A Stein Identity for ¢-Gaussians
with Bounded Support

Sophia Sklaviadis“i"!, Thomas Méllenhoff “?, André F. T. Martins'~,
Mario A. T. Figueiredo“, Mohammad Emtiyaz Khan™®

*RIKEN Center for Al Project, Tokyo, Japan
tInstituto de Telecomunicacdes, Instituto Superior Técnico, Universidade de Lisboa, Portugal

!ssklaviadis@gmail.com, 2thomas.moellenhoff@riken.jp,
3andre.t.martins@tecnico.ulisboa.pt, *mario. figueiredo@tecnico.ulisboa.pt,
Semtiyaz.khan@riken. jp

Stein’s identity is a fundamental tool in machine learning with applications in gen-
erative models, stochastic optimization, and other problems involving gradients of
expectations under Gaussian distributions. Less attention has been paid to prob-
lems with non-Gaussian expectations. Here, we consider the class of bounded-
support g-Gaussians and derive a new Stein identity leading to gradient estima-
tors which have nearly identical forms to the Gaussian ones, and which are sim-
ilarly easy to implement. We do this by extending the previous results of Lands-
man, Vanduffel, and Yao (2013) to prove new Bonnet- and Price-type theorems
for g-Gaussians. We also simplify their forms by using escort distributions. Our
experiments show that bounded-support distributions can reduce the variance of
gradient estimators, which can potentially be useful for Bayesian deep learning
and sharpness-aware minimization. Overall, our work simplifies the application
of Stein’s identity for an important class of non-Gaussian distributions.

1. Introduction

Stein’s identity has been popular in machine learning for estimating gradients of E,,[ f (x)], where the
expectation of a real-valued differentiable function f : R — R is taken with respect to a Gaussian
density p(x) = N(x; p, X) with mean p and covariance X. Applications arise in a wide-variety of
machine-learning problems including stochastic optimization [1], deep generative models [2], and
variational inference [3, 4]. Stein’s identity states that the following equality holds:

Ep [(x = ) f(x)] = Covy(x) By [V f(X)] )

First proved by Charles Stein [5, 6], the identity results from integration by parts and holds under
mild conditions on f (see [7, App. A.2]).

The Stein identity is used to express gradients with respect to 1 and X in terms of the gradient and
Hessian of f(x), respectively (derivations are in App. A):

Vi By [f(x)] = Ep [V f (¥)], Vs E, [f(x)] = 3B, [Vi/(x)] . 2)

These expressions, known as Bonnet’s [8] and Price’s [9] theorems have received considerable at-
tention in deep learning due to their convenient forms. Stochastic gradients with respect to u and
3 are obtained by first sampling x ~ p(x) and then computing V, f(x) and V2 f(x) at the sample.
This line of thought has led to several variants of the “reparameterization trick” and other path-wise
gradient estimators, which often have lower variance than score-function estimators [10]. Overall,
Stein’s identity has had a profound impact on stochastic-gradient estimation techniques [11].

Extensions of Stein’s identity to non-Gaussian distributions have received much less attention than
the Gaussian case. Generalizations do exist, for instance to elliptical families, which contain many
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Figure 1: Bounded support ¢-Gaussians are a subclass of location-scale families that are elliptically
contoured, that is, they are obtained by composing a quadratic s(x) = (x — ) "' (x — u) with a
generator function g, thus p(x) = g(s(x)). On the right, we show three examples of ¢-Gaussians for
g = 0,0.5, and 0.99. We see for larger ¢ the base densities (black curves) are less peaked and have
larger support. We also show the first associated escort 2—g-Gaussian densities (gray curves), which
are slightly more peaked than their base densities. As ¢ — 1, g-Gaussians converge to Gaussians.

interesting location-scale families, including the Gaussian distribution. In particular, Landsman
and Neslehové [12] and Landsman et al. [13, 14] have studied such generalizations focusing on
the Pearson VII class, which contains various heavy-tailed distributions. The usefulness of such
generalizations for gradient estimation has, to the best of our knowledge, not been explored. Can
gradient estimators derived for non-Gaussian families also take simple forms and are they as easy
to implement? The goal of this paper is answer these questions.

In this paper, we derive a new Stein identity for the Pearson II class of elliptical families called
bounded-support g-Gaussian distributions (Fig. 1). Such bounded-support distributions are inter-
esting for gradient estimation because, unlike Gaussians, samples drawn from them always land
inside a bounded interval, which also naturally implies a bound on the gradient variance. We de-
rive Bonnet- and Price-type theorems for this class of g-Gaussian distributions and show that the
gradient estimators have nearly-identical form to those of Gaussian stochastic gradients, and are
similarly easy to implement. This means we can compute unbiased gradient estimates by evaluat-
ing gradients and Hessians of f(x) at samples x ~ p(x). These gradient expressions are obtained
by using a distribution associated with the base distribution known in information geometry and
statistical physics [15-17] as the escort distribution (Fig. 1). We present numerical experiments
confirming the bounded variance property, and compare them to Bayesian deep-learning methods
and to sharpness-aware minimization [18]. Overall, our work simplifies the application of Stein’s
identity to gradient estimation involving an important class of bounded-support g-Gaussian distri-
butions.

2. Bounded-Support ¢-Gaussian Distributions

We present a new Stein identity applied to gradient estimation involving bounded-support ¢-
Gaussian distributions. Such distributions are a special type of location-scale distributions, obtained
by applying a specific generator function g to a Gaussian-like quadratic form. We denote the location
by p and the elliptical scale matrix by 3. A D-variate elliptical density has the form

p(x) = [B]72g(s(x)), wheres(x) = (x — p) =7 (x — p), 3)

and g : R — R is a non-negative, density-generator function, appropriately scaled so that p(x)
is normalized, that is, it integrates to 1. For example, Gaussians are obtained by setting g(s)
exp(—s/2). The normalization condition can be written as

/OOSD/2_1g(S)dS: 1—‘(‘D/2)7
0

<D/2

where T is the Gamma function. If the second moments exists, the covariance matrix Cov(x) is
proportional to 3. In the Gaussian case, Cov(x) = X, but otherwise X should be thought of as a
scale or dispersion parameter, which is proportional to the covariance.



