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Abstract

Mixture-of-Experts (MoE) architectures
have emerged as a cornerstone of modern AI
systems. In particular, MoEs route inputs
dynamically to specialized experts whose
outputs are aggregated through weighted
summation. Despite their widespread ap-
plication, theoretical understanding of MoE
training dynamics remains limited to either
separate expert-router optimization or only
top-1 routing scenarios with carefully con-
structed datasets. This paper advances MoE
theory by providing convergence guarantees
for joint training of soft-routed MoE models
with non-linear routers and experts in a
student-teacher framework. We prove that,
with moderate over-parameterization, the
student network undergoes a feature learning
phase, where the router’s learning process is
“guided” by the experts, that recovers the
teacher’s parameters. Moreover, we show
that a post-training pruning can effectively
eliminate redundant neurons, followed by a
provably convergent fine-tuning process that
reaches global optimality. To our knowledge,
our analysis is the first to bring novel insights
in understanding the optimization landscape
of the MoE architecture.

1 INTRODUCTION

Mixture-of-Experts (MoE) architectures have become
a fundamental building block in modern artificial intel-
ligence systems, enabling significant advances in model
capacity without corresponding increases in computa-
tional costs (Shazeer et al., 2017; Fedus et al., 2022).

Proceedings of the 29th International Conference on Arti-
ficial Intelligence and Statistics (AISTATS) 2026, Tangier,
Morocco. PMLR: Volume 300. Copyright 2026 by the au-
thor(s).

At its core, a MoE system treats a complicated task
as a combination of multiple simpler tasks, which can
be handled efficiently by smaller models. In concept,
the conditional routing of the input to different sub-
modules of the MoE allows each sub-module to “spe-
cialize” in its own domain, leading to an effective de-
coupling of the overall task complexity.1 This ap-
proach has achieved remarkable success in large lan-
guage models (LLMs) (Fedus et al., 2022), computer
vision (Riquelme et al., 2021), and multi-modal agen-
tic systems (Mustafa et al., 2022), where conditional
computation provides an efficient way to scale model
capacity.

The fundamental structure of an MoE layer consists
of a set of expert networks (the “experts”) and a
gating network that determines the contribution of
each expert to the final output. While simple, this
architecture presents theoretical challenges, particu-
larly regarding the joint optimization of both com-
ponents. The gating function, typically implemented
using a softmax activation, introduces non-convexity
that makes the analysis difficult. This is further com-
plicated by the interplay between expert specializa-
tion and router assignments: experts must specialize
in certain inputs, while the router must correctly iden-
tify the correct combination of experts appropriate for
each input.

Despite the widespread adoption of MoE architectures
in practice, such a theoretical understanding of their
optimization dynamic remains limited; see Related
Works section. Existing theoretical work has focused
on either simplified linear models or has analyzed the
experts and gating networks separately; e.g. Li et al.
(2025) and Kawata et al. (2025) study the setting
where the experts are trained first with the router pa-
rameter fixed, followed by a fine-tuning stage of the
router itself. While such a setting simplifies the analy-
sis by decoupling the updates of the router and expert
parameters, it deviates from the more beneficial sce-

1In this paper we consider a “classic” MoE instead of the
MoE used to increase parameterization without increasing
computational costs such as Fedus et al. (2022).
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nario, where a joint optimization is applied to handle
intricate task combinations (Kong et al., 2025; Zhang
et al., 2025a).

A prior work (Chen et al., 2022) studies the joint op-
timization of the expert and router parameters in a
top-1 routed MoE on patched input data, thus reduc-
ing the interference between the learning process of the
experts in each gradient step. Although top-1 routing
has been a popular approach (Fedus et al., 2022), most
state-of-the-art language models such as Mixtral 8x7B
(Jiang et al., 2024), DeepSeek-V3 (DeepSeek-AI et al.,
2025), and Qwen 3 (Yang et al., 2025) uses a top-K
routing with K > 1, leading to gaps between theory
and practice.

In general, it remains open to study the optimization
dynamics of MoEs with more than one activated ex-
perts, where experts and router are jointly trained.
This gap is increasingly significant as MoE architec-
tures become fundamental components in state-of-the-
art AI systems. Analysis of these dynamics would not
only inform architectural improvements but also pro-
vide formal guarantees about model behavior and per-
formance. Moreover, such an analysis could help us
understand better Agentic AI systems (Hu et al., 2025;
Zhang et al., 2025b,c), where component orchestration
mirrors MoE routing mechanisms (Bhatt et al., 2025).
These systems must dynamically select appropriate
specialized modules (tools, APIs, or reasoning compo-
nents) based on input context—functionally analogous
to expert selection in MoE architectures.

Contributions. Given the difficulty of the task, we
focus on the learning of a MoE model with one-layer
sigmoid router and non-linear experts over the mean-
square-error (MSE) loss in a teacher-student set-up
on high dimensional Gaussian input. In particular, we
show that, with moderate over-parameterization and
under the gradient flow training, the student MoE en-
joys a near-perfect recovery of the feature from the
teacher model’s in a sequential order in O

(√
d
)

time,
where d is the dimensionality of the input. More-
over, after the feature learning stage, a greedy pruning
can be applied to remove the unused experts. Lastly,
the post-pruning fine-tuning of the student model con-
verges to zero loss.

Notations. Without further specification, we use
regular lower-case letters (e.g. a) to denote scalars,
bold-face lower-case letters (e.g. a) to denote vectors,
and bold-face capital letters (e.g. A) to denote ma-
trices. We use N

(
µ, σ2

)
to denote the the Gaussian

distribution with mean µ and (co)variance σ2. For
a function f(x), we use f ′(x), f ′′(x) and f ′′′(x) to
denote its first three order derivatives, and f (a)(x)
to denote is arbitray ath order derivative. We use

poly (x1, . . . , xn) to denote the polynomial dependency
in terms of x1, . . . , xn.

2 RELATED WORKS

Theory of Mixture-of-Experts. From an optimiza-
tion perspective, Chen et al. (2022) studies the conver-
gence rate of top-1 MoE with CNN experts on patched
input data. Chowdhury et al. (2023) studies the patch-
level routing under both the setting with a separately
trained expert and router, and the setting of pre-
trained experts. Chowdhury et al. (2024) shows the
pruning effectiveness after fine-tuning a pre-trained
MoE model. Kawata et al. (2025) considers the train-
ing both a top-1 MoE and a ReLU routed MoE, but
under a four-stage training algorithm. Fruytier et al.
(2025) studies the convergence of the Expectation-
Maximization algorithm for learning MoE. Li et al.
(2025) studies the optimization of MoE in a contin-
ual learning set-up. From the perspective of sample
complexity, Nguyen et al. (2024a,c, 2025) studies the
sample complexity of correctly identifying experts for
softmax MoE under both the logistic loss and the MSE
loss. Nguyen et al. (2024b) shows that sigmoid gated
MoEs enjoy a better sample complexity compared with
softmax gated MoEs. Other works (Kratsios et al.,
2024; Wang and E, 2025) studies MoE under operator
learning, and the expressive power of MoEs, respec-
tively. Following the expressivity line of work, Boix-
Adsera and Rigollet (2025) studies how the granularity
of the experts affects the expressive power of MoEs.

Feature Learning of Neural Networks. As its
name suggested, the feature learning framework ex-
plores the ability of the neural network to learn in-
trinsic features of the dataset, which is an ability
not present in the traditional Neural Tangent Kernel
framework (Jacot et al., 2020; Du et al., 2019). In
particular Shi et al. (2022, 2023) studies the hidden-
neuron evolution during training, and Damian et al.
(2022); Mousavi-Hosseini et al. (2023a) investigates
how gradient-based learning discovers the intrinsic
low-dimensional subspace of data. Along this line of
work Ba et al. (2023); Mousavi-Hosseini et al. (2023b)
studies the learning with data sampled from distribu-
tion with a spiked covariance matrix. A related line of
work studies the feature learning dynamics of two-layer
ReLU networks, including the characterization of gra-
dient flow dynamics under orthogonal inputs (Boursier
et al., 2022), the phase diagram at infinite width (Luo
et al., 2021), quantization of learned features under
gradient descent (Maennel et al., 2018), early align-
ment phenomena and their implications for robustness
and generalization (Boursier and Flammarion, 2025;
Min et al., 2023), as well as implicit biases of gradient
descent leading to feature averaging (Li et al., 2024).
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Figure 1: Training MoE in (1) on (3) with m⋆ =
5,m = 25, and d = 1000 with online batch SGD sim-
ulating GF on the population loss. Left: alignment
values of the router parameters v̄⊤

i v̄
⋆
j . Right: align-

ment values of the expert parameters w̄⊤
i w̄

⋆
j .

Recently, a popular line of work studies the learning
of Gaussian single/multi-index models (Bietti et al.,
2022; Lee et al., 2024; Ren et al., 2025; Bietti et al.,
2023; Ba et al., 2023; Şimşek et al., 2025). Notice-
ably, this line of work adopts the Hermite expansion
of the nonlinear function to transform the loss objec-
tive into a form similar to the tensor decomposition
(Ge et al., 2017). In terms of the proof technique,
our work is similar to Ren et al. (2025) by utilizing
the sharp phase transition that occurs from the high
information exponent of the activation function.

3 PRELIMINARY AND SET-UP

Student model. In this paper, we consider the train-
ing of a normalized MoE with m experts. In partic-
ular, given inputs x ∈ Rd, we study the setting of a
one-layer router with parameter V, given by π

(
V̄x
)
.

Here π (·) is an entry-wise sigmoid function, and V̄ de-
note the row-wise normalized version of V. In short,
we have

π
(
V̄x
)
i
:= π

(
v̄⊤
i x
)
= π

(
v⊤
i x

∥vi∥2

)
;∀i ∈ [m]

where vi is the ith row of V. We consider each ex-
pert as a one-layer non-linear function with parameter
wi given by σ

(
w̄⊤

i x
)
= σ

(
w⊤

i x
∥wi∥2

)
. In this paper, we

choose σ (a) = a3 − 3a to be the third-order Hermite
polynomial. Letting θ = {(vi,wi)}mi=1, then the stu-
dent model is given by

f (θ,x) :=

m∑
i=1

π
(
v̄⊤
i x
)
σ
(
w̄⊤

i x
)

(1)

Our choice of the sigmoid router is motivated by
Nguyen et al. (2024b) which shows that sigmoid rout-
ing is more sample efficient than softmax routing.
Moreover, using Hermite polynomial as the activa-
tion function has been a popular approach in previ-
ous study of the feature learning mechanism of neural

networks (Arous et al., 2025). Lastly, the choice of nor-
malizing the weights is also a popular choice in prior
works (Wang et al., 2020; Ren et al., 2025).

Data and Teacher Model. The teacher model f⋆

we consider has the same structure as in the the stu-
dent model, but with m⋆ experts. In addition, we
assume that the parameter of the teacher model’s pa-
rameters v̄⋆

1, . . . , v̄
⋆
m⋆ , w̄⋆

1, . . . , w̄
⋆
m⋆ satisfy the follow-

ing assumption:
Assumption 1 (Teacher Orthonormality). The
teacher model’s parameters v̄⋆

1, . . . , v̄
⋆
m⋆ , w̄⋆

1, . . . , w̄
⋆
m⋆

form an orthonormal list.

We consider the input data that come from a standard
Gaussian distribution x ∼ N (0, Id), and labels are
generated by the teacher model according to

y = f⋆ (x) :=

m⋆∑
i=1

π
(
v̄⋆⊤
i x

)
σ
(
w̄⋆⊤

i x
)

(2)

Intuitively, this set-up implies that the input space Rd

is softly partitioned by the teacher’s router. The goal
of the student model is to learn both the features v̄⋆

i s
that gives a correct partitions, and the features w̄⋆

i s
that leads to the effective specialization of experts.

We consider training the student model f (θ,x) on the
population mean-squared error (MSE) loss L (θ) using
gradient flow d

dtθ(t) = −∇L (θ(t)) over the data dis-
tribution defined by the teacher model. To be more
specific, the MSE has the form

L (θ) =
1

2
Ex,y

[[[
(f (θ,x)− y)

2
]]]

=
1

2
Ex∼N (0,Id)

[[[
(f (θ,x)− f⋆ (x))

2
]]] (3)

We assume that the parameters of the student model
are initialized according to the following assumption:
Assumption 2 (Initialization). The expert weights
are initialized as wi(0) ∼ N

(
0, d−1Id

)
. The router

weights are initialized as vi(0) = v̂i(0)− v̂i(0)
⊤w̄i(0) ·

w̄i(0), where v̂i(0) ∼ N
(
0, d−1Id

)
, so as to decouple

the router and expert weights at initialization.2

Lastly, we make the following assumption on the sig-
moid function, which is numerically checked in Ap-
pendix E.
Assumption 3. Let z1, z2 ∼ N (0, 1) with arbi-
trary covariance Cov (z1, z2) ∈ [−1, 1], it holds that
Ez1,z2

[[[
π′(z1)π

(3)(z2)
]]]
≤ 0

We empirically verify that this setting allows that each
of the m⋆ experts and corresponding router parameter

2The behavior that vi(t)
⊤wi(t) = 0 does not hold

throughout gradient flow training.
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in the teacher model can be recovered by one and only
one expert and corresponding router in the student
model. According to Figure 1, for each v̄⋆

j , w̄
⋆
j in the

teacher (x-axis), there is one and only one expert and
router v̄j , w̄j that converges to v̄⋆

j , w̄
⋆
j (lighter color

indicates that v̄⊤
i v̄

⋆
j and w̄⊤

i w̄
⋆
j are closer to one.)

4 MAIN RESULT: SEQUENTIAL
FEATURE LEARNING

In this section, we present the main result of the fea-
ture learning phase. Recall the set-up of the student
and teacher MoE models in (1) and (2). An ideal fea-
ture learning result would be that, for each router-
expert pair (v̄⋆

i , w̄
⋆
i ) in the teacher model, there is an

exclusive router-expert pair (v̄i, w̄i) that converges to
it. The theorem below states that the matching be-
tween the router-expert pair from the teacher model
and the router-expert pair from the student model
happens in a sequential order.

Theorem 1. Consider training the MoE model
f (θ,x) in (1) with respect to a teacher model given
by (2) using the gradient flow on the population MSE
loss in (3). Let δP ∈ (0, 1/7) be given. If m ≥
Ω
(
m⋆ log m⋆

δP

)
and d ≥ poly

(
m, δ−1

P
)
, then there ex-

ists an injective mapping I : [m⋆] → [m] and time
steps 0 ≤ T1 ≤ · · · ≤ Tm⋆ ≤ T ⋆ ≤ O

(√
d
)

such that
for all ℓ ∈ [m⋆ − 1] and t ∈ [Tℓ, Tℓ+1), we have that

• (Recovered expert-router pairs) v̄I(i)(t)
⊤v̄⋆

i ≥ 0.9

and w̄I(i)(t)
⊤w̄⋆

i ≥ 0.9 for all i ≤ ℓ.

• (Unrecovered expert-router pairs) For all i > ℓ,
max

{∣∣v̄I(i)(t)
⊤v̄⋆

i

∣∣ , ∣∣w̄I(i)(t)
⊤w̄⋆

i

∣∣} ≤ O
(

m2

δP
√
d

)
Moreover, for T ⋆ ≤ t ≤ T ⋆ +O

(
δP

√
d

m2

)
, we have that

• (Learned features) v̄I(i)(t)
⊤v̄⋆

i , w̄I(i)(T )
⊤w̄⋆

i ≥
1−O

(
m7

δ3Pd
3
2

)
for all i ∈ [m⋆]

• (Unused expert-router pairs) for all i1 ∈ [m] \
I ([m⋆]) , i2 ∈ [m], i1 ̸= i2 and j ∈ [m⋆], the fol-
lowing quantities∣∣v̄i1(t)

⊤v̄i2(t)
∣∣ , ∣∣v̄i1(t)

⊤w̄i1(t)
∣∣ , ∣∣w̄i1(t)

⊤w̄i2(t)
∣∣∣∣v̄i1(t)

⊤w̄i2(t)
∣∣ , ∣∣v̄i2(t)

⊤w̄ii(t)
∣∣∣∣v̄i1(t)

⊤v̄⋆
j

∣∣ , ∣∣v̄i1(t)
⊤w̄⋆

j

∣∣ , ∣∣w̄i1(t)
⊤w̄⋆

j

∣∣ , ∣∣w̄i1(t)
⊤v̄⋆

j

∣∣
are all upper bounded by O

(
m2

δP
√
d

)

In particular, Theorem 1 states the result that the
MoE training in our set-up undergoes a sequential fea-
ture learning phase. As requirements of the theorem,
we need m to be as large as Ω

(
m⋆ log m⋆

δP

)
to ensure

that, at initialization, at least one of the router-expert
pair from the student model have a good enough align-
ment for each router-expert pair in the teacher. Also
we require d to be polynomially large in terms of m
and δ−1

P to control the interference between the con-
vergence of each router-expert pair, as well as between
the convergence of the router parameter and the expert
parameter. Due to the polynomial scaling of d in terms

of m and δ−1
P , quantities O

(
m2

δP
√
d

)
and O

(
m7

δ3Pd
3
2

)
are

in general small, and O
(

δP
√
d

m2

)
is large.

In the set-up of the theorem, the mapping I establishes
the correct matching between the expert-router pair
in the teacher model and the router-expert pair in the
student model. Ideally, we expect v̄I(i) and w̄I(i) to
converge to v̄⋆

i and w̄⋆
i . Two key points of the theorem

are outlined below:

Sequential weak recovery. The first part of the
theorem states that such convergence happens in a
sequential order. By its set-up, Tℓ denotes the time
where the first ℓ pairs of

(
v̄I(i), w̄I(i)

)
for i ≤ ℓ just

achieved a weak convergence to v̄⋆
i and w̄⋆

i by achiev-
ing an inner product with of at least 0.9. In the mean
time, before t reaches Tℓ+1, all the remaining pairs(
v̄I(i), w̄I(i)

)
for i > ℓ still stays within a small align-

ment value with their reference.

Order of Recovery. We remark that the order in
which the student’s expert-router pairs converge to the
teacher’s parameters is determined by the alignment
values wi(0)

⊤w̄⋆
j at initialization, as can be seen from

the proof sketch in Section 4.1. Intuitively, a student
expert i that achieves a larger initial alignment with
a teacher expert j will converge to w̄⋆

j earlier than
a student expert with smaller initial alignment, pro-
vided that w̄i has not converged to another w̄⋆

j′ and no
other w̄i′ has converged to w̄⋆

j yet. While one might
expect the norms ∥wi(0)∥2 to play a role in govern-
ing this ordering, their influence is in fact negligible:
by concentration, the norms of the randomly initial-
ized weight vectors are tightly concentrated around
their expectation, and thus do not meaningfully dif-
ferentiate the convergence order across experts. In
contrast, as shown in Lemma 2, the inner products
wi(0)

⊤w̄⋆
j vary across pairs and serve as the primary

signal that breaks the symmetry among student ex-
perts, ultimately determining which student expert
specializes to which teacher expert and at what rate.

Near-perfect recovery.The second part of the the-
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Figure 2: Dynamics of the routers’ and experts’ align-
ment value with the teacher’s parameter under the
same set-up as Figure 1. The green curve denotes the
loss value. Except for the green curve, dashed line and
solid line of the same color denotes a pair of router and
expert alignment value.

orem shows that for any time t that exceeds some
T ⋆ ≤ O

(√
d
)

but stays under T ⋆ + O
(

δP
√
d

m2

)
, the

learned features have converged to inner product val-

ues of at least 1−O
(

m7

δPd
3
2

)
. In the meantime, all the

router and expert parameters in the student model
that did not converge to any teacher’s parameter must
stay nearly orthogonal both to the teacher model’s pa-
rameter and to each other. In Section 5, we will uti-
lize this property to prove the theoretical guarantee of
pruning these unused experts in the student model.

4.1 Guided by the Experts: A Proof Sketch
of Theorem 1

In this section, we will discuss the difficulties and tech-
niques arises in the proof of Theorem 1.

Hermite expansion of the loss and gradient. The
starting point of our proof relies on the Hermite expan-
sion of non-linear functions to study its property with
Gaussian inputs. Let Hek (x) denote the kth-order
probabilist’s Hermite polynomial. It is known that
the set of Hermite polynomials {Hek (x)}∞k=0 consists
an basis of the square integrable functions under the
Gaussian measure. Therefore, we can expand the sig-
moid function as

π (x) =

∞∑
k=0

ck
k!
Hek (x) ; ck = Ex∼N (0,1)

[[[
π(k) (x)

]]]

Here ck’s are the Hermite coefficients of π (x). Since

σ (x) = He3 (x), f (θ,x) and f⋆ (x) has the form

f (θ,x) =

∞∑
k=0

ck
k!
Hek

(
v̄⊤
i x
)
He3

(
w̄⊤

i x
)

f⋆ (x) =

∞∑
k=0

ck
k!
Hek

(
v̄⋆⊤
i x

)
He3

(
w̄⋆⊤

i x
)

Carrying this idea to the setting of minimizing the
MSE in 3, we notice that L (θ) can be written as

L (θ) =
1

2
Ex

[[[
f (θ,x)

2
]]]
− Ex[[[f (θ,x) f⋆ (x)]]]

+
1

2
Ex

[[[
f⋆ (x)

2
]]]

where one could notice that the last term does not
depend on θ. However, the first two terms involves
second-order terms on f (θ,x) and f⋆ (x). As an illus-
tration, we expand the first term as

Ex

[[[
f (θ,x)

2
]]]
=

m∑
i,j=1

∞∑
k,ℓ=0

ckcℓ
k!ℓ!

Ci,j
k,ℓ,3,3

Ci,j
k,ℓ,3,3 =

Ex

[[[
Hek

(
v̄⊤
i x
)
Heℓ

(
v̄⊤
j x
)
He3

(
w̄⊤

i x
)
He3

(
w̄⊤

j x
)]]]

Although a large body of prior work has ex-
ploited the nice property of Hermite polynomial that
Ex

[[[
Hek

(
u⊤
1 x
)
Heℓ

(
u⊤
2 x
)]]]

= k!
(
u⊤
1 u2

)k I {k = ℓ}
for u1,u2 with unit norm, in our setting we have to
deal with the expectation of the product of four Her-
mite polynomial. Our main tool of handling this diffi-
culty is the lemma below.3

Lemma 1. Let x ∼ N (0,Σ). For some multi-index
k ∈ Nn, we define the multi-variate Hermite polyno-
mial as

Hek (x) =
n∏

i=1

Hek[i] (x[i])

Then we have that for x ∼ N (0,Σ),

Ex[[[Hek (x)]]] =

(
n∏

i=1

k[i]!

) ∑
M∈S

n∏
i,j=1

Σ[i, j]M[i,j]

M[i, j]!

where the set S is the set of symmetric matrices M ∈
Nn×n satisfying

M[i, i] = 0;

n∑
j=1

M[i, j] = k[i];∀i ∈ [n]

In Lemma 1, each M ∈ S can be considered as the
adjacency matrix of a graph with n nodes and inte-
ger weights such that the degree of the ith node is

3We are not the first to introduce this result. However,
we could not find a formal published source that proves the
result.
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k[i]. Applying Lemma 1 to our case thus only requires
to enumerate the graphs of four nodes with degree
(k, ℓ, 3, 3). With Lemma 1, we are able to derive the
form of ∇viL (θ) and ∇wiL (θ), whose exact form are
omitted from the main text due to its intricacy.

Gradient flow dynamic of target alignment. Re-
call that our goal is to show that there is some v̄i, w̄i

that converges to v̄⋆
j , w̄

⋆
j for j ∈ [m⋆]. Thus, it is in-

tuitive to start with tracking the dynamic of v̄i(t)
⊤v̄⋆

j

and w̄i(t)
⊤w̄⋆

j . With gradient flow, we have that

d

dt
v̄i(t)

⊤v̄⋆
j = −∥vi(t)∥−1

2 ∇vi
L (θ)

⊤
v̄⋆
j

d

dt
w̄i(t)

⊤w̄⋆
j = −∥wi(t)∥−1

2 ∇wi
L (θ)

⊤
w̄⋆

j

(4)

due to the fact that ∥vi∥2 and ∥wi∥2 stays constant
during the gradient flow process. Utilizing the fact
that v̄i(t)

⊤v̄⋆
j , w̄i(t)

⊤w̄⋆
j ≪ 1 when v̄i(t) and w̄i(t)

are near their initialization, we can utilize Lemma 1
to approximate (4) as

d

dt
v̄i(t)

⊤v̄⋆
j ∝

(
w̄i(t)

⊤w̄⋆
j

)3
d

dt
w̄i(t)

⊤w̄⋆
j ∝

(
w̄i(t)

⊤w̄⋆
j

)2 (5)

The approximation above exhibits two interesting be-
haviors near initialization. First, the improvements
in both the router alignment v̄i(t)

⊤v̄⋆
j and the expert

alignment w̄i(t)
⊤w̄⋆

j depends on the current magni-
tude of the expert alignment. This implies that, once
the expert alignment reaches a magnitude of Ω (1), it
will take only constant time for the router and ex-
pert alignments to grow to a value near one (perfect
alignment). This behavior can be observed in Figure 2
where the router alignment values (solid lines except
for the gree on) follow closely as the expert alignment
values (dashed lines) increases.

