomplished by,82 (
θ̂0,ILO, θ̂ILO, σ̂ILO

)
∈ arg min

θ∈Rp,θ0,s≥0

1

n

n∑
i=1

Lnv

(
θ0 + θ⊤Xi + sΦ−1(b/(b+ h))−Di

)
. (5)

Here, unlike ETO, the model estimation is directly informed by the optimization objective (1). By83

definition of this integrated approach, the in-sample newsvendor cost associated with the estimated84

model parameters (θ̂0,ILO, θ̂ILO, σ̂ILO) is smaller than that incurred by deploying the ETO optimal85

ordering rule (4). Refer [3, 14, 9, 10] and references therein for a comprehensive account of ILO.86

Decision-Rule Optimization (or) Direct Policy Optimization (DPO): Considering linear decision87

rules of the form w(X) = a+ b⊤X, this approach bypasses the model estimation step. It seeks to88

directly find optimal decision rule coefficients minimizing the empirical newsvendor loss as in,89

(âDPO, b̂DPO) ∈ argmin
a,b

1

n

n∑
i=1

Lnv

(
a+ b⊤Xi −Di

)
.

Refer [2] for an account of DPO in the newsvendor model and [4, 1] for their broader use.90

3 Sharp Characterizations for Out-of-Sample Costs in High-Dimensions91

Does being optimization task-aware, as in the end-to-end learning adopted in ILO & DPO, translate92

into gains in out-of-sample performance? In particular, does the in-sample optimality of ILO man-93

ifest as an improvement in out-of-sample performance as well? In order to answer these questions94

in an asymptotic regime representative of the challenges posed by modern datasets, we consider the95

high-dimensional setting where the the dimension of the feature vector X, denoted by p, is compara-96

ble with the number of samples n. In particular, we consider n → ∞, n/p → δ ∈ (1,∞), a setting97

canonical in high-dimensional statistics, but novel for analysis in contextual optimization literature.98

Assumption 1. The p-dimensional feature vector X is standardized to satisfy X ∼ N (0, 1pIp).99

Extensions to the below regret characterizations, which are based on convex Gaussian Min-max100

Theorem (CGMT, [13, Thm. 3]), to suit X featuring elliptical distributions and more general random101

feature model are conceivable along the lines pursued in [15, 16].102

We define the out-of-sample regret of a decision rulew(·) asE[Lnv(w(X)−D)]−E[Lnv(w
∗(X)−103

D)], capturing the out-of-sample cost incurred by deploying w(·) when compared to the oracle104

optimal decision rule w∗(X) = θ∗0 + θ∗⊤X + σΦ−1(b/(b+ h)). To state our results, define105

ℓ(µ, s) := E [Lnv (µ+ sZ)] = (b+ h)
[
s ϕ

(µ
s

)
+ µΦ

(µ
s

)]
− µb,

where Z ∼ N (0, 1) and κ := Φ−1(b/(b+ h)). Additionally, let106

ψ(z, λ) := max
u∈[−b,h]

{
zu− λu2

2

}
− s2 − σ2

2λδ
.

Theorem 1. For the demand model (2) satisfying Assump. 1, the out-of-sample regret Rn satisfies107

Rn → ℓ
(
µ∗, s∗

)
− (b+ h)σϕ(κ) , as n→ ∞, where{

under the ETO-optimal ordering rule (4): µ∗ = σκ, s∗ = σ(1− 1/δ)−1/2, and
under ILO & DPO-optimal ordering rules: µ∗, s∗ solve minµ∈R,s≥σ maxλ>0E [ψ (µ+ sZ;λ)] .

