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Abstract

In Online Convex Optimization (OCO), when the stochastic gradient has a finite
variance, many algorithms provably work and guarantee a sublinear regret. How-
ever, limited results are known if the gradient estimate has a heavy tail, i.e., the
stochastic gradient only admits a finite p-th central moment for some p € (1, 2].
Motivated by it, this work examines different old algorithms for OCO (e.g., Online
Gradient Descent) in the more challenging heavy-tailed setting. Under the standard
bounded domain assumption, we establish new regrets for these classical methods
without any algorithmic modification. Remarkably, these regret bounds are fully
optimal in all parameters (can be achieved even without knowing p), suggesting
that OCO with heavy tails can be solved effectively without any extra operation
(e.g., gradient clipping). Our new results have several applications. A particularly
interesting one is the first provable convergence result for nonsmooth nonconvex
optimization under heavy-tailed noise without gradient clipping.

1 Introduction

This paper studies the online learning problem with convex losses, also known as Online Convex
Optimization (OCO), a widely applicable framework that learns under streaming data [4} 110, 27, [35].
OCO has tons of implications for both designing and analyzing algorithms in different areas, for
example, stochastic optimization [8} 23| [14], PAC learning [3]], control theory [} !11], etc.

In an OCO problem, a learning algorithm A would interact with the environment in 7" rounds, where
T € N can be either known or unknown. Formally, in each round round ¢, the learner A first decides
an output ; € X from a convex feasible set X' C R?, then the environment reveals a convex loss
function ¢; : X — R, and A incurs a loss of ¢;(x;). After T’ many rounds, the quantity measuring the
algorithm’s performance is called regret, defined relative to any fixed competitor € X as follows:

T
R () £ li(ay) — li(w).
t=1

In the classical setting, instead of observing full information about ¢;, the learner A is only guaranteed
to receive a subgradient V/;(x;) € 00 (x) at its decision, where 0¢;(x;) denotes the subdifferential
set of ¢; at x; [33]]. This turns out to be enough for our purpose of minimizing the regret, since any
OCO problem can be reduced to an Online Linear Optimization (OLO) instance via the inequality
li(xy) — Le(x) < (Vle(xs), x: — x), which holds due to convexity. Under the standard bounded
domain assumption, i.e., X’ has a finite diameter D, many classical algorithms, e.g., Online Gradient
Descent (OGD) [50], guarantee an optimal sublinear regret GD+/T for G-Lipschitz ¢,. Even better,
in the case that computing an exact subgradient is intractable, and one could only query a stochastic
estimate g, satisfying E [g, | @] € 0¢:(x+), the OGD algorithm can still solve OCO effectively with
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a provable (G + o) D\/T regret bound in expectation if the stochastic noise g, — V¢;(x;) has a
bounded second moment o2 for some o > 0, which is called the finite variance condition.

However, many works have pointed out that even for the easier stochastic optimization (i.e., {; = F'
for a common F’), the typical finite variance assumption is too optimistic and can be violated in
different tasks [12} 37, 45]], and their observations suggest that the stochastic gradient only admits a
finite p-th central moment upper bounded by oP for some p € (1, 2], which is named heavy-tailed
noise. This new assumption generalizes the classical finite variance condition (p = 2) and becomes
challenging when p < 2. A particular evidence is that the famous Stochastic Gradient Descent (SGD)
algorithm [32] (which is exactly OGD for stochastic optimization) provably diverges [45]].

Though heavy-tailed stochastic optimization has been extensively studied [[18, 26} 34], limited results
are known for OCO with heavy tails. The only work under this topic that we are aware of is [47],
which established a parameter-free regret bound in high probability (more discussions provided
later). However, their algorithm includes many nontrivial modifications like gradient clipping and
significantly deviates from the existing simple OCO algorithms used in practice. Especially, consider
OGD as an example. Though the heavy-tailed issue is known, OGD (or just think of it as SGD) still
works (sometimes very well) in practice even without gradient clipping and is arguably one of the
most popular optimizers, which seemingly contradicts the theory of unconvergence mentioned before.
This indicates that, for classical OCO algorithms under heavy-tailed noise, a huge gap exists between
the empirical convergence (or even the effective practical performance) and theoretical guarantees.
Therefore, we are naturally led to the following question:

In what context can old OCO algorithms work under heavy tails, in what sense, and to what extent?

1.1 Contributions

Motivated by the above question, we examine three classical algorithms for OCO: Online Gradient
Descent (OGD) [50]], Dual Averaging (DA) [25,43]], and AdaGrad [9,[22], and answer it as follows:

Under the standard bounded domain assumption, the in-expectation regret & [R’%(w)} is finite and
optimal for any A € {OGD, DA, AdaGrad}, without any algorithmic modification.

In detail, our new results for heavy-tailed OCO are summarized here:

* We prove the only and the first optimal regret bound E [R’}(:c)] < GDVT +0oDT'/? Vx € X for
any A € {OGD, DA, AdaGrad}. Remarkably, AdaGrad can achieve this result without knowing
any of the Lipschitz parameter G, noise level o, and tail index p.

* We extend the analysis of OGD to Online Strongly Convex Optimization with heavy tails and
establish the first provable result E [R2CP (z)] < % + "'BGTHTQ_P,V:B € X, where y > 0
is the modulus of strong convexity and T° should be read as log T'.

Based on the new regret bounds for OCO with heavy tails, we provide the following applications:

* For nonsmooth convex optimization with heavy tails, we show the first optimal in-expectation rate
GD/ VT + oD /T ~1/P achieved without gradient clipping, which applies to both the average
iterate and last iterate, demonstrating that SGD does converge once the domain is bounded.

* For nonsmooth nonconvex optimization with heavy tails, we show the first provable sample
2p—1
complexity of G256~ 1e~3 4+ o515~ » 1 for finding a (6, €)-stationary point without gradient
clipping. Moreover, we give the first convergence result when the problem-dependent parameters
(like G, o, and p) are unknown in advance.

1.2 Discussion on [47]

As noted, [47] is the only work for OCO with heavy tails, as far as we know. There are two
major discrepancies between them and us. First, they consider the case where the feasible set
X is unbounded and aim to establish a parameter-free regret bound, i.e., the regret bound has a
linear dependency on ||| (up to an extra polylog ||x||) for any competitor & € X'. Second, they
focus on high-probability rather than in-expectation analysis. As such, their regret is in the form of
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RMx) < (G +0)|z| TP,V € X (up to extra polylogarithmic factors) with high probability.
Without a doubt, their setting is harder than ours implying their bound is stronger as it can convert to
an in-expectation regret E R} ()] < (G + o) DT*/P for any bounded domain X with a diameter D.

‘We emphasize that the motivation behind [47] differs heavily from ours. They aim to solve heavy-
tailed OCO with a new proposed method that contains many nontrivial technical tricks, including
gradient clipping, artificially added regularization, and solving the additional fixed-point equation.
However, their result cannot reflect why the existing simple OCO algorithms like OGD work in
practice under heavy-tailed noise. In contrast, our goal is to examine whether, when, and how the
classical OCO algorithms work under heavy tails, thereby filling the missing piece in the literature.

