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Abstract

Polyak—Ruppert averaging is a widely used technique to achieve the optimal asymp-
totic variance of stochastic approximation (SA) algorithms, yet its high-probability
performance guarantees remain underexplored in general settings. In this paper, we
present a general framework for establishing non-asymptotic concentration bounds
for the error of averaged SA iterates. Our approach assumes access to individual
concentration bounds for the unaveraged iterates and yields a sharp bound on the
averaged iterates. We also construct an example, showing the tightness of our
result up to constant multiplicative factors. As direct applications, we derive tight
concentration bounds for contractive SA algorithms and for algorithms such as
temporal difference learning and ()-learning with averaging, obtaining new bounds
in settings where traditional analysis is challenging.

1 Introduction

Stochastic approximation (SA) algorithms are central to modern machine learning and optimization,
serving as the foundation for methods ranging from stochastic gradient descent to Reinforcement
Learning (RL) algorithms such as temporal difference (TD) learning and Q)-learning. The general
form of an SA algorithm is given by

i1 = (1 — ag)zr + o F (Tg, Wey1), (L.D

where a = a/(k + h)* for some h > 1, > 0, and £ € [0, 1] is the step size, and wy, represents
random noise, possibly arising from sampling or environmental interactions. A significant body of
work has been devoted to analyzing the convergence of such algorithms, providing both mean-square
and high-probability error bounds under various assumptions (e.g., [49, 12} [19]).
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A key technique for improving the asymptotic variance and robustness of SA algorithms is Polyak-
Ruppert averaging, where instead of using the iterates xj, directly, one uses the averaged sequence

. (12)

This averaging has been shown to achieve optimal asymptotic behavior in a variety of settings,
including stochastic gradient descent [40, |37, [1]], contractive SA [10], and RL algorithms [36, [33]].
Despite its empirical and theoretical effectiveness, sharp finite-time high-probability bounds for
averaged SA in general settings remain underexplored.

1.1 Our Contributions

In this paper, we develop a general-purpose framework for deriving finite-time high-probability
bounds for averaged SA iterates. Specifically, we assume that the base SA iterates z;, with probability
at least 1 — &', satisfies a high-probability bound of the form ||z; — z*||? < «a;f(&', k) for all
§’ € (0,1) and 0 < 4 < k, where x* is the limit point (e.g., the fixed point or optimum), and f is a
known function of ¢’ and k. Building on this assumption, we establish that for any 6 € (0, 1), with
probability at least 1 — &, the averaged iterates satisfy the bound

os1/0) i, (o81/0)),

E+1 k

lyr — 2*||2 < ¢
where d is the dimension of the variables, 72 is a variance proxy, and c is a universal constant. We
also construct an example to show that our result is tight up to the constant factor c.

Our general theorem has several important consequences. First, we provide a principled way to
select the step size schedule {ay, },>0 to optimize the concentration of averaged SA under a variety
of operators F'. Second, we apply our framework to contractive SA algorithms, establishing sharp
concentration bounds in these settings. Third, we leverage our results to derive new high-probability
bounds on the convergence of averaged TD-learning improving upon the prior result. Furthermore,
we establish concentration bounds on the convergence of averaged Q-learning and off-policy TD-
learning, which to the best of our knowledge are the first in the literature. Finally, the general nature
of our framework allows it to be used to obtain high-probability bounds of averaged SA iterates based
on future refinements of non-average SA bounds (e.g., if high-probability bounds for SA under more
general assumptions are developed in the future).

2 Related Work

Finite-Sample Guarantees for Contractive SA. Recent advances have significantly improved
finite-time analyses of SA algorithms in contractive and strongly-monotone settings, often driven by
applications in RL and optimization. Early finite-sample mean-square error bounds were established
for specific SA instances such as TD-learning [6} [15] [16] 26| 34} [32] [17, [35]] and @Q-learning [20 3],
but lacked tail probability guarantees. Subsequent work provided high-probability concentration
results. For instance, [49] introduced non-asymptotic bounds for unprojected linear SA, and [41]
analyzed asynchronous Q)-learning. Using martingale concentration techniques [21} 23], [51]] obtained
an O (k’l/ 2) tail bound, while [12] utilized Lyapunov methods with convex envelopes to achieve
finite-time results. This research culminated in general frameworks for Markovian SA: [[13] provides
polynomial tail bounds applicable to nonlinear contractive SA with Markovian noise. In particular,
[14] (also [9,18]) showed subgaussian concentration under minimal noise assumptions via exponential
supermartingales, extending results beyond the i.i.d. setting. Sharper concentration bounds emerged
for linear SA (LSA). [19] derived tight O(1/k) error rates for constant step size LSA. In nonlinear
SA, notably (Q-learning, averaging enhances performance. [53] established exponential tail bounds
for averaged Q-learning, while [28]] (also [30Q]) derived functional CLTs and optimal non-asymptotic
error bounds for synchronous averaged ()-learning. Similarly, [55] demonstrated minimax-optimal
complexity using averaging in variance-reduced ()-learning. Addressing practical concerns, [45]]
showed universal step sizes combined with tail-averaging yield near-optimal guarantees for linear
TD-learning without projections or feature knowledge.



Polyak-Ruppert Averaging in Stochastic Approximation. Averaging is a classical variance-
reduction technique in SA, known to improve the asymptotic efficiency of iterates [40]. For TD-
learning with linear function approximation, [31]] provide finite-time high-probability bounds for
averaging, albeit their step size depends on the confidence bound. [39} 46 strengthen this by showing
that tail-averaged TD-learning with constant step sizes achieves optimal-order bias and variance,
without requiring step size tuning. Furthermore, [36} 18] establish similar results for linear SA, which
generalizes TD-learning with linear function approximation. In addition, via simulation, [24]] provides
a negative result on the convergence of averaged TD-learning. In ()-learning and other nonlinear SA
settings, [29]] establish tight sample complexity bounds. Follow-up work shows Polyak-averaged
Q-learning achieves asymptotic efficiency [33]]. [33] also provides a statistical analysis showing
convergence to the minimax lower bound for tabular ()-learning. [48] derive a non-asymptotic
CLT using Stein’s method, applied to TD-learning. [44] prove Berry—Esseen bounds and establish
bootstrap validity for linear SA. These enable rigorous confidence intervals in reinforcement learning.
In actor-critic and other two-time-scale SA, [25] prove the first non-asymptotic CLT under averaging.
7] an? [LO] obtain finite-time bounds, showing that averaging improves rates from O(k_2/ 3) to
O(k—1).

High probability bounds vs bound on the distribution: Most of the prior work on the concentration
of SA considers a step size which depends on the target probability § [33] /46l [29]. Such analysis only
provides a bound on a single point in the distribution of error. In contrast, in this paper, our step size
does not depend on 4, and we establish a bound on the entire distribution of the error.

3 Stochastic Approximation and Polyak-Ruppert Averaging

In this section we review the classical SA framework, and the averaging technique.

Classical Stochastic Approximation: Let ' : R? — R be a (deterministic) operator, which has at
least one fixed point * (i.e., F'(z*) = «*). The goal is to find this fixed point. If we have access to
the deterministic operator F', under certain conditions (for instance, contractiveness of F' or F'(z) =
x — Vh(z) for some non-convex function h) the iteration x4, = F'(x)) converges to a fixed point.
However, in many applications we do not have access to the deterministic operator F', and we only
have access to noisy evaluations F'(-, wy1) of this operator such that F'(-) = E[F (-, wk+1) | Fkl,
where F, is the sigma algebra generated by {w1, wa, ..., wy }. The Robbins—Monro recursion [42]
defines a sequence {x } >0 as in Equation (I.T)), where {c }r>0 is a step size sequence. Under some
regularity conditions on the operator and the noise, and with the step size conditions Z;OZO ap = 00
and ) 7, af < oo, it is known that the iterates converge to z* almost surely [4]. SA recursions of
the form of Equation (I.I]) underpin a large class of algorithms in RL [50| [54] and optimization [22].

Polyak-Ruppert Averaging: This method was proposed independently by Ruppert and by Polyak
and Juditsky [43|[40] to sharpen the statistical performance of SA. Given the raw iterates {xy }r>0
defined by Equation (L.T), Polyak-Ruppert averaging defines the averaged iterates {y }r>0 as in
Equation (T.2)). It can be shown that vk (yr, — x*) converges asymptotically to a normal distribution
which has a covariance matrix that matches the Cramér—Rao lower bound [40]]. An advantage of
this averaging technique is that we can achieve the best asymptotic covariance with a robust choice
of step size a;, [38]. Besides the asymptotic results, there has been a long literature on the finite
time analysis of SA algorithms, some of which are described in Section 2] Generally speaking, finite
time bounds can be categorized into moment bounds (i.e., for some m > 1, finding a bound on
E[||lzx — z*||™] or E[||yx — 2*||"™] as a function of k) and high-probability bounds (i.e., finding a
bound on P(||x, — z*|| > €) or P(|lyx — 2*|| > €) as a function of € > 0 and k).

4 Main Result

In this section, we present our main result. Throughout this section, we fix a given norm || - ||, which
satisfies the following assumption.

Assumption 4.1. The function || - ||? is M-smooth with respect to the || - || norm, i.e., for all
a,b e R4, we have

M
la+ b2 < llallé + (Vllalle, b) + - [1B]12:



Remark. If the function || - |2 is non-smooth (e.g., if || - ||c = || - ||), We can employ the machinery
of the Moreau envelope [12]] to obtain arbitrarily close smooth approximations of || - ||2. Therefore,
Assumption [.T]is without loss of generality.

Next, we impose an assumption on the operator F' and its noisy version F', and on their Jacobians

Tp(x) = 250 and Jp, (2, w) = 250

Assumption 4.2. We assume the following.

(i): The operator F' admits at least one fixed point z*, i.e., F(x*) = x*

(ii): The operator F is differentiable, and the matrix .Jz(x*) — I is invertible. Hence, we have

o IUset) = Dl

> 0.
2€Rd [E21

(iii): The operator F'(x,w) — x is (N, R)-locally psuedo smooth with respect to || - ||.-norm. That
is, there exists a radius R > 0 such that, for all z satisfying || — 2*||. < R, we have:

I(JF, (&* w) = I)(z — z*) = (F(z,w) — ) + (F(z",w) = 2")||c < Nl|z* — z|]Z.
Note that Assumption[4.2(7)]is relatively weak and it is satisfied for a wide range of operators. For
instance, this assumption is satisfied for any contractive operator. Moreover, Lemma [C.3|implies that
Assumption is also satisfied for contractive operators. Furthermore, it can be readily verified
that the linear operator F'(x) = Ax + b satisfies Assumption provided that A is Hurwitz.
Also, note that Assumption[4.2(iii)] generalizes the notion of smoothness [2]. In fact, any smooth
operator satisfies this assumption with R = oo.