Bounded-support ¢g-Gaussians belong to a class of distribution known as Pearson Type II [19], de-
fined on the radius-R ellipsoid {x € R” : (x — p) TE 7 (x — u) < R?}, where R > 0. Given R, for
all s in the interval 0 < s < R?, the generator function takes the following form,

Z 1 T(2+m+1)
(5) = Fpmm ( DR 1) @

and m is the shape parameter of the generator. We define m = 1/(1 — ¢) in terms of another scalar
g < 1, which gives rise to ¢-Gaussian designation that is well-known in information geometry and
statistical physics [15-17]. The max support radius R depends only on g and the dimensionality D,
as shown by the following lemma that gives an explicit form of p(x) (the proof is in App. B).

R*—5)", whereZ =

Lemma 1. The density of the generalized Pearson Type 1l subfamily with ¢ < 1 can be written as a q-
Gaussian:

p(%) = No(x|p1, ) = exp, [3[B777 (B2 — (x — 1) 57 (x = ) = m] . (5)

where exp,(t) := [1 +t/m]") denotes the q-deformed exponential function [20], with m = 1/(1 — q) and
[u]+ = max(0, ). The support radius R is a function of q and D and is given by

R2 _ [(Qm)m Z]2/(2m+D) . (6)

These distributions have recently been studied by Martins et al. [21] as sparse continuous distri-
butions induced by Tsallis entropies [22]. By using the definition of exp,, the same density can be
expressed compactly as

p(x) oc [B]72 (B? = s(x)) 7)
which will be useful later to highlight differences relative to the required escort distribution.

Landsman and Neslehova [12], Landsman et al. [14? ] prove an extension of Stein’s identity to
the class of absolutely continuous elliptical distributions, with a special focus on heavy-tailed dis-
tributions belonging to Pearson Type VII family. Their results are based on canonical work on the
properties of elliptical families [23-26]. Specifically, Landsman et al. [14, Prop. 2] give a general
proof of elliptical Stein, but do not treat the bounded-support case on which we focus in this paper;
see also [13, Lemma 2] and [12]. Notably, stochastic gradient estimators based on generalized el-
liptical Stein identities have not been studied and we are not aware of any works showing that such
estimators can be brought into a form similar to those of Gaussian stochastic gradients. Our goal in
this paper is to fill this gap.

3. A Stein-type identity for bounded-support ¢-Gaussians

In this section we derive a Stein-type identity tailored to bounded-support ¢-Gaussians (¢ < 1). We
follow the approach of Landsman and Neslehova [12], Landsman et al. [13, 14], using the associated
density p* to derive a Stein-type identity. We show in App. B that the first associated law coincides
with the (2 — g)-escort density p*(x) o p(x)?~7[27]. As far as we know this connection between the
associated laws defined in the classical statistical literature on elliptical families [ 24, 28], and the escort
distributions studied in statistical physics and information geometry [17, 27] has not been noticed
before. The use of escort distributions is instrumental in extending Stein’s identity in an elegant
way, mirroring the Gaussian Stein expression, and highlights the probabilistic structure that would
otherwise be buried in repeated integration by parts.

The associated density p* is defined through the generator function that is obtained by integrating
the original generator g over the interval (s, R?),

R2
Gls)= [ gt (8)

As we review in App. B, using this generator yields another Pearson II distribution with exponent

increased by 1,

P (x) o |B7V2 (R? - s(x)) T 9)



Comparing this expression to Eq. 7 shows that the only difference is that m in the exponent is re-
placed by m + 1. Note that p and p* share the same location-scale parameters (u, ) and bounded
max support radius R, but p* has a sharper peak at p because of the larger exponent. This difference
is visible in Fig. 1.

In App. C we prove the following theorem which establishes a new Stein-type identity for bounded-
support g-Gaussian distributions.

Theorem 1 (Bounded-support ¢-Gaussian Stein identity). For any almost everywhere differentiable
f:RY 5 R, with By |V f(x)| < oo, when the second moment Cov,,(x) exists:

Ep [(x = p) f(x)] = Covp(x) By [V f(x)] (10)

The form of Eq. 10 is nearly identical to that of Eq. 1, with the difference that the expectation on
the right-hand side uses the escort p* instead of the original p (as highlighted in red). The proof
in App. C proceeds by defining z = X'/?(x — u), applying iterative one-dimensional integration
by parts, and exploiting the fact that the Pearson II density and its associated law vanish at the
boundary, as well as the facts described in Lemma 2 below.

Lemma 2. The following facts hold for any bounded-support g-Gaussian with g < 1,

1. Defining r(x) = +/s(x), the following holds under p and p* respectively,

r(x)?
R2

r(x)?
R2

~Beta (2,m+1), and

~ Beta (%,erQ) .

2. The expectations of s(x) = r(x)? have a closed-form expression in terms of R, D, and m,
D R? D R?
E - 7 d E, - -
p [5(x)] D+2(m+1)’ a pe [s(x)] D+2(m+2)

3. The second moment can be written in terms of 3,

Cov,(x) = =E,[s(x)] X, and Covps (x) = =E,« [s(x)]X.

4. Finally, we have the following reweighted representation of p*,

(B - () p(x)
P =T TR s

All of these results follow from the application of the definitions of the Beta expectation and the
covariance. App. B contains additional details.

There are two other useful variants of the identity,

Ey (¢~ 1)/ 6] = 5B [5(0)] 2 By [Vicf ()] (1)
1 s B[R 5(0) Vs (o)
= 5B [s(x)] = E TR — () (12)

In the first line, we expand the second moment in terms of ¥, and in the second line, we rewrite
the p*-expectation in terms of the base density p(x) by using the last fact of Lemma 2. The form
of Eq. 12 is useful specifically for implementation because it expresses the identity in terms of p(x)
only. Sampling from p(x) is comparably efficient to sampling from a Gaussian, as we show next.