Moreover, we would like to mention two drawbacks of [47]]. First, though the T/P regret seems
tight as it matches the lower bound [24! 30, |41]], this may not be the best, since an optimal bound

should recover the standard /T regret in the deterministic case (i.e., o = 0), as one can imagine.
This suggests that their bound is not entirely optimal. Second, we remark that they require knowing
both problem-dependent parameters GG, o, p and time horizon 7" in the algorithm, which may be hard
to satisfy in the online setting. In comparison, our regret bound GD+/T + o DT/? is fully optimal
in all parameters. Importantly, AdaGrad can achieve it while oblivious to the problem information.

2 Preliminary

Notation. N denotes the set of natural numbers (excluding 0). [T] £ {1,...,T},VT € N.aAb=

min {a,b} and a V b £ max {a,b}. We write a < bif a < Cb for a universal constant C' > 0.
|| and [-] respectively represent the floor and ceiling functions. (-, -) denotes the Euclidean inner

product and ||-|| £ /{-,-) is the standard 2-norm. Given = € R? and D > 0, B%(x, D) is the
Euclidean ball in R centered at = with a radius D. In the case & = 0, we use the shorthand B¢ (D).

Given a nonempty closed convex set A C R?, I1 4 is the Euclidean projection operator onto A. For a
convex function f, f(x) denotes its subgradient set at .

Remark 1. We choose the Euclidean norm only for simplicity. Extending the results in this work to
any general norm is straightforward.

This work studies OCO in the context of Assumption|[I]

Assumption 1. We consider the following series of assumptions:

* X C R is a nonempty closed convex set bounded by D, i.e., Supy yex T —yl < D.
e 0 : X — Risconvexforallt € [T
* {is G-Lipschitzon X, i.e., |Vl(x)|| < G,V € X, V(x) € 0l (x), forallt € [T).

s Given a point x; € X at the t-th iteration, one can query g, € R? satisfying Vil (z;) =
Elg, | Fi-1] € 0l(x;) and E [||&|°] < oP for some p € (1,2] and o > 0, where F; =
o(gy,...,g,) denotes the natural filtration and €, = g, — V{;(x;) is the stochastic noise.

Remark 2. D is recognized as known, like ubiquitously assumed in the OCO literature. Moreover,
x; denotes the decision/output of the online learning algorithm by default.

In Assumption ] the first three points are standard, and the fourth is the heavy-tailed noise assumption.
In particular, p = 2 recovers the standard finite variance condition.

3 Old Algorithms under Heavy Tails

In this section, we revisit three classical algorithms for OCO: OGD, DA, and AdaGrad, whose regret
bounds are well-studied in the finite variance case but remain unknown under heavy-tailed noise.

The basic idea of proving these algorithms work under heavy tails is to leverage the boundness
property of X'. We will describe it in more detail using OGD as an illustrated example. The analysis
of DA follows a similar way at a high level, but differs in some details. However, though AdaGrad
can be viewed as OGD with an adaptive stepsize, the way to utilize the boundness property is entirely
different. All formal proofs are deferred to the appendix due to space limitations.
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3.1 New Regret for Online Gradient Descent

Algorithm 1 Online Gradient Descent (OGD) [50]]
Input: initial point &1 € X, stepsize n; > 0
fort =1to T do

xip1 = Hx (e — 1n:94)
end for

We begin from arguably the most basic algorithm for OCO, Online Gradient Descent (OGD).

A well known analysis. The regret bound of OGD has been extensively studied [10} 27} [35]. The
most well known analysis is perhaps the following one: for any = € X, there is

2 2 2
@41 — 2l =[x (z: = negy) — Mx (@) < |2 — g, — 2|

where the inequality holds by the nonexpansive property of II y. Expanding both sides and rearranging
terms yield that

2 2 2
g — ) < 122l — e —2l” | mllgal 0
tr Lt = 27715 9 .

If g, admits a finite variance, i.e., p = 2 in Assumption E], taking expectations on both sides, then
following a standard analysis for 7, = Grovi (orm = Cro/T if T' is known) gives the regret

E [R?P(z)] < (G + 0)DVT.Vz € X.
However, the step of taking expectations on the R.H.S. of (1)) crucially relies on the finite variance
condition of g,. Therefore, one may naturally think OGD would not guarantee a finite regret if p < 2.

A less well known analysi As discussed, the failure of the above proof under heavy-tailed noise is
due to (). Therefore, if a tighter inequality than (I]) exists, then it might be possible to show that
OGD still works for p < 2. However, does it exist?

Actually, there is another less well known analysis to produce a better inequality than (T)). That is,
first showing for any € X, by the optimality condition of the update rule,
2 2 2
(Tt — T411, X1 — @) _ [z — 2|” — |z — || — || — T |
M 2n;

<gta Ltt1 — :13> <

)

and then obtaining
|z —a|* — &1 — 2||”
2’1715

Note that is tighter than as (g, r — Tir1) < |Gl lles — Terr || < mHgtH 4 Ll 2¢t+1\| ,
where the first step is due to Cauchy-Schwarz inequality and the second one is by AM GM 1nequa11ty.

e — 21|
) ———. 2)

+ (g @ — T o

<gt7 Ty — $> S

Handle p < 2 in a simple way. Though we have tightened (TJ) into (2), can inequality (2)) help to
overcome heavy tails? The answer is surprisingly positive, and our solution is fairly simple. Instead
of directly applying AM-GM inequality in the second step, we recall g, = V{;(x:) + € and use
triangle inequality to obtain

(gp @ —@i1) < gl — el < (VO ()] + lledl]) 20 — @oga ] - ©)

On the one hand, by ||V{;(x;)|| < G and AM-GM inequality, there is

|z — «’Et+1||2

IVE(x)|| | — Tega || < Gl — Tpga || < mG? +
477f

“

'To clarify, the phrase “less well known” is compared to the first one. This analysis itself is also well known.
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On the other hand, let p, £ pfpl and C(p) £ (49—%)"71, we have
L 2\ Pr
4\ P _2 Ty — T
ez = @il = ()7 leallo = e 5 (p* o~z )
an, \ Pr -2
@ (3)" el I =2l o, — 2
< +
P any
® o1y o e, T = @]
< Clpyf ! flellP D270 + 1P T )
Tt
where (a) is by Young’s inequality and (b) is due to ||@; — @1y1]] < D, px = prv and C(p) =
(4"%)%1. Next, we plug and li back into || then combine with li to know
2 2
z —x||” = ||Tip1 — _ _
(g —a) < DB Nowi 22l e oyt jalP D2 6

2m;
Notably, the term ||€;||” has a correct exponent p. Thus, we can safely take expectations on both sides.
Finally, a standard analysis yields the following Theorem [T](see Appendix [A]for a formal proof).

Theorem 1. UnderAssumptiOn taking n; = GL\/E A ﬁ in OGD (Algorithm, we have
E [R2P(z)] < GDVT + o DTYP vz € X.