Next, we impose an assumption on the noise of the operator at any fixed point x*.

Assumption 4.3. For any d-dimensional, F;-measurable random vector v, and for any fixed point
x*, we have

A2a2||][2

E [exp (MF (2%, wey1) — F(z*),v))| Fi] <exp ( 5

) ., VYA>0. @D

Moreover, for any d-dimensional, Fj-measurable random vectors a and b, we have

A?62||al2]1blI2

Elexp A{(JE, (", wg+1) — Jp(x™))a, b)|Fi] < exp ( 5

), YA>0. (42)

Remark. Assumption [d.3]is equivalent to assuming the noise in the operator and the Jacobian are
subgaussian [53]]. An example that satisfies Assumptionis when F(xg, wipt1) = F(xk) + wra1,
where {w; };>1 are i.i.d. subgaussian random variables. Moreover, note that this assumption only
needs to be satisfied at the fixed points 2*, and not for every z € R?.

Next, we state the main result of our paper.

Theorem 4.1. Fix k > 1 and £ < 1. Consider the SA and suppose that for any §' € (0, 1), with
probability at least 1 — &', we have ||z; — x*||? < a; fe (8, k) for all 0 < i < k, for some function fe.
Then, under assumptions and Sorall § € (0,1), with probability at least 1 — 0, we have

2
1) )
I — 272 < <\/ (k5) + \/g <k2>) 7
where

(02) < SBLN(E)  Ci Cold) | N (B0, a3
(1.8) =

2k+1) | 2k+1) (k+1)2¢ V2 (k + 1)2%€ (k+ 1)Lte
(18 _ Cafel0.ko(3,k) = 1) [(ko (§.5) =1L+ h)!=8/2 — (h —1)'=¢/2)"
( ’2) - (k+ 1) ’



withZ]

1+M 5*h' " fe (5. k)
q(0, k) = 24u?, max{ —O)(k+ 1) ’
s +
ko (g, = min <af§ 2 ) —h| Jk+1,p,
and
L - 9h5(1 + M) 52 _ 3h2*25o¢2(1 + M)
G =3ue, Co=—57 (3 (1—5/2)2) G- T
3R Suba(l+ M) e >
T YT A

The proof is given in Appendix Unlike the case of SA without averaging, where concentration
bounds are obtained by establishing a one step recursion [14], here we need to take a more holistic
approach and consider all the averaged iterates at once. This involves the added challenge of dealing
with sums of noises directly, instead of tackling the noise of each iterate one at a time.

Theorem [.1] provides a non-asymptotic high-probability bound for the SA iterates (I.T) with av-
eraging. Our bound consists of two terms: €(k,0/2) and €(k, §/2). For small enough k such that
ko(6/2,k) = k + 1, the term €(k, §/2) decays as 1/k¢, and thus it is the leading term as a function
of k. For this range of time, the operator F is not assumed to be smooth, and thus our bound decays
slower than the expected 1/k rate. However, for all k large enough, with high probability, the iterates
x), remain in the neighborhood where F' is smooth. Theorem [4.1]states that from that point on, the
term €(k, 6 /2) decays as 1/k?, and hence it is not a leadmg term anymore. Furthermore, for the SA
with a globally smooth operator, Assumption is satisfied with R = oo, and Theorem [4.1]
simplifies as follows.

Corollary 4.1. Under assumptwns. 2 with R = oo, and- forall 6 € (0,1), with probability
at least 1 — §, we have |y, — z*||? < é(k, 9).

In the following subsections, we explore various implications of our main result.

4.1 Tail of the Leading and Higher Order Terms

We first look at the tail behavior in our bound. Throughout this discussion we assume that fe¢ (9, -)
is non-increasing in § and f¢ (9, -) € Q(log(1/6)), and that f¢(-, k) € O(polylog(k)). Note that this
assumption is reasonable as the rate of convergence of the error ||z;, — x*||2 is typically O(ay), and
the tail of the error ||z), — x*||2 is typically sub-exponential or heavier [14]. In this case, our result
implies that, if £ > 1/2 or N = 0, then the error of the average variable yy, is upper bounded as

follows
o — 12 < O(1/K)O1og(1/6)) +o(1/k).0( F(,k)?) .

leading term

higher order term
Note that the leading term is sub-exponential, and the higher order term has a tail that is potentially
heavier than exponential, depending on f¢. In particular, this implies that there exists a sequence of

random variables {Z } x>0 such that v/k|yx — 2*|| < Z for all k > 0, and such that Zj, converges

to a subgaussian as k — oo, although for every k < oo, the error v/k||yx, — 2*|| could be heavier than
subgaussian. Specifically, we have the following proposition.

Proposition 4.1. There exists an operator F' and a sequence of random variables {w; };>1, which
satisfy assumptions andW.3| such that \'k||y, — *|| has a heavier tail than any Gaussian for all
k > 2, while
limsup P (\/EHyk — 2. > e) < a(l — P(be)),
k—o0

where a,b > 0, and ®(-) is the CDF of the standard normal distribution.

2Given two norms |- || and || - ||5, we define the constants £,5 and uap such that £ap]| - [|s < || [la < wab]| - ||b-



This is consistent with CLT-style results on the limiting distribution of the error y; — x*. However,
this also suggests that Gaussian can be a poor approximation for the distribution of y;, — =™ for finite
k, as the distribution of the error could even be heavy-tailed.

Note that in Theorem 4.1} while we assume that the distribution of the squared error ||x) — 2*|?
is upper bounded by fe, the distribution of the squared error of the average ||y, — z*||? is bounded
by fg, which is heavier. Since the average of random variables cannot have a heavier tail than the
original random variables, this must be an artifact of our proof. However, one can easily establish a
high-probability bound which, for every finite k, the bound on the distribution of the squared error of
the average has the same tail as the non-averaged iterates. Such a bound is given in the following
lemma.

Lemma 4.1. Fix k > 1. Assume that for any 0’ € (0, 1) with probability at least 1 — §', we have
llz; — 2*||? < a; fe(8', k) for all 0 < i < k. Then with probability at least 1 — 6, we have

ah?=¢  f(5,k+1)
(1-¢/2)2 (k+1)¢

lys — 2|2 <

This result implies that that ||y, — z* || has at worst the same tail as |z — *||2. However, such
tighter tail comes at the expense of a sup-optimal convergence rate of O(1/k¢) instead of O(1/k).
Taking the minimum of the result in Theorem .1 and Lemma [.T| we get the best of both worlds, as
in the following corollary.

Corollary 4.2. Under the same assumptions as Theorem{d.1| with probability at least 1 — §, we have

o =212 < min {0 (1) 0 1081/6) + O ( paemey ) O(1:6.07). 0 (¢ ) OCsets.0}.

Corollary shows that for any fixed time step k, as § — 0, we have ||y, — z*[|2 € O(f¢(4,0)),
while for a fixed & as k — oo, we have ||yx — z*||? € O (1/k). This shows that employing averaging
will improve the convergence rate in &, while maintaining the same high-probability tail bound as the
original iterates. We defer a more detailed comparison of averaged SA vs pure SA to Section[3]

4.2 Tightness of the Leading Term

Next, we discuss how tight the leading term in €(k, ¢) is. For that, we construct an example of a SA
where the error is only a constant factor away from our leading term.

Suppose that the dimension d is even. Consider a 2-dimensional i.i.d. sequence of random variables
{2i}i>1 such that z; ~ N(0, (52/d)I). Using these, we construct a d-dimensional sequence of i.i.d.
random variables {w; };>o such that the j’th element of w; is equal to the first element of z; when j
odd, i.e., w; j = 2;,1, and it is equal to the second element of z; when j even is even, i.e., we have
w; ; = 2;,2. Consider the operator F'(z,w) = w, and the step sizes a; = « for all £ > 0. This
setting satisfies assumptionsandfor Il lle =1 - |l2, with v = 1 and R = co. In addition, we
have the unique fixed point z* = 0. The following proposition bounds the error for this case.

Proposition 4.2. For the example above, for all even dimensions d, and for any 6 € (0,1), we have

P (a\/m— [lzoll2

> -z <1-4.
kot 1 > lyw — = ||2> S
Recall that for large k, small §, and || - || = || - || 2, the leading term in Theoremis 266 /k + 1.

Proposition implies that that this upper bound is at most a factor of 21/6 away from the error for
this example. Thus, Theorem [4.T]is at most this universal constant away from the tightest possible
bound.

4.3 Linear versus Non-Linear Operators

We now discuss how our bound depends on the linearity or non-linearity of the operators, and on
whether the noise is additive or not. In particular, this has an important effect on what choice of £
maximizes the convergence rate of the higher order terms in our upper bound.



1. Linear Operator + Additive Noise: Suppose that F'(zy, wy) = Axy, + wy. It is easy to
see that Assumption [4.2]is satisfied with N' = 0 and that Assumption [4.3]is satisfied with
6 = 0. Hence, with probability at least 1 — §, we have

I = 22 < O(1/0)00o(1/8)) + 0 12 ) OUe(5.0)

In this case a smaller £ achieves a better convergence rate for the higher order terms.
Furthermore, the tail of the higher order term is the same as the tail of the errors ||z; — 2*||?
for ¢ > 0, which could be heavier than subgaussian.

2. Linear Operator + Non Additive Noise: Suppose that N = 0 and 52 > 0. Then, we have

o = 12 < O1/K)0(I0x(1/5) + O (e + e ) O(Tox(1/0)£c(0.0).

Here the best choice of ¢ is 1/2, and the tail of the higher order term is heavier than the
error ||x; — 2*||? by a factor of log(1/4). For instance, if ||z; — 2*||? is Weibull with shape
parameter m, then the higher order term is sub-Weibull with shape parameter m + 1.

3. Nonlinear Operator: If N > 0, we have

I = o1 < O1/K)010x(1/5) + O ( 752 + e ) O(£:(6.01%).

Our result suggest that the best choice of ¢ is 2/3. In this case, the tail of the higher order
term is twice as heavy as the tail of ||z; — x*||%.

In general, we observe that for nonlinear operators, we get the same rate of convergence for higher-
order terms, regardless of whether the noise is additive or not, and this rate is worse than in the case
of linear operators.

Remark. For the case of constant step sizes, i.e., for £ = 0, our high-probability bound is of order
O(N?a?) + o(1) when the operator is non-linear. This is in line with [27] where they show that the
bias of a SA with constant step size o and a non-linear operator is proportional to . On the other
hand, if the operator is linear, we have N = 0, and the bias disappears. This is consistent with [36].

