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Abstract

Scaling Up Decision-Making Under Uncertainty

by

Mohit RAJPAL

Doctor of Philosophy in Computer Science

National University of Singapore

Recent advances in deep learning and reinforcement learning have demonstrated

impressively scalable performance in many tasks. This naturally raises the ques-

tion whether approaches rooted in probabilistic methods can also be increased in

scalability to be competitive with these approaches.

We consider this question in both the deep learning and reinforcement learning

setting. We consider the problem scenario of decision-making under uncertainty,

which is a general problem setting that arises both in deep learning and reinforcement

learning.

In deep learning, an important problem setting is the early pruning of neural

network elements. Here, early pruning means pruning ineffective network elements

during the training process to speed up the training process. This is posed as a

decision-making problem where decisions are made on which elements to keep or

prune and when to prune these elements. In this setting, we make the following

contributions:

• We formalize the early pruning problem into a constrained optimization prob-

lem.
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• We prove several helper lemmas to show how this constrained optimization

problem can be efficiently solved.

• We utilize Multi-Output Gaussian Process to infer the performance of neural

network elements.

• Using this inference model, and the helper lemmas, we propose an algorithm

to perform early pruning with theoretical guarantees on its performance.

• We perform extensive validation, showing how our approach outperforms

approaches from the deep learning literature at better preserving network

performance when a significant portion of network elements are pruned.

• In addition, our approach is robust to changes in hyperparameter.

In reinforcement learning, an important problem setting is finding the optimal

policy for a given task. This is posed as a decision-making problem where decisions

are made on which policy to attempt next given the history of previous policies

attempted so far. In this setting, we make the following contributions:

• We propose a parameter efficient policy model which is well suited for usage

on memory-constrained devices such as Internet of Things (IoT) devices.

• We propose a variant of Bayesian Optimization to optimize this policy model

which scales to a higher number of dimensions.

• We show that our Bayesian Optimization comes with strong regret guarantees.

ix



• We perform extensive validation showing our proposed approach outperforms

competing reinforcement learning approaches in sparse or malformed reward

scenarios.

We make progress on the above decision-making problems and show superior

performance to competing approaches under specific scenarios. To finalize our thesis,

we propose the study of Adversarially Designed Games, built upon our work in the

reinforcement learning setting. Adversarially Designed Games consider the question

whether there exist games that with large suboptimality gaps when attempting to

solve them with reinforcement learning approaches. In this setting we make the

following contributions:

• We design a family of games which are difficult for reinforcement learning

methods to solve.

• We prove theoretical results showing the difficulty of solving these games with

reinforcement learning, and the relative ease of solving them with Bayesian

Optimization thus indicating a suboptimality gap.

• We validate this suboptimality gap showing poor performance using reinforce-

ment learning methods, and good performance with Bayesian Optimization

thus empirically confirming a suboptimality gap.

These works show the recent developments and value of scaling up decision-

making under uncertainty. Our proposal of Adversarially Designed Games also opens

up further avenues for research in scaling up decision-making under uncertainty.
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CHAPTER 1. INTRODUCTION

Chapter 1

Introduction

1.1 Setting and Motivation

Decision-making under uncertainty using probabilistic models is known to suffer

from scalability issues (K. A. Wang et al. 2019). These issues are exhibited in

all subareas involving probabilistic models including Graphical Models (Chaohui

Wang, Komodakis, and Paragios 2013), Gaussian Processes (Srinivas et al. 2010),

Bayesian Inference (Box and Tiao 2011), Monte Carlo methods (Luengo et al. 2020),

et cetera. Comparatively, deep learning based approaches suffer fewer scalability

concerns (Krizhevsky, Sutskever, and Geoffrey E Hinton 2012). This discrepancy

has allowed deep learning approaches to outcompete and outperform traditional

approaches to Computer Vision (K. He et al. 2016a), Exact Inference (K. A. Wang

et al. 2019), Statistical Machine Translation (Sutskever, Vinyals, and Q. V. Le 2014),

and other subareas.

Another subarea that has recently demonstrated strong empirical performance is

reinforcement learning. The success of reinforcement learning has been demonstrated

in several game playing environments such as Atari® game playing suite (Mnih,

1



CHAPTER 1. INTRODUCTION

Kavukcuoglu, Silver, Graves, et al. 2013), Go (Weiqi) (Silver, Huang, et al. 2016),

Blizzard Entertainment StarCraft II (Vinyals, Babuschkin, et al. 2019), and Valve

Software Defense of the Ancients II (Berner et al. 2019). Despite this recent success,

reinforcement learning approaches perform poorly in games with sparse reward, such

as Montezuma’s Revenge (Salimans and R. Chen 2018). In order to better adapt

reinforcement learning to such games, much research work has been attempted in

curiosity based “intrisic reward” (Linke et al. 2020) which encourages exploration.

Nonetheless, significant performance disparity exists between games with dense

reward, and sparse reward. This demonstrates the lack of efficacy of reinforcement

learning based approaches under certain scenarios.

Alongside the above research advancements, recent advancements in Bayesian

Optimization (BO) for policy search (Müller, Rohr, and Trimpe 2021) show it is a

competitive approach to reinforcement learning for many tasks. A policy is a set

of rules for making decisions in some interactive environment (e.g., a game). In

such an environment, a single entity (an agent) or multiple entities (multi-agent)

work towards accomplishing some goal. Policy search involves searching over the

policy space in some intelligent manner to find a well performing policy. In contrast

to reinforcement learning, BO is able to optimize a black-box function under mild

smoothness assumptions (Srinivas et al. 2010). BO has found great success in

the areas of hyperparameter optimization (Snoek, Larochelle, and Ryan P. Adams

2012), Neural Architecture Search (White, Neiswanger, and Savani 2021; Zoph

and Q. V. Le 2017), and gradient-based optimization (J. Wu et al. 2017). The

comparative strength of BO is its flexibility in being able to optimize arbitrary

2
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functions, including those of finding the optimal policy in a policy search task.

Furthermore, BO approaches often give theoretical optimality guarantees under

mild assumptions.

Given the above setting, the central motivation of this thesis is to improve

algorithms and techniques to allow for scaling up decision-making under uncertainty

in order to offer competitive performance to deep learning and reinforcement learning

approaches. We consider two scenarios to show that it is possible to scale up

approaches using uncertainty modeling using algorithmic tools to offer competitive

performance to deep learning and reinforcement learning, respectively. In the deep

learning area, we consider the problem of early pruning a neural network to improve

training performance. In the reinforcement learning area, we consider the problem

of policy search both in the single agent and multi-agent setting.

Our first work in the deep learning area focuses on early pruning. Deep neural

networks (DNNs) are costly to train. Pruning is an approach to alleviate model

complexity by zeroing out or pruning DNN elements with little to no efficacy for

a given learning task and has shown promise in reducing training costs for DNNs.

Our work in the deep learning area presents a novel algorithm to perform early

pruning of DNN elements (e.g., neurons or convolutional filters) during the training

process while minimizing losses to model performance. To achieve this, we model

the efficacy of DNN elements with a Bayesian paradigm conditioned on efficacy

data collected during the training and prune DNN elements with low predictive

efficacy after training completion. Empirical evaluations show that our Bayesian

early pruning algorithm improves the computational efficiency of DNN training while

3



CHAPTER 1. INTRODUCTION

better preserving model performance compared to other tested pruning methods.

Our approach to Bayesian early pruning requires optimizing an NP-hard problem

known as submodular set maximization (Krause and Golovin 2014). In this scenario,

the set maximization problem is which DNN elements to keep or prune dependent on

their collected efficacy behavior during training. To efficiently optimize this problem,

thus allowing the approach to scale we model the set elements with a Multi-Output

Gaussian Process (Álvarez and Lawrence 2011). This mild assumption allows us

to optimize an NP-hard problem in linear time. We justify this assumption by

showing that the Multi-Output Gaussian Process modeling approach well captures

the behavior of DNN elements during the training process. We show empirically that

our approach outperforms competing approaches from the deep learning literature

at solving the early pruning problem. We also show that our approach is robust

without extensive hyperparameter tuning.

Our second work in the reinforcement learning area focuses on policy search.

Many approaches for optimizing decision-making models rely on gradient based

methods (e.g., reinforcement learning) requiring informative feedback from the

environment. Here, a decision-making model is some model which takes as input the

environment state (e.g., in a game) and decides the resultant action. In environments

where reward feedback is sparse or uninformative, such approaches may result in poor

performance due to a lack of valuable behavior to reinforce. Gradient-free approaches

not relying on informative feedback such as BO mitigate the dependency on the

quality of gradient feedback, but are known to scale poorly in the high-dimension

setting of complex decision-making models necessary in complex environments. This

4
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problem is exacerbated if the model complexity is increased due to interactions

between several agents cooperating to accomplish a shared goal. To address the

dimensionality challenge, we propose a compact multi-layered architecture modeling

the dynamics of agent interactions through the concept of role. We introduce Hessian-

Aware Bayesian Optimization to efficiently optimize the multi-layered architecture

parameterized by a relatively larger number of parameters. Our approach shows

strong empirical results under malformed or sparse reward.

Our approach to policy search approaches the high-dimensional complex op-

timization problem along two directions. Along the first direction, we design a

Higher-Order Model (HOM) which generates a model. This HOM approach has

shown to exhibit parameter efficiency, allowing for complex models to be expressed

with fewer parameters (Y. Lee et al. 1986). The second direction of improvement

is by designing Hessian-Aware GP-UCB (HA-GP-UCB) which builds upon the

work of the celebrated GP-UCB algorithm (Srinivas et al. 2010). HA-GP-UCB

decomposes a complex high-dimensional policy search task into several easier to

learn optimization tasks which can be learned independently. Our key contribution

in the area of High-Dimensional Bayesian Optimization (HDBO) is learning how

to decompose a complex high-dimensional task into many easy to learn tasks. We

are able to do this by observing the Hessian, or the interaction effect, between

different dimensions of the policy space. By observing how the different dimensions

of the policy space interact, we are able to deduce how best to partition a large

complex task into easier to optimize smaller tasks. Putting these contributions to-

gether allows us to outperform reinforcement learning and multi-agent reinforcement

5
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learning approaches on smaller policies suitable for Internet of Things (IoT) and

autonomous drone environments. Such use cases are becoming more important due

to the presence of IoT in ubiquitous computing (Merenda, Porcaro, and Iero 2020)

as well as autonomous drone delivery systems (Dorling et al. 2017). Our approach

is also robust requiring no hyperparameter optimization on a per-environment basis.

To unify the thematic elements of our two works and propose a valuable direction

for future work, we propose the study of Adversarially Designed Games for rein-

forcement learning. Adversarial reinforcement learning, the analogue of Adversarial

Machine Learning in the reinforcement learning setting, has received some attention

in recent years (Gronauer and Diepold 2022). However, compared to Adversarial

Machine Learning in the deep learning setting, it is still a nascent research area.

Thus, it remains an open and valuable question whether similar shortcomings exist

in the reinforcement learning setting.

The above research question directly arises from the susceptibility of deep learning

approaches to adversarial attacks. Adversarial Machine Learning often demonstrates

the fragility of deep learning models. Adversarial Machine Learning (Machado, Silva,

and Goldschmidt 2023) presents several attacks designed to cause deep learning

models to make significant prediction errors and drastically reduce their empirical

performance. Several attack vectors exist in Adversarial Machine Learning, including

training time attacks (e.g., data poisoning), deployment time attacks (e.g., weight

perturbations), and inference time attacks (e.g., adversarially crafted example).

These attacks demonstrate, that although the empirical performance of deep learning

approaches has shown tremendous improvement, this has come at the cost of the

6
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fragility of deep learning models.

To further extend Adversarial Machine Learning into the reinforcement learning

area, we study whether there exist environments (i.e., games) where reinforcement

learning shows provably poor performance. We study this question in for policy

gradient approaches (Schulman et al. 2017), which have recently become more

popular and demonstrated superiority over Deep Q-Learning (Mnih, Kavukcuoglu,

Silver, Graves, et al. 2013) in common reinforcement learning benchmarks. However,

we propose that this has shortcomings where there exist adversarially designed

environments where policy gradient methods exhibit poor performance. To attempt

to demonstrate this in a theoretically principled way, we propose the study of

Adversarially Designed Games, which policy gradient approaches provably have

difficulty solving. To demonstrate this, we show theoretical results illustrating

why and how policy gradient approaches have difficulty solving such games. In

addition, we provably show that common BO approaches can solve such games with

performance guarantees. This combination of results shows a likely suboptimality

gap between the performance of reinforcement learning and BO for Adversarially

Designed Games. Finally, we empirically validate the existence of this suboptimality

gap by comparing policy gradient and BO methods at solving Adversarially Designed

Games.

This thesis shows under which scenarios, modern deep learning and reinforcement

learning methods are outperformed by approaches using uncertainty modeling.

In all our demonstrated scenarios, uncertainty modeling allows for robust and

scalable decision-making outperforming competing approaches from the deep learning

7
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or reinforcement learning literature. We extend the results in these scenarios

by proposing Adversarially Designed Games, showing theoretical shortcomings

in modern reinforcement learning approaches. These theoretical results are then

empirically validated showing a clear suboptimality gap. Thus, scaling up decision-

making under uncertainty continues to be a valuable direction for further study.

1.2 Contributions

The contributions of this thesis are as follows. We highlight the theoretical and

empirical contributions of our two works in scaling up decision-making under un-

certainty. Finally, we unify our two works by proposing and studying Adversarially

Designed Games showing that our research direction is a valuable direction for

further study.

Pruning During Training by Network Efficacy Modeling. To improve upon

pruning methods in the deep learning literature, we propose a scalable algorithm to

perform early pruning. This pruning algorithm is able to prune network elements

during training to speed up the training process while preserving network prediction

efficacy at test-time. To develop this algorithm, we first mathematically formalize

the early pruning problem as an optimization problem. Following this formalization,

we show that solving this optimization problem is NP-hard. Although this problem is

NP-hard, we show that this optimization problem is submodular allowing for efficient

approximation with a small suboptimality gap. To improve upon this efficiency,

we additionally assume that the distribution of network element efficacy follows a

8
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multivariate Gaussian. Using this assumption, we are able to solve the early pruning

optimization problem in linear time and prove bounds on the suboptimality gap.

To implement this algorithm, we model the efficacy of network elements using

a multi-output Gaussian Process. We show this modeling approach is able to

well capture the evolution of network element efficacy over time. Finally, we

show extensive validation showing our approach is better able to preserve network

prediction efficacy at test-time while still delivering significant training-time speedup.

We additionally show our approach is robust to changes in hyperparameters, and

does not require hyperparameter tuning on a per-network basis.

Hessian-Aware Bayesian Optimization for Decision-Making Models. To

offer superior performance to reinforcement learning based approaches for optimizing

decision-making policies on memory constrained devices, we propose a Higher-Order

Model and a variant of High-Dimensional Bayesian Optimization. The proposed

Higher-Order Model is a model which generates a model and is more memory

efficient than traditional modeling approaches. We propose a variant of High-

Dimensional Bayesian Optimization to efficiently optimize this model. Our proposed

approach decomposes a large optimization problem into many smaller optimization

problems which are easier to solve. We prove a regret bound under mild and general

assumptions which improves upon the regret bounds proved by other related works.

We validate our approach against several reinforcement learning and Bayesian

Optimization approaches used for policy optimization. In this validation, we show

that our approach outperforms competing approaches under sparse and malformed

9
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reward scenarios. Finally, our approach to policy optimization is robust given its

usage of only two hyperparameters, which are held constant throughout all tested

tasks.

Adversarially Designed Games. To extend our results in both the deep learning

and reinforcement learning setting, we expand the field of Adversarial Machine

Learning in the reinforcement learning setting by proposing Adversarially Designed

Games. We formally propose and design Adversarially Designed Games. Following

this design, we derive policy gradient rules in order to apply reinforcement learning

to this family of games. We prove theoretical results on the difficulty of solving

these games using policy gradient approaches, and the effectiveness of Bayesian

Optimization for doing the same, thus showing a likely suboptimality gap.

We empirically validate the presence of this suboptimality gap by comparing

policy gradient approaches and Bayesian Optimization.

1.3 Organization

In the remaining portions of this thesis, we present the necessary background in

Chapter 2, important related works in Chapter 3, scaling up decision-making under

uncertainty in a deep learning setting in Chapter 4, scaling up decision-making under

uncertainty in a reinforcement learning setting in Chapter 5. Lastly, we consider

Adversarially Designed Games in Chapter 6. We finally conclude in Chapter 7.
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Chapter 2

Background

In this chapter, we introduce the necessary background and notation for understand-

ing of this thesis. We introduce Gaussian Process, a Bayesian approach to modeling

regression type problems which also quantifies uncertainty in its inference procedure.

In addition, we introduce Bayesian Optimization, a Bayesian approach to zero’th

order optimization that does not depend on gradient feedback from the function

being optimized.

2.1 Gaussian Process

A Gaussian process (GP) (Rasmussen and C. K. I. Williams 2006) models a set of

random variables as a multivariate Gaussian Distribution. This effectively allows

a GP to model a distribution over functions f : X → R where X ⊂ Rd for some

dimensionality d. Generally, GP approaches focus on the noisy setting where every

observation of the function f is corrupted by zero mean additive Gaussian noise :

y(x) = f(x)+ϵ where ϵ ∼ N (0, σ2) where σ2 is the noise factor. A GP is represented

as GP(µ(·), k(·, ·)) where µ : X → R is the mean function, and k : X × X → R

represents a similarity or covariance function between points x,x′ ∈ X . The inductive
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bias or assumed smoothness of the function, f , is encoded in the kernel function, k.

It is generally assumed that w.l.o.g. that µ(x) = 0 and k(x,x′) ≤ 1.

As a consequence of this definition, given a set of T observations [(xt, yt)]t=1,...,T ,

the posterior belief at any input x is a Gaussian distribution with the following

posterior mean and variance.

µT (x) ≜ kT (x)⊤(KT + σ2I)−1yT , σ
2
T (x) ≜ k(x,x)− kT (x)⊤(KT + σ2I)−1kT (x)

(2.1)

where KT ≜ [k(xt,xt′)]t,t′=1,...,T , kT (x) ≜ [k(xt,x)]⊤t=1,...,T and yt ≜ [yt]t=1,...,T .

Here KT is a T × T Gram matrix. kT and yT are both T × 1 column vectors.

2.2 Bayesian Optimization

Bayesian Optimization (BO) involves sequentially maximizing an unknown objective

function v : Θ→ R. In each iteration t = 1, . . . , T , an input query θt is evaluated to

yield a noisy observation yt ≜ v(θt) + ϵ with i. i. d. Gaussian noise ϵ ∼ N (0, σ2) as

in Section 2.1. In this thesis, we assume that Θ ⊂ Rd for some d, however BO also

works well in discrete domains (Srinivas et al. 2010).

BO selects input queries to approach the global maximizer θ∗ ≜ arg maxθ∈Θ v(θ)

as rapidly as possible. The performance of BO is most commonly measured by

cumulative regret RT ≜
∑T

t=1 r(θt), where r(θt) ≜ v(θ∗)− v(θt).

The belief of v is modeled by a Gaussian process (GP), denoted GP (µ(θ), k(θ, θ′)),

that is, every finite subset of {v(θ)}θ∈Θ follows a multivariate Gaussian distribu-
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Figure 2.1: Top: Gaussian Process inference on v(x) = sin(x). Given the previously
queried points, the unobserved function values are inferred, along with confidence
estimates. Bottom: Given the Gaussian Process inference, a point is chosen which
maximizes the upper confidence bound.

tion (Rasmussen and C. K. I. Williams 2006). A GP is fully specified by its prior

mean µ(θ) and covariance k(θ, θ′) for all θ, θ′ ∈ Θ, which are, respectively, assumed

w.l.o.g. to be µ(θ) = 0 and k(θ, θ′) ≤ 1. Given a vector yT ≜ [yt]⊤t=1,...,T of noisy

observations from evaluating v at input queries θ1, . . . , θT ∈ Θ after T iterations,

the GP posterior belief of v at some input θ ∈ Θ is a Gaussian with the following
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posterior mean µk
T (θ) and variance [σk

T ]2(θ):

µk
T (θ) ≜ kk

T (θ)⊤(Kk
T + σ2I)−1yT ,

[
σk

T

]2
(θ) ≜ k(θ, θ)− kk

T (θ)⊤(Kk
T + σ2I)−1kk

T (θ)

(2.2)

where Kk
T ≜ [k(θt, θt′)]t,t′=1,...,T and kk

T (θ) ≜ [k(θt, θ)]⊤t=1,...,T . We note that this

inference rule is exactly the same as in Section 2.2 with the kernel k incorporated

into the notational semantics.

In each iteration t of BO, an input query θt ∈ Θ is selected to maximize an

acquisition function such as, θt ≜ arg maxθ∈Θ µ
k
t−1(θ) +

√
βtσ

k
t−1(θ) (Srinivas et al.

2010) where βt follows a well-defined pattern. Effective approaches to perform-

ing BO rely on choosing θt in some intelligent manner to balance exploration of

the unknown function v with exploitation of this learned information to find the

maximizer of v. Several approaches exist to perform acquisition including expected-

improvement (Jones, Schonlau, and Welch 1998), entropy search (Hennig and Schuler

2012), Thompson Sampling (Chowdhury and Gopalan 2017), among others. An

illustrative example of both Gaussian Process inference and Bayesian Optimization

is presented in Fig. 2.1.

2.3 Pruning

Pruning is a technique used to address the issue of overparameterization in deep

neural networks (DNNs) by identifying and eliminating ineffective parameters while

maintaining predictive performance (LeCun, Denker, and Solla 1989). This method
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Figure 2.2: On the left, a neural network prior to pruning is presented. On the right,
the network after pruning is presented where ineffectual network elements such as
connections and neurons have been pruned.

is typically implemented after the DNN has been trained, with the primary objec-

tives being to expedite test-time evaluation and to enable deployment on devices

with limited resources, such as mobile phones and cameras. In standard image

classification tasks using datasets like MNIST, CIFAR-10, and ImageNet, pruning

has been shown to significantly reduce the number of learnable parameters without

significantly affecting predictive performance (S. Han et al. 2015; H. Li et al. 2017;

Molchanov et al. 2017; S. Lin et al. 2019). A visualizing figure of a neural network

before and after pruning is presented in Fig. 2.2.

Pruning involves refining the neural networkNv, parameterized by v = [va]a = 1..M ,

where M represents pruneable elements (e.g., weights, neurons, filters). The loss

function L(Nv) assesses predictive efficacy. Pruning removes ineffective network

elements within a sparsity budget B, preserving accuracy. The pruning optimization

problem is formulated as:
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Agent

Environment

Action atNew state st+1 Reward rt+1

Figure 2.3: An agent interacting with an environment is presented. The agent
interacts with the environment and receives reward as feedback. Reinforcement
learning uses this feedback to improve the agent’s decision making.

min
m∈{0,1}M

|L(Nm⊙v)− L(Nv)| s.t. ∥m∥0 ≤ B

where ⊙ is the Hadamard product and m = [ma]a=1..M is a pruning mask. Here,

ma× va prunes va if ma = 0, keeping it otherwise. Pruning involves zeroing network

elements or their weight parameters, including those using the pruned element’s

output.

2.4 Reinforcement Learning

Reinforcement Learning (RL) is a framework for teaching agents to make sequential

decisions by interacting with an environment (Kaelbling, Littman, and Moore 1996).

In RL, an agent observes the current state of the environment, takes an action,

and receives a reward based on that action and the resulting state transition. This

relationship is presented in 2.3. The goal of the agent is to learn a policy—a mapping

from states to actions—that maximizes the cumulative expected reward over time.

A popular approach to reinforcement learning is policy gradient. Policy gradi-
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ent methods directly optimize the policy parameterization to maximize expected

cumulative rewards. Let πθ represent a policy parameterized by θ. The objective in

policy gradient methods is to maximize the expected cumulative reward, denoted as

J(θ), which is defined as:

J(θ) = Eτ∼p(τ ;θ)[R(τ)]

where τ = (s1, a1, r1, . . . , sT , aT , rT ) is a trajectory, p(τ ; θ) is the trajectory

distribution under policy πθ, and R(τ) is the cumulative reward obtained along

trajectory τ .

The policy gradient is computed as the gradient of the expected cumulative

reward:

∇θJ(θ) = Eτ∼p(τ ;θ)

[
T∑

t=1
∇θ log πθ(at|st)R(τ)

]

Policy gradient methods employ stochastic gradient ascent to update the policy

parameters by sampling trajectories and estimating the gradient using these samples.

By iteratively updating the policy parameters in the direction of the gradient, policy

gradient methods aim to find policies that maximize expected cumulative rewards.

RL techniques, particularly policy gradient methods, have demonstrated re-

markable success in various domains, including game playing, robotics, and natural

language processing (Yuxi Li 2017).
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Chapter 3

Related Works

In this chapter, we give an overview of relevant subareas and subfields. We discuss

the subareas of deep learning, reinforcement learning, and Adversarial Machine

Learning within these subareas. In addition, we introduce related works in the

subfields of Deep Neural Network Pruning and Sequential Decision-Making in detail.

We also focus on introducing related works in these subfields which are relevant for

understanding our contributions.

3.1 Deep Learning

We give an introductory survey to modern deep learning approaches that are unified

by a common thread of large, scalable, and data expensive models. In addition, we

also give an introductory survey of Adversarial Machine Learning, showing some of

the known drawbacks of these approaches.

Deep learning on the minute scale has not significantly changed since The

Perceptron (Rosenblatt 1958). Modern deep learning architectures still consist of an

affine function followed by a non-linearity. The non-linearity is often referred to as

an activation function. Significant effort has been expended into discovering newer
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and more effective forms of activation functions (Dubey, S. K. Singh, and Chaudhuri

2022). Often, the benefits of more effective forms of activation functions are better

performance, training characteristics, robustness, and an improved loss landscape.

Some popular activation functions include Softplus (Dugas et al. 2000), Rectified

Linear Units (Nair and Geoffrey E. Hinton 2010), Exponential Linear Unit (Clevert,

Unterthiner, and Hochreiter 2016), and Swish (Ramachandran, Zoph, and Q. V. Le

2018). The study of trainable activation functions with parameterization of the

non-linearity is an ongoing field of study (Apicella et al. 2021).

On the larger scale, several architectures have emerged as popular and useful

paradigms for accomplishing specific use cases. These can historically be categorized

into vision and text architectures.

Convolutional Neural Networks (Z. Li et al. 2022) (CNNs) significantly improved

the efficacy of neural networks at learning in the vision space. A convolution is an

approach to simplify the hypothesis space of neural networks for vision tasks by

parameterizing only a small receptive field (the filter) which is then repeatedly applied

(i.e., convolved) over the image being processed. This inductive bias assumes that

every small patch of the image can be similarly processed or interpreted by a neural

network. Approaches using the convolution operation have demonstrated significant

success. Significant architectural milestones in CNNs include AlexNet (Krizhevsky,

Sutskever, and Geoffrey E Hinton 2012), VGG (Simonyan and Zisserman 2015a),

ResNet (K. He et al. 2016a), and U-net (Ronneberger, P. Fischer, and Brox n.d.).

Convolution continues to be an important and useful operation in computer vision

tasks.
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In the textual approaches, Recurrent Neural Networks (Rumelhart, Geoffrey E

Hinton, R. J. Williams, et al. 1985) (RNNs) form the architectural basis of sub-

sequent works. RNNs are autoregressive approaches which decompose a learning

task into a task considering both the sequential history of previously seen data,

and the currently seen data. A followup architecture introduced long short-term

memory (Hochreiter and Schmidhuber 1997) (LSTM) to aid in remembering impor-

tant parts of the previously seen data while performing inference. More recent deep

learning models are built on architectures using LSTM as the basic building block.

These include Sequence-to-Sequence models (Sutskever, Vinyals, and Q. V. Le 2014),

Sequence-to-Sequence with Attention (Bahdanau, Cho, and Bengio 2015), Pointer

Networks (Vinyals, M. Fortunato, and Jaitly 2015), among others. Much of this

architectural work has been subsumed by Transformers (Vaswani et al. 2017) using

attention as a key computation mechanism. Textual approaches such as the above

have achieved considerable success in several language based tasks such as Statistical

Machine Translation (Sutskever, Vinyals, and Q. V. Le 2014). More recently, Vision

Transformers (K. Han et al. 2023) have shown superior performance to CNNs in the

computer vision field.

Other important architectures of note are Graph Neural Networks (Z. Wu et

al. 2021) (GNNs), Physics-Informed Neural Networks (Karniadakis et al. 2021)

(PINNs) and Large Language Models (Chang et al. 2023) (LLMs). GNNs integrate

approaches from Graphical Models where several “nodes” of neural networks utilize

message passing as a communication mechanism to iteratively evolve or refine

inference expressed in a graphical format. PINNs utilize stronger inductive biases
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inspired from physics to aid in learning with less data than traditional deep learning

approaches. LLMs utilize significant scalability in both data and computational

resources to train very large language models capable of many language based tasks.

These architectural approaches have found success in a diverse number of fields.

The above introductory survey does not cover several key areas associated

with or related to deep learning such as optimization (Mittal and Vaishay 2019),

differentiable loss functions (Q. Wang et al. 2020), meta-learning (Hospedales et al.

2022), Generative Adversarial Networks (Jabbar, X. Li, and Omar 2022), diffusion

models (Ling Yang et al. 2023), hyperparameter optimization (Li Yang and Shami

2020), Neural Architecture Search (Elsken, Metzen, and Hutter 2019), Federated

Learning (C. Zhang et al. 2021), distributed training (Verbraeken et al. 2021), and

several others. Deep learning has been and continues to be an evolving field.

Despite its numerous strengths, the drawbacks of deep learning been highlighted

by Adversarial Machine Learning (Machado, Silva, and Goldschmidt 2023). Although

deep learning approaches have demonstrated excellent empirical performance, a

growing concern with these approaches is their susceptibility to adversarial attacks.

Adversarial Machine Learning often demonstrates the fragility of deep learning

models. Several attack vectors exist in Adversarial Machine Learning, including

training time attacks (e.g., data poisoning), deployment time attacks (e.g., weight

perturbations), and inference time attacks (e.g., adversarially crafted example).