As far as we know, Theorem [I]is the first and the only provable result for OGD under heavy tails.
Remarkably, it is not only tight in 7" [24} 130, 41]] but also fully optimal in all parameters, in contrast
to the bound (G + ) DT'/P of [47]. This reveals that OCO with heavy tails can be optimally solved
as effectively as the finite variance case once the domain is bounded, a classical condition adapted in
many existing works.

Strongly convex functions. We highlight that the above idea can also be applied to Online Strongly

Convex Optimization and leads to a sublinear regret 72~ better than 7''/P. This extension can be
found in Appendix [A]

3.2 New Regret for Dual Averaging

Algorithm 2 Dual Averaging (DA) [25}43]
Input: initial point ¢, € X, stepsize 1; > 0
fort =1to 1 do

i1 =y (1 — 1y Zizl gs)
end for

Remark 3. Tt is known that DA is a special realization of the more general Follow-the-Regularized-
Leader (FTRL) framework [21]]. To keep the work concise, we only focus on DA. The key idea to
prove Theorem [2|can directly extend to show new regret for FTRL under heavy-tailed noise.

We turn our attention to the second candidate, the Dual Averaging (DA) algorithm, which is given
in Algorithm Though DA coincides with OGD when X = R? and 7; = ), these two methods in
general are not equivalent and can have significant performance differences in practice. Therefore, it
is also important to understand DA under heavy tails.

Despite the proof strategies for OGD and DA are in different flavors (even for p = 2), the basic idea
presented before for OGD still works here, i.e., apply the boundness property of X’ to make the term
||e:]| have a correct exponent. Armed with this thought, we can prove the following new regret bound
for DA under heavy-tailed noise. We refer the reader to Appendix [B]for its proof.

Theorem 2. UnderAssumption taking n; = GL\/E A % in DA (Algorithm El) we have
E [R2A(z)] < GDVT + oDT/? vz € X.

As far as we know, Theorem [2]is the first provable and optimal regret for DA under heavy tails. It
guarantees the same tight bound as in Theorem [TJup to different constants.
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3.3 New Regret for AdaGrad

Algorithm 3 AdaGrad [9,22]

Input: initial point ¢, € X, stepsize n > 0

fort=1 to_Il“/ 510 . )
ne=nV, " whereV, =3 gl
xi 1 = Ha(xe —1n:94)

end for

Remark 4. Algorithm [3]is also named AdaGrad-Norm (e.g., [42]). We simply call it AdaGrad. It is
straightforward to generalize Theorem [3]below to the per-coordinate update version.

Although Theorems [I] and [2] are optimal, they both suffer from an undesired point. That is, the

stepsize 1y = GL\/Z A ﬁ requires knowing all problem-dependent parameters. However, it may not

be easy to obtain them in an online setting. Especially, it heavily depends on the prior information
about the tail index p, which is hard to know (even approximately) in advance. In other words, they
both lack the adaptive property to an unknown environment.

To handle this issue, we consider AdaGrad, a classical adaptive algorithm for OCO. As can be seen,
AdaGrad is just OGD with an adaptive stepsize. However, it is this adaptive stepsize that can help us
to overcome the above undesired point.

Theorem 3. Under Assumption taking n = D/+/2 in AdaGrad (Algorithm @), we have
E [R}*¢™d(2)] < GDVT + o DTYP Yz € X.

Remark 5. We also establish a similar result for DA with an adaptive stepsize. See Theorem [7]in
Appendix Bl for details.

Theorem [3| provides the first regret bound for AdaGrad under heavy tails. Impressively, it is optimal
even without knowing any of GG, o, and p. This surprising result once again demonstrates the power
of the adaptive method, indicating it is robust to an unknown environment and even heavy-tailed
noise, which may partially explain the favorable performance of many adaptive optimizers designed
based on AdaGrad like RMSProp [40] and Adam [[14].

We point out that the key to establishing Theorem [3|differs from the idea used before for OGD and
DA. Actually, Theorem [3|can be obtained in an embarrassingly simple way. It is known that AdaGrad
with 7 = D/+/2 on a bounded domain guarantees the following path-wise regret

N

(gom —x) SDD g’ @)

t=1

o~
Il
i

1
Observe that /S, llg.I* < /Sy V6@ |2 + S el < GVT + (S el

where the last step is due to [|-[|, < ||-[|, for any p € [1, 2]. After taking expectations on both sides of

1 1
(7) and applying Holder’s inequality to obtain E {(Zf_l ||6t||p) p} < (Zthl E [||et\|p]) " < oT>,

we conclude Theorem 3] To make the work self-consistent, we produce the formal proof of Theorem
[3in Appendix[C]

4 Applications

We provide some applications based on the new regret bounds established in Section|3| The basic
problem we study is optimizing a single objective F', which could be either convex or nonconvex.

4.1 Nonsmooth Convex Optimization

In this section, we consider nonsmooth convex optimization with heavy tails.
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Convergence of the average iterate. First, we focus on convergence in average. By the classical
online-to-batch conversion [3]], the following corollary immediately holds.

Corollary 1. Under Assumption Ifor li(x) = (VF(x),x) and let Tp = % Zthl x4, for any
A € {OGD, DA, AdaGrad}, we have
i E[RS(x)] _ GD  o*D
E[F(wT)_F(w)]S#ST‘FTI VT e X

Proof. By convexity, F(z7) — F(x) < Sin F(;‘) flz) < T(w) is valid for any OCO algorithm

A. We conclude from invoking Theorems [I] 2] and [3] O

To the best of our knowledge, Corollary [T] gives the first and optimal convergence rate for these three
algorithms in stochastic optimization with heavy tails. Especially, it implies that once the domain
is bounded, the widely implemented SGD algorithm provably converges under heavy-tailed noise
without any algorithmic change considered in many prior works, e.g., gradient clipping [[18, [26].

We are only aware of two works [19,41]] based on Stochastic Mirror Descent (SMD) [24] that gave
convergence results without clipping. However, they share a common drawback, i.e., their bounds are
both in the form of (G + o) D/T'~1/P, which cannot recover the optimal rate GD /+/T when ¢ = 0.

Lastly, we highlight that for A = AdaGrad, Corollary [1]is not only optimal but also adaptive to the
tail index p. As far as we know, no result has achieved this property before. This once again evidences
the benefit of adaptive gradient methods.

Convergence of the last iterate. Next, we consider the more challenging last-iterate convergence,
which has a long history in stochastic optimization and fruitful results in the case of p = 2 (see,
e.g., (281 136} 149])). However, less is known about heavy-tailed problems. So far, only two works
[19] 29] have established the last-iterate convergence. The former is based on SMD, and the latter
employs gradient clipping in SGD. Unfortunately, their rates are both in the suboptimal order
(G +o)D/T /P,

We will provide an optimal last-iterate rate based on the following lemma, which reduces the
last-iterate convergence to an online learning problem.

Lemma 1 (Theorem 1 of [7]). Suppose x1,...,xT andy,, ...,y are two sequences of vectors
satisfying x; € X, x1 =y, and

Tt

Y1 =Y T - (Tip1 — ). 8)
Given a convex function F(x), let {y(x) = (VF (y,), x). Then for any online learner A, we have
RA
Flyr) -~ Fla) < 0 g e x

We emphasize that the stochastic gradient g, received by A is an estimate of VF(y,) instead of
VF(x:). This flexibility is due to the generality of the OCO framework. Moreover, for OGD,

suppose there is no projection step, then (8) is equivalentto y, | = y, — %nt g, which can be

viewed as SGD with a stepsize %nt. For proof of Lemma we refer the interested reader to [[7].