S Application to Contractive Operators

In this section we will apply our results for the important class of contractive operators £, which is
specified as follows.

Assumption 5.1. There exists a constant 7, € [0,1) and a norm || - || such that

|F(21) = F(z2)lle < Yeller — @2lle,  Var, a2 € R

Recall that in Theorem we require a high-probability bound on the SA iterates {xj }r>0. To
obtain such a high-probability bound, we use the prior work [14]] that differentiates between two
cases, additive and multiplicative noise, which will be studied in sections[5.1]and [5.2} respectively.

5.1 Additive Noise

We first study the additive noise setting (as it was defined in [14]), which is specified in the following
assumption.

Assumption 5.2. The random vector F(zy, wgy1) — F(x)) is subgaussian, i.e., there exist o > 0
and a (possibly dimension-dependent) constant c; > 0 such that for any k£ > 0 and Fj,-measurable
random vector v, the following two inequalities hold:

Aa?([[v]]e)?

E [exp (MF (z, wit1) — Fxr),v)) | Fi] <exp ( 5

>, YA >0, 5.1)

where || - || is the dual of the norm || - ||, and

E [exp (A|[F(er,wien) - F@oll?) 7] < (1- oAe?) T e (0,1/207). (52)

~



Employing [[14, Theorem 2.4] in Theorem 4.1 we get the following result.

Proposition 5.1. Under assumptions and using £ < 1 and h >

((17256)04)1/(1_5), with probability at least 1 — §, we have

1

2452 log(2/6) + 3du?, > ~ 1
2 +O(M)O <1€2_5 + W) O (log(1/9))

(1 =) (k+1)
+ O(MN?)O (/:25> 0 (log?(1/8)) . (5.3)

lys — 22 <

Next, we aim at comparing the high-probability bound achieved by averaging vs the high-probability
bound achieved through Theorem 2.4 in [14] with £ = 1. For the sake of comparison, we assume that
|- lle = |l - ||2- In that case we have uc.; = 1 and M = 1. By Proposition|[5.1] with probability at
least 1 — §, we have (up to the leading term)

24 log(1/6) + 3(d + 8log(2)) &2
(k+1) (1 =)

Moreover, applying [14, Theorem 2.4] with ¢ = 1 and k = K, we obtain

lye — 2" 112 &

32alog(1/0) + 32a%ecq(1+ p)/(a—1) o3
(k+h) (1 =)

o — 212 2

for any 4 > 0 and a > 1 (refer to Appendix for calculations). Here, 2 is the variance of the
subgaussian noise only at z*, while o2 is a uniform bound on the variance over all z € R?. Hence,
we have 62 < ¢2.

Our results suggest that for SA with additive noise, averaging could improve the constant in the
leading term. In particular, in the first term, SA has 32ac? which is at least 3202, Averaging improves

this term to 2452, In the second term SA has 32a“—2lecd(1 + p)o? which is at least 128ecqo?. For

the case that ¢4 ~ d (which happens when the noise is AV(0, I 4)), averaging improves this term to
3(d + 81log(2))a2. We will do a more specific comparison of SA with and without averaging for RL
algorithms in Section [f]

Remark. It can be shown that, even if we use a smaller value of h than the lower bound

((1_25 )a)l/ (=0 in Proposition , a concentration bound similar to the one of Equation (5.3)

still holds, albeit with larger constants in the higher-order terms.

5.2 Multiplicative Noise

Next, we examine the multiplicative noise scenario (as it was defined in [[14]), which is characterized
by the following assumption:
Assumption 5.3 ([14]). There exists ¢ > 0 such that

IF(zk, wii1) = Faw)|le < o1+ zklle),  VEk>0,

where || - ||, is the norm from Assumption 5.1}

Utilizing [12| Corollary 2.2], Markov’s inequality, and Theorem .1} we derive the following result:

Theorem 5.1. Under assumptions [4.1) and £ > 1/2, for any § € (0,1), with

probability at least 1 — §, we have

log(1/8) +d N 1 1 1
* (|12
lye =" = ==+ O\ gz ) O\ 72 ) * \emrreza ) O\ 5 )

Theorem [5.1] provides a heavy-tailed upper bound for the error. Although this is merely an upper
bound, the actual distribution of the error is indeed heavy-tailed, as demonstrated by the following
impossibility result:



Theorem 5.2. Under assumptionsand when £ € (0, 1), there does not exist any ¢y > 0 and
m > 0, such that for all § € (0, 1) with probability at least 1 — ¢

a2 < L+ (log(1/6))™

llye — 2712 < co 1 :

The above result highlights a fundamental difference between multiplicative and additive noise
scenarios. Specifically, while Theorem 2.1 from [14] shows that simple SA with step size ay, =
a/(k + h) attains a sub-Weibull distribution, our Theoremdemonstrates that averaging applied to
general SA under multiplicative noise yields a heavier tail than any sub-Weibull distribution. This
contrasts sharply with the additive noise scenario, where averaging maintains a subexponential tail
similar to standard SA, while improving the constant factor of the leading term.

6 Application to Reinforcement Learning

In this section, we study the application of our result to TD-learning and ()-learning algorithms.

TD-Learning: Consider a finite Markov Decision Process characterized by state space S, action
space A, reward function R(s,a) : S x A — [0, Ryax), and transition probability matrix P. We
assume |S| > 2. The objective of TD-learning is to estimate the value function associated with a
policy 7, defined as V™ (s) = E[>":° v"R(S;, A;)|So = s]. We focus on asynchronous T'D(n)
with i.i.d. noise, given by

i=k

k+n—1
Vir1(s) = Vi(s) + anL =0y ( > vi*k(R(s,i, Ay) + Vi (SEH) — Vk(s,i))> ., (6.D)

for all s € S. Here, 58, S (1), ... i u”, where pu” denotes the stationary distribution of the induced
Markov chain under policy 7. For each k, {(S},, A}) }o<i<n represents a trajectory following policy
7, with transitions A% ~ 7(-[S}), and S ~ P(|Si, AL). We assume that the initial point of the
algorithm satisfies V(s) € [0, %“i;‘] for all s € S and that a, = o/ + h with a/v/h < 1. We
denote V}, = k%rl Zf:o V.

Theorem 6.1. Under the asynchronous TD(n) algorithm (6.1)), for any ¢ € (0, 1), with probability
at least 1 — 6, the following bound holds:
_ R2
Vk _ V7r 2 S max
Ve =Viloe = TP =Pz~ )

PN 6 (L) otost1/o)

To the best of our knowledge, Theorem@] establishes the first bound on the entire distribution of the
error for averaged TD-learning. In particular, prior works such as [[19, 149, 136] provide bounds for the
raw iterates or use step sizes that depend on a fixed confidence level § , and thus only give pointwise
control (i.e., one quantile of the error distribution). In contrast, since our step size is independent of 9,
we obtain bounds that control the entire tail of the error distribution for the averaged iterates.

Q-Learning: Next, we study the asynchronous ()-learning algorithm with i.i.d. noise, given by
Qr+1(s,a) = Qr(s,a) + arl(s,a)=(5;.A1)} (R(Sk,Ak) +ymax{Qx (S, a)} — Qk(Sk,Ak)) ,

for all (s,a) € S x A, where Sy, ~ pu™, Ay ~ m(-|Sk), Sy, ~ P(-|Sk, Ax) and m, is some fixed
sampling policy. We denote p, = min, , 1™ (s)mp(als). We assume that the initial point of the
algorithm satisfies Qg(s,a) € [0, %] forall (s,a) € S x Aand oy, = a/Vk + h with a/vVh < 1.
Without loss of generality, in this section we also assume |.4| > 2. We denote the optimal Q-function
as Q* and Q) = k%rl Ef:o @;. We further impose the following common [56] assumption on Q*.

Assumption 6.1. Q* is greedily unique, i.e. for every s € S, a*(s) = arg max{Q™*(s, a’)} is unique.



Theorem 6.2. For asynchronous Q-learning with i.i.d. noise and § = 1/2, under Assumption
Sforany § € (0, 1), with probability at least 1 — 6, we have

_ R2 log(2/6) + |S )
1@k — Q12 <(112_7“;j’;58 Og%r;) 1A +O<k51/4>(’)(log(1/6)).

To the best of our knowledge, Theorem establishes the first bound on the entire distribution of the
error for averaged (Q-learning.

We observe that, since the noise structure in tabular TD-learning and @-learning is the same (both
corresponding to additive noise), the bounds are of the same order of %k and J.

Off-policy TD-learning: Theorems [6.1and[6.2] are two instances of RL algorithms which can be
modeled with SA with additive noise, as in both of these settings the noise is bounded. Next, we
study off-policy TD-learning with linear function approximation which has multiplicative noise. In
this setting we assume we have access to a matrix ¢ € RISIXd and we denote the s-th row of this
matrix by ¢(s). The goal is to find v™ € R? that estimates the value function as V™ (s) ~ v™¢(s)
through the solution of the following fixed point equation ®v™ = IIF"((77™)"®v™) Here, 11" =
Q(O®TK™®)~1d T ™ is a linear function that projects into the subspace spanned by the matrix ®,
and K™ is a diagonal matrix, with diagonal entries equal to the stationary distribution of the behavior
policy 7. Furthermore, 7™ is the Bellman operator. We employ TD(n) as follows:

n—1 l j j
w(A]|S]
v = v+ ond(S) Yo' [T] 2k | [R(st, ab)+o(s5) Tu—o(5) Tl
1=0 §=0 o (Ay| %)

where S0, 59, ... #d u™, and p™ is the stationary distribution over states of the induced Markov
chain by following policy , and for every k, {(S},, A%) bo<i<n is a single trajectory of state-action
pairs following policy m, as A} ~ 7 (+|S}), STt ~ P(-|Si, AL), 0 < i < n. We assume that
ar = a/(k + h)¢. We denote vy, = k%kl Zf:o ;.

Theorem 6.3. For large enough n, there exists a constant ¢ > 0 such that, for any § € (0, 1), with
probability at least 1 — §, we have

||vk—v”||§gcbg“/‘”*dw( ! >o(1>.

E+1 fmin{1+¢£,2—¢} )

To the best of our knowledge, Theorem@] establishes the first bound on the entire distribution of the
error for the averaged off-policy TD(n) with linear function approximation.