Efficient sampling from p(x) is possible by using Lemma 2. We define z(x) = £~/%(x — p), which
can be rewritten in terms of an independent random variable u that is uniformly distributed on a
sphere in R” as z(x) = 7(x)u, where u ~ Unif(SP~!) and SP~! = {u € R? : ||lul|» = 1}. Further,
r(x)?/R? is an independent Beta random variable. Thus sampling proceeds in the following four
steps:

2
u ~ Unif(SP71), % ~ Beta (%,m—i—l) , Z < ru, x(—u—f—El/Qz. (13)

The radial parametrization reviewed in App. B.



4. Bonnet- and Price-type Theorems

We state Bonnet- and Price-type theorems for bounded-support g-Gaussians, for which proofs can
be found in App. D. These theorems are brought into forms that are either identical or structurally
analogous to the corresponding Gaussian theorems. The stochastic gradient expressions we derive
are easy to estimate using Monte-Carlo sampling since the distributions over which the expectations
are defined are easy to sample from by exploiting Eq. 13.

We begin with the Bonnet-type theorem, paralleling the first equality in Eq. 2.

Theorem 2 (g-Bonnet). For bounded-support p(x) = N (x|u, ), assume f : R® — R to be C' on an
open set containing {x : s(x) < R?},and E, |V f(x)|| < co. Then,

Vil [f(x)] = B, [V (x)]. (14)

This identity has exactly the same form as the first equality in Eq. 2. The proof is in App. D.1 and
follows from the form of p(x) given in Eq. 7 and the fact that V,,s(x) = —2% " (x — p) which allows

us to write the gradient as
2m

Vulogp(x) = R — s(x)
Differentiating under the integral, the left-hand side in Eq. 14 can be written in terms of
E, [f (x)="Yx —p)/(R* - s(x))]. Finally, the Stein-type identity in Eq. 12 and some algebra lead
to the desired result.

= (x—p).

Next, we state the Price-type theorem which parallels the second equality in Eq. 2:

Theorem 3 (g-Price). For bounded-support p(x) = N (x|u, =), assume f : R” — R is C? on an open
set containing {s(x) < R?} and that B, [|V f(x)|[] + E, [|[V2f(x)||r] < oc. Then,

VsE[f(x)] = — LB V2] (15)

D Ep[s(x)] 5
In the Gaussian limit ¢ T 1 (thus m — oo and R — 00), p* — pand E,[r(x)?]/D — 1, which implies that
Eq. 15 reduces to the classical Price theorem %E[ f(x)] = 1E[0,, 04, f(x)].

A proof is provided in App. D.2. This Price-type theorem is very similar to the Gaussian Price
theorem in the second equation of Eq. 2, and differences are highlighted in red. The right-hand
expectation is taken with respect to the (2—g)-escort p*, and there is an additional factor E,,[s(x)]/D.
The expression is easy to evaluate because sampling from p* is efficient as shown in Eq. 13.

5. Applications

5.1. Bounded-variance Monte Carlo estimators

An advantage of bounded-support distributions is that they lead naturally to gradient estimators
with bounded variance. We give a formal statement of bounds on the variance of the estimators
based on Eq. 12 and Eq. 15 respectively. The Stein-type identity in Theorem 1 and the ¢-Price Theo-
rem 3 express the gradients of interest in terms of escort expectations as E,« [V f (x)] and E,- [V f (x)].
Since we are interested in approximating these expectations by Monte Carlo, the variance of the re-
sulting estimators directly affects the stochastic gradient noise. Using the reweighted p-only expres-
sions from Eq. 25 in App. B, under mild boundedness assumptions on V f and V? f, we can bound
the variance of the stochastic gradient MC estimators.

Proposition 1 (Bounded variance MC estimators). Let x1,...xg be iid samples from a q-Gaussian p(x).
For any almost everywhere differentiable t : R” — R with E,. [|Vt(x)|] < oo, and f : R” — R that is
C? on an open set containing {s(x) < R*} such that E,, [|[V f(x)||]] + E, [[[V2f(x)|r] < oo, define the
following Monte-Carlo estimators:

s 5

1 (R? — s5(x1))Vt(xz) —sxk NV2F(xx)
S B o] 0 V& Z B[R —s(x)]

Ep- [Vt(x)] ~g=
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Figure 2: Synthetic logistic regression. Left: For D € {10,50,200} and ¢ € {0.0,0.5,0.8,1},
we draw 8 Monte Carlo samples and compute the empirical per-coordinate gradient variance

5 ZJD:1 Var(@F (w*);), averaged over 50 independent repetitions; standard errors are all <.003.
Right: Maximum radius of the ¢g-Gaussian support against D.

Note that M = E, [R? — s(x)] is available in closed form from Lemma 2. Assume there exist finite constants
C1, Cy such that

sup ||[Vt(x)| < Cy, and sup ||V (X)[lop < O,
{s(x)<R?} {s(x)<R2}
where || - || is the spectral (operator) norm on matrices. Then, for each entry g; and ﬁ; we have,
1RGN - 1 (R2C,\°
Var(gj)§5< M ) . and  Var ((H)ij) < 5( i ) .

Consequently,

E [||ﬁ—E [ﬁ} HH < D?% (Rj\402>27 and E {||fI_E [ﬁ} HOp} < CsRT2Cz logD

for M =E,, [R? — s(x)] and finite constant Cs.