Corollary 2. Under Assumption[l|for {,(x) = (VF(y,), ), where y, satisfies (§), for any A €

{OGD, DA, AdaGrad}, we have

E R} (x )] GD UPD
T~y T

Proof. Combine Lemma[l]and Theorems and [3]to conclude. O

E[F(yr) — F(z)] < -, Vx € X.

As far as we know, Corollary [2]is the first optimal last-iterate convergence rate for stochastic convex
optimization with heavy tails, closing the gap in existing works.

One may notice that y, itself is not the decision made by the online learner and naturally may ask
whether x; ensures the last-iterate convergence if we simply pick ¢, = F'. The answer turns out to
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be positive at least for OGD (which is equivalent to SGD now). However, to prove this result, we
rely on a technique specialized to stochastic optimization recently developed by [19,44]. To not
diverge from the topic of OCO, we defer the last-iterate convergence of OGD to Appendix D] in
which Theorem §] gives a general result for any stepsize 7, and Corollary [ shows the last-iterate rate

under the same stepsize 1, = i N % as in Theorembefore.

4.2 Nonsmooth Nonconvex Optimization

This section contains another application, nonsmooth nonconvex optimization with heavy tails. Due
to limited space, we will provide only the necessary background. For more details, we refer the reader
to [6k 131151161 138] 39]] for recent progress. We start with a new set of conditions.

Assumption 2. We consider the following series of assumptions:
* The objective F is lower bounded by F, = inf,cpa F(x) € R.
* [ is differentiable and well-behaved, i.e., F'(x) — F(y) = fol (VF(y+tlx—y)),z—y)dt

e Fis G-Lipschitzon R, i.e., |[VF(z)| < G,Vz € R4

* Given z; € RY at the t-th iteration, one can query g, € R? satisfying Elg, | Fi_1] = VF(z)
and E [||e,||] < o for some p € (1,2] and o > 0, where F, denotes the natural filtration and
€ = g, — VF(z,) is the stochastic noise.

Remark 6. The second point is a mild regularity condition introduced by [5] and becomes standard

in the literature [2| [17,48]]. See Definition 1 and Proposition 2 of [3]] for more details. In the fourth

point, we use the same notation z; as in the algorithm being studied later. In fact, it can be arbitrary.

In nonsmooth nonconvex optimization, we aim to find a (0, €)-stationary point [46] (see the for-
mal Definition [2| in Appendix @) This goal can be reduced to finding a point & € R such that
IVF(x)||s; < e, where | VF(x)||; is a quantity introduced by [5] as follows.

Definition 1 (Definition 5 of [5]). Given a point z € R, a number § > 0 and an almost-everywhere
1 Zyes VE@)) -

differentiable function F, define |V F(z)||5; = infSCB(w’é)’ﬁ S, sy=a

The only existing sample complexity under Assumptionis (G+o0) Tl ST in high probability
[L7], where we only report the dominant term and hide the dependency on the failure probability.

However, on the theoretical side, their result cannot recover the optimal bound G253 [9] in the
deterministic case. On the practical side, their method also employs the gradient clipping step, which
introduces a new clipping parameter to tune. In fact, as stated in their Section 5, they observed in
experiments that their algorithm without the clipping operation (exactly the algorithm we study next)
still works under heavy tails. In addition, in their Section 6, they also explicitly ask whether the
requirement to know G and A can be removed.

As will be seen later, we can address these points with the new regret bounds presented before.

4.2.1 Online-to-Nonconvex Conversion under Heavy Tails

Algorithm 4 Online-to-Nonconvex Conversion (O2NC) [3]]

Input: initial point y, € R4 K € N, T € N, online learning algorithm A.
forn =1to KT do

Receive x,, from A

Yn =Yp_1 T Tn

Zn = Y,,_1 + Spx, where s, ~ Uniform [0, 1] i.i.d.

Query a stochastic gradient g,, at 2,

Send g,, to A
end for

Remark 7. Note that O2NC is a randomized algorithm. Therefore, the definition of the natural
filtration is adjusted to F,, = (81,891, ---,5n, Gy, Snt1) accordingly.
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We provide the Online-to-Nonconvex Conversion (O2NC) framework in Algorithm 4] which serves
as a meta algorithm. Roughly speaking, Algorithm [4]reduces a nonconvex optimization problem
to an OCO (in fact, OLO) problem, for which the K-shifting regret (see (9)) of the online learner
A crucially affects the final convergence rate. However, the existing Theorem 8 of [5]], a general
convergence result for the above reduction, cannot directly apply to heavy-tailed noise, since its proof
relies on the finite variance condition on g,, (see Appendix [E|for more details).

kT
Yonee—nT+1 VF(2n)

||Zn (k—1)T+1 VF(z“)”
D > 0, then for any online learning algorithm A in O2NC (Algorithmd)), we have

Theorem 4. Under Assumption|2|and let v, & —D ,Vk € [K] for arbitrary

K kT A
11 Fly) —F.  E[RMvi,-,vK)] o
E|S |- Flzo)|| < .
D >, VPG| S =prp ot DKT t o
k=1 n=(k—1)T+1

RAT(vl, <o+ vK)in Theoremis called K -shifting regret [3]], defined as follows:

K
R} (v1,...,vK) 2 Z Z lo(T0) — ln(vy) where £,(x) 2 (g, T). )
k=1n=(k—1)T+1
Theorem [ here provides a new and the first theoretical guarantee for O2NC under heavy tails.
Especially, it recovers Theorem 8 of [5] when p = 2. A remarkable point is that the O2NC algorithm
itself does not need any information about p. The proof of Theorem 4] can be found in Appendix

4.2.2 Convergence Rates

Theorem [4|enables us to apply the results presented in Section [3| Concretely, for X = B%(D) and
any A € {OGD, DA, AdaGrad}, if we reset the stepsize in A after every T iterations, there will be

E [RY(v1, - ,vk)] S GDKVT + o DKT'/P by our new regret bounds, since v;, € X'. With a
carefully picked D, we obtain the following Theorem 5} Its proof is deferred to Appendix [E

Theorem 5. UnderAssumption@and let A £ F(yy)—Fyand z;, = Zn_ k—1)T41 Zns VK € [K],

setting any A € {OGD, DA, AdaGrad} in O2NC (Algorithm l) with a domain X = B%(D) for
D = 6/T and resetting the stepsize in A after every T iterations, we have

A G o

Notably, this is the first time confirming that gradient clipping is indeed unnecessary for the O2NC
framework, matching the experimental observation of [17]].