Observe from Theorem 1 that the regret does not vanish, primarily due to the difficulty of learning108

when the number of samples are roughly only as much as the ambient dimensions. Contrast this109

with the finite dimensional setting where Op(1/n) regret convergence is obtainable: see, eg., [9].110

As ILO & DPO’s regret limits coincide, we shall only compare ETO vs ILO from here onwards.111
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Lemma 2. Any solution to the lower dimensional problem minµ∈R,s≥σ maxλ>0E [ψ (µ+ sZ;λ)]112

satisfies the deterministic equivalent (DE) optimality conditions (6a) - (6c) in Appendix A.113

4 Discriminating ETO vs ILO numerically via DE Optimality Conditions114

Considering various choices for δ and the cost parameters b, h,we numerically demonstrate in Figure115

1 the remarkable accuracy of the limiting regret predictions obtained in Theorem 1 by comparing116

with their finite sample counterparts.117

Figure 1: Finite-Sample performances (vs) regret characterizations: p = 1000, σ = 1, with b/(b +
h) = 0.3 fixed in the left panel and δ = 1.2 in the right panel

Fig 2 compares the limiting regret of ETO & ILO in Theorem 1. Interestingly, the heatmap in Fig118

2(a) asserts the uniform dominance of ETO over ILO across all parameter settings n/p ∈ (1, 5)119

and b/(b + h) ∈ (0, 1). The disadvantage for ILO is more pronounced when either the dataset is120

smaller or costs b, h are skewed. Fig 2(b) demonstrates (i) the disadvantage with ILO even when121

the noise variance σ is taken to be known in ILO, and (b) the applicability of regularized ETO122

when n < p. Fig 3 asserts the benefits of being optimization-aware in a subtler manner than ILO:123

While performing model selection via cross-validation, we choose the ridge regularization strength124

η that minimizes the respective optimal cost E[Lnv(θ̂
(η)

0 + X⊤θ̂
(η)

+ σ̂κ − D)] evaluated over125

a test dataset. All the panels in Figure 3 illustrate the robust performance gains one may obtain126

across various signal-to-noise ratios and dataset sizes. The benefits are more pronounced in smaller127

datasets.128

Figure 2: Comparing ETO vs ILO regret predictions from Theorem 1

Figure 3: Illustration of lower out-of-sample costs with optimization-aware crossvalidation
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A Deterministic Equivalent (DE) Optimality Conditions174

The deterministic equivalent (DE) optimality conditions, indicated in Lemma 2 for the low-175

dimension optimization minµ∈R,s≥σ maxλ>0E [ψ (µ+ sZ;λ)], are given by the following non-176

linear equations in the variables µ ∈ R, s ≥ σ, and λ > 0:177

[λb+ µ] Φ

(
−λb+ µ

s

)
+[λh− µ] Φ

(
λh− µ

s

)
+s

[
ϕ

(
λh− µ

s

)
− ϕ

(
λb+ µ

s

)]
= λh, (6a)

178 [
λ2b2 − µ2 − s2

]
Φ

(
−λb+ µ

s

)
+
[
µ2 + s2 − λ2h2

]
Φ

(
λh− µ

s

)
− λ2s [µ+ λh]ϕ

(
λh− µ

s

)
+ λ2s [µ− λb]ϕ

(
λb+ µ

s

)
=
s2 − σ2

δ
− λ2h2, and (6b)

179

s

[
Φ

(
λh− µ

s

)
− Φ

(
−λb+ µ

s

)]
+ (1− λ)

[
hϕ

(
λh− µ

s

)
+ bϕ

(
λb+ µ

s

)]
=

s

λδ
. (6c)

B The Convex Gaussian Min-max Theorem (CGMT)180

This section provides a brief overview of the specific tool from the Convex Gaussian Min-max The-181

orem (CGMT) framework [13] that is instrumental in our derivation of the ILO deterministic equiv-182

alent in Appendix D. Our goal is to analyze a high-dimensional optimization problem by relating it183

to a simpler, lower-dimensional "auxiliary" problem.184

B.1 The Primary and Auxiliary Optimization Problems185

The CGMT provides a powerful way to analyze saddle-point (min-max) problems that contain a186

specific type of bilinear term involving a large Gaussian matrix.187

Let A ∈ Rn×p be a matrix with i.i.d. N (0, 1) entries. Consider the following optimization problem,188

referred to as the Primary Optimization (PO) problem:189

Φ(A) = min
w∈Sw

max
u∈Su

{
u⊤Aw + ψ(w,u)