Second, the quadratic dependency in the expert align-
ment dynamic induces a sharp phase transition where
the alignment value starts off slow for a period of time,
and suddenly increases with a fast speed (see dashed
lines in Figure 2), as studied in Ren et al. (2025). This
sharp phase transition is particularly helpful to pre-
vent multiple experts from the student model to con-
verge to the same expert in the teacher model. As an
example, consider dynamics w̄1(t)

⊤w⋆
j and w̄2(t)

⊤w⋆
j

with a small different ∆ ≥ 0 at initialization

0 ≤ (1 + ∆)w̄1(t)
⊤w⋆

j ≤ w̄2(t)
⊤w⋆

j ≤ Õ
(

1√
d

)
Solving the ODE in (5) gives that for i ∈ {1, 2}

w̄i(t)
⊤w̄⋆

j ≈
((

w̄i(0)
⊤w̄⋆

j

)−1 − t
)−1

Thus, the time T required for w̄2(t)
⊤w⋆

j ≥ 1
2 is T =(

w̄2(0)
⊤w̄⋆

j

)−1 − 2 ≤
(
w̄2(0)

⊤w̄⋆
j

)−1. However, at
time T , one can compute that

w̄1(t)
⊤w̄⋆

j ≤
((

w̄1(0)
⊤w̄⋆

j

)−1 −
(
w̄2(0)

⊤w̄⋆
j

)−1
)−1

≤
w̄2(0)

⊤w̄⋆
j

∆
≤ Õ

(
∆−1

√
d

)
When

√
d ≫ ∆−1, we can conclude that w̄2(T )

⊤w⋆
j ≥

1
2 while w̄1(T )

⊤w⋆
j ≪ 1

2 . This behavior implies that,
the expert in the student model that aligns with expert
j in the teacher best at initialization will converge to
some Ω (1) quickly while the other experts’ alignment
remains small. Below, we formalize this dominance
determined by the initialization.

Alignment gap at Initialization. We show that
there is a set of experts in the student model that
aligns with each expert in the teacher model good
enough to create a gap compared with other experts
in the student model. At a high level, our goal here
is to construct the mapping I in Theorem 1 based on
the initialization. Our approach is a greedy forward
selection similar to Ren et al. (2025). In particular,
we define Define Rℓ = {i⋆k}ℓk=1 and Cℓ = {j⋆ℓ }ℓk=1 re-
cursively as follows

i⋆ℓ+1, j
⋆
ℓ+1 = argmax

i∈[m]\Rℓ,j∈[m⋆]\Cℓ

wi(0)
⊤w̄⋆

j (6)

We expect that I (j⋆ℓ ) = i⋆ℓ . Namely, we expect
v̄i⋆ℓ

(t)⊤v̄⋆
j⋆ℓ

and w̄i⋆ℓ
(t)⊤w̄⋆

j⋆ℓ
to converge to 1. The in-

dex ℓ denotes the order of the sequential convergence.
That is, we expect that v̄i⋆1

(t)⊤v̄⋆
j⋆1

to grow large first,
followed by v̄i⋆2

(t)⊤v̄⋆
j⋆2

, etc. Our theorem below shows
that at initialization, the pairs w̄i⋆ℓ

(t)⊤w̄⋆
j⋆ℓ

has a gap
compared with other alignment values.
Lemma 2. Let w1, . . . ,wm ∼ N

(
0, d−1Id

)
be I.I.D.

Gaussian random vectors. Define

i⋆ℓ , j
⋆
ℓ = argmax

i∈[m]\Rℓ−1,j∈[m⋆]\Cℓ−1

wi[j]

Rℓ = {i⋆k}ℓk=1; Cℓ = {j⋆k}ℓk=1

Let any δP ∈ (0, 1/2) be given. Then there exists
some absolute constant β2, β4 > 0 such that if m ≥
β4m

⋆ log m⋆

δP
, then for δs = β2δP

m2 , with probability at
least 1− 4δP, it holds that

• (Row-wise Gap) wi⋆ℓ
[j⋆ℓ ] ≥ (1 + 2δs)wi⋆ℓ

[j] for all
ℓ ∈ [m⋆] and j ∈ [m⋆] \ Cℓ

• (Column-wise Gap) wi⋆ℓ
[j⋆ℓ ] ≥ (1 + 2δs)wi[j

⋆
ℓ ] for

all ℓ ∈ [m⋆] and i ∈ [m] \ Rℓ

• (Threshold Gap) wi⋆ℓ
[j⋆ℓ ] ≥ (1 + 2δs)wi⋆ℓ+1

[j⋆ℓ+1]
2

for all ℓ ∈ [m⋆ − 1]
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• (Magnitude Lower Bound) wi⋆ℓ
[j⋆ℓ ]

2 ≥ logm⋆

d for
all ℓ ∈ [m]

Since the standard Gaussian distribution is rotational
invariant, we can the gaps and lower bound shown in
Lemma 2 to the initial alignment scores w̄i(0)

⊤w̄⋆
j .

Roughly speaking, the row-wise gap facilitates that
w̄i⋆ℓ

will not converge to w̄js with j ̸= j⋆ℓ ; the column-
wise gap induces the fact that no w̄i will converge to
w̄j⋆ℓ

except for w̄i⋆ℓ
. Moreover, the threshold gap leads

to the sequential recovery as stated in Theorem 1. Fi-
nally, the magnitude lower bound guarantees that at
the target alignment values at initialization are not too
small for the whole convergence process to be too long.

Induction-based Proof. With the goal of track-
ing the growth of v̄i(t)

⊤v̄⋆
j and w̄i(t)

⊤w̄⋆
j in mind,

however, we also have to track the “mis-alignments”
including v̄i(t)

⊤w̄⋆
j , w̄i(t)

⊤v̄⋆
j and “self-alignments”

v̄i(t)
⊤v̄j(t), w̄i(t)

⊤w̄j(t), v̄i(t)w̄j(t) due to the com-
plicated form of the gradient, as can be seem from
(10) from the Appendix, so that their value does not
interrupt with the target dynamics. To this end, our
proof is an induction on ℓ ∈ [m⋆] that assumes

• v̄i⋆
ℓ′
(t)⊤v̄⋆

j and w̄i⋆
ℓ′
(t)⊤w̄⋆

j are close to one for
ℓ′ < ℓ, i.e., the top-ℓ−1 router and experts are re-
covered well while the ℓth router-expert pair still
remains not learned.

• The “mis-alignments” and “self-alignments” asso-
ciated with the recovered router-expert pairs must
be small throughout the process.

to show that v̄i⋆ℓ
(t)⊤v̄⋆

j and w̄i⋆ℓ
(t)⊤w̄⋆

j converge to a
close-to-one value. A formal statement of the induc-
tive hypothesis is provided in Appendix A.1, and the
complete proof is provided in Appendix A.

5 PRUNING AND FINE-TUNING

Theorem 1 guarantees that in O
(√

d
)

time, the stu-
dent MoE model trained with gradient flow extracts
m⋆-pairs of near-perfect features from the teacher
model. However, recall that the student have an over-
parameterization of m ≥ Ω

(
m⋆ log m⋆

δP

)
. Despite be-

ing moderate, the log m⋆

δP
factor still leads to a large

number of excessive parameters. Continuing to train
these unused experts together with their correspond-
ing router parameter results in a wast of the computa-
tion resource, regardless of whether they can converge
to zero output or not. This theoretical insight corre-
sponds with existing empirical works (Lu et al., 2024;
Chowdhury et al., 2024; Zhang et al., 2025d) which
discovers the existence of redundant experts in pre-
trained LLMs.

5.1 Pruning the Redundant Experts

In this section, we adopt a greedy pruning algorithm
based on the test loss similar to Lu et al. (2024) to
remove the redundant experts, and show that, if we
apply the algorithm at T ⋆ ≤ t ≤ T ⋆ +O

( √
d

δPm2

)
, then

we can provably remove all the unused experts and
keep all the correctly learned router-expert pairs as
stated in Theorem 1. To state the algorithm, we first
define the sub-model MoE induced by S ⊆ [m] as

fS (θ,x) =
∑

i∈[m]\S

π
(
v̄⊤
i x
)
σ
(
w̄⊤

i x
)

We consider the following pruning procedure that it-
eratively constructs the pruned set S. In the τth step,
we identify an index rτ ∈ [m] \ Sτ−1

rτ = argmin
r∈[m]\Sτ−1

Ex

[[[(
fSτ−1∪{r} (θ,x)− f⋆ (x)

)2]]]
Sτ = Sτ−1 ∪ {rτ}

(7)

The procedure will stop when pruning one more expert
does not improve the population loss. In particular, we
define the stopping step τ⋆ be such that

min
r∈[m]

Ex

[[[(
fSτ⋆∪{r} (θ,x)− f⋆ (x)

)2]]]
≥ Ex

[[[
(fSτ⋆ (θ,x)− f⋆ (x))

2
]]] (8)

For the simplicity of the analysis, we assume that
I(i) = i, as reordering the router-expert pairs does
not change f (θ,x). To facilitate the analysis of the
pruning procedure, we make the following assumption

Assumption 4. Let {vi}mi=1 and {wi}mi=1 be the
router and expert weights of the MoE model in (1). Let
{v̄⋆

i }m
⋆

i=1 and {w̄⋆
i }m

⋆

i=1 be the router and expert weights
of the teacher model in (2). There exists ε ≤ o

(
1√
m

)
such that for all i ∈ [m⋆] it holds that

min
{
v̄⊤
i v̄

⋆
i , w̄

⊤
i w̄

⋆
i

}
≥ 1− ε,

for all i1 ∈ [m] \ [m⋆], i2 ∈ [m], i1 ̸= i2 and j ∈ [m⋆] it
holds that∣∣v̄⊤

i1 v̄i2

∣∣ , ∣∣w̄⊤
i1w̄i2

∣∣ , ∣∣v̄⊤
i1w̄i2

∣∣ , ∣∣v̄⊤
i2w̄i1

∣∣ , ∣∣v̄⊤
i1w̄i1

∣∣ ≤ ε∣∣v̄⊤
i v̄

⋆
j

∣∣ , ∣∣w̄⊤
i w̄

⋆
j

∣∣ , ∣∣v̄⊤
i w̄

⋆
j

∣∣ , ∣∣w̄⊤
i v̄

⋆
j

∣∣ ≤ ε

Theorem 2. Let fS (θ,x) ,Sτ , and τ⋆ be defined
above. If Assumption 4 holds, then we have that

fSτ⋆ (θ,x) =

m⋆∑
i=1

π
(
v̄⊤
i x
)
σ
(
w̄⊤

i x
)

Theorem 2 states that, after τ⋆ steps of pruning, the
resulting model contains the exact m⋆ router-expert
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pairs with learned features from the teacher model. As
a condition of Theorem 2, Assumption 4 is satisfied
by Theorem 1 with ε = O

(
m2

δP
√
d

)
≤ o

(
1√
m

)
since

d ≫ m. This implies that, if we perform the pruning at
T ⋆ ≤ t ≤ T ⋆ +O

(
m2

δP
√
d

)
in the gradient flow process,

we are guaranteed to remove all unused router-expert
pairs and keep all necessary ones.

Notice that in the pruning procedure we evaluate the
model on the population loss. To apply the algorithm
in practice, one can effectively approximate the popu-
lation loss with the sample loss. We use the population
loss for the succinctness of the theoretical analysis.

Sketch of Proof. From a high level perspective, our
proof relies on the observation that for two nonlin-
ear function h1, h2 : R → R and vectors u1,u2 with
u⊤
1 u2 ≈ 0, we have that

Ex

[[[
h1

(
u⊤
1 x
)
h2

(
u⊤
2 x
)]]]

≈ Ex

[[[
h1

(
u⊤
1 x
)]]]
Ex

[[[
h2

(
u⊤
2 x
)]]]

Let q (v̄i, w̄i,x) = π
(
v̄⊤
i x
)
σ
(
w̄⊤

i x
)
. This allows us

to approximate the loss as

L (θ) ≈ Ex

(m⋆∑
i=1

(q (v̄i, w̄i,x)− q (v̄⋆
i , w̄

⋆
i ,x))

)2


+

m∑
i=m⋆+1

Ex

[[[
π
(
v̄⊤
i x
)2]]]Ex

[[[
σ
(
w̄⊤

i x
)2]]]

The first term is naturally small due to the fact that
v̄⊤
i v̄

⋆
i and w̄⊤

i w̄
⋆
i are close to one for i ∈ [m⋆]. The

second term involves a summation of positive terms,
which depends on the redundant router-expert pairs.
Thus, removing each one of these will decrease L (θ).
The proof of Theorem 2 is provided in Appendix B.

5.2 Fine-Tuning the Pruned Model

Recall from Theorem 1 that, although the m⋆ router-
expert pairs in the student model extracted near-
perfect features from the teacher model, there is still

an O
(

m7

δ3Pd
3
2

)
error for each v̄⊤

I(i)v̄
⋆
i and w̄⊤

I(i)w̄
⋆
i . This

results in a non-zero loss even after the pruning in Sec-
tion 5.1. In this section, we study the convergence
guarantee of fine-tuning the pruned model with gra-
dient flow on the population MSE. In particular, we
assume that f (θ,x) is the pruned model from Sec-
tion 5.1 given by

f (θ,x) =

m⋆∑
i=1

π
(
v̄⊤
i x
)
σ
(
w̄⊤

i x
)

and the fine-tuning starts at θ(T0) learned from The-
orem 1 at time T ⋆ ≤ T0 ≤ O

(
m4

δ2Pd

)
. We slightly abuse

the notation by denoting

θ = [v⊤
1 , . . . ,v

⊤
m⋆ ,w⊤

1 , . . . ,w
⊤
m⋆ ]⊤ ∈ R2m⋆d

Moreover, we denote the normalized version of θ as

θ̄ = [v̄⊤
1 , . . . , v̄

⊤
m⋆ , w̄⊤

1 , . . . , w̄
⊤
m⋆ ]⊤ ∈ R2m⋆d

The following theorem shows the convergence of gra-
dient flow in the fine-tuning phase.
Theorem 3. Let θ(T0) that satisfy ∥v̄i − v̄⋆

i ∥2 ≤ ε
and ∥w̄i − w̄⋆

i ∥2 ≤ ε for some ε ≤ o
(

1
m⋆2

)
. Let CS,0 =

2Ex∼N (0,1)

[[[
π (x)

2
]]]

and CS,1 = 6Ex∼N (0,1)

[[[
π′ (x)

2
]]]
.

If CS,0 ≥ 1.1CS,1, then there exists some constant
κ > 0 that only depends on the property of the sig-
moid function π (·) such that∥∥θ̄ (t+ T0)− θ⋆

∥∥2
2
≤ exp

(
−κt

2

)∥∥θ̄(T0)− θ⋆
∥∥2
2

Under the condition that v̄i’s and w̄i’s are ε-close to
v̄⋆
i ’s and w̄⋆

i ’s, Theorem 3 shows a linear convergence
rate in terms of the difference between the pruned
model’s normalized parameters θ̄ and the optimal pa-
rameters θ⋆. In this fine-tuning stage, the convergence
rate κ is independent of the dimension d or the num-
ber of experts m⋆. Instead, it only depends on the
property of the router’s non-linear function π(·). Since
θ (T0) is given by the learned result in Theorem 1, the
condition that ∥v̄i − v̄⋆

i ∥2 ≤ ε and ∥w̄i − w̄⋆
i ∥2 ≤ ε

for some ε ≤ O
(

m
√
δPd

1
4

)
≤ o

(
1

m⋆2

)
are automatically

satisfied under d ≫ m, since

∥v̄i − v̄⋆
i ∥22 = 2− 2v̄⊤

i v̄
⋆
i ≤ O

(
m2

δP
√
d

)
The assumption that CS,0 ≥ 1.1CS,1 only depends on
the property of π(·) and is checked in Appendix E.

Sketch of Proof. Our proof relies on the idea that,
near the global minimum, the Hessian matrix is posi-
tive definite. In particular, we show that for any vector
u1,u2 ∈ R2m⋆d such that cos ⟨u1,u2⟩ ≈ 1, it holds that
u⊤
1 ∇2L (θ)u2 ≥ κ ∥u1∥2 ∥u2∥ for some constant κ > 0

and θ satisfying ∥v̄i − v̄⋆
i ∥2 ≤ ε and ∥w̄i − w̄⋆

i ∥2 ≤ ε
with ε ≤ o

(
1

m⋆2

)
. Theorem 4 in Appendix C pro-

vides a formal statement of the result. Based on the
positive-definiteness of the Hessian matrix, we lever-
age the classic convex optimization technique to show
that the trajectory never leaves the neighborhood near
the global minima, and that the distance to the global
minimum converges linearly. The full proof is deferred
to Appendix C.

6 CONCLUSION

Under the teacher-student set-up, we study the learn-
ing dynamics of the sigmoid-routed MoE with non-
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linear experts defined in (1) when trained with gradi-
ent flow on the population MSE over high dimensional
Gaussian inputs. In particular, our main result is a
characterization of the feature learning stage, where
proper features of the router-expert pairs are discov-
ered in sequential order, with the expert’s recovery
leading the router’s recovery. At the end of the fea-
ture learning stage, we show that a pruning procedure
can be conducted to provably remove all the redun-
dant experts and keep all necessary ones. Lastly, we
show a linear convergence rate to the global minima
for the the post-pruning fine-tuning with gradient flow.
To the best of our knowledge, our work is the first to
provide theoretical understanding on the joint training
guarantee of MoEs with more than one activated ex-
perts and a general data assumption. In general, our
paper is a further step into understanding the com-
plicated dynamics of MoE training, and leads to the
following open problems:

Online SGD and Sample Complexity. Due to
the already sophisticated proof, our study is restricted
to the setting of gradient flow on the population loss.
However, as the main idea of the proof consists of an
ODE based dynamic analysis, one could discretize the
dynamic and apply martingale-based analysis to ex-
tend the theory to online SGD, as in Ren et al. (2025).
This extension may lead to a sample complexity bound
of learning m⋆ experts on d-dimensional data.

Experts with different importance. In our work
we considered the teacher’s router and expert param-
eter v̄⋆

i and w̄⋆
i to be an orthonormal list. Due to

the rotational invariance, this set-up puts equal im-
portance to each router-expert pairs. Future work can
investigate the scenario where the ith expert is scaled
with a factor of αi, and study the explicit ordering of
the recovered experts in the student model.

Relax the dependency of d on m. Our current
theory relies on the fact that d ≫ m. While in the
practical application of MoE we rarely set the number
of experts to be larger than the input dimension, in
most cases the scale of the two remains relatively the
same. A meaningful future direction is to bridge the
gap by studying the setting where d is only moderately
larger than m.
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A Proof of Theorem 1

A.1 Proof Outline

Initialization Property. At initialization, the following property needs to be satisfied.
Condition 1 (Initialization). At initialization {wi(0)}mi=1 and {vi(0)}mi=1 satisfies

• wi⋆ℓ
(0)⊤w̄⋆

j⋆ℓ
≥ (1 + 2δs)wi⋆ℓ

(0)⊤w̄⋆
j for all ℓ ∈ [m⋆] and j ∈ [m⋆] \ Cℓ+1.

• wi⋆ℓ
(0)⊤w̄⋆

j⋆ℓ
≥ (1 + 2δs)wi(0)

⊤w̄⋆
j⋆ℓ

for all ℓ ∈ [m⋆] and i ∈ [m] \ Rℓ+1.

• wi⋆ℓ
(0)⊤w̄⋆

j⋆ℓ
≥ (1 + 2δs)wi⋆ℓ+1

(0)⊤w̄⋆
j⋆ℓ+1

for all ℓ ∈ [m⋆ − 1].

•
(
wi⋆ℓ

(0)⊤w̄⋆
j⋆ℓ

)2
≥ logm⋆

d for all ℓ ∈ [m⋆].

• ∥wi∥2 , ∥vi∥2 ∈ [1− β2δs, 1 + β2δs] for all i ∈ [m].

• max
{(

vi(0)
⊤v⋆

j

)2
,
(
vi(0)

⊤w⋆
j

)2
,
(
vi(0)

⊤w⋆
j

)2
,
(
wi(0)

⊤v⋆
j

)2} ≤ β3

d log m
δP

for all i ∈ [m], j ∈ [m⋆].

• max
{(

vi(0)
⊤vj(0)

)2
,
(
wi(0)

⊤wj(0)
)2

,
(
vi(0)

⊤wj(0)
)2} ≤ β3

d log m
δP

for all i, j ∈ [m] and i ̸= j. Moreover,

vi(0)
⊤wi(0) = 0 for all i ∈ [m].

where δs =
β1δP
mm⋆ for some absolute constant β1, β3 > 0 and β2 ≤ o(1) and any δP ∈ (0, 1/7).

By Lemma 2 and Lemma 3, the above condition holds with probability at least 1−7δP as long as d ≥ β5m
4

δ2P
log m

δP

and m ≥ β4m
⋆ log m⋆

δP
.

Inductive Hypothesis. Now we are going to show that w̄i⋆ℓ
(t)⊤w̄⋆

j⋆ℓ
converges to at least 1− c√

d
for all ℓ ∈ [m⋆]

by induction. To start, we denote the values of interest as follows

γ
(1)
i,j (t) = v̄i(t)

⊤v̄⋆
j ; γ

(2)
i,j (t) = w̄i(t)

⊤w̄⋆
j ; ζ

(1)
i,j (t) = v̄i(t)

⊤w̄⋆
j ; ζ

(2)
i,j (t) = w̄i(t)

⊤v̄⋆
j

I
(1)
i,j (t) = v̄i(t)

⊤v̄j(t); I
(2)
i,j (t) = w̄i(t)

⊤w̄j(t); I
(3)
i,j (t) = v̄i(t)

⊤w̄j(t)
(9)

To state the inductive hypothesis, we need the following error bounds.
Definition 1 (Error Bounds). For each ℓ ∈ [m⋆], we define the following:

ε1,ℓ(t) := max
i∈[m]\Rℓ,j∈[m⋆]

∣∣∣γ(1)
i,j (t)

∣∣∣ ; ε2,ℓ(t) := max
j∈[m⋆]\{j⋆ℓ }

∣∣∣γ(1)
i⋆ℓ ,j

(t)
∣∣∣ ;

ε3,ℓ(t) := max
i∈[m]\Rℓ,j∈[m⋆]

∣∣∣γ(2)
i,j (t)

∣∣∣ ; ε4,ℓ(t) := max
j∈[m⋆]\{j⋆ℓ }

∣∣∣γ(2)
i⋆ℓ ,j

(t)
∣∣∣ ; ε5,ℓ(t) := ∣∣∣I(3)i⋆ℓ ,i

⋆
ℓ
(t)
∣∣∣

Moreover, we also define the forward error, the backward error, and the aggregated error as

εF,ℓ(t) = max {εF,ℓ,1(t), εF,ℓ,2(t)} ; ε(1)B,ℓ(t) = max {εB,ℓ,1(t), εB,ℓ,2(t), ε2,ℓ(t)}

ε
(2)
B,ℓ(t) = max

{
ε
(1)
B,ℓ(t), ε1,ℓ(t)

}
; ε

(3)
B,ℓ(t) = max

i∈[m]\Rℓ

∣∣∣I(3)i,i (t)
∣∣∣

ε̂
(1)
A,ℓ(t) = max

{
ε4,ℓ(t), ε

(1)
B,ℓ(t), εF,ℓ(t)

}
; ε̂

(2)
A,ℓ(t) = max

{
ε̂
(1)
A,ℓ(t), ε1,ℓ(t), ε3,ℓ(t)

}
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where εF,ℓ,1(t), εF,ℓ,2(t), εF,ℓ,3(t) and εB,ℓ,1(t), εB,ℓ,2(t) are defined as

εF,ℓ,1(t) := max
ℓ′≤ℓ,j∈[m⋆]\{j⋆

ℓ′}
max

{∣∣∣γ(1)
i⋆
ℓ′ ,j

(t)
∣∣∣ , ∣∣∣γ(2)

i⋆
ℓ′ ,j

(t)
∣∣∣} ;

εF,ℓ,2(t) := max
i∈Rℓ−1,j∈[m⋆]

max
{∣∣∣ζ(1)i,j (t)

∣∣∣ , ∣∣∣ζ(2)i,j (t)
∣∣∣}

εB,ℓ,1(t) := max
i∈[m]\Rℓ−1,j∈[m⋆]

max
{∣∣∣ζ(1)i,j (t)

∣∣∣ , ∣∣∣ζ(2)i,j (t)
∣∣∣}

εB,ℓ,2(t) := max
i,j∈[m],i̸=j

max
{∣∣∣I(1)i,j (t)

∣∣∣ , ∣∣∣I(2)i,j (t)
∣∣∣ , ∣∣∣I(3)i,j (t)

∣∣∣}
Lastly, we are going to define the monotonic upper bound of ε̂(1)A,ℓ(t) and ε̂

(2)
A,ℓ(t)

ε
(1)
A,ℓ(t) = sup

t′∈[0,t]

ε̂
(1)
A,ℓ(t); ε

(2)
A,ℓ(t) = sup

t′∈[0,t]

ε̂
(2)
A,ℓ(t)

Definition 2 (Recovery Time). Define the ξ-recovery time of γ(2)
i⋆ℓ ,j

⋆
ℓ
(t), denoted as Tℓ (ξ), as

Tℓ (ξ) = min
{
t ≥ 0 : γ

(2)
i⋆ℓ ,j

⋆
ℓ
(t) ≥ ξ

}
Based on Tℓ(ξ), we define the constant-recovery time and the near-perfect-recovery time as Tr,ℓ = Tℓ (0.9)

and Tp,ℓ = Tℓ

(
1− β9m

7

δ3Pd
3
2

)
, respectively.