These attacks demonstrate, that although the empirical performance of deep learning

approaches has shown tremendous improvement, this has come at the cost of the

fragility of deep learning models.
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Several research works exist in Adversarial Machine Learning highlighting the

weaknesses under adversarial conditions of CNNs (Akhtar et al. 2021), RNNs (Pa-

pernot et al. 2016), Transformers (C. Guo et al. 2021; L. Li et al. 2020; K. Mahmood,

R. Mahmood, and Dijk 2021), GNNs (Zügner et al. 2020), and LLMs (Zou et al.

2023). PINNs (Yao Li et al. 2023; Shekarpaz, Azizmalayeri, and Rohban 2022) also

show susceptibility to adversarial attack, despite being a nascent research direction.

Building deep learning models which are robust to Adversarial Machine Learning is

an ongoing field of study.

3.2 Reinforcement Learning

We give a brief survey on classical reinforcement learning (Kaelbling, Littman, and

Moore 1996) and its evolution into deep reinforcement learning (Yuxi Li 2017). In

this work, reinforcement learning used without additional qualifiers refers to deep

reinforcement learning (RL). This is followed by a survey into recent developments

in RL as well as its drawbacks, similar to our review of deep learning.

RL optimizes an agent either in the Markov Decision Process (MDP) or Partially

Observable Markov Decision Process (POMDP) setting. In either setting, an agent

is in some environment where it can observe the environment state, take some action,

and as a consequence of the action it moves to another state and receives some

reward (Krishnamurthy 2016). In the POMDP setting, the current state of the

agent is not known and must be inferred given observations about the current state.

The goal of RL is to learn the optimal policy which decides what actions to

take given the observation or state which maximizes the cumulative reward of
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the agent. The two widespread schools of thought in historical treatments of RL

are model-based (Moerland et al. 2023) and model-free (Çalisir and PehlIvanoõlu

2019) methods. In model-based methods, access to the reward function, as well as

transition probabilities for the next state are thought to be known. In model-free

methods, these values are unknown and require modeling to reason about. Generally,

the model-free setting is considered more difficult to solve, but can be practically

applied in more scenarios.

Within model-based methods, two well known approaches are policy itera-

tion (Bertsekas 2011) and value iteration (Ernst et al. 2005). In policy iteration,

a policy is randomly initialized and allowed to make decisions in the environment.

The valuable policy behaviors are then reinforced, allowing the policy to become

more optimal and collect more reward. In value iteration, instead of initializing and

iterating upon a policy, the reward function corresponding to state-action pairs is

learned. Decision-making in an environment requires querying this learned reward

function to reason about the best action given the current state.

In model-free methods, a similar dichotomy exists. The analogous approach to

policy iteration is referred to as policy gradient (Silver, Lever, et al. 2014). Here, the

agent’s policy is directly parameterized and allowed to interact with the environment.

Computing a gradient of the reward with respect to the policy parameters determines

which behaviors to reinforce. Q-learning (Watkins and Dayan 1992) is analogous to

value iteration in the model-free setting. A Q-function is parameterized as a model

which encodes the value of taking specific actions in states. Similarly, decision-

making depends on querying this learned Q-function. A hybrid approach combining
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the two is known as Actor-Critic (Konda and Tsitsiklis 1999). Here the actor encodes

the policy, and the critic encodes the model of the environment, providing a guiding

signal to reinforce rewarding behaviors in the actor.

Transitioning to deep reinforcement learning takes these classical approaches

and uses deep learning models to represent the policy, the value function, or the

critic (Yuxi Li 2017). Although such an approach has led to immense improvement

in empirical performance, the weaknesses of deep learning highlighted earlier are

also inherited. This is evidenced in the growing field of Adversarial Reinforcement

Learning (Gleave et al. 2020). Models when represented by DNNs in reinforcement

learning suffer from a lack of robustness, which can be exploited to make a learned

policy perform suboptimal actions.

In addition to the above weakness, another known weakness of deep reinforce-

ment learning is its failure in learning an effective policy in the scenario of sparse

reward (Aubret, Matignon, and Hassas 2019). Sparse reward occurs in environments

where the correlation between action and reward is difficult to ascertain. Due to

this difficulty, learning an effective policy through reinforcement learning remains a

difficult challenge and is an ongoing topic of study.

The above survey serves as an introduction to reinforcement learning, and deep

reinforcement learning. Reinforcement learning continues to be an ongoing field of

study.
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3.3 Pruning of Deep Neural Networks

In this section, we cover the related work for Chapter 4. Chapter 4 concerns

scaling up Bayesian approaches for early pruning of Deep Neural Networks (DNNs).

Pruning is an approach to improve model performance by zeroing out, or making

redundant network elements with little to no efficacy at a given inference task. Early

pruning is an approach to improve model training time by performing pruning during

the training process. This allows improvement in model training time by pruning

ineffective elements early in the training process.

3.3.1 Pruning and Related Techniques

Initial works in DNN pruning center around saliency-based pruning after training

including Skeletonization (Mozer and Smolensky 1988), Optimal Brain Damage, and

other followup works (Hassibi and Stork 1992; LeCun, Denker, and Solla 1989) as

well as sensitivity-based pruning (Karnin 1990). Saliency and sensitivity measure

the efficacy of a network element at the given inference task. More recently, saliency

functions been adapted to pruning neurons or convolutional filters. H. Li et al.

2017 defined a saliency function on convolutional filters by using the L1 norm.

Molchanov et al. 2017 proposed using a first-order Taylor series approximation on

the objective function as a saliency measure. X. Dong, S. Chen, and Pan 2017

proposed layer-wise pruning of weight parameters using a Hessian-based saliency

measure. Several variants of pruning after training exist. S. Han et al. 2015 proposed

iterative pruning where pruning is performed in stages alternating with fine-tune

training. Y. Guo, Yao, and Y. Chen 2016 suggested dynamic network surgery where
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pruning is performed on the fly during evaluation time. H. Li et al. 2017 and Y. He

et al. 2018 proposed reinforcement learning for pruning decisions. A comprehensive

overview can be found in (Gale, Elsen, and Hooker 2019).

Knowledge distillation (Geoffrey E. Hinton, Vinyals, and Dean 2015; Lu, M.

Guo, and Renals 2017; Tung and Mori 2019; Yim et al. 2017) aims to transfer the

capabilities of a trained network into a smaller network. Weight sharing (Nowlan

and Geoffrey E. Hinton 1992; Ullrich, Meeds, and Welling 2017) and low-rank

matrix factorization (Denton et al. 2014; Jaderberg, Vedaldi, and Zisserman 2014)

compress the number of parameters of neural networks. Network quantization

(Courbariaux, Bengio, and David 2015; Hubara et al. 2017; Micikevicius et al. 2018)

uses lower-fidelity representation of network elements (e.g., 16 bits) to speed up

training and evaluation. Our work is orthogonal to network quantization as we

reduce overall training floating point operations during the training process to

demonstrate empirical results.

3.3.2 Initialization Time or Training-Time Pruning

Frankle and Carbin 2019 showed that a randomly initialized DNN contains a small

subnetwork which, if trained by itself, yields equivalent performance to the original

network. This foundational work led to the field of pruning at initialization and

pruning during training. Both fields attempt to reduce the training time of neural

networks by early pruning ineffective network elements. SNIP (N. Lee, Ajanthan, and

Torr 2019) and GraSP (Chaoqi Wang, G. Zhang, and Grosse 2020) perform pruning

of connection weights at initialization through a first-order and second-order saliency
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function, respectively. This technique was improved upon with IterSnip (Jorge et al.

2021) and SynFlow (Tanaka et al. 2020). PruneFromScratch (Yulong Wang et al.

2020) performs pruning at initialization to reduce training cost.

A somewhat related field is dynamic sparse reparameterization which performs

pruning and regrowing parameter weights during the training process (Bellec et

al. 2018; Dettmers and Zettlemoyer 2019; J. Liu et al. 2020; Mostafa and Xin

Wang 2019). Sparse evolutionary training (Mocanu et al. 2018) initializes networks

with sparse topology prior to training. Dai, Yin, and Jha 2019 proposed a grow-

and-prune approach to learn network architecture and connection layout. Other

works (Louizos, Welling, and Kingma 2018; Narang et al. 2017) have proposed

pruning using heuristics such as L0 norm regularization for DNNs and recurrent

neural networks.

Other works have also proposed model compression during training as a con-

strained optimization problem as part of a general framework encompassing pruning,

quantization, and low-rank decomposition (Idelbayev and Carreira-Perpiñán 2021a;

Idelbayev and Carreira-Perpiñán 2021b; Lym et al. 2019). Within the context of

our work in early pruning, we focus on minimizing test-time accuracy loss while

reducing training cost through pruning during training. We also offer a mechanism

to trade off between the metrics of test-time accuracy loss and training cost.

3.4 Policy Optimization

In this section, we cover the related work for Chapter 5. Chapter 5 concerns scaling up

High-Dimensional Bayesian Optimization for policy optimization problems. Bayesian
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Optimization is an approach to optimize black-box objective functions; however,

it suffers from the curse of dimensionality. Works in High-Dimensional Bayesian

Optimization focus on addressing this curse of dimensionality.

3.4.1 Approaches to Policy Optimization

Policy optimization focuses on optimizing a policy, which determines actions taken

by an agent or agents to achieve a goal (Rizk, Awad, and Tunstel 2018; Roijers

et al. 2013). A policy serves as a set of decision-making rules for an agent in some

environment. In such an environment, there are predefined states that give the agent

some reward. The study of policy optimization spans broad fields of study such as

Game Theory (Condon 1992; Hu and Wellman 2003) and Swarm Intelligence (Barca

and Sekercioglu 2013; Karaboga and Akay 2009). Subareas of note within policy

optimization are the Markov Decision Process (MDP) and Partially Observable

Markov Decision Process (POMDP) settings (Kaelbling, Littman, and Cassandra

1998). In both settings, a policy is optimized to accumulate maximum reward while

interacting with an environment (Shani, Pineau, and Kaplow 2013). In both MDP

and POMDP, approaches can be broadly categorized into direct policy search

and reinforcement learning methods. Direct policy search (Heidrich-Meisner and

Igel 2008; Lizotte et al. 2007; Martinez-Cantin 2017; Papavasileiou, Cornelis, and

Jansen 2021; Wierstra et al. 2008) searches the policy space in some efficient manner.

Reinforcement learning (Arulkumaran et al. 2017; Fujimoto, Hoof, and Meger 2018;

Haarnoja et al. 2018; Lillicrap et al. 2015; Lowe et al. 2017; Mnih, Kavukcuoglu,

Silver, Rusu, et al. 2015; Schulman et al. 2017) starts with a randomly initialized
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policy and reinforces rewarding behavior patterns to improve the policy.

3.4.2 Bayesian Optimization

Bayesian Optimization (BO) has been utilized for direct policy search in the low-

dimensional setting (Lizotte et al. 2007; A. Wilson, Fern, and Tadepalli 2014; Marco

et al. 2016; Martinez-Cantin 2017; Rohr et al. 2018). However, these approaches

have not scaled to the high-dimensional setting. Applying BO to policy optimization

is a nascent field. In more recent works, BO has been utilized to aid in local search

methods similar to reinforcement learning (Akrour et al. 2017; Eriksson et al. 2019a;

L. Wang, Fonseca, and Tian 2020; Fröhlich, Zeilinger, and Klenske 2021; Müller,

Rohr, and Trimpe 2021). BO for local search optimizes a black-box function by

repeatedly searching for a nearby policy that improves upon the current policy.

Here, black-box means the gradient of the reward with respect to the policy is not

available. The search for nearby policies is done through black-box queries of nearby

or similar policies. Recently, combinations of local and global search methods have

been proposed (McLeod, Roberts, and Osborne 2018; Shekhar and Javidi 2021a).

Typically, these approaches do not scale well to higher dimensions and lack thorough

validation on common reinforcement learning benchmarks.

Somewhat related to our work is the usage of higher-order feedback (e.g., gradi-

ents) from the function being optimized by BO. Several recent works have considered

BO under this additional constraint (Shekhar and Javidi 2021b; Ament and Gomes

2022a; Prakash et al. 2024). The key difference when compared to our work in BO

is we utilize higher-order feedback to learn the dependency structure, as opposed
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to using it directly for optimization. Furthermore, in practice, our approach only

requires the surrogate Hessian, which is readily available in the policy optimization

setting.

3.4.3 Multi-Agent Policy Optimization

Multi-Agent Policy Optimization is an intersectional field combining the field of

Multi-Agent Systems with Policy Optimization (Dorri, Kanhere, and Jurdak 2018).

Recently, this field has received significant interest from the machine learning

community. We give a brief and introductory survey of these works.

Multi-Agent Reinforcement Learning (MARL) is delineated into centralized

training and decentralized execution (CTDE) and centralized training and centralized

execution (Comm-MARL) (C. Zhu, Dastani, and S. Wang 2022). The difference

between these two approaches is whether agents are allowed to collaborate (i.e., in

Comm-MARL) during execution. In both CTDE and Comm-MARL, agents are

trained to learn a joint policy which considers the policy of other agents. However,

during execution, CTDE does not allow communication or information sharing

between agents for decision-making. The multi-agent interactions of CTDE methods

can be implicitly captured by learning approximate models of other agents (Lowe

et al. 2017; Foerster et al. 2018) or decomposing global rewards (Sunehag et al. 2017;

Rashid et al. 2018; Son et al. 2019). These approaches allow for better informed

decision-making during execution by modeling or inferring the behavior of other

agents without requiring communication. Several approaches exist in Comm-MARL

focusing on communication and interaction models between agents to allow for
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collaborative decision-making during execution. However, these methods do not

focus on how interactions are performed between agents (Shao et al. 2022; Y. Liu

et al. 2020; P. Peng et al. 2017; Das et al. 2019; A. Singh, Jain, and Sukhbaatar

2019). In MARL, the concept of role is often leveraged to enhance the flexibility of

behavioral representation while controlling the complexity of the design of agents

(Hoang M Le et al. 2017; Lhaksmana, Murakami, and Ishida 2018; T. Wang, H. Dong,

et al. 2020; T. Wang, Gupta, et al. 2021; C. Li et al. 2021). In role-based MARL,

agents take decisions based on their currently assigned role. This approach allows

for diversity in agent behavior on a per-role basis, while limiting the complexity of

the model by having fewer roles than agents.

Scalable MARL is a nascent field tackling the challenges of exponential increase

in the state and action space due to the multi-agent setting. A set of related

approaches is to assume independence between the actions of each agent and their

rewards (Claus and Boutilier 1998; Matignon, Laurent, and Fort-Piat 2012). Another

related technique is to utilize mean field approximation techniques, assuming each

agent interacts with the aggregated "mean" behavior of other agents (Zaman et al.

2020; Y. Yang et al. 2018). Another related approach is utilizing a predefined graph

structures to allow interaction between nearby agents (Qu, Y. Lin, et al. 2020; Qu,

Wierman, and N. Li 2020; Y. Lin et al. 2017), however, this approach does not

extend to time-varying, distant interactions between unrelated agents.
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Chapter 4

Pruning During Training by Net-
work Efficacy Modeling

4.1 Introduction

Deep neural networks (DNNs) are known to be overparameterized (Allen-Zhu,

Yuanzhi Li, and Liang 2019) as they usually have more learnable parameters than

needed for a given learning task. Consequently, a trained DNN contains many

ineffectual parameters that can be safely pruned or zeroed out with little effect on

its performance.

Pruning (LeCun, Denker, and Solla 1989) is an approach to alleviate overpa-

rameterization of a DNN by identifying and removing its ineffectual parameters

while preserving its predictive performance. Generally, pruning is applied to the

DNN after training to speed up test-time evaluation, or for deployment of the model

on resource-constrained devices (e.g., mobile phones, cameras, etc.). For standard

image classification tasks with MNIST, CIFAR-10, and ImageNet datasets, it can

reduce the number of learnable parameters by up to 50% or more with little to no

reduction in predictive performance (S. Han et al. 2015; H. Li et al. 2017; Molchanov
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et al. 2017; S. Lin et al. 2019).

However, applying pruning after training leads to considerable training cost being

wasted on training ineffectual DNN elements (e.g., connection weights, neurons,

or convolutional filters) which are eventually pruned. This problem is further

compounded by the development of larger network architectures, which are expensive

to train. These observations motivate the need of early pruning.

The objective of early pruning is to perform pruning during training for reducing

training cost while maintaining predictive performance given a fixed final network

sparsity (e.g., determined by the resource constraints of the deployment devices).

This necessitates consideration for both the test-time efficacy and training cost as

both metrics are highly desirable to users.

Related works in pruning during training (Lym et al. 2019) as well as prune and

regrow (Bellec et al. 2018; Dettmers and Zettlemoyer 2019; Mostafa and Xin Wang

2019) approaches do not jointly consider both competing metrics while offering a

fixed final network sparsity. Similarly, pruning at initialization (Jorge et al. 2021;

N. Lee, Ajanthan, and Torr 2019; Tanaka et al. 2020; Chaoqi Wang, G. Zhang,

and Grosse 2020) offers a method of reducing training cost, but does not consider

maintaining predictive performance. These approaches overly sacrifice test-time

efficacy by pruning at initialization when test-time network element efficacy is not

well known. Therefore, previous works do not offer a mechanism to trade off between

training cost and test-time efficacy according to user-defined sparsity objectives.

To offer a mechanism to trade off between training cost and test-time efficacy, a

number of technical challenges must be addressed by early pruning. Early pruning
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needs to minimize test-time efficacy, but pruning occurs during training when the

test-time element efficacy is unknown. Therefore, pruning decisions need to be based

on the inferred test-time network element efficacy. How to infer test-time network

element efficacy for making accurate early pruning decisions is an important question

that has not been addressed by related work. Secondly, building an inference model

requires collecting network efficacy observations during training which has its own

challenges. A more accurate model requires more observations to be collected, which

increases the training cost. Conversely, pruning with an inaccurate model incurs

lower DNN training cost but sacrifices predictive performance after training due to

the inaccurate model inference. Given this trade-off, when should an element that is

predicted to perform poorly be pruned? Finally, as both training cost and test-time

efficacy are important metrics to end users, how should these metrics be balanced

while addressing the above challenges?

To answer these questions, our work considers modeling the network element

efficacy during training and performing early pruning based on the inferred element

efficacy. In addition, our pruning decisions also depend on the confidence or certainty

of the inferences. A network element is pruned when a sufficiently high degree of

confidence is reached regarding its poor performance. To naturally trade off between

training cost and predictive performance, we formulate early pruning as a constrained

optimization problem and propose an efficient algorithm for solving it. The trade-

off is achieved by modulating the degree of confidence necessary before a poorly

performing element is pruned. Pruning with a high degree of confidence makes

fewer mistakes, yet requires collecting more observations. Conversely, pruning with
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a low degree of confidence makes more mistakes, yet requires fewer observations.

The training cost is correlated with the number of observations collected, therefore

reducing the confidence reduces the training cost. Within this approach, the specific

contributions of our work in this paper include:

• We pose early pruning as a constrained optimization problem to minimize

training cost while maintaining predictive efficacy by pruning during training

under a fixed final network sparsity (Section 4.3.1).

• We propose inferring the efficacy of DNN elements using a Multi-Output

Gaussian Process (MOGP) model which represents the belief of element

efficacy conditioned on efficacy measurements collected during training. This

approach not only identifies poorly performing elements but also provides

a measure of confidence by assigning a probabilistic belief to its prediction

(Section 4.3.2).

• We design a Bayesian early pruning (BEP) algorithm to allow trading off

between training cost and predictive efficacy (Section 4.3.3). To the best of

our knowledge, this is the first algorithm that can naturally satisfy a fixed

final network sparsity while achieving the trade-off between training cost vs.

predictive efficacy. Existing works either require fixed scheduled pruning

strategy or cannot achieve the fixed final network sparsity without tuning

parameters.

• We demonstrate strong performance improvements of our BEP algorithm when
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a large percentage of the network is pruned. This improvement is significant

as DNNs continue to grow in size and may require significant pruning to allow

training in a short time frame (Section 4.4).

Pruning typically relies on a measure of network element efficacy, which is termed

saliency (LeCun, Denker, and Solla 1989). The development of saliency functions is

an active area of research with no clear optimal choice. To accommodate this, our

algorithm is agnostic (and therefore flexible) to changes in saliency function. We

use BEP to prune neurons and convolutional filters and demonstrate its ability to

capture the trade-off between training cost vs. predictive efficacy.1

4.2 Preliminaries of Pruning

We define a dataset of D training examples with inputs X ≜ {x1, . . . ,xD} and

corresponding outputs Y ≜ {y1, . . . , yD}. The neural network being trained is

denoted with Nvt which is parameterized at time t ≤ T by a vector vt ≜ [va
t ]a=1..M

of M pruneable network elements (e.g., weight parameters, neurons, or convolutional

filters). The neural network undergoes a training process consisting of T iterations

of stochastic gradient descent (SGD). Let L(X ,Y;Nvt) be the loss function for

the neural network Nvt . The loss function behaves as a surrogate measure for its

predictive efficacy as network elements which reduce loss improve the predictive

efficacy. Pruning refines the network elements vt given some user-specified sparsity

budget B while preserving the accuracy of the neural network after convergence (i.e.,
1We have not considered pruning network connections since it cannot be easily capitalized

upon with performance improvements due to the difficulty of accelerating sparse matrix operations
with existing deep learning libraries (Buluç and Gilbert 2008; C. Yang, Buluç, and Owens 2018).
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NvT
). As shown by Molchanov et al. 2017, pruning can be stated as a constrained

optimization problem:

min
m∈{0,1}M

|L(X ,Y ;Nm⊙vT
)− L(X ,Y ;NvT

)| s.t. ∥m∥0 ≤ B

where ⊙ is the Hadamard product and m ≜ [ma]a=1..M is a pruning mask. Note

that we abuse the Hadamard product to ease notations. For a = 1, . . . ,M , ma × va
T

corresponds to pruning va
T if ma = 0, and keeping va

T otherwise. Pruning a network

element means zeroing the network element or the network element weight parameters.

Any weight parameters that use the output of the pruned network element are also

zeroed.

In the deep learning community, a common approach is to solve the above

combinatorial using a saliency function. A saliency function serves as a surrogate

measure for the efficacy of network elements at minimizing the loss function. A

network element with small saliency can be pruned since it is not salient/important

in minimizing the loss function. Consequently, pruning is performed by maximizing

the saliency of the network elements given the user-specified sparsity budget B:

max
m∈{0,1}M

M∑
a=1

mas(a;X ,Y ,NvT
,L) s.t. ∥m∥0 ≤ B (4.1)

where s(a;X ,Y ,NvT
,L) measures the saliency of va

T at minimizing L after conver-

gence through T SGD iterations. The above optimization problem (Eq. 4.1) can be

efficiently solved by greedily selecting the B most salient network elements in vT .

The construction of the saliency function has been discussed in many existing

works. Some works have derived the saliency function from first-order (LeCun,

Denker, and Solla 1989; Molchanov et al. 2017) and second-order (Hassibi and Stork
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Table 4.1: Summary of key notations.
Notation Description

M Total number of network elements in a neural network
T Total number of SGD iterations in the training procedure
sa

t Random variable denoting saliency of network element va
t at iteration t

st Random vector [sa
t ]Ma=1 denoting saliency of network elements vt at iteration t

sτ1:τ2 Random matrix [st]τ2
t=τ1

denoting saliency of network elements from iterations τ1 to τ2

s̃1:t Realization of s1:t denoting observed saliency measurements of network elements from iterations 1 to t

mt Vector of pruning mask at iteration t

Bs User-specified sparsity budget of the trained network
Bt,c User-specified training cost budget at iteration t

µa
t′|1:t Predictive mean of the saliency sa

t′ given observed saliency measurements s̃1:t from iterations 1 to t

σaa′

t′|1:t Predictive covariance of saliencies sa
t′ and sa′

t′ given observed saliency measurements s̃1:t from iterations 1 to t

1992; Chaoqi Wang, G. Zhang, and Grosse 2020) Taylor series approximations of L.

Other common saliency functions include L1 (H. Li et al. 2017) or L2 (Wen et al.

2016) norm of the network element weights, as well as mean activation (Polyak and

Wolf 2015). Our work here uses a first-order Taylor series approximation-based

saliency function defined for neurons and convolutional filters (Molchanov et al.

2017).2 Due to the first-order (i.e., gradient-based) approximation, this saliency

function has minimal memory and training cost overhead during DNN training.

However, our approach remains flexible to an arbitrary choice of saliency function.

For ease of reference, Table 5.1 summarizes the notations that will be used frequently

in the remaining sections of this paper.

4.3 Bayesian Early Pruning

4.3.1 Problem Formulation

Existing pruning works based on saliency function typically perform pruning after

training completion (i.e., Eq. 4.1) to speed up the test-time evaluation on resource-
2Appendix A.1 gives the implementation details of this saliency function.
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constrained devices. However, this approach wastes considerable time on training

network elements which are eventually pruned. To resolve this issue, we extend the

definition of the pruning problem (Eq. 4.1) along the temporal dimension to allow

network elements to be pruned during the training process consisting of T SGD

iterations.

Let the random variable sa
t ≜ s(a;X ,Y ,Nvt ,L) represent the saliency of network

element va
t after t SGD iterations. For t = 1, . . . , T , the random vector st ≜ [sa

t ]a=1..M

represents the saliency of network elements vt at SGD iteration t, and the random ma-

trix sτ1:τ2 ≜ [st]t=τ1..τ2 represents the saliency of all network elements from SGD iter-

ations τ1 to τ2. Our early pruning problem is formulated with the goal of maximizing

the saliency of the unpruned network elements after iteration T of SGD, yet allowing

for pruning at each iteration t given some training cost budget Bt,c for t = 1, . . . , T :

ρT (mT −1, BT,c, Bs) ≜ max
mT

mT · sT (4.2a)

s.t. ∥mT∥0 ≤ Bs (4.2b),mT ≤̇ mT −1 (4.2c) , BT,c ≥ 0 (4.2d)

ρt(mt−1, Bt,c, Bs) ≜ max
mt

Ep(st+1|s̃1:t) [ρt+1(mt, Bt,c − ∥mt∥0, Bs)] (4.3a)

s.t. mt ≤̇ mt−1 (4.3b)

where Bs is some user-specified sparsity budget of the trained network, s̃1:t is a

realization of s1:t representing the observed saliency measurements of all network

elements from iterations 1 to t. Furthermore, m0 is a M -dimensional vector of 1’s

representing all network elements being unpruned at initialization, and mt ≤̇ mt−1
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represents an element-wise inequality between mt and mt−1: ma
t ≤ ma

t−1 for a =

1, . . . ,M . At each iteration t, the saliency st is observed and mt ∈ {0, 1}M in

Eq. 4.3a represents a pruning decision performed to maximize the expected value of

ρt+1 with respect to the predictive belief of st+1 conditioned on observed saliency

measurements s̃1:t collected up to and including SGD iteration t. This recursive

structure terminates with the base case ρT where the saliency of the unpruned

network elements is maximized after T SGD iterations.

In the above formulation, constraints (4.2c) and 4.3b ensure that pruning is

performed in a practical manner whereby once a network element is pruned, it

can no longer be recovered in a later SGD iteration. The user specifies a sparsity

budget Bs (4.2b) which indicates the desired network size after training completion.

This constraint is important as training is often performed on GPUs for resource-

constrained devices (e.g., IoT devices or mobile phones) which can only support

networks of limited size. The user also specifies the total training cost budget Bt,c

for training from SGD iterations t to T , which is reduced by the number ∥mt∥0

of unpruned network elements per SGD iteration. The constraint BT,c ≥ 0 (4.2d)

ensures training completion within the specified training cost budget.

Here, we assume that a more sparse pruning mask mt corresponds to a lower

training cost effort at SGD iteration t due to fewer network elements being updated.

Finally, Eq. 4.2a maximizes the saliency with a pruning mask mT constrained by the

sparsity budget Bs (4.2b). Our formulation of the early pruning problem balances

the saliency of network elements after convergence (i.e., mT · sT ) against the total

training cost for training the network (i.e., ∑T
t=1∥mt∥0). This appropriately captures
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Neural Network

Pruning Model

SaliencyPrune

Figure 4.1: A visualization of the train-prune-train loop. A neural network is trained
while collecting network element saliency data. A pruning model is constructed
based on the collected saliency data and is used to prune the neural network. This
process then repeats until the desired neural network size is reached.

the balancing act of training-time early pruning whereby training cost is reduced

by early pruning network elements while preserving the saliency of the remaining

network elements after training completion. We visualize this pruning and training

loop in Fig. 4.1.

4.3.2 Modeling Saliency with Multi-Output Gaussian Pro-
cess

To solve the above early pruning problem, we model the belief p(s1:T ) such that

the predictive belief p(st+1:T | s̃1:t) of the future saliency st+1:T in Eq. 4.3a can be

inferred. A naive approach is to decompose the belief p(s1:T ) ≜
∏M

a=1 p(sa
1:T ) and

model the belief of the saliency sa
1:T ≜ [sa

t ]Tt=1 of each network element independently.

Independent modeling, however, ignores the co-adaptation and co-evolution of
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the network elements, which have been shown to be a common occurrence in

DNNs (Geoffrey E. Hinton, Srivastava, et al. 2012; Srivastava et al. 2014; Chaoqi

Wang, G. Zhang, and Grosse 2020). In addition, explicitly modeling the correlation

of the saliency between different network elements is non-trivial since considerable

feature engineering is needed to represent diverse network elements such as neurons,

connections, or convolutional filters.

To resolve such issues, we use a Multi-Output Gaussian Process (MOGP) model

to represent the belief p(s1:T ) of the saliency of all network elements from SGD

iterations 1 to T . Specifically, we assume that the saliency sa
t of network element

va
t at iteration t is a linear mixture of Q independent latent functions [uq(t)]q=1..Q:

sa
t ≜

∑Q
q=1 γ

a
q uq(t).3 If each uq(t) is an independent GP with prior mean of

zero and covariance kq(t, t′), then the resulting belief p(s1:T ) is a Multivariate

Gaussian with prior mean of zero and covariance determined by the mixing covariance

cov[sa
t , s

a′
t′ ] = ∑Q

q=1 γ
a
q γ

a′
q kq(t, t′). This explicit covariance between sa

t and sa′
t′ helps

to capture the co-evolution and co-adaptation of the network elements within the

DNN.