Proof. The proof is in App. D.3. It follows from bounded-range variance bounds (Popoviciu’s in-
equality) and matrix Hoeffding. O

5.2. Numerical experiments

Synthetic logistic regression experiment. For dimensions D € {10, 50,200}, we draw a dataset
{(x4,y:)}¥, with x; ~ N(0,Ip), a ground-truth weight vector w* ~ N(0,1p), and labels y; | x; ~
Bernoulli(o(x; w*)), where o is the sigmoid function. The loss f(w) is the binary cross-entropy loss.
We consider Monte Carlo pathwise estimators of the gradient of the objective evaluated at w = w*,

F(w) =Ec[f(w+e€)].
For the Gaussian baseline we take € ~ N(0,Ip). For bounded-support g-smoothing, we draw e

from an isotropic D-dimensional bounded-support g-Gaussian, so that ||e|» < R(D,q). For each
D € {10,50,200} and ¢ € {0.0,0.5,0.8,1}, we draw 8 Monte Carlo samples € and compute

~ 1<

VEW) = ¢ 3 Vuf(w)
for w = w*+e€. In Fig. 2 (left), for each g, over 50 independent repetitions we plot the empirical per-
coordinate gradient variance - Z]D:1 Var(VF(w*) ;) against D. The results in Fig. 2 (left) confirm
that smaller values of g lead to lower-variance gradient estimators. We also plot the maximum radius
of the support against D in Fig. 2 (right) to visualize how the radius increases with the dimension

and as ¢ gets closer to one; the dimension noticeably dominates the magnitude of R and the effect
of g is significant only with very small D.
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Figure 3: Sharpness-Aware Minimization (SAM) [18] considers an adversarial perturbation over a
compact ball. Variational stochastic gradient descent (VSGD) with Gaussian weight perturbation
averages perturbations over whole space (unbounded support). Our proposed ¢-VSGD uses g¢-
Gaussian weight perturbations, which have bounded support similarly to SAM but uses averages
similarly to VSGD. The method combines the two complementary features of SAM and VSGD.

Variational SGD with ¢g-Gaussian noise. Next, we explore the potential use of our gradient esti-
mators in Bayesian deep learning to estimate a ¢-Gaussian posteriors instead of the usual Gaussian
ones. We compare with several variational training methods and also with the Sharpness-Aware
Minimization (SAM) algorithm. A visualization is in Fig. 3, illustrating the main differences which
are related to the choice of the point at which gradients are evaluated.

In SAM, we consider a point in a circle around the current parameter that has the worst loss value.
Formally, let f(w; B) be the minibatch cross-entropy, where 3 is the minibatch. Then, we set the per-
turbation to be § = pg/||g|2 with g = V, f(w; B). The parameters are then updated by evaluating
the gradient at this point,
W w —nVy f(w+9;B).

Overall, this requires two gradient evaluations, using in total two forward and backward pass. In
Variational SGD (VSGD), the goal is to estimate the mean of an isotropic Gaussian posterior. The
mean is updated by taking the gradient of the expected loss, requiring at least one MC sample. This
means that the update is the same as above but we need to use 6 ~ N(0,Ip).

We propose a new variant of VSGD where we aim to estimate the mean of a ¢g-Gaussian posterior,
while fixing ¥ to Ip. This can be done by making a simple change to VSGD: instead of sampling
from a standard normal, we sample from a ¢-Gaussian as shown below:

0 p%, where € ~ NQ(O, ID),
and R(q, D) is the distribution-dependent radius used for normalization. Note that ¢-VSGD with
q = lis equivalent to VSGD. We also compare ¢g-VSGD to an optimizer called Improved Variational
Online Newton (IVON) which uses a more flexible diagonal-Gaussian posterior [29].

We compare the methods on a standard ResNet-20 model on the CIFAR-10 dataset, where we find
that changing ¢ leads to small improvements over VSGD. The experimental setup follows the one
used in the paper that proposed IVON [29]. We train for 200 epochs with batch size 50 using SGD
with momentum 0.9 and weight decay 10~*, a 5-epoch linear warmup followed by cosine anneal-
ing, and sweep over values of ¢ < 1 as reported in Table 1. In Table 1 we report test accuracy, NLL,
Brier score, ECE (20 bins), AUROC (as described in [30]), and wall-clock seconds per epoch (mean
+ standard error over 10 seeds). For ¢ = 0.6, we observe some improvement in the accuracy. We
can further increase the accuracy by increasing the number of MC samples, but the algorithm be-
comes slower. Overall, the results are not conclusive and indicate that tuning ¢ may not directly



Method Acc. (%)+ NLL|  ECE (%))  Brier)] AUROC{ Timel

SGD 920+01 028=+£0.00 3.84+0.11 0.12+0.00 921+0.1 37s
IVON (1-MC) [29] 925+0.1 0.26+0.00 343+0.09 0.12+0.00 925+0.1 43s
SAM [18] 926+01 0224+0.00 156+0.05 011+£0.00 925+0.1 70s

1 Monte-Carlo Sample

¢-VSGD (¢ = 0.0) 921+00 025£0.00 3.01+005 012£0.00 923=£0.0 44s
¢-VSGD (¢ =0.2) 921+00 026£0.00 299+0.04 012+0.00 923=+0.1 43s
¢-VSGD (¢ =0.4) 920+00 026£0.00 310+£0.05 012+0.00 923+0.1 43s
¢-VSGD (¢ = 0.6) 922+00 025+£0.00 293+004 012+0.00 923=+0.1 43s
¢-VSGD (¢ =0.8) 921+00 026+0.00 3.02+0.04 012+£0.00 922+0.1 43s
VSGD 9214+00 025£0.00 279+0.05 0.12+0.00 924 +0.0 42s

5 Monte-Carlo Samples

¢-VSGD (¢ = 0.0) 926 +01 025£0.00 3.06+0.08 0.11+0.00 925=+0.1 173s
¢-VSGD (¢ = 0.2) 925+00 025£0.00 3.13+0.07 0.11+0.00 926=+0.1 173s
¢-VSGD (¢ =0.4) 924+00 025+£0.00 3.17+£0.06 0.11+£0.00 92.7+0.1 174s
¢-VSGD (¢ = 0.6) 926 +£01 025+£0.00 3.04+£0.07 0.11+£0.00 925=+0.1 174s
¢-VSGD (¢ =0.8) 924+00 025+£0.00 3.17+£0.05 0.11+£0.00 92.7+0.1 182s
VSGD 9244+01 025£0.00 3.13+0.09 0.12+0.00 92.6+0.1 173s