Condition 2 (Inductive Hypothesis). Let ℓ ∈ [m⋆]. Then we have that

• (Sequential recovery) For all t ≥ Tp,ℓ−1 such that ε
(1)
A,ℓ(t) ≤ O

(
m2

δP
√
d

)
we have γ

(2)
i′⋆ℓ ,j′⋆ℓ

(t) ≥ 1 − β9m
7

δ3Pd
3
2
, and

γ
(1)
i′⋆ℓ ,j′⋆ℓ

(t) ≥ 1− β9m
7

δ3Pd
3
2

for all ℓ′ < ℓ.

• (Error bound of γ(1)
i,j , γ

(2)
i,j ) For t ≤ Tp,ℓ−1, we have

max
i∈[m]\Rℓ−1,j∈[m⋆]

max

{∣∣∣γ(1)
i,j (t)

∣∣∣ , ∣∣∣γ(2)
i,j (t)

∣∣∣ ≤ β6m
2

√
d

}
.

• (Error bound of remaining items) εF,ℓ(t) ≤ O
(

m2

δP
√
d

)
for all t such that ε(1)A,ℓ(t) ≤ O

(
m2

δP
√
d

)
.

Here β6, β9 > 0 are some absolute constant.

The proof proceeds by establishing the inductive hypothesis.

A.2 Initialization Property

Lemma 3. Let v̂1, . . . , v̂m and w1, . . . ,wm be I.I.D. random vectors from N
(
0, d−1Id

)
. Define vi =(

I− 1
∥wi∥2

2

wiw
⊤
i

)
v̂i. Then there exists some absolute constant β1, β3, β5 > 0, β2 ≤ o (1), and δP ∈ (0, 1/3)

such that if d ≥ β5m
4

δ2P
log m

δP
and δs =

β1δP
m2 , with probability at least 1− 3δP we have that

• ∥vi∥22 , ∥wi∥22 ∈ [1− β2δs, 1 + β2δs] for all i ∈ [m];

• max
{
vi[j]

2,wi[j]
2
}
≤ β3

d log m
δP

for all i ∈ [m], j ∈ [m⋆];

• max
{(

v⊤
i vj

)2
,
(
w⊤

i wj

)2
,
(
v⊤
i wj

)2} ≤ β3

d log m
δP

for all i, j ∈ [m] with i ̸= j.
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Proof. Our proof starts with showing the concentration for ∥v̂i∥22 , ∥wi∥22 and v̂⊤
i wi, and then moves to the proof

of the desired statement.

Concentration of ∥v̂i∥22 , ∥wi∥22. Let v ∼ N
(
0, d−1Id

)
. Then v[i] ∼ N

(
0, d−1

)
. Thus, dv[i]2 ∈ subE (2, 2).

Since v[i]’s are I.I.D., we have that

d ∥v∥22 = d

d∑
i=1

v[i]2 ∈ subE (2d, 2)

Therefore, by the tail bound of sub-exponential random variables, we have that

Pr

(∣∣∣∥v∥22 − 1
∣∣∣ ≥ t

d

)
= Pr

(∣∣∣d ∥v∥22 − dE
[[[
∥v∥22

]]]∣∣∣ ≥ t
)
≤ 2exp

(
−1

4
min

{
t2

d
, t

})
We are going to focus on the case where t ≤ d. In particular, we set t = 1

2β2δsd. Then we have that

Pr

(∣∣∣∥v∥22 − 1
∣∣∣ ≥ 1

2
β2δs

)
≤ 2exp

(
− 1

16
β2
2δ

2
sd

)
Take a union bound over all i ∈ [m] for v̂i and wi gives that, with probability at least 1 − 4mexp

(
− 1

16β
2
2δ

2
sd
)
,

it holds that

∥v̂i∥22 , ∥wi∥22 ∈
[
1− 1

2
β2δs, 1 +

1

2
β2δs

]
Setting d ≥ β5m

4

δ2P
log m

δP
≥ 16

β2
2δ

2
s
log 4m

δP
guarantees that the failing probability is within δP.

Concentration of v̂⊤
i wj , v̂

⊤
i v̂j, and w⊤

i wj. Due to the independence between v̂i’s and wj ’s, we have that

E
[[[
v̂⊤
i wj

]]]
= 0; dv̂i[ℓ]wj [ℓ] ∈ subE (1, 1) .

Thus, we have that v̂⊤
i wj ∈ subE (d, 1). Applying the tail bound of sub-exponential random variable gives that

Pr

(∣∣v̂⊤
i wj

∣∣ ≥ t

d

)
= Pr

(
d
∣∣v̂⊤

i wj

∣∣ ≥ t
)
≤ 2exp

(
−1

2
min

{
t2

d
, t

})
The same concentration also holds for v̂⊤

i v̂j and w⊤
i wj . Again we are going to focus on the case t ≤ d. Take a

union bound over all i, j ∈ [m] and v̂i,wi gives that

Pr

(
max

{∣∣v̂⊤
i wj

∣∣ , ∣∣v̂⊤
i v̂j

∣∣ , ∣∣w⊤
i wj

∣∣} ≥ t

d
;∀i, j ∈ [m]

)
≤ 8m2exp

(
− t2

2d

)
Setting the failing probability to δP gives that with probability at least 1− δP, we have that

v̂⊤
i wj , v̂

⊤
i v̂j ,w

⊤
i wj ∈

[
− 1√

d

(
log

8m2

δP

) 1
2

,− 1√
d

(
log

8m2

δP

) 1
2

]

Proof of the first statement. Notice that the bound for ∥wi∥22 is already implied by its concentration property.
To prove the bound for ∥vi∥22, we write

∥vi∥22 =

∥∥∥∥∥
(
I− 1

∥wi∥22
wiw

⊤
i

)
v̂i

∥∥∥∥∥
2

2

= ∥v̂i∥22 −
1

∥w∥2i

(
w⊤

i v̂i

)2
By the concentration property of ∥w∥2i and w⊤

i v̂j , we have that

1

∥w∥2i

(
w⊤

i v̂i

)2 ≤ 1

d
(
1− 1

2βsδs
) log 8m2

δP
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For d ≥ β5m
2

δP
log m

δP
≥ 2

β2δs(1− 1
2β2δs)

log 8m2

δP
, we have that 1

∥w∥2
i

(
w⊤

i v̂i

)2 ≤ 1
2β2δs. Combined with the concen-

tration property of v̂i, we have that ∥vi∥22 ∈ [1− β2δs, 1 + β2δs].

Proof of second statement. By the tail bound of Gaussian random variable, we have that for all z ∼ N (0, 1),
it holds that

Pr
(
z2 ≥ t

)
= 2Pr

(
z ≥

√
t
)
≤ exp

(
− t

2

)
Apply the above to z =

√
d ·wi[j] and

√
d · v̂i[j] with a union bound over all i ∈ [m] and j ∈ [m⋆] gives

Pr

(
max

i∈[m],j∈[m⋆]
v̂i[j]

2 ≥ t

d
; max
i∈[m],j∈[m⋆]

wi[j]
2 ≥ t

d

)
≤ 2mm⋆exp

(
− t

2

)
Set t = β3

4 log m
δP

≥ 2 log 2mm⋆

δP
gives the desired result for wi[j]

2s. To bound vi[j]
2, we notice that

|vi[j]| ≤ |v̂i[j]|+
1

∥wi∥22

∣∣w⊤
i v̂i ·wi[j]

∣∣
By the previous bounds, we have that

|v̂i[j]| ≤
√
β3

2
√
d

(
log

m

δP

)
;

1

∥wi∥22

∣∣w⊤
i v̂i ·wi[j]

∣∣ ≤ 1√
d
(
1− 1

2β2δs
) (log 8m2

δP

) 1
2

·
√
β3

2
√
d

(
log

m

δP

)

With d ≥ β5m
4

δP
log m

δP
we can guarantee that the latter is also upper bounded by

√
β3

2
√
d

(
log m

δP

)
. Combining the

two bounds and square both sides gives the desired result for vi[j]
2.

Proof of the third statement. The bound of w⊤
i wj is again implied by the concentration we showed above.

To show the bound of v⊤
i vj , we write

v⊤
i vj = v̂⊤

i

(
I− 1

∥wi∥22
wiw

⊤
i

)(
I− 1

∥wj∥22
wjw

⊤
j

)
v̂j

= v̂⊤
i v̂j −

1

∥wi∥22
w⊤

i v̂i ·wi⊤v̂j −
1

∥wj∥22
w⊤

j v̂j ·w⊤
j v̂i +

1

∥wi∥22 ∥wj∥22
w⊤

i v̂i ·w⊤
j v̂j ·w⊤

i wj

By the concentration of the norms and inner-products, we have that

1

∥wi∥22

∣∣w⊤
i v̂i ·wi⊤v̂j

∣∣ , 1

∥wj∥22

∣∣w⊤
j v̂j ·w⊤

j v̂i

∣∣ ≤ 1

d
(
1− 1

2βsδs
) log 8m2

δP

1

∥wi∥22 ∥wj∥22

∣∣w⊤
i v̂i ·w⊤

j v̂j ·w⊤
i wj

∣∣ ≤ 1

d
3
2

(
1− 1

2βsδs
)2 (log 8m2

δP

) 3
2

With the condition d ≥ β5m
2

δP
log m

δP
we have that

1

d
(
1− 1

2βsδs
)2 log

8m2

δP
≤ 1

6
√
d

(
log

8m2

δP

) 1
2

≤
√
β3

6
√
d

(
log

m

δP

) 1
2

≤ 1

Therefore, we can conclude that

1

∥wi∥22

∣∣w⊤
i v̂i ·wi⊤v̂j

∣∣ , 1

∥wj∥22

∣∣w⊤
j v̂j ·w⊤

j v̂i

∣∣ , 1

∥wi∥22 ∥wj∥22

∣∣w⊤
i v̂i ·w⊤

j v̂j ·w⊤
i wj

∣∣ ≤ √
β3

6
√
d

(
log

m

δP

) 1
2

Combined with the bound on v̂⊤
i v̂j gives that

v⊤
i vj ∈

[
−
√
β3√
d

(
log

m

δP

) 1
2

,

√
β3√
d

(
log

m

δP

) 1
2

]
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Squaring both sides gives the desired result. Lastly, to bound v⊤
i wj , we write

v⊤
i wj = w⊤

j

(
I− 1

∥wi∥22
wiw

⊤
i

)
v̂i = v̂⊤

i wj −
1

∥wi∥22
w⊤

i v̂i ·w⊤
i wj

Similar to the above, we have that

1

∥wi∥22
w⊤

i v̂i ·w⊤
i wj ≤

1

d
(
1− 1

2βsδs
) log 8m2

δP
≤

√
β3

6
√
d

(
log

m

δP

) 1
2

Therefore, we can conclude that

v⊤
i wj ∈

[
−
√
β3√
d

(
log

m

δP

) 1
2

,

√
β3√
d

(
log

m

δP

) 1
2

]

Squaring both sides gives the desired result.

Lemma 4. [Restatement of Lemma 2] Let w1, . . . ,wm ∼ N
(
0, d−1Id

)
be I.I.D. Gaussian random vectors.

Define
i⋆ℓ , j

⋆
ℓ = argmax

i∈[m]\Rℓ−1,j∈[m⋆]\Cℓ−1

wi[j];Rℓ = {i⋆k}ℓk=1; Cℓ = {j⋆k}ℓk=1

Let any δP ∈ (0, 1/2) be given. Then there exists some absolute constant β2, β4 > 0 such that if m ≥ β4m
⋆ log m⋆

δP
,

then for δs =
β2δP
m2 , with probability at least 1− 4δP, it holds that

• (Row-wise Gap) wi⋆ℓ
[j⋆ℓ ] ≥ (1 + 2δs)wi⋆ℓ

[j] for all ℓ ∈ [m⋆] and j ∈ [m⋆] \ Cℓ

• (Column-wise Gap) wi⋆ℓ
[j⋆ℓ ] ≥ (1 + 2δs)wi[j

⋆
ℓ ] for all ℓ ∈ [m⋆] and i ∈ [m] \ Rℓ

• (Threshold Gap) wi⋆ℓ
[j⋆ℓ ] ≥ (1 + 2δs)wi⋆ℓ+1

[j⋆ℓ+1]
2 for all ℓ ∈ [m⋆ − 1]

• (Magnitude Lower Bound) vi⋆ℓ
[j⋆ℓ ]

2 ≥ logm⋆

d for all ℓ ∈ [m]

Proof. We start by proving an auxiliary result that, with high probability, there are at least m
3 out of the m

wi[j]’s that are positive for each j ∈ [m]⋆. Define

si,j = I {wi[j] > 0} ;Sj =

m∑
i=1

si,j

Due to the symmetry of Gaussian, we have that si,j ∼ Bern (0.5) independently. Therefore, E[[[Sj ]]] =
m
2 . By

Hoeffding’s inequality, we have that

Pr
(
Sj −

m

2
≤ −t

)
≤ exp

(
−2t2

m

)
Setting t = m

6 and take a union bound over all j ∈ [m⋆] gives that

Pr
(
Sj ≥

m

3
;∀j ∈ [m⋆]

)
≤ m⋆exp

(
−m

18

)
Since m ≥ β4m

⋆ log m⋆

δP
≥ 18 log m⋆

δP
, with probability at least 1− δP, we have that at least m

3 out of {wi[j]}mi=1

are positive for all j ∈ [m].

Proof of the first statement. Let any i1, i2 ∈ [m] and j1, j2 ∈ [m⋆] such that (i1, j1) and (i2, j2) differ in at
least one coordinate. Then we have that wi1 [j1] and wi2 [j2] are I.I.D. Gaussian random variables in N

(
0, d−1

)
.

Therefore, wi1 [j1]

wi2
[j2]

is a standard Cauchy random variable. Given the condition that wi1 [j1],wi2 [j2] ≥ 0, we
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have that wi1 [j1],wi2 [j2] are half-Gaussian, and thus wi1 [j1]

wi2
[j2]

is half-Cauchy. Using the CDF of Cauchy random
variables, we have that for any δ ∈ (0, 1/2)

Pr (wi1 [j1] ∈ (wi2 [j2], (1 + δ)wi2 [j2]) | wi1 [j1],wi2 [j2] ≥ 0)

= Pr

(∣∣∣∣wi1 [j1]

wi2 [j2]

∣∣∣∣ ∈ (1, 1 + δ)

)
= 2Pr

(
wi1 [j1]

wi2 [j2]
∈ (1, 1 + δ)

)
=

2

π
(arctan (1 + δ)− arctan 1)

=
2

π
arctan

δ

2 + δ

≤ δ

π

where the last inequality follows from arctanx ≤ x with x ≥ 0 and δ > 0. To prove the first property, we let
j1 = j⋆ℓ , j2 = j and i1 = i2 = i⋆ℓ . Fix any ℓ ∈ [m⋆], we have that

Pr
(
wi⋆ℓ

[j⋆ℓ ] ∈
(
wi⋆ℓ

[j], (1 + δ)wi⋆ℓ
[j]
)
;∀j ∈ [m⋆] \ Cℓ s.t. wi⋆ℓ

[j] ≥ 0
)
≤ m⋆δ

Recall that wi⋆ℓ
[j⋆ℓ ] ≥ wi⋆ℓ

[j] for all j ∈ [m⋆] \ Cℓ. If wi⋆ℓ
[j] < 0, since by definition wi⋆ℓ

[j⋆ℓ ] ≥ 0, it must hold that
wi⋆ℓ

[j⋆ℓ ] ≥ (1 + 2δs)wi⋆ℓ
[j]. Take a union bound over ℓ ∈ [m⋆], and set δ = 2δs with δs ≤ δP

2mm⋆ gives the first
property.

Proof of the second statement. To prove the second property, we set i1 = i⋆ℓ , i2 = i and j1 = j2 = j⋆ℓ . Fix
any ℓ ∈ [m⋆], we have that

Pr
(
wi⋆ℓ

[j⋆ℓ ] ∈ (wi[j
⋆
ℓ ], (1 + δ)wi[j

⋆
ℓ ]) ;∀i ∈ [m] \ Rℓ s.t. wi[j

⋆
ℓ ] ≥ 0

)
≤ mδ

Recall that wi⋆ℓ
[j⋆ℓ ] ≥ wi[j

⋆
ℓ ] for all i ∈ [m] \ Rℓ. If wi[j

⋆
ℓ ] < 0, since by definition wi⋆ℓ

[j⋆ℓ ] ≥ 0, it must hold that
wi⋆ℓ

[j⋆ℓ ] ≥ (1 + 2δs)wi[j
⋆
ℓ ]. Take a union bound over ℓ ∈ [m⋆], and set δ = 2δs with δs ≤ δP

2m⋆2 gives the second
property.

Proof of the third statement. To prove the third property, we set i1 = i⋆ℓ , i2 = i⋆ℓ+1 and j1 = j⋆ℓ , j1 = j⋆ℓ+1.
Fix any ℓ ∈ [m⋆ − 1], we have that

Pr
(
wi⋆ℓ

[j⋆ℓ ] ∈
(
wi⋆ℓ+1

[j⋆ℓ+1], (1 + δ)wi⋆ℓ+1
[j⋆ℓ+1]

))
≤ δ

Recall that wi⋆ℓ
[j⋆ℓ ] ≥ wi⋆ℓ+1

[j⋆ℓ+1] ≥ 0 for all ℓ ∈ [m⋆ − 1]. Take a union bound over ℓ ∈ [m⋆ − 1], and set δ = 2δs

with δs ≤ δP
2m⋆ gives the third property.

Proof of the fourth statement. To show the last result, we notice that by definition of i⋆ℓ , it must holds that

wi⋆ℓ
[j⋆ℓ ] ≥ wi[j

⋆
ℓ ]; ∀i ∈ [m] \ Rℓ

This gives that for any γ > 0

Pr

(
wi⋆ℓ

[j⋆ℓ ] <
γ√
d

)
≤

∏
i∈[m]\Rℓ

Pr

(
wi[j

⋆
ℓ ] <

γ√
d

)

=
∏

i∈[m]\Rℓ

Pr

(
wi[j

⋆
ℓ ] <

γ√
d

)
= Pr

z∼N (0,1)
(z < γ)

m−m⋆

≤
(
1− Pr

z∼N (0,1)
(z ≥ γ)

)m−m⋆
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By the tail bound of Gaussian random variable, we have that

Pr
z∼N (0,1)

(z ≥ γ) ≥ 1√
2π · γ

exp
(
−γ2

2

)
Therefore

Pr

(
wi⋆ℓ

[j⋆ℓ ] <
γ√
d

)
≤
(
1− 1√

2π · γ
exp

(
−γ2

2

))m−m⋆

Take a union bound over all ℓ ∈ [m⋆] gives that

Pr

(
wi⋆ℓ

[j⋆ℓ ]
2 ≥ γ2

d

)
≥ 1−m⋆

(
1− 1√

2π · γ
exp

(
−γ2

2

))m−m⋆

For the failing probability to be upper bounded by δP, we simply need

m ≥ m⋆ +
log m⋆

δP

log
(
1− 1√

2π·γ exp
(
−γ2

2

))−1

Using log 1
x ≥ 1− x for all x > 0, it suffice to guarantee that

m ≥ m⋆ +
√
2π · γexp

(
γ2

2

)
log

m⋆

δP

Setting γ = (logm⋆)
1
2 gives the desired result.

A.3 Hermite Expansion of the Gradient and the Gradient Flow Dynamics

Notice that the population MSE has the following form

L (θ) =
1

2
Ex

[[[
f (θ,x)

2 − 2f (θ,x) f (θ⋆,x) + f (θ⋆,x)
2
]]]

where the last term is independent of θ⋆, and is thus omitted from our analysis. Consider the Hermite expansion
of π (·) and σ (·), respectively

π (x) =

∞∑
k=0

ckHek (x) ; σ (x) = He3 (x)

where ck = Ex∼N (0,1)

[[[
π(k) (x)

]]]
. Then we have that

f (θ,x)
2
=

m∑
i,j=1

∞∑
k,ℓ=0

ckcℓ
k!ℓ!

Hek
(
x⊤v̄i

)
Heℓ

(
x⊤v̄j

)
He3

(
x⊤w̄i

)
He3

(
x⊤w̄j

)
f (θ,x) f (θ⋆x) =

m∑
i=1

m⋆∑
j=1

∞∑
k,ℓ=0

ckcℓ
k!ℓ!

Hek
(
x⊤v̄i

)
Heℓ

(
x⊤v̄⋆

j

)
He3

(
x⊤w̄i

)
He3

(
x⊤w̄⋆

j

)
This gives that

∂

∂vi
f (θ,x)

2
= 2

m∑
j=1

∞∑
k,ℓ=0

ck+1cℓ
k!ℓ!

·Hek
(
x⊤v̄i

)
Heℓ

(
x⊤v̄j

)
He3

(
x⊤w̄i

)
He3

(
x⊤w̄j

) (
I− v̄iv̄

⊤
i

) x

∥vi∥2
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Taking the expectation gives

Ex

[[[
∂

∂vi
f (θ,x)

2

]]]
=

2
(
I− v̄iv̄

⊤
i

)
∥vi∥2

m∑
j=1

∞∑
k,ℓ=0

ck+1cℓ
k!ℓ!

Ex

[[[
Hek

(
x⊤v̄i

)
Heℓ

(
x⊤v̄j

)
He3

(
x⊤w̄i

)
He3

(
x⊤w̄j

)
x
]]]

=
2
(
I− v̄iv̄

⊤
i

)
∥vi∥2

m∑
j=1

∞∑
k,ℓ=0

ck+1cℓ+1

k!ℓ!
Ex

[[[
Hek

(
x⊤v̄i

)
Heℓ

(
x⊤v̄j

)
He3

(
x⊤w̄i

)
He3

(
x⊤w̄j

)]]]
v̄j

+
6
(
I− v̄iv̄

⊤
i

)
∥vi∥2

m∑
j=1

∞∑
k,ℓ=0

ck+1cℓ
k!ℓ!

Ex

[[[
Hek

(
x⊤v̄i

)
Heℓ

(
x⊤v̄j

)
He2

(
x⊤w̄i

)
He3

(
x⊤w̄j

)]]]
w̄i

+
6
(
I− v̄iv̄

⊤
i

)
∥vi∥2

m∑
j=1

∞∑
k,ℓ=0

ck+1cℓ
k!ℓ!

Ex

[[[
Hek

(
x⊤v̄i

)
Heℓ

(
x⊤v̄j

)
He3

(
x⊤w̄i

)
He2

(
x⊤w̄j

)]]]
w̄j

Similar, we can obtain that

2Ex

[[[
∂

∂vi
f (θ,x) f (θ⋆,x)

]]]
=

2
(
I− v̄iv̄

⊤
i

)
∥vi∥2

m⋆∑
j=1

∞∑
k,ℓ=0

ck+1cℓ+1

k!ℓ!
Ex

[[[
Hek

(
x⊤v̄i

)
Heℓ

(
x⊤v̄⋆

j

)
He3

(
x⊤w̄i

)
He3

(
x⊤w̄⋆

j

)]]]
v̄⋆
j

+
6
(
I− v̄iv̄

⊤
i

)
∥vi∥2

m⋆∑
j=1

∞∑
k,ℓ=0

ck+1cℓ
k!ℓ!

Ex

[[[
Hek

(
x⊤v̄i

)
Heℓ

(
x⊤v̄⋆

j

)
He2

(
x⊤w̄i

)
He3

(
x⊤w̄⋆

j

)]]]
w̄i

+
6
(
I− v̄iv̄

⊤
i

)
∥vi∥2

m⋆∑
j=1

∞∑
k,ℓ=0

ck+1cℓ
k!ℓ!

Ex

[[[
Hek

(
x⊤v̄i

)
Heℓ

(
x⊤v̄⋆

j

)
He3

(
x⊤w̄i

)
He2

(
x⊤w̄⋆

j

)]]]
w̄⋆

j

For the gradient of wi, we can compute that

∂

∂wi
f (θ,x)

2
= 6

m∑
j=1

∞∑
k,ℓ=0

ckcℓ
k!ℓ!

