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Abstract

Large Reasoning Models (LRMs) use Key-Value (KV) caching to speed up au-
toregressive decoding by reusing previously computed attention states for long
contexts. However, KV caches grow linearly with sequence length, quickly satu-
rating GPU memory and becoming a bottleneck for long-context reasoning. Prior
work, such as GEAR (GEnerative Inference with Approximation Error Reduction),
compresses KV caches by combining low-bit quantization, sparse outlier handling,
and low-rank approximation. We propose GEAR-X, a drop-in modification that
replaces unstructured magnitude-based outlier selection with structured sparsity via
expander graphs. This design provides spectral guarantees to preserve connectivity
and information flow under aggressive compression, improving the fidelity of the
compressed cache without retraining. Our preliminary experiments on GSM8k,
AQuA, BBH and LongBench benchmarks show that GEAR-X can achieve com-
petitive or improved accuracy compared to standard GEAR, while maintaining
significant memory savings.
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1 Introduction

Scaling Large Reasoning Models (LRMs) efficiently is increasingly critical as deployment moves
into resource-constrained and real-time environments. A critical optimization during inference is
Key-Value (KV) caching, which stores the intermediate attention states of previously processed tokens.
Reusing these states reduces the per-token computational cost from O(n2) to O(n), where n is the
total sequence length. While caching enables fast generation, the cache itself grows linearly with
sequence length, creating severe memory bottlenecks that limit throughput and prevent practical
deployment in long-context tasks such as chain-of-thought reasoning, code generation, and document-
level question answering.

In order to address this, prior work compresses KV caches using techniques like quantization [Liu
et al., 2024b, Sheng et al., 2023], low rank representations [Chang et al., 2025, Lin et al., 2025],
layer-wise and head-wise compression [Liu et al., 2024a, Ge et al., 2024], and pruning/eviction [Xiao
et al., 2024, Zhang et al., 2023]. Hybrid frameworks such as GEAR [Kang et al., 2024] combine
these strategies, storing most entries in ultra-low precision, recovering residuals with a low-rank
matrix, and preserving outliers through sparse masks. However, the sparse component in GEAR
typically relies on magnitude-based pruning, which can discard structurally important connections
and potentially degrade inference quality.

In this work, we propose replacing the unstructured magnitude pruning with structured sparsity
via expander graphs, which ensure each channel and token maintains multiple well-distributed
connections across the network. Expander-based sparsity offers strong spectral guarantees, improving
connectivity and preserving informative patterns even under aggressive compression.

2 Related Work

KV cache compression: Reducing the memory footprint of the Key-Value (KV) cache has attracted
significant attention as context length scales in LLM inference. Quantization-based methods reduce
memory by storing cache tensors in low-bit formats. KIVI [Liu et al., 2024b] applies tuning-free 2-bit
quantization with asymmetric treatment of keys/values. FLEXGEN [Sheng et al., 2023] formulates
tensor placement as a linear programming problem, while KVTUNER [Li et al., 2025] searches
for optimal precisions per layer. Pruning and eviction approaches discard less important tokens to
maintain bounded cache sizes. STREAMINGLLM [Xiao et al., 2024] and H2O [Zhang et al., 2023]
evict stale tokens, while TREEKV [He et al., 2025] and SNAPKV [Li et al., 2024] score importance
via distance or attention statistics. SEPLLM [Chen et al., 2025] compresses between separators, and
FASTGEN [Ge et al., 2024] profiles heads for adaptive eviction.

KV states often admit compact bases. Low-rank approximations (PALU [Chang et al., 2025],
MATRYOSHKAKV [Lin et al., 2025]) down-project hidden dimensions; LOKI [Singhania et al.,
2024] scores tokens in a low-dimensional space. Sparse representations like dictionary-based
methods (CSR [Zhang et al., 2025], LEXICO [Kim et al., 2025]) achieve sparsity via learned or
universal codebooks. Finally, hybrid frameworks combine multiple strategies. GEAR [Kang et al.,
2024] integrates quantization, sparse outliers, and low-rank correction. LEANKV [Zhang et al., 2024],
ROCKETKV [Behnam et al., 2025] mix eviction, sparse attention, and quantization. While hybrids
achieve stronger trade-offs, they often lack proper guarantees and rely on heuristic budget allocations.