}
,

where Sw ⊂ Rp and Su ⊂ Rn are compact convex sets, and ψ is a continuous function that is190

convex in w and concave in u.191

The CGMT states that, under suitable conditions, the optimal value of the PO problem is asymp-192

totically equivalent to the optimal value of a much simpler Auxiliary Optimization (AO) problem.193

The AO problem is defined by replacing the Gaussian bilinear term u⊤Aw with terms involving the194

norms of the variables and two standard Gaussian vectors, g ∈ Rn and h ∈ Rp:195

ϕ(g,h) = min
w∈Sw

max
u∈Su

{
∥w∥2 g⊤u+ ∥u∥2 h⊤w + ψ(w,u)

}
.

The key insight of the theorem is that the complex, high-dimensional interactions within the matrix196

A can be captured by the much simpler interactions in the AO problem.197

B.2 Application to the ILO Problem in Appendix D198

Our derivation of the ILO regret leverages this PO-AO correspondence directly. As shown in Equa-199

tion (11) of Appendix D, the ILO empirical loss minimization can be formulated as a PO problem:200

Pn = min
dθ∈Rp, µ∈R

max
u∈[−b,h]n

1

n

(
u⊤Xdθ + µu⊤1n − u⊤ε

)
.

To match the CGMT framework, we perform the following identifications:201

• The Gaussian matrix A corresponds to our rescaled feature matrix,
√
pX ∈ Rn×p.202

• The primal optimization variable w corresponds to the rescaled parameter error vector,203

v = dθ/
√
p.204
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• The dual optimization variable u is the vector of dual variables from the conjugate of the205

newsvendor loss, with u ∈ [−b, h]n.206

• The function ψ(w,u) collects all remaining terms that do not involve the Gaussian matrix:207

ψ(v,u;µ) = µu⊤1n − u⊤ε.

The application of the CGMT, as detailed in Appendix D, allows us to replace the challenging term208

u⊤(
√
pX)v with its auxiliary counterpart. This step is crucial as it decouples the optimization vari-209

ables, enabling the subsequent simplifications that lead to the final scalar deterministic equivalent.210

C Proof for Theorem 1 (ETO Part)211

C.1 Setup and Goal212

We derive the asymptotic out-of-sample regret for the Estimate-Then-Optimize (ETO) policy under213

the setup of the main text. The demand model is D = θ⋆0 + θ⋆⊤X + ε with ε ∼ N (0, σ2), and214

the feature vectors have i.i.d. components Xij ∼ N (0, 1/p). We operate in the high-dimensional215

asymptotic regime where n, p→ ∞ such that n/p→ δ ∈ (1,∞).216

The ETO policy, based on the Ordinary Least Squares (OLS) estimates (θ̂0, θ̂, σ̂), is given by:217

wETO(X) = θ̂0 + θ̂⊤X + σ̂ κ, where κ := Φ−1

(
b

b+ h

)
.

The oracle policy is w⋆(X) = θ⋆0 + θ⋆⊤X + σ κ. The out-of-sample regret is defined as Rn =218

E[Lnv(wETO(X)−D)]− E[Lnv(w
⋆(X)−D)]. Our goal is to derive the limit of Rn.219

C.2 Characterizing the Out-of-Sample Decision Error220

The core of the regret calculation lies in characterizing the distribution of the out-of-sample decision221

error, wETO(X) − D. Let (X, D) be a new test sample, independent of the training data used to222

obtain (θ̂0, θ̂, σ̂). The error term can be decomposed as:223

wETO(X)−D =
(
θ̂0 + θ̂⊤X + σ̂ κ

)
−

(
θ⋆0 + θ⋆⊤X + ε

)
= (θ̂0 − θ⋆0) + (θ̂ − θ⋆)⊤X + (σ̂ − σ)κ+ (σκ− ε).