To capture the asymptotic trend of sa
1, . . . , s

a
T visualized in Fig. 4.2, we turn to

a kernel used for modeling decaying exponential curves known as the “exponen-

tial kernel” (Swersky, Snoek, and Ryan Prescott Adams 2014) and set kq(t, t′) ≜

βq
αq/(t+ t′ + βq)αq where the MOGP hyperparameters αq and βq can be learned

using maximum likelihood estimation (Álvarez and Lawrence 2011).
3Among the various types of MOGP models (see (Álvarez and Lawrence 2011) for a detailed

review), we have chosen such a linear model as its covariance between sa
t and sa′

t′ can be computed
analytically.
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Figure 4.2: (Top) Saliency of different convolutional filters over 150 SGD epochs for
a convolutional neural network trained on CIFAR-10 dataset. (Bottom) Function
samples drawn from a GP using the exponential kernel with varying hyperparameter
values. Both the saliency of different convolutional filters and the function samples
from the GP follow an asymptotic, exponentially decaying behavior.

Let the prior covariance matrix be Kτ1:τ2 ≜ [cov[sa
t , s

a′
t′ ]]a,a′=1,...,M

t,t′=τ1,...,τ2
for any 1 ≤

τ1 ≤ τ2 ≤ T . Then, given a matrix s̃1:t of observed saliency measurements (i.e., a

realization of s1:t), the MOGP regression model can provide a Gaussian predictive

belief p(st′ | s̃1:t) = N (µt′|1:t,Kt′|1:t) of any future saliency st′ with the following

posterior mean vector and covariance matrix:

µt′|1:t ≜ K[t′t]K
−1
1:t s̃1:t , Kt′|1:t ≜ Kt′:t′ −K[t′t]K

−1
1:t K⊤

[t′t]

where K[t′t] ≜ [cov[sa
t′ , sa′

τ ]]a,a′=1,...,M
τ=1,...,t . The a-th element µa

t′|1:t of µt′|1:t denotes the

predictive mean of the saliency sa
t′ for a = 1, . . . ,M (i.e., µt′|1:t ≜ [µa

t′|1:t]Ma=1), while

the [a, a′]-th element σaa′

t′|1:t of Kt′|1:t denotes the predictive covariance between the

saliencies sa
t′ and sa′

t′ for a, a′ = 1, . . . ,M (i.e., Kt′|1:t ≜ [σaa′

t′|1:t]Ma,a′=1).

4.3.2.1 On the Choice of the “Exponential Kernel”

We justify our choice of the exponential kernel as a modeling mechanism by pre-

senting visualizations of saliency measurements collected during training, and com-
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paring these to samples drawn from a GP using the exponential kernel kq(t, t′) ≜

βα/(t+ t′ + β)α. As shown in Fig. 4.2, both the saliency of various convolutional

filters and the function samples from the GP exhibit exponentially decaying behavior,

which makes the exponential kernel a suitable choice for modeling saliency evolution

over time.

We note that the exponential kernel was previously used by Swersky, Snoek,

and Ryan Prescott Adams 2014 to model loss curves. Similar to the saliency

measurement curves, loss curves also exhibit an asymptotic, exponentially decaying

behavior, which further justifies the exponential kernel to be a suitable choice for

our saliency modeling task.

4.3.3 Bayesian Early Pruning (BEP) Algorithm

Solving the above optimization problem (Eq. 4.2 and Eq. 4.3) is challenging due to

the interplay between [mt′ ]Tt′=t, [Bt′,c]Tt′=t, and mT · sT . To tackle this challenge, we

instead analyze a lower bound of ρt(·):

ρt(mt−1, Bt,c, Bs) = max
mt

Ep(st+1|s̃1:t) [ρt+1(mt, Bt,c − ∥mt∥0, Bs)]

≥ max
mt

Ep(sT |s̃1:t) [ρT (mt, Bt,c − (T − t)∥mt∥0, Bs)] .
(4.4)

We prove this lower bound in Appendix A.2. Substituting this lower bound,4 we

define ρ̂(·):

ρ̂t(mt−1, Bt,c, Bs) ≜ max
mt

Ep(sT |s̃1:t)[ρT (mt, Bt,c − (T − t)∥mt∥0, Bs)] . (4.5)
4We omit Eq. 4.3b as it is automatically satisfied due to our lower bound.
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This approach allows us to lift Eq. 4.2d from Eq. 4.2, to which we add a Lagrange

multiplier and achieve:

ρ̂t(mt−1, Bt,c, Bs) ≜ max
mt

Ep(sT |s̃1:t) [ρ̂T (mt, Bs)] + λt (Bt,c − (T − t)∥mt∥0) (4.6)

for t = 1, . . . , T − 1 and ρ̂T is defined as ρT without constraint 4.2d. Consequently,

such a ρ̂T can be solved in a greedy manner as in Eq. 4.1. Afterwards, we will

omit Bt,c as a parameter of ρ̂T as it no longer constrains the solution of ρ̂T . Note

that the presence of an additive penalty in a maximization problem is due to the

constraint BT,c ≥ 0⇔ −BT,c ≤ 0, which is typically expected prior to Lagrangian

reformulation.

To proceed with the analysis, we show the above optimization problem is submod-

ular in mt. In Eq. 4.6, the problem of choosing m from {0, 1}M can be considered

as selecting a subset A of indexes from {1, . . . ,M} such that ma
t = 1 for a ∈ A, and

ma
t = 0 otherwise. Therefore, P (m) ≜ Ep(sT |s̃1:t)[ρ̂T (m, Bs)] can be considered as a

set function which we show to be submodular.

Lemma 4.1. Let m′, m′′ ∈ {0, 1}M , and e(a) be an arbitrary M-dimensional

one hot vector with 1 ≤ a ≤ M with P (m) ≜ Ep(sT |s̃1:t)[ρ̂T (m, Bs)]. We have

P (m′∨e(a))−P (m′) ≥ P (m′′∨e(a))−P (m′′) for any m′ ≤̇m′′ when m′∧e(a) = 0M ,

and m′′ ∧ e(a) = 0M .

Here, ‘∨’ and ‘∧’ represent bitwise OR and AND operations, respectively. The

bitwise OR operation is used to denote the inclusion of e(a) in mt. The proof for

Lemma 4.1 is presented in Appendix A.3. Greedy approximations for submodular

optimization incur O(∥mt−1∥2
0) time, which remains far too slow due to the large
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number of network elements in DNNs. To overcome this, we leverage the strong

tail decay of multivariate Gaussian density p(sT | s̃1:t) to deliver an efficient ap-

proximation procedure. Our approach relies on the following lemma (its proof is in

Appendix A.4.):

Lemma 4.2. Let e(i) be a M -dimensional one-hot vectors with the ith element being

1. ∀ 1 ≤ a, b ≤ M,m ∈ {0, 1}M s.t.m ∧ (e(a) ∨ e(b)) = 0M . Given a matrix s̃1:t of

observed saliency measurements, if µa
T |1:t ≥ µb

T |1:t and µa
T |1:t ≥ 0, then

Ep(sT |s̃1:t)[ρ̂T (m ∨ e(b))]− Ep(sT |s̃1:t)[ρ̂T (m ∨ e(a))] ≤ µb
T |1:t Φ(ν/θ) + θ ϕ(ν/θ)

where θ ≜
√
σaa

T |1:t + σbb
T |1:t − 2σab

T |1:t , ν ≜ µb
T |1:t − µa

T |1:t , and Φ and ϕ are standard

normal CDF and PDF, respectively.

Lemma 4.2 indicates that, with high probability, opting for mt = m∨ e(a) is not

a much worse choice than mt = m ∨ e(b) given µa
T |1:t ≥ µb

T |1:t due to the strong tail

decay5 of ϕ and Φ. This admits the following approach to optimize ρ̂t: Starting with

mt = 0M , we consider the inclusion of network elements in mt by the descending

order of {µa
T |1:t}a = 1..M which can be computed analytically using MOGP. A

network element denoted by e(a) is included in mt if it improves the objective in

Eq. 4.5. The algorithm terminates once the highest not-yet-included element does

not improve the objective function as a consequence of the penalty term outweighing

the improvement in Ep(sT |s̃1:t)[ρ̂T ]. The remaining excluded elements are then pruned.

Following the algorithm sketch above, we define the utility of network element va
t

with respect to candidate pruning mask mt≤̇mt−1 which measures the improvement
5Note as µa

T |1:t ≥ µb
T |1:t, Φ(·) ≤ 0.5 and experiences tail decay proportional to µa

T |1:t − µb
T |1:t.
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in Ep(sT |s̃1:t)[ρ̂T ] as a consequence of inclusion of e(a) in mt:

∆(a,mt, s̃1:t, Bs) ≜ Ep(sT |s̃1:t)[ρ̂T (e(a) ∨mt, Bs)− ρ̂T (mt, Bs)]. (4.7)

In computing ∆(·), we take the expectation over the distribution p(sT | s̃1:t), which

utilizes both the predictive mean and variance of the network element. Consquently,

the confidence of the MOGP prediction is considered prior to pruning. We can

now take a Lagrangian approach to make pruning decisions during iteration t by

balancing the utility of network element va
t against the change of the penalty (i.e.,

λt(T − t)), as shown in Algorithm 1. Finally, we show how λt offers a probabilistic

guarantee in the poor performance of a pruned network element:

Lemma 4.3. Let e(∗) represent a pruned element at time t with the highest predictive

mean µ∗
T |1:t ≥ 0. Given an arbitrary pruned element e(a) at time t, then for all

δ ∈ (0, 1), the following holds:

p

(
ρ̂T (e(a) ∨mt, Bs)− ρ̂T (mt, Bs) <

λt

δ
(T − t+ ϵ)

)
> 1− δ

where ϵ ≜ λ−1
t

[
µa

T |1:tΦ(ν/θ) + θ ϕ(ν/θ)
]

with θ ≜
(
σ∗∗

T |1:t + σaa
T |1:t − 2σ∗a

T |1:t

)1/2
, and

ν ≜ µa
T |1:t − µ∗

T |1:t .

The proof of the above is in Appendix A.5. The above lemma shows that λt acts

as a probabilistic guarantee of the poor performance of a pruned network element.

A smaller λt offers a higher probability in the poor performance of an element prior

to pruning. Consequently, λt is inversely correlated with training cost where a lower

λt requires more training cost as fewer network elements are pruned. This offers a
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trade-off between training cost and test-time efficacy using the penalty parameter

λt.

Due to the relatively expensive cost of performing early pruning, we chose to

early prune every Tstep SGD iterations. Typically Tstep was chosen to correspond to

10-20 epochs of training. To compute ∆(·) we sampled from p(sT | s̃1:t) and used a

greedy selection algorithm per sample as in Eq. 4.1. During implementation, we also

enforced an additional hard constraint ∥mt∥0 ≥ Bs which we believe is desirable for

practicality reasons. We used a fixed value of B1,c = ∥m0∥0T0 +Bs(T − T0) in all

our experiments.

Algorithm 1 Bayesian Early Pruning
Require: N , v1, T , B1,c, Bs, λ, (LITE, B0) ▷ DNN N , Lagrangian penalties λ

1: if LITE then ▷ See Section 4.3.4.
2: s0 ← evaluate(Nv1) ▷ Evaluate saliency at initialization.
3: m0 ← arg maxm0∈{0,1}M

∑M
a=1 m0 · s0 subject to ∥m0∥0 ≤ B0

4: prune(v1,m0)
5: s̃1:T0 ← train(Nv1 , T0) ▷ Train for T0 iterations to create seed dataset.
6: BT0,c ← B1,c − T0 dim(v1) ▷ Track training cost expenditure.
7: for k ← 0, . . . , T −T0

Tstep
; t← T0 + kTstep do

8: µT |1:t, σT |1:t ←MOGP (s̃1:t) ▷ Train and perform inference.
9: sT ← argsort(−µT |1:t) ▷ Sort descending.

10: mt ← 0dim(vt) ▷ Initial pruning mask.
11: for a← s1

T , . . . , s
dim(vt)
T do ▷ Consider each network element.

12: if Bt,c − (T − t)∥mt∥0 > 0 then
13: mt = mt ∨ e(a)

14: else if ∆(a,mt, s̃1:t, Bs) ≥ λt(T − t) then ▷ Utility vs. penalty.
15: mt = mt ∨ e(a)

16: else
17: break
18: prune(vt,mt) ▷ dim(vt) is reduced here.
19: Bt+Tstep,c ← Bt,c − Tstep∥mt∥0
20: s̃t+1:t+Tstep ← train(Nvt , Tstep) ▷ Continue training.
21: return N
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4.3.4 BEP-LITE

We further reduce the training cost of BEP by combining with pruning at initial-

ization. This combination is motivated by noticing that pruning at initialization

methods (N. Lee, Ajanthan, and Torr 2019; Chaoqi Wang, G. Zhang, and Grosse

2020) implicitly utilize the following predictive model of saliency:

p(sT ) ≜ δ(s0) (4.8)

where δ represents the Dirac delta function. We observe in validation that this

predictive model is effective to identify the poorest performing elements.6 Thus, we

may prune at initialization by solving the following optimization problem:

max
m0∈{0,1}M

M∑
a=1

m0 · s0 subject to ∥m0∥0 ≤ B0 (4.9)

where B0 ≥ Bs and is chosen to yield 10%-20% training cost overhead over pruning at

initialization. Consequently, pruning at initialization is used as a permissive heuristic

to determine m0, with the remainder of the pruning decisions made using BEP as

in Algorithm 1. This fusion of techniques, which we term BEP-LITE, significantly

reduces training cost without adversely affecting test performance (Section 4.4).

4.3.5 Dynamic Penalty Scaling

In BEP, each optimization problem ρ̂t(·) has a corresponding Lagrange multiplier λt.

This requires several hyperparameters, one for each pruning iteration. Optimizing

these hyperparameters is costly, and thus undesirable. Due to this, we propose
6See Section 4.4.1.3 for verification.
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determining λt dynamically using a feedback loop utilizing a singular Lagrange

multiplier λ.

A proportional feedback loop can be defined as follows7:

λt ≜ λ+Kp × e(t) (4.10)

where Kp ≥ 0 is a proportional constant which modulates λt according to a signed

measure of error e(·) at time t. Note that λt ≥ λ as e(t) ≥ 0, and the opposite occurs

if e(t) ≤ 0, which allows the error to serve as feedback to determine λt. Implicitly,

λt asserts some control over e(t+ 1) and closes the feedback loop.

Traditional approaches to determine Kp do not work in our case as λ may vary

over several orders of magnitude. Consequently, a natural choice for Kp is λ itself

which preserves the same order of magnitude between Kp and λ:

λt = λ+ λ× e(t) = λ(1 + e(t)). (4.11)

Here we make two decisions to adapt the above to our task. First, as λ is likely to

be extremely small, we use exponentiation, as opposed to multiplication. Secondly

as λ ≤ 1 in practice, we use 1− e(t) as an exponent:

λt = λ∧ [1− e(t)] = λ [(1/λ) ∧e(t)] . (4.12)

The above equation is complete with our definition of e(t):

e(t) ≜ (T − t)∥mt∥0/Bt,c − 1. (4.13)

The signed error is determined by the discrepancy between the anticipated compute

required to complete training (T − t)∥mt∥0, vs. the remaining budget Bt,c with
7This approach is inspired from proportional-integral-derivative (PID) controllers (Bellman

2015), see Åström et al. 1993 for an introductory survey.

50



CHAPTER 4. PRUNING DURING TRAINING BY NETWORK EFFICACY
MODELING

Conv2D (32) Conv2D (32) MaxPool2D Conv2D (64) Conv2D (64)

MaxPool2D Dense (512) Dense (10)

Dropout

Dropout Dropout

Figure 4.3: Small scale model neural network architecture for CIFAR-10. Paren-
theticals indicate the number of convolutional filters, or neurons in a layer. The
receptive field size for convolution is (3, 3), Max Pooling is done with receptive field
size (2, 2).

e(t) = 0 if the two are equal. This is a natural measure of feedback for λ as we

expect the two to be equal if λ is serving well to early prune the network.

4.4 Experiments

This section empirically validates the efficacy of our proposed methods. In particular,

we will demonstrate: (a) The effectiveness of our MOGP modeling approach at

inferring future saliency measurements; (b) The early pruning performance of BEP

compared to related works and the trade-off between training cost vs. test-time

efficacy; and (c) The robustness of the BEP performance in its hyperparameter

tuning.

To avoid the large cost in validating the above contributions in various settings,

we first evaluate our saliency modeling approach as well as our BEP and BEP-LITE

algorithms using a small-scale network: a CNN model trained on the CIFAR-10, and

CIFAR-100 dataset. The model architecture is presented in Fig. 4.3 and consists of

4 convolutional layers followed by a fully connected layer. MaxPooling and Dropout

is also utilized in the architecture, similar to VGG-16 (Simonyan and Zisserman

2015b).

51



CHAPTER 4. PRUNING DURING TRAINING BY NETWORK EFFICACY
MODELING

The proposed BEP algorithm is compared with several pruning methods applied

at initialization stage: (a) Random: Random pruning; (b) SNIP (N. Lee, Ajanthan,

and Torr 2019); (c) GraSP (Chaoqi Wang, G. Zhang, and Grosse 2020); (d) PFS :

PruneFromScratch (Yulong Wang et al. 2020); and (e) EagleEye (B. Li et al. 2020):

A pruning-after-training approach which is applied to the initialization stage for

comparison.

Following the small scale experiments, we apply BEP and BEP-LITE to

prune ResNet-50 on the ImageNet dataset and compare against related works.

For our ResNet-50 we compare against (a) IterSnip (Jorge et al. 2021); and (b):

SynFlow (Tanaka et al. 2020) as well as previously mentioned related works. Our

ResNet-50 validation shows that BEP is able to train networks with higher accuracy

when compared to related work. Furthermore, utilizing the BEP-LITE heuristic,

these networks can be trained with only a small amount of training cost overhead

when compared to pruning at initialization.

In this work, we use training FLOPs to measure training cost. Due to the

continued growth in training cost of DNNs, we focus on the task of pruning a large

percentage of the DNN. Due to the cubic time complexity of fitting MOGPs, we

used a variational approximation (Hensman, A. Matthews, and Ghahramani 2015).

In all of our models, we used 60 variational inducing points per latent function. The

GPflow library (A. Matthews et al. 2017) is used to build our MOGP models.

52



CHAPTER 4. PRUNING DURING TRAINING BY NETWORK EFFICACY
MODELING

Table 4.2: Comparing log-likelihood (standard error) of test data for independent
GPs (GP) vs. MOGP with n latent functions (n-MOGP) on different size of
collected saliency measurements from CIFAR-10 and CIFAR-100 training. The
log-likelihoods are given as a multiple of −104 (lower is better). MOGP outperforms
GP, particularly on the small dataset. Using additional latent functions improves
MOGP modeling with diminishing returns. The large dataset is easier to model due
to an overabundance of data, thus MOGP may show limited improvement due to
task simplicity (e.g., see Layer (Lyr) 3, Large dataset). Results are averaged over 20
runs. Extremely large values are due to the GP model being unable to fit the data.

CIFAR-10
Small dataset Medium dataset Large dataset

Lyr 1 Lyr 2 Lyr 3 Lyr 1 Lyr 2 Lyr 3 Lyr 1 Lyr 2 Lyr 3
GP 1.19(0.5) 1.08(0.06) 1.07(1.07)e5 0.96(0.04) 0.93(0.03) 2.47(0.04) 0.49(0.01) 0.48(0.01) 1.33(0.02)

4-MOGP 1.15(0.05) 0.89(0.06) 2.44(0.05) 0.91(0.02) 0.80(0.03) 2.20(0.03) 0.38(0.02) 0.39(0.02) 1.25(0.02)
8-MOGP 1.09(0.04) 0.86(0.05) 2.38(0.04) 0.84(0.03) 0.78(0.03) 2.16(0.03) 0.32(0.01) 0.35(0.02) 1.20(0.02)

18-MOGP 0.97(0.04) 0.80(0.05) 2.33(0.04) 0.89(0.03) 0.76(0.03) 2.13(0.03) 0.31(0.01) 0.35(0.02) 1.20(0.02)
32-MOGP 0.96(0.06) 0.81(0.06) 2.32(0.04) 0.79(0.03) 0.74(0.03) 2.13(0.03) 0.31(0.01) 0.34(0.02) 1.20(0.02)

CIFAR-100
Small dataset Medium dataset Large dataset

Lyr 1 Lyr 2 Lyr 3 Lyr 1 Lyr 2 Lyr 3 Lyr 1 Lyr 2 Lyr 3
GP 0.75(0.06) 5.7(5.7)e4 5.6(5.6)e4 0.64(0.04) 0.70(0.04) 2.13(0.05) 3.4(3.4)e3 0.31(0.02) 1.06(0.02)

4-MOGP 0.79(0.05) 0.98(0.12) 3.13(0.10) 0.44(0.04) 0.60(0.10) 2.29(0.06) 0.12(0.01) 0.24(0.03) 1.07(0.03)
8-MOGP 0.65(0.05) 0.89(0.11) 3.00(0.09) 0.38(0.04) 0.60(0.10) 2.20(0.06) 0.10(0.01) 0.18(0.01) 1.02(0.03)

18-MOGP 0.62(0.05) 0.84(0.11) 2.93(0.10) 0.36(0.03) 0.56(0.10) 2.22(0.07) 0.09(0.01) 0.18(0.01) 1.01(0.03)
32-MOGP 0.65(0.05) 0.85(0.09) 2.89(0.10) 0.36(0.03) 0.59(0.10) 2.16(0.06) 0.09(0.02) 0.18(0.01) 1.00(0.03)

4.4.1 Small-Scale Experiments

4.4.1.1 Saliency Modeling Evaluation

A key assertion in our approach is the importance of inferring the future saliency

of network elements given a dataset of past saliency measurements. This inference

process is important because it underpins the pruning decisions made by BEP. To

verify that our MOGP approach demonstrates strong performance at this task,

we compare MOGP vs. GP belief modeling with GP assuming independence in

saliency measurements across network elements (i.e., p(s1:T ) ≜
∏M

a=1 p(sa
1:T )). To

validate this assertion, we collect saliency measurements of convolutional filters and

neurons (network elements) by instrumenting the training process of our Small scale

CNN model on the CIFAR-10/CIFAR-100 dataset.8 We train the belief models
8Complete experimental setups are detailed in Appendix A.7.1.
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Figure 4.4: Visualization of qualitative differences between GP and MOGP predic-
tion. Top: GP. Bottom: 18-MOGP. Dataset is separated into training (green) set of
observations and future saliency forms the validation (blue) set. Posterior belief of
the saliency is visualized as predictive mean (red line), and 95% confidence interval
(error bar).In many cases (e.g., top left graph), GP is unable to predict the long
term trends of the data due to irregular element saliency observations. However,
MOGP is able to overcome data irregularities by utilizing correlations between
saliency of the network elements.

with a small (t = [0, 26] epochs), medium (t = [0, 40] epochs), and large (t = [0, 75]

epochs) training dataset of saliency measurements. For GPs, a separate model

was trained per network element (convolutional filter, or neuron). For MOGP, all

network elements in a single layer shared one MOGP model. We measure these

models’ performance at inferring the future (unobserved) saliency measurements

using log-likelihood and present the results in Table 4.2 for CIFAR-10 and CIFAR-

100. Our MOGP approach better approximates the future saliency of network

elements than a GP approach. In addition, increasing the size of the training dataset

(e.g., from small to large) significantly improves the log-likelihood. A larger dataset

is more accurate for pruning decisions, but collecting a larger dataset incurs more

training cost. This is consistent with our focus on the trade-off between training

cost vs. test-time efficacy.

We visualize the qualitative differences between GP and MOGP prediction in
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Figure 4.5: Comparing dynamic penalty scaling vs. static on pruning tasks on
CIFAR-100 CNN training. Dynamic penalty scaling encourages gradual pruning
across a wide variety of settings of λ.

Fig. 4.4. We observe that MOGP is able to capture the long term trend of saliency

curves with significantly less data than GP. In many cases, GP is unable to predict

the long term trends of the data due to irregular element saliency observations.

However, MOGP is able to overcome data irregularities by utilizing correlations

between saliency of the network elements.

4.4.1.2 Dynamic Penalty Scaling

We applied the early pruning algorithm on the aforementioned architecture, and

training regimen. We investigated the behavior of the penalty parameter, λ. We

compare dynamic penalty scaling, and penalty without scaling in Fig. 4.5 using

T0 = 20 epochs, Tstep = 10 epochs for two pruning tasks. Dynamic penalty scaling

encourages gradual pruning across a wide variety of settings of λ. We use dynamic

penalty scaling in the remainder of our validation.
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Figure 4.6: Correlation between saliency of network elements at initialization, and
saliency of network elements after training. Top: CIFAR-10, Bottom: CIFAR-100.
Left-to-right: Layers 1 through 5 of the convolutional neural network.

4.4.1.3 BEP-LITE Heuristic

For BEP-LITE we utilize the following predictive model of saliency

p(sT ) ≜ δ(s0) (4.14)

where δ represents the Dirac delta function. To verify the effectiveness of this

model as a permissive heuristic for BEP, we plot the relation between saliency at

initialization and after training completion.

Using the same experimental setup as Section 4.4.1.1, we plot the saliency

measurements collected at initialization and after training completion. This is

presented in Fig. 4.6. Saliency at initialization well correlates with saliency after

training, hence demonstrating the validity of our heuristic. Following this observation,

we utilize the above predictive model as a permissive heuristic applied at initialization

to speed up the BEP algorithm. We utilize the GraSP (Chaoqi Wang, G. Zhang,

and Grosse 2020) heuristic for initialization pruning in BEP-LITE due to its strong

empirical performance.
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Table 4.3: Performance (standard error) of the tested algorithms with varying
inference FLOPs (percentage of pruned FLOPs) for CIFAR-10 and CIFAR-100 on
the small scale CNN model. The BEP is tested with varying penalty: λ = 1e−2,
1e−4, and 1e−7. Unpruned baseline train and inference FLOPs are 1.9e13 and 2.5M,
respectively.

CIFAR-10 (Small scale CNN model)
223K Inference FLOPs (91%) 95K Inference FLOPs (96.2%) 24K Inference FLOPs (99.0%) 6K Inference FLOPs (99.8%)

Val Acc Train FLOPs Val Acc Train FLOPs Val Acc Train FLOPs Val Acc Train FLOPs
Random 72.3(0.6)% 1.7e12 66.5(0.7)% 7.1e11 41.4(7.9)% 1.8e11 14.5(4.5)% 4.6e10

SNIP 75.4(4.7)% 1.7e12 67.7(0.7)% 7.1e11 50.8(0.8)% 1.8e11 29.4(4.9)% 4.6e10
GraSP 74.6(0.6)% 1.7e12 66.5(0.9)% 7.1e11 50.7(0.6)% 1.8e11 32.9(1.0)% 4.6e10

PFS 71.3(2.0)% 1.7e12 59.9(5.8)% 7.1e11 43.3(2.5)% 1.8e11 31.7(1.7)% 4.6e10
EagleEye 60.9(7.5)% 1.7e12 44.6(11.3)% 7.1e11 47.8(7.8)% 1.8e11 28.7(4.5)% 4.6e10

BEP 1× 10−2 75.9(0.3)% 4.0e12(9.5e10) 69.7(0.4)% 3.1e12(2.1e9) 54.8(1.0)% 2.6e12(4.1e9) 18.9(5.4)% 2.5e12(2.2e10)
BEP 1× 10−4 75.4(1.7)% 4.3e12(3.7e10) 70.5(3.2)% 3.3e12(3.3e10) 55.7(0.9)% 2.6e12(8.4e9) 36.1(1.1)% 2.5e12(2.0e9)
BEP 1× 10−7 76.0(0.1)% 4.5e12(1.4e11) 70.6(0.2)% 3.4e12(6.6e10) 56.2(0.4)% 2.7e12(1.4e10) 30.4(5.1)% 2.5e12(2.2e9)

CIFAR-100 (Small scale CNN Model)
251K Inference FLOPs (89.4%) 113K Inference FLOPs (95.7%) 33K Inference FLOPs (98.8%) 10K Inference FLOPs (99.6%)

Val Acc Train FLOPs Val Acc Train FLOPs Val Acc Train FLOPs Val Acc Train FLOPs
Random 27.8(6.7)% 1.9e12 27.1(0.7)% 8.5e12 3.7(2.7)% 2.5e11 1.0(0.0)% 8.0e10

SNIP 22.9(9.0)% 1.9e12 15.7(6.1)% 8.5e12 9.0(3.7)% 2.5e11 2.2(1.2)% 8.0e10
GraSP 28.4(7.0)% 1.9e12 22.6(5.4)% 8.5e12 13.9(3.2)% 2.5e11 1.0(0.0)% 8.0e10

PFS 37.3(0.9)% 1.9e12 26.9(4.0)% 8.5e12 19.3(2.4)% 2.5e11 8.5(0.7)% 8.0e10
EagleEye 19.8(12.0)% 1.9e12 20.2(7.1)% 8.5e12 12.6(2.6)% 2.5e11 4.7(2.2)% 8.0e10

BEP 1× 10−2 40.6(0.2)% 4.2e12(4.8e9) 32.2(0.6)% 3.3e12(2.2e9) 19.1(0.5)% 2.8e12(4.3e8) 7.1(1.6)% 2.7e12(1.3e9)
BEP 1× 10−4 41.3(0.3)% 4.6e12(3.7e10) 32.4(0.3)% 3.5e12(2.3e10) 19.7(0.8)% 2.9e12(6.5e10) 8.5(0.8)% 2.7e12(4.7e10)
BEP 1× 10−7 40.6(0.2)% 4.8e12(1.0e11) 33.0(0.5)% 3.5e12(5.9e10) 19.5(0.5)% 2.9e12(1.2e10) 6.6(1.5)% 2.7e12(5.2e9)

4.4.1.4 BEP on CIFAR-10/CIFAR-100 Dataset

We apply the tested algorithms to prune a portion of filters/neurons of each layer9

and evaluate their performance with various degrees of pruning percentage. As

shown in Table 4.3, our approach better preserves performance at equivalent pruning

percentage. A lower penalty λ yields higher performing results but larger training

FLOPs, which shows that λ in BEP serves well at balancing predictive performance

vs. training cost. A clear superiority of BEP in validation accuracy can be observed

when the pruning percentage is large (i.e., right column of Table 4.3). Although

PruneFromScratch (Yulong Wang et al. 2020) demonstrates comparable performance

to BEP in some cases, we show in more complex experiments (Section 4.4.2) a
9We do pruning per layer instead of across the whole network since the saliency measurement

has been known to not work well in comparing network element efficacy across layers (see Appendix
A.1 and A.2 of (Molchanov et al. 2017) and Section 3 of (Chaoqi Wang, G. Zhang, and Grosse
2020)). Developing novel saliency functions which overcome this shortcoming is outside the scope
of this work.
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Table 4.4: Ablation study showing validation accuracy (standard error) with varying
early pruning hyperparameters: MOGP variational inducing points (Ind. pnts.),
MOGP latent functions (Lat. func.), and Tstep. Default setting for hyperparameters
are 60, 1.0×, and 10 respectively. Outside of the highest sparsity setting (6K Inf.
FLOPs), the validation accuracy of DNN is robust to changes of all hyperparameters,
with mild degradation observed in the extremal settings.