Hek
(
x⊤v̄i

)
Heℓ

(
x⊤v̄j

)
He2

(
x⊤w̄i

)
He3

(
x⊤w̄j

) (
I− w̄iw̄

⊤
i

) x

∥w̄i∥2

Taking the expectation gives

Ex

[[[
∂

∂wi
f (θ,x)

2

]]]
=

6
(
I− w̄iw̄

⊤
i

)
∥wi∥2

m∑
j=1

∞∑
k,ℓ=0

ck+1cℓ
k!ℓ!

Ex

[[[
Hek

(
x⊤v̄i

)
Heℓ

(
x⊤v̄j

)
He2

(
x⊤w̄i

)
He3

(
x⊤w̄j

)]]]
v̄i

+
6
(
I− w̄iw̄

⊤
i

)
∥wi∥2

m∑
j=1

∞∑
k,ℓ=0

ckcℓ+1

k!ℓ!
Ex

[[[
Hek

(
x⊤v̄i

)
Heℓ

(
x⊤v̄j

)
He2

(
x⊤w̄i

)
He3

(
x⊤w̄j

)]]]
v̄j

+
18
(
I− w̄iw̄

⊤
i

)
∥wi∥2

m∑
j=1

∞∑
k,ℓ=0

ckcℓ
k!ℓ!

Ex

[[[
Hek

(
x⊤v̄i

)
Heℓ

(
x⊤v̄j

)
He2

(
x⊤w̄i

)
He2

(
x⊤w̄j

)]]]
w̄j
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Similarly, we have

2Ex

[[[
∂

∂wi
f (θ,x) f (θ⋆,x)

]]]
=

6
(
I− w̄iw̄

⊤
i

)
∥wi∥2

m⋆∑
j=1

∞∑
k,ℓ=0

ck+1cℓ
k!ℓ!

Ex

[[[
Hek

(
x⊤v̄i

)
Heℓ

(
x⊤v̄⋆

j

)
He2

(
x⊤w̄i

)
He3

(
x⊤w̄⋆

j

)]]]
v̄i

+
6
(
I− w̄iw̄

⊤
i

)
∥wi∥2

m⋆∑
j=1

∞∑
k,ℓ=0

ckcℓ+1

k!ℓ!
Ex

[[[
Hek

(
x⊤v̄i

)
Heℓ

(
x⊤v̄⋆

j

)
He2

(
x⊤w̄i

)
He3

(
x⊤w̄⋆

j

)]]]
v̄⋆
j

+
18
(
I− w̄iw̄

⊤
i

)
∥wi∥2

m⋆∑
j=1

∞∑
k,ℓ=0

ckcℓ
k!ℓ!

Ex

[[[
Hek

(
x⊤v̄i

)
Heℓ

(
x⊤v̄⋆

j

)
He2

(
x⊤w̄i

)
He2

(
x⊤w̄⋆

j

)]]]
w̄⋆

j

This gives that

Ex

[[[
∂

∂vi
f (θ,x) f (θ⋆,x)

]]]
⊤vi = Ex

[[[
∂

∂vi
f (θ,x)

2

]]]
⊤vi = 0

Ex

[[[
∂

∂wi
f (θ,x) f (θ⋆,x)

]]]
⊤wi = Ex

[[[
∂

∂wi
f (θ,x)

2

]]]
⊤wi = 0

According to the gradient flow dynamics, we can conclude that

d

dt
∥vi(t)∥22 =

d

dt
∥wi(t)∥22 = 0

which implies that the norm of each vi and wi are fixed at initialization. For the convenience of the analysis,
we shall denote

Ci,j
k,ℓ,a,b = Ex

[[[
Hek

(
x⊤v̄i

)
Heℓ

(
x⊤v̄j

)
Hea

(
x⊤w̄i

)
Heb

(
x⊤w̄j

)]]]
Ĉi,j
k,ℓ,a,b = Ex

[[[
Hek

(
x⊤v̄i

)
Heℓ

(
x⊤v̄⋆

j

)
Hea

(
x⊤w̄i

)
Heb

(
x⊤w̄⋆

j

)]]]
and that ∥v̄i(t)∥2 = ai, ∥w̄i(t)∥2 = bi Then we have that

∇vi
L (θ) =

I− v̄iv̄
⊤
i

∥vi∥2

 m∑
r=1

∞∑
k,ℓ=0

ck+1cℓ+1

k!ℓ!
Ci,r
k,ℓ,3,3v̄r −

m⋆∑
r=1

∞∑
k,ℓ=0

ck+1cℓ+1

k!ℓ!
Ĉi,r
k,ℓ,3,3v̄

⋆
r


+

3
(
I− v̄iv̄

⊤
i

)
∥vi∥2

 m∑
r=1

∞∑
k,ℓ=0

ck+1cℓ
k!ℓ!

Ci,r
k,ℓ,2,3 −

m⋆∑
r=1

∞∑
k,ℓ=0

ck+1cℓ
k!ℓ!

Ĉi,r
k,ℓ,2,3

 w̄i

+
3
(
I− v̄iv̄

⊤
i

)
∥vi∥2

 m∑
r=1

∞∑
k,ℓ=0

ck+1cℓ
k!ℓ!

Ci,r
k,ℓ,3,2w̄r −

m⋆∑
r=1

∞∑
k,ℓ=0

ck+1cℓ
k!ℓ!

Ĉi,r
k,ℓ,3,2w̄

⋆
r


∇wiL (θ) =

3
(
I− w̄iw̄

⊤
i

)
∥wi∥2

 m∑
r=1

∞∑
k,ℓ=0

ck+1cℓ
k!ℓ!

Ci,r
k,ℓ,2,3 −

m⋆∑
r=1

∞∑
k,ℓ=0

ck+1cℓ
k!ℓ!

Ĉi,r
k,ℓ,2,3

 v̄i

+
3
(
I− w̄iw̄

⊤
i

)
∥vi∥2

 m∑
r=1

∞∑
k,ℓ=0

ckcℓ+1

k!ℓ!
Ci,r
k,ℓ,2,3v̄r −

m⋆∑
r=1

∞∑
k,ℓ=0

ckcℓ+1

k!ℓ!
Ĉi,r
k,ℓ,2,3v̄

⋆
r


+

9
(
I− w̄iw̄

⊤
i

)
∥wi∥2

 m∑
r=1

∞∑
k,ℓ=0

ckcℓ
k!ℓ!

Ci,r
k,ℓ,2,2w̄r −

m⋆∑
r=1

∞∑
k,ℓ=0

ckcℓ
k!ℓ!

Ĉi,r
k,ℓ,2,2w̄

⋆
r



(10)
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In particular, we notice that there there are several quantities that appears in the form of the gradient. We make
the following definition for the convenience of the analysis

λi,j,1 =

∞∑
k,ℓ=0

ck+1cℓ+1

k!ℓ!
Ci,j
k,ℓ,3,3; λ̂i,j,1 =

∞∑
k,ℓ=0

ck+1cℓ+1

k!ℓ!
Ĉi,j
k,ℓ,3,3;

λi,j,2 =

∞∑
k,ℓ=0

ck+1cℓ
k!ℓ!

Ci,j
k,ℓ,2,3; λ̂i,j,2 =

∞∑
k,ℓ=0

ck+1cℓ
k!ℓ!

Ĉi,j
k,ℓ,2,3

λi,j,3 =

∞∑
k,ℓ=0

ckcℓ+1

k!ℓ!
Ci,j
k,ℓ,2,3; λ̂i,j,3 =

∞∑
k,ℓ=0

ckcℓ+1

k!ℓ!
Ĉi,j
k,ℓ,2,3

λi,j,4 =

∞∑
k,ℓ=0

ck+1cℓ
k!ℓ!

Ci,j
k,ℓ,3,2; λ̂i,j,4 =

∞∑
k,ℓ=0

ck+1cℓ
k!ℓ!

Ĉi,j
k,ℓ,3,2

λi,j,5 =

∞∑
k,ℓ=0

ckcℓ
k!ℓ!

Ci,j
k,ℓ,2,2; λ̂i,j,5 =

∞∑
k,ℓ=0

ckcℓ
k!ℓ!

Ĉi,j
k,ℓ,2,2

Recall that our goal is to study the dynamics of the following alignment scores

γ
(1)
i,j (t) = v̄i(t)

⊤v̄⋆
j ; γ

(2)
i,j (t) = w̄i(t)

⊤w̄⋆
j ; ζ

(1)
i,j (t) = v̄i(t)

⊤w̄⋆
j ; ζ

(2)
i,j (t) = w̄i(t)

⊤v̄⋆
j

I
(1)
i,j (t) = v̄i(t)

⊤v̄j(t); I
(2)
i,j (t) = w̄i(t)

⊤w̄j(t); I
(3)
i,j (t) = v̄i(t)

⊤w̄j(t)
(11)

This allows us to rewrite the gradient as

∇vi
L (θ) =

1

ai

(
I− v̄iv̄

⊤
i

)( m∑
r=1

(λi,r,1v̄r + 3λi,r,2w̄i + 3λi,r,4w̄r)−
m⋆∑
r=1

(
λ̂i,r,1v̄

⋆
r + 3λ̂i,r,2w̄i + 3λ̂i,r,4w̄

⋆
r

))

=
1

ai

m∑
r=1

(λi,r,1v̄r + 3λi,r,2w̄i + 3λi,r,4w̄r)−
1

ai

m⋆∑
r=1

(
λ̂i,r,1v̄

⋆
r + 3λ̂i,r,2w̄i + 3λ̂i,r,4w̄

⋆
r

)
− 1

ai

m∑
r=1

(
λi,r,1I

(1)
i,r + 3λi,r,2I

(3)
i,i + 3λi,r,4I

(3)
i,r

)
v̄i

+
1

ai

m⋆∑
r=1

(
λ̂i,r,1γ

(1)
i,r + 3λ̂i,r,2I

(3)
i,i + 3λ̂i,r,4ζ

(1)
i,r

)
v̄i

∇wi
L (θ) =

3

bi

(
I− w̄iw̄

⊤
i

)( m∑
r=1

(λi,r,2v̄i + λi,r,3v̄r + 3λi,r,5w̄r)−
m⋆∑
r=1

(
λ̂i,r,2v̄i + λ̂i,r,3v̄

⋆
r + 3λ̂i,r,5w̄

⋆
r

))

=
3

bi

m∑
r=1

(λi,r,2v̄i + λi,r,3v̄r + 3λi,r,5w̄r)−
3

bi

m⋆∑
r=1

(
λ̂i,r,2v̄i + λ̂i,r,3v̄

⋆
r + 3λ̂i,r,5w̄

⋆
r

)
− 3

bi

m∑
r=1

(
λi,r,2I

(3)
i,i + λi,r,3I

(3)
r,i + 3λi,r,5I

(2)
r,i

)
w̄i

+
3

bi

m⋆∑
r=1

(
λ̂i,r,2I

(3)
i,i + λ̂i,r,3ζ

(2)
i,r + 3λ̂i,r,5γ

(2)
i,r

)
w̄i

Recall that our goal is to study the dynamics in (9). By the gradient flow dynamic, we have that

d

dt
γ
(1)
i,j (t) = − 1

ai
· ∇viL (θ(t))

⊤
v̄⋆
j ;

d

dt
γ
(2)
i,j (t) = − 1

bi
· ∇wiL (θ(t))

⊤
w̄⋆

j

d

dt
ζ
(1)
i,j (t) = − 1

ai
· ∇vi

L (θ(t))
⊤
w̄⋆

j ;
d

dt
ζ
(2)
i,j (t) = − 1

bi
· ∇wi

L (θ(t))
⊤
v̄⋆
j
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Moreover, we also have that

d

dt
I
(1)
i,j (t) = − 1

ai
∇vi

L (θ(t))
⊤
v̄j −

1

aj
∇vj

L (θ(t))
⊤
v̄i

d

dt
I
(2)
i,j (t) = − 1

bi
∇wiL (θ(t))

⊤
w̄j −

1

bj
∇wjL (θ(t))

⊤
w̄i

d

dt
I
(3)
i,j (t) = − 1

ai
∇vi

L (θ(t))
⊤
w̄j −

1

bj
∇wj

L (θ(t))
⊤
v̄i

Therefore, we should consider inner product between the gradient and the vectors v̄i, w̄i, v̄
⋆
j , w̄

⋆
j above, which

will give us exactly eight terms to analyze. The inner product between ∇vi
L (θ(t)) and v̄⋆

j , w̄
⋆
j can be written as

− 1

ai
∇vi

L (θ(t))
⊤
v̄⋆
j =

1

a2i

(
λ̂i,j,1(t)−

m∑
r=1

λi,r,1(t)γ
(1)
r,j (t)

)

− 3

a2i

(
m∑
r=1

(
λi,r,2(t)ζ

(2)
i,j (t) + λi,r,4ζ

(2)
r,j (t)

)
−

m⋆∑
r=1

λ̂i,r,2(t)ζ
(2)
i,j (t)

)

+
1

a2i

m∑
r=1

(
λi,r,1(t)I

(1)
i,r (t) + 3λi,r,2(t)I

(3)
i,i (t) + 3λi,r,4(t)I

(3)
i,r (t)

)
γ
(1)
i,j (t)

− 1

a2i

m⋆∑
r=1

(
λ̂i,r,1(t)γ

(1)
i,r (t) + 3λ̂i,r,2(t)I

(3)
i,i (t) + 3λ̂i,r,4(t)ζ

(1)
i,r (t)

)
γ
(1)
i,j (t)

− 1

ai
∇viL (θ(t))

⊤
w̄⋆

j =
3

a2i

(
λ̂i,j,4(t)−

m∑
r=1

λi,r,4(t)γ
(2)
r,j (t)

)

− 1

a2i

(
m∑
r=1

(
λi,r,1(t)ζ

(1)
r,j (t) + 3λi,r,2(t)γ

(2)
i,j (t)

)
− 3

m⋆∑
r=1

λ̂i,r,2(t)γ
(2)
i,j (t)

)

+
1

a2i

m∑
r=1

(
λi,r,1(t)I

(1)
i,r (t) + 3λi,r,2(t)I

(3)
i,i (t) + 3λi,r,4(t)I

(3)
i,r (t)

)
ζ
(1)
i,j (t)

− 1

a2i

m⋆∑
r=1

(
λ̂i,r,1(t)γ

(1)
i,r (t) + 3λ̂i,r,2(t)I

(3)
i,i (t) + 3λ̂i,r,4ζ

(1)
i,r (t)

)
ζ
(1)
i,j (t)
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The inner product between ∇wi
L (θ(t)) and v̄⋆

j , w̄
⋆
j can be written as

− 1

bi
∇wi

L (θ(t))
⊤
w̄⋆

j =
9

b2i

(
λ̂i,j,5(t)−

m∑
r=1

λi,r,5(t)γ
(2)
r,j (t)

)

− 3

b2i

(
m∑
r=1

(
λi,r,2(t)ζ

(1)
i,j (t) + λi,r,3(t)ζ

(1)
r,j (t)

)
−

m⋆∑
r=1

λ̂i,r,2(t)ζ
(1)
i,j (t)

)

+
3

b2i

m∑
r=1

(
λi,r,2(t)I

(3)
i,i (t) + λi,r,3(t)I

(3)
r,i (t) + 3λi,r,5(t)I

(2)
r,i (t)

)
γ
(2)
i,j (t)

− 3

b2i

m⋆∑
r=1

(
λ̂i,r,2(t)I

(3)
i,i (t) + λ̂i,r,3(t)ζ

(2)
i,r (t) + 3λ̂i,r,5(t)γ

(2)
i,r (t)

)
γ
(2)
i,j (t)

− 1

bi
· ∇wi

L (θ(t))
⊤
v̄⋆
j =

3

b2i

(
λ̂i,j,3(t)−

m∑
r=1

λi,r,3(t)γ
(1)
r,j (t)

)

− 3

b2i

(
m∑
r=1

(
λi,r,2(t)γ

(1)
i,j (t) + 3λi,r,5(t)ζ

(2)
r,j (t)

)
−

m⋆∑
r=1

λ̂i,r,2(t)γ
(1)
i,j (t)

)

+
3

b2i

m∑
r=1

(
λi,r,2(t)I

(3)
i,i (t) + λi,r,3(t)I

(3)
r,i (t) + 3λi,r,5(t)I

(2)
r,i (t)

)
ζ
(2)
i,j (t)

− 3

b2i

m⋆∑
r=1

(
λ̂i,r,2(t)I

(3)
i,i (t) + λ̂i,r,3(t)ζ

(2)
i,r (t) + 3λ̂i,r,5(t)γ

(2)
i,r (t)

)
ζ
(2)
i,j (t)

The inner product between ∇vi
L (θ(t)) and v̄j , w̄j can be written as

− 1

ai
∇vi

L (θ(t))
⊤
v̄j =

1

a2i

m⋆∑
r=1

(
λ̂i,r,1(t)γ

(1)
j,r (t) + 3λ̂i,r,2(t)I

(3)
j,i (t) + 3λ̂i,r,4(t)ζ

(1)
j,r (t)

)
− 1

a2i

m∑
r=1

(
λi,r,1(t)I

(1)
r,j (t) + 3λi,r,2(t)I

(3)
j,i (t) + 3λi,r,4(t)I

(3)
j,r (t)

)
+

1

a2i

m∑
r=1

(
λi,r,1(t)I

(1)
i,r (t) + 3λi,r,2(t)I

(3)
i,i (t) + 3λi,r,4(t)I

(3)
i,r (t)

)
I
(1)
i,j (t)

− 1

a2i

m⋆∑
r=1

(
λ̂i,r,1(t)γ

(1)
i,r (t) + 3λ̂i,r,2(t)I

(3)
i,i (t) + 3λ̂i,r,4(t)ζ

(1)
i,r (t)

)
I
(1)
i,j (t)

− 1

ai
∇vi

L (θ(t))
⊤
w̄j =

1

a2i

m⋆∑
r=1

(
λ̂i,r,1(t)ζ

(2)
j,r + 3λ̂i,r,2(t)I

(2)
i,j + 3λ̂i,r,4(t)γ

(2)
j,r (t)

)
− 1

a2i

m∑
r=1

(
λi,r,1(t)I

(3)
r,j (t) + 3λi,r,2(t)I

(2)
i,j (t) + 3λi,r,4(t)I

(2)
r,j (t)

)
+

1

a2i

m∑
r=1

(
λi,r,1(t)I

(1)
i,r (t) + 3λi,r,2(t)I

(3)
i,i (t) + 3λi,r,4(t)I

(3)
i,r (t)

)
I
(3)
i,j (t)

− 1

a2i

m⋆∑
r=1

(
λ̂i,r,1(t)γ

(1)
i,r (t) + 3λ̂i,r,2(t)I

(3)
i,i (t) + 3λ̂i,r,4(t)ζ

(1)
i,r (t)

)
I
(3)
i,j (t)
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Lastly, the inner product between ∇wi
L (θ(t)) and v̄j , w̄j can be written as

− 1

bi
∇wi

L (θ(t))
⊤
v̄j =

3

b2j

m⋆∑
r=1

(
λ̂i,r,2(t)I

(1)
i,j (t) + λ̂i,r,3(t)γ

(1)
j,r (t) + 3λ̂i,r,5(t)ζ

(1)
j,r (t)

)
− 3

b2j

m∑
r=1

(
λi,r,2(t)I

(1)
i,j (t) + λi,r,3(t)I

(1)
j,r (t) + 3λi,r,5(t)I

(3)
j,r (t)

)
+

3

b2j

m∑
r=1

(
λi,r,2(t)I

(3)
i,i (t) + λi,r,3(t)I

(3)
r,i (t) + 3λi,r,5(t)I

(2)
r,i (t)

)
I
(3)
i,j (t)

− 3

b2j

m⋆∑
r=1

(
λ̂i,r,2(t)I

(3)
i,i (t) + λ̂i,r,3(t)ζ

(2)
i,r (t) + 3λ̂i,r,5(t)γ

(2)
i,r (t)

)
I
(3)
i,j (t)

− 1

bi
∇wi

L (θ(t))
⊤
w̄j =

3

b2i

m⋆∑
r=1

(
λ̂i,r,2(t)I

(3)
i,j (t) + λ̂i,r,3(t)ζ

(2)
j,r (t) + 3λ̂i,r,5(t)γ

(2)
j,r (t)

)
− 3

b2i

m∑
r=1

(
λi,r,2(t)I

(3)
i,j (t) + λi,r,3(t)I

(3)
r,j (t) + 3λi,r,5(t)I

(2)
r,j (t)

)
+

3

b2i

m∑
r=1

(
λi,r,2(t)I

(3)
i,i (t) + λi,r,3(t)I

(3)
r,i (t) + 3λi,r,5(t)I

(2)
r,i (t)

)
I
(2)
i,j (t)

− 3

b2i

m⋆∑
r=1

(
λ̂i,r,2(t)I

(3)
i,i (t) + λ̂i,r,3(t)ζ

(2)
i,r (t) + 3λ̂i,r,5(t)γ

(2)
i,r (t)

)
I
(2)
i,j (t)

A.4 Approximating the Gradient Flow Dynamics

In order to understand the property of the GF induced dynamics given in the previous section, we need to first
compute λi,j,ℓs and λ̂i,j,ℓs. The following lemma provides such property.

Lemma 5. Fix i ∈ [m], j ∈ [m⋆] and t ≥ 0. If for any
∣∣∣ζ(1)i,j (t)

∣∣∣ , ∣∣∣ζ(1)i,j (t)
∣∣∣ , ∣∣∣I(3)i,i (t)

∣∣∣ ≤ δr for some δr > 0, then we
have that

λ̂i,j,1(t) = 6

∞∑
k=0

c2k+1

k!
γ
(1)
i,j (t)

kγ
(2)
i,j (t)

3 ±O
(
δ2r
)
γ
(2)
i,j (t)

2 ±O
(
δ4r
)

λ̂i,j,2(t) = 6

∞∑
k=1

ck+2ck
k!

γ
(1)
i,j (t)

kγ
(2)
i,j (t)

2ζ
(1)
i,j (t)±O

(
δ3r
)

λ̂i,j,3(t) = 6

∞∑
k=0

c2k+1

k!
γ
(1)
i,j (t)

kγ
(2)
i,j (t)

2ζ
(1)
i,j (t)±O

(
δ3r
)

λ̂i,j,4(t) = 6

∞∑
k=1

ck+2ck
k!

γ
(1)
i,j (t)

kγ
(2)
i,j (t)

2I
(3)
i,i (t) + 6

∞∑
k=0

c2k+1

k!
γ
(1)
i,j (t)

kγ
(2)
i,j (t)

2ζ
(2)
i,j (t)±O

(
δ3r
)

λ̂i,j,5(t) = 2

∞∑
k=0

c2k
k!
γ
(1)
i,j (t)

kγ
(2)
i,j (t)

2 ±O
(
δ2r
)
γ
(2)
i,j (t)±O

(
δ4r
)

Proof. We are going to Lemma 21 with v1 = v̄i(t),v2 = v̄⋆
j and w1 = w̄i(t),w2 = w̄⋆

j . In this case, we have
that v⊤

1 v2 = γ
(1)
i,j (t) and w⊤

1 w2 = γ
(2)
i,j (t). We start with λ̂i,j,1(t). By definition, we have that

λ̂i,j,1(t) =

∞∑
k,ℓ=0

ck+1cℓ+1

k!ℓ!
E
[[[
Hek

(
v̄i(t)

⊤x
)
Heℓ

(
v̄⋆⊤
j x

)
He3

(
w̄i(t)

⊤x
)
He3

(
w̄⋆⊤

j x
)]]]

Here, invoking Lemma 21 with hk = ck+1, h
′
ℓ = cℓ+1 gives

λ̂i,j,1(t) = 6

∞∑
k=0

c2k+1

k!
γ
(1)
i,j (t)

kγ
(2)
i,j (t)

3 ±O
(
δ2r
)
γ
(2)
i,j (t)

2 ±O
(
δ4r
)
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For λ̂i,j,5(t), by definition we have

λ̂i,j,5(t) =

∞∑
k,ℓ=0

ckcℓ
k!ℓ!

E
[[[
Hek

(
v̄i(t)

⊤x
)
Heℓ

(
v̄⋆⊤
j x

)
He2

(
w̄i(t)

⊤x
)
He2

(
w̄⋆⊤

j x
)]]]

Invoking Lemma 21 with hk = ck, h
′
ℓ = cℓ gives

λ̂i,j,5(t) = 2

∞∑
k=0

c2k
k!
γ
(1)
i,j (t)

kγ
(2)
i,j (t)

2 ±O
(
δ2r
)
γ
(2)
i,j (t)±O

(
δ4r
)

For λ̂i,j,2(t), by definition we have

λ̂i,j,2(t) =

∞∑
k,ℓ=0

ck+1cℓ
k!ℓ!

E
[[[
Hek

(
v̄i(t)

⊤x
)
Heℓ

(
v̄⋆⊤
j x

)
He2

(
w̄i(t)

⊤x
)
He3

(
w̄⋆⊤

j x
)]]]

Here, invoking Lemma 21 with hk = ck+1, h
′
ℓ = cℓ, and noticing that v̄⋆⊤

j w̄j = 0, gives

λ̂i,j,2(t) = 6

∞∑
k=0

ck+2ck
k!