Note that for TD-learning with linear function approximation, the tail has @(1/§) dependence, which
is a sub-Pareto distribution. Moreover, TD-learning with linear function approximation is an example
of SA with multiplicative noise, and as shown in Theorem 5.2] the tail has Q((log(1/4))™) for all
n > 1. In particular, this means that the tail of TD-learning with linear function approximation
is heavier than any sub-weibull, but it is at most as heavy as sub-pareto. In contrast, as shown
in Theorems and tabular TD-learning and @)-learning have O(log(1/4)) tail, which is
sub-exponential.
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The abstract and introduction clearly state our contributions, which accurately
match the theoretical results provided in Sections 4] 5] [6]

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: We clearly specify our assumptions for each theorem, and after each assump-
tion we argue why the assumptions are reasonable.

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?
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Answer: [Yes]

Justification: All the necessary assumptions are clearly stated and/or cited in the main paper,
and the complete proofs of all the results are provided in the appendix.

Guidelines:

» The answer NA means that the paper does not include theoretical results.

 All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [NA]
Justification: This paper is pure theory, and it does not include any experiments.
Guidelines:

* The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
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Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [NA]
Justification: This paper is pure theory, and it does not include any experiments.
Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [NA]
Justification: This paper is pure theory, and it does not include any experiments.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [NA]
Justification: This paper is pure theory, and it does not include any experiments.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)
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8.

10.

* The assumptions made should be given (e.g., Normally distributed errors).

« It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

* It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [NA]

Justification: This paper is pure theory, and it does not include any experiments.
Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: We have reviewed the NeurIPS Code of Ethics and our research conforms in
all aspects with this document.
Guidelines:
¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).
Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]

Justification: This paper is pure theory, and we are only analyzing already known algorithms.
Hence, it does not have any societal impacts.

Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.
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12.

» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: This paper is pure theory and it does not pose any risks for misuse.
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [NA]

Justification: The paper is analyzing already well-known algorithms theoretically, and it
does not use any existing assets.

Guidelines:

* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

* If assets are released, the license, copyright information, and terms of use in the package
should be provided. For popular datasets, paperswithcode.com/datasets has
curated licenses for some datasets. Their licensing guide can help determine the license
of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.
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* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [NA]
Justification: This paper is pure theory, and it does not include any new asset.
Guidelines:

* The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: This paper is pure theory, and it does not include any experiments.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]

Justification: This paper is pure theory, and it does not involve any crowdsourcing nor
research with human subjects.

Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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16. Declaration of LLLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]

Justification: The core method development in this research does not involve LLMs as any
important, original, or non-standard components.

Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

* Please refer to our LLM policy (https://neurips.cc/Conferences/2025/
LLM) for what should or should not be described.
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A Analysis of the case study in Section

The generalized Moreau envelope norm || - |[,;, was introduced in [14], and it is defined as
lol2, = it $ 2+ o = ]2
m ’LLGIRd C N S N

By choosing | - |ls = || - [|c, as shown in [14], | - |2, is M-smooth. Furthermore, we have

Il = |l - lle/v/1+ p. Hence, uer, = Lo = +/1+ p. Also, we choose o = a/(1 — 7,) with
a > 1. Note that Upex = Umelicer = Ueex/+/1 + p. Moreover, the contraction factor under the norm

Il i e
B Proofs of main results

B.1 Proof of Theorem 4.1
For ease of notation, we drop £ from f¢ (4, k).

We define the event
E(8) == {||z; — 2*||? < a; f(6,k) forall 0 <i <k},
which we assumed to have IP(E),) > 1 — 4. For ease of notation, we use F, instead of E(9).

In order to obtain a tight high probability bound, we need to exploit Assumption[4.2(ii1)] which only
holds whenever ||z, — 2*||. < R. We can ensure that with high probability, the SA is within the

local smooth range of the operator after a certain time. Define ko (0, k) > 0 to be the smallest number
such that o, 51 (6, k) < R2. Solving for the smallest ko(J, k) we have

() )

We define ko (6, k) := min < ko(6, k), k + 1}. For ease of notation, unless otherwise stated, we
denote ko (9, k) by ko.

ko (8, k) = max {0,

For any k£ > 0, we have

1=0
ko—1 k
1 1
T k41 R Z i
1=0 i=ko
We define
1 ko—1 1 k
yk::mg(%_:ﬂ) and yk:mzk:(xi—x)-
1= i=ko

It is clear that y,, — ™ = i, + Ur. Applying norm on both sides, and using triangle inequality, we get
lyx = 2% lle < l1Gklle + 1Tkl (B.1)

We study ||7k || as follows. For every sample path in the event E},,, we have

1 ko—1
”yk”c = m Z T; — T
1=0 e
1 ko—1
< E+1 ZZ_% i = 2"l (triangle inequality)
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5, ko) "=~
< @ Z \/07Z (lwi — ¥ < \/Win Eky)

k+1

=0
k?(]*l
< Vaf( k) / LI
- k+1 (x +h)s/2

-1
_ Vaf(0,ko)l(ko —1+ h)18/2 — (b —1)17¢/2)
(1-¢/2)(k+1) :
Hence, for any & > 0, with probability at least 1 — § we have
af(8,ko) [(ko — 1+ h)1=8/2 — (h— 1)1—5/2]2

17kl < TR CERE = &(k,0). (B.2)

Next, we study ||g||.. We have

(Jp(a™) = Dy — 27) = (F(zp, wer) — 2x) = (F(27, wha) — %)
+[(Jr, (27, wipr) = D (g — 27) = (F(2r, wir) — 2x) + (F (27, W) — 27))]
+ [Jr(@%) = Jp, (27, wigr)] (2 — 7).

By Assumption[4.I] we have

M
la+blIZ < llallz + (Vllallz, ) + =-[1B]1Z

M . . . .
< la|* + HV||a||§Hc* 1ol + 7||b\|g (Holder’s inequality)
2 M, .o
< llalle + llalleliblle + <-lIblle ([47, Lemma 2.6])
1 1 M . .
< Jall2 + 3 el + 20l2 + bl (Young's inequaliy)
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3 1+ M
= 5lall + ——lbl. (B.4)
Hence, we have
(k + 1)27/2 Hgk - x*Hg ]]‘Ek+1
< b+ D2 (Jp(a®) = 1) @ — 22 L., (Assumption FEii))
3] & ’
<3 > (F(a* wip) —2%)|| 1g,,,
i=Fko .
k
1+ M Tit1 — T;
2 Z [ @i }
Z=k0
+ [(Jr, (&%, wiy1) = I)(@i — 2%) = (F (@5, wiv1) — @) + (F(2%, wiy1) — 27)]
2
+ [Jp(2") = Jp, (&, wip)](@; — 2%)|| 1p,y, (Eq. (B.3) and (B.4))
C
3| [ & ’
< 5 (Z(F(x*awi+1) - fk)) ]]-Ek+1
i=ko c
3(1+ M) "z x ’
i+l — T
+ 72 Z |: o :| 1Ek+1
szo c
k
31+ M) . .
s Z[(JFw(x swig1) — I)(z; — z7)
Z=k0
2
- (F(xivwi-i-l) - xi) + (F(m*vwi+1) - JJ*)] ]lEk+1
31+ M) || ’ C
+ * * *
— ;[Jﬁ(x ) = Jr, (&% wir1)](@; — 2%)|| g,
=Ko c
(triangle inequality and (a + b + ¢)? < 3a? + 3b% + 3¢?)
3| (& ’
< 5 (Z(F(x*awi+1) - ZL'*)> ]]-Ek+1
1=ko c
3(1+ M) M x ’
il — T
LA | 5 oy
Z=k0 c
k
3(1+ M . .
¢ 2D (Z (r. (0" i) — D) (e — 27)
i=ko
—(F(s,wip1) — z3) + (F(a*, win) — 29)]|)* 1,
(triangle inequality)
i 2
3(14+M . N N
D NS pla) — i o win))(a — )|
i:ko (&
3| (& ’
< 5 (Z(F(‘T*’wi+1) - .’1?*)> ]lEk-+1
i=ko c
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2
1+ M)
]‘Ek+1

|5

=ko

31+ M)
+ (Z zi — 2™, > 1ge (Assumption [F.2iii))
i=ko
2
1+M . .
Z Ip, (7" wig)) (2 — )

i=ko

Lp,.,-

C

Let us define

N (- &)k + 1
Y uLe? ula(1 + M)62 (5, k)h1—¢
‘We have
Elexp(\ev? |5k — 2*[I2 1, )]
X 2
<E|ex _ M3 Z(F(z* wiy1) — )| .1
- P (k+1)22 = Vit L Epy1
e 31+ M) || ’
k + Tit1 — T4
. _ 1
AT 2 Z { ai ] B
=Ko c
Ak 3(1+M .
- €Xp (k‘ ¥ 1)2 (zzko ||f£1 - || ) ]]‘Ek+1
e 31+ M) || ’
k + * * *
P\ TR i:ZkO[JF(f ) — Jr, (2% wip)](z; — 2%)|| 1g,,, ]
o . 9 1/4
k * *
S {]E eXp m Zk(F(ZC 7wl+1)_$ ) ']lEk-+1 ‘|
=Ko c
T
_ X 2 1/4
6x Tit1
. 1+ M 1
(e (a8p o[ 7] oe)
T
_ 1/4
6\
<K E ]-+M i A o1
R e R )
Ts
_ X 2 1/4
6\ "
A E|exp S(L+ M) (D Tp(a®) = Jr, (2%, wip)(@i — 2%)|| s, ;
i (k+1)2 = .
Ty
(B.5)

where in the last inequality we use Cauchy—Schwarz three times. We study each of the terms above
separately.
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The term T;: By Assumption {4.3|and Lemma it follows that Zf: ko (F (2%, wig1) —

(k — ko + 1)a%-subgaussian. Furthermore, by Lemma|C.2] we have

i 2 1/4
k
6k
T =< E exp k+ 1 Zk fE wz+1 ) ']lEk-H
- . 9 1/4
6Ar o
<{E |exp suds || > (F(z*,wigr) —2%)| 1g,,,
(k+1) —
L r=Ro 2
r & 2 1/4
<< E |exp Rl u? Z(F(x* Wit1) — )
> (k+1)2 c2 < sy Wi+1
L v=Fo 2
1/4
< 1
B (1 _ 12/\ku o )d/2
k+1
/8
B 12X\, ul, 52
1- 1:+12
3dAputyo?
< exp (M) , (weuse A\, <
where in last inequality we use that 1/(1 — z) < exp(2z) forall x < 1/2.
The term 75:
9 1/4
Ak T —r + " — x4
T, =< E 14+ M 1
’ P | Gyt M) zk: o sas
k Tk ¥ Ty —
<JE 1+ M 0
(B o (G a0 [P - 2
A 2
1 1
T * - 1 .
" 2 (wi—a <ai+1 az) B
i=ko+1 ¢
@) 18\ ok, — 2|12 lwkes — 212
< E 1 M 0 C C
- { lexp<(k+1)2( + )< a%o + ol
k 1 2
+ (xi—:c*)< —) 1g,,
i:%;l g1 o o

k 1
S -l (o
i=ko+1
(e) M f(6,k)  2f(5,k)
< %k 40
iy eXp 2(k+ 1)2( + ) ako + ak +f(67 k)
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- (1 + M) || ko > ||c + || k41 > Hc
+ Qg o,

2
1
) e

k

> va (-

i=ko+1

Q41

x*) is
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k

3
> (mom)
9/\kf6k 1 g? k ’
( [ £ ] )

( =

e 2
2 p<%”k w0 et ))

9/\kf6k 1 2
M I
( 2(k+1)2 ) ak0+ak+

2(k +1)2

B N f (6, k: p £2

‘eXp(2 z (L+ M) (ako T (1—5/2)2%))
I f 5 k) &

e <2<k+1 2, 1 T M) (“ <1—£/2>2)> (h = ko)
9RE(1 + M)A, f(0, k) £

=¢ p( 2a(k + 1)2-¢ <3+ <15/2>2>)’

where (a) and (b) are by triangle inequality and (a + b + ¢)? < 3a® + 3b2 + 3¢2, (c) is by the
assumption of the theorem, (d) is by (z + 1) — 2¢ < £/2'~¢ for # > 0, and (e) is by integral upper
bound of summation.