CIFAR-10 CIFAR-100
95K Inf. 24K Inf. 6K Inf. 95K Inf. 24K Inf. 6K Inf.

Ind. pnts.

1 70.2(0.3)% 55.6(0.3)% 32.1(0.5)% 31.7(0.6)% 19.1(0.2)% 6.6(1.2)%
2 70.4(0.2)% 55.8(0.3)% 35.4(0.2)% 33.3(0.4)% 18.8(0.2)% 8.0(0.2)%
5 70.5(0.2)% 56.3(0.2)% 35.9(0.2)% 32.9(0.2)% 19.3(0.3)% 4.7(1.3)%

10 70.4(0.5)% 56.1(0.4)% 30.6(4.7)% 32.6(0.4)% 19.1(0.6)% 7.4(1.5)%
26 69.6(0.4)% 56.8(0.2)% 29.7(4.9)% 31.7(0.6)% 19.2(0.5)% 8.3(0.7)%
40 70.9(0.1)% 55.6(0.6)% 30.5(5.1)% 32.3(0.7)% 19.6(0.3)% 6.6(1.4)%
60 70.5(3.2)% 55.7(0.9)% 36.1(1.1)% 32.4(0.3)% 19.7(0.8)% 8.5(0.8)%
90 70.4(0.3)% 55.1(0.7)% 35.5(1.9)% 32.6(0.4)% 18.5(0.6)% 8.7(0.3)%

Lat. func.

0.10× 70.1(0.3)% 55.3(0.7)% 30.9(4.7)% 31.8(0.4)% 20.2(0.2)% 5.9(1.8)%
0.15× 70.6(0.2)% 55.1(0.4)% 25.9(5.8)% 32.1(0.3)% 20.2(0.2)% 6.5(1.3)%
0.20× 69.8(0.1)% 56.0(0.3)% 20.4(5.7)% 33.3(0.2)% 19.3(0.5)% 4.7(1.3)%
0.25× 70.4(0.4)% 55.6(0.8)% 35.8(0.2)% 32.6(0.3)% 16.3(3.8)% 7.4(1.8)%
0.50× 70.0(0.2)% 56.9(0.4)% 34.5(0.6)% 32.1(0.5)% 18.9(0.7)% 7.0(1.5)%
1.0× 70.5(3.2)% 55.7(0.9)% 36.1(1.1)% 32.4(0.3)% 19.7(0.8)% 8.5(0.8)%
2.0× 69.8(0.3)% 55.7(0.7)% 34.8(0.5)% 32.0(0.4)% 20.8(0.2)% 7.7(0.4)%

Tstep

2 69.2(0.5)% 54.7(0.6)% 29.4(5.0)% 32.1(0.2)% 20.0(0.3)% 4.3(1.5)%
5 70.3(0.2)% 55.6(0.5)% 31.6(5.4)% 32.7(0.4)% 19.4(0.4)% 5.2(1.8)%

10 70.5(3.2)% 55.7(0.9)% 36.1(1.1)% 32.4(0.3)% 19.7(0.4)% 8.5(0.8)%
20 70.3(0.2)% 56.2(0.1)% 29.8(5.0)% 32.8(0.5)% 19.6(0.4)% 6.8(1.5)%
40 70.8(0.3)% 55.5(0.6)% 34.6(0.5)% 32.8(0.2)% 18.9(0.4)% 8.3(0.5)%
80 72.0(0.3)% 58.4(1.8)% 39.2(6.6)% 33.9(0.5)% 22.3(0.7)% 9.5(0.8)%

100 74.3(0.4)% 62.4(0.6)% 36.7(6.4)% 37.1(0.2)% 24.6(0.4)% 9.4(2.0)%

significant performance gap emerges. Although BEP incurs larger training FLOPs

than other tested algorithms, we can further reduce the training cost via BEP-LITE

as will be shown in Section 4.4.2. EagleEye achieves much lower validation accuracy

than other tested algorithms, which implies that an after training pruning method

typically does not work well when applied to the initialization stage for reducing

training cost.

58



CHAPTER 4. PRUNING DURING TRAINING BY NETWORK EFFICACY
MODELING

4.4.1.5 Establishing Robustness through Ablation Study

The objective of BEP is to reduce the cost for DNN training. As such, hyperpa-

rameter tuning of BEP on a per DNN architecture basis is not feasible due to its

expensive cost. Thus, we check the robustness of BEP and MOGP hyperparameters

in this section, which demonstrates that tuning is not necessary on a per DNN

architecture basis.

We vary the number of MOGP variational inducing points, MOGP latent

functions as well as Tstep. Under these varying conditions we test the performance

of BEP 1× 10−4 on CIFAR-10/CIFAR-100 at 95K, 24K, and 6K inference FLOPs

with our small scale CNN model. As shown in Table 4.4, we observe that in

general, the validation accuracy of the pruned DNN is robust to the changes of all

hyperparameters. Degradation is observed in extremal hyperparameter settings.

Reducing the inducing points, and latent functions has a strong effect on the

effectiveness of the algorithm in the extremal setting (e.g., 6K Inf. FLOPS and

minimal inducing points or latent functions). However, this can be easily avoided

in practice. Pruning with a large Tstep offers improved performance, however

this correspondingly increases training cost. The hyperparameter robustness in

our approach demonstrates the feasibility of applying BEP to “never-before-seen”

network architectures and datasets without additional hyperparameter tuning.

4.4.2 ResNet Early Pruning

We train ResNet-50 with BEP and other tested algorithm for 100 epochs on 4×

Nvidia Geforce GTX 1080Ti GPUs. More experimental details can be found in
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Table 4.5: BEP and BEP-LITE vs. related work for ResNet-50 on ImageNet dataset.
We vary the inference FLOPs (percentage of pruned FLOPs) of the model after
training. ‘Model’ refers to all inclusive overhead of the pruning algorithm. PFS
algorithm failed to prune to the desired sparsity in the unlisted scenarios. Unpruned
baseline train and inference FLOPs are 9.3e17 and 7.3e9, respectively.

ResNet-50
9.7e8 Inf. FLOPs (86.7%) 4.4e8 Inf. FLOPs (94.0%) 4.2e8 Inf. FLOPs (94.3%) 1.7e8 Inf. FLOPs (97.7%)
Acc Train FLOPs Model Acc Train FLOPs Model Acc Train FLOPs Model Acc Train FLOPs Model

Random 69.2% 1.2e17 0.0h 51.6% 5.7e16 0.0h 35.7% 5.4e16 0.0h 34.3% 2.3e16 0.0h
SNIP 69.3% 1.2e17 0.7h 50.9% 5.7e16 0.7h 35.1% 5.4e16 0.7h 31.8% 2.3e16 0.7h

GraSP 69.3% 1.2e17 2.7h 52.2% 5.7e16 2.7h 36.7% 5.4e16 2.7h 34.1% 2.3e16 2.7h
IterSNIP 0.4% 1.2e17 1.4h 0.4% 5.7e16 1.4h 0.5% 5.4e16 1.4h 0.4% 2.3e16 1.4h
SynFlow 32.3% 1.2e17 1.2h 0.3% 5.7e16 1.2h 0.1% 5.4e16 1.2h 0.1% 2.3e16 1.2h

PFS 60.3% 1.2e17 1.6h - - - - - - - - -
EagleEye 26.1% 1.2e17 18h 36.6% 5.7e16 18h 24.1% 5.4e16 18h 26.6% 2.3e16 18h

BEP-LITE 1× 10−4 69.7% 1.4e17 2.6h 53.7% 6.6e16 2.9h 39.5% 6.2e16 2.8h 37.0% 2.6e16 2.4h
BEP 1× 10−4 70.0% 2.2e17 1.9h 53.5% 1.7e17 2.4h 40.0% 1.6e17 2.3h 36.1% 1.3e17 1.6h

ResNet-50 (Compare with PruneTrain)
1.4e9 Inf. FLOPs (80.7%) 5.4e8 Inf. FLOPs (92.6%) 1.3e8 Inf. FLOPs (98.2%) 3.0e7 Inf. FLOPs (99.6%)

PruneTrain 69.2% 2.9e17 0.0h 60.6% 2.0e17 0.0h 40.6% 7.2e16 0.0h 8.3% 5.8e16 0.0h
BEP-LITE 1× 10−4 71.4% 1.4e17 2.4h 66.3% 6.6e16 2.9h 53.8% 6.2e16 2.6h 20.6% 2.6e16 1.9h

BEP 1× 10−4 71.6% 2.4e17 2.8h 66.8% 1.7e17 3.0h 53.6% 1.6e17 1.9h 20.6% 1.3e17 1.7h

Appendix A.7.1. We used λ = 1e−4 because of its strong performance in our smaller

scale experiments. As can be observed in Table 4.5, the proposed methods achieve

higher validation accuracy than other tested algorithms, with BEP-LITE showing

only a modest 15% increase in training FLOPs over pruning at initialization. BEP-

LITE achieves a 85% training cost reduction over BEP for 1.7e8 inference FLOPs

while achieving superior validation accuracy. The modeling and pruning overhead of

our algorithm is comparable to other tested algorithms. PruneFromScratch (Yulong

Wang et al. 2020) shows severe degradation when compared to BEP in the 86.7%

pruned FLOPs experiment, and fails to prune altogether in higher sparsity settings.

IterSnip (Jorge et al. 2021) and SynFlow (Tanaka et al. 2020) are unable to prune

effectively at high pruning ratios, with severe degradation observed in all tested

scenarios. EagleEye continues showing poor performance, which demonstrates the

inability of pruning-after-training techniques to be applied to the early pruning

problem. In particular, BEP and BEP-LITE significantly outperforms competing
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Table 4.6: Timing evaluation. Overhead time consists of disk I/O, and image
decoding. Unpruned baseline is 47h wall-clock and 31h GPU time.

ResNet-50 (Timing)
86.7% 94.0% 94.3% 97.7% 86.7% 94.0% 94.3% 97.7%

BEP-LITE
GPU 12.2h 6.9h 6.4h 3.8h

BEP
GPU 14.6h 9.2h 9.2h 7.1h

Wall-clock 27.8h 22.6h 22.4h 19.4h Wall-clock 30.2h 25.2h 24.9h 22.7
Overhead 15.6h 16.0h 15.8h 15.6h Overhead 15.6h 15.9h 15.8h 15.6h
Model 2.6h 2.9h 2.8h 2.4h Model 1.9h 2.4h 2.3h 1.6h

approaches at larger pruning ratios. This improvement is crucial as DNNs continue

to grow in size and require considerable pruning to allow training and inference on

commodity hardware. We note that PruneTrain does not provide a mechanism to

constrain the trained network size; see constraint 4.2b. To compare with PruneTrain,

we train ResNet-50 under varying pruning settings offered by PruneTrain. After

training is completed for these networks, we train equivalent inference cost networks

using BEP.

4.4.3 Training-Time Improvements and Discussion

Our approach delivers training time improvements in wall-clock time. In Table 4.6

we show the GPU, wall-clock, overhead, and model time for BEP and BEP-LITE

on the ResNet-50 pruning tasks. GPU training time speedup is correlated with

the size of the model after training completion. BEP-LITE delivers improved

performance in wall-clock and GPU time. This improvement is delivered with no

significant loss of performance after training when compared to BEP.

The measured wall-clock time is significantly higher than GPU time due to

the disk read time overhead and image decoding overhead of training. The GPU

time reduction is well correlated with the amount of pruning, with higher pruning

yielding shorter GPU time. However, due to the constant training overhead, these
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improvements do not perfectly translate to wall-clock time improvements. Despite

this, BEP and BEP-LITE are able to deliver significant improvements in wall-clock

training time compared to the unpruned baseline of 47h. In particular, with 86.7%

pruned flops, BEP-LITE shows a 40% improvement in wall-clock time with only a

5.5% drop in accuracy.

The training overhead can be significantly reduced in many ways to deliver

further wall-clock time improvements. Disk overhead can be reduced by utilizing

faster disks, or disk arrays for higher throughput. Image decoding overhead can be

alleviated by storing predecoded files in bitmap form. These approaches can further

reduce the wall-clock time of the training process. Thus our approach delivers

significant, practical improvements in GPU time reduction and wall-clock time

reduction. The wall-clock time reduction can be further improved with minimal

effort.

4.5 Conclusion

This paper presents a novel efficient algorithm to perform pruning of DNN elements

such as neurons, or convolutional layers during the training process. To achieve

pruning during training while preserving the performance of the DNN upon con-

vergence, a Bayesian model (i.e., MOGP) is used to predict the future (unseen)

saliency of DNN elements by leveraging the exponentially decaying behavior of the

saliency and the correlations between saliency of different network elements. Then,

we utilize several properties (Lemma 4.1 and Lemma 4.2) of the objective function

and propose an efficient Bayesian early pruning algorithm. Empirical evaluations on
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benchmark datasets show that our algorithm performs favorably to related works

for pruning convolutional filters and neurons. In particular, BEP shows strong

improvement when compared to related work with minimal cost overhead when a

significant portion of the DNN is pruned. Moreover, the proposed BEP is robust to

changes in hyperparameters (see Table 4.4), which demonstrates its applicability to

“never-before-seen” network architectures and datasets without further hyperparam-

eter tuning. Our approach also remains flexible to changes in saliency function, and

appropriately balances the trade-off between training cost vs. test-time efficacy in

DNN pruning.

We are able to scale up approaches rooted in probabilistic methods while keeping

their robustness advantages. We have demonstrated the scalability of this approach

by pruning larger DNNs and showing the superior performance of our approach when

compared against competing approaches. We have demonstrated the robustness of

our approach using an extensive ablation study. This work gives evidence for scaling

up decision-making under uncertainty, and also shows how it can outperform deep

learning approaches under certain scenarios.

4.5.1 Limitations

Our work has some limitations that may be addressed by future work. The chief

limitation of our work is its computationally heavy cost. Although our approach

comes with theoretical guarantees, this requires a pruning runtime measured in

hours. In practice, usage of Gaussian Processes or theoretically principled pruning

algorithms may not be necessary for strong empirical performance. In such scenarios,
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using more performant deep learning models and heuristic based pruning algorithms

that do not give theoretical guarantees may yield better empirical performance at a

cheaper cost.

Another avenue of addressing the limitations of our work is to transform our

approach into the deep learning paradigm. In the deep learning paradigm, cheaper

approximations and heuristics are used in order to deliver similar or equivalent

performance.

A final limitation of our work is our dependence on dynamic penalty scaling.

Ideally, a more comprehensive and theoretically motivated solution is needed which

accomplishes the same purpose as dynamic penalty scaling.
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Chapter 5

Hessian-Aware Bayesian Optimiza-
tion for Decision-Making Models

5.1 Introduction

Decision-Making Models choose sequences of actions to accomplish a goal. Multi-

Agent Decision-Making Models choose actions for multiple agents working together

towards a shared goal. Multi-Agent Reinforcement Learning (MARL) has emerged

as a competitive approach for optimizing Decision-Making Models in the multi-agent

setting. MARL optimizes a policy under the partially observable Markov Decision

Process (POMDP) framework, where decision making happens in an environment

determined by a set of possible states and actions, and the reward for an action is

conditioned upon the partially observable state of the environment. A policy forms

a set of decision-making rules capturing the most rewarding actions in a given state.

MARL utilizes gradient-based methods requiring informative gradients to make

progress. This approach benefits from dense reward, which allows reinforcement

learning methods to infer a causal relationship between individual actions and their

corresponding reward. This feedback may not be present in the scenario of sparse
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reward (Pathak et al. 2017; Qian and Yu 2021). In addition, gradient-based methods

are susceptible to falling into local maxima.

In contrast to optimization by MARL, Bayesian Optimization (BO) offers an

alternative approach to policy optimization. Since BO is a gradient-free optimizer

capable of searching globally, applying BO to multi-agent policy search (MAPS)

both ensures global searching of the policy, and overcomes poor gradient behavior

in the reward function (Qian and Yu 2021). The chief challenge in BO for MAPS

is the high dimensionality of complex multi-agent interactions.

A significant degree of high-dimensional multi-agent interactions exist in MAPS.

For example, considering an autonomous drone delivery system, several agents (i.e.,

drones) must work together to maximize the throughput of deliveries. In doing so,

these agents may separate themselves into different roles, for example, long-distance

or short-distance deliveries. The optimal policy for each role may be significantly

different due to distances to recharging base stations (e.g., drones must conserve

battery). In forming the optimal policy, the interaction between agents must be

considered to both optimally divide the task between the drones, as well as coordinate

actions between drones (e.g., collision avoidance). These interactions may change

over time. For example, a drone must avoid collision with nearby drones, which

changes as it moves through the environment. With many agents, these interactions

become more complex.

However, we propose the usage of BO for MAPS on memory-constrained devices

which necessitates very compact policies which enables the possibility of overcoming

the above limitation. In the context of memory-constrained devices such as Internet
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of Things (IoT) devices (Merenda, Porcaro, and Iero 2020), small policies must be

used. Secondly, in environments with sparse reward feedback, training these networks

with RL presents significant challenges due to unhelpful policy gradients. Finally, the

possibility of globally optimizing a compact policy for memory-constrained systems

is appealing due to its strong performance guarantees.

To achieve this, we use a higher-order model (HOM) which generates a policy

model. This higher-order model encapsulates the abstractions, or the inductive

biases into a set of algorithms. The HOM is divided into immutable instructions

(i.e., algorithms) corresponding to the abstractions of the role and role interaction

and mutable parameters that are used to generate (GEN) a policy model during

evaluation. The generation process executes the algorithms in order to generate the

model which can perform inference.

To optimize our proposed HOM, we specialize BO by exploiting task-specific

structures. A promising avenue of High-dimensional Bayesian Optimization (HDBO)

is through additive decomposition. Additive decomposition separates a high-

dimensional optimization problem into several independent low-dimensional sub-

problems (Duvenaud, Nickisch, and Rasmussen 2011; Kandasamy, Schneider, and

Póczos 2015). These sub-problems are independently solved thus reducing the com-

plexity of high dimensional optimization. However, a significant challenge in additive

decomposition is learning the independence structure which is unknown a-priori.

Learning the additive decomposition is accomplished using stochastic sampling such

as Gibbs sampling (Kandasamy, Schneider, and Póczos 2015; Rolland et al. 2018;

E. Han, Arora, and Scarlett 2021b) which is known to have poor performance in
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high dimensions (Johnson, Saunderson, and Willsky 2013; Barbos et al. 2017).

In our work, we overcome this shortcoming by observing the GEN process of

the HOM. In particular, we can measure a surrogate Hessian during the GEN

process which significantly simplifies the task of learning the additive structure. This

surrogate Hessian informs the dependency structure of the optimization problem

due to the equivalence between a zero Hessian value, and independence between

dimensions due to the linearity of addition. We term this approach Hessian-Aware

GP-UCB (HA-GP-UCB) and visualize our approach in Fig. 5.2. Our proposed

BO approach is also applicable to policy-search in the single-agent setting, showing

its general-purpose applicability in Decision-Making Models. In this work, we make

the following contributions:

• We propose a parameter-efficient HOM for MAPS which is both expressive

and compact. Our approach is made feasible by using specific abstractions of

roles and role interactions.

• We propose HA-GP-UCB, a variant of BO that simplifies the learning of

dependency structure and provides strong regret guarantees which scale with

O(log(D)) under reasonable assumptions, where D is the dimensionality of the

optimization problem.

• We validate our approach on several multi-agent benchmarks and show our ap-

proach outperforms related works for compact models fit for memory-constrained

scenarios. Our HA-GP-UCB also overcomes sparse reward behavior in the
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Table 5.1: Summary of key notations.
Notation Description

v The objective function being optimized by Bayesian Optimization
Θ The domain for the objective function v

θt A point in the domain Θ that is picked at time t

µk
T The posterior mean (inferred after observations up to time T − 1) at time T using the kernel k

[σk
T ]2 The posterior variance at time T using the kernel k

r(θt) The difference between the maxima of the function v in domain Θ, v(θ∗), and v(θt)
RT The cumulative regret,

∑T

t=1 r(θt)
Θa Dimension a of the domain D

Gd A graph showing the dependencies between dimensions where edges exist between two dimensions if they are dependent
Vd In the graph indicated by Gd the set of dimensions corresponding to Θ
Ed In the graph indicated by Gd the set of edges corresponding to the dependencies between Θ

Θ(i) Collection of dimensions indicated by (i) corresponding to a maximal clique in the graph Gd

kΘ(i) A Gaussian process kernel correspond to the maximal clique (i)
k The Gaussian process kernel for inference corresponding to the sum of kΘ(i) : k ≜

∑
i

kΘ(i)

v(i) Under the additive assumption, it is assumed that v =
∑

i
v(i) where each v(i) is sampled from kΘ(i)

U(Θ) A uniform random distribution over the domain Θ
H(θt,h) A query to the Hessian at θt,h

G̃d The graph corresponding to the detected dependency structure by querying the Hessian
Max-Cliques(G̃d) A function computing the maximal cliques in the graph G̃d

s The set of states of the cooperative multi-agent system where s ≜ [si]i=1,...,n and i denotes the index of the agent
a The set of actions taken by each agent where a ≜ [ai]i=1,...,n and i denotes the index of the agent

sα(i) The state for agent a taking on the role α(i)
aα(i) The action taken by agent a taking on the role α(i)
Λθr,i An affinity function for taking on role i where r denotes it belonging to the part of the HOM for role assignment
Λθg,v An affinity function determining whether an edge exists during the interaction of roles in the HOM policy
Mθg,η The message passing function parameterized by θg,η for the role interaction message passing neural network
Uθg,e The action update function parameterized by θg,e for the role interaction message passing neural network

reward function in multiple settings showing its effectiveness in Decision-Making

Models both in the single-agent and multi-agent settings.

Table 5.1 provides a summary of notations that are used frequently in paper.

5.2 Design

We consider the problem of learning the joint policy of a set of n agents working

cooperatively to solve a common task. During each interaction with the environment,

each agent i is associated with a state si ∈ S i with the global state represented

as s ≜ [si]i=1,...,n. Each agent i cooperatively chooses an action ai ∈ Ai with the

global action represented by a ≜ [ai]i=1,...,n. Each state, action pair is associated

with a reward function: ρ(s,a). In order to achieve the common task, a policy
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parameterized by θ: πθ ≜ S → A governs the action taken by the agents, after

observing state s ∈ S. The goal of RL is to learn the optimal policy parameters that

maximizes the accumulation of rewards during a predefined number of interactions

with the environment.1 The accumulation of rewards, v(θ) ≜ ∑
ρ(s,a), is termed

the value function which we optimize. In contrast to RL, which receives feedback on

the reward of an action with every interaction, we treat v(θ) as an opaque function

measuring the value of a policy. We utilize BO to optimize θ using solely the

accumulated reward, v(θ), as feedback from the environment.

5.2.1 Architectural Design

To achieve a compact and tractable policy space, we consider policies under the

useful abstractions of role and role interaction. These abstractions have consistently

shown strong performance in multi-agent tasks. Therefore we can simplify the policy

space by limiting it to only policies using these abstractions.

As role and role interaction are immutable abstractions within our policy space,

we express them as static algorithms which are not searched over during policy

optimization. These algorithms take as input parameters which are mutable and

searched over during policy optimization. This combination of immutable instruc-

tions, and mutable parameters reduces the size of the search space,2 yet is still able

to express policies which conform to the role and role interaction abstractions.
1Further RL overview can be found in Arulkumaran et al. 2017.
2This approach to efficiency is similar in spirit to the work of Y. Lee et al. 1986.
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s1, ..., sn

GEN

Alg. 1 θr

sα(1), ..., sα(n)

GEN

Alg. 2 θg

π

sα

aα

n

MRF n

Figure 5.1: Left: HOM architecture.

"Alg. 1/Alg. 2" are Algorithms 1 and 2

respectively. GEN uses θr and θg during

evaluation to yield a model which repre-

sents the policy. θr and θg are optimized

by BO. Right: Inferring aα given sα.

We term this approach a Higher-

Order Model (HOM) which generates

(GEN) the model using instructions and

parameters into a policy model during

evaluation. This HOM is separated

into role assignment, and role interac-

tion stages. We visualize an overview of

this approach in Fig. 5.1, left. These

parameters are interpreted in context

of the current state by the instructions

(Alg. 1, Alg. 2) of the HOM to form the

policy model which dictates the resul-

tant action.

5.2.2 Role Assignment

Following the popularity of role based collaboration in multi-agent systems, we

assume the interaction and decision-making of each agent is governed by its assigned

role. For example, in drone delivery, roles could be short-distance deliveries, and

long-distance deliveries. In filling these roles, the state of each of the agents are

considered. E.g., a drone with low battery may be limited to only performing short-

distance deliveries. A straightforward approach to implement role based interaction

is to permute agents into an equivalent number of roles.3 This approach allows the
3This is a common assumption in multi-agent systems, see, e.g., Hoang Minh Le et al. 2017.
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HOM to focus on optimizing role behavior, along with a function to permute agents

into roles. The success of role based collaboration has been enabled by abstracting

roles from agents and noting that the complexity of learned behavior is limited to

the number of roles. This improves upon the complexity of learning without role

based collaboration, in which case each role based behavior must be learned for each

agent. We assume that an optimal policy can be decomposed as follows:

π(a1, . . . , an | s1, . . . , sn) ≜ πr(aα(1), . . . , aα(n) | sα(1), . . . sα(n)) (5.1)

where α is a permutation function dependent on the state, s1, . . . , sn. The above

assumption requires a permutation of agents into roles. For example, in drone

delivery, roles could be short-distance deliveries, and long-distance deliveries. In

filling these roles, the state of each of the agents are considered. E.g., a drone with

low battery may be limited to only performing short-distance deliveries.

To capture this behavior, we define a per role affinity function: Λθr,i(·) which is

the affinity to take on role i and is parameterized by θr,i. This function evaluates

the affinity of agent ℓ taking on role i using the state of agent: sℓ. The optimal

permutation maximizes the total affinity of an assignment:∑n
i=1 Λθr,i(sα(i)) where α

represents a permutation. This problem can be efficiently solved using the Hungarian

algorithm. We integrate the Hungarian algorithm in our HOM approach during the

GEN process. We formalize this in Algorithm 1 which forms the instructions in the

role assignment HOM.

Algorithm 1 RoleAssignment

Require: s1, . . . , sn

1: return arg maxα

∑n
i=1 Λθr,i(sα(i))
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Given Algorithm 1, during GEN process, the agents’ state, s1, . . . , sn is contextu-

ally interpreted to yield a permutation model: α. First the role affinity is calculated

using the Λθr,i function, following which, the total role affinity is optimized using

the Hungarian Algorithm. Going forward, we consider the problem of determin-

ing the joint policy πr(aα(1), . . . ,aα(n) | sα(1), . . . sα(n)) which enables collaborative

interactions.

5.2.3 Role Interaction

Capturing multiple roles working together is an important part of an effective multi-

agent policy. For example in drone delivery, drones must both divide the available

task among themselves, as well as use collision avoidance while executing deliveries.

Modeling role interactions must accomplish two goals. Firstly, agent interactions

may change over time. For example collision avoidance strategies involve the closest

drones which change as the drone moves within the environment. Secondly, efficient

parameterization is needed as the number of interactions can scale exponentially

due to considering interactions between many agents.

To overcome these challenges, we propose a HOM which generates (GEN) a

graphical model. The usage of a graphical model decomposes the exponentially

scaling interaction problem into a pairwise interaction model, along with a message

passing approach to facilitate complex interactions between many agents. The GEN

process is conditioned on the agents’ state, thus capturing dynamic role interactions;

in addition the GEN process allows for a more compact policy space with far fewer

parameters. The resultant generated graphical model captures the state-dependent
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interaction between roles and yields the resultant actions for each role. After GEN,

the interaction between roles are captured by the resultant conditional random field.

This is presented in Fig. 5.1, right. The MRF (Markov Random Field) represents

arbitrary undirected connectivity between nodes aα(1), . . . , aα(n), which is denoted

by G. This connectivity allows different roles to collaborate together to determine

the joint action.4

To generate graphical models of the above form, our HOM uses edge affinity

functions, Λθg,v(·), which enables dynamic arbitrary connectivity between roles. For

all pairs of roles with state, sα(i), sα(ℓ) an edge is generated if the affinity between

these two states is sufficiently high (i.e., > 0). This dynamic edge generation

approach overcomes the quadratic parameter scaling if all pairs of agents were

separately modelled. The graphical model GEN process is presented in Algorithm

2 which yields a graphical model.

To cooperatively determine a set of actions for roles given the graphical model,

we perform inference over the graphical model presented in Fig. 5.1 using Message

Passing Neural Networks (Gilmer et al. 2017) (MPNN). We present iterative message

passing rules to map from sα to aα:

m
α(i)
t+1 ≜

∑
α(ℓ)∈Nα(i)

M θg,η

(
h

α(i)
t , h

α(ℓ)
t , i, ℓ

)
h

α(i)
t+1 ≜ U θg,e

(
sα(i), h

α(i)
t ,m

α(i)
t+1

)
; aα ≜

[
hα(i)

τ

]
i=1,...,n

(5.2)

where M is the message function parameterized by θg,η which enables interaction

between connected nodes, U is the action update function parameterized by θg,e

4We refer readers to Chaohui Wang, Komodakis, and Paragios 2013 for additional overview.
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which updates the node’s internal hidden state conditioned on the messages received,

and Nα(i) denotes the neighbors of α(i). The message passing procedure allows for

cooperative determination of all roles’ actions using pairwise message passing. Roles

which are not immediate neighbors of each other influence each other’s behavior

through intermediary connecting nodes. The message passing procedure concludes

after τ iterations of message passing with the policy actions indicated by the hidden

states,
[
hα(i)

τ

]
i=1,...,n

.

To generate graphical models of the above form, our HOM uses edge affinity

functions. This approach overcomes the quadratic scaling in modeling all pairs

of interaction. Edge affinity functions Λθg,v(·) determine whether an edge exists

between node aα(i), and aα(ℓ). The graphical model GEN process is presented in

Algorithm 2.