Structured sparsity: Most KV cache methods rely on magnitude pruning, which prioritizes extreme
values but can overlook structurally important entries. Prior work in pruning and compression has
shown that structured sparsity often yields better accuracy and hardware efficiency compared to
unstructured pruning, due to its more balanced and regular coverage patterns [Wen et al., 2016, Evci
et al., 2020].

Expander graphs are particularly attractive: they preserve connectivity under extreme sparsity,
supported by well-established spectral guarantees [Marcus et al., 2015, Hoory et al., 2006]. Recent
work such as XoRA [Amaljith et al., 2025] has demonstrated their utility for efficient LLM finetuning,
though their application to KV cache compression remains unexplored.

Our Contribution: Our method extends the GEAR framework, replacing the heuristic magnitude-
based outlier selection with expander-driven structured sparsity. This ensures uniform information
flow across channels and tokens, thereby reducing the corrective burden on the low-rank component.
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Unlike prior hybrid approaches, which rely on ad-hoc sparsity patterns, our framework introduces a
theoretically grounded mechanism for sparse selection that remains stable even for long contexts.

3 Our Approach

We build upon the GEAR framework [Kang et al., 2024], which achieves KV-cache compression
by decomposing each attention key and value matrix into three components: (i) a quantized matrix
capturing the bulk of entries, (ii) a sparse term storing extreme-magnitude outliers, and (iii) a low-
rank residual approximation to correct systematic quantization errors. This hybrid design enables
aggressive compression while eroding accuracy across diverse generation tasks. Magnitude-based
pruning, which retains both the largest and smallest entries, was adopted to improve quantization
precision by isolating extreme values. While simple, this unstructured method can lead to uneven
coverage, where certain regions are disproportionately represented, reducing the effectiveness of the
sparse backbone.

3.1 Structured Sparsity via Expanders

We replace the magnitude-based sparse selection in GEAR with a structured sparsity mask derived
from expander graph constructions. This ensures that each channel and token retains multiple,
well-distributed connections, preventing isolated or clustered supports.

An expander graph is a sparse graph with strong connectivity: every small set of vertices has many
edges leading outside the set, thereby preserving robust information flow even under heavy sparsity.
We model the KV cache as a bipartite graph connecting channels and token positions, which allows
us to analyze sparsity patterns via spectral properties.

For a (d1, d2)-biregular bipartite expander, the associated symmetric adjacency has eigenvalues
λ1 ≥ λ2 ≥ · · · ≥ λm+n, where λ1 =

√
d1d2 and λm+n = −

√
d1d2. The second largest eigenvalue

λ2 governs expansion and mixing behavior, and high spectral gap λ1 − λ2 guarantees that subsets of
rows or columns always connect to many distinct neighbors. By choosing masks from near-optimal
expander families like Ramanujan graphs, which achieve the bound [Hoory et al., 2006, Marcus
et al., 2015]:

λ2 ≤
√

d1 − 1 +
√

d2 − 1,

Given this condition, we maximize connectivity for the given sparsity budget. For comparison, we
also analyzed the spectral gap of magnitude-pruned matrices, and report the results in Section 4.5.

We highlight three properties of expanders that are directly relevant to KV cache compression:

(i) Uniform retention: Ensures no subset of rows (channels) or columns (tokens) is drastically under-
or over-represented, preventing isolated cache entries that the low-rank correction cannot recover.

(ii) Spectral contraction: Guarantees that perturbations introduced by masking or quantization
cannot be amplified, yielding a provable upper bound on the residual operator norm.

(iii) Rapid mixing: Causes local errors to disperse quickly across rows and columns, flattening the
residual spectrum and making it more amenable to low-rank approximation.