γ
(1)
i,j (t)

kγ
(2)
i,j (t)

2ζ
(1)
i,j (t)±O

(
δ3r
)

Noticing that c2 = 0 gives that

λ̂i,j,2(t) = 6

∞∑
k=1

ck+2ck
k!

γ
(1)
i,j (t)

kγ
(2)
i,j (t)

2ζ
(1)
i,j (t)±O

(
δ3r
)

For λ̂i,j,3(t), by definition, we have that

λ̂i,j,3(t) =

∞∑
k,ℓ=0

ckcℓ+1

k!ℓ!
E
[[[
Hek

(
v̄i(t)

⊤x
)
Heℓ

(
v̄⋆⊤
j x

)
He2

(
w̄i(t)

⊤x
)
He3

(
w̄⋆⊤

j x
)]]]

Invoking Lemma 21 with hk = ck, h
′
ℓ = cℓ+1, and noticing that v̄⋆⊤

j w̄j = 0, gives

λ̂i,j,3(t) = 6

∞∑
k=0

c2k+1

k!
γ
(1)
i,j (t)

kγ
(2)
i,j (t)

2ζ
(1)
i,j (t)±O

(
δ3r
)

Lastly, for λ̂4, by definition we have

λ̂i,j,4(t) =

∞∑
k,ℓ=0

ck+1cℓ
k!ℓ!

E
[[[
Hek

(
v̄i(t)

⊤x
)
Heℓ

(
v̄⋆⊤
j x

)
He3

(
w̄i(t)

⊤x
)
He2

(
w̄⋆⊤

j x
)]]]

Therefore, we need to consider v1 = v̄i(t),v2 = v̄⋆
j and w1 = w̄⋆

j ,w2 = w̄i(t). Moreover, we need to set
hk = ck+1 and h′

ℓ = cℓ. In this case, v⊤
1 w2 = I

(3)
i,i (t) and v⊤

2 w2 = ζ
(2)
i,j (t). Therefore

λ̂i,j,4(t) = 6

∞∑
k=0

ck+2ck
k!

γ
(1)
i,j (t)

kγ
(2)
i,j (t)

2I
(3)
i,i (t) + 6

∞∑
k=0

c2k+1

k!
γ
(1)
i,j (t)

kγ
(2)
i,j (t)

2ζ
(2)
i,j (t)±O

(
δ3r
)

Noticing that c2 = 0 gives that

λ̂i,j,4(t) = 6

∞∑
k=1

ck+2ck
k!

γ
(1)
i,j (t)

kγ
(2)
i,j (t)

2I
(3)
i,i (t) + 6

∞∑
k=0

c2k+1

k!
γ
(1)
i,j (t)

kγ
(2)
i,j (t)

2ζ
(2)
i,j (t)±O

(
δ3r
)
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Lemma 6. Fix i, j ∈ [m] and t ≥ 0. If for any
∣∣∣I(1)i,j (t)

∣∣∣ , ∣∣∣I(2)i,j (t)
∣∣∣ , ∣∣∣I(3)i,j (t)

∣∣∣ ≤ δr when i ̸= j, and
∣∣∣I(3)i,i (t)

∣∣∣ ≤ δp ≤
O (δr), then we have that

λi,j,1(t) =

{
±O

(
δ3r
)

if i ̸= j

6
∑∞

k=0

c2k+1

k! ±O
(
δ2p
)

if i = j

λi,j,2(t) =

{
±O

(
δ3r
)

if i ̸= j

6CS,2I
(3)
i,i (t)±O

(
δ3p
)

if i = j

λi,j,3(t) =

{
±O

(
δ3r
)

if i ̸= j

6CS,2I
(3)
i,i (t)±O

(
δ3p
)

if i = j

λi,j,4(t) =

{
±O

(
δ3r
)

if i ̸= j

6CS,2I
(3)
i,i (t)±O

(
δ3p
)

if i = j

λi,j,5(t) =

{
±O

(
δ2r
)

if i ̸= j

2
∑∞

k=0
c2k
k! ±O

(
δ2p
)

if i = j

Here CS,2 =
∑∞

k=0

c2k+1+ckck+2

k! .

Proof. We are going to use Lemma 21 with v1 = v̄i(t),v2 = v̄j(t) and w1 = w̄i(t),w2 = w̄j(t). In this case, we
have that v⊤

1 v2 = I
(1)
i,j (t), w

⊤
1 w2 = I

(2
i,j(t), and v⊤

1 w2 = I
(3)
i,j (t),v

⊤
2 w1 = I

(3)
j,i (t). Now, for λi,j,1, by definition,

we have that

λi,j,1(t) =

∞∑
k,ℓ=0

ck+1cℓ+1

k!ℓ!
E
[[[
Hek

(
v̄i(t)

⊤x
)
Heℓ

(
v̄j(t)

⊤x
)
He3

(
w̄i(t)

⊤x
)
He3

(
w̄j(t)

⊤x
)]]]

Invoking Lemma 21 with hk = ck+1, h
′
ℓ = cℓ+1 gives

λi,j,1(t) = 6

∞∑
k=0

c2k+1

k!
I
(1)
i,j (t)

kI
(2)
i,j (t)

3 ±O (δr) I
(2)
i,j (t)

2 ±O
(
δ4r
)

Since
∣∣∣I(2)i,j

∣∣∣ ≤ δr, we have that

λi,j,1(t) = ±O
(
δ3r
)

In the special case where i = j, we have that I
(1)
i,j = I

(2)
i,j = 1, and v⊤

1 w1 = v⊤
1 w2 = v⊤

2 w1 = v⊤
2 w2 = I

(3)
i,i .

Therefore

λi,j,1(t) = 6

∞∑
k=0

c2k+1

k!
±O

(
δ2p
)

For λi,j,5, by definition, we have that

λi,j,5(t) =

∞∑
k,ℓ=0

ckcℓ
k!ℓ!

E
[[[
Hek

(
v̄i(t)

⊤x
)
Heℓ

(
v̄j(t)

⊤x
)
He2

(
w̄i(t)

⊤x
)
He2

(
w̄j(t)

⊤x
)]]]

Invoking Lemma 21 with hk = ck, h
′
ℓ = ck gives

λi,j,5(t) = 2

∞∑
k=0

c2k
k!
I
(1)
i,j (t)

kI
(2)
i,j (t)

2 ±O
(
δ2r
)
= ±O

(
δ2r
)

In the case where i = j, we have that

λi,j,5(t) = 2

∞∑
k=0

c2k
k!

±O
(
δ2p
)
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For λi,j,2, by definition, we have that

λi,j,2(t) =

∞∑
k,ℓ=0

ck+1cℓ
k!ℓ!

E
[[[
Hek

(
v̄i(t)

⊤x
)
Heℓ

(
v̄j(t)

⊤x
)
He2

(
w̄i(t)

⊤x
)
He3

(
w̄j(t)

⊤x
)]]]

Invoking Lemma 21 with hk = ck+1, h
′
ℓ = cℓ gives

λi,j,2(t) = 6

∞∑
k=0

ck+2ck
k!

I
(1)
i,j (t)

kI
(2)
i,j (t)

2I
(3)
i,j (t) + 6

∞∑
k=0

c2k+1

k!
I
(1)
i,j (t)

kI
(2)
i,j (t)

2I
(3)
j,j (t)±O

(
δ3r
)
= ±O

(
δ3r
)

In the case where i = j, we have that I
(1)
i,j (t) = I

(2)
i,j (t) = 1. Therefore

λi,j,2(t) = 6I
(3)
i,i (t)

∞∑
k=0

ckck+2 + c2k+1

k!
±O

(
δ3p
)

For λi,j,3, by definition, we have that

λi,j,3(t) =

∞∑
k,ℓ=0

ckcℓ+1

k!ℓ!
E
[[[
Hek

(
v̄i(t)

⊤x
)
Heℓ

(
v̄j(t)

⊤x
)
He2

(
w̄i(t)

⊤x
)
He3

(
w̄j(t)

⊤x
)]]]

Invoking Lemma 21 with hk = ck, h
′
ℓ = cℓ+1 gives

λi,j,3(t) = 6

∞∑
k=0

c2k+1

k!
I
(1)
i,j (t)

kI
(2)
i,j (t)

2I
(3)
i,j (t) + 6

∞∑
k=0

ck+2ck
k!

I
(1)
i,j (t)

kI
(2)
i,j (t)

2I
(3)
j,j (t)±O

(
δ3r
)
= ±O

(
δ3r
)

In the case where i = j, we have that I
(1)
i,j (t) = I

(2)
i,j (t) = 1. Therefore

λi,j,3(t) = 6I
(3)
i,i (t)

∞∑
k=0

ckck+2 + c2k+1

k!
±O

(
δ3p
)

Lastly, for λi,j,4, we have that

λi,j,4(t) =

∞∑
k,ℓ=0

ck+1cℓ
k!ℓ!

E
[[[
Hek

(
v̄i(t)

⊤x
)
Heℓ

(
v̄j(t)

⊤x
)
He3

(
w̄i(t)

⊤x
)
He2

(
w̄j(t)

⊤x
)]]]

Here we need to apply Lemma 21 with v1 = v̄i(t),v2 = v̄j(t),w1 = w̄j(t),w2 = w̄i(t) and hk = ck+1, h
′
ℓ = cℓ.

This gives that

λi,j,4(t) = 6

∞∑
k=0

ck+2ck
k!

I
(1)
i,j (t)

kI
(2)
i,j (t)

2I
(1)
i,i (t) + 6

∞∑
k=0

c2k+1

k!
I
(1)
i,j (t)

kI
(2)
i,j (t)

2I
(3)
j,i (t)±O

(
δ3r
)
= ±O

(
δ3r
)

In the case where i = j, we have that I
(1)
i,j (t) = I

(2)
i,j (t) = 1. Therefore

λi,j,4(t) = 6I
(3)
i,i (t)

∞∑
k=0

ckck+2 + c2k+1

k!
±O

(
δ3p
)

With the above lemmas that studies λi,j,ℓs and λ̂i,j,ℓs, we are ready to analyze the dynamics of γ(1)
i,j , γ

(2)
i,j , ζ

(1)
i,j , ζ

(2)
i,j ,

and I
(1)
i,j , I

(2)
i,j , I

(3)
i,j . In particular, we will fix any ℓ ∈ [m⋆], and assumes the inductive hypothesis.
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Lemma 7. Let ε(2)A,ℓ(t), ε
(3)
B,ℓ(t), and ε5,ℓ(t) be defined in Definition 1 with ε5,ℓ(t) ≤ O

(
ε
(2)
A,ℓ(t)

)
. Then the gradient

alignment ∇viL (θ(t)) v̄⋆
j and ∇wiL (θ(t)) w̄⋆

j satisfies

∇viL (θ(t)) v̄⋆
j = − 1

ai
·



±O
(
mε

(2)
A,ℓ(t)

3 + ε
(2)
A,ℓ(t)ε

(3)
B,ℓ(t)

)
if i ∈ [m] \ Rℓ

− λ̂i⋆ℓ ,j
⋆
ℓ ,1

(t)γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)γ

(1)
i,j (t)±O

(
ε
(1)
A,ℓ(t)

2
)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2

±O
(
mε

(1)
A,ℓ(t)

3 + ε
(1)
A,ℓ(t)ε5,ℓ(t)

) if i = i⋆ℓ , j ∈ [m⋆] \ Cℓ(
1− γ

(1)
i⋆ℓ ,j

⋆
ℓ
(t)2)

)
λ̂i⋆ℓ ,j

⋆
ℓ ,1

(t)±O
(
ε
(1)
A,ℓ(t)

2
)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2

±O
(
mε

(1)
A,ℓ(t)

3 + ε
(1)
A,ℓ(t)ε5,ℓ(t)

) if i = i⋆ℓ , j = j⋆ℓ

∇wiL (θ(t)) w̄⋆
j = − 9

bi
·



λ̂i,j,5(t)±O
(
mε

(2)
A,ℓ(t)

3 + ε
(2)
A,ℓ(t)ε

(3)
B,ℓ(t)

)
±O

(
ε
(2)
A,ℓ(t)

2
)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)

if i ∈ [m] \ Rℓ

λ̂i,j,5(t)− λi⋆ℓ ,j
⋆
ℓ ,5

(t)γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)γ

(2)
i,j (t)

±O
(
ε
(1)
A,ℓ(t)

2
)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)

±O
(
mε

(1)
A,ℓ(t)

2ε
(2)
A,ℓ(t) + ε

(1)
A,ℓ(t)ε5,ℓ(t)

) if i = i⋆ℓ , j ∈ [m⋆] \ Cℓ

(
1− γ

(2)
i⋆ℓ ,j

⋆
ℓ
(t)2

)
λ̂i⋆ℓ ,j

⋆
ℓ ,5

(t)±O
(
ε
(1)
A,ℓ(t)

2
)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)

±O
(
mε

(1)
A,ℓ(t)

2ε
(2)
A,ℓ(t) + ε

(1)
A,ℓ(t)ε5,ℓ(t)

) if i = i⋆ℓ , j = j⋆ℓ

and in particular, for the case ∇wi
L (θ(t)) w̄⋆

j⋆
ℓ′
, we have that

∇wi
L (θ(t)) w̄⋆

j⋆
ℓ′
=

9

bi
λi,i⋆

ℓ′ ,5
(t)γ

(2)
i⋆
ℓ′ ,j

⋆
ℓ′
(t)

− 9

bi
·



λ̂i,j,5(t)±O
(
mε

(2)
A,ℓ(t)

3 + ε
(2)
A,ℓ(t)ε

(3)
B,ℓ(t)

)
if i ∈ [m] \ Rℓ

λ̂i,j,5(t)− λi⋆ℓ ,j
⋆
ℓ ,5

(t)γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)γ

(2)
i,j (t)

±O
(
ε
(1)
A,ℓ(t)

2
)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2

±O
(
mε

(1)
A,ℓ(t)

3 + ε
(2)
A,ℓ(t)ε5,ℓ(t)

) if i = i⋆ℓ

Further more, the mis-alignment terms ∇vi
L (θ(t)) w̄⋆

j and ∇wi
L (θ(t)) v̄⋆

j satisfies

∇vi
L (θ(t)) w̄⋆

j = − 1

ai
·



±O
(
mε

(2)
A,ℓ(t)

3 + ε
(3)
B,ℓ(t)

2
)

if i ∈ [m] \ Rℓ

λ̂i⋆ℓ ,j
⋆
ℓ ,2

(t)γ
(2)
i,j (t)− λ̂i⋆ℓ ,j

⋆
ℓ ,1

(t)γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)ζ

(1)
i,j (t)

− 36CS,2γ
(2)
i,j (t)I

(3)
i,i (t)

±O
(
mε

(1)
A,ℓ(t)

2ε
(2)
A,ℓ(t) + ε

(3)
B,ℓ(t)

2
) if i = i⋆ℓ , j ̸= j⋆ℓ

3λ̂i⋆ℓ ,j
⋆
ℓ ,4

(t) + λ̂i⋆ℓ ,j
⋆
ℓ ,2

(t)γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)− λ̂i⋆ℓ ,j

⋆
ℓ ,1

(t)γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)ζ

(1)
i⋆ℓ ,j

⋆
ℓ
(t)

− 36CS,2γ
(2)
i,j (t)I

(3)
i,i (t)

±O
(
mε

(1)
A,ℓ(t)

2ε
(2)
A,ℓ(t) + ε

(3)
B,ℓ(t)

2
) if i = i⋆ℓ , j = j⋆ℓ

∇wiL (θ(t)) v̄⋆
j =

3

bi
·



±O
(
mε

(2)
A,ℓ(t)

3 + ε
(3)
B,ℓ(t)

2
)

if i ∈ [m] \ Rℓ

λ̂i⋆ℓ ,j
⋆
ℓ ,2

(t)γ
(1)
i,j (t)− 3λ̂i⋆ℓ ,j

⋆
ℓ ,5

(t)γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)ζ

(2)
i,j (t)

− 12CS,2γ
(2)
i,j (t)I

(3)
i,i (t)

±O
(
mε

(1)
A,ℓ(t)

2ε
(2)
A,ℓ(t) + ε

(3)
B,ℓ(t)

2
) if i = i⋆ℓ , j ̸= j⋆ℓ

λ̂i⋆ℓ ,j
⋆
ℓ ,3

(t) + λ̂i⋆ℓ ,j
⋆
ℓ ,2

(t)γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)− 3λ̂i⋆ℓ ,j

⋆
ℓ ,5

(t)γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)ζ

(2)
i⋆ℓ ,j

⋆
ℓ
(t)

− 12CS,2γ
(2)
i,j (t)I

(3)
i,i (t)

±O
(
mε

(1)
A,ℓ(t)

2ε
(2)
A,ℓ(t) + ε

(3)
B,ℓ(t)

2
) if i = i⋆ℓ , j = j⋆ℓ
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The self-alignments ∇vi
L (θ(t)) v̄j ,∇wi

L (θ(t)) w̄j, in the case of i ̸= j, are given by

∇vi
L (θ(t))

⊤
v̄j = − 1

ai
·



±O
(
mε

(2)
A,ℓ(t)

3 + ε
(2)
A,ℓ(t)ε

(3)
B,ℓ(t)

)
if i ∈ [m] \ Rℓ

λ̂i⋆ℓ ,j
⋆
ℓ ,1

(t)γ
(1)
j,j⋆ℓ

(t)− λ̂i⋆ℓ ,j
⋆
ℓ ,1

(t)γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)I

(1)
i,j (t)

±O
(
ε
(2)
A,ℓ(t)

2
)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2

±O
(
mε

(2)
A,ℓ(t)

3 + ε
(2)
A,ℓ(t)ε5,ℓ(t)

) if i = i⋆ℓ

∇wi
L (θ(t))

⊤
w̄j = − 9

bi
·



±O
(
mε

(2)
A,ℓ(t)

3 + ε
(2)
A,ℓ(t)ε

(3)
B,ℓ(t)

)
if i, j ∈ [m] \ Rℓ

λ̂i⋆ℓ ,j
⋆
ℓ ,5

(t)γ
(2)
j,j⋆ℓ

(t)− λ̂i⋆ℓ ,j
⋆
ℓ ,5

(t)γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)I

(2)
i,j (t)

±O
(
ε
(2)
A,ℓ(t)

2
)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2

±O
(
mε

(2)
A,ℓ(t)

3 + ε
(2)
A,ℓ(t)ε5,ℓ(t)

) if i = i⋆ℓ

±O
(
ε
(2)
A,ℓ(t)

2
)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)

±O
(
mε

(2)
A,ℓ(t)

3 + ε
(2)
A,ℓ(t)ε

(3)
B,ℓ(t)

) if j = i⋆ℓ

The self-alignments ∇vi
L (θ(t)) w̄j ,∇wi

L (θ(t)) v̄j, in the case of i ̸= j, are given by

∇vi
L (θ(t))

⊤
w̄j = − 1

ai
·



λ̂i⋆ℓ ,j
⋆
ℓ ,1

(t)
(
ζ
(2)
j,j⋆ℓ

(t)− γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)I

(3)
i,j (t)

)
±O

(
ε
(2)
A,ℓ(t)

2
)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2

±O
(
mε

(2)
A,ℓ(t)

3 + ε
(2)
A,ℓ(t)ε5,ℓ(t)

) if i = i⋆ℓ

±O
(
mε

(2)
A,ℓ(t)

3 + ε
(2)
A,ℓ(t)ε

(3)
B,ℓ(t)

)
if i ∈ [m] \ Rℓ

∇wi
L (θ(t))

⊤
v̄j = − 9

bi
·



λ̂i⋆ℓ ,j
⋆
ℓ ,5

(t)
(
ζ
(1)
j,j⋆ℓ

(t)− γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)I

(3)
i,j (t)

)
±O

(
ε
(2)
A,ℓ(t)

2
)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2

±O
(
mε

(2)
A,ℓ(t)

3 + ε
(2)
A,ℓ(t)ε5,ℓ(t)

) if i = i⋆ℓ

±O
(
mε

(2)
A,ℓ(t)

3 + ε
(2)
A,ℓ(t)ε

(3)
B,ℓ(t)

)
if i ∈ [m] \ Rℓ

Lastly, the self-alignments ∇vi
L (θ(t)) w̄j ,∇wi

L (θ(t)) v̄j, in the case of i = j ∈ [m] \ Rℓ−1, are given by

∇viL (θ(t))
⊤
w̄j = − 1

ai

(
λ̂i⋆ℓ ,j

⋆
ℓ ,1

(t)ζ
(2)
j,j⋆ℓ

(t) + 3λ̂i⋆ℓ ,j
⋆
ℓ ,2

(t) + 3λ̂i⋆ℓ ,j
⋆
ℓ ,4

(t)γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)
)
I {i = i⋆ℓ}

− 1

ai
λ̂i⋆ℓ ,j

⋆
ℓ ,1

(t)γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)I {i = i⋆ℓ} −

36

ai
CS,2I

(3)
i,i (t)±O

(
mε

(2)
A,ℓ(t)

3
)

∇wiL (θ(t))
⊤
v̄j = − 3

bi
·
(
3λ̂i⋆ℓ ,j

⋆
ℓ ,5

(t)ζ
(1)
j,j⋆ℓ

(t) + λ̂i⋆ℓ ,j
⋆
ℓ ,2

(t) + λ̂i⋆ℓ ,j
⋆
ℓ ,3

(t)γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)
)
I {i = i⋆ℓ}

− 9

bi
· λ̂i⋆ℓ ,j

⋆
ℓ ,5

(t)γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)I {i = i⋆ℓ} − 36CS,2I

(3)
i,i (t)±O

(
mε

(2)
A,ℓ(t)

2
)

Proof. In the following of the proof we will assume that i ∈ [m] \ Rℓ−1 and j ∈ [m⋆]. For λ̂i,j,1, . . . λ̂i,j,5, we
apply Lemma 5 with

δr = ε
(1)
B,ℓ(t); for i ∈ [m] \ Rℓ−1, j ∈ [m⋆];

For λi,j,1, . . . , λi,j,5, we apply

δr =

{
ε
(1)
B,ℓ(t); if i, j ∈ [m] \ Rℓ−1, i ̸= j

εF,ℓ(t); if i ∈ Rℓ−1 ∨ j ∈ Rℓ−1, i ̸= j
≤ ε

(1)
A,ℓ(t); δp =

{
ε
(3)
B,ℓ(t) if i ∈ [m] \ Rℓ

ε5,ℓ(t) if i = i⋆ℓ

For λ̂i⋆
ℓ′ ,j,1

, . . . , λ̂i⋆
ℓ′ ,j,5

for ℓ′ < ℓ, we have that

δr = εF,ℓ(t) ≤ ε
(1)
A,ℓ(t);
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For λi⋆
ℓ′ ,i

⋆
ℓ′ ,1

, . . . , λi⋆
ℓ′ ,i

⋆
ℓ′ ,5

, we have that

δr = δp = εF,ℓ(t) ≤ ε
(1)
A,ℓ(t)

Moreover, we also have that

∣∣∣γ(1)
i,j (t)

∣∣∣ , ∣∣∣γ(2)
i,j (t)

∣∣∣ ≤ {ε(2)A,ℓ(t) if i ̸= i⋆ℓ
ε
(1)
A,ℓ(t) if i = i⋆ℓ

∀j ∈ [m⋆], (i, j) ̸= (i⋆ℓ′ , j
⋆
ℓ′)∀ℓ′ ≤ ℓ∣∣∣ζ(1)i,j (t)

∣∣∣ , ∣∣∣ζ(2)i,j (t)
∣∣∣ ≤ ε

(1)
A,ℓ(t);∀i ∈ [m], j ∈ [m⋆]∣∣∣I(1)i,j (t)

∣∣∣ , ∣∣∣I(2)i,j (t)
∣∣∣ , ∣∣∣I(3)i,j (t)

∣∣∣ ≤ ε
(1)
A,ℓ(t);∀i, j ∈ [m], i ̸= j

∣∣∣I(3)i,i (t)
∣∣∣ ≤


εF,ℓ(t) if i ∈ Rℓ−1

ε5,ℓ(t) if i = i⋆ℓ
ε
(3)
B,ℓ(t) if i ∈ [m] \ Rℓ

This gives that for all j ∈ [m⋆] and such that (i, j) ̸= (i⋆ℓ , j
⋆
ℓ )

λ̂i,j,1(t) ≤

O
(
ε
(2)
A,ℓ(t)

3
)

if i ̸= i⋆ℓ

O
(
ε
(1)
A,ℓ(t)

3
)

if i = i⋆ℓ
; λ̂i,j,5(t) ≤

O
(
ε
(2)
A,ℓ(t)

2
)

if i ̸= i⋆ℓ

O
(
ε
(1)
A,ℓ(t)

2
)

if i = i⋆ℓ

We will analyze each dynamic separately. However, we should notice some common terms that appears in the
dynamics.