Algorithm 2 RoleInteraction

Require: sα(1), . . . , sα(n)

1: for i← 1, . . . , n do
2: for ℓ← 1, . . . , n do ▷ Edge affinities.
3: if Λθg,v (sα(i), sα(ℓ)) > 0 then
4: Nα(i).append(α(ℓ))
5: return Nα(1), . . . , Nα(n)

In Algorithm 2, the affinities between different roles is computed using the Λθg,v

function, following which, edges are created between roles which have sufficiently

high affinity.

Finally, Algorithm 3 drives the GEN process. The GEN process consists of

permuting agents into roles, creating the graphical model to enable interactions

between agents taking on their respective roles, and finally performing inference
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over the graphical model using a MPNN.

Algorithm 3 GEN-Policy
Require: s1, . . . , sn

1: α← RoleAssignment(s1, . . . , sn)
2: N ← RoleInteraction(sα(1), . . . , sα(n))
3: a← MPNN(sα, N) ▷ See Eq. 5.2
4: return [aα−1(i)]i=1,...,n

5.2.4 Additive Decomposition

Although our HOM policy representation is compact, it is still of significant dimen-

sionality which makes optimization with BO difficult. HDBO is challenging due

to the curse of dimensionality with common kernels such as Matern or RBF.5 This

curse of dimensionality stems directly from the difficulty of finding the global optima

of a high-dimensional function (e.g., a value function v(θ) determining the value of

a policy in some unknown environment). A common technique to overcome this

is through assuming additive structural decomposition on v: v(θ) ≜ ∑M
i=1 v

(i)(θ(i))

where v(i) are independent functions, and θ(i) ∈ Θ(i) (Duvenaud, Nickisch, and

Rasmussen 2011). The additive decomposition simplifies a high-dimensional op-

timization problem since the optima of a function constructed through addition

of subfunctions can be found by independently optimizing each subfunction as

visualized in Fig. 5.2. In the context of BO, additive decomposition significantly

simplifies the optimization problem due to the properties of Multivariate Gaussian

variables.
5A parallel area in HDBO is of computational efficiency of acquisition which is outside the

scope of this work. We refer readers to the works of Mutny and Krause 2018, J. T. Wilson et al.
2020, and Ament and Gomes 2022b.
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In additive decomposition we denote the domain of the optimization problem, Θ ≜

Θ1× . . .×ΘD for some dimensionality D, that is the domain is constructed through

the Cartesian product of each of its dimensions. Each subfunction to optimize,

v(i), corresponds to a subdomain restricted to some subset of these dimensions,

Θ(i) ⊆ {Θ1, . . . ,ΘD}. Typically, it is assumed that each Θ(i) is of low dimensionality

(i.e., v(i) is defined on only a few dimensions for each i). This structural assumption

is combined with the assumption that each v(i) is sampled from a GP. Due to

the properties of Multivariate Gaussians, if v(i) ∼ GP
(
0, kΘ(i)(θ(i), θ(i)

′

)
)

then v ∼

GP
(
0,∑i k

Θ(i)(θ(i), θ(i)
′

)
)

(Rasmussen and C. K. I. Williams 2006), which follows

from the addition of two Gaussian random variables is also a Gaussian random

variable. This assumption decomposes a high dimensional GP surrogate model of v

into a set of many low dimensional GPs, which is easier to jointly learn and optimize.

To contextualize an additive decomposition, we represent the decomposition by a

dependency graph between the dimensions: Gd ≜ (Vd, Ed) where Vd ≜ {Θ1, . . . ,ΘD}

and Ed ≜ {(Θa,Θb) | a, b ∈ Θ(i) for some i}. A simple decomposition of an additive

function and its associated dependency graph is visualized in Fig. 5.2. We highlight

that this graph is between the dimensions of the policy parameters, Θ, and is unrelated

to the graphical model of role interactions presented in earlier sections. It is possible

to accurately model v by a kernel k ≜
∑

i k
Θ(i) where each Θ(i) corresponds to

a maximal clique of the dependency graph (Rolland et al. 2018). Knowing the

dependency graph greatly simplifies the complexity of optimizing v.

However, learning the dependency graph in additive decomposition remains

challenging as there are O(D2) possible edges each of which may be present or
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absent yielding 2O(D2) possible dependency structures. This difficult problem is often

approached using inefficient stochastic sampling methods such as Gibbs sampling.

5.2.5 Hessian-Aware Bayesian Optimization

Figure 5.2: Left, above, plot of f(x, y) =

xy; below, plot of f(x, y) = x + y. The

curvature of additively constructed func-

tions is zero; non-zero curvature indicates

dependency among input variables. Right,

examining the Hessian learns the depen-

dency structure which decomposes com-

plex problems into simpler problems solved

by GP-UCB.

The assumption of additive decompos-

ability in the above proposition is a com-

mon assumption within the Bayesian

Optimization community (Rolland et al.

2018). We propose learning the depen-

dency structure during the GEN process.

Our approach is based on the following

observation which is illustrated in Fig.

5.2:

Proposition 5.1. Let Gd = (Vd, Ed)

represent an additive dependency struc-

ture with respect to v(θ), then the fol-

lowing holds true: ∀a, b ∂2v
∂θa∂θb ≠ 0 =⇒

(Θa,Θb) ∈ Ed which is a consequence of

v formed through addition of indepen-

dent sub-functions v(i), at least one of which must contain θa, θb as parameters for

∂2v
∂θa∂θb ̸= 0 which implies their connectivity within Ed.

In practice, observing the Hessian of the value function, Hv, is not possible due

to v being an opaque function. However, during the GEN process we can observe
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the Hessian of the policy, Hπ. This surrogate Hessian is closely related to the Hv as

v(θ) is determined through interaction of the policy with an unknown environment.

Because the value of a policy is a function of the policy; it follows by the chain rule

that Hπ is an important sub-component of Hv. We utilize the surrogate Hessian in

our work and demonstrate its strong empirical performance in validation. Following

this reasoning, we consider algorithms with noisy query access to the Hessian, Hv.

Note that we assume that the surrogate Hessian, Hπ, can well serve as a noisy

surrogate for the true Hessian, Hv.6

Assumption 5.1. Let Gd = (Vd, Ed) be sampled from an Erdős-Rényi model with

probability pg < 1: Gd ∼ G(D, pg). That is, each edge (Θa,Θb) is i.i.d. sampled

from a binomial distribution with probability, pg. With [Θ(i)]i=1,...,M representing

the maximal cliques of Gd, we assume that v ∼ GP
(

0,∑i k
Θ(i)(θ(i), θ(i)

′

)
)

for some

kernel k taking an arbitrary number of arguments (e.g., RBF). Noisy queries can

be made to the Hessian of v, Hv. We define H(θ) ≜ [ ∂2v
∂θa∂θb + ϵ

(a,b)
h ]a,b=1,...,D where

ϵ
(a,b)
h ∼ N (0, σ2

n) i.i.d. Each query to H has corresponding regret of r(θ).

In the above assumption, a new setting is assuming that Gd = (Vd, Ed) be sampled

from an Erdős-Rényi model. This assumption derives from viewing the dependency

graph as a social network yielding a community structure. In this interpretation,

the nodes of the network represent dimensions, and edges represent dependencies

between dimensions. Interpreting graphical structures as social networks is a common

practice in graph theory (Bollobás and Erdös 1976; Seshadhri, Kolda, and Pinar
6We revisit the validity of this assumption in Appendix B.7.
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2012; Hamlili 2017; Zhao, H. Wu, and X. Zhang 2021). More recent works in the

study of social networks utilize more realistic assumptions on the nature of the

community structures (S. Fortunato and Castellano 2009). These more realistic

assumptions are valuable for future work. Nonetheless, we confirm that the assumed

sparse connectivity structure is empirically supported in the policy optimization

setting in Fig. 5.3.

Under this assumption, we show that it’s possible to learn the underlying

dependency structure of Gd = (Vd, Ed) with a polynomial number of queries to the

noisy Hessian. We present HA-GP-UCB in Algorithm 4 and prove theoretical

results regarding its performance. In the first stage of HA-GP-UCB, we perform

C1 queries to the Hessian if t ≤ T0. These Hessian queries are then averaged and

compared to a cutoff constant ch to determine the dependency structure Ẽd. We

show that after C1T0 queries to the Hessian, with high probability we have Ẽd = Ed,

where Ed is the unknown ground truth dependency structure for v. This argument

is formalized in the following theorem.

Algorithm 4 HA-GP-UCB
Require: v, H, k
1: for t← 1, . . . , T0 do ▷ Sample Hessian T0 × C1 times for dependencies.
2: θt,h ∼ U(Θ) ▷ Randomly sample over the domain.
3: for ℓ← 1, . . . , C1 do ht,ℓ ← H(θt,h)
4: Ẽd ← |

∑
h| > ch ▷ Discriminate dependencies

5: G̃d ← ({Θ1, . . . , ΘD}, Ẽd)
6: [Θ(i)]i=1,...,M ←Max-Cliques(G̃d) ▷ Compute Max-Cliques
7: k←

∑M
i=1 kΘ(i)

8: for t← T0, . . . , T do ▷ Run GP-UCB with dependency structure
9: θt ← arg maxθ µk

t−1(θ) +
√

βtσ
k
t−1(θ) ▷ Max-Cliques additive kernel

10: Query θt to observe yt = v(θt) +N (0, ϵ2)
11: Update posterior, µ, σ, with θt, yt
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Theorem 5.1. Suppose7 there exists σ2
h, ph s.t. ∀i, j Pθ∼U(Θ)

[
k∂i∂j(θ, θ) ≥ σ2

h

]
≥ ph

and ∀i, j, θ, θ′ k∂i∂j(θ, θ′) ≥ 0. Then for any δ1, δ2 ∈ (0, 1) after t ≥ T0 steps

of HA-GP-UCB we have: ⋂
i,j P (Ẽi,j

d = Ei,j
d ) ≥ 1 − δ1 − δ2 when T0 = C1 >

16D2

phδ2
1

log 2D2

δ1

σ2
n

σ2
h

+ D2

2δ2
, ch ≜ T0σn

√
2 log 2D2

δ1
.

Our Theorem 5.1 relies on repeatedly sampling the Hessian to determine whether

an edge exists between Θa, and Θb in the sampled additive decomposition. The

key challenge is determining this connectivity under a very noisy setting, and for

extremely low values of σ2
h ≪ σ2

n where the Hessian is zero with high probability.

We are able to overcome this challenge using a Bienaymé’s identity, a key tool in

our analysis. We defer all proofs to the Appendix.

In the second stage of HA-GP-UCB, we extract the maximal cliques depending

on Ẽd and construct the GP kernel, k = ∑
i k

Θ(i) , the sum of the aforementioned

kernels and inference and acquisition proceeds same as GP-UCB.

To bound the cumulative regret, Rt ≜
∑T0

t=1 C1r(θt,h) + ∑T
t=T0 r(θt), we follow

the following process. First, we bound the number and size of cliques of graphs

sampled from the Erdős-Rényi model with high probability. Second, we bound the

mutual information of an additive decomposition given the mutual information of

its constituent kernels using Weyl’s inequality. Third, we use similar analysis as

Srinivas et al. 2010 to complete the regret bound.

Theorem 5.2. Let k be the kernel as in Assumption 5.1, and Theorem 5.1. Let

γk
T (d) : N→ R be a monotonically increasing upper bound function on the mutual

7RBF kernel satisfies these assumptions when Θ = [0, 1]D.
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information of kernel k taking d arguments. The cumulative regret of HA-GP-UCB

is bounded with high probability as follows:

RT = Õ
(√

TβTDlog D+5γk
T (4 logD + cγ)

)
(5.3)

where cγ is an appropriately picked constant and the base of the logarithm is 1
pg

.

Whereas for typical kernels such as Matern and RBF, known regret bounds

of GP-UCB (with an unknown decomposition) scale exponentially with D, our

regret bounds scale with exponent O(logD). In the above, O(logD) represents the

maximal clique size, which is logarithmic with respect to the total number of vertices

(dimensions). This improved regret bound shows our approach is a theoretically

grounded approach to HDBO.

5.3 Validation

We compare our work against recent algorithms in MARL on several multi-agent

coordination tasks and RL algorithms for policy search in novel settings. We also

perform ablation and investigation of our proposed HOM at learning roles and

multi-agent interactions. We defer experimental details to Appendix B.1.

All presented figures are average of 5 runs with shading representing ± Standard

Error, the y-axis represents cumulative reward, the x-axis displayed above represents

interactions with the environment in RL, x-axis displayed below represents iterations

of BO. Commensurate with our focus on memory-constrained devices, all policy

models consist of < 500 parameters.
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Figure 5.3: Ablation study. Training
curves of our HOM and its ablated vari-
ants on different multi-agent environ-
ments.
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Figure 5.4: Left: Sparse reward drone
delivery task. Right: Comparison with
HDBO approaches.
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Figure 5.5: Scaling analysis. Training
curves of HA-GP-UCB and competitors
with increasing number of agents. The
left column shows PredPrey with 6, 9,
and 15 agents. The right column shows
Het, PredPrey with 6, 9, and 15 agents.

5.3.1 Ablation of the Higher-Order Model

We investigate the impact of Role Assignment (RA) and Role Interaction (RI) as

well as model capacity on training progress. We conduct ablation experiments on

Multiagent Ant with 6 agents, PredPrey with 3 agents, and Heterogenous PredPrey

with 3 agents. Multiagent Ant is a MuJoCo locomotion task where each agent controls

an individual appendage. PredPrey is a task where predators must work together

to catch faster, more agile prey. Het. PredPrey is similar, except the predators

have different capabilities of speed and acceleration. In ablation experiments, our

default configuration is Med - RA - RI which employs components of RA and RI

parameterized by neural networks with three layers and four neurons on each layer.
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We present our ablation in Fig. 5.3.

For a simpler coordination task such as Multiagent Ant, we observe limited

improvement through RA or RI. In contrast, RI shows strong improvement in

PredPrey and Het. PredPrey. It is because, in PredPrey, predators must work

together to catch the faster prey. Since the agents in PredPrey are homogeneous,

ablating RA makes the optimization simpler and more compact without losing

expressiveness. Thus, ablating RA leads to a performance increase. In Het. PredPrey,

the predator agents have heterogeneous capabilities in speed and acceleration. Thus,

RA plays a critical role in delivering strong performance. We also show that overly

shrinking the model size (Sm - RA - RI ) can hurt performance as the policy model

is no longer sufficiently expressive. This is evidenced in the Multiagent Ant task.

We observed that using neural networks of three layers with four neurons each to be

sufficiently balanced across a wide variety of tasks.

In Fig. 5.3, we present the detected Hessian structure by HA-GP-UCB in

the respective tasks. The detected Hessian structures generally show strong block-

diagonal associativity in the HOM parameters, i.e., [θr,i, θg,v, θg,η, θg,e]. This shows

that our approach can detect the interdependence within the sub-parameters, but

relative independence between the sub-parameters. We observe more off-diagonal

connectivity in the complex coordination tasks of PredPrey and Het. PredPrey. The

visualization of Hessian structure on PredPrey shows that our approach can detect

the importance of jointly optimizing role assignment and interaction to deliver a

strong policy in this complex coordination task. We investigate the learning behavior

of the HOM further in Appendix B.2.

84



CHAPTER 5. HESSIAN-AWARE BAYESIAN OPTIMIZATION FOR
DECISION-MAKING MODELS

0.0

0.2

0.4

0.6

0.8

1.0

Ant PredPrey Het. PredPrey

Figure 5.6: Left: Action distributions of different roles showing diversity in the
Multiagent Ant environment with 6 agents. Right above: Policy modulation with
role interaction in PredPrey and Het. PredPrey environment with 3 agents. Arrows
represent change after message passing. Right below: Mean connectivity and
standard deviation in role interaction in Multiagent Ant with 6 agents, PredPrey
with 3 agents, and Het. PredPrey with 3 agents.

5.3.2 Comparison with MARL

We compare our method with competing MARL algorithms on several multi-agent

tasks where the number of agents is increased. We validate both the HOM with HA-

GP-UCB (HA-GP-UCB (MM)) and neural network policies trained in the CTDE

paradigm (HA-GP-UCB (CTDE)). We observe that on complex coordination

tasks such as PredPrey and Het. PredPrey our approach delivers more performant

policies when coordination is required between a large number of agents. This is

presented in Fig. 5.5. Although SOG (Shao et al. 2022), a Comm-MARL approach

shows compelling performance with a small number of agents, with 15 agents,

both HA-GP-UCB (CTDE) and HA-GP-UCB (MM) outperform this strategy.

We highlight that HA-GP-UCB (CTDE) outperforms Comm-MARL approaches
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Table 5.2: HA-GP-UCB typically outperforms RL with higher sparsity (e.g.,
Sparse-100, or Sparse-200).

Ant-v3 Hopper-v3 Swimmer-v3 Walker2d-v3
DDPG PPO SAC TD3 Intrinsic DDPG PPO SAC TD3 Intrinsic DDPG PPO SAC TD3 Intrinsic DDPG PPO SAC TD3 Intrinsic

Baseline −90.77 1105.69 2045.24 2606.17 2144.00 604.20 1760.65 2775.66 1895.76 1734.00 44.45 121.38 58.73 48.78 1950.00 2203.80 892.81 4297.03 1664.46 2210.00
Sparse 2 −32.88 1007.80 2563.97 1407.40 1964.00 877.93 1567.14 3380.60 1570.84 2074.00 35.59 99.50 46.75 47.23 1758.80 1470.62 1471.33 1673.46 2297.43 1952.00
Sparse 5 −2687.97 961.31 711.56 762.61 1916.00 814.59 1616.79 3239.20 2290.67 1972.00 26.66 68.69 43.84 40.12 1856.00 961.30 697.93 1697.25 2932.27 1924.00

Sparse 20 −2809.89 624.07 694.30 379.12 1838.00 783.95 1629.28 2535.17 1436.33 1537.20 19.12 54.63 37.78 37.03 2108.00 663.04 365.39 1010.63 276.56 1810.00
Sparse 50 −3067.37 −67.43 663.28 253.66 1091.20 816.25 1010.73 1238.03 551.43 642.00 23.73 51.52 38.78 30.01 812.00 572.12 428.29 349.47 298.28 834.75

Sparse 100 −3323.43 −4021.56 679.30 −115.43 450.40 988.36 324.51 260.52 342.48 406.80 9.64 21.09 27.98 30.10 376.60 523.89 205.93 200.16 147.22 480.60
Sparse 200 −3098.37 −8167.98 −107.14 −147.86 258.60 765.05 222.76 300.36 281.68 350.80 −9.97 21.69 33.35 30.48 342.80 182.84 193.43 187.16 148.06 353.20

HA-GP-UCB 1147.21 1009.3 175.73 1008.90

without communication during execution. We also note that HA-GP-UCB (MM)

outperforms HA-GP-UCB (CTDE) showing the value of our HOM approach in

complex coordination tasks. We defer further experimental results in this setting to

Appendix B.2.

5.3.3 Higher-Order Model Investigation

We examined policy for Multiagent Ant with 6 agents for the role based policy

specialization. The policy modulation plots were generated by examining the

PredPrey and Het. PredPrey environments respectively.

In Fig. 5.6 we investigate the learned HOM policies. Our investigation shows

that role is used to specialize agent policies while maintaining a common theme.

Role interaction modulates the policy through graphical model inferences. Finally,

role interactions are sparse, however noticeably higher for complex coordination

tasks such as PredPrey.

5.3.4 Policy Optimization under Malformed Reward

We compare against several competing RL and MARL algorithms under malformed

reward scenarios. We train neural network policies with HA-GP-UCB and com-

peting algorithms. We consider a sparse reward scenario where reward feedback
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is given every S environment interactions for varying S. Table 5.2 shows that the

performance of competing algorithms is severely degraded with sparse reward and

HA-GP-UCB outperforms competing approaches on most tasks with moderate or

higher sparsity. Although intrinsic motivation (S. Singh, Barto, and Chentanez 2004;

Zheng, Oh, and S. Singh 2018) has shown evidence in overcoming this limitation, we

find that our approach outperforms competing approaches supported by intrinsic mo-

tivations at higher sparsity. This improvement is important as sparse and malformed

reward structure scenarios can occur in real-world tasks (Aubret, Matignon, and

Hassas 2019). We repeat this validation in Appendix B.2 with MARL algorithms

in multi-agent settings and consider a delayed feedback setting with similar results.

5.3.5 Comparison with HDBO Algorithms

We compare with several related work in HDBO. This is presented in Fig. 5.4.

We compare against these algorithms at optimizing our HOM policy. For more

complex tasks that require role based interaction and coordination, our approach

outperforms related work. TreeBO (E. Han, Arora, and Scarlett 2021a) is also an

additive decomposition approach to HDBO, but uses Gibbs sampling to learn the

dependency structure. However, our approach of learning the structure through

Hessian-Awareness outperforms this approach. Additional experimental results are

deferred to Appendix B.2.

5.3.6 Drone Delivery Task

We design a drone delivery task that is well aligned with our motivation of considering

policy search in memory-constrained devices on tasks with unhelpful or noisy gradient
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information. In this task, drones must maximize the throughput of deliveries while

avoiding collisions and conserving fuel. This task is challenging as a positive

reward through completing deliveries is rarely encountered (i.e., sparse rewards).

However, agents often receive negative rewards due to collisions or running out

of fuel. Thus, gradient-based approaches can easily fall into local minima and

fail to find policies that complete deliveries.8 We compare HA-GP-UCB against

competing approaches in Fig. 5.4. We observe that MARL based approaches fail

to find a meaningfully rewarding policy in this setting, whereas our approach shows

strong and compelling performance. Furthermore, HA-GP-UCB (MM) outperforms

HA-GP-UCB (CTDE) through leveraging roles and role interactions.

5.3.7 On the Robustness of HA-GP-UCB

HA-GP-UCB contains few hyperparameters. These hyperparameters were found

using simple grid search (i.e., searching over the valid hyperparameter values in a

simple manner). These hyperparameters were held constant throughout our extensive

validation. The depth and the diversity of our validation shows that HA-GP-UCB

is robust to new “never-before-seen” environments. We detail the hyperparameters

of HA-GP-UCB.

• Size of the largest maximal clique: Note that in the theoretical analysis, the

regret scales with the size of the largest clique. We observed that having

larger maximal cliques would demonstrate slow improvement in the objective

function due to an overly complex additive model. Having smaller maximal
8Further details on this task can be found in Appendix B.8.
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cliques would cause the objective function to asymptotically converge to a

subpar value due to the limited expressiveness of the additive model.

• Total number of additive kernels: Due to computational reasons, we limited

the total number of additive kernels generated. We encountered out-of-memory

and computational issues on commodity GPUs if this value was set too high.

Further details can be found in Appendix B.1.

5.4 Conclusion

We have proposed a HOM policy along with an effective optimization algorithm,

HA-GP-UCB. Our HOM and HA-GP-UCB are designed to offer strong perfor-

mance in high coordination multi-agent tasks under sparse or malformed reward on

memory-constrained devices. HA-GP-UCB is a theoretically grounded approach to

BO offering good regret bounds under reasonable assumptions. Our validation shows

HA-GP-UCB outperforms RL and MARL at optimizing neural network policies in

malformed reward scenarios. Our HOM optimized with HA-GP-UCB outperforms

MARL approaches in high coordination multi-agent scenarios by leveraging the

concepts of role and role interaction. Furthermore, we show through our drone

delivery task, our approach outperforms MARL approaches in multi-agent coordi-

nation tasks with sparse reward. We make significant progress on high coordination

multi-agent policy search by overcoming challenges posed by malformed reward and

memory-constrained settings.

We are able to scale up approaches rooted in probabilistic methods while showing
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their robustness advantages. We have demonstrated the scalability of these methods

by applying them to complex high-dimensional tasks in the single agent and multi-

agent setting. We show the superior performance of our approach when compared

against competing approaches in reinforcement learning and HDBO. We have

demonstrated the robustness of our approach by detailing the few hyperparameters

of HA-GP-UCB and asserting that these hyperparameters were held constant

throughout our extensive validation. This work gives evidence for scaling up decision-

making under uncertainty, and also shows how it can outperform reinforcement

learning approaches under certain scenarios.

5.5 Limitations

There are a few limitations of our work. Foremost among them concerns our usage of

the Hessian in both our theoretical results and empirical validation. In practice, the

Hessian is usually not available in Bayesian Optimization. One avenue of overcoming

this limitation is using finite differences (Cheng, G. Wu, and J. Zhu 2021) on either

zero’th order, or first order queries to determine the Hessian. Another limitation

relies on our usage of the surrogate Hessian, which may only be available in the

policy optimization setting due to the presence of a policy model. There are several

avenues of improvement in this direction. One would be a formalization of the

validity of the surrogate Hessian. Another would be a removal of dependence on the

surrogate Hessian by using zero’th order, or first order queries. These challenging

questions remain valuable for future work.
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Chapter 6

Adversarially Designed Games

6.1 Introduction

Reinforcement learning, similar to deep learning, has experienced tremendous suc-

cess in recent years (Yuxi Li 2017). This success has been demonstrated among a

wide variety of complex environments (Mnih, Kavukcuoglu, Silver, Graves, et al.

2013; Silver, Huang, et al. 2016; Berner et al. 2019). It has also been demon-

strated that reinforcement learning encounters difficulty in environments with sparse

reward (Salimans and R. Chen 2018; Aubret, Matignon, and Hassas 2019).

The suboptimal behavior of reinforcement learning under sparse reward has been

noted by several works (S. Singh, Barto, and Chentanez 2004; Zheng, Oh, and

S. Singh 2018; Aubret, Matignon, and Hassas 2019; Simsek and Barto 2006; Linke

et al. 2020). This shortcoming motivates an inquiry into whether reward structure

can significantly affect the performance of reinforcement learning algorithms.

We perform an investigation into whether sparse or malformed reward detrimen-

tally affects performance of reinforcement learning. We demonstrate a link between

the behavior of the reward in an environment and the performance of reinforcement
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learning approaches. In particular, we show that an adversarially designed reward

structure detrimentally affects the performance of reinforcement learning approaches.

In many environments, a useful reward structure enables the strong performance of

reinforcement learning. However, it is possible to design scenarios with malformed

reward such that strong performance becomes difficult to achieve. We term this

family of environments, Adversarially Designed Games.

In addition to showing the subpar performance of reinforcement learning, we

also show that a strong policy in these environments can be found by Bayesian

Optimization (BO). BO has recently emerged as a competitor to reinforcement

learning for finding strong policies in challenging environments (Letham et al. 2020;

Müller, Rohr, and Trimpe 2021). Following this research direction, we provide

theoretical guarantees that BO can find strong policies in such environments. Thus,

it is not the case that Adversarially Designed Games are difficult or challenging

overall. Instead, there is an empirically observed suboptimality gap between gradient

based or local approaches such as reinforcement learning, and global optimization

approaches such as BO. The presence of this suboptimality gap demonstrates the

shortcomings of reinforcement learning at solving this family of games and makes

them a valuable benchmark for further research in reinforcement learning.

To demonstrate these properties, our family of games is designed to be both simple,

and exhibit behavior which poses challenges for local gradient based optimization

techniques such as reinforcement learning. To well isolate this problem scenario,

we focus on some of the simplest class of games known as one-person Solitaire

games (Backhouse, W. Chen, and Ferreira 2010). Within this class of games, we
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design a family that is a one-move game, with an optimal deterministic policy. This

simplified design allows us to reason about the behavior of reinforcement learning

and BO approaches when optimizing a policy.

For our theoretical results in reinforcement learning, we focus on policy gradient

approaches (Silver, Lever, et al. 2014). Policy gradient has emerged as a dominant

and performant paradigm in reinforcement learning in recent years (Arulkumaran

et al. 2017). In policy gradient, a policy forming a set of decision-making rules in

the environment is repeatedly improved using reinforcement learning. Typically,

this policy is represented as a neural network. For our family of games, we show

that policy gradient approaches have a tendency to converge to suboptimal policies.

This difficulty arises from the reward structure of our designed family of games.

On the other hand, global search approaches such as BO do not suffer from this

difficulty. It is well understood that the performance of BO approaches such as GP-

UCB is related to the Fourier transform of the function being optimized (Kanagawa

et al. 2018). In our family of games, the function being optimized (the policy) has

a well-behaved and bounded Fourier transform. This property allows us to give

theoretical guarantees on the convergence rate of BO to the optimal policy.

To show the above claims, we first design the game and the policy space. We

then derive policy gradient rules in order to reason about the performance of policy

gradient approaches. Following this derivation, we prove theoretical results showing

the difficulty finding the optimal policy using policy gradient approaches. We also

show that optimizing the policy is something which can be accomplished using BO

approaches with strong performance guarantees.
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In addition to the above theoretical contributions, we also conduct in depth

empirical validation of reinforcement learning approaches vs. BO to empirically

demonstrate the suboptimality gap. Our empirical validation shows that indeed the

theoretically reasoned about suboptimality gap does emerge using modern policy

gradient approaches. In this work, we make the following contributions:

• We introduce the concept of Adversarially Designed Games, a family of environ-

ments specifically crafted to expose the weaknesses of reinforcement learning in

the presence of adversarial reward structures. These games serve as a valuable

benchmark for evaluating the robustness of reinforcement learning algorithms.

• We establish links between the reward structure of an environment and the

potential difficulty of optimizing policies for these environments using rein-

forcement learning.

• We provide theoretical guarantees for using Bayesian Optimization (BO) to find

strong policies in Adversarially Designed Games. Our results show that BO can

overcome the adversarially designed reward structure, offering a competitive

alternative for policy optimization.

• We conduct comprehensive empirical experiments to demonstrate the subop-

timality gap between reinforcement learning and BO. Our results highlight

Adversarially Designed Games as a scenario where reinforcement learning

struggles and where BO excels, providing insights into the conditions under

which each approach is most effective. By highlighting the shortcomings of
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current approaches, we aim to spur the development of more robust and

effective reinforcement learning methods.

• We offer a detailed analysis of policy gradient methods, showing their tendency

to converge to suboptimal policies in the presence of adversarial reward struc-

tures. This analysis underscores the importance of considering reward design

in the development and evaluation of reinforcement learning algorithms.

6.2 Design

In this section, we demonstrate the design of our proposed Adversarially Designed

Games. This simple family of games can prove difficult to solve (i.e., reach the

optimal policy) for gradient based optimization. This difficulty arises from the

limited insight provided by the gradient for solving the game. On the other hand,

this family of games can be shown to be solved by BO.