Corollary 3. Under the same setting of Theorem 3} suppose we have N > 2 stochastic gradient
budgets, taking K = | N/T| and T = [N/2] A ({(5GN/A)%] v [(&:N/A)T”—ﬂ ) we have

Z IVEzR)s| S

Corollary [3]is obtained by optimizing K and T in Theorem [3] It implies a sample complexity of

G +A+G%A%+O’2p 1A2p11
\/7 Nl N~ (§N)s (5N)2Tl

G257 1e3 4 gt 5 L™= for finding a (9, €)-stationary point, improved over the previous bound

(G+o)r1 Tl et [17]. Furthermore, leveraging the adaptive feature of AdaGrad, Corollaryl
in Appendix [E|shows how to set K and 7" without G, o, and p, resulting in the first provably rate for
O2NC when no problem information is known in advance, which solves the problem asked by [[17].

5 Conclusion and Limitation

This paper shows that three classical OCO algorithms, OGD, DA, and AdaGrad, can achieve the
optimal in-expectation regret under heavy tails without any algorithmic modification if the feasible
set is bounded, and provides some applications in stochastic optimization. The main limitation of
our work is that all the proof crucially relies on the bounded domain assumption, which may not
always be suitable in practice. Finding a weaker sufficient condition, under which the classical OCO
algorithms work with heavy tails provably, is a direction worth studying in the future.
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A Missing Proofs for Online Gradient Descent

This section provides missing proofs for regret bounds of OGD. Before showing the formal proof,
we recall the following core inequality that holds for any « € X given in (6)):
2
|lz: — 2|* — ||z¢41 — ||
2n;

The key to establishing the above result is showing

+ G2 + C(p)nP~ " & || D*P. (10)

<gt’ Ty — .’13>

|2 — $t+1|\2
2n:
the proof of which is by combining (3)), (@), and (5 established in the main text.

(94Tt — Tiy1) — <mG? + C(p)np " |le]|P D*7P, (11)

A.1 Proof of Theorem

Proof. Forany ¢ € X, sum up from ¢ = 1 to T and drop the term _Mzra =2l o obain

207
T
§ gtamt - w
t=1

B O~ W B R P S e b—1 (. (P y2p
+ - — 5 +Z77tG +Cp)ne lledl|” D (12)
2m =1 \Tt+1 T =1
T
D? 2 p—1 P H2—p
<—+> G+ Clp)m " le]P D>, (13)

UEa——
where the last step is due to |x; — x| < D,Vt € [T] and ;41 < e, VE € [T — 1].
Taking expectations on both sides of (T3) yields that
D* &
BREP@)] < -+ 2 mG? + Clpmi o D*, (14)

where for the L.H.S., we use E [{(g;, z; — x)] = E [E [{(g;, z: — ) | F1_1]] and

Elgy,z — ) [ Fia] = (Elg, | Fial, @ — ) = (Vl(@0), @0 — ) > li(21) — bi(2), (15)
for the RH.S., we use E [||e||°] < oP.
Finally, we plug 1, = GL\/E t1/p;W € [T into lb then use 23:1 % < /T and Z?:l t1}1/p <
T'/P to conclude

E [RP(z)] < GDVT + oDTP.

O

A.2 Extension to Online Strongly Convex Optimization
Next, we extend Theoremto the strongly convex case, i.e., 3 > 0 such that for all ¢ € [T,
lle—yl* + (Veu(y). —y) + li(y) < (@) Va.y € X, Vi(y) € (y).  (16)

In this setting, it is well known that OGD achieves a logarithmic regret bound when p = 2 [10} 27].
Theorem [6] below provides the first provable result for p < 2.

Theorem 6. UnderAssumptlonand additionally assuming (@) taking 1y = - in OGD (Algorithm
[), we have
G*(1+1logT) oPG?*P T%-P pe(1,2)
OGD < )
E [R7°°(z)] < p +— | tlogT p_2 S VEEX.

14
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546

Theorem@ shows that under strongly convexity, OGD for p € (1, 2) achieves a better sublinear regret

T?~P than Tl/p in Theorem as2 —p < 1/p,¥p > 0. One point we highlight here is that the
stepsize iy = -7 is commonly used in the OCO literature and is independent of the tail index p.

However, in contrast to Theorem|[I] we suspect Theorem []is not tight in 7" for p € (1, 2). The reason
is that for nonsmooth strongl convex optimization with heavy tails (i.e., {; = F,Vt € [T] where F’
is strongly convex), Theorem |6|can convert to a convergence rate only in the order of 1/7P~1, which

is worse than the lower bound 1/72~2/P [45]. Therefore, we conjecture that a way to obtain a better
regret bound than T2-P exists, which we leave as future work.

Proof of Theorem[f] For any & € X, we take expectations on both sides of (I2)) to have

5 (R @) < (L - )'wl—w'uz( _M)M

+ Z mG® + C(p)n}~ P D>"P, (17)

t=1

where for the L.H.S., we follow a similar step of reasoning out (I3]) but instead using
(Vei(@), @ — @) > b)) — (@) + 5 o — 2],

for the R.H.S., we use E [||et ||p] < gP.

Next, we plug n; = ﬁ,Vt € [T] into || to obtain

ez oPD?P
o T it

el Y

< G%(1+1ogT) N oPD?7P T?-P pe(1,2)
i up—1 1+logT p=2

E[RP°(x)] <

Lastly, it is known that if /; is G-Lipschitz and p-strongly convex on a domain X with a diameter D,
then it satisfies D < & ~ (e.g.. see Lemma 2 of [31])). Therefore, when p € (1, 2),

G?(1+1logT) N oPG?P
w p

T3P,

E [R2®P(2)] <

~

B Missing Proofs for Dual Averaging

This section provides missing proofs for regret bounds of DA.

B.1 Proof of Theorem 2]

Proof. Let Li(x) £ ”memll” + 30 (g, ®),Vt € [T+ 1], where 19 £ 7;. Then DA can be
equivalently written as
x; = argmingc y Ly(x),Vt € [T+ 1].

By Lemma 7.1 of [27], for any = € X,

T—x
Z gy T — ) ”277T1” + Ly (xr41) — Lra(x) + ZLt(wt) + (g @) — Lig1 (®e41)
t=1 =

T

+ ) Li(a) — Liga (@) + (gg, 1)
t=1

< B
2nr

15
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562

where the inequality holds by Lrii(zri1) < Lrii(x),Ve € X due to xriq

argming . y L7441 (). Note that for any ¢ € [T7],
Li(xt) = Lisa(we41) + (g, 1)

|es1 — @]|* [|@esr — 2]

=Li(x) — Le(Te11) + (gp, e — Teg) + 201 2

< Ly(xy) — Li(i41) + (94, Tt — Tig1)

(b) T —x 2
<9y, Tt — XTrq1) — |tth1+1H

where (a) is by n; < m_1,Yt € [T] and (b) is holds because L; is nl_
x; = argmin_ , L;(x), which together imply

Li(x:) — Li(i41) < (VLi(21), 24 — T441) —

||913t—58t+1H2 |+ —$t+1||2
< —

2111 - 2m—1
Therefore, we have
T

T )

x—x o — @
(9, @ — ) < e = ]I” 1H +§ g,mtf:ct+1>*Ht27tH”
t=1 Nt—1

o~
Il

1
By the same argument as proving (IT)) but replacing 7, with 7,1, there is

|z: — @eq1]|”

5 <1 G2+ C(p)np 1 |lec]|P D,
MNt—1

<9t7$t - 33t+1> -

As such, we know

T 2 T
(g —a) <122 S0 62 s oy e D

2nr t=1

t=1

Finally, following similar steps in proving Theorem [I]in Appendix [A] we conclude

E [R?(z)] < GDVT + o DT/

B.2 Dual Averaging with an Adaptive Stepsize

—-strongly convex and

(18)

We show that DA with an adaptive stepsize can also achieve the optimal regret GD+/T + o DT'/P.
Theorem 7. Under Assumption taking n, = QDVt_l/2 andVy =30, lg.|I* in DA (Algorithm

@), we have
E [R?(x)] < GDVT +oDTY? ¥z € X.