Common terms. To start, let’s tackle some common terms in the dynamics we are interest in. In particular,
we have that for i ∈ [m] \ Rℓ−1,

m∑
r=1

λi,r,1(t)I
(1)
i,r (t) = λi,i,1(t)±O

(
mε

(1)
A,ℓ(t)

3
)

m∑
r=1

λi,r,2(t)I
(3)
i,i (t) = ±

O
(
ε
(3)
B,ℓ(t)

2 +mε
(1)
A,ℓ(t)

3
)

if i ∈ [m] \ Rℓ

O
(
ε5,ℓ(t)

2 +mε
(1)
A,ℓ(t)

3
)

if i = i⋆ℓ

m∑
r=1

λi,r,4(t)I
(3)
i,r (t) = ±

O
(
ε
(3)
B,ℓ(t)

2 +mε
(1)
A,ℓ(t)

3
)

if i ∈ [m] \ Rℓ

O
(
ε5,ℓ(t)

2 +mε
(1)
A,ℓ(t)

3
)

if i = i⋆ℓ

m⋆∑
r=1

λ̂i,r,1(t)γ
(t)
i,r (t) =

λi⋆ℓ ,j
⋆
ℓ ,1

(t)γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)±O

(
mε

(1)
A,ℓ(t)

3
)

if i = i⋆ℓ

±O
(
mε

(2)
A,ℓ(t)

3
)

if i ∈ [m] \ Rℓ

m⋆∑
r=1

λ̂i,r,2(t)I
(3)
i,i (t) =

±O
(
ε
(1)
A,ℓ(t)

2
)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2 ±O

(
mε

(1)
A,ℓ(t)

3
)

if i = i⋆ℓ

±O
(
mε

(1)
A,ℓ(t)

2ε
(2)
A,ℓ(t)

)
if i ∈ [m] \ Rℓ

m⋆∑
r=1

λ̂i,r,4(t)ζ
(1)
i,r,(t) =

±O
(
ε
(1)
A,ℓ(t)

2
)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2 ±O

(
mε

(1)
A,ℓ(t)

3
)

if i = i⋆ℓ

±O
(
mε

(1)
A,ℓ(t)

2ε
(2)
A,ℓ(t)

)
if i ∈ [m] \ Rℓ
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Therefore, we have that

m∑
r=1

λi,r,1(t)I
(1)
i,r (t) + 3

m∑
r=1

λi,r,2(t)I
(3)
i,i (t) + 3

m∑
r=1

λi,r,4(t)I
(3)
i,r (t)

= λi,i,1 ±

O
(
ε5,ℓ(t)

2 +mε
(1)
A,ℓ(t)

3
)

if i = i⋆ℓ

O
(
ε
(3)
B,ℓ(t)

2 +mε
(2)
A,ℓ(t)

3
)

if i ∈ [m] \ Rℓ

m⋆∑
r=1

λ̂i,r,1(t)γ
(t)
i,r (t) + 3

m⋆∑
r=1

λ̂i,r,2(t)I
(3)
i,i (t) +

m⋆∑
r=1

λ̂i,r,4(t)ζ
(1)
i,r,(t)

=

λ̂i⋆ℓ ,j
⋆
ℓ ,1

(t)γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)±O

(
ε
(1)
A,ℓ(t)

2
)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2 ±O

(
mε

(1)
A,ℓ(t)

3
)

if i = i⋆ℓ

±O
(
mε

(2)
A,ℓ(t)

3
)

if i ∈ [m] \ Rℓ

(12)

Moreover, we can also compute that

m∑
r=1

λi,r,2(t)I
(3)
i,i (t) = ±

O
(
ε
(3)
B,ℓ(t)

2 +mε
(1)
A,ℓ(t)

3
)

if i ∈ [m] \ Rℓ

O
(
ε5,ℓ(t)

2 +mε
(1)
A,ℓ(t)

3
)

if i = i⋆ℓ

m∑
r=1

λi,r,3(t)I
(3)
r,i (t) =

O
(
ε
(3)
B,ℓ(t)

2 +mε
(1)
A,ℓ(t)

3
)

if i ∈ [m] \ Rℓ

O
(
ε5,ℓ(t)

2 +mε
(1)
A,ℓ(t)

3
)

if i = i⋆ℓ
m∑
r=1

λi,r,5(t)I
(2)
r,i (t) = λi,i,5(t)±O

(
mε

(1)
A,ℓ(t)

3
)

m⋆∑
r=1

λ̂i,r,2(t)I
(3)
i,i (t) =

±O
(
ε
(1)
A,ℓ(t)

2
)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2 ±O

(
mε

(1)
A,ℓ(t)

3
)

if i = i⋆ℓ

±O
(
mε

(2)
A,ℓ(t)

3
)

if i ∈ [m] \ Rℓ

m⋆∑
r=1

λ̂i,r,3(t)ζ
(2)
i,r (t) =

±O
(
ε
(1)
A,ℓ(t)

2
)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2 ±O

(
mε

(1)
A,ℓ(t)

3
)

if i = i⋆ℓ

±O
(
mε

(2)
A,ℓ(t)

3
)

if i ∈ [m] \ Rℓ

m⋆∑
r=1

λ̂i,r,5(t)γ
(2)
i,r (t) =

λi⋆ℓ ,j
⋆
ℓ ,5

(t)γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)±O

(
mε

(1)
A,ℓ(t)

3
)

if i = i⋆ℓ

±O
(
mε

(2)
A,ℓ(t)

3
)

if i ∈ [m] \ Rℓ

This gives that

m∑
r=1

λi,r,2(t)I
(3)
i,i (t) +

m∑
r=1

λi,r,3(t)I
(3)
r,i (t) + 3

m∑
r=1

λi,r,5(t)I
(2)
r,i (t)

= λi,i,5(t)±

O
(
mε

(2)
A,ℓ(t)

3 + ε
(3)
B,ℓ(t)

2
)

if i ∈ [m] \ Rℓ

O
(
mε

(1)
A,ℓ(t)

3 + ε5,ℓ(t)
2
)

if i = i⋆ℓ

m⋆∑
r=1

λ̂i,r,2(t)I
(3)
i,i (t) +

m⋆∑
r=1

λ̂i,r,3(t)ζ
(2)
i,r (t) +

m⋆∑
r=1

λ̂i,r,5(t)γ
(2)
i,r (t)

=

λ̂i⋆ℓ ,j
⋆
ℓ ,5

(t)γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)±O

(
ε
(2)
A,ℓ(t)

2
)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2 ±O

(
mε

(1)
A,ℓ(t)

3
)

if i = i⋆ℓ

O
(
mε

(2)
A,ℓ(t)

3
)

if i ∈ [m] \ Rℓ

(13)

Now we are ready to analyze the dynamics.

Analysis of ∇vi
L (θ(t)) v̄⋆

j . To analyze ∇vi
L (θ(t)) v̄⋆

j , we first compute the following quantities for i ∈ [m] \
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Rℓ−1

λ̂i,j,1(t) =

±O
(
ε
(2)
A,ℓ(t)

3
)

if i ∈ [m] \ Rℓ

±O
(
ε
(1)
A,ℓ(t)

3
)

if i = i⋆ℓ , j ̸= j⋆ℓ
;

m∑
r=1

λi,r,1(t)γ
(1)
r,j (t) = λi,i,1(t)γ

(1)
i,j (t)±O

(
mε

(1)
A,ℓ(t)

3
)

m∑
r=1

λi,r,2(t)ζ
(2)
i,j (t) = ±O

(
mε

(2)
A,ℓ(t)

3
)
±

O
(
ε
(1)
A,ℓ(t)ε

(3)
B,ℓ(t)

)
if i ∈ [m] \ Rℓ

O
(
ε
(1)
A,ℓ(t)ε5,ℓ(t)

)
if i = i⋆ℓ

m∑
r=1

λi,r,4(t)ζ
(2)
r,j (t) = ±O

(
mε

(2)
A,ℓ(t)

3
)
±

O
(
ε
(1)
A,ℓ(t)ε

(3)
B,ℓ(t)

)
if i ∈ [m] \ Rℓ

O
(
ε
(1)
A,ℓ(t)ε5,ℓ(t)

)
if i = i⋆ℓ

m⋆∑
r=1

λ̂i,r,2(t)ζ
(2)
i,j (t) =

O
(
ε
(1)
A,ℓ(t)

2
)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2 ±O

(
mε

(1)
A,ℓ(t)

3
)

if i = i⋆ℓ

±O
(
mε

(2)
A,ℓ(t)

3
)

if i ∈ [m] \ Rℓ

Therefore, combining with (12), and noticing that the term λi,i,1(t)γ
(1)
i,j (t) cancels out, we have that

∇vi
L (θ(t)) v̄⋆

j = − 1

ai
·



±O
(
mε

(2)
A,ℓ(t)

3 + ε
(2)
A,ℓ(t)ε

(3)
B,ℓ(t)

)
if i ∈ [m] \ Rℓ

− λ̂i⋆ℓ ,j
⋆
ℓ ,1

(t)γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)γ

(1)
i,j (t)±O

(
ε
(1)
A,ℓ(t)

2
)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2

±O
(
mε

(1)
A,ℓ(t)

3 + ε
(1)
A,ℓ(t)ε5,ℓ(t)

) if i = i⋆ℓ , j ∈ [m⋆] \ Cℓ(
1− γ

(1)
i⋆ℓ ,j

⋆
ℓ
(t)2)

)
λ̂i⋆ℓ ,j

⋆
ℓ ,1

(t)±O
(
ε
(1)
A,ℓ(t)

2
)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2

±O
(
mε

(1)
A,ℓ(t)

3 + ε
(1)
A,ℓ(t)ε5,ℓ(t)

) if i = i⋆ℓ , j = j⋆ℓ

Analysis of ∇wi
L (θ(t)) w̄⋆

j . To analyze ∇wi
L (θ(t)) w̄⋆

j , we first compute the following quantities
m∑
r=1

λi,r,5(t)γ
(2)
r,j (t) = λi,i,5(t)γ

(5)
i,j (t) + λi,i⋆

ℓ′ ,5
(t)γ

(2)
i⋆
ℓ′ ,j

⋆
ℓ′
(t)I {j = j⋆ℓ′ , ℓ

′ < ℓ}

±

O
(
mε

(2)
A,ℓ(t)

3
)
±O

(
ε
(2)
A,ℓ(t)

2
)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)I {j = j⋆ℓ } if i ∈ [m] \ Rℓ

O
(
mε

(1)
A,ℓ(t)

2ε
(2)
A,ℓ(t)

)
if i = i⋆ℓ

m∑
r=1

λi,r,2(t)ζ
(1)
i,j (t) = ±O

(
mε

(1)
A,ℓ(t)

3
)
±

O
(
ε
(2)
A,ℓ(t)ε

(3)
B,ℓ(t)

)
if i ∈ [m] \ Rℓ

O
(
ε
(2)
A,ℓ(t)ε5,ℓ(t)

)
if i = i⋆ℓ

m∑
r=1

λi,r,3(t)ζ
(1)
r,j (t) = ±O

(
mε

(1)
A,ℓ(t)

3
)
±

O
(
ε
(2)
A,ℓ(t)ε

(3)
B,ℓ(t)

)
if i ∈ [m] \ Rℓ

O
(
ε
(2)
A,ℓ(t)ε5,ℓ(t)

)
if i = i⋆ℓ

m⋆∑
r=1

λ̂i,r,2(t)ζ
(1)
i,j (t) =

±O
(
ε
(2)
A,ℓ(t)

3
)

if i = i⋆ℓ

±O
(
ε
(1)
A,ℓ(t)

2
)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2 ±O

(
mε

(2)
A,ℓ(t)

3
)

if i ∈ [m] \ Rℓ

Therefore, combining with (13), and noticing that the term λi,i,5(t)γ
(2)
i,j (t) cancels out, we have that

∇wiL (θ(t)) w̄⋆
j⋆
ℓ′
=

9

bi
λi,i⋆

ℓ′ ,5
(t)γ

(2)
i⋆
ℓ′ ,j

⋆
ℓ′
(t)

− 9

bi
·



λ̂i,j,5(t)±O
(
mε

(2)
A,ℓ(t)

3 + ε
(2)
A,ℓ(t)ε

(3)
B,ℓ(t)

)
if i ∈ [m] \ Rℓ

λ̂i,j,5(t)− λi⋆ℓ ,j
⋆
ℓ ,5

(t)γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)γ

(2)
i,j (t)

±O
(
ε
(1)
A,ℓ(t)

2
)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2

±O
(
mε

(1)
A,ℓ(t)

2ε
(2)
A,ℓ(t) + ε

(2)
A,ℓ(t)ε5,ℓ(t)

) if i = i⋆ℓ
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Moreover, we have that

∇wi
L (θ(t)) w̄⋆

j = − 9

bi
·



λ̂i,j,5(t)±O
(
mε

(2)
A,ℓ(t)

3 + ε
(2)
A,ℓ(t)ε

(3)
B,ℓ(t)

)
±O

(
ε
(2)
A,ℓ(t)

2
)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)

if i ∈ [m] \ Rℓ

λ̂i,j,5(t)− λi⋆ℓ ,j
⋆
ℓ ,5

(t)γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)γ

(2)
i,j (t)

±O
(
ε
(1)
A,ℓ(t)

2
)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)

±O
(
mε

(1)
A,ℓ(t)

2ε
(2)
A,ℓ(t) + ε

(1)
A,ℓ(t)ε5,ℓ(t)

) if i = i⋆ℓ , j ∈ [m⋆] \ Cℓ

(
1− γ

(2)
i⋆ℓ ,j

⋆
ℓ
(t)2

)
λ̂i⋆ℓ ,j

⋆
ℓ ,5

(t)±O
(
ε
(1)
A,ℓ(t)

2
)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)

±O
(
mε

(1)
A,ℓ(t)

2ε
(2)
A,ℓ(t) + ε

(1)
A,ℓ(t)ε5,ℓ(t)

) if i = i⋆ℓ , j = j⋆ℓ

Analysis of ∇vi
L (θ(t)) w̄⋆

j . To analyze ∇vi
L (θ(t)) w̄⋆

j , we first compute the following quantities for i ∈
[m] \ Rℓ−1:

λ̂i,j,4(t) =

±O
(
ε
(2)
A,ℓ(t)

3
)

if i ∈ [m] \ Rℓ

±O
(
ε
(1)
A,ℓ(t)

3
)

if i = i⋆ℓ , j ̸= j⋆ℓ
m∑
r=1

λi,r,4(t)γ
(2)
r,j (t) = 6CS,2γ

(2)
i,j (t)I

(3)
i,i (t)±O

(
mε

(1)
A,ℓ(t)

2ε
(2)
A,ℓ(t)

)
m∑
r=1

λi,r,1(t)ζ
(1)
r,j (t) = λi,i,1(t)ζ

(1)
i,j (t)±O

(
mε

(1)
A,ℓ(t)

3
)

m∑
r=1

λi,r,2(t)γ
(2)
i,j (t) = 6CS,2γ

(2)
i,j (t)I

(3)
i,i (t)±O

(
mε

(1)
A,ℓ(t)

2ε
(2)
A,ℓ(t)

)
m⋆∑
r=1

λ̂i,r,2(t)γ
(2)
i,j (t) =

±O
(
mε

(2)
A,ℓ(t)

3
)

if i ∈ [m] \ Rℓ

λ̂i⋆ℓ ,j
⋆
ℓ ,2

(t)γ
(2)
i,j (t)±O

(
mε

(1)
A,ℓ(t)

3
)

if i = i⋆ℓ

Combining with (12) and noticing that the term λi,i,1(t)ζ
(1)
i,j (t) cancels out, we have that

∇viL (θ(t)) w̄⋆
j = − 1

ai
·



±O
(
mε

(2)
A,ℓ(t)

3 + ε
(3)
B,ℓ(t)

2
)

if i ∈ [m] \ Rℓ

λ̂i⋆ℓ ,j
⋆
ℓ ,2

(t)γ
(2)
i,j (t)− λ̂i⋆ℓ ,j

⋆
ℓ ,1

(t)γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)ζ

(1)
i,j (t)

− 36CS,2γ
(2)
i,j (t)I

(3)
i,i (t)

±O
(
mε

(1)
A,ℓ(t)

2ε
(2)
A,ℓ(t) + ε

(3)
B,ℓ(t)

2
) if i = i⋆ℓ , j ̸= j⋆ℓ

3λ̂i⋆ℓ ,j
⋆
ℓ ,4

(t) + λ̂i⋆ℓ ,j
⋆
ℓ ,2

(t)γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)− λ̂i⋆ℓ ,j

⋆
ℓ ,1

(t)γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)ζ

(1)
i⋆ℓ ,j

⋆
ℓ
(t)

− 36CS,2γ
(2)
i,j (t)I

(3)
i,i (t)

±O
(
mε

(1)
A,ℓ(t)

2ε
(2)
A,ℓ(t) + ε

(3)
B,ℓ(t)

2
) if i = i⋆ℓ , j = j⋆ℓ
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Analysis of ∇wi
L (θ(t)) v̄⋆

j . To analyze ∇wi
L (θ(t)) v̄⋆

j , we first compute the following for i ∈ [m] \ Rℓ−1:

λ̂i,j,3(t) =

±O
(
ε
(2)
A,ℓ(t)

3
)

if i ∈ [m] \ Rℓ

±O
(
ε
(1)
A,ℓ(t)

3
)

if i = i⋆ℓ , j ̸= j⋆ℓ
m∑
r=1

λi,r,3(t)γ
(1)
r,j (t) = 6CS,2γ

(1)
i,j (t)I

(3)
i,i (t)±O

(
mε

(1)
A,ℓ(t)

2ε
(2)
A,ℓ(t)

)
m∑
r=1

λi,r,2(t)γ
(1)
i,j (t) = 6CS,2γ

(1)
i,j (t)I

(3)
i,i (t)±O

(
mε

(1)
A,ℓ(t)

2ε
(2)
A,ℓ(t)

)
m∑
r=1

λi,r,5(t)ζ
(2)
r,j (t) = λi,i,5(t)ζ

(2)
i,j (t)±O

(
mε

(2)
A,ℓ(t)

3
)

m⋆∑
r=1

λ̂i,r,2(t)γ
(1)
i,j (t) =

±O
(
mε

(2)
A,ℓ(t)

3
)

if i ∈ [m] \ Rℓ

λ̂i⋆ℓ ,j
⋆
ℓ ,2

(t)γ
(1)
i,j (t)±O

(
mε

(1)
A,ℓ(t)

3
)

if i = i⋆ℓ

Combining with (13) and noticing that the term λi,i,5ζ
(2)
i,j (t) cancels out, we have that

∇wiL (θ(t)) v̄⋆
j =

3

bi
·



±O
(
mε

(2)
A,ℓ(t)

3 + ε
(3)
B,ℓ(t)

2
)

if i ∈ [m] \ Rℓ

λ̂i⋆ℓ ,j
⋆
ℓ ,2

(t)γ
(1)
i,j (t)− 3λ̂i⋆ℓ ,j

⋆
ℓ ,5

(t)γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)ζ

(2)
i,j (t)

− 12CS,2γ
(2)
i,j (t)I

(3)
i,i (t)

±O
(
mε

(1)
A,ℓ(t)

2ε
(2)
A,ℓ(t) + ε

(3)
B,ℓ(t)

2
) if i = i⋆ℓ , j ̸= j⋆ℓ

λ̂i⋆ℓ ,j
⋆
ℓ ,3

(t) + λ̂i⋆ℓ ,j
⋆
ℓ ,2

(t)γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)− 3λ̂i⋆ℓ ,j

⋆
ℓ ,5

(t)γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)ζ

(2)
i⋆ℓ ,j

⋆
ℓ
(t)

− 12CS,2γ
(2)
i,j (t)I

(3)
i,i (t)

±O
(
mε

(1)
A,ℓ(t)

2ε
(2)
A,ℓ(t) + ε

(3)
B,ℓ(t)

2
) if i = i⋆ℓ , j = j⋆ℓ

Analysis of ∇vi
L (θ(t))

⊤
v̄j. To analyze ∇vi

L (θ(t))
⊤
v̄j , we first compute that for i, j ∈ [m] \ Rℓ−1, i ̸= j

m⋆∑
r=1

λ̂i,r,1(t)γ
(1)
j,r (t) = λ̂i⋆ℓ ,j

⋆
ℓ ,1

(t)γ
(1)
j,j⋆ℓ

(t)I {i = i⋆ℓ} ± O
(
mε

(2)
A,ℓ(t)

3
)

m⋆∑
r=1

λ̂i,r,2(t)I
(3)
j,i (t) = ±O

(
ε
(2)
A,ℓ(t)

2
)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2I {i = i⋆ℓ} ± O

(
mε

(1)
A,ℓ(t)

3
)

m⋆∑
r=1

λ̂i,r,4(t)ζ
(1)
j,r (t) = ±O

(
ε
(2)
A,ℓ(t)

2
)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2I {i = i⋆ℓ} ± O

(
mε

(1)
A,ℓ(t)

3
)

m∑
r=1

λi,r,2(t)I
(3)
j,i (t) = ±O

(
mε

(2)
A,ℓ(t)

3
)
±

O
(
ε
(2)
A,ℓ(t)ε

(3)
B,ℓ(t)

)
if i ̸= i⋆ℓ

O
(
ε
(2)
A,ℓ(t)ε5,ℓ(t)

)
if i = i⋆ℓ

m∑
r=1

λi,r,4(t)I
(3)
j,r (t) = ±O

(
mε

(2)
A,ℓ(t)

3
)
±

O
(
ε
(2)
A,ℓ(t)ε

(3)
B,ℓ(t)

)
if i ̸= i⋆ℓ

O
(
ε
(2)
A,ℓ(t)ε5,ℓ(t)

)
if i = i⋆ℓ

Combining with (12) and noticing that the term λi,i,1(t)I
(1)
i,j (t) and the term λj,j,1(t)I

(1)
i,j (t) cancels out, we have

∇vi
L (θ(t))

⊤
v̄j = − 1

ai
·



±O
(
mε

(2)
A,ℓ(t)

3 + ε
(2)
A,ℓ(t)ε

(3)
B,ℓ(t)

)
if i ∈ [m] \ Rℓ

λ̂i⋆ℓ ,j
⋆
ℓ ,1

(t)γ
(1)
j,j⋆ℓ

(t)− λ̂i⋆ℓ ,j
⋆
ℓ ,1

(t)γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)I

(1)
i,j (t)

±O
(
ε
(2)
A,ℓ(t)

2
)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2

±O
(
mε

(2)
A,ℓ(t)

3 + ε
(2)
A,ℓ(t)ε5,ℓ(t)

) if i = i⋆ℓ
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Analysis of ∇wi
L (θ(t))

⊤
w̄j. To analyze ∇wi

L (θ(t))
⊤
w̄j , we first compute that for i, j ∈ [m] \ Rℓ−1, i ̸= j

m⋆∑
r=1

λ̂i,r,2(t)I
(3)
i,j (t) = ±O

(
ε
(2)
A,ℓ(t)

2
)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2I {i = i⋆ℓ} ± O

(
mε

(2)
A,ℓ(t)

3
)

m⋆∑
r=1

λ̂i,r,3(t)ζ
(2)
j,r (t) = ±O

(
ε
(2)
A,ℓ(t)

2
)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2I {i = i⋆ℓ} ± O

(
mε

(2)
A,ℓ(t)

3
)

m⋆∑
r=1

λ̂i,r,5(t)γ
(2)
j,r (t) = λ̂i⋆ℓ ,j

⋆
ℓ ,5

γ
(2)
j,j⋆ℓ

(t)I {i = i⋆ℓ} ± O
(
ε
(2)
A,ℓ(t)

2
)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)I {j = i⋆ℓ} ± O

(
mε

(2)
A,ℓ(t)

3
)

m∑
r=1

λi,r,2(t)I
(3)
i,j (t) = ±O

(
mε

(2)
A,ℓ(t)

3
)
±

O
(
ε
(2)
A,ℓ(t)ε

(3)
B,ℓ(t)

)
if i ̸= i⋆ℓ

O
(
ε
(2)
A,ℓ(t)ε5,ℓ(t)

)
if i = i⋆ℓ

m∑
r=1

λi,r,3(t)I
(3)
r,j (t) = ±O

(
mε

(2)
A,ℓ(t)

3
)
±

O
(
ε
(2)
A,ℓ(t)ε

(3)
B,ℓ(t)

)
if i ̸= i⋆ℓ

O
(
ε
(2)
A,ℓ(t)ε5,ℓ(t)

)
if i = i⋆ℓ

m∑
r=1

λi,r,5(t)I
(2)
r,j (t) = λi,i,5(t)I

(2)
i,j (t)±O

(
mε

(2)
A,ℓ(t)

3
)

Combining with (13) and noticing that the term λi,i,5(t)I
(2)
i,j (t) and the term λj,j,5(t)I

(2)
i,j (t) cancels out, we have

∇wiL (θ(t))
⊤
w̄j = − 9

bi
·



±O
(
mε

(2)
A,ℓ(t)

3 + ε
(2)
A,ℓ(t)ε

(3)
B,ℓ(t)

)
if i, j ∈ [m] \ Rℓ

λ̂i⋆ℓ ,j
⋆
ℓ ,5

(t)γ
(2)
j,j⋆ℓ

(t)− λ̂i⋆ℓ ,j
⋆
ℓ ,5

(t)γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)I

(2)
i,j (t)