Together, these properties ensure that expander-based sparsity maintains balanced support, limits
error propagation, and improves the effectiveness of low-rank correction.

3.2 Inference Pipeline

Let X ∈ Rm×n be a single KV-cache slice with rows indexing channel coordinates and columns
indexing token positions. We write the elementwise (Hadamard) product as ⊙. Let Q(·) denote the
quantizer used for low-bit compression.

Following GEAR [Kang et al., 2024] we decompose X as

X = Xsparse + X̃quant + R,

where the components are produced by a binary expander mask E ∈ {0, 1}m×n:

Xsparse = X ⊙ E, X̃quant = Q
(
X −Xsparse

)
.
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The residual R is then corrected by a rank-r approximation Lr (computed via truncated SVD / power
iteration algorithm [Vogels et al., 2019]), producing the reconstruction

X̂ = Xsparse + X̃quant + Lr.

3.3 Expander Generation Method

We construct biregular bipartite expander graphs whose biadjacency matrices define the structured
sparsity masks. Each token node connects to a fixed number of feature-channel nodes, enforcing
uniform degree and preserving information flow across the network. The generation begins by
randomly pairing connection “stubs” on both sides to form an initial biregular graph that may
contain duplicate or disconnected edges. To efficiently refine this graph while maintaining strict
degree constraints, we perform double-edge swaps—local rewiring operations that remove duplicates
and incrementally merge disconnected components. This ensures global connectivity and spectral
expansion properties without requiring expensive regeneration. To ensure strong expansion quality,
we also evaluate the spectral gap of the resulting graph; if it is below a desired threshold, the
generation process is repeated until a sufficiently large gap is obtained. In practice, this converges
quickly, as random biregular graphs are expanders with high probability.

The resulting biadjacency matrices are stored in compressed sparse row (CSR) format (.npz), mini-
mizing memory and read overhead. On-the-fly generation completes in roughly 3-5 seconds, and the
most recently used expanders are cached in memory to further reduce access latency. Together, these
optimizations allow structurally guaranteed expanders to be applied with effectively zero additional
runtime cost.

4 Experiments

We evaluate our method on four reasoning and long-context benchmarks: GSM8k [Cobbe et al.,
2021] (grade-school math word problems), AQuA [Ling et al., 2017] (algebraic word problems with
multiple-choice answers), BBH (Big-Bench Hard) [Suzgun et al., 2023] comprising of 23 tasks,
and LongBench [Bai et al., 2024] (long-context understanding and reasoning). These tasks were
chosen because they require multi-step reasoning or long-context processing and are widely adopted
in evaluating compression and quantization methods for large language models.

All experiments on GSM8k, AQuA, and BBH are conducted on the LLaMA-3 8B model [AI, 2024]
with 8-shot chain-of-thought prompting [Wei et al., 2022]. LongBench experiments are run on the
LLaMA-2 7B model [Touvron et al., 2023]. All runs use a single NVIDIA L4 GPU (24 GB memory),
with GSM8k and AQuA completing within a few GPU-hours, while BBH and LongBench required
substantially longer (tens of GPU-hours).

Streaming vs. Stream Grouping: We consider two processing settings. In streaming (SR), the
entire prefix prompt is processed at once, and the decoding phase is quantized in groups of size
determined by the streaming gap nb. In contrast, stream grouping (SG) also partitions the prefix: it
first processes the largest multiple of nb as a single quantized block, and any remainder is placed in
a residual group (length nb). During decoding, new tokens first fill this residual group, after which
the process continues in blocks of size nb. Thus, unlike SR, SG ensures that both the prefix and the
decoding are aligned with the streaming gap, which reduces mask resizing overhead and yields a
more efficient pipeline. Reproduced results show that while SG slightly lags behind SR, incorporating
expanders effectively closes this gap (see Section 4.4 for details).