We show that our proposed study of Adversarially Designed Games is challenging

to solve for Policy Gradient methods. Policy Gradient approaches have become

increasingly popular in reinforcement learning and have demonstrated state-of-the-art

performance in many use cases and benchmarks.

Our family of Adversarially Designed Games is a continuous-valued solitaire

game. The optimal policy for this family of games is deterministic. The reward for

our solitaire game is defined as follows:

R(a) = c1 cos (a− ϕ)
e(a−ϕ)2 . (6.1)
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Figure 6.1: A visualization of the function cos(a)/a2, which exhibits similar periodic
behavior to our solitaire game. The several local optimal in the function may cause
gradient based optimizers to achieve suboptimal values during optimization.

Without loss of generality, we assume that the phase equals zero, i.e., ϕ = 0.

An agent playing this game takes a singular action which is the policy with a ∈ R.

This family of games has an optimal action at a = 0. We visualize a function with

similar periodic behavior in Fig. 6.1. As can be the seen, the several local optima

may cause difficulty for gradient based optimizers at reaching the global optima.

We specify the deterministic policy with respect to the above game:

πθ(a) ≜ δθ(a) (6.2)

where δθ is the Dirac-delta function, which is zero unless a = θ. We note that

this policy space is sufficiently expressive to capture the optimal policy for our family
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of games, specifically with the policy π0(·).

As is the practice in reinforcement learning during training of the policy using

gradient descent, we add an exploration term.

πθ(a) ≜ (1− β)δθ(a) + βU(a) (6.3)

In addition to the Dirac-delta impulse at θ, there is an exploration factor to

encourage exploration within the policy that is modulated by β.

Given the above definition, the optimization objective is defined as follows:

J(θ) ≜ Eπθ
[R(a)] = Ea∼πθ

[log πθ(a)R(a)] =
∫
πθ(a)R(a)da = R(θ) (6.4)

where R(·) is the reward function defined earlier.

We derive the policy gradient for the above formulation as follows:

∇θJ(θ) = Ea∼πθ
[∇θ log πθ(a)R(a)] = ∇θ

∫
πθ(a)R(a)da (6.5)

Given the above and the definition of R(a), we have the following specification

for the policy gradient:

∇θJ(θ) = (1− β)∇θ

∫
δθ(a)R(a)da (6.6)

Given the definition of the Dirac-delta function and using R as a Schwartz

function1, using the property of the distributional derivative we have:
1A Schwartz function is an infinitely differentiable function where every derivative decays faster

than any polynomial. For further reading we recommend the work of Zemanian 1987 for a primer
on distributions and Schwartz functions.
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∇θJ(θ) = (1− β)∇θ

∫
δθ(a)R(a)da = (1− β)

∫
∇θδ(a− θ)R(a)da

where the second equality follows from the definition of δθ = δ(a− θ) and δ(·) is

the Dirac-delta function with an impulse fixed at 0. Continuing with the derivation

we have:

(1−β)
∫
∇θδ(a−θ)R(a)da = (1−β)

∫
−δ′(a−θ)R(a)da = (1−β)

∫
δ(a−θ)R′(a)da

where the first equality follows from the derivative of the δ function, and the

second equality follows from definition of the derivative of a test function. We

complete the derivation:

(1− β)
∫
δ(a− θ)R′(a)da = (1− β)R′(θ) (6.7)

where the equality follows from the sifting property of the Dirac-delta function.

Given the gradient update rules, it becomes possible to utilize a family of gradient

descent algorithms in order to optimize the policy space. Now we prove several

lemmas that show the difficulty of optimizing the objective function using gradient

based approaches along with the possibility of efficiently optimizing the policy space

using BO.

6.3 Theoretical Contributions

We separate our theoretical contributions into two portions, showing results for

both gradient based reinforcement learning approaches along with theoretical results
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regarding BO approaches. We attempt to show that our family of Adversarially

Designed Games is difficult to solve for reinforcement learning, but easy for BO

approaches.

6.3.1 Reinforcement Learning Theoretical Results

Our first lemma shows that the number of local maxima between a randomly

initialized policy, and the globally optimal policy is linearly correlated to the distance

between the randomly initialized point and the global optima. This is a detriment

for reinforcement learning as reaching the global optimal requires overcoming a

numerous number of local maxima which is known to be difficult for gradient based

optimization. We defer the proofs for all lemmas and theorems to the appendix.

Lemma 6.1. Let the reward function be defined on the compact domain [−b,+b].

Let the function M(θ) denote the number of local maxima in the interval (−θ,+θ).

We have Eθ∼U(−b,+b)[M(θ)] = Ω(b).

In addition, we also consider the difficulty of optimizing the objective function

using gradient descent with momentum methods. Gradient descent with momentum

methods give the gradient descent process a momentum term to escape local optima.

In particular, this momentum term builds inertia while navigating the loss surface of

the optimization function. This inertia is then consumed to overcome local optima

by allowing the optimizer to climb through the local valley or hill.

However, for the purpose of our reward function, we show that the loss surface is

designed such that momentum optimizers have difficulty reaching the global optimal,

as each successive local maxima is greater than the previous as the global maxima
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is approached. Thus, the momentum accumulated from reaching the previous local

maxima will be insufficient for overcoming the successive local maxima. To formalize

this argument, we state the following Lemma:

Lemma 6.2. Let the reward function be defined on the compact domain [−b,+b]. Let

θ̂1, . . . , θ̂n be any sequence of local maxima of J(·) that are monotonically approaching

the global maxima. That is sign(θ̂1) =, . . . ,= sign(θ̂n) and |θ̂1| >, . . . , > |θ̂n|,

∂J
∂θ

(θ̂1) =, . . . ,= ∂J
∂θ

(θ̂n) = 0 and ∂2J
∂θ2 (θ̂1) < 0, . . . , ∂2J

∂θ2 (θ̂n) < 0. Then J(θ̂i) < J(θ̂j)

when i < j.

Such characteristic behavior of the reward function is detrimental to momentum

based optimizers, as the momentum cannot be accumulated to overcome the local

minima between successive local maxima. These two lemmas indicate the difficulty

of using gradient based methods to solve our Adversarially Designed family of games.

It remains an open question whether the above results can be strengthened. In

particular, the following open question may deserve further study:

Let A represent an arbitrary deterministic gradient based optimization algorithm

with access to the noisy gradient: ∇̃θ ≜ ∇θ + ϵ, with ϵ ∼ N (0, σ2). Let the

generalized reward function be:

R(θ) ≜ c1 cos (s(a− ϕ))
es(a−ϕ)2 .

Let the reward function be picked randomly with, s ∼ [−bs,+bs], ϕ ∼ [−bϕ,+bϕ],

c1 ∼ [−bc,+bc] Let Aθ represent A with θ ∼ [−b,+b] as the initial point for

gradient based optimization on the generalized reward function. Let Âθ be the
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optimized result after completion of A. Are there values of σ2, b, bϕ, bs, bc such

that minA J(ϕ) − E(J(Âθ)) be lower bounded by some quantity? That is, does a

suboptimality gap provably exist for the generalized reward function?

6.3.2 Bayesian Optimization Theoretical Results

The second section of our theoretical results demonstrate the ability of Bayesian

Optimization to achieve the global optima. This is possible by bounding the RKHS2

norm of the function being optimized. Following this bounding, there exist well

known theorems establishing the regret of well known algorithms such as GP-UCB.

To begin our analysis we state a bound on the RKHS norm (Kanagawa et al. 2018)

of the policy function being optimized:

||J ||2Hk
= 1

2π1/2

∫ F [J ](ω)F [J ](ω)
F [ψ](ω) dω (6.8)

where F [ψ](ω) represents the reference kernel and J represents the policy function

being optimized. For our purposes we can use the unnormalized RBF kernel as the

reference kernel.

To proceed with the analysis, we state the Fourier transform of the reward func-

tion, which is being optimized, along with the Fourier transform of the unnormalized

RBF kernel.

∫ +∞

−∞

c1 cos (a)
ea2 eiωada = c1

2

(
e−1/4 (ω−1)2 + e−1/4 (ω+1)2

√
2

)
(6.9)

2A helpful primer on the relationship between RKHS norm and Bayesian Optimization is the
work of Srinivas et al. 2010.
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∫ +∞

−∞
e−d2

eiωddd = 1√
2eω2/4

(6.10)

The above can be verified by using the identity cos(a) = eia+e−ia

2 and Bochner’s

theorem respectively.

Given the above, we can bound the RKHS norm as follows:

||J ||2Hk
= 1

2π1/2

∫ F [J ](ω)F [J ](ω)
F [ψ](ω) dω = 2c2

1(1 + e)
√

1
2e (6.11)

Following the above bounding of the RKHS norm with respect to the RBF kernel,

we can state the key theorem of this work.

Theorem 6.1. Let the reward function, and the policy space be defined as earlier,

then the cumulative regret of the BO Algorithm GP-UCB suffers when searching for

the optimal policy is Õ(
√
T (c2

1 log T + log2 T )).

Where Õ(·) is the same asO(·) with the log factors suppressed. Thus, by bounding

the RKHS norm of the reward function, we are able to bound the regret suffered by

GP-UCB when optimizing for the best policy. The regret is a key measure of the

performance of the BO optimization algorithm. The above regret bound is tight

up to poly-log factors, showing that not only GP-UCB shows strong performance,

but this performance can only be slightly improved in the best case (Scarlett 2018).

Thus, our analysis itself is also rigorous.

Our theoretical analysis has established an upper bound on the performance of

BO at optimizing for the policy. In addition, we have also proved lemmas that show

the difficulty of finding the optimal policy using gradient based approaches. Thus,
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Figure 6.2: Policy gradient with various optimizers with c1 varying from 0.2 to 50.0
and domain bounds varying from [−1,+1] to [−35,+35]. As the domain bounds are
increased, policy gradient suffers a significant drop in performance.

our theoretical analysis shows our family of games is easy or straightforward to solve

using BO, but difficult to solve by RL.

Following this analysis, we perform empirical validation to support that in

practice our family of Adversarially Designed Games can be optimized by a global

optimization approach such as BO, and policy gradient approaches show consistently

poor performance.

6.4 Validation

We validate our theoretical contributions in three different scenarios. First, we verify

the poor performance of policy gradient in our family of Adversarially Designed
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Figure 6.3: Bayesian Optimization with initial samples varying from IS = 1 to
IS = 50. The constant c1 is varied from 0.2 to 50.0 and domain bounds are varied
from [−1,+1] to [−35,+35]. As the domain bounds are increased, BO suffers
performance loss. For the higher setting of initial samples, little to no performance
loss is observed.

Games. Second, we validate the strong performance of BO under the same setting.

Lastly, we compare the performance of policy gradient and BO to empirically

establish the suboptimality gap.

To establish a diverse set of games within this family, we vary the scaling constant

c1 from 0.5 to 50.0. We also vary the domain bounds, [−b,+b] from b = 1 to b = 35.

This allows us to study how these family hyperparameters affect the performance of

policy gradient or BO approaches. For all validation, we repeat our experiments 50

times.

For policy gradient methods, we verify using several common optimizers such
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Figure 6.4: Reinforcement learning and Bayesian Optimization compared under
Adversarially Designed Games. The constant c1 is varied from 0.2 to 50.0 and domain
bounds are varied from [−1,+1] to [−35,+35]. As the domain bounds are increased,
BO suffers far less performance loss than reinforcement learning methods. Even
with 1 initial sample, BO outperforms all tested reinforcement learning methods.

as AdaDelta (Zeiler 2012), AdaFactor (Shazeer and Stern 2018), AdaGrad (Duchi,

Hazan, and Singer 2011), Adam (Kingma and Ba 2015), RMSProp (Ruder 2016),

and SGD (Ruder 2016). We present this validation in Fig. 6.2 where we vary both

the scaling constant c1 and the domain bounds, [−b,+b].

As can be seen in Fig. 6.2, the performance of policy gradient with all optimizers

leaves much to be desired. Performance significantly degrades as domain bounds are

even slightly increased from the lowest possible setting of [−1,+1]. This is due to

policy gradient methods becoming stuck at local optima as indicated by Lemma 6.1

and Lemma 6.2. Although some optimizers such as AdaDelta, AdaFactor, and Adam
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show better performance than other optimizers, the performance is still consistently

poor across all tested optimizers.

We contrast the above result with BO. We repeat the same set of experiments,

and utilize GP-UCB to optimize for the policy. We vary the initial samples for BO

from 1 to 50. We present our results in Fig. 6.3.

In comparison to the performance of policy gradient methods, BO offers far

superior performance, even with an exceptionally low (IS = 1) number of initial

samples. For a more realistic number of initial samples, such as IS = 15 or higher,

the performance of BO far supercedes that of policy gradient methods. Finally,

with many samples (i.e., IS = 30 or IS = 50), there is little to no degradation in

BO performance even as the domain bounds are increased to high values such as

[−35,+35]. This agrees with our theoretical claim about the performance of BO as

presented in Theorem 6.1.

For ease of comparison, we present a combined figure comparing policy gradient

methods and BO in Fig. 6.4. We highlight the generally superior performance of

BO. In addition, we also highlight that even with an exceptionally low (IS = 1)

number of initial samples, a suboptimality gap exists between policy gradient and

BO thus verifying our theoretical contributions.

6.5 Conclusion

We have introduced the concept of Adversarially Designed Games, a family of envi-

ronments specifically created to highlight the weaknesses of reinforcement learning

under adversarial reward structures. Our comprehensive study links the reward struc-
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ture of an environment to the difficulty of optimizing policies using reinforcement

learning methods.

Our theoretical and empirical analyses reveal that policy gradient approaches

tend to converge to suboptimal policies in adversarially designed scenarios due to

the numerous local maxima that impede the optimization process. In contrast, we

provide theoretical guarantees that Bayesian Optimization (BO) can effectively

find strong policies in these challenging environments, overcoming the adversarially

designed reward structures.

Our empirical validation demonstrates the suboptimality gap between reinforce-

ment learning and BO, highlighting that BO significantly outperforms reinforcement

learning in Adversarially Designed Games. This performance gap underscores the

need for more robust and effective reinforcement learning methods.

By establishing a new benchmark through Adversarially Designed Games, we

pave the way for future research to address the shortcomings of current reinforcement

learning algorithms and to develop more resilient approaches capable of handling

adversarial reward environments. This work demonstrates the importance of reward

design in reinforcement learning and provides a foundation for advancing optimization

techniques in complex, adversarial settings.
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Chapter 7

Conclusion and Future Work

7.1 Conclusion

We summarize the contributions of this thesis in showing how approaches rooted

in probabilistic methods can be scaled up to be competitive with deep learning or

reinforcement learning approaches. We investigated this problem in the setting of

early pruning of deep neural networks, as well as in the setting of policy optimization

in the single agent and multi-agent setting. Our contributions are detailed below.

Pruning During Training by Network Efficacy Modeling. We have demon-

strated a scalable algorithm to perform early pruning. Our algorithm is able to

perform early pruning in linear time with bounds given on its suboptimality gap.

Development of this algorithm required theoretical principles rooted in submodular

optimization and assuming a multivariate Gaussian distribution of network element

efficacy. Using these approaches, we are able to solve the early pruning problem

in linear time. We performed extensive validation on our approach to show its

superior performance at preserving network efficacy against competing approaches

from the deep learning literature. We demonstrate this in several parts. First, we
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show in a smaller-scale network, our proposed MOGP model is able to well capture

network saliency evolution over time. We evaluate and show the validity of important

subcomponents of our approach which improve empirical performance, such as the

BEP-LITE heuristic and dynamic penalty scaling. Following these experiments, we

then validate the proposed BEP algorithm on the smaller scale network and show

its competitive performance at preserving network efficacy at test-time. We then

evaluate both BEP and BEP-LITE on the ResNet-50, architecture and demonstrate

that this competitive performance translates to larger scale deep neural networks.

We also show our approach is robust to changes in hyperparameters. Our work

demonstrates that algorithms rooted in probabilistic methods are able to scale up in

the deep learning setting of pruning.

Hessian-Aware Bayesian Optimization for Decision-Making Models. We

have demonstrated a scalable approach to optimize Decision-Making Models suitable

for memory constrained devices. Our proposed approach relies on a Higher-Order

Model (HOM) as well as a scalable approach to High-Dimensional Bayesian Op-

timization (HDBO). For the HOM, we utilize the abstractions of role and role

interaction to design an expressive policy which is memory efficient. For our ap-

proach to HDBO, HA-GP-UCB, we propose a new approach of learning the

dependency structure between the dimensions to simplify the learning problem. This

approach decomposes a large optimization problem into many smaller optimization

problems which are easier to solve. We additionally provide a regret bound for

HA-GP-UCB. We extensively validate our claims. We first validate our HOM and
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show that the role and role interaction offer measurable advantages in empirical

performance. We further investigate the internal behavior of the HOM and show

that role and role interaction work as expected in abstracting agent behavior through

role, and modulating agent behavior through role interaction. We compare against

reinforcement learning approaches in the single agent and multi-agent setting. We

show that in these settings, our approach shows superior performance in the mal-

formed or sparse reward setting. We also show that our approach is competitive with

other HDBO approaches. Finally, we demonstrate the robustness of our approach by

detailing the two hyperparameters used in HA-GP-UCB and mentioning that they

were held constant throughout all portions of the validation. Our work demonstrates

that algorithms and approaches rooted in probabilistic methods are able to scale

up in the setting of policy optimization to be competitive to reinforcement learning

approaches.

Adversarially Designed Games. We introduced Adversarially Designed Games,

a novel family of environments tailored to expose the weaknesses of reinforcement

learning under adversarial reward structures. These environments serve as a valuable

benchmark for evaluating the robustness of reinforcement learning algorithms. Our

work establishes a critical link between the reward structure of an environment

and the difficulty of optimizing policies using reinforcement learning. We provide

theoretical and empirical evidence that gradient-based methods, particularly policy

gradient approaches, struggle to achieve optimal performance in these adversarial

settings due to numerous local maxima. On the other hand, we present theoretical
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guarantees that BO, specifically GP-UCB, can efficiently find strong policies in

Adversarially Designed Games. By bounding the RKHS norm of the reward function,

we show that BO can overcome adversarially designed reward structures, offering

a competitive alternative for policy optimization. We empirically validated these

theoretical result to demonstrate a significant suboptimality gap between reinforce-

ment learning and BO. We show that BO consistently outperforms reinforcement

learning in Adversarially Designed Games, even with a low number of initial samples.

This highlights the robustness and efficiency of BO in optimizing policies under

challenging reward structures.

This thesis shows under which settings and scenarios, approaches rooted in

probabilistic methods outperforms approaches from the deep learning and reinforce-

ment learning literature. We show the possibility of superior performance in the

early pruning setting and compare against deep learning approaches. We show the

possibility of superior performance in the sparse reward policy optimization setting

and compare against reinforcement learning approaches. Finally, we unify our works

by proposing Adversarially Designed Games which serves as both a benchmark

showing consistently stronger performance for Bayesian Optimization methods over

reinforcement learning methods under adversarial reward structures.

Our family of Adversarially Designed Games also serves as a launching platform

for future work. This benchmark serves as an excellent testbed for robust reinforce-

ment learning methods, which fare well under adversarial reward structures. In

addition, although Bayesian Optimization methods offer theoretically strong perfor-

mance in the asymptotic case, there is still room for improvement for optimizing
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adversarially designed functions. Thus, how to develop robust and practical Bayesian

Optimization methods that show consistently strong performance for Adversarially

Designed Games is also an open question for future work.
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Appendix A

Appendix for Chapter 4

A.1 Saliency Function

In this work, we use a first-order Taylor series saliency function proposed by Molchanov

et al. 2017. Our design (Section 4.3) remains flexible to allow usage of arbitrary

saliency functions in a plug-n-play basis. We partition a DNN of L layers, where

each layer ℓ contains Cℓ convolutional filters, into a sequence of convolutional filters

[zℓ,c]c=1,...,Cℓ
ℓ=1,...,L . Each filter zℓ,c : RCℓ−1×Wℓ−1×Hℓ−1 → RWℓ×Hℓ can be considered as one

network element in vT and zℓ,c(Pℓ−1) ≜ R(Wℓ,c∗Pℓ−1 +bℓ,c) where Wℓ,c ∈ RCℓ×Oℓ×O′
ℓ ,

bℓ,c are kernel weights and bias. With receptive field Oℓ × O′
ℓ, ‘∗’ represents the

convolution operation, R is the activation function, Pℓ−1 represents the output of

zℓ−1 ≜ [zℓ−1,c′ ]c′=1,...,Cℓ−1 with P0 corresponding to an input xd ∈ X , and Wℓ, Hℓ are

width and height dimensions of layer ℓ for ℓ = 1, . . . , L. Let Nzℓ:zℓ′ ≜ zℓ′◦, . . . , ◦zℓ

denote a partial neural network of layers [ℓ, . . . , ℓ′]1≤ℓ≤ℓ′≤L. The Taylor series saliency

function on the convolutional filter zℓ,c denoted as s([ℓ, c]) is defined1:

s([ℓ, c]) ≜ 1
D

D∑
d=1

∣∣∣∣∣∣ 1
Wℓ ×Hℓ

Wℓ×Hℓ∑
j=1

∂L(P(xd)
ℓ , yd;Nzℓ+1:zL

)
∂P

(xd)
ℓ,c,j

P
(xd)
ℓ,c,j

∣∣∣∣∣∣ . (A.1)

1For brevity, we omit parameters X , Y, Nz1:zL
, L.
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where P(xd)
ℓ is the output of the partial neural network Nz1:zℓ

with xd as the input

and [P xd
ℓ,c,j ]j=1,...,Wℓ×Hℓ

interprets the output of the cth filter in vectorized form. This

function uses the first-order Taylor series approximation of L to approximate the

change in loss if zℓ,c was changed to a constant 0 function. Using the above saliency

definition, pruning filter zℓ,c corresponds to collectively zeroing Wℓ,c, bℓ,c as well as

weight parameters2 [Wℓ+1,c′,{:,:,c}]c′=1,...,Cℓ+1 of zℓ+1 which utilize the output of zl,c.

This definition can be extended to elements (e.g., neurons) which output scalars by

setting Wℓ = Hℓ = 1.

A.2 Proof of Pruning Lower Bound

We state Lemma 4 asserting the lower bound in Equation 4.4.

Lemma A.1. Let mt ∈ {0, 1}M then the following holds true:

max
mt

Ep(st+1|s̃1:t)
[
ρt+1(mt, Bt,c − ∥mt∥0, Bs)

]
≥ max

mt
Ep(sT |s̃1:t)[ρT (mt, Bt,c − (T − t)∥mt∥0, Bs)].

(A.2)

Proof. To prove the above, we show a solution to the latter that can be transformed

into an equivalent feasible solution to the former. Let

m∗
t ≜ max

mt
Ep(sT |s̃1:t)[ρT (mt, Bt,c − (T − t)∥mt∥0, Bs)].

Accordingly, we define a feasible solution for the former optimization problem:

m∗
t+1 = m∗

t+2 = . . . = m∗
T = m∗

t .

2Here we use {} to distinguish indexing into a tensor from indexing into the sequence of tensors
[Wℓ+1,c′ ].
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Let the above serve as solutions to ρt+1, ρt+2, . . . , ρT satisfies the constraint of ρt in

the former optimization problem:

ρt(m∗
t , Bt,c − ∥m∗

t∥0, Bs)

= ρt+1(m∗
t , Bt,c − 2∥m∗

t∥0, Bs)

...

= ρT (m∗
t , Bt,c − (T − t)∥m∗

t∥0, Bs)

which completes the proof as the maximization of the former optimization can only

be greater or equal to a feasible solution.

A.3 Proof of Lemma 4.1

We restate Lemma 4.1 for clarity.

Lemma 4.1. Let m′, m′′ ∈ {0, 1}M , and e(a) be an arbitrary M-dimensional

one hot vector with 1 ≤ a ≤ M with P (m) ≜ Ep(sT |s̃1:t)[ρ̂T (m, Bs)]. We have

P (m′∨e(a))−P (m′) ≥ P (m′′∨e(a))−P (m′′) for any m′ ≤̇m′′ when m′∧e(a) = 0M ,

and m′′ ∧ e(a) = 0M .

Proof. According to Equation 4.2,

Ep(sT |s̃1:t)[ρ̂T (m, Bs)] = Ep(sT |s̃1:t)

[
max
mT

[
mT · s̃T s.t. ∥mT∥0 ≤ Bs,mT ≤̇ m

]]

Let α(m) ≜ arg maxmT

[
mT · s̃T s.t. ∥mT∥0 ≤ Bs,mT ≤̇m

]
return the optimized

mask mT given any m, Λm ≜ min(α(m) ⊙ sT ) be the minimal saliency of the
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network elements selected at iteration T for P (m). Then, we have

P (m ∨ e(a)) = Ep(sT |s̃1:t)
[
ρ̂T (m ∨ e(a), Bs)

]
= Ep(sT |s̃1:t) [ρ̂T (m, Bs)− Λm + max(sa

T ,Λm)]

The second equality is due to the fact that the network element va
T would only

replace the lowest included element in mT in order to maximize the objective. Then,

P (m ∨ e(a))− P (m)

= Ep(sT |s̃1:t) [ρ̂T (m, Bs)− Λm + max(sa
T ,Λm)]− Ep(sT |s̃1:t) [ρ̂T (m, Bs)]

= Ep(sT |s̃1:t) [−Λm + max(sa
T ,Λm)]

= Ep(sT |s̃1:t) [max(sa
T − Λm, 0)] (A.3)

Given m′ ≤̇m′′, we have Λm′ ≤ Λm′′ since mT ≤̇m in α(m′) is a tighter constraint

than that in α(m′′). Consequently, we can get sa
t − Λm′ ≥ sa

t − Λm′′ , and thus

[P (m′ ∨ e(a))− P (m′)] ≥ [P (m′′ ∨ e(a))− P (m′′)] .

A.4 Proof of Lemma 4.2

We restate Lemma 4.2 for clarity.

Lemma 4.2. Let e(i) be a M -dimensional one-hot vectors with the ith element being

1. ∀ 1 ≤ a, b ≤ M,m ∈ {0, 1}M s.t.m ∧ (e(a) ∨ e(b)) = 0M . Given a matrix s̃1:t of

observed saliency measurements, if µa
T |1:t ≥ µb

T |1:t and µa
T |1:t ≥ 0, then

Ep(sT |s̃1:t)[ρ̂T (m ∨ e(b))]− Ep(sT |s̃1:t)[ρ̂T (m ∨ e(a))] ≤ µb
T |1:t Φ(ν/θ) + θ ϕ(ν/θ)
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where θ ≜
√
σaa

T |1:t + σbb
T |1:t − 2σab

T |1:t , ν ≜ µb
T |1:t − µa

T |1:t , and Φ and ϕ are standard

normal CDF and PDF, respectively.

To prove this Lemma, we prove the following first:

Lemma A.1. Ep(sT |s̃1:t)
[
ρ̂T (m ∨ e(b))

]
− Ep(sT |s̃1:t)

[
ρ̂T (m ∨ e(a))

]
≤ E[max(sb

T −

sa
T , 0)].

Proof. Due to Equation A.3, we have

Ep(sT |s̃1:t)
[
ρ̂T (m ∨ e(b))

]
− Ep(sT |s̃1:t)

[
ρ̂T (m ∨ e(a))

]
= P (m ∨ e(b))− P (m)− (P (m ∨ e(a))− P (m))

= Ep(sT |s̃1:t)
[
max(sb

T − Λm, 0)
]
− Ep(sT |s̃1:t) [max(sa

T − Λm, 0)]

= Ep(sT |s̃1:t)
[
max(sb

T − Λm, 0)−max(sa
T − Λm, 0)

]
(A.4)

= Ep(sT |s̃1:t)
[
max(sb

T − sa
T ,Λm − sa

T )−max(0,Λm − sa
T )
]

(A.5)

≤ Ep(sT |s̃1:t)
[
max(sb

T − sa
T , 0)

]
(A.6)

The equality Equation A.5 is achieved by adding Λm − sa
T in each term of the two

max functions in Equation A.4. The inequality Equation A.6 can be proved by

considering the following two cases:

If Λm − sa
T ≥ 0, then

max(sb
T − sa

T ,Λm − sa
T )−max(0,Λm − sa

T )

= max(sb
T − sa

T ,Λm − sa
T )− (Λm − sa

T )

= max(sb
T − sa

T − (Λm − sa
T ), 0)

≤ max(sb
T − sa

T , 0) .
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If Λm − sa
T < 0, then

max(sb
T − sa

T ,Λm − sa
T )−max(0,Λm − sa

T )

= max(sb
T − sa

T ,Λm − sa
T )

≤ max(sb
T − sa

T , 0) .

Next we utilize a well known bound regarding the maximum of two Gaussian

random variables (Nadarajah and Kotz 2008), which we restate:

Lemma A.2. Let sa, sb be Gaussian random variables with means µa, µb and stan-

dard deviations σa, σb, then E[max(sa, sb)] ≤ µaΦ
(

µb−µa

θ

)
+µbΦ

(
µb−µa

θ

)
+ θϕ

(
µb−µa

θ

)
where θ ≜

√
[σb]2 + [σa]2 − 2cov(sb, sa) and Φ, ϕ are standard normal CDF and

PDF respectively.

Then,

Ep(sT |s̃1:t)[max(sb
T − sa

T , 0)]

= Ep(sT |s̃1:t)[max(sb
T , s

a
T )]− Ep(sT |s̃1:t)[sa

T ]

≤ (µb
T |1:t + µa

T |1:t)Φ
(µb

T |1:t − µa
T |1:t

θ

)
+ θϕ

(µb
T |1:tµ

a
T |1:t

θ

)
− µa

T |1:t

= µb
T |1:tΦ

(µb
T |1:t − µa

T |1:t

θ

)
+ θϕ

(µb
T |1:tµ

a
T |1:t

θ

)
+ µa

T |1:t

(
Φ
(
µb

T |1:t − µa
T |1:t

θ

)
− 1

)

≤ µb
T |1:tΦ

(µb
T |1:t − µa

T |1:t

θ

)
+ θϕ

(µb
T |1:t − µa

T |1:t

θ

)

The first inequality follows from Lemma A.2. The second inequality is due to

Φ
(µb

T |1:t−µa
T |1:t

θ

)
≤ 1 and µa

T |1:t ≥ 0.
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A.5 Proof of Lemma 4.3

We restate Lemma 4.3 for clarity.