Table 1: ResNet-20 on CIFAR-10 test performance. Mean =+ standard error over 10 seeds. Among the
baselines (the first block at the top), SGD is the worst but fastest. SAM achieves the highest accuracy
but is also slow due to two gradients needed in each iteration, while IVON performs reasonably
well with a reasonable cost. In the second block, we show ¢-VSGD with 1 Monte-Carlo sample
which achieves slightly better accuracy than its counterpart VSGD by increasing ¢ = 0.6, although
it is comparable in other metrics. Going to 5-MC in the third block improves the performance but
slows down the algorithm. The results are mixed and indicate more work is needed in improving
performance via tweaking g.

yield increased performance right away, despite the fact that the variance of gradient estimator is
bounded.

One potential reason behind the lack of better performance is that for very large dimensions the
effect of varying ¢ reduces drastically. This happens because the support is heavily influenced by
dimensionality, as shown in Fig. 2 where for high dimensions all ¢ values have very similar sup-
port. Our numerical results suggest using a more flexible g-Gaussian form, for example, estimating
the scale parameter. We expect a ¢-IVON algorithm will perform better than ¢-VSGD, which does
outperform VSGD. Perhaps the most effective modification is to use a low-dimensional ¢g-Gaussian
factorization. We hope to explore these alternatives in future work.

6. Conclusion

This paper proves a new Stein-type identity for bounded-support g-Gaussians, which belong to the
subfamily of the Pearson II class of elliptical distributions. We show that the associated (cumulative-
generator) law has a simple escort interpretation, allowing for the derivation of Bonnet- and Price-
type identities with forms closely resembling those of the Gaussian stochastic gradient estimators.
These results are applied to practical pathwise gradient estimators that are easy to implement by
sampling from the ¢-Gaussian density. A key consequence of the support’s boundedness is that the
resulting Monte Carlo estimators have simple bounded variance guarantees. Our experiments illus-
trate these effects in a controlled synthetic setting, and in deep neural models trained on CIFAR-10,
where bounded-support perturbations are competitive with SAM and offer a principled distribu-
tional analogue of bounded-radius perturbation methods.



The results in this paper open new directions for research to exploit generalized Stein identities
in broader stochastic gradient applications, such as variational inference and robust optimization,
including extensions beyond bounded-support ¢-Gaussians (notably to the heavy-tailed 3 > ¢ > 1
regime), learning or adapting R, and considering anisotropic 3.
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A. Proof of Bonnet’s and Price’s theorems with Gaussians
Gaussian Stein, Bonnet, and Price. Let x ~ N (p, X) with density p(x). The general Stein identity
states that for any differentiable test function ¢ : R” — R with E [|¢(x)|| + E || Vt(x)|| < oo,

El(x = p)t(x)] = ZE [Vxt(x)]. (16)

This follows from the score identity E [¢(x) Vx log p(x)] = —E [V«t(x)] through integration by parts,
and the Gaussian-specific fact that V, log p(x) = —X "~ (x — p).

The score identity implies:
VuE[f(x)] = E[f(x)V,log p(x; p, )]
Vulogp(xip, B) = =7 (x — p)
Applying the Stein identity with ¢(x) = f(x), we obtain Bonnet’s theorem
VuE[f(x)] = 7' SE [Vif (x)] = E [Vx f(x)].

} = VLE[f(x)] = ST E[(x - w)f(x)].

Writing x = pu+%'/2e with € ~ NV(0,T), since dx/du = I, we see that a popular case of the location-
scale transform or “reparameterization trick” is the pathwise implementation of Bonnet. Similarly,
Price’s theorem, which states that for differentiable f we have VxE [f(x)] = 1E [V2f(x)], follows
by applying the same Stein identity to the components of V f(x) and using the score identity for
derivatives with respect to 3.

Gaussian Stein and Price’s theorem. Let x ~ N (u,X) on R? and let f : RP — R be twice con-
tinuously differentiable with E ||V, f(x)|| < oo and E ||VZ f(x) ||F < 00. The scalar Gaussian Stein

identity states that for any sufficiently regular ¢ : R” — R and each coordinate i = 1, ..., D,
D
E[(xi — p)t(x)] = > By [0, £(x)] (Stein)
=1

Proof of Price. To differentiate with respect to X, we use the matrix score identity for the Gaussian
density:

Vslogp(x;p, B) = =387 4+ 357 (x — p)(x —p) ' 27, (17)
so, entrywise,
O B[] = E | (x) =2 log p(x; s, %) (18)
P = o, 0B p0s

= —3(ETGEfE)]+ 5 (BTE[x - p)x-p)  f)] BT, (19)

For each fixed j = 1, ..., D, apply Stein with the scalar test function #(x) := (x; — p;) f(x). For each
i,

D
E [(xi — 1) (x5 — 1)) F ()] =Y T [0, (x5 — 1) f(x))] -
=1
Since

Ox, ((Xj - Mj)f(x)) =04 f(x) + (x5 — /’l'j)anf(X)v
where §;; is the Kronecker delta, we get

B [(xi — p) (x5 — ) F(x)] =D Birdg B [F(x)] + > Tiek [(x) — )05, (x)] (20)
¢ ¢
= SHE[FGO]+ D Bk [(x) — )0k, f(x)] (21)
¢
Next, apply Stein again with the scalar test function #(x) := 0, f(x). Foreach¢ =1, ..., D,

D
E [(x; — p;)0x, f(x)] =D EjiE [0s, O, f(¥)] -

k=1

11



Substituting into the previous expression yields

E [(xi — ;) (% — ;) f(x)] = SHE[f(x)] + ; 202k E [Ox, Ox, f(x)] -
In matrix notation this is
E[(x —p)(x—p)' f(x)] = ZE[f(x)] + ZE [Vif(x)] =. (22)
Multiply (22) on the left and right by 7
STE[x-p)x-p) f(x)] ST =E[f®)] =T +E[Vif(x)].
Substitute this back into (18). The £~ 'E [f(x)] terms cancel, and we obtain

0
GEij

E [f(X)] = %E [axiaxj f(Xﬂ .