Conditional on the training data (i.e., for fixed θ̂, σ̂, θ̂0), the term (θ̂ − θ⋆)⊤X − ε is a sum of224

Gaussian random variables and is thus Gaussian. Asymptotically, the entire expression converges in225

distribution to a Gaussian random variable. We now find its limiting mean and variance.226

The intercept estimator θ̂0 is consistent, i.e., θ̂0
P−→ θ⋆0 . The mean of the decision error therefore227

converges to E[σκ− ε] = σκ.228

The variance of the decision error is:229

Var (wETO(X)−D | training data) = Var
(
(θ̂ − θ⋆)⊤X − ε

)
= Var

(
(θ̂ − θ⋆)⊤X

)
+ Var(ε)

= (θ̂ − θ⋆)⊤Cov(X)(θ̂ − θ⋆) + σ2

=
1

p
∥θ̂ − θ⋆∥22 + σ2.

Here, we used the fact that Cov(X) = E[XX⊤] = (1/p)Ip.230

C.3 Asymptotic Behavior of OLS Estimators231

To find the limit of the variance, we need the asymptotic limits for the parameter error ∥θ̂−θ⋆∥22 and232

the noise estimate σ̂2. These are standard results in high-dimensional statistics under our Gaussian233

design.234
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1. Parameter Error. The normalized squared error of the OLS slope coefficients converges in235

probability to a deterministic constant. Specifically, as shown in [13, Eq. (21)] for squared loss,236

1

p
∥θ̂OLS − θ⋆∥22

P−→ σ2

δ − 1
. (7)

2. Noise Variance Estimator. The standard unbiased estimator for the noise variance is σ̂2 =237
1

n−p∥D −Xθ̂ − θ̂01∥22. Since (n−p)σ̂2

σ2 follows a χ2
n−p distribution, the weak law of large numbers238

implies that for n− p→ ∞, the estimator is consistent:239

σ̂2 P−→ σ2. (8)

C.4 Deriving the Limiting Regret240

Substituting the asymptotic results (7) and (8) into our expressions for the mean and variance of241

the decision error, we find that wETO(X) − D converges in distribution to a Gaussian variable242

N (µ⋆, (s⋆)2), where:243

• The limiting mean is µ⋆ = σκ.244

• The limiting variance is (s⋆)2 = limn,p→∞

(
1
p∥θ̂ − θ⋆∥22 + σ2

)
= σ2

δ−1 + σ2 =245

σ2
(
1 + 1

δ−1

)
= σ2δ

δ−1 = σ2

1−1/δ .246

This implies the limiting standard deviation is s⋆ = σ(1− 1/δ)−1/2.247

The expected out-of-sample cost of the ETO policy thus converges to E[Lnv(µ
⋆ + s⋆Z)], where248

Z ∼ N (0, 1). Using the notation from the main text, this is precisely ℓ(µ⋆, s⋆).249

The expected cost of the oracle policy is a known formula, E[Lnv(w
⋆(X) −D)] = (b + h)σϕ(κ).250

Therefore, the asymptotic regret converges to:251

Rn → ℓ
(
σκ, σ(1− 1/δ)−1/2

)
− (b+ h)σϕ(κ).

This completes the proof for the ETO case in Theorem 1.252

D Proof for Theorem 1 (ILO Part)253

This section provides the full derivation for the ILO case of Theorem 1. We demonstrate how254

the high-dimensional empirical risk minimization problem is converted into the scalar saddle-point255

problem whose optimality conditions are explicitly stated in Appendix A.256

D.1 Setup and Primary Optimization (PO) Problem257

We adopt the notation and high-dimensional regime (n, p → ∞ with n/p → δ > 1) from the main258

text. The ILO empirical program, as defined in (5), minimizes the average newsvendor loss:259

min
θ0∈R, θ∈Rp, s≥σ

1

n

n∑
i=1

Lnv

(
θ0 +X⊤

i θ + s κ−Di

)
, (9)

where Lnv(y) = h(y)+ + b(−y)+, and κ = Φ−1
(
b/(b+ h)

)
.260

To analyze this problem, we substitute the true demand model Di = θ⋆0 + θ⋆⊤Xi + εi into the loss261

function. The argument of Lnv becomes:262

θ0 +X⊤
i θ + s κ−Di = (θ0 − θ⋆0) +X⊤

i (θ − θ⋆) + s κ− εi.