The term 73:

) . 2 1/4
T; = {IE exp ((kﬁil) 1+ M)N (;:0 [ —fc*||3> -]lEk+1) 1 }

[ 6 a SNl
< {IE exp (W(lJrM)NQ (Z ou,f(&k)) ) ]}

i=ko
(|lzi — 2*|? < @i fe(8', k) in Egpr)

2
3N N2 (
k+1 1+M (Zm) )

Zk}o

L

oo U o ([ )
[

s (75

2

exp

&E—-1
3a2>\kN2 (6, k)2 (k + h)2-2 ,
1+ M)———— h>1
s an S (using b > 1)
2-2¢,2y A2 2
= ep (P TEPNN £ MY R)PY

2(k+1)*(1 - ¢)?

where in the last inequality we used the fact that (k + h)272¢ < (k + 1)272¢p272¢,

3 %N? 5k)) (HM)((k+h)1‘f—(ko+h—1)1—f> >
(o,

The term T): It is easy to see that, almost surely, we have

k k
1g,., Z[JF(QT*)—JF,W (2", wipr)|(xi—2") = 1, ,, Z[Jﬁ(l"*)—JFw (2", wiy1)|(z;—2")1E,.
i=ko i=ko

Hence, we have
k
]lEk+1 Z [JF(m*) - JFw (1‘*, wi+1)]($i - -75*)

i=ko




L, || D [Tp@") = Jr, (2%, wis))( g,
i=ko c
k
< |1 Y WUp() = Jr, (@ wig)) (@ — 27) 1,
i=ko c

We now show that Assumption £.3]implies that
E[Jr(2") = Jr, (27, w41)) | Fi] = 0.
Indeed, by Taylor expansion of the inequality (#2), we get

A%6%|allZb12
2

If we had E[J 5 (2*) — Jg, (2, wi11))|Fi] # 0, then we would have Q()\) < O(\?), which is a con-

tradiction. It follows that the sequence of random variables given by [Jz(z*) — Jp, (@*, w;r1)](z; —

x*)1p, is a Martingale difference and, conditioned on J;, they are 62 ||(x; — 2*) 1, ||*-subgaussian.
Hence by the definition of the event E;, the random variable [Jz(z*) — Jp, (2™, wit1)](z; —

2*)1g, is 62f(6, k)a;-subgaussian. Thus, Lemma implies that 1g, Zf ko [JE(T%) —
Jr, (2% wig1)] (i — x*) is 62 (6, k) ZZ ko i subgaussum Furthermore, by Lemma we
have

E[l + M(Jp(2*) = Jp, (%, wt1))a, by + O(N?)|Fi] < 1+ + 0\,

& 2 1/4
6)\]6 * * *
Ty=qE |exp m(lJrM) ng:owﬁ(f ) = Jp, (@7 wigr)](z — )| 1p,,
1/4
< 1
= a2
12ul, A (14 M) 4
(- =pernonson 5 o
_ 1
- /8
12ul, A\ (14 M
(1 - M5 6 k) 3 o )
Bubyd (1 + M)
< _Ce WFN 7
_eXp< (l{?+1>2 f(6,k) szoo%
SubyadAy(1+ M) (k + h)t=¢ .
< ¢ S
exp ( e G2 f(4, k) ¢ (integral upper bound)

3h1=€udyad, (1 + M)62 £ (5, k)
SexP( (kt D)IE(1— ) )

where in the second to last inequality we use the fact that 1/(1 — z) < exp(2z) for all z < 1/2, and
it holds when
12uly0\ (1 4+ M)
(k+1)2

which is satisfied because we have

(k+h)1=¢ — (ko +h—1)1=¢ 1
1-¢ =2

52 f(6, k)

\ (1-&(k+1)?
k= Sauba(l+ M)G2f(6 k) (k + B¢

Finally, putting everything together, we get

~ — V2E ~
P([gxl2 15, > €) < e E [exp(Aer’||Fkll2 1 e, )]
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3d)\ku4 52
< Apvle c2
e exp <k 1

exp (‘%E ga?kﬂi)f)@f(f’ . (3 T —i/?)2 >)

exp (3h2‘25a2AkN2<f<6, k)%(1+ M) )

2(k +1)%(1 - ¢)?
exp <3h1§u‘c‘2ad>\k(1 + M) f(o, k)>
(k+1)1*5(1-¢)
Making the right hand side equal to 4, and solving for € we get that, with probability at least 1 — 4§,

R 1 3ul,do?
||ka ]]‘Ek+1 < WIOg (1/5) + m
9nS (14 M) f(6, k) 5 £
2a(k +1)2-¢ ( (1—5/2)2)

3h22a2N2(£(5,k))2(1 + M)
20%(k +1)%(1 - §)?
3h ~udyad(1 + M)G2f (6, k)
(k+ 1)1 —¢)

=: &k, 6). (B.6)

Note that, for any two events A and B, we have
P(ANB)=1-PA°UB°) >1—-P(A°) —P(B°) =P(4) +P(B) — 1.
Define

e(k.8) = (Vak.0) + /el 5))2.
Then,
P(lye — 22 < e(k,8)) = P ([lgelle + 15611 < e(k,9)) (Eq. (BT

P
P ({ll7llZ < €k, 0)} 0 {llgwllZ < &k, 0)})
P

({llFll? < €k, 6)} N Eryr)
(Ex41 C {||7klle < &(k,0)} due to Eq. (B.2))

=P{ll5ll21E,,, <&k, 0)}N Eryr)
(forallw € Eyy1,1p,,,(w) =1)

> P (|9:l121E,,, <&Fk,0)) +P(Ers1) —1 (union bound)
>1-0-0. (Eq. (B-6) and definition of Ej1)
Hence, with probability at least 1 — § (with abuse of notation for substituting 2§ by §), we have

s — 212 < (Vek./2) + Ve 572))
= &(k,6/2) + &(k,5/2) + 2v/€(k,6/2)é(k, 5/2)

>
>

g(d, k) 3ul,do?
s (1 + M) f(5/2,k) £2
2a(k+ 1) € (3 - 5/2>2>

3h2=26a2N2(f(6/2,k))*(1 + M)
202(k + 1)%(1 - €)2
3h~Sulyad(1 + M)32f(5/2,k)
(k+ 1)1 - ¢)
L af (0, ko(0/2,k) ~ 1) [(ko(6/2, k) — 1+ B)1=¢/2 — (b — 1)1-¢/2]°
(1-¢/2)2(k+1)?

28



N 2¢/af (5,ko(6/2,k) — 1) [(ko(8/2,k) — 1+ h)1=8/2 — (h — 1)178/2]
(1-¢/2)(k+1)

g(0, k) 3ut,do?
20+ 1) B0
e (1 + M) f(5/2,k) £2
T Rkt 17 e (‘” (- s/z>2>

3h2 2602 N2(f(6/2,k))%(1 + M)
202(k +1)%(1 - §)?

1/2
3h1-Subyad(1 + M)62(5/2, k)]
(k+1)¢(1-¢) ’
where the last inequality follows from (B.2) and (B.6)), and
o a(l+ M)a2h1=5f(5/2,k) }
(1 =&k +1)* ’

g(8, k) = 24u?, max{

B.2 Proof of Proposition

Consider the recursion
Tp1 = (1 — ag) Tk + Wik,
where wy, ~ N(0,1). It follows that

zp = (1 — g1 + p_1Wk)T—1

k—1
= X9 H(l —o; + aiU)iJr]).
i=0
Hence,
. k k-1
0
Yk = k+1 Z H(l —ai—l—aiwiJrl).
k=0 i=0
Without loss of generality, we assume that zo > 0. Consider the event Ey, = {w; > 0,i = 1,...,k},

and suppose that k£ > 2. For any ¢ > 0, we have

exp(tyr) > 1g, exp(tyk)

t
> 1g, exp <k; f_21>
1 1 —Oéo+Ot0’LU1)(1 — (X1 —|—a1w2)

= B X k+1
t

> 15,00 (xoa(;;g e )

Then,
t
Efexp(tyy)] > E [nEk exp <”“’°‘“°,j‘; 11“”)]
t
~-E {]1];2 exp (xoo‘oko‘jr 11”1“’2)] P(w; > 0,i=3,4,...,k).

We also have

t t t
¢ o (280 i () [ (250
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xoaoothlwz
tE {1{w1~wz<0} P (m)}

(L‘analtwlwg xoaoaltwlwg

t
<9E [m exp (xoaokai 11”1“)2)] F1

Hence,

1 t 1
Elexp(ty,)] > 5B [exp (Wﬂ Plw; 2 0,i=3,4,....k) = 5P(w; > 0,i =3,4,.... k)

—F |ex .’1300400511‘511)1102 } k-l _ 1 k-l
Il A N 2 2)
which is infinity for t > (k + 1)/(zoapaq).