Equivalently, in matrix form,
VsE[f(x)] = 3E [VEf(®)],
which is Price’s theorem. O

Remark 1 (Symmetry in ). In the proof of Price’s theorem we differentiate with respect to the
entries X;; treating 3 as an unconstrained matrix. The right-hand side of the final expression for
the gradient is symmetric because the Hessian V2 f(x) is symmetric for C? functions f. Thus the
gradient naturally lies in the space of symmetric matrices, and the formula is consistent with the
covariance constraint ¥ = 37

B. Elliptical Laws

Generalized Pearson Type II. An important subclass of elliptical distributions are the Pearson
Type II distributions. A fundamental property characterizing these distributions, is the stochastic

representation of a D-dimensional spherical Pearson Type Il random vector z as z £ yu, where u has
uniform distribution on the unit sphere surface in R”, and the sign d indicates the same distribution.
The random variables r < lz|| and u 4 T are independent and therefore the distribution of z is
fully determined by that of its squared length 7? = z' z. The random variables r and

s(x)=r? = (x—p) S (x—p)

are called the radial and squared radial parts of the random vector x. Their distributions are defined
by the specific Pearson Type II density generator function in (4), as
oD /2

D/2
fr(r) = WTD_IQ(T2), r >0, fs(s) = WSD/Q_IQ(S)

For further details see [24, 25, 28, 31].

Proof of Lemma 1. Expressing the exponent m of the Pearson type II density in terms of the entropic
index ¢ < 1 of the g-Gaussian density as m = 1/1 — ¢, and choosing the support radius R = R(D, q)
to be

r D 2—q 1 2fg(_1q—)Q)
R [ (3+5) ( 2 )] (23)
= - - 7
o (1) V=
the density generator of the Pearson type II distribution, given in (4), takes the form
y g % g

ot = (5 e - 8)>1/<1q> | (24)

2 +
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The corresponding Pearson type II density is given by

1/(1—q)

p(x) = |21/ [H (R — (x—p) =7 (x— ) g<1,(x—p) =7 (x—p) <R

2
This can be equivalently expressed in the form of the g-Gaussian density as
1/(1—q)

p(x) = {1 +(1-q) (— : L _ |E|_(21_Q)/2 (R = (x— )= (x - u)))}

+

1 ‘2‘*(1711)/2
+

o P @ e T )

= exp, {—

Introducing for convenience a transformation of the scale parameter Y = |Z[ ' and using the
~ 2

fact that |X| = |X|T-9D+2, Martins et al. [21, Def. 15] define the density parametrized in terms of

pand X as

~ —q ~-1
1 RE o (x—p)®

1—g¢ 2 2

(X—u)} .

x ~ Ny(1, B) = p(x) = exp, [—

Johnson [28] provides a detailed discussion of the effect of the shape parameter ¢. For ¢ — 1, the
radius R — oo, exp, converges to the ordinary exponential, and we recover the multivariate normal
N(u,X). O

Associated laws as escort distributions. Using the density generator g(-) of the bounded-support
g-Gaussian, given in (8), the cumulative generator function is defined as the integral of the original
generator:

RQ
a1
Gls)i= [ gty = (4577 SAR ) o (RP = o™, e

which induces the first associated law with density

BTG i (2 )

7TD/2 /R2 D_4q *
—_— s2 "G(s)ds
() Jo (#)

m—+1

pr(x) =

where s(x) := (x — )T 7! (x — p). By construction, p and p* share the same location-scale param-
eters (u,X) and the same bounded support supp = {x : s(x) < R?}; the associated law is a new
Pearson Type Il distribution on the same support set, with exponent increased by 1 as a consequence
of the power-law Pearson II form.

We can equivalently express it as normalized reweighting of the base law p(x):

(R2 - s(x)) p(x)
B, [R? — s(x)]

p(x) = (25)

Escort interpretation of the associated laws. The first associated law coincides with the (2 — g)-
escort of the base density. Indeed,

pr(x) oc (B2 = s(x)) 7" = ((B? = s(x))7)" " o p(x)>77,

sincem + 1 = f%g = (2 — ¢)m. More generally, the k-th associated law satisfies

p*(x) o (R? - s(x))TJrk o p(x)1HEA=0) k=0,1,2,...,

so the escort order increases by (1 — ¢) at each step. All these laws share the same bounded support
and are progressively more centrally concentrated, with a sharper peak at i and vanishing faster
near the boundary than p(x).
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C. Proof of the bounded-support Stein identity

We prove the bounded-support Stein for a general test function ¢(x) rather than the more spe-
cific f(x) which we use for simplicity in the main statement of Theorem 1. We assume p is a
bounded-support ¢g-Gaussian density with parameters (u, 3, ¢) as in Lemma 1, and p* is its first

associated (cumulative-generator) law. For any almost everywhere differentiable ¢ : R” — R with
Ep- [[VEx)[| < oo,

E, [’I“Z]
D

where 72 = 5(x) = (x — p) "2 (x — p) and E,, [r?] are given in Lemma 2.