Lemma 4.3. Let e(∗) represent a pruned element at time t with the highest predictive

mean µ∗
T |1:t ≥ 0. Given an arbitrary pruned element e(a) at time t, then for all

δ ∈ (0, 1), the following holds:

p

(
ρ̂T (e(a) ∨mt, Bs)− ρ̂T (mt, Bs) <

λt

δ
(T − t+ ϵ)

)
> 1− δ

where ϵ ≜ λ−1
t

[
µa

T |1:tΦ(ν/θ) + θ ϕ(ν/θ)
]

with θ ≜
(
σ∗∗

T |1:t + σaa
T |1:t − 2σ∗a

T |1:t

)1/2
, and

ν ≜ µa
T |1:t − µ∗

T |1:t .

Proof. The proof follows as a consequence of Lemma 4.2 and Markov inequality.

By definition of e(∗) being a pruned element with the highest µ∗
T |1:t according to

Algorithm 1 Line 15:

∆(∗,mt, s̃1:t, Bs) ≤ λt(T − t).

By substituting the definition of ∆:

Ep(sT |s̃1:t)[ρ̂T (mt ∨ e(∗))− ρ̂T (mt)] ≤ λt(T − t). (A.7)

Consequently, as µ∗
T |1:t ≥ µa

T |1:t, we can apply Lemma 4.2 and achieve:

E[ρ̂T (mt ∨ e(a))− ρ̂T (mt)]

=E[ρ̂T (mt ∨ e(∗))]− E[ρ̂T (mt)] + E[ρ̂T (mt ∨ e(a))]− E[ρ̂T (mt ∨ e(∗))]

=E[ρ̂T (mt ∨ e(∗))− ρ̂T (mt)] + E[ρ̂T (mt ∨ e(a))]− E[ρ̂T (mt ∨ e(∗))]

≤λt(T − t) + λtϵ

=λt(T − t+ ϵ)
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Table A.1: Performance (standard error) of the tested algorithms with varying
inference FLOPs (percentage of pruned FLOPs) for CIFAR-10 and CIFAR-100 on
the VGG-16 model. Unpruned baseline train and inference FLOPs are 8.2e15 and
6.6e8, respectively.

CIFAR-10 (VGG-16)
26.5M Inference FLOPs (96.0%) 6.68M Inference FLOPs (98.9%) 1.72M Inference FLOPs (99.7%) 414K Inference FLOPs (99.9%)

Val Acc Train FLOPs Val Acc Train FLOPs Val Acc Train FLOPs Val Acc Train FLOPs
Random 82.3(0.7)% 3.3e14 71.8(0.5)% 8.2e13 49.2(3.5)% 2.1e13 26.5(1.8)% 5.1e12

SNIP 82.8(0.8)% 3.3e14 70.2(0.7)% 8.2e13 49.9(1.2)% 2.1e13 26.4(1.5)% 5.1e12
GraSP 82.7(0.4)% 3.3e14 71.6(0.1)% 8.2e13 46.2(2.1)% 2.1e13 19.4(3.9)% 5.1e12

BEP 1× 10−2 83.1(0.3)% 1.1e15(1.9e11) 69.9(1.0)% 9.3e14(4.6e10) 51.9(1.1)% 8.7e14(1.2e10) 29.5(0.5)% 8.6e14(1.2e10)
BEP 1× 10−4 84.1(0.2)% 1.2e15(3.2e11) 72.2(0.4)% 9.4e14(4.1e10) 50.1(0.9)% 8.8e14(2.0e10) 31.8(0.8)% 8.6e14(9.6e9)
BEP 1× 10−7 83.7(0.2)% 1.3e15(3.4e11) 70.7(0.7)% 9.5e14(1.7e12) 53.1(1.4)% 8.8e14(2.8e11) 27.9(2.2)% 8.6e14(8.8e10)

CIFAR-100 (VGG-16)
60.2M Inference FLOPs (90.9%) 26.6M Inference FLOPs (95.9%) 6.76M Inference FLOPs (98.9%) 1.76M Inference FLOPs (99.7%)

Val Acc Train FLOPs Val Acc Train FLOPs Val Acc Train FLOPs Val Acc Train FLOPs
Random 55.9(0.2)% 7.4e14 47.3(0.7)% 3.4e14 25.7(1.4)% 8.3e13 7.8(0.5)% 2.2e13

SNIP 54.9(0.4)% 7.4e14 45.7(1.2)% 3.4e14 22.1(0.6)% 8.3e13 6.2(0.4)% 2.2e13
GraSP 54.1(0.6)% 7.4e14 46.7(0.01)% 3.4e14 23.3(0.6)% 8.3e13 6.9(0.7)% 2.2e13

BEP 1× 10−2 55.2(0.5)% 1.5e15(1.3e11) 46.2(0.1)% 1.1e15(2.6e11) 26.3(1.1)% 9.3e14(7.0e10) 8.6(0.4)% 8.7e14(1.2e10)
BEP 1× 10−4 55.2(0.6)% 1.7e15(1.4e13) 46.4(0.6)% 1.2e15(3.7e12) 28.0(0.2)% 9.4e14(4.6e11) 11.4(0.6)% 8.8e14(2.1e11)
BEP 1× 10−7 56.0(0.0)% 1.8e15(1.8e12) 47.3(0.1)% 1.3e15(2.4e12) 28.4(0.5)% 9.6e14(6.9e11) 11.6(0.2)% 8.8e14(2.9e11)

where the inequality is due to Equation A.7 and Lemma 4.2. The proof is complete

by applying Markov’s inequality:

p

(
ρ̂T (mt ∨ e(a))− ρ̂T (mt) ≥

λt

δ
(T − t+ ϵ)

)

≤E[ρ̂T (mt ∨ e(a))− ρ̂T (mt)]
λt(T − t+ ϵ)/δ ≤ λt(T − t+ ϵ)

λt(T − t+ ϵ)/δ = δ .

Observing the negation of the above yields the desired result.

A.6 Additional Experiments

To verify the robustness of our approach, we repeat our CIFAR-10 and CIFAR-100

early pruning experiments on the VGG-16 architecture comparing against the most

competetive baselines (SNIP and GraSP). This is presented in Table A.1.
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A.7 Experimental Details

A.7.1 Experimental Details

To train our CIFAR-10 and CIFAR-100 models we used an Adam optimizer (Kingma

and Ba 2015) with an initial learning rate of 0.001. The learning rate used an

exponential decay of k = 0.985, and a batch size of 32 was used. Training was

paused three times evenly spaced per epoch. During this pause, we collected saliency

measurements using 40% of the training dataset. This instrumentation subset was

randomly select from the training dataset at initialization, and remained constant

throughout the training procedure. We performed data preprocessing of saliency

evaluations into a standardized [0, 10] range.3 We used Equation A.1 to measure

saliency of neurons/convolutional filters. For the convolutional layers we used 12

latent MOGP functions. For the dense layer we used 4 latent MOGP functions.

For our ResNet-50 model we used an SGD with Momentum optimizer with an

initial learning rate of 0.1. The learning rate was divided by ten at t = [30, 60, 80]

epochs. We collected saliency data every 5 SGD iterations, and averaged them

into buckets corresponding to 625 SGD iterations to form our dataset. We used

a minimum of 10 latent functions per MOGP, however this was dynamically

increased if the model couldn’t fit the data up to a maximum of 15. We used these

hyperparameter settings for the VGG-16 architecture for CIFAR-10 and CIFAR-100

experiments. In our VGG-16 experiments, we also used BatchNormalization to

reduce overfitting.
3Generally, saliency evaluations are relatively small (≤ 0.01), which leads to poor fitting models

or positive log-likelihood. Precise details of our data preprocessing is in Appendix A.7.3.
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We sampled 10K points from our MOGP model to estimate ∆(·) for CIFAR-

10/CIFAR-100. For ResNet we sampled 15K points. We repeated experiments 5

times for reporting accuracy on CIFAR-10/CIFAR-100.

A.7.2 Pruning on ResNet

ResNet architecture is composed of a sequence of residual units: Zℓ ≜ F(Pℓ−1)+Pℓ−1,

where Pℓ−1 is the output of the previous residual unit Zℓ−1 and ‘+’ denotes element-

wise addition. Internally, F is typically implemented as three stacked convolutional

layers: F(Pℓ−1) ≜ [zℓ3 ◦ zℓ2 ◦ zℓ1 ] (Pℓ−1) where zℓ1 , zℓ2 , zℓ3 are convolutional layers.

Within this setting we consider convolutional filter pruning. Although zℓ1 , zℓ2 may

be pruned using the procedure described earlier. Pruning zℓ3 requires a different

procedure. Due to the direct addition of Pℓ−1 to F(Pℓ−1), the output dimensions of

Zℓ−1 and zℓ3 must match exactly. Thus a ResNet architecture consists of sequences of

residual units of length B with matching input/output dimensions: ζ ≜ [Zℓ]ℓ=1,...,B,

s.t. dim(P1) = dim(P2) = . . . = dim(PB). We propose group pruning of layers

[zℓ3 ]ℓ=1,...,B where filters are removed from all zℓ3 in a residual unit sequence in

tandem. We define s([ζ, c]) ≜ ∑B
ℓ=1 s([ℓ3, c]), where s(·) is defined for convolutional

layers as in Equation A.1. To prune the channel c from ζ, we prune it from each

layer in [zℓ3 ]ℓ=1,...,B. Typically we pruned sequence channels less aggressively than

convolutional filters as these channels feed into several convolutional layers.

We group pruned less aggressively as residual unit channels feed into a large

number of residual units, thus making aggressive pruning likely to degrade perfor-

mance.
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A.7.3 Data Preprocessing

Our chief goal in this work is to speed up training of large-scale DNNs such as

ResNet (K. He et al. 2016a; K. He et al. 2016b) on the ImageNet dataset. Pruning

ResNet requires a careful definition of network element saliency to allow pruning of

all layers. ResNet contains long sequences of residual units with matching number

of input/output channels. The inputs of residual units are connected with shortcut

connections (i.e., through addition) to the output of the residual unit. Due to

shortcut connections, this structure requires that within a sequence of residual units,

the number of inputs/output channels of all residual units must match exactly. This

requires group pruning of residual unit channels for a sequence of residual units,

where group pruning an output channel of a residual unit sequence requires pruning

it from the inputs/outputs of all residual units within the sequence.

We followed the same data preprocessing procedure for both our small scale and

ImageNet experiments. To standardize the saliency measurements for a training

dataset s̃1:t in our modeling experiments we clip them between 0 and an upper

bound computed as follows: ub ≜ percentile(s̃1:t, 95)× 1.3. This procedure removes

outliers. We used 1.3 as a multiplier, as this upper bound is used to transform test

dataset as well, which may have higher saliency evaluations.

After clipping the training data, we perform a trend check for each element va

by fitting a Linear Regression model to the data s̃a
1:t. For s̃a

1:t with an increasing

trend (i.e., the linear regression model has positive slope) we perform the transfor-

mation s̃a
1:t = ub − s̃a

1:t. The reasoning behind this is that the exponential kernel

153



APPENDIX A. APPENDIX FOR CHAPTER 4

strongly prefers decaying curves. After this preprocessing, we scale up the saliency

measurements to a [0, 10] range: s̃1:t = s̃1:t × 10. We found that without scaling

to larger values, log-likelihood of our models demonstrated extremely high positive

values due to small values of unscaled saliency measurements.

We transform the test data in our modeling experiments s̃t+1:T with the same

procedure using the same ub and per-element va regression models as computed by

the training data. We measure log-likelihood after this transformation for both the

test dataset in our small scale experiments.

During the BEP Algorithm, the same steps are followed, however we inverse the

trend check transformation (s̃a
1:t = ub− s̃a

1:t) on the predicted MOGP distribution

of sT prior to sampling for estimation of ∆(·).
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Appendix B

Appendix for Chapter 5

B.1 Experimental Details

We used Trieste (Berkeley et al. 2022), Tensorflow (Martín Abadi et al. 2015),

and GPFLow (A. G. d. G. Matthews et al. 2017) to build our work and perform

comparisons using MushroomRL (D’Eramo et al. 2021), MultiagentMuJoCo (Witt et

al. 2020), OpenAI Gym (Brockman et al. 2016), and Multi-agent Particle environment

(Lowe et al. 2017). When comparing with related work, we used neural network

policies of equivalent size. All of our tested policies are < 500 parameters, however

the XL models are constructed using 3 layers of 400 neurons each.

To estimate the Hessian, we used the Hessian-Vector product approximation.

We relaxed the discrete portions of our HOM policy into differentiable continuous

approximation for this phase using the Sinkhorn-Knopp algorithm for the Role

Assignment phase. For role interaction network connectivity, we used a sigmoid

to create differentiable “soft” edges between each role. We pragmatically kept all

detected edges in the Hessian while maintaining computational feasibility. We

observed that our approach could support up to 1500 edges in the dependency graph
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prior to experiencing computational intractability. We used the Matern-5
2 as the

base kernel in all our models.

B.1.1 Ablation and Investigation

In the ablation, we perform experiments on MultiagentMuJoCo with environments

Multiagent Ant with 6 segments, Multiagent Swimmer with 6 segments, Predator

Prey with 3 predators, and Heterogeneous Predator Prey with 3 predators. In the

Predator Prey environment, multiple predators must work together to capture faster

and more agile prey. In Heterogeneous Predator Prey, each Predator has differing

capabilities of speed and acceleration. This modification is challenging as a policy

must not only coordinate between the Predators, but roles based specialization must

be considered given the heterogeneous nature of each predator’s capabilities.

To generate Fig. 5.6, we examined policy for Multiagent Ant with 6 agents for

the role based policy specialization. The policy modulation plots were generated by

examining the PredPrey and Het. PredPrey environments respectively.

B.1.2 Comparison with MARL

For the MARL setting, we compare against MADDPG (Lowe et al. 2017), FACMAC

(B. Peng et al. 2021), COMIX (B. Peng et al. 2021), RODE (T. Wang, Gupta, et al.

2021) and CDS (C. Li et al. 2021) using QPLEX (Jianhao Wang et al. 2021) as a

base algorithm. We also compare against Comm-MARL approaches SOG (Shao

et al. 2022), and G2ANet (Y. Liu et al. 2020). RODE and QPLEX are limited to

discrete environments, thus we are unable to provide comparisons on continuous

action space tasks such as Multiagent Ant or Multiagent Swimmer. All MARL
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environments were trained for 2, 000, 000 timesteps. The neural network policies

were 3-layers each with 15 neurons per layer, and were greater than or equal to the

size of the compared HOM policy. For Actor-Critic approaches, we did not reduce

the size or expressivity of the critic. All used hyperparameters and Algorithmic

configurations were as advised by the authors of the work.

In the MARL setting we use Multiagent Ant, Multiagent Swimmer, Predator-

Prey, Heterogeneous Predator-Prey. Multiagent Ant, and Multiagent Swimmer

are MuJoCo locomotion tasks where each agent controls a segment of an Ant or

Swimmer. Predator-Prey (PredPrey N) environment is a cooperative environment

where N of agents work together to chase and capture prey agents. In Heterogeneous

Predator Prey, each Predator has differing capabilities of speed and acceleration.

This modification is challenging as a policy must not only coordinate between the

Predators, but roles based specialization must be considered given the heterogeneous

nature of each predator’s capabilities. We also validated related work on the drone

delivery task under which a drone swarm of N agents (Drone Delivery-N) must

complete deliveries of varying distances while avoiding collisions and conserving fuel.

The code of which is available in supplementary materials and will be open sourced.

We used batching (Picheny et al. 2022) in our comparisons with MARL to

allow for a large number of iterations of BO. We used a batch size of 15 in our

comparison experiments. In this setting, all MuJoCo environments use the default

epoch (total number of interactions with the environment for computing reward)

length of 1000, for Predator-Prey environments, epoch length was 25, for Drone

Delivery environment, epoch length was 150.
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B.1.3 RL and MARL under Malformed Reward

For single agent RL we compared against SAC (Haarnoja et al. 2018), PPO (Schul-

man et al. 2017), TD3 (Fujimoto, Hoof, and Meger 2018), and DDPG (Lillicrap et al.

2015) as well as an algorithm using intrinsic motivation (Zheng, Oh, and S. Singh

2018). In single agent setting, we trained related work for 200, 000 timesteps. In the

MARL setting, we trained for 2, 000, 000 timesteps. In both single-agent setting

and multi-agent setting all policy networks for both HA-GP-UCB and related work

was 3 layers of 10 neurons each. The tested environments were standard OpenAI

Gym benchmarks of Ant, Hopper, Swimmer, and Walker2D.

In the MARL setting we compared against COVDN (B. Peng et al. 2021),

COMIX, FACMAC, and MADDPG. Comparisons were not possible against other

approaches as these do not support continuous action environments and are restricted

to discrete action spaces.

For all environments and algorithms, we used the recommended hyperparameter

settings as defined by the authors.

B.1.4 Comparison with HDBO Algorithms

For this comparison, we compared with several related works in HDBO. We com-

pared with TurBO (Eriksson et al. 2019b), Alebo (Letham et al. 2020), TreeBO (E.

Han, Arora, and Scarlett 2021a), LineBO (Kirschner et al. 2019), and a recent

variant of BO for policy search, GIBO (Müller, Rohr, and Trimpe 2021).

For computational efficiency, the epoch length for MuJoCo environments was

reduced to 500.
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B.1.5 Drone Delivery Task

The experimental details follow that of comparisons with MARL.

B.1.6 Compute

All experiments were performed on commodity CPU and GPUs. Each experimental

setting took no more than 2 days to complete on a single GPU.
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B.1.7 Policy Sizes

We list the policy sizes of our models in Table B.1 and B.2.

Of note is in each environment, the compared against policy of RL or MARL is

greater than or equal to in size vs. the policy optimized by HA-GP-UCB.
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Figure B.1: Ablation study. Training curves of HA-GP-UCB and its ablated
variants on different multi-agent environments.

B.2 Additional Experiments

B.2.1 Ablation

We present an expanded version of Fig. 5.3 in Fig. B.1 including the ablation for

Multiagent Swimmer. Multiagent Swimmer shows similar behavior as the simpler

task Multiagent Ant, with stronger block-diagonal Hessian structure.

B.2.2 Comparison with MARL

We present an expanded version of Fig. 5.5 in Fig. B.2 including the results

for Multiagent-Ant and Multiagent-Swimmer. We observe that in this relatively

uncomplicated task not well-suited for our approach with dense reward, our HOM

approach shows comparable performance to MARL approaches and far outperforms

HA-GP-UCB (CTDE). This shows the overall value of our HOM approach.
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Figure B.2: Comparison with MARL approaches with varying number of agents.

B.2.3 RL and MARL under Malformed Reward

We present additional experiments under malformed reward for both RL and MARL.

We formally define the Sparse reward scenario. Let v(θ) ≜ ∑Γ̂
Γ=1 rΓ where the value

of the policy is determined through Γ̂ interactions with some unknown environment

and each interaction is associated with the reward, rΓ. Typically, RL algorithms

observe the reward, rΓ after every interaction with the environment. We consider a

sparse reward scenario where reward feedback is given every S steps: r̃S
Γ ≜

∑Γ
Γ−S rΓ

if Γ ≡ 0 mod S and 0 o.w. In addition to the sparse reward setting described

earlier, we also consider the setting of delayed reward. The delayed reward scenario
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is defined: r̃D
Γ ≜ rΓ−D if Γ > D and 0 o.w. Thus in the delayed reward scenario,

feedback on an action taken is delayed. This scenario is important as it arises in long

term planning tasks where the value of an action is not immediately clear, but rather

is ascertained after significant delays. We present the complete table comparing

related works in RL with HA-GP-UCB in Table B.3. As can be seen, similar to

the Sparse reward scenarios, significant degradation can be observed across all tested

RL algorithms with HA-GP-UCB outperforming RL algorithms with moderate

to severe amount of sparsity or delay. This degradation cannot be overcome by

increasing the size of the policy, as we verify with the “XL” models which are orders

of magnitude larger with 3 layers of 400 neurons.

We repeat these experimental scenarios in the MARL setting with similar results

in Table B.4 where MARL approaches are compared against HA-GP-UCB in the

CTDE setting. Thus our validation shows that in both RL and MARL strong

performance requires dense, informative feedback which may not be present outside

of simulator settings. In these settings, our approach of optimizing small compact

policies using HA-GP-UCB outperforms related work in both RL and MARL.
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Figure B.3: Comparison with BO algorithms. HA-GP-UCB outperforms on
complex multi-agent coordination tasks.

B.2.4 Comparison with HDBO Algorithms

We compare with several related work in High-dimensional BO including TurBO (Eriks-

son et al. 2019b), AleBO (Letham et al. 2020), LineBO (Kirschner et al. 2019),

TreeBO (E. Han, Arora, and Scarlett 2021a), and GIBO (Müller, Rohr, and Trimpe

2021). This is presented in Fig. B.3. We experienced out-of-memory issues with

AleBO after approximately 100 iterations, hence the AleBO plots are truncated. We

compare against these algorithms at optimizing our HOM policy for solving various

multi-agent policy search tasks. We validated on Multiagent Ant with 6 agents,

PredPrey with 3 agents, Het. PredPrey with 3 agents, Drone Delivery with 3 agents,

and also Het. PredPrey with 6 agents. We observe that these competing works offer

competitive performance for simpler tasks such as Multiagent Ant and PredPrey

with 3 agents. However for more complex tasks that require role based interaction

and coordination, our approach outperforms related work. This is evidenced in Het.

PredPrey 3, Het. PredPrey 6 as well as the Drone Delivery task with 3 agents.

Thus our validation shows that for simpler task, competing related works are

able to optimize for simple policies of low underlying dimensionality. However, for

more complex tasks which require sophisticated interaction using both Role and
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Role Interaction, related work is less capable of optimizing for strong policies due to

the complexity of the high-dimensional BO task. In contrast, our work offers the

capability of finding stronger policies for these complex tasks and scenarios.
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B.3 On the Applicability of Our Assumptions to
RBF and Matern Kernel

We show that our assumption is satisfied by the RBF Kernel when Θ = [0, 1]D, and

evidence that by the Matern−5
2 kernel does not overly violate the assumptions. We

also show that in the setting where Θ = [0, r]D for some bounded r, our assumptions

are not overly violated as although these kernels may take on small negative values,

these values decay exponentially with respect to the distance. These Lemmas show

that our assumptions are reasonable.

Lemma B.1. Let k (θ, θ′) ≜ exp(−d2

2 ) be the RBF kernel with d ≜ ||θ − θ′||, then

k∂i∂j(θ, θ′) = k (θ, θ′)
(
1− (θi − θ′i)2

) (
1− (θj − θ′j)2

)
.

Proof. As shown in (Rasmussen and C. K. I. Williams 2006) Section 9.4, the

derivative of a Gaussian Process is also a Gaussian Process. Let GP (0, k (θ, θ′)) be

the GP from which f is sampled. This implies:

∂f

∂θa
∼ GP

(
0, ∂

2k (θ, θ′)
∂θa∂θ′a

)
.

Applying this rule once more for the Hessian, we have:

∂2f

∂θbθa
∼ GP

(
0, ∂4k (θ, θ′)
∂θb∂θ′b∂θa∂θ′a

)
.

Given the above identities, we compute the partial derivatives for the RBF kernel:
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∂2k (θ, θ′)
∂θa∂θ′a = exp

(
−||θ − θ

′||2

2

)(
1− (θa − θ′a)2

)
.

Deriving once more we have:

∂4k (θ, θ′)
∂θb∂θ′b∂θa∂θ′a = exp

(
−||θ − θ

′||2

2

)(
1− (θa − θ′a)2

) (
1− (θb − θ′b)2

)
.

This completes the proof noting that k (θ, θ′) ≜ exp(−d2

2 ) with d ≜ ||θ − θ′||.

Corollary B.1. Let k (θ, θ′) ≜ exp(−d2

2 ), and θ, θ′ ∈ [0, 1]D, then k∂i∂j(θ, θ′) ≥ 0.

Proof. The above is straightforward to see as exp (·) ≥ 0 and with θ, θ′ ∈ [0, 1]D we

have (1− (θa − θ′a)2) ≥ 0
(
1− (θb − θ′b)2

)
≥ 0.

Corollary B.2. Let k (θ, θ′) ≜ exp(−d2

2 ), and θ, θ′ ∈ [0, r]d, then k∂i∂j(θ, θ′) ≥

c exp(−d2) for some constant c dependent on r.

Proof. The above is straightforward given the above Lemma. We note that although

the RBF kernel may take on negative values in the domain Θ = [0, r]d, this values

experience strong tail decay showing that our assumptions are not overly violated.

The above Lemma and Corollary shows that our assumptions are satisfied by

the RBF Kernel when Θ = [0, 1]D, and not overly violated when Θ = [0, r]D after

choosing a suitable ph and σ2
h. We show how these assumptions are not overly

violated by the Matern-5
2 kernel.
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Lemma B.2. Let k (θ, θ′) ≜ (1 +
√

5d + 5
3d

2) exp(−
√

5d) be the Matern-5
2 kernel

with d ≜ ||θ − θ′||, then with di ≜ θi − θ′i we have

k∂i∂j(θ, θ′) = exp(−
√

5d)
(

5
√

5
3 − 25

3dd
2
i −

25
3dd

2
j + 25

√
5

3d2 d2
i d

2
j + 25

3d3d
3
i d

3
j

)
.

Proof. Following the proof of Lemma B.1, we state the partial derivatives of the

Matern-5
2 kernel:

∂2k (θ, θ′)
∂θa∂θ′a = exp

(
−
√

5||θ − θ′||
)(5

3 + 5
√

5
3 ||θ − θ

′|| − 25
3 (θa − θ′a)2

)
.

Differentiating one more we have

∂4k (θ, θ′)
∂θb∂θ′b∂θa∂θ′a = exp

(
−
√

5||θ − θ′||
)

5
√

5
3 − 25

3d(θa − θ′a)2 − 25
3d(θb−θ′b)2 + 25

√
5

3d2 (θa − θ′a)2(θb − θ′b)2

+ 25
3d3 (θa − θ′a)3(θb − θ′b)3

.
This completes the proof noting that di ≜ θi − θ′i and d ≜ ||θ − θ′||.

Corollary B.3. Let k (θ, θ′) ≜ (1 +
√

5d+ 5
3d

2) exp(−
√

5d) and θ, θ′ ∈ [0, 1]D. Then

k∂i∂j(θ, θ′) ≥ exp(−
√

5d)
(

5
√

5
3 −

25
3d
− 25

3d
− 25

3d3

)
.

Proof. The above is an immediate consequence of Lemma B.2 and noting that

||di|| ≤ 1.

Corollary B.4. Let k (θ, θ′) ≜ (1 +
√

5d+ 5
3d

2) exp(−
√

5d) and θ, θ′ ∈ [0, r]d. Then

k∂i∂j(θ, θ′) ≥ c exp(−d) for some c dependent on r.
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Proof. The above is an immediate consequence of Lemma B.2 and noting that

||di|| ≤ r.

Although the above corollary shows that the Matern-5
2 kernel may take on

negative values, we note that these values experience strong tail decay due to the

presence of the exp
(
−
√

5d
)

term. Thus, the negative values are likely to be extremely

small in expectation, thus not overly violating our assumptions. In our experiments,

we observed no shortcoming in using the Matern-5
2 kernel in HA-GP-UCB.
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B.4 Proof of Proposition 5.1

We restate Proposition 5.1 for clarity.

Proposition 5.1. Let Gd = (Vd, Ed) represent an additive dependency structure with

respect to v(θ), then the following holds true: ∀a, b ∂2v
∂θa∂θb ̸= 0 =⇒ (Θa,Θb) ∈ Ed

which is a consequence of v formed through addition of independent sub-functions

v(i), at least one of which must contain θa, θb as parameters for ∂2v
∂θa∂θb ̸= 0 which

implies their connectivity within Ed.

Proof. The above follows from the linearity of addition, which naturally implies a

lack of curvature. In the multivariate case, this corresponds to zero or non-zero

entries in the Hessian.

To be precise, we prove the contrapositive:

(Θa,Θb) /∈ Ed =⇒ ∂2v

∂θa∂θb
= 0.

Let a, b be arbitrary dimensions with (Θa,Θb) /∈ Ed. As a consequence of

the definition of the dependency graph, ∄Θ(i) s.t. {Θa,Θb} ⊆ Θ(i). That is, no

subfunction v(i) takes both θa and θb as arguments.

By the linearity of the partial derivative, we see that:

∂2

∂θa∂θb
v(θ) = ∂2

∂θa∂θb

M∑
i=1

v(i)(θ(i)) =
M∑

i=1

∂2

∂θa∂θb
v(i)(θ(i)) = 0

where the last equality follows from no subfunction v(i) taking both θa and θb as

arguments.
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B.5 Proof of Theorem 5.1

Our proof of Theorem 5.1 relies in being able to determine whether an edge does

or does not exist in the dependency graph. To be able to do this, we examine

the Hessian. As we have shown in Proposition 5.1, examining the Hessian answers

this question. The challenge of Theorem 5.1 is detecting this dependency under

noisy observations of the Hessian, as well as in domains where the variance of the

second partial derivative is often zero, i.e., k∂i∂j(θ, θ′) = 0 with high probability. To

overcome this challenge, we sample the Hessian multiple times to both find portions

of the domain where k∂i∂j(θ, θ′) ≥ σ2
h, and also reduce the effect of the noise on

learning the dependency structure. To proceed with the analysis, we first prove a

helper lemma showing that if we can construct two Normal variables of sufficiently

different variances, then it’s possible to accurately determine which Normal variable

has low, and high variance by taking a singular sample from each. This helper

lemma will be used later to help determine edges in the dependency graph. As we

shall soon show, If an edge exists, we are able to construct a Normal variable with

high variance. Correspondingly, if an edge does not exist, we are able to construct a

Normal variable with low variance.

Lemma B.1. Let Xl ∼ N (0, σ2
l ) and Xh ∼ N (0, σ2

h) be two random univariate

gaussian variables. For any δ ∈ (0, 1), ∃ ch s.t. |Xl| ≤ ch ≤ |Xh| with probability

1− δ when σ2
h

σ2
l
> 8

δ2 log 2
δ

and precisely when σhδ
2 > ch > σl

√
2 log 2

δ
.

Proof. First we note that |Xl| and |Xh| are Half-Normal random variables, with

cumulative distribution function of Fl(x) = erf x
σl

√
2 and Fh(x) = erf x

σh

√
2 respectively.
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Thus to show that |Xl| ≤ σl

√
2 log 2

δ
and |Xh| ≥ σhδ

2 with high probability, we utilize

well known bounds on the erf and erfc function. The proofs of the below can be

found in several places, e.g., Chu 1955 and Ermolova and Häggman 2004 respectively.

erf x ≤
√

1− exp−2x2 ; erfcx ≤ exp−x2.