4.1 Results on Reasoning Benchmarks

Table 1 compares our approach with existing methods, all using 4-bit quantization except the FP16
reference. For GEAR-style methods, we follow the same settings: rank r = 4 during the prefill phase
and rank r = 2 for each group of nb new tokens during decoding, where the streaming gap nb = 64.
GEAR and GEAR-L (the latter skips the sparse component) adopt streaming with a sparsity ratio
s = 2%. GEAR-X instead uses stream grouping and expander masks with the minimum degree that
satisfies regularity: for prefix prompts this corresponds to s = 1.56%, and for decoding s = 3.12%.
The originally published and reproduced results for GEAR are compared in Appendix ??. Detailed
performance on all 23 BBH subsets is reported in Table 2.
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Table 1: Accuracy results on reasoning benchmarks. Higher is better. Baseline results are reported
from Kang et al. [2024]. Results with an asterisk (∗) are reproduced by us.

Method KV Size GSM8k AQuA BBH
FP16 (16-bit) 100% 54.21 38.19 53.66
Per-token Quant 34.2% 37.07 39.37 46.42
KIVI 34.2% 46.25 36.22 48.03
GEAR-L 29.0% 53.44 38.98 52.23
GEAR 31.0% 54.89∗ 38.58∗ 52.74
GEAR-X (Ours) 32.1% 55.04 35.04 53.45

Overall, our method achieves the best accuracy over GSM8k and BBH while maintaining a compara-
ble compression ratio. The results on BBH highlight substantial variation across tasks: performance
is strong on domains such as web_of_lies, sports_understanding, and movie_recommendation, but
remains challenging for tasks like tracking_shuffled_objects_seven_objects and dyck_languages. On
AQuA, the performance is slightly lower, but as we show below, this gap can be mitigated by tuning
the streaming gap.

Table 2: Performance of GEAR-X on individual BBH tasks.

Subset Accuracy Description
temporal_sequences 0.6960 Reasoning about sequences over time
disambiguation_qa 0.4720 Resolving ambiguous questions
date_understanding 0.7640 Interpreting dates correctly
tracking_shuffled_objects_three_objects 0.5480 Tracking positions of 3 objects
penguins_in_a_table 0.7123 Counting objects in a table
geometric_shapes 0.0960 Identifying shapes and patterns
snarks 0.6011 Logical reasoning puzzles
ruin_names 0.6880 Associating names with ruins
tracking_shuffled_objects_seven_objects 0.0000 Tracking positions of 7 objects
tracking_shuffled_objects_five_objects 0.2960 Tracking positions of 5 objects
logical_deduction_three_objects 0.7640 Deduction with 3 objects
hyperbaton 0.1960 Sentence structure manipulation
logical_deduction_five_objects 0.4560 Deduction with 5 objects
logical_deduction_seven_objects 0.3040 Deduction with 7 objects
movie_recommendation 0.8920 Recommending movies based on pref-

erences
salient_translation_error_detection 0.5480 Detecting errors in translations
reasoning_about_colored_objects 0.7360 Logical reasoning with colored objects
multistep_arithmetic_two 0.1640 Multi-step arithmetic problems
navigate 0.8840 Navigation and spatial reasoning
dyck_languages 0.0920 Recognizing balanced brack-

ets/language patterns
word_sorting 0.2360 Sorting words according to rules
sports_understanding 0.9560 Understanding sports-related scenarios
boolean_expressions 0.8640 Evaluating Boolean logic expressions
object_counting 0.8280 Counting objects in a scene
formal_fallacies 0.1560 Detecting logical fallacies
causal_judgement 0.4813 Inferring causal relationships
web_of_lies 1.0000 Detecting deception in web content

4.2 Results on LongBench

To evaluate long-context performance, we test our method on the LongBench benchmark using
the LLaMA-2 7B model. In these experiments, GEAR-X employs expander masks with degrees
corresponding to a sparsity ratio of 3.12%, ensuring consistent connectivity across feature channels.
The rest of the experimental settings are identical to those described in Section 4.1. As shown in
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Table 3, GEAR-X maintains competitive accuracy across diverse long-context tasks while achieving
significant KV compression similar to GEAR.