E, [(x — p)t(x)] = Covy (x)Ey- [Vi(x)] = SE,- [Vi(x)], (26)

Proof of Theorem 1. Letz = $~'/?(x — ), so that

(7 — |lz]|*)p(2)

2 2ym+1q 27
B, e~ ] @ 7D e, (27)

p(z) < (R* = z|*)"Ljzj<p.  p*(z) =

and define T'(z) := t(u + £'/%z). To compute E,- [0,,T(z)] first we integrate out z;. Fix an index i.
For each z_; € RP ™" with ||z_;|| < R, set

plz—i) == /R — ||lz—i|]* € (0, R],

so that the admissible range for z; is exactly

z; € I(z—;) == [—p(2—i), p(z-)],
since ||z||? < R? = |zi|®? +2? < R? = |z < p(z_;). For each fixed z_;, we apply

one-dimensional integration by parts in the variable z; on the interval I(z_;):

p(z—s)
/ 00T (2—s,2:)(B — |lz—i|]? — 22)™+ dz;
—p(z—i)

_ p(z—i)
= [T(ai2) (B~ |lo_i]® — 22y )00 / T(a-1,2:)05, (R? — ||z_i||* — 22)"*da;.

w==p) "
Because m + 1 > 0, the polynomial (R? — ||z_;||* — z?)™*! vanishes at z; = +p(z_;), and the
boundary term is exactly zero for each slice. Differentiating the polynomial term gives
0a,(R? = |z—i* = 25)™ " = =2(m + V)zs(R? — |lzi[|* — 27)™.
Hence,

p(z—i) p(z—i)
/ 05, T(2—i,2:)(R* = ||z—i||* — 27)" " da; = / T(z—s,2:)2(m + 1)zi(R® — ||z2_||* — 2})"dz;.
—p(z-i) —p(z-:)
(28)

Next, we integrate over all z_; with ||z_;|| < R. The left-hand side of (28) becomes
[0 ] @u i) (R = ol = 227 s = [ (00 T@) (R ~ [a]) 7 e
rP-1 JR R”
= C*Ep+ [0,,T(2)],
where C* is the normalizing constant of p*. Finally, the right-hand side of (28) becomes

2(m + 1) / T(2)2(R* — |[2]%)"dz = 2(m + 1)CE, [2,T(2)],
Izl <R

where C is the normalizing constant of p. Hence

2(m+1)C

By [0, T(2)] = =0

By 2T (z)]. (29)
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Using the relation

By [~ 2] = & [ (R~ 1) - JalP)da =
we get CC,; = EP[R21—||Z||2]’ so (29) simplifies to
By (0.7(0)] = g oy [T (e (30)
Vectorizing over i, we obtain
E,. [V.T(2)] = ME” 2T (z)].

Return to x-space. Recall z = £7V?(x — p) and V,T(z) = Y2V t(u + 2/?2). Taking expecta-

tions and multiplying by S

E, [R* — |z||*]
2(m+1)

Ep [7 — |I2I°]

=K, [V,1(2)] = 5 i D)

E, [(x — p)t(x)] = £V/°E, [T (2)] =

From Lemma 2,

SE, [Vxt(x)].

E, [r?] _E [R? —r?
D 2m+1) ’

so the coefficient equals — [ ] and we obtain (10). Using (25) to express E,. in terms of E, yields
(12). O

D. Proofs of g-Bonnet, ¢-Price, and variance bounds

Similarly to Appendix C we specify in the following proofs the exact form of the test function ¢(x)
that we use, and note that in the main statements of the Theorems we use f(x) instead for simplicity.

D.1. ¢-Bonnet

Let p be a bounded-support g-Gaussian density N,(p,3) from Lemma 1, with ¢ < 1 and m :=
1/(1 —¢q) > 0. Let f : R® — R be C' on an open set containing {s(x) < R?}, where s(x) :=
(x — p) "= (x — p), and assume E,, |V f(x)|| < oo. We show that

VuE, [f(x)] = E, Vf(x)].

Proof of Theorem 2. Since p(x) o< |%|71/2 (R? - s(x))"", we have

log p(x) = — 3 log || + mlog (R? — s(x)) + const, V,s(x)=—2%2""(x — p).

Hence ( 2y ))
Vi (R7—s(x 2m 1
1 = = b)) — ).
Differentiating under the integral is justified by dominated convergence on the bounded support
together with m > 0, so we obtain the score identity

VuE, [f(x)] = E, [f(x)V,. log p(x)] = 2mE, {sz_(’;)(x)zl(x —wl. (31)
Apply the p-only Stein identity (12) with t(x) = iji)(x) Substituting into the right-hand side
of (12) by the quotient rule and using Vs(x) = 22~ (x — p) gives
2 f(X) _ & -1 o
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Hence (12) yields

sg, [0 s ] J Bl V160] + 28, [ 5 (x = o)

R? — s(x) D E, [R? — s(x)] (32)
From the moment formulas in Lemma 2, we have
Ep [r?] 1
DE, [R? — s(x)] ~ 2(m+1)’
Thus (32) yields
f(x) -1 _ 1 f(x) —1/y
EP R2 — S(X)E (X - N>:| Q(m + 1) (EP [Vjt(X)] + QEP [RQ _ S(X) b (X N):|)
= 5 E, [V/ ()
Substitute this into (31):
VB, L109] = 2 | 7 02 - )| =B, 197G
O

D.2. ¢-Price

Lemma 3 (Matrix calculus). Let ¥ = 0. We use the Frobenius inner product A : B := tr(AT B). For
5(x) = (x — p) "7 (x — ) and the elementary matrix E;; that has 1 in the (i, j) position and 0 elsewhere:

8gijlog 1=l = (=", (33)

%;(z) - (ETEE ) (k- wx—p) ) = — (- k- w)TE )L (38
Moreover, for any matrix H,

(EilEﬂzil) . E = (Eil)ji, (35)

(7'E;27Y) : (THE) = Hy,. (36)

As before, let p be the bounded-support ¢-Gaussian density N,(u,3) with ¢ < 1 and shape m =

%_q > 0, supported on {s(x) < R?}. For the proof of Theorem 3 we assume f : R” — R is C? on

an open set containing {s(x) < R?} and that E, ||V f(x)|| + E,||V?f(x)||r < oco. We define M and

recall the form of the covariance

Ep[r?]
D

Asusual, p* denotes the first associated law of p, and so E,,- [h] = E,[(R? —s)h]/M for any integrable

h. Treating the entries X;; as independent parameters, the following identities hold for every ¢, j €
{1,...,D}:

M :=E, [R* - s(x)], Covy(x) = 3.