Proof. For any x € X, we have

3 Qo= xu S | =@
— 41 — 1
(91, @ — ) < + D (9@ — Tei1) — t2 =
t=1 Mt—1

)

~
Il

1

where 779 £ 7;. On the one hand, we can use AM-GM inequality to bound

2 2
e = ®era]” _ 11 19 ]

<gta Ty — Tip1) — 21 S B)
On the other hand, we know

|2 — th+1H2

<gt7 Ty — wt+1> - I

16

< (9o — @) < gl 2 — 2] < llgell D,

(19)
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578

where the second step is by Cauchy-Schwarz inequality. Therefore, for any ¢ > 2,

|z = zecall® _ e llg,ll? (@) 2

(94, @t — Tig1) — 9 < 9 Allgll D < 2 L 1

=1 nllg.” " Tg.ID
2 2
(¢)
t—1 2 t 2
2o lgsll” + llgell > s llgsl
where (a) is due to x Ay < #,Vw,y > 0, (b) is by 1 = ﬁ, and (c) holds

s=1119s

because of \/22:1 lg.ll* < \/22;11 lg.|I> + lg, |l Note that is also true for t = 1 by .

Combine (19) and (21) and use ||z — x1]| < D to obtain

2 T

2D ||g, | D> &
Z 9y, T — T) < 277T+Zt”gt2 = %+Zm|\gtll2a
t=1 t=1 /2 =1 sl t=1

which only differs from by a constant. Hence, by a similar proof for (24)), there is

T
Y (gz—2) S D ZHV@ )| (Z ||€t||p> ;
t=1

implying
E [R?(z)] < GDVT + oDT"/P.
O
C Missing Proofs for AdaGrad
This section provides missing proofs for regret bounds of AdaGrad.
C.1 Proof of Theorem[3
Proof. As mentioned, AdaGrad can be viewed as OGD with a stepsize n; = &= = —2——.
) Y AN S A PR
Therefore, we can use for AdaGrad to know for any « € X,
2
o — oy < Iz Tl = e —al” g
b 2, 2
Sum up the above inequality from ¢ = 1 to 7" and drop the term — lzrea—all® ¢ pave
- m xn [l — nMH
1— t+1 - t 19
9 Ty — x S +
> e > (51 -y ol

D? Tmmm

— + —_— (22)

207 tz:; 2

where the last step is by ||x; — || < D,Vt € [T] and ny11 < n, Vt € [T — 1].
Next, observe that for any ¢ € [T,

2 2 2
2 7 n 1 1 1 1 2n 1 1
gl = 25 - :ﬁ(—)(+ < (—-—),
un Mi—1 Nt Me—1 m Mi—1 m \M  M—1

where 1/n should be read as 0. The above inequality implies

T
m |lg,|? .
; 2t Z =L (23)

= M nr

17
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Combine (22)) and (23)) to have

T T

D> (D2 ) 2
P e Bl /) B\ DI A
> lgwe el <5 > > la|

Note that there is

T T T T
EIMNQS E:MW@@OW+2WM2S 2ZNV&@0W+ 2§:Wﬁ2
t=1 t=1 1 t=1

T T %
< QZHV&(%)HQ‘*‘\@(Z ||€t||p> :
t=1 t=1

where the last step is due to [|-[|, < [|-||, for any p € [1, 2]. Hence, we obtain

T D2 T T G
S (gn @ —a) < V3 (277 n n) S Ve () + (Z ||etp> e
t=1 t=1 t=1

We take expectations on both sides of (24), then apply Holder’s inequality to have

T b T B 1
(e | = (3zlert) <or
=1 =1

and finally plug in n = D/+/2 to conclude
E [R7%¢!(z)] < GDVT + ¢ DT>

D Missing Proofs for Applications: Nonsmooth Convex Optimization

We prove the following last-iterate convergence result for SGD (i.e., OGD for stochastic optimization)
under heavy-tailed noise. The proof of Theorem [§]is inspired by [19] 44].

Theorem 8. Under Assumption[I|for (,(x) = F(x), for any stepsize n; > 0 in OGD (Algorithm[J),
we have

E[F(zr) — F(x)] < + G? Z +oPD?*P Z
Zt 1M t=1 (t+1)/\T UE (t+1)/\T 775

Proof. Given x € X, we recursively define

Yo=x and y, = <1 - 1> T+ wt_lyt_uw e [17, (25)
Wt W
in which
we T vt e {0}UT 1] and wr Swr y=1. (26)
Zs=t+1 Ts
Equivalently, y, can be written into a convex combination of x, 1, ..., Z; as
t
Wo Wg — Ws—1

= — —x,, Vt {0} U |T]. 27
Y, wtw+; o T V{0}UIT] 27)

Therefore, y, also falls into X and satisfies y, € F;_.

18
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We invoke (T0) for y, to obtain

|z — ytH2 — ||z — yt||2
2m

(91 —y,) < +0,G? + Clp)f " e D>, (28)

Since x, y, € Fi_1, there is

Elge 2 —y)l = E[Elg, | Fial 2 —y,)| = E[VF(@:), 2 — y,)] > E[F(a) — F(y,)],
where the last step is due to the convexity of F'. As such, we can take expectations on both sides of
(28)) to have
E[llze - y.l*] ~ B [lzes1 - v, ]
2
B[ o - yos )] — B [loes - wil?]
2n

E[F(x) — F(y,)] < + G + C(p)nP~'oPD?P

+mG* + C(p)f ™ oD 7P,
(29)

wt

Lty —y, H2 by and the convexity of ||z; — -||*. Mutiply both sides of D by wyn; and
sum up from ¢ = 1 to 7" to obtain

E lz wene (F(xe) — F(y,))

2 2
wo llz1 = yol* — E [wr @rs - yrl] &
< 5 + ; wn; G 4 C(p)wynfo® D?~P

where the second step is due to ||z, —y,|° < (1 — M) lze — 2| + 2l ||$t yt71||2 =

’LU()D2

2G? + C(p)wnPoP D?*P. (30)

t=1

Now observe that

which implies

!