Let the parameter errors be d0 = θ0 − θ⋆0 and dθ = θ − θ⋆. Since minimizing over (θ0,θ) is263

equivalent to minimizing over the errors (d0,dθ), the optimization problem can be rewritten in264

terms of these errors:265

min
d0∈R, dθ∈Rp, s≥σ

1

n

n∑
i=1

Lnv

(
d0 +X⊤

i dθ + s κ− εi

)
. (10)
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For analytical convenience, we define a new variable µ := d0 + sκ. The argument of the loss266

function simplifies to µ+X⊤
i dθ − εi. This form is amenable to analysis via the CGMT.267

Using the Fenchel conjugate Lnv(y) = maxu∈[−b,h] uy, the problem can be written in the saddle-268

point Primary Optimization (PO) form:269

Pn = min
dθ∈Rp, µ∈R

max
u∈[−b,h]n

1

n

(
u⊤Xdθ + µu⊤1n − u⊤ε

)
. (11)

D.2 Auxiliary Optimization (AO) via CGMT270

To simplify the coupled term u⊤Xdθ, we apply the Convex Gaussian Min-max Theorem [13].271

First, we rescale the variables. Let G :=
√
pX be a matrix with i.i.d. N (0, 1) entries, and let272

v := dθ/
√
p. The objective of (11), scaled by n, is:273

nPn = min
v∈Rp, µ∈R

max
u∈[−b,h]n

(
u⊤Gv + µu⊤1n − u⊤ε

)
.

By the CGMT, we can replace the term u⊤Gv with ∥u∥2 ξ⊤v + ∥v∥2 g⊤u, where g ∈ Rn and274

ξ ∈ Rp are independent standard Gaussian vectors. This yields the Auxiliary Optimization (AO)275

problem:276

An = min
v∈Rp, µ∈R

max
u∈[−b,h]n

(
∥u∥2 ξ⊤v + ∥v∥2 g⊤u+ µu⊤1n − u⊤ε

)
. (12)

We solve the inner minimization over v by decomposing it into magnitude and direction. Let αv :=277

∥v∥2 ≥ 0. The minimization over the direction of v yields min∥v̂∥=1 ξ
⊤v̂ = −∥ξ∥2. The AO278

simplifies to:279

An = min
αv≥0, µ∈R

max
u∈[−b,h]n

(
− αv∥u∥2∥ξ∥2 + αv g

⊤u+ µu⊤1n − u⊤ε
)
.

The term −αv∥ξ∥2∥u∥2 couples all components of u through the norm. We decouple it using the280

variational identity −C∥u∥2 = minλ>0

{
−λ

2 ∥u∥
2
2 − C2

2λ

}
, where C = αv∥ξ∥2. Substituting this281

into the min-max problem gives:282

An = min
αv≥0, µ∈R

min
λ>0

max
u∈[−b,h]n

{
αv g

⊤u+ µu⊤1n − u⊤ε− λ

2
∥u∥22

}
− α2

v∥ξ∥22
2λ

= min
αv≥0, µ∈R

min
λ>0

n∑
i=1

max
ui∈[−b,h]

{
ui(αvgi + µ− εi)−

λ

2
u2i

}
− α2

v∥ξ∥22
2λ

. (13)

The maximization over the vector u has now decoupled into n independent scalar maximizations.283