±O
(
ε
(2)
A,ℓ(t)

2
)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2

±O
(
mε

(2)
A,ℓ(t)

3 + ε
(2)
A,ℓ(t)ε5,ℓ(t)

) if i = i⋆ℓ

±O
(
ε
(2)
A,ℓ(t)

2
)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)

±O
(
mε

(2)
A,ℓ(t)

3 + ε
(2)
A,ℓ(t)ε

(3)
B,ℓ(t)

) if j = i⋆ℓ

Analysis of ∇vi
L (θ(t))

⊤
w̄j. The analysis of ∇vi

L (θ(t))
⊤
w̄j will be separated into two cases. First, regardless

of the cases, we have that

m⋆∑
r=1

λ̂i,r,1(t)ζj,r(t) = λ̂i⋆ℓ ,j
⋆
ℓ ,1

(t)ζ
(2)
j,j⋆ℓ

(t)I {i = i⋆ℓ} ± O
(
mε

(2)
A,ℓ(t)

3
)

m∑
r=1

λi,r,1(t)I
(3)
r,j (t) = λi,i,1(t)I

(3)
i,j (t)±O

(
mε

(2)
A,ℓ(t)

3
)

We first analyze the case i = j, and then we dive into i ̸= j. In the case where i = j, we have that

m⋆∑
r=1

λ̂i,r,2(t)I
(2)
i,j (t) = λ̂i⋆ℓ ,j

⋆
ℓ ,2

(t)I {i = i⋆ℓ} ± O
(
mε

(2)
A,ℓ(t)

3
)

m⋆∑
r=1

λ̂i,r,4(t)γ
(2)
j,r (t) = λ̂i⋆ℓ ,j

⋆
ℓ ,4

(t)γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)I {i = i⋆ℓ} ± O

(
mε

(2)
A,ℓ(t)

3
)

m∑
r=1

λi,r,2(t)I
(2)
i,j (t) = 6CS,2I

(3)
i,i (t)±O

(
mε

(2)
A,ℓ(t)

3
)

m∑
r=1

λi,r,4(t)I
(2)
r,j (t) = 6CS,2I

(3)
i,i (t)±O

(
mε

(2)
A,ℓ(t)

3
)
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Thus, for the case i = j, we have that

∇viL (θ(t))
⊤
w̄j = − 1

ai

(
λ̂i⋆ℓ ,j

⋆
ℓ ,1

(t)ζ
(2)
j,j⋆ℓ

(t) + 3λ̂i⋆ℓ ,j
⋆
ℓ ,2

(t) + 3λ̂i⋆ℓ ,j
⋆
ℓ ,4

(t)γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)
)
I {i = i⋆ℓ}

− 1

ai
λ̂i⋆ℓ ,j

⋆
ℓ ,1

(t)γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)I {i = i⋆ℓ} −

36

ai
CS,2I

(3)
i,i (t)±O

(
mε

(2)
A,ℓ(t)

3
)

Now, for the case i ̸= j, we can compute that
m⋆∑
r=1

λ̂i,r,2(t)I
(2)
i,j (t) = ±O

(
ε
(2)
A,ℓ(t)

2
)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2I {i = i⋆ℓ} ± O

(
mε

(2)
A,ℓ(t)

3
)

m⋆∑
r=1

λ̂i,r,4(t)γ
(2)
j,r (t) = ±O

(
ε
(2)
A,ℓ(t)

2
)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2I {i = i⋆ℓ} ± O

(
mε

(2)
A,ℓ(t)

3
)

m∑
r=1

λi,r,2(t)I
(2)
i,j (t) = ±O

(
mε

(2)
A,ℓ(t)

3
)
±

O
(
ε
(2)
A,ℓ(t)ε

(3)
B,ℓ(t)

)
if i ∈ [m] \ Rℓ

O
(
ε
(2)
A,ℓ(t)ε5,ℓ(t)

)
if i = i⋆ℓ

m∑
r=1

λi,r,4(t)I
(2)
r,j (t) = ±O

(
mε

(2)
A,ℓ(t)

3
)
±

O
(
ε
(2)
A,ℓ(t)ε

(3)
B,ℓ(t)

)
if i ∈ [m] \ Rℓ

O
(
ε
(2)
A,ℓ(t)ε5,ℓ(t)

)
if i = i⋆ℓ

Therefore, combining with (12) gives

∇viL (θ(t))
⊤
w̄j = − 1

ai
·



λ̂i⋆ℓ ,j
⋆
ℓ ,1

(t)
(
ζ
(2)
j,j⋆ℓ

(t)− γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)I

(3)
i,j (t)

)
±O

(
ε
(2)
A,ℓ(t)

2
)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2

±O
(
mε

(2)
A,ℓ(t)

3 + ε
(2)
A,ℓ(t)ε5,ℓ(t)

) if i = i⋆ℓ

±O
(
mε

(2)
A,ℓ(t)

3 + ε
(2)
A,ℓ(t)ε

(3)
B,ℓ(t)

)
if i ∈ [m] \ Rℓ

Analysis of ∇wiL (θ(t))
⊤
v̄j. The analysis of ∇wiL (θ(t))

⊤
v̄j will also be separated into two cases. First,

regardless of the cases, we have that
m⋆∑
r=1

λ̂i,r,5(t)ζ
(1)
j,r (t) = λ̂i⋆ℓ ,j

⋆
ℓ ,5

(t)ζ
(1)
j,j⋆ℓ

(t)I {i = i⋆ℓ} ± O
(
mε

(2)
A,ℓ(t)

3
)

m∑
r=1

λi,r,5(t)I
(3)
j,r (t) = λi,i,5(t)I

(3)
j,i (t)±O

(
mε

(2)
A,ℓ(t)

2
)

We first analyze the case i = j, and then we dive into i ̸= j. In the case where i = j, we have that
m⋆∑
r=1

λ̂i,r,2(t)I
(1)
j,i (t) = λ̂i⋆ℓ ,j

⋆
ℓ ,2

(t)I {i = i⋆ℓ} ± O
(
mε

(2)
A,ℓ(t)

3
)

m⋆∑
r=1

λ̂i,r,3(t)γ
(1)
j,r (t) = λ̂i⋆ℓ ,j

⋆
ℓ ,3

(t)γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)I {i = i⋆ℓ} ± O

(
mε

(2)
A,ℓ(t)

3
)

m∑
r=1

λj,r,2(t)I
(1)
i,j (t) = 6CS,2I

(3)
i,i (t)±O

(
mε

(2)
A,ℓ(t)

3
)

m∑
r=1

λj,r,3(t)I
(1)
i,r (t) = 6CS,2I

(3)
i,i (t)±O

(
mε

(2)
A,ℓ(t)

3
)

Thus, for the case i = j, we have that

∇wiL (θ(t))
⊤
v̄j = − 3

bi
·
(
3λ̂i⋆ℓ ,j

⋆
ℓ ,5

(t)ζ
(1)
j,j⋆ℓ

(t) + λ̂i⋆ℓ ,j
⋆
ℓ ,2

(t) + λ̂i⋆ℓ ,j
⋆
ℓ ,3

(t)γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)
)
I {i = i⋆ℓ}

− 9

bi
· λ̂i⋆ℓ ,j

⋆
ℓ ,5

(t)γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)I {i = i⋆ℓ} − 36CS,2I

(3)
i,i (t)±O

(
mε

(2)
A,ℓ(t)

2
)
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Now, for the case i ̸= j, we can compute that

m⋆∑
r=1

λ̂i,r,2(t)I
(1)
j,i (t) = ±O

(
ε
(2)
A,ℓ(t)

2
)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2I {i = i⋆ℓ} ± O

(
mε

(2)
A,ℓ(t)

3
)

m⋆∑
r=1

λ̂i,r,3(t)γ
(1)
j,r (t) = ±O

(
ε
(2)
A,ℓ(t)

2
)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2I {i = i⋆ℓ} ± O

(
mε

(2)
A,ℓ(t)

3
)

m∑
r=1

λi,r,2(t)I
(1)
j,i (t) = ±O

(
mε

(2)
A,ℓ(t)

3
)
±

O
(
ε
(2)
A,ℓ(t)ε

(3)
B,ℓ(t)

)
if i ∈ [m] \ Rℓ

O
(
ε
(2)
A,ℓ(t)ε5,ℓ(t)

)
if i = i⋆ℓ

m∑
r=1

λi,r,3(t)I
(1)
j,r (t) = ±O

(
mε

(2)
A,ℓ(t)

3
)
±

O
(
ε
(2)
A,ℓ(t)ε

(3)
B,ℓ(t)

)
if i ∈ [m] \ Rℓ

O
(
ε
(2)
A,ℓ(t)ε5,ℓ(t)

)
if i = i⋆ℓ

Therefore, combining with (12) and (13) gives

∇wiL (θ(t))
⊤
v̄j = − 9

bi
·



λ̂i⋆ℓ ,j
⋆
ℓ ,5

(t)
(
ζ
(1)
j,j⋆ℓ

(t)− γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)I

(3)
i,j (t)

)
±O

(
ε
(2)
A,ℓ(t)

2
)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2

±O
(
mε

(2)
A,ℓ(t)

3 + ε
(2)
A,ℓ(t)ε5,ℓ(t)

) if i = i⋆ℓ

±O
(
mε

(2)
A,ℓ(t)

3 + ε
(2)
A,ℓ(t)ε

(3)
B,ℓ(t)

)
if i ∈ [m] \ Rℓ

A.5 Establishing the Inductive Hypothesis: Phase 1

Starting from this section, we assume that for a fixed ℓ ∈ [m⋆], the inductive hypothesis holds. That is, the
condition of Lemma 7 holds. Then we shall analyze the convergence for that ℓ to prove the inductive hypothesis
and establish convergence. Notice that, by the statement of the inductive hypothesis, the case ℓ = 1 naturally
satisfies it, thus requiring no additional proof. Therefore, we focus on the case of a general fixed ℓ, and the proof
will be divided into two phase. Phase 1 (this section) show that there exist some T ⋆ such that γ

(1)
i⋆ℓ ,j

⋆
ℓ
(T ⋆) and

γ
(2)
i⋆ℓ ,j

⋆
ℓ
(T ⋆) are some constant close to 1, while ε

(2)
A,ℓ(t), ε

(3)
B,ℓ(t), and ε5,ℓ(t) are O

(
m2

δP
√
d

)
.

We denote the following time

Tc := min {t ≥ 0 : A1(t) ∧A2(t) ∧A3(t)}

A1(t) =

{
min

{
ε
(2)
B,ℓ(t), ε3,ℓ(t), ε4,ℓ(t)

}
>

β6m
2

δP
√
d

}
; A2(t) =

{
ε
(3)
B,ℓ(t) ≥ β6mε

(2)
A,ℓ(t)

3
}

A3(t) =
{
ε5,ℓ(t) ≥ β6

(
mε

(2)
A,ℓ(t)

3 + ε
(1)
B,ℓ(t)γ

(2)
i⋆ℓ ,j

⋆
ℓ
(t)2

)} (14)

By the initialization property, we have that

ε
(1)
B,ℓ(t), ε3,ℓ(t), ε4,ℓ(t) ≤

β3√
d

(
log

m

δP

) 1
2

; ε
(3)
B,ℓ(0) = ε5,ℓ(0) = 0

Therefore, Tc > 0. Moreover, for all t ≤ Tc, by the inductive hypothesis, we have that

ε
(1)
B,ℓ(t), ε3,ℓ(t), ε4,ℓ(t) ≤

β6m
2

δP
√
d
⇒ εF,ℓ(t) ≤ O

(
m2

δP
√
d

)
which implies that ε

(2)
A,ℓ(t) ≤ O

(
m2

δP
√
d

)
. Also, by definition we have that ε

(1)
A,ℓ(t) ≤ ε

(2)
A,ℓ(t).

Growth of γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t). We will start with analyzing γ

(2)
i⋆ℓ ,j

⋆
ℓ
(t). For any ξ ∈ (0, 1), recall the definition of Tℓ (ξ) in

Definition 2. We should notice that, although by definition we have γ
(2)
i⋆ℓ ,j

⋆
ℓ
(0) > 0, it is not always the case that
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γ
(1)
i⋆ℓ ,j

⋆
ℓ
(0) will also be positive. Therefore, we also need to control the "negativeness" of γ(1)

i⋆ℓ ,j
⋆
ℓ
(0) when analyzing

the growth of γ(2)
i⋆ℓ ,j

⋆
ℓ
(t). To do this, we present the following lemma.

Lemma 8. Suppose that the inductive hypothesis in Condition 2 and the initialization condition in Condition 1
holds. Let Tc be defined in (14) and T (ξ) in Definition 2. If Tc ≥ Tℓ

(
1
2

)
, then we have that

d

dt
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t) ≥ 0;λi⋆ℓ ,j

⋆
ℓ ,5

(t) ≥ 0; γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t) ≥ − β6√

d

(
log

m

δP

) 1
2

;∀t ≤ min{Tc, T (ξ)}

γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t+ T0) ≥

(
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(T0)

−1 − 18

b2i⋆ℓ

(
c20
(
1− ξ2

)
−O

(
m7

δ3P
√
d

))
t

)−1

Tℓ (ξ) ≤
b2i⋆ℓ
18

(
c20 (1− ξ)−O

(
m7

δ3P
√
d

))−1

γ
(2)
i⋆ℓ ,j

⋆
ℓ
(0)−1

for all ξ such that (1− ξ2)−1 ≤ O(1).

Proof. To start, we lower bound the time-derivative of γ(2)
i⋆ℓ ,j

⋆
ℓ
(t). Let T ′

c be defined as

T ′
c = min

{
t ≥ 0 : γ

(1)
i⋆ℓ ,j

⋆
ℓ
(t) < − β6√

d

(
log

m

δP

) 1
2

}

Since
(
v⊤
i⋆ℓ
v̄⋆
j

)
≤ β3

d log m
δP

and
∥∥vi⋆ℓ

∥∥
2
≥ 1 − β2δs for some β3 > 0, β2 ≤ o(1) and δs ≤ O

(
1

m2

)
, we have that

γ
(1)
i⋆ℓ ,j

⋆
ℓ
(0)2 ≤ 2β3

d log m
δP

. For β6 ≥ 4
√
β3, we must have that T ′

c > 0. By Lemma 30, we have that for all t ≤ T ′
c, it

holds that

∞∑
k=0

c2k
k!
γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)k ∈ c20 ±O

(
1√
d

(
log

m

δP

) 1
2

)
;

∞∑
k=0

c2k+1

k!
γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)k ∈ c21 ±O

(
1√
d

(
log

m

δP

) 1
2

)

By Lemma 7, we have that

d

dt
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t) = − 1

bi⋆ℓ
∇w⋆

iℓ
L (θ(t))

⊤
w̄⋆

j⋆ℓ

=
9

b2i⋆ℓ

(
1− γ

(2)
i⋆ℓ ,j

⋆
ℓ
(t)2

)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
λ̂i⋆ℓ ,j

⋆
ℓ ,5

(t)±O
(
ε
(2)
A,ℓ(t)

2
)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)±O

(
ε
(2)
A,ℓ(t)

3 + ε
(2)
A,ℓ(t)ε5,ℓ(t)

)
Therefore, with the form of λ̂i⋆ℓ ,j

⋆
ℓ ,5

from Lemma 5, we have that

d

dt
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t) =

18

b2i⋆ℓ

(
1− γ

(2)
i⋆ℓ ,j

⋆
ℓ
(t)2

)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2

∞∑
k=0

c2k
k!
γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)k ±O

(
ε
(2)
A,ℓ(t)

3 + ε
(2)
A,ℓ(t)ε5,ℓ(t)

)
±O

(
ε
(2)
A,ℓ(t)

2
)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)

≥ 18

b2i⋆ℓ

(
1− γ

(2)
i⋆ℓ ,j

⋆
ℓ
(t)2 −O

(
m4

δ2P
√
d

))
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2

(
c20 −O

(
1√
d

(
log

m

δP

) 1
2

))
−O

(
ε
(2)
A,ℓ(t)

3 + ε
(2)
A,ℓ(t)ε5,ℓ(t)

)
≥ 18

b2i⋆ℓ

(
1− ξ2 −O

(
m4

δ2P
√
d

))(
c20 −O

(
1√
d

(
log

m

δP

) 1
2

))
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2 −O

(
m7

δ3Pd
3
2

)

≥ 18

b2i⋆ℓ

(
c20
(
1− ξ2

)
−O

(
m4

δ2P
√
d

))
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2 −O

(
m7

δ3Pd
3
2

)

(15)
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Let ξ be given such that
(
1− ξ2

)−1 ≤ O (1) By the lower bound that γ
(2)
i⋆ℓ ,j

⋆
ℓ
(0)2 ≥ logm⋆

d , we have that

d

dt
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(0) ≥ βtempγ

(2)
i⋆ℓ ,j

⋆
ℓ
(0)2 −O

(
m7

δ3Pd
3
2

)
≥ 0

for d ≥ β5δ
6
Pm

16 for some βtemp > 0. This shows that γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2 ≥ logm⋆

d for all t ≤ min{Tc, T
′
c, Tℓ(ξ)} for any(

1− ξ2
)−1 ≤ O (1), and thus d

dtγ
(2)
i⋆ℓ ,j

⋆
ℓ
(t) ≥ 0 for the sane choice of t. This shows the first property. Moreover,

by Lemma 5,

λ̂i⋆ℓ ,j
⋆
ℓ ,5

(t) = 2γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2

∞∑
k=0

c2k
k!
γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)k ±O

(
ε
(2)
A,ℓ(t)

2
)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2 ±O

(
ε
(2)
A,ℓ(t)

4
)

≥ 2γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2

(
c20 −O

(
m4

δ2P
√
d

))
−O

(
m4

δ2Pd

)
≥ 0

as d ≥ β5δ
6
Pm

16. This shows the second property. To lower bound γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t), we first write that, by Lemma 7

d

dt
γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t) = − 1

ai
∇vi⋆

ℓ
L (θ(t))

⊤
v̄⋆
j⋆ℓ

=
1

a2i

(
1− γ

(1)
i⋆ℓ ,j

⋆
ℓ
(t)2

)
λ̂i⋆ℓ ,j

⋆
ℓ ,1

(t)±O
(
ε
(2)
A,ℓ(t)

2
)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2 ±O

(
mε

(2)
A,ℓ(t)

3 + ε
(2)
A,ℓ(t)ε5,ℓ(t)

)
Therefore, we could notice that, since

∞∑
k=0

c2k+1

k!
γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)k ≥ c21 −O

(
1√
d

(
log

m

δP

) 1
2

)
≥ 0

for d ≥ β5m
14 ≥ β5 log

m
δP

4, we must have that for all t ≤ min{Tc, T
′
c, Tℓ(ξ)} for any

(
1− ξ2

)−1 ≤ O (1), either

γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t) ≥ 1

2 , or

d

dt
γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t) ≥ 6

(
1− γ

(1)
i⋆ℓ ,j

⋆
ℓ
(t)2

)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)3

∞∑
k=0

c2k+1

k!
γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)k −O

(
mε

(2)
A,ℓ(t)

3 + ε
(2)
A,ℓ(t)ε5,ℓ(t)

)
−O

(
ε
(2)
A,ℓ(t)

2
)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2

≥ c21

(
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)−O

(
ε
(2)
A,ℓ(t)

2
))

γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2 −O

(
m7

δ3Pd
3
2

)

≥ −O
(

m7

δ3Pd
3
2

)
(16)

where the last inequality follows from the fact that

ε
(2)
A,ℓ(t)

2 ≤ O
(
m4

δ2Pd

)
≤
(
logm⋆

d

) 1
2

≤ γ
(2)
i⋆ℓ ,j

⋆
ℓ
(0) ≤ γ

(2)
i⋆ℓ ,j

⋆
ℓ
(t)

Therefore, for all t ≤ min{Tc, T
′
c, Tℓ(ξ)} for any

(
1− ξ2

)−1 ≤ O (1) we must have that

γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t) ≥ γ

(1)
i⋆ℓ ,j

⋆
ℓ
(0)−O

(
m7

δ3Pd
3
2

)
· t ≥ −

√
2β4√
d

(
log

m

δP

) 1
2

4since we require m ≥ β4 logm⋆

δP
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Choosing β6 ≥ 4
√
β4 gives that

Tc′ ≥ min

{
Tc, Tℓ(ξ),Ω

(
d

m7

)}
Now we are going to lower bound Tℓ(ξ). When d ≥ β5m

15,

d

dt
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t) ≥ 18

b2i⋆ℓ

(
c20
(
1− ξ2

)
−O

(
m7

δ3P
√
d

))
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2

Solving the differential equation gives that

γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t+ T0) ≥

(
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(T0)

−1 − 18

b2i⋆ℓ

(
c20
(
1− ξ2

)
−O

(
m7

δ3P
√
d

))
t

)−1

for any T0 ≥ 0 and t+ T0 ≤ Tc. This gives that, if T (ξ) ≤ Tc, then

Tℓ(ξ) ≤
b2i⋆ℓ
18

(
c20 (1− ξ)−O

(
m7

δ3P
√
d

))−1 (
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(0)−1 − ζ−1

)

≤
b2i⋆ℓ
18

(
c20 (1− ξ)−O

(
m7

δ3P
√
d

))−1

γ
(2)
i⋆ℓ ,j

⋆
ℓ
(0)−1

This shows the last two properties. Moreover, we have that Tℓ(
1
2 ) ≤ O

((
d

logm⋆

) 1
2

)
. However, at Tℓ

(
1
2

)
, by

(16), we have that

d

dt
γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t) ≥ c21

(
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)−O

(
ε
(2)
A,ℓ(t)

2
))

γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2 −O

(
m7

δ3Pd
3
2

)
≥ 0

which implies that γ(1)
i⋆ℓ ,j

⋆
ℓ
(t) ≥ − β6√

d

(
log m

δP

) 1
2

for all t ≤ min {Tc, Tℓ(ξ)} for all ξ such that (1− ξ2)−1 ≤ O (1), as

long as T
(
1
2

)
≤ Tc.

Upper bounding γ
(2)
i,j (t) for i ∈ [m] \ Rℓ−1 and j ∈ [m⋆] \ Cℓ−1 with (i, j) ̸= (i⋆ℓ , j

⋆
ℓ ). Here we are going to

show that the growth of γ(2)
i,j (t) with i ∈ [m] \ Rℓ−1, j ∈ [m⋆] \ Cℓ−1 and (i, j) ̸= (i⋆ℓ , j

⋆
ℓ ) is slow in terms of when

γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t) reaches ξ, γ(2)

i,j (t) is no bigger than O
(

m2

δP
√
d

)
.

Lemma 9. Suppose that the inductive hypothesis in Condition 2, and the initialization condition in Condition 1.
Let Tc be defined in (14) and Tℓ(ξ) in Definition 2. Then there exists some constant β7 > 0 such that for all
t ≤ min

{
Tc, T

(
δ2P

d
2
5

)
+ β7δP

√
d

m2

}
, we have that

∣∣∣γ(2)
i,j (t)

∣∣∣ ≤ O
(

m2

δP
√
d

)
for all (i, j) ̸= (i⋆ℓ , j

⋆
ℓ ).

Proof. For t ≤ Tc, by Lemma 7, we write out the dynamic of γ(2)
i,j (t) as

d

dt
γ
(2)
i,j (t) = −∇viL (θ(t))

⊤
v̄⋆
j

=
18

b2i

∞∑
k=0

c2k
k!
γ
(1)
i,j (t)

kγ
(2)
i,j (t)

2 − 9

b2i
· λ̂i⋆ℓ ,j

⋆
ℓ ,5

γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)γ

(2)
i,j (t)I {i = i⋆ℓ}

± O
(

m7

δ3Pd
3
2

)
±O

(
m4

δ2Pd

)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)I {i = i⋆ℓ}
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As shown in Lemma 8, γ(2)
i⋆ℓ ,j

⋆
ℓ
(t) ≥ 0, λ̂i⋆ℓ ,j

⋆
ℓ ,5

(t) ≥ 0 for all t ≤ Tc. Therefore, we have that

d

dt

∣∣∣γ(2)
i,j (t)

∣∣∣ ≤ 18

b2i

∣∣∣∣∣
∞∑
k=0

c2k
k!
γ
(1)
i,j (t)

k

∣∣∣∣∣ · ∣∣∣γ(2)
i,j (t)

∣∣∣2 − 9

b2i
· λ̂i⋆ℓ ,j

⋆
ℓ ,5

γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)
∣∣∣γ(2)

i,j (t)
∣∣∣ I {i = i⋆ℓ}

+O
(

m7

δ3Pd
3
2

)
+O

(
m4

δ2Pd

)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)

≤ 18

b2i

∞∑
k=0

c2k
k!