Given the above, we show that p(ch ≤ |Xl|) ≤ δ
2 and p(ch ≥ |Xh|) ≤ δ

2 and

utilizing the union bound completes the proof.

ch > σl

√
2 log 2

δ
=⇒ c2

h > 2σ2
l log 2

δ
=⇒ c2

h

2σ2
l

> − log δ2 =⇒ − c2
h

2σ2
l

< log δ2

=⇒ exp− c2
h

2σ2
l

≤ δ

2 =⇒ erfc ch√
2σl

<
δ

2 =⇒ 1−erf ch√
2σl

≥ 1−δ2 =⇒ Fl(ch) ≥ 1−δ2

=⇒ p (ch ≤ |Xl|) <
δ

2 .

Following a similar line of reasoning we have:

ch <
σhδ

2 =⇒ c2
h

σ2
h

<
δ2

4 =⇒ −c2
h

σ2
h

> −δ
2

4 =⇒ −c2
h

σ2
h

> log 1− ϵ2

4 =⇒ exp− c
2
h

σ2
h

> 1−δ
2

4

=⇒ 1−exp− c
2
h

σ2
h

<
δ2

4 =⇒

√√√√1− exp− c
2
h

σ2
h

<
δ

2 =⇒ erf ch

σh

√
2
<
δ

2 =⇒ Fh(ch) < δ

2

=⇒ p(ch ≥ |Xh|) <
δ

2 .

Finally, to complete the proof, we show that the interval (σl

√
2 log 2

δ
, σhδ

2 ) is not

the empty set when σ2
h

σ2
l
> 8

δ2 log 2
δ
.
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σ2
h

σ2
l

>
8
δ2 log 2

δ
=⇒ σh

σl

>
2
√

2
δ

√
log 2

δ
=⇒ σhδ

2 > σl

√
2 log 2

δ
.

We are now ready to prove Theorem 5.1.

Theorem 5.1. Suppose1 there exists σ2
h, ph s.t. ∀i, j Pθ∼U(Θ)

[
k∂i∂j(θ, θ) ≥ σ2

h

]
≥ ph

and ∀i, j, θ, θ′ k∂i∂j(θ, θ′) ≥ 0. Then for any δ1, δ2 ∈ (0, 1) after t ≥ T0 steps

of HA-GP-UCB we have: ⋂
i,j P (Ẽi,j

d = Ei,j
d ) ≥ 1 − δ1 − δ2 when T0 = C1 >

16D2

phδ2
1

log 2D2

δ1

σ2
n

σ2
h

+ D2

2δ2
, ch ≜ T0σn

√
2 log 2D2

δ1
.

Proof. We prove the above for a single pair of variables, i.e., k∂i∂j and utilize the

union bound to complete the proof. The first challenge to overcome is to sufficiently

sample enough points in the domain such that we are able to find enough points

θ ∈ Θ where k∂i∂j(θ, θ) ≥ σ2
h. To achieve this we sample T0 different θ in the domain.

After sampling T0 points if there exists an edge between Θa, and Θb, then with

probability 1− δ2
D2 we have sampled T0ph

2 −
D2

2δ2
points where k∂i∂j(θ, θ) ≥ σ2

h. To show

the above we use bounds on the cumulative distribution of the Binomial distribution.

A bound is given T0 trials, with ph probability of success, the probability of having

fewer than s successes is upper bounded as follows:

1
T0ph − 2s.

The above bound derives from the following well known tail bound (Feller 1991):
1RBF kernel satisfies these assumptions when Θ = [0, 1]D.
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P (Sn ≤ s) ≤ (T0 − s)ph

(T0ph − s)2 if s ≤ T0ph

where Sn denotes the number of successes. The above bound can be loosened by

the following process:

(T0 − s)ph

(T0ph − s)2 ≤
T0ph

(T0ph − s)2 = T0ph

T 2
0 p

2
h + s2 − 2T0phs

≤ T0ph

T 2
0 p

2
h − 2T0phs

=

T0ph

T0ph(T0ph − 2s) = 1
T0ph − 2s

which yields the bound that we utilize. We note the above bound requires

s ≤ T0ph

2 −
1
2 , however if it is the case that s ≥ T0ph

2 −
1
2 then the worst case tail

analysis is unnecessary since T0ph

2 −
1
2 ≥

T0ph

2 −
D2

2δ2
and our results still hold.

Given the above, we use δ2 and derive:

1
T0ph − 2(T0ph

2 −
D2

2δ2
)
≤ δ2

D2 .

Given the above, with at least T0ph

2 −
D2

2δ2
points where k∂i∂j(·, ·) ≥ σ2

h, as well as

our assumption k∂i∂j(θ, θ) ≥ 0, we apply Bienaymé’s identity which we restate for

convenience:

Var
 C1∑

ℓ=1
ht,ℓ

 =
C1∑
ℓ=1

C1∑
ℓ′=1

Cov (ht,ℓ, ht,ℓ′) .

Noting each of the T0ph

2 −
D2

2δ2
successes is sampled C1 = T0 times with Cov (ht,ℓ, ht,ℓ′) ≥

σ2
h for each of the successes and Cov (ht,ℓ, ht,ℓ′) ≥ 0 for all samples by our assump-

tion. Applying Bienaymé’s identity and the sum of (correlated) Normal variables is
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also a normal variable, we have Var
[∑C1

t=1
∑C1

ℓ=1 ht,ℓ

]
≥ (T0ph

2 −
D2

2δ2
)T 2

0 σ
2
h. Compare

this quantity with the variance if no edge exists between Θa, and Θb, where the

variance results from i.i.d. noise: Var
[∑T0

t=1
∑T0

ℓ=1 ht,ℓ

]
= T 2

0 σ
2
n. Comparing these two

quantities, with an appropriately picked ch determines the edge between Θa and

Θb using Lemma B.1. By Lemma B.1, letting ch ≜ T0σn

√
2 log 2D2

δ1
ensures that

p(hi,j < ch) < δ1
D2 if edge Ei,j

d exists, and p(hi,j > ch) < δ1
D2 if edge Ei,j

d does not

exist. Applying the union bound over D2 pairs of variables completes the proof with
⋂

i,j P (Ẽi,j
d = Ei,j

d ) ≥ 1− δ1 − δ2.
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B.6 Proof of Theorem 5.2

Our proof of Theorem 5.2 is presented under the same setting and assumptions as

the work of Srinivas et al. 2010.

To prove Theorem 5.2, we rely on several helper lemmas. The high-level sketch of

the proof is to use the properties of Erdős-Rényi graph to bound both the size of the

maximal clique as well as the number of maximal cliques with high probability. Once

these two quantities are bounded, we are able to analyze the mutual information of

the kernel constructed by summing the kernels corresponding to the maximal cliques

of the sampled Erdős-Rényi graph as indicated in Assumption 5.1. Finally, once

this mutual information is bounded, we use similar analysis as Srinivas et al. 2010

to complete the regret bound.

We begin by bounding the size of the maximal cliques.

Lemma B.1. Let Gd = (Vd, Ed) be sampled from a Erdős-Rényi model with probability

pg: Gd ∼ G(D, pg), then ∀δ ∈ (0, 1) the largest clique of Gd is bounded above by

|Max-Clique(Gd)| ≤ 2 log[ 1
pg

]|Vd|+ 2
√√√√log[ 1

pg

] |Vd|
δ

+ 1

with probability at least 1− δ.

Proof. The above relies on well known upper bounds on the maximal clique size on

a graph sampled from an Erdős-Rényi model. As shown in (Bollobás and Erdös

1976) and (Matula 1976) the expected number of Cliques of size k, E [Ck] is given

by:
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E [Ck] =
(
|Vd|
k

)[
1
pg

]−(k
2)
≤ |Vd|k

[
1
pg

]− k(k−1)
2

=
[

1
pg

] k
2

(
2 log[ 1

pg ] |Vd|−k+1
)
.

In the sequel, we omit the base of the log:
[

1
pg

]
for clarity. To bound the size of

the maximal clique, we find a suitable k such that E [Ck] ≤ δ
n

and utilize the union

bound over [Ci]i=k,...,n where we have |[Ci]i=k,...,n| ≤ n. Finally, we utilize Markov’s

inequality to complete the proof.

Let k = 2 log |Vd|+ 2
√

log |Vd|
δ

+ 1.

We utilize the above bound on E [Ck].

=⇒ k

2

2 log[ 1
pg

] |Vd| − k + 1
 =

(
log|Vd|+

√
log n

δ

)(
2 log|Vd| − 2 log|Vd| − 2

√
log n

δ
+ 1 + 1

)

≤ − log|Vd| − log n
δ

+ 1 ≤ log δ
n

=⇒ E [Ck] ≤
[

1
pg

]log δ
n

= δ

n
.

The proof is complete by noting that by Markov inequality, p(Ck ≥ 1) ≤ E [Ck]

and taking the union bound over at most n members of [Ci]i=k,...,n.
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Next, we bound the total number of maximal cliques:

Lemma B.2. Let Gd = (Vd, Ed) be sampled from a Erdős-Rényi model with probability

p: Gd ∼ G(D, pg), then ∀δ ∈ (0, 1) the number of total maximal cliques in Gd is

bounded above by

1
δ

√
|Vd|

log[ 1
pg ]|Vd|+5

with probability at least 1− δ.

Proof. We prove the above by bounding maxk Ck with high probability and noting

that the number of maximal cliques is bounded by ∑k Ck ≤ nmaxk Ck with high

probability. To bound maxCk, we first consider maxk E [Ck].

max
k

E [Ck] = max
k

[
1
pg

] k
2

(
2 log[ 1

pg ] |Vd|−k+1
)

=
[

1
pg

]maxk
k
2

(
2 log[ 1

pg ] |Vd|−k+1
)
.

Taking the partial derivative of k
2

2 log[ 1
pg

] |Vd| − k + 1
 with respect to k we

determine the maximum:

arg maxk

k

2

2 log[ 1
pg

] |Vd| − k + 1
 = log[ 1

pg

]|Vd|+ 1.

Thus we are able to bound:

log[ 1
pg

] |Vd|+ 1

2

2 log[ 1
pg

] |Vd| − log[ 1
pg

] |Vd| − 1 + 1
 =

log[ 1
pg

] |Vd|+ 1

2

log[ 1
pg

] |Vd|

 = 1
2log2[

1
pg

]|Vd|+
1
2log[ 1

pg

]|Vd|
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Which yields the bound:

E [Ck] ≤
[

1
pg

] 1
2 log2

[ 1
pg ]|Vd|+ 1

2 log[ 1
pg ]|Vd|

=
√
|Vd|

log[ 1
pg ] |Vd|+1

.

To complete the proof, we utilize Markov’s inequality with p
Ck ≥ |Vd|

δ

√
|Vd|

log[ 1
pg ] |Vd|+1

 ≤
δ

|Vd| and utilize the union bound over n choices of k:

∑
k

Ck ≤
∑

k

|Vd|
δ

√
|Vd|

log[ 1
pg ] |Vd|+1

= 1
δ

√
|Vd|

log[ 1
pg ] |Vd|+5

with probability 1− δ.

Now that we have bounded both the number of cliques, as well as the sizes of

the maximal cliques with high probability, we now consider the mutual information

of the kernel constructed by summing the kernels corresponding to the maximal

cliques of the dependency graph.

Lemma B.3. Define I(yA; v) ≜ H(yA) − H(yA | v) as the mutual information

between yA and v with H(N (µ,Σ)) ≜ 1
2 log|2πeΣ| as the entropy function. Define

γk
T ≥ maxA⊂Θ:|A|=T I(yA; v) when v ∼ GP (0, k (θ, θ′)). Let [ki]i=1,...,M be arbi-

trary kernels defined on the domain Θ with upper bounds on mutual information

[γki
T ]i=1,...,M , then the following holds true:

γ
∑

i
ki

T ≤M2 max [γki
T ]i=1,...,M .

To prove the above, we first state Weyl’s inequality for convenience:
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Lemma B.4. Let H,P ∈ Rn×n be two Hermitian matrices and consider the matrix

M = H+P . Let µi, νi, ρi, i = 1, . . . , n be the eigenvalues of M, H, and P respectively

in decreasing order. Then, for all i ≥ r + s− 1 we have

µi ≤ νr + ρs.

The above has an immediate Corollary as noted by Rolland et al. 2018:

Corollary B.5. Let Ki ∈ Rn×n be Hermitian matrices for i = 1, . . . ,M with

K ≜
∑M

i Ki. Let [λKi
ℓ ]ℓ=1,...,n denote the eigenvalues of Ki in decreasing order. Then

for all ℓ ∈ N0 such that ℓM + 1 ≤ n we have

λK
ℓM+1 ≤

M∑
i=1

λKi
ℓ+1.

We are now ready to prove Lemma B.3 using Weyl’s inequality and its corollary

as a key tool.

Proof. Given the definition of I(yA; v) ≜ 1
2 log|I + σ−2Kk

A| (Srinivas et al. 2010)

we bound the eigenvalues of MI + σ−2∑M
i Kki

A using the eigenvalues of [I +

σ−2Kki
A ]i=1,...,M where k ≜

∑M
i=1 ki. Using the above Corollary we see that:

λMI+σ−2K
ℓ ≤

M∑
i=1

λI+σ−2Ki

⌈ ℓ
M

⌉ .

Given the above, we see thatM2 max[γki
T ]i=1,...,M ≥ 1

2 log|I+σ−2Kk
A| as∑M

i Mγki
T ≥

1
2 log|MI + σ−2∑M

i Kki
A |.
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Finally, we require an additional helper lemma to bound the supremum and

infimum of a function sampled from a GP. This helper lemma helps bound the regret

during the first phase of HA-GP-UCB where we randomly sample the Hessian over

the domain.

Lemma B.5. Let k (θ, θ′) be four times differentiable on the continuous domain

Θ ≜ [0, r]D for some bounded r (i.e., compact and convex) with f ∼ GP (0, k (θ, θ′))

then for all δ ∈ (0, 1) the following holds true:

sup
θ∈[0,r]D

f ≤ cb

√
D log δ−1 = O

(√
D log δ−1

)
.

inf
θ∈[0,r]D

f ≥ −cb

√
D log δ−1 = Ω

(
−
√
D log δ−1

)
.

for some constant cb dependent on δ and r, with probability 1− δ.

Proof. The proof of the above is contained in Srinivas et al. 2010 Lemma 5.8. We

restate the key parts of the proof herein. In the setting of Srinivas et al. 2010 there

exist constants a, bi, such that

P

[
sup
θ∈Θ

∣∣∣∣∣ ∂v∂θi

∣∣∣∣∣ > L

]
≤ ae−biL

2
.

Letting L = [log(Da2/δ)/mini bi]1/2, we have that ae−biL
2 ≤ δ/(2D) for all

i = 1, . . . , D, so that for K1 = D1/2L by the mean value theorem, we have

P [|v(θ)− v(θ′)| ≤ K1||θ − θ′|| ∀ θ, θ′ ∈ Θ] ≥ 1− δ/2.
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The proof is complete by noting that K1 = O((log δ−1)1/2) and picking an

appropriate cb dependent on δ and r.

We are now ready to prove Theorem 5.2.

Theorem 5.2. Let k be the kernel as in Assumption 5.1, and Theorem 5.1. Let

γk
T (d) : N→ R be a monotonically increasing upper bound function on the mutual

information of kernel k taking d arguments. The cumulative regret of HA-GP-UCB

is bounded with high probability as follows:

RT = Õ
(√

TβTDlog D+5γk
T (4 logD + cγ)

)
(5.3)

where cγ is an appropriately picked constant and the base of the logarithm is 1
pg

.
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We restate the above theorem with more precision:

Theorem 5.2. Let k be the kernel as in Assumption 5.1, and Theorem 5.1 and for

some constants a, b,

P

[
sup
θ∈Θ

∣∣∣∣∣ ∂v∂θi

∣∣∣∣∣ > L

]
≤ ae−(L/b)2

, i = 1, . . . , D.

Let γk
T (d) : N → R be a monotonically increasing upper bound function on

the mutual information of kernel k taking d arguments. Let k (θ, θ′) be four times

differentiable on the continuous domain Θ ≜ [0, r]d for some bounded r (i.e., compact

and convex). For any δ1, δ2, δ3, δ4, δ5, δ6 ∈ (0, 1). Let, t̃ ≜ t− T0C1 and let

βt = 2 log(t̃22π2/3δ2
6) + 2D log(t̃2Dbr

√
log(4Da/δ6))

The cumulative regret of HA-GP-UCB is bounded:

P
[
RT ≤ 2C2

1cb

√
D log δ−1

5 +
√
C2TβTγT + 2 ∀T ≥ 1

]
≥ 1−δ1−δ2−δ3−δ4−δ5−δ6

when C1 = 16D2

phδ2
1

log 2D2

δ1

σ2
n

σ2
h

+ D2

2δ2
+ 1, C2 = 8/ log(1 + σ−2), and

γT = 1
δ2

4
Dlog1/pg

D+5γk
T

(
2 log1/pg

D + 2
√

log1/pg
D/δ3 + 1

)
where cb is some constant

dependent on δ5.

Proof. The proof is a consequence of the helper lemmas and theorems we have

proved. First we consider Phase 1 of HA-GP-UCB where t ≤ T0. By Theorem 5.1,

at most T0C1 = C2
1 queries will be made during Phase 1, and Lemma B.5 indicates
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the maximum regret for any query. Consulting the respective Theorem and Lemma,

we are able to bound the cumulative regret during Phase 1 by:

2C2
1cb

√
D log δ−1

5 = O(D4.5 log2 D).

Considering Phase 2, we utilize Lemma B.1, Lemma B.2, Lemma B.3 to bound

the mutual information of the sampled kernel with high probability. The number of

cliques is given by:

1
δ4

√
Dlog1/pg

D+5.

The size of the largest clique is given by:

2 log1/pg
D+2

√
log1/pg

D/δ3 + 1 ≤ 2(log1/pg
D+log1/pg

D/δ3+1) ≤ 4 log1/pg
D/δ3+2

Following Lemma B.3, we see that

γ
∑

i
ki

T ≤M2 max [γki
T ]i=1,...,M ≤

1
δ2

4
Dlog1/pg

D+5γk
T (4 log1/pg

D/δ3 + 2).

Let cγ = 4 log 1
pg

1/δ3 + 2 which yields the following information on the mutual

information:

γ
∑

i
ki

T ≤ Dlog1/pg
D+5γk

T (4 log1/pg
D + cγ).
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The proof is complete by leveraging the connection between mutual information

and cumulative regret as shown by Srinivas et al. 2010 where Õ is the same as O

with the log factors suppressed.

187



APPENDIX B. APPENDIX FOR CHAPTER 5

B.7 On the Surrogate Hessian

In Section 5.2.5 we remarked that although we cannot observe Hv, we can observe

a surrogate hessian, Hπ which is related to Hv by the chain rule. We justify our

choice here with showing how Hπ is an important sub-component of Hv (Skorski

2019). Although the reasoning we give is in one dimension, an analogous argument

can be made in arbitrary dimensions using the chain rule for vector-valued functions

yielding the Hessian tensor (Magalhães 2020). We have v : Θ→ R is a function of

the policy π and can be expressed as a composition of functions:

v : Θ→ R = v̂ (π (θ)) . (B.1)

In the above we use π (θ) as shorthand for π (sα, aα; θ) with v̂ representing some

unknown function. Using the definition of the Hessian we have:

Hv ≜

[
∂2v

∂θa∂θb

]
a,b=1,...,D

=
[

∂2

∂θa∂θb
v̂ (π (θ))

]
a,b=1,...,D

Where the above identity follows from the definition of v in Eq. B.1. We can

now apply chain rule to express:

∂2

∂θa∂θb
v̂ (π (θ)) =

[
Hv̂(π(θ)) ∂π

∂θa
(θ)
]
· ∂π
∂θb

(θ)︸ ︷︷ ︸
r(θ)

+ ∂2π

∂θa∂θb
(θ)︸ ︷︷ ︸

Hπ(θ)

· ∇v̂(π(θ))︸ ︷︷ ︸
g(θ)

(B.2)

As we see in the above as a consequence of the chain rule, ∂2π
∂θa∂θb forms an

important sub-component ∂2v
∂θa∂θb . Given the above, we can simplify the above in the

following manner:
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Hv = r + Hπ ◦ g

where r, g, and Hπ arise from the corresponding highlighted terms in Eq. B.2

with r representing some unknown remainder term and ◦ representing the Hadamard

product. Given the above, it is straightforward to see how Hπ serves as a surrogate

hessian for Hv. Indeed if r ̸= −Hπ ◦ g and g has no zero entries then Hπ ̸= 0 =⇒

Hv ̸= 0. In our use case, we are most concerned with non-zero entries in the Hessian,

Hv, and the surrogate Hessian, Hπ is well served for determining Hv ̸= 0 due to the

above.

Since π (θ) is shorthand for π (sα, aα; θ), to approximate Hπ we average Hπ(sα,aα;θ)

over state action pairs, (sα, aα) formed through interaction of the policy with the

unknown task environment.

A possible avenue of overcoming this limitation is considering Hessian estimation

through zero’th order queries. Several works along this direction have recently

appeared using Finite Differences (Cheng, G. Wu, and J. Zhu 2021), as well as

Gaussian Processes (Müller, Rohr, and Trimpe 2021). We consider removing this

dependency on the surrogate Hessian for future work.
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B.8 Drone Delivery Task

Our drone delivery task was inspired by recent research work in studying unique

problems in drone delivery vehicle routing problems (Dorling et al. 2017).

Drones fly from delivery point to delivery point where completing a delivery gives

a large amount of reward, but running out of fuel and collisions give a small amount

of negative reward. After completing a delivery, the delivery point is randomly

removed within the environment. A collision gives a small amount of negative

reward and momentarily stops the drone. Completing a delivery refills the drone

fuel and allows it to continue to make more deliveries. The amount of reward

given increases quadratically with the distance of the delivery to highly reward long

distance deliveries which require long term planning. To compound this requirement

for long term planning, fuel consumption also dramatically increases at high velocities

to encourage long-term fuel efficiency planning. In this complex scenario requiring

long term planning, RL approaches can easily fall into local minima of completing

short distance, low reward deliveries and fail to sufficiently explore (under sparse

reward) policies which complete long distance deliveries with careful planning.
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Appendix C

Appendix for Chapter 6

C.1 Proof of Lemma 6.1

We restate Lemma 6.1 for clarity.

Lemma 6.1. Let the reward function be defined on the compact domain [−b,+b].

Let the function M(θ) denote the number of local maxima in the interval (−θ,+θ).

We have Eθ∼U(−b,+b)[M(θ)] = Ω(b).

Proof. To prove the above Lemma, we first begin by differentiating the reward

function. After this differentiation, we establish the number of zeros using the

Intermediate Value Theorem. We analyze the critical points to isolate the local

maximas by considering the change in sign of the first derivative. Lastly, we use

Markov’s inequality to complete the lemma.

By the application of the chain rule and division rule we have:

∂

∂a

c1cos(a)
ea2 = −c1e

−a2(sin a+ 2a cos a).
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For local optima we require −c1e
−a2(sin a + 2a cos a) = 0, which, for c1 > 0

occurs when sin a+ 2a cos a = 0.

For ease of analysis, we focus on a subset of the above zeros, specifically when

sin a = 0. This occurs when a = nπ for n ∈ Z

Consider n > 0, we have for n = 2k where k ∈ N sinnπ + 2nπ cosnπ > 0 and

for n = 2k + 1 where k ∈ N we have sinnπ + 2nπ cosnπ < 0.

By the Intermediate Value Theorem we have ∃v ∈ (2kπ, (2k + 1)π) such that

−c1e
−v2(sin v+ 2v cos v) = 0 and furthermore ∂

∂v
− c1e

−v2(sin v+ 2v cos v) < 0 which

indicates a local maxima.

Similar reasoning applies for the case where k < 0 ∩ k ∈ Z. Therefore, in the

interval (−(2k+ 1)π, (2k+ 1)π) there exist 2k local maximas in the reward function.

To proceed with the analysis, we assert that we need to show Eθ∼U(−b,+b) [M(θ)] =

Ω(b). We will apply a transformation to prove the above.

Given that θ ∼ U(−b,+b), we have P (θ ≤ −b
2 ) ∪ P (θ ≥ b

2) = 1
2 . Applying the

transformation M to this equality and given that M is monotonically increasing, we

have P (M(θ) ≥M( b
2)) = 1

2 . Given the bound on the number of local maximas we

established earlier, we see that:

M

(
b

2

)
≥
⌊
b− 2π

2π

⌋
(C.1)

where the factor of 1
2 disappears due to considering the entire interval (−b

2 ,
b
2).

Substituting into the original probability equality we have:
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P

(
M (θ) ≥

⌊
b− 2π

2π

⌋)
≥ 1

2 (C.2)

We restate Markov’s inequality for convenience, which we will then apply:

E [M(θ)] ≥ aP (M(θ) ≥ a). (C.3)

Substituting a =
⌊

b−2π
2π

⌋
we have,

E [M(θ)] ≥
⌊
b− 2π

2π

⌋
P

(
M(θ) ≥

⌊
b− 2π

2π

⌋)
(C.4)

and finally, given that P (M (θ) ≥
⌊

b−2π
2π

⌋
) ≥ 1

2 we have:

E [M(θ)] ≥ 1
2

⌊
b− 2π

2π

⌋
(C.5)

where the lemma is complete by choosing a suitable constant for the Ω function.
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C.2 Proof of Lemma 6.2

We restate Lemma 6.2 for clarity.

Lemma 6.2. Let the reward function be defined on the compact domain [−b,+b]. Let

θ̂1, . . . , θ̂n be any sequence of local maxima of J(·) that are monotonically approaching

the global maxima. That is sign(θ̂1) =, . . . ,= sign(θ̂n) and |θ̂1| >, . . . , > |θ̂n|,

∂J
∂θ

(θ̂1) =, . . . ,= ∂J
∂θ

(θ̂n) = 0 and ∂2J
∂θ2 (θ̂1) < 0, . . . , ∂2J

∂θ2 (θ̂n) < 0. Then J(θ̂i) < J(θ̂j)

when i < j.

Proof. To prove the above, we first analyze the critical points to isolate the local

maximas, then we show that these local maximas are monotonically increasing as

the origin is approached.

Recall from the proof of Lemma 6.1, the local optima require sin a+ 2a cos a = 0.

Using the identity sin2 a+ cos2 a = 1 we have:

sin a+ 2a cos a = 0 =⇒ sin a = −2a cos a =⇒
√

1− cos2a = −2a cos a

=⇒ 1− cos2 a = 4a2 cos2 a =⇒ 1 = 4a2 cos2 a+ cos2 a =⇒ 1 = (1 + 4a2) cos2 a

=⇒ cos2a = 1
1 + 4a2 =⇒ cos a = ± 1√

1 + 4a2

We now show that the positive portion of the square root correspond exactly

to local maxima using the second derivative test. Recall from Lemma 6.1 the first

derivative is derived to be −c1e
−a2(sin a+ 2a cos a). Therefore:

∂

∂a
− c1e

−a2(sin a+ 2a cos a) = c1e
−a2 (4a2 cos a+ 4a sin a− 3 cos a

)
. (C.6)
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Using the equality sin a+ 2a cos a = 0 to isolate the local optima we have:

c1e
−a2 (4a2 cos a+ 4a sin a− 3 cos a

)
= c1e

−a2 (4a2 cos a+ 2a sin a+ 2a sin a− 3 cos a
)

= c1e
−a2 (2a(2a cos a+ sin a) + 2a sin a− 3 cos a) = c1e

−a2 (2a sin a− 3 cos a) .

Once again, at the local optima, we use the equality, sin a = −2a cos a:

c1e
−a2 (2a sin a− 3 cos a) = c1e

−a2 (2a(−2a cos a)− 3 cos a) =

c1e
−a2 (−4a2 cos a− 3 cos a

)
= −c1e

−a2 ((4a2 + 3) cos a
)
.

Now that we have isolated the values of the second derivative at the local optima,

recall that at the local optima we have:

cos a = ± 1√
1 + 4a2

. (C.7)

Note that for a ∈ R, 1√
1+4a2 > 0. Now, if cos a > 0 (i.e., the positive portion

of the square root), then −c1e
−a2 ((4a2 + 3) cos a) < 0 which establishes a local

maxima.

Therefore, by using the first and second derivative tests, we have established

that at all local optima we have cos a = 1√
1+4a2 . We can substitute into the reward

equation c1 cos a

ea2 . At all local optima we have:
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J(θ) = c1

eθ2√1 + 4θ2
. (C.8)

Suppose that |θ̂i| > |θ̂j|, then it is clear that since eθ̂2
i > eθ̂2

j along with
√

1 + 4θ̂2
i >√

1 + 4θ̂2
j which naturally implies that J(θ̂i) < J(θ̂j) which completes the lemma.
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C.3 Proof of Theorem 6.1

We restate Theorem 6.1 for convenience.

Theorem 6.1. Let the reward function, and the policy space be defined as earlier,

then the cumulative regret of the BO Algorithm GP-UCB suffers when searching for

the optimal policy is Õ(
√
T (c2

1 log T + log2 T )).

We begin by restating Theorem 6.1 with more precision:

Theorem 6.1. Given the reward function as defined earlier defined on some compact

domain [−b,+b], and using the RBF kernel with lengthscale 1 as the reference kernel.

The policy function can be queried to yield a noisy observation yt ≜ J(θt) + ϵt with

the noise ϵt having zero mean conditioned on the history and is bounded by some

constant σ almost surely. Running GP-UCB with prior GP (0, k(x, x′)) where k is

the RBF kernel with lengthscale 1, noise model N (0, σ2), and an appropriately picked

βt (exploration factor) we obtain a regret bound of Õ(
√
T (c2

1 log T + log2 T )).

Proof. The proof quickly follows from the bound on the RKHS norm defined earlier.

Given that the RKHS norm on the unbounded (infinite) domain of the real line is

established to be: ||J ||2Hk
= 2c2

1(1 + e)
√

1
2e

, and from the domain restriction theorem

for RKHS (Aronszajn 1950), the RKHS on the compact domain [−b,+b] is upper

bounded by ||J ||2Hk
. The theorem immediately follows as a consequence of Theorem 3

in (Srinivas et al. 2010) which establishes a straightforward link between the RKHS

of the function being optimized, and the regret of the GP-UCB algorithm.
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