We define the function ψ(a;λ) := maxu∈[−b,h]{au− λ
2u

2}. The AO problem is thus:284

An = min
αv≥0, µ∈R

min
λ>0

n∑
i=1

ψ
(
αvgi + µ− εi;λ

)
− α2

v∥ξ∥22
2λ

. (14)

D.3 Deterministic Equivalent (DE) and KKT Characterization285

We now divide (14) by n and pass to the high-dimensional limit. By the law of large numbers,286

∥ξ∥22/p → 1 almost surely, so ∥ξ∥22/n → 1/δ. The sum becomes an expectation over the i.i.d.287

random variables g ∼ N (0, 1) and ε ∼ N (0, σ2). The random variable in the expectation, Y :=288

αvg + µ − ε, follows a Gaussian distribution N (µ, s2) where s2 := α2
v + σ2. Substituting α2

v =289

s2 − σ2, the AO objective converges to the Deterministic Equivalent (DE) problem from Theorem290

1:291

min
µ∈R, s≥σ

max
λ>0

J (µ, s, λ) := E
[
ψ(Y ;λ)

]
− s2 − σ2

2λδ
. (15)

The saddle point (µ⋆, s⋆, λ⋆) of this objective is characterized by the Karush-Kuhn-Tucker (KKT)292

conditions, ∇J (µ⋆, s⋆, λ⋆) = 0. Taking the partial derivatives with respect to µ, s, and λ yields the293
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following abstract conditions:294

∂µJ = E[∂µψ(Y ;λ⋆)] = E[u∗(Y ;λ⋆)] = 0, (K1)

∂sJ = E [∂sψ(Y ;λ⋆)]−
s⋆
λ⋆δ

= E
[
u∗(Y ;λ⋆) ·

∂Y

∂s

]
− s⋆
λ⋆δ

=
1

s⋆
E [(Y − µ⋆)u

∗(Y ;λ⋆)]−
s⋆
λ⋆δ

= 0, (K2)

∂λJ = E[∂λψ(Y ;λ⋆)] +
s2⋆ − σ2

2λ2⋆δ
= −1

2
E[(u∗(Y ;λ⋆))

2] +
s2⋆ − σ2

2λ2⋆δ
= 0. (K3)

Here, u∗(Y ;λ) = Π[−b,h](Y/λ) is the optimal dual variable, and Y ∼ N (µ⋆, s
2
⋆).295

Connection to Appendix A. The final step is to explicitly compute the Gaussian expectations296

in (K1)-(K3). This involves standard but lengthy piecewise integration of the function u∗ and its297

moments against the Gaussian PDF. Performing these integrations leads directly to the system of298

nonlinear equations presented in Appendix A, namely equations (6a), (6b), and (6c). This establishes299

the final form of the DE optimality conditions and completes the proof for the ILO case of Theorem300

1.301

D.4 Deriving the Limiting Regret302

The core result of the preceding analysis is that the out-of-sample decision error of the ILO pol-303

icy, wILO(X) − D, converges in distribution to a Gaussian random variable whose parameters are304

determined by the solution to the DE problem. Specifically,305

wILO(X)−D
d−→ N (µ⋆, s

2
⋆),

where (µ⋆, s⋆) is part of the solution to the KKT system in Appendix A.306

The asymptotic expected out-of-sample cost of the ILO policy is therefore the expected newsvendor307

loss for this limiting Gaussian error:308

CILO = E[Lnv(µ⋆ + s⋆Z)], where Z ∼ N (0, 1).

Using the notation from the main text, this cost is precisely ℓ(µ⋆, s⋆).309

The regret is the difference between this asymptotic cost and the cost of the oracle policy, w⋆(X).310

The oracle’s decision error is w⋆(X)−D = σκ− ε ∼ N (σκ, σ2), and its expected cost is a known311

constant, (b+ h)σϕ(κ).312

Therefore, the asymptotic regret for the ILO policy is:313

Rn → CILO − Coracle = ℓ(µ⋆, s⋆)− (b+ h)σϕ(κ).

This completes the derivation for the ILO case in Theorem 1.314
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