t

T
D wen (Fly) = F@) <3 Y (ws = w) me (F(@s) = F(x)
t=1

t=1 s=1

= Z Wy — Wy_1) (Z 775> (F(xt) — F(x)) .
t=1 s=t

Thus, we can lower bound the L.H.S. of (30) by

D win (F(@) = F(y,) = Y wen (F@) — F(x)) —win (F(y,) - F())
t=1 t=1

> Z [wmt - —Wi—1 (Z 775) - F(x))
= wrnr (F(xer) — F(x)), 31

19



o4 where the last step is due to, for ¢t € [T — 1],

nr nr
Wiy — — Wi—1 ZTIS - =7 - T ) (Z%)
( > Zs t+1 s (Zs—t-H s Zé UL s=t

B nr 0 nr m =0
- T it T i — Y,
Zs:t+1 Ns Zs:t+1 Ms

605 and wr @ wWr—1 = 1.
s0s We plug (3I)) back into (30) and divide both sides by wrn7to obtain

D2 2 p
E[F(xr) — F(z)] < Wol” Z Ot 2 C(p)MoPDQ_P
2wrnr = wrnr wrnr
@ D2 d
St i +0°D* "Z
Dot t=1 =@+1)AT s t=1 2us= (f+1)/\T 775
607 O

s08 Equipped with Theorem|8] we show the following anytime last-iterate convergence rate for SGD/OGD.
609 As far as we know, this is the first and the only provable result demonstrating that the last iterate of
610 SGD can converge in heavy-tailed stochastic optimization without gradient clipping. Compared to
s11  Corollary [2] the difference is up to an extra logarithmic factor. Therefore, it is nearly optimal.

e12  Corollary 4. Under Assumptwn Ifor li(x) = F(x), taking n: = in OGD (Algorithm

_D_ A
Gﬂ atl/P
613 [I), we have

E[F(x7r) — F(x)] < GD (1\;-Tlog T) n oD (;j__léogT).
s14 Proof. By Theorem|8] we have
E[F(zr) — F(x)]
- D ey

+ G? Z +oPD%P Z
T
D=1t t=1 Zs +1)AT s t=1 2us= (t+1)/\T s

D2 T-1 n? T-1 P
@ Y o | 4D (Y |
D=1 Tt t=1 Es:t+1 Ns t=1 2us=t+1"ls

—1]

615 Foranyt € {0} U [T

2 o 1 ZST:tH 7,%
(T_t) < Z Zna Z < (T—t)2 .

s=t11 s s=t+1 s=t+1"ls

, observe that by Cauchy-Schwarz inequality

616 Thus, there is

7] s= s
]E[F(wT) NTz Z —|—G2 (77T+Z t t+1 It Las=t+1 ns >

1
+oPD>P (nT + Z M n Zs_t; - ) : (32)

617 We first bound
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623

624

625
626
627

628
629
630

631

632
633
634
635

636

637
638

639
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641

642

which implies
— — S —=+ — (33)

Next, we know

— T
+ Z nt s= t+1 7] ((1 + — D Zs t+1 \/7 Q . Zs:t+1 sl/P
" —t)? VT~ —t)2 G2 (T —t)?
ngm D +D(1+logT) +0D(1—|—logT)
~ GVT GVT G2t
where (a) is by 7y < G\[ and < G\[ v "S . Hence, there is
ﬂt 5= t+1 7 GD(1+1logT) oD(1+1ogT)
+ =) < + . 34
(nT Z ) 77 pr (34)

Similarly, we can bound

r VT T'-%

Finally, we plug (33), and back into to conclude. O

p
pDM(]p +Z Zs t+1ns>gGD(l—HogT)_’_aD(l—HogT)’ 5)

E Missing Proofs for Applications: Nonsmooth Nonconvex Optimization

E.1 (0, ¢)-Stationary Points

Definition 2 (Definition 4 of [3]). A point z € R% s a (J, €)-stationary point of an almost-everywhere

differentiable function F if there is a finite subset S C B¢ (z, §) such that for y selected uniformly at
random from S, E [y] = z and |E [VF(y)]|| <.

The concept of the (4, €)-stationary point presented here is due to [5]], which is mildly more stringent
than the notion of [46], since the latter does not require E [y] = @. For more discussions, see Section
2.1 of [5]].

E.2 Proof of Theorem{

In this section, our ultimate goal is to prove Theorem [ for the O2NC algorithm, extending Theorem
8 of [3] from p = 2 to any p € (1, 2]. Notably, our new result does not require any modification
to the O2NC method, but is obtained only from a more careful analysis, indicating that O2NC is a
robust and powerful algorithmic framework.

We begin with Lemma 2] which lies as the cornerstone for establishing the convergence of O2NC.

Lemma 2 (Theorem 7 of [3]]). Under Assumption[2)( only need the second point and the unbiased part

in the fourth point), for any sequence of vectors u1, . .., ugr € R% 02NC (Algomhm@ guarantees
KT KT

E[F(ygr)] = F(yo) +E | (gn @0 —un) | +E | <gmun>] : (36)
n=1 n=1

To relate Lemma 2] to the concept of K-shifting regret introduced before (see (9)), suppose now a
sequence of vectors vy, ..., vk is given, if we set u,, = vg foralln € {(k—1)T +1,...,kT}
and k € [K], then the second term on the R.H.S. of (36) can be written as E [R}:(v1,...,vk)], and

the third term can be simplified into Zf:l E [<ZZ£(,€_1)T_H g, vk>} .
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Zi£(k—1)T+1 VF(zn)
||ZI:L£<I~=—1>T+1 VE(zn)|

kT kT kT
E < > gn,vk> =K < > en,'uk> - DE > VF(zp)
n=( T+1

Same as [5], we pick v, £ —D for some constant D > 0, which gives us

k—1)T+1 n=(k—1) n=(k—1)T+1
kT kT
< DE > e||-DE > VF(z)
n=(k—1)T+1 n=(k—1)T+1

If €, has a finite variance (i.e., p = 2), then like [5], one can invoke Holder’s inequality and use the
fact E [(€, €,)] = 0,Vm # n € [KT] to obtain for any k € [K],

2
kT kT kT

E Z €| < |E Z &l | = Z E [H%HQ} <aVT.

n=(k—1)T+1 n=(k—1)T+1 n=(k—1)T+1

However, this argument immediately fails when p < 2 as E {Henﬂg} can be +00. To handle this
potential issue, we require the following Lemma 3]

Lemma 3 (Lemma 4.3 of [20]). Given a vector-valued martingale difference sequence wy, . .., wr,
there is

T 0
E <2V2E <Z ||wt||"> Vpel,2].
t=1

T
D w
t=1

Equipped with Lemmas[2]and[3] we are ready to formally prove Theorem[d] demonstrating that the
O2NC framework provably works under heavy-tailed noise.