9 _ Bl [92f(x)
5B (0] = 518, | ST @)
Equivalently, in matrix form,
2
VBl (0] = 20 Vg, (v27(0) (38)

In the Gaussian limit ¢ + 1 (so m — oo, R — o), p* = pand E,[r?]/D — 1, so (37) reduces to the

classical Price theorem %E[ f(x)] = 3E[0,,0., f (x)].
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Proof of Theorem 3. Score trick w.r.t. 3. By differentiation under the integral (justified by the as-
sumptions and bounded support),

9
82,-]-

Ep[f(x)] =Ep | f(x) logp(x)| .

82”
For p(x) o |Z|~Y2(R? — s(x))7,
log p(x) = —3 log | 2| + mlog(R* — s(x)) + const.

Using Lemma 3,

1l o, M (e T y—1
Define the matrix ( \ )T
o X —p)(x—p
B:=E, RZ—s(x) f(x)].
Then, in matrix form,
VsE,[f(x)] = —3Z7'E,[f(x)] + mE~'BE . (39)

Identify B via the Stein identity. Invoke the bounded-support Stein identity in its p-only form:

_ s T
E, [(x - u)t(x)—r} = Epl[)r2] EEP (& ]\(;c))Vt(x) ] , M :=E,[R?* — 5(x)].
Choose the vector test function
N 1 ¢ B
t(x) = e s(X)E Hx —p)
Left-hand side. Using the definition of B,
_ 0T
E, [(x - pt(x)"] =E, (x Rgﬁ’;(x)“) fx)| =t =Bs .
Right-hand side. Compute
(7 )9t =37 = VT 227 (- )5 0 m

using Vs(x) = 257! (x — p) and the product rule. Taking E, and substituting into Stein’s identity
yields

BY ' =¢(ZE,[Vf(x)(x—p) |E7 +2BE T + E[f(x)I), c:=
Right-multiplying by 3 and rearranging gives
(1-2¢)B = c(ZE,[Vf(x)(x — p) "]+ E,[f(%)]D) .
For the bounded-support g-Gaussian, Lemma 2 gives ¢ = E,[r?]/(DM) = 1/(2(m + 1)), hence

B = oL (BB, V1)~ )] + By f()]E). (40)
Insert B back into the score form. Substitute (40) into (39):
VB [f(0)] = ~ 32T B ()] + e (S8R0 - )8+ BB ()58
The £1X7'E,[f(x)] terms cancel, leaving

VB, [f(x)] = 5B, [~ m) VI 2 (41)
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Second Stein step to reach the Hessian. Apply the (vector) Stein identity with the scalar tests
tj(x) := 0y, f(x),j =1,...,D, and stack:

E,[r?
E, [(x - w)V /(7] =

Substitute this into (41) to obtain

SE, [V2f(x)].

’]

Vi, [f(0)] =

which is (15).
O

Remark 2 (Symmetry in 3). We differentiated with respect to the entries 3;; treating ¥ as an un-
constrained matrix. The right-hand side of (15) is symmetric because V2 f(x) is symmetric for C?
functions f. Hence the gradient Vs E,[f(x)] naturally lies in the space of symmetric matrices and
is consistent with the constraint & = 7.

D.3. Variance bounds

Proof of Proposition 1. It is straightforward to verify unbiasedness: E [g] = E,» [Vt(x)] and E {I:I} =
Ep [V2f(x)].

Note that g; is scalar, and let
(B? — s(x1))0;t(xn)

Yy =
FT R R ()
Since 0 < R? — s(x) < R% and |9;t(x)| < ||[Vt(x)| < C4, hence
2
|Yk| < R—Cl = B .

Ep [R? —s(x)] "~
Therefore Y, € [-B,, B,] almost surely, and by Popoviciu’s inequality on bounded-range variances,
Var(Y}) < B;.

Since g; = + > p_; Vi withiid Yy,

B2 201\
Var(g;) = Vars(yl) <%= 1 (R]\fl> .

0|

Next, fix (4, j) and define
(R? — s(xn)) (V2 (xk))is

Zk = M
Since 0 < (R? — s(x)) < R?and |(V2£(x)):;| < [[V2f(%)]lop < C2, hence
R2C
|Zk| < > = By,

S0 Zy, € [—Bp, By almost surely, and again by Popoviciu, Var(Zy) < B?,and

Var ((ﬁ)”) = Var <;];Zk> _ Var(Zy) _ By _ (R°Co) .

s - 8 SM?
Summing entrywise variances gives

22 ][ - v () < 25
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Since || - [lop < || - ||, the same bound implies

o[- x[

DBy
< —.
OJ RV

A sharper dimension dependence follows from matrix Hoeffding: defining centered

(R? — s(xx))V?f (x) &
i T ) g g

implies ||Ax|lop < 2By. Hence, since % Zle Ay, = H-FE {ICI}, we have

St?
>t)<2D - ),
op ) - exp( 8(2BH)2)

] < C3Bgy/ log(TQD) for a universal C3: by the same tail-
op

integration argument as above, and splitting at ¢y > 0,

e 2[

which integrates to E [HIA{ -E {ﬁ}

—~ ~ 00 ~ e oo StQ
E HH—EH :/ P HH—EH > )dt <t / 2Dexp [ ———r ) dt.
{ [ } OJ P [ } op = DS tot W OPA\T8@2Ba)?
With a := _5 and the Gaussian tail bound [ et dt < Le“”:2
¢ 8B @ = 2azt 7
~ ~ 1 2
—E|H < 2D - ——e %0,
E {HH [ } Op} Sto+ 2at0€ ’
Choose tj := log(2D) so that =% = 1/(2D). Then
a
~ ~ log(2D) 1 1 1 log(2D)
E HH—EH < < Cy—=+/10g(2D) = C3 By | 222
[ [ } op] - a - 2v/a log(2D) — 4\/5 o(2D) s S
for universal constants Cy, C3 > 0, as claimed. O
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