Next, consider ai; = «/(j + h)$ such that ag < 1/2. By Markov’s inequality, we have

=

7]

62

27 1

HE (1= aj + ajwj1)’]
7=0

P(jzi| > €) <

221

= BT -0 + o)

=0

O

A
|

Zo 2
2 exp Z —2a; + 205

A
|

i—1

Lo

= exp —E %
=0

=@ P (‘(1 [ ) e g 1>f—1>

<gew <_(1—§)(i—1+h)51>’

where the last inequality holds for some constant ¢ > 0. Then, for i > 2, we have

P(|z;| <eforall0 <i<k)=1—P(Jz;| > eforsome 0 <i<k)

k
Zl—Z]P’(\xi\>e)
1‘2“1’( —Oi -1 >

eXp( S TR )dx

c

62

k
C
€2
-1
k
-1




Hence, with probability at least 1 — §, for all 0 < i < k, we have |z;|> < ¢’ s, /8. This means that
f(6,k) = ¢ /6. Therefore, by Theorem4.1] with probability at least 1 — §, we have

log(1/4) +1
k

lyk* < ¢ +o(1/k).

The result follows.

B.3 Proof of Lemma

The proof follows from Equation (B.2)), and by assuming ko = k + 1. In particular, with probability
at least 1 — 4, we have
af(6,k+1) [(k+h)'=¢/2 — (b —1)1-€/2]
(1-¢/2)2(k+ 1)

af(6,k+1)(k+h)2—¢

(1-¢/2)2(k +1)?
ah?=Sf(0,k + 1)
T (1=g/22(k+ 1)

lye — ™ |I2 <

B.4 Proof of Proposition

First, note that
To + w1+ -+ Wi

E+1
In addition, this example satisfies Assumption[4.3]as

E [exp (ME(2", wir1) — F(2*),0)) | ] = E exp (Alwpsr, v))]

Yk =

=E |exp )\ZU}k+1’j'Uj
J

=FE |exp | A Z Wrt1,j05 + A Z Wk+1,5Vj

7 odd J even

=E |exp [ Azpt1.1 Z v + Azgg1,2 Z Vj

7 odd J even

=E |exp [ Azgt11 Z v E |exp | Azrt1,2 Z oF

L j odd J even
B 2 2
—~21\2 ~21\2
A g\
=E |exp 5d g v E |exp 2d E o
7 odd J even

r —~21\2 2
<E |exp (O'valllﬂ

r —242((,112
<E |exp (U )\21}"2)} .

For the sake of simplicity, we assume zy = 0. Then, we have

ka2log(1/6) — ||zoll2
> _ *
11>< P > |lye = "2

=P (k57 1og(1/9) - llzollz > (k + 1)llyll2)
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—P ( k&2log(1/8) — ||xoll2 >

k
330+Zwi )
1=1 2
k
> |
i=1 2

(triangle inequality)

IN

P ( ka2log(1/8) — |lzoll2 > —llzoll2 +

)

d k
=P | Vko?log(1/0) > | (Zwiﬂ')

k

Zwi

i=1

P (wk&Q log(1/6) >

2 2
=P | Vkolog(1/9) > d<§:1 Zl) - (é ZQ)

_ / / e 2grag =1 s
2

B.5 Proof of Theorem|5.1

Since the c-norm can be non-smooth, to prove a concentration result on the error we use the
generalized Moreau envelope

1 1
M(a) = min {2 + 5l w2}

where || - || is an arbitrary smooth norm. Then, we have that M (-) is an L/u — smooth function with

respect to || - ||s. Moreover, the Moreau envelope defines the norm || - ||ps = 1/2M (+). For a more
detailed discussion about this function, please refer to [12].

Since Assumptions and are satisfied, and o; = /(i + h)¢, where ¢ € (0,1). Then, by

choosing & > 0 and h > (2¢/[(1 — A.)a])*/ (=€), for any § > 0 and K > 0, using the result from
[14] Theorem 2.4], we know that with probability at least 1 — §, we have for all > K that

BB L Dall S i
lz; — x| §W+CQ||mO x ||Cexp< 2(1—¢€) )
&5 + ¢ log((i +1)/K'/?)
L , B.7)

where
2,2 2
160 ujy o iops o

1 = o
1_’7c

2

B U
Gy = cM

— p2
gc]\/f
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_ 32ecqo® Lu?, o
C3 = —
(1 =Fe)a = Dple
_ 1602cqLu?, 0
="
Hees
_ 16eu?,,cq0® La
Cs = —5 + =
1 (1= 7e)
_ 32UEMU2U?W ex @
Ce = - )

1- ’?C
with Je = 7o (1 + pu2 )2 /(1 4+ p2,)*/? and D = 2(1 — 7,.). Next, choosing K = 1, we get that

Equation (B.7) holds for all ¢ > 1. In addition, since ¢; > 1 and ¢; > 0 for I = 1,4, 5 this bound
holds 7 = 0 as well. Hence, for all 7 < k, we have

i — 2|2 < a (01 log(1/4) N Gol|lzo — *||2(i + h)¢ exp (_ Da((i + h)'=¢ — h1_5)> N s + Cg log(i + 1)

o @ 21-¢)
¢y log(1/6 Cs + Cg log(k + 1
Sai(61 Og(/)+d1+05+06 og(k + )>’ (B.8)
! «
fe(0:k)
where
c — x*||2(i + h)¢ Da((i 4 h)}=¢ — h1=¢
dy = sup{cznx0 Tlle(i £ ) exp (— ali+h) ))}<oo.
i>0 « 2(1 - f)
We get the result by directly applying Theorem {.1]
B.6 Proof of Theorem
From the proof of Theorem 3 in [37], for h large enough, we have
Elui1|Fi] < (1= Braq)u; + B2, (B.9)

where u; = ||z;11 — 2*||2 + Baa||rir1 — 2*||? for some positive constants (31, 32, and (3. Define
k .
M= a%zui + 405 Zj:i a; 1<k
(2 T .
M, 1> k.
Next, we prove that {M; };>¢ is a supermatringale:

k

1— Booy;)u; + a?
E[Mop () <E [ L2020 2B g 5, (by Eq. (E3))
Qit1 j=i+1
<k |1 52‘;“ 1+4B4Za] (by af/af ; < 4)

7,+1

k
Us
<E|— +4 E i
o 041-2 A i—i “

In the last inequality, we used the following

a2 B i+h+1 ¢ Bocx
z+1(1_ﬁzai)_< ith ) (1_<i+h)f)

_(ith+1 256){ B
=\Titn PUT G+ h)e
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2¢/(i+h)

1 i+h
1
<+z‘+h>

§exp< 3 Pac >

o(-gir)
i+h  (i+h)E

<1 (for h large enough.)
Hence, by Ville’s maximal inequality, we have
E[M
P (supMi > e) SM
i>0 €

k
Cuo/af + 48135 o0y
€

Hence,

uo /o + 4B4 Z?:o @
- .
5

]P(supMi<e> >1—

i>0

By a change of variables, we get

uo/od +4 ko
1P<supMi< /% ?LEJ*O L) >1-6.
i>0

Hence,

ug /o + 4 ]?_ o
1—6<IP<Mi< o/ao + 452 T Vi>0

)
1 ug/a? + 4 l?_ o
<1P<a2|xi—x*||3< IR PR J,vos@'gc)
i
1 ug /a2 +4 ko
=P _||x¢—x*||§<\/°/ 0 ?423—0 IYo<i<k

ug/a? ko /2-¢/
Applying Theoremwith fe(,k) = \/ of °+4ﬁ§4 20 O(k:/; 2), we get the result.

B.7 Proof of Theorem

The idea of this proof is borrowed from the example in [14, Example 2.2].

Consider the SA presented in Equation (I.I) for a 1-dimensional linear setting with F'(x,w) =
wz. In this case, let {wy11}r>0 be an ii.d. sequence of real-valued random variables such that
Pwy=a+N)=1/(N+1)and P(wy, =a—1) = N/(N +1), wherea € (0,1) and N > 1 are
tunable parameters. Note that the update equation can be equivalently written as

Tpy1 = (1 + (wk_,_l — l)ak)zk. (B.10)

In this example, we have x;, € R for all £ > 0 and x* = 0. To begin with, there exists kg > 0 such
that

(ak(a+N— 1)
exp | ————~

5 )gl—&—ak(a—i—N—l), YV k> k. (B.11)

As aresult, we have for any A > 0 and £ large enough that

E [exp ()\(k + 1)B/y£)]

34



r B
_ 1 | LS
=E |exp ()\xo(k—kl)ﬁ k+1j2_:01:]] )]
[ i [ k-1 B
=E |exp )\:cg(k—i—l)ﬂ Z 1+a1 le—l))]
(a) 1 k il ?
N F P Ay (k + 1) { 1;%1_0”0‘1‘”N1))} )
B
g 1 Az (k+1 Z H1+ +N-1))
SEES I :co U St iz e
- 3
(;) 1 ox & (k+1) L Z ex ljzoz'(aJrN*l)
= N+ E P k+1j:ko+1 Plz ™
@) [ k B
> exp | Azl (k+1)7 Z (W((ﬂml—f—(kﬁh)l—&))} k:ln(N+1)>
5
 exp [ Aab (k4 1) L ]
| (k+1) [2/(Ba-€)]!
L fa@iN-1) e\ Prea-on]”
X j:%;_l (2(1—5)((.]—’—}7/) —(k0+h) )) —kln(N+1)
8
g) exp Axg(k—i—l)ﬁll 1~ ]
(k+1) [2/(B1-€)]!
. 8
k 2/(B(1-¢))
ala+N-1),, . 1 -
X L;l (2(1_5)((]4'}1) ¢ —(ko+h) 5)) ] kln(N+1))
B
2 exp | Aal (h41)7 [ L }
(k+1) [2/(B1L-€)]!
/ ala - /(B(1-¢))
x L/ <(2(J;_J\;)1)((u+h)1£_(ko+h)15)> du] kln(N+1))
k
(&) 5 5 1 afa+N-1) 2/5
exp | Az (k+1)7 u+h)2/P
- p( otk +1) [(k—H) /(3(1—5))]!16[( 2(1-¢) (uth)

2
e

(2/( (1- ))) (u+h)2/5*1+5(ko+h)1*5)) du} —kln(N+1)>
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> exp (G(kﬁ' [k2/B18) — kIn(N + 1)) — exp (9(k2+ﬁ’)) ,

where (a) is by lower bounding expectation with one of its terms, (b) isby a + N — 1 > 0, (¢) is by
Equation (B:TT), (d) follows from

k
_ @ 1-¢ _ 1-¢
};at_/'$+m(m ]f£«k+h) (ko + h)' %), (B.12)
1 0 Ko

(e) is due to the fact that for any r > 0, €” > ™ /m/! for all m € N, (f) is due to picking k1 > ko +1

such that
ala+N-1)

2(1-¢)
(g) is due to an integral lower bound similar to Equation (B12), and (h) is due to Bernoulli’s
inequality. Therefore, for any 3 > 0 and 3’ > 0, we have

(k1 +h) =S =(ko+h)' %) > 1,

likmianE [exp (/\(k + 1)ﬁ yk)] =00, VYA>0.