Proof of Theoremd] We invoke Lemmawith Up = V[n/7], V0 € [KT] (equivalently, u,, = vy, if
n e {(k—1)T+1,...,kT}) and use the definition of K-shifting regret (see @[)) to obtain

K kT
E[F(ymﬂF(mHE[Ré(vl,...,vm]+ZE< > gmvk>. (37)
k=1 n=(k—1)T+1

Recall that g,, = VF(z,) + €,, which implies for any k € [K],

kT [ kT kT
E < Z gn,vk> =K < Z en,vk> +E < Z VF(zn)7vk>

n=(k—1)T+1 n=(k—1)T+1 n=(k—1)T+1

kT i kT
<E|| X el +E< > VF<zn>,vk>

L||n=(k—1)T+1 | \n=(k—1)T+1
kT kT
= DE Z e.ll| — DE Z VF(zn)||, 38)
n=(k—1)T+1 n=(k—1)T+1

where the second step is by Cauchy-Schwarz inequality and the last equation holds due to
kT
Zn:(kfl)TJrl VF(zn)

HZ:ZUC*I)TH VF(zy,)

Combine and (38), apply F(yxp) > F\, and rearrange terms to have

v = — Vk € [K]. (39)

K kT

11
E Z? T > VF(z)
k=1 n=(k—1)T+1
K kT
Py~ F, | E[R (i ox)] | Zhet B [[Thlcyra &
< + . (40)
DKT DKT KT
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For any fixed k € [K], we apply Lemmawith Wy = €—1)7+¢, Vt € [T'] to know

kT kT p
E > || <2V2E > el
n=(k—1)T+1 n=(k—1)T+1
kT P
<2V2 S E[lelf]] <2v20T7, 41)
n=(k—1)T+1

where the second step is by Holder’s inequality (note that p > 1). Finally, we conclude the proof
after plugging @T)) back into {@0). O

E.3 Proof of Theorem 3

Proof. By Theorem[] there is

K kT A
11 F(yy) — Fi ]E[RT(vlv'” ,UK)] o
—_ 1= <
E wllz 2 YF@E)||S—fpgpr ot DRT T @Y
k=1 n=(k—1)T+1
Note that A has the domain X = B4(D) and s,, ~ Uniform [0, 1]. Thus, for any n € [KT],
|len|| <D and s, €]0,1]. (43)

We first lower bound the L.H.S. of (42). Given k € [K], forany m < n € {(k—1)T +1,... ,kT},
observe that

n—1
Hzn - Zm” = H’ynq + 5nTn — Y1 — Smme = ||5n®Tn — SmTm + Z €L
i=m
n—1 @
< snll@all + (1= sm) [&mll + D |lill < (n—m+1)D < DT.
1=m-+1

Recall that z;, = % ZEZ( k—1)T+1 2n and D = §/T now, then the above inequality implies
lzn — 2kl < DT =6,YVne {(k—1)T +1,...kT}, (44)

which means
2, € BY2y,0),Yn € {(k—1)T +1,...kT}.
By the definition of ||V F(2y)]|; (see Definition|[I)), there is

kT
1
VPG, <% Y V). @s)
n=(k—1)T+1

Next, we upper bound the R.H.S. of (#2). By the definition of K -shifting regret (see (9)), there is

K kT
E[Ré('vlf"avK)jl :ZE Z <gn7mn_vk>
k=1 |[n=(k—1)T+1

Note that we reset the stepsize in A after every T iterations and v;, € B¢(D) by its definition (see
). Then for any A € {OGD, DA, AdaGrad}, we can invoke its regret boun(ﬂ (i.e., Theoremsl|l}
and [3) to obtain

kT
E| Y (gna.—v)| SGDVT +oDTVP vk € [K],
n=(k—1)T+1

%A minor point here is that the current function £, () = (g,,, «) does not entirely fit Assumption We
clarify that one does not need to worry about it, since all results proved in Section 3] hold under this change. For

example, in the proof of Theorem we can safely replace the L.H.S. of with E [Zthl (g4, ¢t — :c)] .
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which implies
E [R}(vi,- - ,vk)] S GDKVT + o DKT'/P. (46)

Finally, we plug and (46) back into (42), then use D = §/T and A = F(y,) — F, to have

A G o
F(z
[ va | S 5 + 75+
O
E.4 Proof of Corollary[3|
Proof. Recall that we pick
2 p
N N OGN\ 3 do N\ -1
K=|> T=|> i 9o
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where A = F(y,) — F.. We invoke Theorem [5|and use KT' > N/4 (see Fact2) to obtain
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F(z — .
KZHV ||6 ~ 5N+\/T+Tli%
By the definition of 7', we know
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E.5 Extension to the Case of Unknown Problem-Dependent Parameters

In Corollary [5} we show how to set K and 7" when all problem-dependent parameters are unknown.
It is particularly meaningful for AdaGrad. As in that case, the rate is achieved without knowing any
problem-dependent parameter. This kind of result is the first to appear for nonsmooth nonconvex
optimization with heavy tails. However, the rate is not as good as Corollary [3] It is currently unclear

whether the same bound 1/(dNV) 3T as in Corollary|3|can be obtained when no information about
the problem is known.

Corollary 5. Under the same setting of Theorem 3} suppose we have N > 2 stochastic gradient
budgets, taking K = |[N/T| and T = [N/2] A {(5N)%—‘ we have

A G o
[KZ”VF '5] SN AGN)E | VNAGN)E | NE A (6N) 5

Proof. We invoke Theorem [5|and use KT > N/4 (see Fact2) to obtain

Z IVEZR)s| <

<AT G o
SN VT reE
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692 By the definition of 7', we know

AT A 2 A
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694 Therefore, there is
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wl=

es F Algebraic Facts

697 We give two useful algebraic facts in this section.
e Fact1. ForanyT € Nand a € (0,1), there is

Tf Yemes18” _ 1+logT

_ )2 l—a
24 (T —1) T

leztls — T— 1
S = DLET

t=1 t=1

699 Proof. Note that Zit 418% < (T —)T*, which implies

21 1 +logT

: t .

700 O
701 Fact2. Given2 < N €N, K = |[N/T| and T € N satisfying T < [N/2], there is KT > N/4.

702 Proof. Note that KT = |[N/T|T >N -T > (N —-1)/2> N/4. O
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

. Limitations

Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: We discuss the limitation in Section

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]
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Justification: For each theoretical result, the paper provides the full set of assumptions and a
complete (and correct) proof.

Guidelines:

The answer NA means that the paper does not include theoretical results.

All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

All assumptions should be clearly stated or referenced in the statement of any theorems.
The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [NA]

Justification: The paper does not include experiments.

Guidelines:

The answer NA means that the paper does not include experiments.
If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?
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Answer: [NA]
Justification: The paper does not include experiments requiring code.
Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [NA]
Justification: The paper does not include experiments.
Guidelines:

» The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [NA]
Justification: The paper does not include experiments.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

* It should be clear whether the error bar is the standard deviation or the standard error
of the mean.
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8.

10.

It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [NA]
Justification: The paper does not include experiments.
Guidelines:

» The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: The research conducted in the paper conforms, in every respect, with the
NeurIPS Code of Ethics.

Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).
Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: There is no societal impact of the work performed because this paper is purely
theoretical.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.
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12.

» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: The paper poses no such risks.
Guidelines:

» The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]
Justification: The paper does not use existing assets.
Guidelines:

* The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.
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* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: The paper does not release new assets.
Guidelines:

* The answer NA means that the paper does not release new assets.

» Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: The paper does not involve crowdsourcing nor research with human subjects.
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

Declaration of LLLM usage
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Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]

Justification: The core method development in this research does not involve LLMs as any
important, original, or non-standard components.

Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

¢ Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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