Table 3: Results on LongBench benchmark (LLaMA-2 7B). Higher is better. Fill in values for each
dataset and the overall average.

Method KV Size NarrQA Qasper MFQA-en MFQA-zh HotpotQA 2WikiMQA
FP16 100% 17.30 9.08 22.37 19.33 8.24 10.00
GEAR 31.0% 17.30 9.29 22.19 19.13 8.27 10.1
GEAR-X 33.4% 17.32 9.30 22.22 19.09 8.27 10.10

Method DuReader GovReport QMSum MultiNews VCSum TREC TriviaQA
FP16 23.16 26.76 20.66 5.82 9.91 63.00 84.92
GEAR 23.14 26.99 20.75 5.21 9.91 63.00 84.92
GEAR-X 22.88 27.16 20.80 5.67 9.96 63.00 84.92

Method SAMSum LSHT PCount PR-en PR-zh LCC RepoBench MuSiQue Avg.
FP16 41.44 20.25 1.50 5.77 8.00 58.70 62.30 4.27 24.90
GEAR 41.42 20.25 1.50 5.52 8.00 56.56 60.22 4.26 24.66
GEAR-X 41.33 20.25 1.50 5.52 8.00 56.56 60.22 4.26 24.68

4.3 Impact of Streaming Gap

The streaming gap controls how often the KV Cache is quantized and processed. We vary the gap
under our expander-based stream grouping and as shown in Table 4, accuracy peaks at gap size 96,
suggesting a trade-off between information freshness and update overhead. For consistency with
prior work, we report results with a gap of 64 above, but note that tuning the gap provides an avenue
for further improvement, particularly on AQuA.

Table 4: Effect of streaming gap size (GEAR-X).

Gap Size GSM8k AQuA
64 55.04 35.04
96 55.26 37.01
128 54.89 36.61

4.4 Effects of Replication and Streaming Settings

In Table 5, we report the results of reproducing streaming (SR) and stream grouping (SG) baselines
on our system. Unless otherwise stated, all parameters and settings are the same as those described in
Section 4.1. On GSM8k and AQuA, we observe that SG slightly lags behind SR, but our expander-
based SG effectively closes this gap. The discrepancy observed between the originally published and
reproduced numbers is due to differences in hardware and implementation. These results suggest that
expanders hold promise for improving accuracy in the streaming setting, which we intend to explore
further in future work.

Table 5: Reproduced results of streaming (SR) and stream grouping (SG).

Method Setting GSM8k AQuA
GEAR (Published) SR 54.76 40.55
GEAR (Reproduced) SR 54.89 38.58
GEAR (Reproduced) SG 54.43 37.40
GEAR-X SG 55.04 35.04
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4.5 Spectral Gap Analysis of Magnitude-Pruned Matrices

We evaluated the spectral gaps of the sparse matrices produced by magnitude pruning (using the
same eigen-operator and convention as in the main text). Across layers and settings, the observed
gaps are uniformly small—typically λ1 − λ2 ≲ 5 (often in the 1–4 range), in contrast to our
constructed expanders, which exhibit much larger gaps (often 20–30). These results indicate that
magnitude-pruned matrices do not exhibit expander behavior, consistent with our initial assumptions
and rationale.

5 Conclusion

Our study demonstrates that expander graphs provide a principled and robust backbone for KV cache
compression. Their spectral guarantees confer structural advantages over unstructured magnitude
pruning, and our experiments show that this approach achieves competitive or improved accuracy
while maintaining significant memory savings.

While our current evaluation is limited by computational constraints, we plan on extending it to
include detailed efficiency reporting in terms of throughput (tokens/s), latency, and peak memory
usage. Beyond this, we also aim to investigate expanders more extensively for KV cache compression,
including their standalone effect, independent of GEAR. We will further explore more efficient
streaming strategies, and study their integration with complementary compression methods like
structured projections.

Overall, our work reinforces the view that expanders are a useful and theoretically grounded tool for
advancing efficient inference, addressing key constraints of memory, latency, and scalability.
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