—00

As a result, according to Lemma [14, Lemma 4.1], there do not exist K 1 K % > 0 such that
P ((k + 1)y > e) < K} exp (ff{éeg) , Ve>0,k>0.

A change of variables finishes the proof.

B.8 Proof of Theorem
First, we verify that the assumptions of Theorem [5.1] are satisfied.

* Assumption[5.1} Firstly, for tabular TD(n) algorithm we assumed that Vj;(s) < Rpax /(1 —
) forall s € S and k > 0. Furthermore, TD(n) can be written in the form of (T.I)) with

(F'(Vi, wit1))s = Lisspy (ZV (Sk> A%) +Vi(Sy) = Vk(&i))) + Vi(s)

n—1

:]]-{s:SO < Vk(Sk) +Z’yRSkvAl)> +Vk(3),

=0
(B.13)

where wy,+1 = (S}, A} )]o<i<n. In addition, we have

n—1
(F(Vi))s = u™(s) Y (7”(P”)?,5/Vk(8') + ) A (P)ew Y R(s a)m(al 8)> + (1= 7 (5)Vi(s),
=0 a

s/

where the matrix P™ is the transition probability of the Markov chain following policy 7,
i.e., we have
Pr, —ZP "|'s,a)m(als).

Furthermore, we have
F(V)=M"(T)"(V)+ (- M)V,

where M7 is a diagonal matrix with diagonal entries ™, and 7™ is the Bellman operator.
Hence, we can write

F(V)=(I—-M"(I—-~"(P")")V +b".
AT\'

Moreover, we have

ZAS v =D [ = (MT(L=7"(P™)"))s,s']

s’
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- Z [ s,8" Z ss”(I_'yn(Pﬂ—)n)s”s’]‘|

s

= Z [ 5,8 Z Oss " (8)(0srrsr — 'Vn(PW)?”s/)}‘|

st

= Z s,8" — ,Uzﬂ- 3 (655’ _'VR(Pﬂ-)?s’)H
—1- +’YHZN )P

=1—p"(s) +7"pu"(s)
=1—(1—~")u"(s). (B.14)

Now, consider the matrix B™ € R!SI*IS| where BT, = (1 —v")u"(s)/|S|. Note that
C™ = A™ + BT™ is a stochastic matrix, and its corresponding stationary distribution is v
such that (v™)TC™ = (v™) . Further, we have

ngzug,c;;,
—Zu, (AL, + B

p(s)
- Z”' st

(1 — ")
> min (B.15)
S|
where fimin = ming{u"(s)}. Let us pick an arbitrary p > 2, and denote || - ||~ ,, as the

weighted p-norm with weights v™. We then have
(Vi) = F(V2)|l)=,, = IIA”(V& - Vz)ll”

- Zu = V)8
=> v(s) (Z AL (V1 — ‘/2)(5/)>

= ;y”(s ZASSN (Z S, ,,izl/” p ~ V)l )>
<3 vr(s) ZA?;/ ZZ

S (1))
(Jensen’s inequality)
- - p71
SX e | S| A (A

=> Vi(s)[1-(1 )i 1ZASS/ Va)(s))"
S (by (B13))
< Z v (s)[1— )i Z os ( Va)(s))"

<[1-(1-7 umm“Zu ZCSS, (Vi = Va)(s))"
=[1 -1 =) phml Zv —Va)(s)"

(V™ is stationary distribution)

s
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= 1= (=" il V2 = V2,
Therefore, (V) is a contraction with respect to || - ||~ , with contraction factor . =
[1-(1- ’y")ugin}lfl/p, and hence Assumptionis satisfied.

* Assumption[5.2} Since the state and action space are both bounded, the noise in the update
of TD-learning is also bounded. Hence, Equation (5.I) is satisfied for some o > 0 by
Hoeffding’s lemma. In addition, Equation (3.2) is satisfied due to Lemma[C.2}

» Assumption[d.T; This assumption is satisfied with M = p — 1 due to Lemma|[C.4]

. Assumption Since F is a contraction, Banach’s fixed point theorem implies it has a
unique fixed point, and Lemmaimplies that Jz(z*) — I is invertible. Moreover, since
F is linear, it is (0, co)-locally psuedo smooth.

* Assumptiond.3} We have
Rmax

(FVT wia) = F(VO)) < 727

]]-{s:sg}'

Hence,
(E(VT wigr) = F(VT),0)| < IF(VT, wiga) = FVO) 5 pollvll
(Holder’s inequality)

R
< (Vi )‘””%Hvllm,py

min 1

where in the last inequality we used the fact the

1/q
][5 = (Z(V”(i))glxi|q> ;

i

where ¢ is such that 1/p + 1/¢ = 1, and v7;, = min {v™(s)}. It follows that
E [oxp (MF(V™, wsr) = BV, o) | i) < exp [ 32 sl
2(1 - ’Y)QVmilrjl

(Hoffding’s lemma)

- 2 RZ, |v]|% |82/
= exp ™ m
2(1 = 4)2 (3 (1 — ym))2/p

(Eq. (B.13)

Therefore, the first part of Assumption[d.3]is satisfied with
RZ..ISI*P
5_2 _ max )
(1= 9)?(uin (1 = y™))>/P
On the other hand, by the definition in (B:13), we have F(V,wii1) = A(wg1)V +
b(wk+1). Hence, Jr, (V™ wi+1) = A(wg41). Since we assume finite state and action

spaces, and w1 can only take finitely many values, therefore, by Hoeffding’s lemma there
exist & < oo such that the second part of Assumption [4.3]holds.

Since ||z]|u=p < ||z|lp < ||z||2, we have uqo = 1. By a direct application of Theorem we have
with probability at least 1 — 4,

_ 2 2/p 24 log(2
HVk _VWHI%T"Z) < 2Rm2x|8‘ i Og( 2/6)+3d
P (=) (i (L= ym))2/P (L= 7)? (k+ 1)

Moreover, we have

+O(p)O (kglm) O(log(1/6)).

lye =213 = i) > P llyne — 2713

vT,p = min
1- ,yn M:lr'lin 2/p *
> (U ) -
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Hence, with probability 1 — §, we have

R? S| >4/p 24 log(2/6) + 3d

V, . el 2 S max <
H g H (1 - ,7)2 /’[/71'1;1111(1 - ,yn) (1 - 70>2 (k + 1)

~ (1
00 ( 17z ) Olos(1/6)
(B.16)
This result holds for any p. In particular, by choosing

—4log (1 — (1 = ") pimin) ( S| ) 1/4
p= —log | — k+1)"/%
(1 =) ihin Pin (L — ™) ( )
we have

(i) = (e (ot
u’;in(l - ,}/n) b ,U/gln(l - ryn)

1
< exp (() (“log(1 — (1 — 7)) > (1 — 7" )ule)

k+ 1)1/
2
<14 —r. B.17
<1t o (B.17)
In addition, we have
1 1
=% 1-[1— 1 —ym)pg)
1 1—(1—y")ul;
< (1= 7")ttiin (B.18)

+ )
— An) T . - S
U=t 2(1 = )iy, log (S ) (b + 1)1/
where in the last inequality we used the fact that for all 0 < a < 1, we have
1 1 alog(1/a)
< 2
17a1*9”_17a+ (17(1)296

forall z < (1 —a)/(2log(1/a)), and we take x = 1/pand a = 1 — (1 — y™)ul, . Substituting

equations (B:17) and (B.I8) in Equation (B.I6), we obtain
_ R2 2 24 log(2/6) + 3d 1 1 \\°
_ T2 < max 1
Wi vt < s () R (s © G

16 <k1/> O(log(1/6))

B RZ . 24 1og(2/0)+3d  ~( 1
T (1= )2(1 =) ()2 (k+1) +0 <k5/4) O(log(1/9))

B.9 Proof of Theorem (6.2

First, we verify that the assumptions of Theorem [5.1]are satisfied.

« Assumption[5.1} Firstly, for Q-learning algorithm it is known that Qy (s, @) < Riax/(1—7)
for all s € S and k& > 0. Furthermore, (Q-learning can be written in the form of Equation

(1) with
(F(Qk7wk+1))s,a = ]l{s:Sk,a:Ak} (R(Sk7 Ak) + ’VH};}X {Qk(sl/wa/)} - Qk(sk7Ak)) + Qk(87 a)?

where w41 = (Sk, Ak, S},). In addition, we have

(F(Qr))s,a = 1™ (s)my(al ) <R(S»a) +7)_P(s]s,a) max {Qk (s, a')}> + (1= p™(s)m(als))Qk(s, a).

Furthermore, we have
F(Q)=M™H(Q)+ (I - M™)Q,
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where M™ is a diagonal matrix with diagonal entries ;™ (s)m,(a | $), and H is the Bellman
optimality operator.
Next, we have

[F(Q1) — F(Q2)ls,a = n™ (s)mp(al s)(H(Q1) — H(Q2))s,a + (1 — p™ (s)mp(a] s))(Q1(s,a) — Q2(s,a))
<p™(s)mp(als)[[H(Q1) — H(Q2)|oo + (1 — p™(s)mp(al $))[|Q1 — Q2]
< p™(s)mp(als)v]|Q1 — Qallee + (1 — ™ (s)mp(a| 5))[|@1 — Q2o
=1 =1 =y)p™(s)m(a]s))]|Q1 — Qzll~
(1 =1 =7)p) 1Q1 — Q2] o,

where in the second inequality we used that the Bellman optimality operator is a ~y-
contraction. It follows that

IF(Q1) = F(Q2)lloo < (1= (1 =7)p) |Q1 — Q2| -

Hence, we can write
I1F(Q1) = F(Q2)lp < (ISIIADYPIIF(Q1) — F(Q2)]loo
< (ISIIANYP (1= (1= 7)) @1 — Q2]
< (ISIANYP (1= (1= 7)) Q1 — Q2ll-

Then, for any
m(SIA)

p > pmln = —1 - )
In (1—(1—7)95)

Assumptionis satisfied with 7. = (|S|[A)Y? (1 — (1 —7)pp).

* Assumption [5.2} Since the state and action space are both bounded, the noise in the
update of Q-learning is also bounded. Then, Equation (5.1) is satisfied for some o > 0 by
Hoeffding’s lemma. In addition, Equation (3.2)) is satisfied due to Lemmal[C.2]

* Assumptiond.T} This assumption is satisfied with M = p — 1 due to Lemma|[C.4]

. Assumption Since F'is a contraction, Banach’s fixed point theorem implies it has a
unique fixed point Q*, and Lemma implies that Jz(«*) — I is invertible. Moreover,
Assumption [6.1] implies that F is linear in a neighborhood of Q*, and thus there exists
R > 0 such that F' is (0, R)-locally psuedo smooth with respect to the || - ||, norm.

* Assumptiond.3; We have

* = * 2-Rmax
‘(F(Q awk+1) 7F(Q ))s a‘ =7 _ ]]-{s s0%.
Hence,
(F(Q", wis1) — F(Q™), )| < [[F(VT wyia) — F(VT)|[;-[lv]l, (Holder’s inequality)
2RII]3.X
< vl

ST,
Then,
2R, vl
(1—=7)?
(Hoffding’s lemma)

Therefore, the first part of Assumption [4.3]is satisfied with 52 = 4R2,_ /(1 — 7).

On the other hand, since we assume finite state and action spaces, and w1 can only take
finitely many values, therefore, by Hoeffding’s lemma there exist & < oo such that the
second part of Assumption .3 holds.

E [exp ()\<F(Q*,wk+1) — F(Q*),v)) ‘fk] < exp ()\2

Furthermore, since p > 2 and ||z||, < ||z||2, we have u.o = 1. By a direct application of Theorem
we have that, with probability at least 1 — &,

4R2 .. 24 log(2/8) + 3|S||A|

HQk_Q Il < = (1 7m:;))(2 (1 —7.)2(k+1)

+0(p)O (1&1/2) O(log(1/6)).
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Furthermore, we have
1Qk — Q"5 > [1Qr — Q1%
Hence, with probability 1 — §, we have

. AT

This result holds for any p. In particular, by choosing p = pmin(k + 1)'/%, we have
1 1

T=7 1= (SN (1= (= )p0)
L, 20— (1=9)p) In(S[}A)

1
(1 =)o (1=7)2p; P’

where in the last inequality we used the fact that

1Qr — Q

<

(B.20)

1 < 1 2aln(b)x
1—ab®* “1—a (1—a)?

forall0 <z < (1—a)/(2aIn(b)),0 <a < landb > 1,andwetakex = 1/p,a = (1 — (1 —v)pp)
and b = |S||.A|. Substituting Equation (B:20) in Equation (B:19), we get

, _ ARZ_ . 2410g(2/6) + 3|S||A| 1 1)\’ 1
100 - @' = e PR (v () ) -0 (i ) otwsto)

5
4R 24 10g(2/0) +3IS||A| [ 1

< X L .

(1 =)} k+1 +0 (k5/4> O(log(1/9))

B.10 Proof of Theorem

The update of off-policy TD(n) can be written as follows:

n—1 l

AJ J
ves = v+ 00(SY) 3 A H Aj'lij) RSk, AY)+90(SH) To—6(SE) o]
1=0 j=0

_ R AL O IR
= vk + ard(S) >y H ALSD | (ST =o(Sh) ] v
=0 j=0

— m(AL|S]) U gl
+ak¢ Sk # R(Sk7Ak)
> [H A1)
= (1 — agp)vr + ap(Agvr + bg),

where

ho(si) T —o(si) ]

and &y, = £ay,. Hence, off-policy TD(n) with linear function approximation can be written in the
form of Equation (T.I)) with F'(vy, wy+1) = Agvy, + b, where wy1 = [(Si, AL)]o<i<n-

Next, we verify that the assumptions of Theorem [5.1]are satisfied

41



. Assumption As shown in [11} Proposition 3.1] we have
F(vg) = vg + %CPTIC”*’((')/PW)"@W — duy),
and for large enough n, we have that
OTK™ ((yP™)"® — D)

is a Hurwitz matrix. Hence, by [, Page 46 footnote] there exists ¢ large enough such that

F(-) is a contraction with respect to some weighted 2-norm. We denote this norm as || - ||...
* Assumption[5.3;
(i) As mentioned earlier, || - || is a weighted 2-norm.
(i1) Since F'is linear, and the state-action space is bounded, this assumption is satisfied for
some L > 0.

(iii) This assumption holds due to [52, Lemma 9]

(iv) Since F'is linear, and the state-action space is bounded, this assumption is satisfied for
some 7 > 0.

(v) Since F'is linear, and the state-action space is bounded, this assumption is satisfied for
some > > 0.

« Assumption[4.1} Since the norm || - ||? is a weighted 2-norm, then it is smooth.

. Assumption Since F is a contraction, Banach’s fixed point theorem implies it has a
unique fixed point, and Lemmaimplies that Jz(z*) — I is invertible. Moreover, since
F is linear, it is (0, co)-locally psuedo smooth.

. Assumption Since the noise is bounded, this assumption is satisfied for some & and 6.

Applying Theorem [5.1] yields the result.

C Technical lemmas

Lemma C.1. Assume X1, X, ... is a series of martingale difference random vectors in R%. In
addition, assume X; to be n?-subgaussian conditioned on filtration F;_1 generated by the random
variables {X1, Xa,...,Xi—1}. Then X1+ Xo+- -+ X, isay_;_, n?-subgaussian random vector.

Proof: We prove this by induction in the number of terms n. The case n = 1 is immediate. Now
suppose that, for any d-dimensional vector v, we have

[exp ( <Z Xi,v >>] < exp <A2|v||z§ ”;) : (C.1)

s ]
—F :exp< <Z_:1Xv>) A Xy, ) fn_lu
<E|ew <A<gx>>] exp (200122 )

(X}, is subgaussian)

2

i=1

n 2
< exp <A2||vg Z m) . (Inductive hypothesis)

O
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Lemma C.2. Suppose we have a random vector X € R® which is n?-subgaussian. Then, for all
A < 1/(2n%u?,), we have

1
(1 =2 np?ug,)/?

E [exp (AIX[3)] <

Proof: Since X is subgaussian, we have

2 2 2,2 2
Elexp((X, v))] < exp (””2”) < exp (MZIIII> ,

Hence, for any A € (0, 1), we have

.2 2,2 2,2 20y _
oy (X0l o (PP 1)), 2

2\ 2\

We now integrate both sides with respect to the vector v. Integrating the left-hand side, we get

/ / / E [exp<<X’v> 21§\c2\|v||277 )] dvgdvg 1 .. . dvy
—o0

— 00 — 00
. oo 00 o) b% 9 9 9
@ g //.__/exp (X, v) —ugslvllzn doadvgy .. dvs
2)
s oo — w2022 s Xovs — ulov2n?
_F /exp (W) o b /exp (W) dvg
VoIS AX2 V21X AX2
=E exp 55 exp 55
Nuc2 277 Ueo N2 277 Uco
d
V21A A X||2
- A R |exp I !2 . (C.3)
Ne2 2n2u?,

where (a) is due to Fubini’s theorem for non negative functions.

Integrating the right-hand side of Equation (C.2)), we get

oo o0 o0 9 9 9 )\_1
/ / / exp (UCQU HUQH/\Q( )>dvddvd_1...dvl

7 uZ,n?v?(\ —1 7 wZon?v3( A —1
= / exp (627721/\()> dvy p ... / exp <C2?72d/\()> dvg
V2T ! 1
_ m ) (C4)
Neo (1 — \)d/2

Combining equations (C.3), (C:4), and (C.2), we obtain

A|X3 1
E < .
[eXp (277%%2 (1= N2

By a change of variable, we get the result. O

Lemma C.3. Consider a differentiable operator F : R* — R? that is a ~y.-pseudo-contraction with
respect to some norm || - ||, with fixed point x*. Then, we have

- min { [(Jr(z )—I)lec} S
z€Rd 2]l
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Proof: We have

F(z* — F(z*
Ye 2 (@ +Hy )” (@) (Pseudo-contraction property)
ylle .
= ||Jr (CE*)F;” + h(y) (definition of Jacobian matrix)
¢ c
> || Jp(x") ” y” — O(HHyH”C) , (triangle inequality)
Yllelle Ylle

where by the definition of the Jacobian, we used the fact that ||A(3)||. = o(||yll<)/| |yl By taking
the supremum over all vectors y € R?, we have

Ye > sup {‘JFW) v || o<|y||c>}.
y€ERd Hy”v ¢ Hy”v
Note that ol
* y o y c * y
Je) | - < max {|7ee) 2| ),
yllelle  llylle — yere lyllell.

which is attained at some gy (because it is equivalent to maximizing a continuous function over a
compact set). Moreover, note that for every constant r # 0, the vector r§ also attains the maximum
above. Let y,, = §/n. Then,

1
lim |[Jz(z%) Yn B o([lynllc) :max{’JF(x*) Yy }_ lim o(1/n)
Y
=max [ [|[Jg(x")—=— .
s {7 ] )
It follows that
o Y 0(|y||c)} {‘ w Y
sup < |[Jg(z¥) — =max 4 [|Jp(x*)—— ,
yele{‘ r lylle ¢ Iyl y€ER? r Yl c
and thus
w Y
%>max{HJx — } (C.5)
Al R T
Hence,

— { | - f)znc}

zCRY 1]l
c Jp(z* c . . .
> min { [Edl I (2")z] } (triangle inequality)
z€RY I12]le
e Rz
z€R¢ 1]l
>1— e (Eq. (€3))

O

Lemma C4. Letp > 2, ¢ = p/(p — 1), and consider the weights w = (w1, ..., wy) € R% . Define
the weighted norms

d 1/p d 1/q
= (Z w||) L and el = (Z wﬁunq) ,
i=1 i=1

where w,t# = wi_l/(p_l). Let f(z) = %Hfo}w Then, for all z,y € RY, we have

IVF(@) = ViWlgws < @=Dllz—=ylpw-

g
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Proof: Introduce the diagonal map 7 : R? — R? such that T'(z) := Wz, where W is a diagonal
matrix with that ¢-th diagonal entry equal to wl-1 /P, Then, we have

gt = 1T (w)lg- (C.6)

[€llpw = 1T (@)[lp, ~ and jul

Let g(z) = 5||z]|2. Since f = g o T'and W is diagonal, by the chain rule, we have

Vf(z)=T(Vg)(T(z)). (C.7)
On the other hand, as shown in [2| Example 5.11], for p > 2 we have

IVg(2) = Vg(Z)g < (p—Dllz=2llp,  Vz,2/ €R% (C.8)
Fix z,y, and set z = T'(x), 2’ = T'(y). We have
IVF(@) = VIW)llguwr = 1T[Va(z) = Vg()]ll g (Eq. (€7
= [Vg(2) = Vg(=')llq (Eq. (C.6))
<(@-Dlz—2, (Eq. (C3))
=@-Dlz = yllpw (Eq. (C6)

The chain above yields the desired Lipschitz constant L = p — 1:
IVf(2) = Vi lguwr < @ =Dz = yllp,w-
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