∣∣∣γ(1)
i,j (t)

∣∣∣k ∣∣∣γ(2)
i,j (t)

∣∣∣2 +O
(

m7

δ3Pd
3
2

)
+O

(
m4

δ2Pd

)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)

≤ 18

b2i

(
c20 +O

(
m2

δP
√
d

)) ∣∣∣γ(2)
i,j (t)

∣∣∣2 +O
(

m7

δ3Pd
3
2

)
+O

(
m4

δ2Pd

)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)

where the last inequality is because
∣∣∣γ(1)

i,j (t)
∣∣∣ ≤ ε1(t) ≤ O

(
m2

δP
√
d

)
for t ≤ Tc. For any t ≤ T

(
δ2P

d
2
5

)
, we must have

that

O
(
m4

δ2Pd

)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t) ≤ O

(
m4

d
7
5

)

Therefore, for any t ≤ T
(

δ2P

d
2
5

)
, we have

d

dt

∣∣∣γ(2)
i,j (t)

∣∣∣ ≤ 18

b2i

(
c20 +O

(
m2

δP
√
d

)) ∣∣∣γ(2)
i,j (t)

∣∣∣2 +O
(
m4

d
7
5

+
m7

δ3Pd
3
2

)

Notice that
∣∣∣γ(2)

i,j (t)
∣∣∣ must be upper bounded by γ̂

(2)
i,j (t) given by

d

dt
γ̂
(2)
i,j (t) =

18

b2i

(
c20 +O

(
m2

√
d

))
γ̂
(2)
i,j (t)

2 +O
(
m4

d
7
5

+
m7

δ3Pd
3
2

)
; γ̂

(2)
i,j (0) =

∣∣∣γ(2)
i,j (0)

∣∣∣
Observe that for any t ≤ Tc, γ̂

(2)
i,j (t) grows monotonically as γ̂

(2)
i,j (0) grows. By the initialization property, we

have that γ̂
(2)
i,j (0) =

∣∣∣γ(2)
i,j (0)

∣∣∣ ≤ √
β3√
d

(
log m

δP

) 1
2

. We can observe that γ̂
(2)
i,j (t) increases as γ̂

(2)
i,j (t) becomes larger.

Thus, it suffice to consider γ̂
(2)
i,j (0) =

√
β3√
d

(
log m

δP

) 1
2

. In this case,

d

dt
γ̂
(2)
i,j (t) ≤

18

b2i

(
c20 +O

(
m4

d
2
5

+
m7

δ3P
√
d

))
γ̂
(2)
i,j (t)

2

Solving the differential equation gives that

∣∣∣γ(2)
i,j (t)

∣∣∣ ≤ γ̂
(2)
i,j (t) ≤

(∣∣∣γ(2)
i,j (0)

∣∣∣−1

− 18

b2i

(
c20 +O

(
m4

d
2
5

+
m7

δ3P
√
d

))
t

)−1
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Recall that (1 + δs)
2b2i γ

(2)
i,j (0)

2 ≤ bi⋆ℓ γ
(2)
i⋆ℓ ,j

⋆
ℓ
(0)2 by the initialization property. Thus, t ≤ T

(
δ2P

d
2
5

)
, it holds that

∣∣∣γ(2)
i,j (t)

∣∣∣ ≤ (∣∣∣γ(2)
i,j (0)

∣∣∣−1

− 18

b2i

(
c20 +O

(
m4

d
2
5

+
m7

δ3P
√
d

))
T

(
m

3
2

d
1
4

))−1

≤
(∣∣∣γ(2)

i,j (0)
∣∣∣−1

−
b2i⋆ℓ
b2i

(
c20 +O

(
m4

d
2
5

+
m7

δ3P
√
d

))(
c20

(
1− δ2P

d
2
5

)
−O

(
m7

δP
√
d

))−1

γ
(2)
i⋆ℓ ,j

⋆
ℓ
(0)−1

)−1

≤

∣∣∣γ(2)
i,j (0)

∣∣∣−1

−
b2i⋆ℓ
b2i

·
c20 +O

(
m4

d
2
5
+ m7

δ3P
√
d

)
c20 −O

(
δP2

d
2
5
+ m7

δ3P
√
d

)γ(2)
i⋆ℓ ,j

⋆
ℓ
(0)−1


−1

≤

 bi
bi⋆ℓ

(1 + δs)γ
(2)
i⋆ℓ ,j

⋆
ℓ
(0)−1 −

b2i⋆ℓ
b2i

·
c20 +O

(
m4

d
2
5
+ m7

δ3P
√
d

)
c20 −O

(
δP2

d
2
5
+ m7

δ3P
√
d

)γ(2)
i⋆ℓ ,j

⋆
ℓ
(0)−1


−1

≤
bi⋆ℓ
bi

γ
(2)
i⋆ℓ ,j

⋆
ℓ
(0)

1 + δs −
b3i⋆ℓ
b3i

·
c20 +O

(
m4

d
2
5
+ m7

δ3P
√
d

)
c20 −O

(
δP2

d
2
5
+ m7

δ3P
√
d

)


−1

By the initialization property, we have that bi, bi⋆ℓ ∈ [1− β2δs, 1 + β2δs] for β2 ≤ o(1). Therefore, we have that

b3i⋆ℓ
b3i

·
c20 +O

(
m4

d
2
5
+ m7

δ3P
√
d

)
c20 −O

(
δP2

d
2
5
+ m7

δ3P
√
d

) ≤
(
1 + β2δs
1− β2δs

)3 c20 +O
(

m4

d
2
5
+ m7

δ3P
√
d

)
c20 −O

(
δP2

d
2
5
+ m7

δ3P
√
d

)
≤
(
1 + β2δs
1− β2δs

)4

≤ 1 +
1

2
δs

where the second inequality is due to d ≥ β5m
16 and the last inequality due to β2 ≤ o(1). Therefore∣∣∣γ(2)

i,j (t)
∣∣∣ ≤ bi⋆ℓ

bi
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(0) · 2

δs
≤ O

(
m2

δP
√
d

)

Let T1 = T

(
m

3
2

d
1
4

)
. Then for t ≥ T1, the dynamic of γ(2)

i,j (t) is upper bounded by

d

dt
γ̂
(2)
i,j (t) ≤

18

b2i

(
c20 +O

(
m2

√
d

)) ∣∣∣γ(2)
i,j (t)

∣∣∣2 +O
(
m4

δ2Pd

)
Let T2 be the smallest t ≥ 0 such that γ̂

(2)
i,j (t) ≥ 2γ̂

(2)
i,j (T1). Then for all t ≤ T2, we have d

dt γ̂
(2)
i,j (t) ≤ O

(
m4

d

)
.

Therefore

γ̂
(2)
i,j (t+ T1) ≤ γ̂

(2)
i,j (T1) + t ·max

t≤T2

d

dt
γ̂
(2)
i,j (t) ≤ γ̂

(2)
i,j (T1) +O

(
m4

δ2Pd

)
t

Thus, we must have that T2 ≥ O
(

δP
√
d

m2

)
+T1. Therefore, we can conclude that there exists some constant β7 > 0

such that for all t ≤ T
(

δ2P

d
2
5

)
+ β7δP

√
d

m2 and t ≤ Tc, we have that

∣∣∣γ(2)
i,j (t)

∣∣∣ ≤ O

(
m2

δP
√
d

)
for all (i, j) ̸= (i⋆ℓ , j

⋆
ℓ ).
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Upper bounding γ
(2)
i,j (t) for i ∈ [m] \ Rℓ−1, j ∈ Cℓ−1. In this section, we show that the alignment of w̄i with

previously recovered components w̄⋆
j must be small.

Lemma 10. Suppose that the inductive hypothesis in Condition 2 and the initialization condition in Con-
dition 1 holds. Let Tc be defined in (14) and Tℓ(ξ) in Definition 2. Then we have that for all t ≤
min

{
Tc, Tℓ (ξ) +O

(
δP

√
d

m2

)
,O
(

δ2Pd
3
4

m5

)}
for any ξ such that (1− ξ)−1 ≤ O (1), it holds that

∣∣∣γ(2)
i,j⋆

ℓ′
(t)
∣∣∣ ≤ O

(
m2

δP
√
d

)
;∀i ∈ [m] \ Rℓ−1, ℓ

′ < ℓ

Proof. By the inductive hypothesis, we have that γ
(2)
i⋆
ℓ′ ,j

⋆
ℓ′
(t) ≥ 1 − O

(
m7

δ3Pd
3
2

)
. Fix any i ∈ [m] \ Rℓ−1. By

Lemma 7, we have that

d

dt
γ
(2)
i,j⋆ℓ

(t) = − 1

bi
∇wi

L (θ(t))
⊤
w̄⋆

j⋆
ℓ′

=
9

b2i

(
λ̂i,j⋆

ℓ′ ,5
(t)− λi,i⋆

ℓ′ ,5
(t)γ

(2)
i⋆
ℓ′ ,j

⋆
ℓ′
(t)
)
− 9

b2i
λ̂i⋆ℓ ,j

⋆
ℓ ,5

(t)γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)γ

(2)
i,j⋆

ℓ′
(t)I {i = i⋆ℓ}

± O
(
ε
(2)
A,ℓ(t)

2
)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2 ±O

(
mε

(2)
A,ℓ(t)

3 + ε
(2)
A,ℓ(t)ε5,ℓ(t) + ε

(2)
A,ℓ(t)ε

(3)
B,ℓ(t)

)

Due to the same reasoning as in the previous lemma, we have that λ̂i⋆ℓ ,j
⋆
ℓ ,5

(t)γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t) ≥ 0. Therefore, for all

t ≤ Tc, we have that

d

dt

∣∣∣γ(2)
i,j⋆

ℓ′
(t)
∣∣∣ ≤ 9

b2i

∣∣∣λ̂i,j⋆
ℓ′ ,5

(t)− λi,i⋆ℓ ,5
(t)γ

(2)
i⋆
ℓ′ ,j

⋆
ℓ′
(t)
∣∣∣+O

(
m4

δ2Pd

)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2 +O

(
m7

δ3Pd
3
2

)

≤ 9c20
b2i

∣∣∣γ(2)
i,jℓ′

(t)2 − I
(2)
i,i⋆

ℓ′
(t)2γ

(2)
i⋆
ℓ′ ,j

⋆
ℓ′
(t)
∣∣∣+O

(
m4

δ2Pd

)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2 +O

(
m7

δ3Pd
3
2

)

≤ 9c20
b2i

(
1− γ

(2)
i⋆
ℓ′ ,j

⋆
ℓ′
(t)
)
γ
(2)
i,jℓ′

(t)2 +
9c20
b2i

γ
(2)
i⋆
ℓ′ ,j

⋆
ℓ′
(t)
∣∣∣γ(2)

i,jℓ′
(t)2 − I

(2)
i,i⋆

ℓ′
(t)2

∣∣∣
+O

(
m4

δ2Pd

)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2 +O

(
m7

δ3Pd
3
2

)

Recall that γ
(2)
i,j⋆

ℓ′
(t) = v̄⊤

i v̄
⋆
j⋆
ℓ′

and Ii,i⋆
ℓ′
= v̄⊤

i v̄i⋆
ℓ′

. Therefore,

∣∣∣γ(2)
i,j⋆

ℓ′
(t)2 − I

(2)
i,i⋆

ℓ′
(t)2

∣∣∣ = ∣∣∣γ(2)
i,j⋆

ℓ′
(t) + I

(2)
i,i⋆

ℓ′
(t)
∣∣∣ · ∣∣∣γ(2)

i,j⋆
ℓ′
(t)− I

(2)
i,i⋆

ℓ′
(t)
∣∣∣

≤ 2
∣∣∣γ(2)

i,j⋆
ℓ′
(t)
∣∣∣ · ∣∣∣γ(2)

i,jℓ′
(t)− I

(2)
i,i⋆

ℓ′
(t)
∣∣∣+ (γ(2)

i,jℓ′
(t)− I

(2)
i,i⋆

ℓ′
(t)
)2

≤ 2
∣∣∣γ(2)

i,j⋆
ℓ′
(t)
∣∣∣ · ∣∣∣v̄⊤

i

(
v̄⋆
j⋆
ℓ′
− v̄i⋆

ℓ′

)∣∣∣+ (v̄⊤
i

(
v̄⋆
j⋆
ℓ′
− v̄i⋆

ℓ′

))2
≤ 2

∣∣∣γ(2)
i,j⋆

ℓ′
(t)
∣∣∣ · ∥∥∥v̄⋆

j⋆
ℓ′
− v̄i⋆

ℓ′

∥∥∥
2
+
∥∥∥v̄⋆

j⋆
ℓ′
− v̄i⋆

ℓ′

∥∥∥2
2

≤ O
(

m4

δ2Pd
3
4

)∣∣∣γ(2)
i,j⋆

ℓ′
(t)
∣∣∣+O

(
m7

δ3Pd
3
2

)
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Moreover, since γ
(2)
i⋆
ℓ′ ,j

⋆
ℓ′
(t) ≥ 1−O

(
m7

δ3Pd
3
2

)
, for Tp,ℓ−1 ≤ t ≤ Tc, we must have that

d

dt

∣∣∣γ(2)
i,j⋆

ℓ′
(t)
∣∣∣ ≤ O

(
m4

δ2Pd
3
4

)∣∣∣γ(2)
i,j⋆

ℓ′
(t)
∣∣∣+O

(
m4

δ2Pd

)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2 +O

(
m7

δ3Pd
3
2

)

≤ O
(

m4

δ2Pd
3
4

)∣∣∣γ(2)
i,j⋆

ℓ′
(t)
∣∣∣+O

(
m4

δ2Pd

)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2 +O

(
m7

δ3Pd
3
2

)

≤ O
(
m4

δ2Pd

)
d

dt
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t) +O

(
m7

δ3Pd
5
4

)

where the last inequality follows from Lemma 8. This gives that

∣∣∣γ(2)
i,j⋆

ℓ′
(t+ Tp,ℓ−1)

∣∣∣ ≤ ∣∣∣γ(2)
i,j⋆

ℓ′
(Tp,ℓ−1)

∣∣∣+O
(
m4

δ2Pd

)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t) +O

(
m7t

δ3Pd
3
2

)

≤
∣∣∣γ(2)

i,j⋆
ℓ′
(Tp,ℓ−1)

∣∣∣+O
(
m4

δ2Pd
+

m7t

δ3Pd
5
4

)

≤ O
(

m2

δP
√
d
+

m7t

δ3Pd
5
4

)

where the last step follows from the inductive hypothesis. Further requiring that t ≤ O
(

δ2Pd
3
4

m5

)
keeps∣∣∣γ(2)

i,j⋆
ℓ′
(t+ Tp,ℓ−1)

∣∣∣ ≤ O
(

m2

δP
√
d

)
. When γ

(2)
i⋆ℓ ,j

⋆
ℓ
(t) ≥ ξ, we can still obtain that

d

dt

∣∣∣γ(2)
i,j⋆

ℓ′
(t)
∣∣∣ ≤ O

(
m4

δ2Pd

)

Thus, for all t ≤ min

{
Tℓ (ξ) +O

(
δP

√
d

m2

)
,O
(

δ2Pd
3
4

m5

)}
we can guarantee that

∣∣∣γ(2)
i,j⋆

ℓ′
(t+ Tp,ℓ−1)

∣∣∣ ≤ O
(

m2

δP
√
d

)
.

Bounding ε1,ℓ(t), ε2,ℓ(t), and ε
(1)
B,ℓ(t). Here we are going to upper bound ε1,ℓ(t), ε2,ℓ(t) and ε

(1)
B,ℓ(t). In particular,

we are going to analyze γ
(1)
i,j (t) for i ∈ [m] \ Rℓ−1 and j ∈ [m⋆] where (i, j) ̸= i⋆ℓ , j

⋆
ℓ , ζ(1)i,j , ζ

(2)
i,j for i ∈ [m] \ Rℓ−1

and j ∈ [m⋆], and also I
(1)
i,j , I

(2)
i,j , I

(3)
i,j for i, j ∈ [m] and i ̸= j.

Lemma 11. Suppose that the inductive hypothesis in Condition 2 and the initialization condition in Condition 1
holds. Let Tc be defined in (14) and T (ξ) in Definition 2. Then there exists some constant β7 > 0 such that for
all β8 ≤ O(1), for all t ≤ min

{
Tc, T

(
δ2P

d
2
5

)
+ β7δP

√
d

m , T (ξ)
}
+ β8, we have that ε(2)A,ℓ ≤ O

(
m2

δP
√
d

)
. Moreover, for

all t ≤ min
{
O
(

δ2Pd
m5

)
, Tc

}
we shall have that

max
{∣∣∣γ(1)

i,j (t)
∣∣∣ , ∣∣∣ζ(1)i,j (t)

∣∣∣ , ∣∣∣ζ(2)i,j (t)
∣∣∣} ≤ O

(
m2

δP
√
d

)
;∀i ∈ [m] \ Rℓ, j ∈ [m⋆]

max
{∣∣∣I(1)i,j (t)

∣∣∣ , ∣∣∣I(2)i,j (t)
∣∣∣ , ∣∣∣I(3)i,j (t)

∣∣∣} ≤ O
(

m2

δP
√
d

)
;∀i, j ∈ [m] \ Rℓ, i ̸= j

Proof. Throughout the proof, we will relax the upper bound in terms of ε(1)A,ℓ(t) into the upper bound in terms

of ε(2)A,ℓ(t).

Bounding ζ
(1)
i,j (t), ζ

(2)
i,j (t). First, we are going to derive some rough estimation for ζ

(1)
i,j (t), ζ

(1)
i,j (t) for i ∈ [m] \
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Rℓ−1, j ∈ [m⋆]. By Lemma 7, we have that

d

dt

∣∣∣ζ(1)i,j (t)
∣∣∣ = − 1

ai
∇viL (θ(t))

⊤
w̄⋆

j · sign
(
ζ
(1)
i,j (t)

)
≤ 3

a2i

∣∣∣λ̂i⋆ℓ ,j
⋆
ℓ ,4

∣∣∣+ 1

a2i

∣∣∣λ̂i⋆ℓ ,j
⋆
ℓ ,2

(t)γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)
∣∣∣− λ̂i⋆ℓ ,j

⋆
ℓ ,1

(t)γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)
∣∣∣ζ(1)i⋆ℓ ,j

⋆
ℓ
(t)
∣∣∣ I {i = i⋆ℓ}

+
36

a2i

∣∣∣CS,2γ
(2)
i,j (t)I

(3)
i,i

∣∣∣+O
(
mε

(2)
A,ℓ(t)

3 + ε
(3)
B,ℓ(t)

2 + ε5,ℓ(t)
2
)

Diving into the details of the first three terms, we have that∣∣∣λ̂i⋆ℓ ,j
⋆
ℓ ,4

(t)
∣∣∣ ≤ 6

∣∣∣I(3)i⋆ℓ ,i
⋆
ℓ
(t)
∣∣∣ γ(2)

i⋆ℓ ,j
⋆
ℓ
(t)2

∞∑
k=0

ck+2ck
k!

∣∣∣γ(1)
i⋆ℓ ,j

⋆
ℓ
(t)
∣∣∣k

+ 6
∣∣∣ζ(2)i,j (t)

∣∣∣ γ(2)
i⋆ℓ ,j

⋆
ℓ
(t)2

∞∑
k=0

c2k+1

k!

∣∣∣γ(1)
i⋆ℓ ,j

⋆
ℓ
(t)
∣∣∣k +O

(
ε
(2)
A,ℓ(t)

3
)

≤ O
(
ε
(1)
B,ℓ(t) + ε5,ℓ(t)

)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2 +O

(
ε
(2)
A,ℓ(t)

3
)

∣∣∣λ̂i⋆ℓ ,j
⋆
ℓ ,2

(t)γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)
∣∣∣ ≤ 6

∣∣∣ζ(1)i,j (t)
∣∣∣ γ(2)

i⋆ℓ ,j
⋆
ℓ
(t)3

∞∑
k=0

ckck+2

k!

∣∣∣γ(1)
i⋆ℓ ,jℓ⋆

(t)
∣∣∣k +O

(
ε
(2)
A,ℓ(t)

3
)

≤ O
(
ε
(1)
B,ℓ(t)

)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2 +O

(
ε
(2)
A,ℓ(t)

3
)

−λ̂i⋆ℓ ,j
⋆
ℓ ,1

(t)γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)
∣∣∣ζ(1)i,j (t)

∣∣∣ ≤ 6
∣∣∣ζ(1)i,j (t)

∣∣∣ γ(2)
i⋆ℓ ,j

⋆
ℓ
(t)3

∞∑
k=0

c2k+1

k!

∣∣∣γ(1)
i⋆ℓ ,j

⋆
ℓ
(t)
∣∣∣k

+O
(
ε
(2)
A,ℓ(t)

2
)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2 +O

(
ε
(2)
A,ℓ(t)

3
)

≤ O
(
ε
(2)
A,ℓ(t)

2 + ε
(1)
B,ℓ(t)

)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2 +O

(
ε
(2)
A,ℓ(t)

3
)

Also, we notice that
∣∣∣γ(2)

i,j (t)
∣∣∣ ≤ O

(
ε5,ℓ(t) + ε

(3)
B,ℓ(t)

)
. Applying the fact that a−1

i ≤ O (1), we have that

d

dt

∣∣∣ζ(1)i,j (t)
∣∣∣ ≤ O

(
ε
(2)
A,ℓ(t)

2 + ε
(1)
B,ℓ(t)

)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2 +O

(
mε

(2)
A,ℓ(t)

3 + ε
(3)
B,ℓ(t) + ε5,ℓ(t)

)
≤ O

(
ε
(2)
A,ℓ(t)

2 + ε
(1)
B,ℓ(t)

)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2 +O

(
mε

(2)
A,ℓ(t)

3
)

Similarly, for ζ
(2)
i,j (t), by Lemma 7, we have that

d

dt

∣∣∣ζ(2)i,j (t)
∣∣∣ = − 1

bi
∇wiL (θ(t))

⊤
v̄⋆
j · sign

(
ζ
(2)
i,j (t)

)
≤ 3

b2i

∣∣∣λ̂i⋆ℓ ,j
⋆
ℓ ,3

(t)
∣∣∣+ 3

b2i

∣∣∣λ̂i⋆ℓ ,j
⋆
ℓ ,2

(t)γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)
∣∣∣− 3λ̂i⋆ℓ ,j

⋆
ℓ ,5

(t)γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)
∣∣∣ζ(2)i,j (t)

∣∣∣ I {i = i⋆ℓ}

+
36

b2i

∣∣∣CS,2γ
(1)
i,j (t)I

(3)
i,i (t)

∣∣∣+O
(
mε

(2)
A,ℓ(t)

3 + ε
(3)
B,ℓ(t)

2 + ε5,ℓ(t)
2
)

The third term is apparently negative due to the fact that λ̂i⋆ℓ ,j
⋆
ℓ ,5

(t) ≥ 0, γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t) ≥ 0. For the first two, we have

that ∣∣∣λ̂i⋆ℓ ,j
⋆
ℓ ,3

(t)
∣∣∣ ≤ 6

∣∣∣ζ(1)i,j (t)
∣∣∣ γ(2)

i⋆ℓ ,j
⋆
ℓ
(t)2

∞∑
k=0

c2k+1

k!

∣∣∣γ(1)
i⋆ℓ ,j

⋆
ℓ
(t)
∣∣∣k +O

(
ε
(2)
A,ℓ(t)

3
)

≤ O
(
ε
(1)
B,ℓ(t)

)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2 +O

(
ε
(2)
A,ℓ(t)

3
)

∣∣∣λ̂i⋆ℓ ,j
⋆
ℓ ,2

(t)γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)
∣∣∣ ≤ 6

∣∣∣ζ(1)i,j (t)
∣∣∣ γ(2)

i⋆ℓ ,j
⋆
ℓ
(t)2

∞∑
k=0

ck+2ck
k!

∣∣∣γ(1)
i⋆ℓ ,j

⋆
ℓ
(t)
∣∣∣k+1

+O
(
ε
(2)
A,ℓ(t)

3
)

≤ O
(
ε
(1)
B,ℓ(t)

)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2 +O

(
ε
(2)
A,ℓ(t)

3
)



Fangshuo Liao1, Anastasios Kyrillidis1,2

As before, we have that
∣∣∣I(3)i,i (t)

∣∣∣ ≤ O
(
ε
(3)
B,ℓ(t) + ε5,ℓ(t)

)
Therefore, we have that for t ≤ Tc,

d

dt

∣∣∣ζ(2)i,j (t)
∣∣∣ ≤ O

(
ε
(1)
B,ℓ(t)

)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2 +O

(
ε
(2)
A,ℓ(t)

3
)

Bounding I
(1)
i,j (t), I

(2)
i,j (t), and I

(3)
i,j (t) for i, j ∈ [m]\Rℓ−1, and i ̸= j. Next, we will look at I(1)i,j . By Lemma 7,

we have that

d

dt

∣∣∣I(1)i,j (t)
∣∣∣ = −sign

(
I
(1)
i,j (t)

)( 1

ai
∇viL (θ(t))

⊤
v̄j +

1

aj
∇vjL (θ(t))

⊤
v̄i

)
≤ 1

a2i

∣∣∣λ̂i⋆ℓ ,j
⋆
ℓ ,1

(t)
∣∣∣ (∣∣∣γ(1)

i,j⋆ℓ
(t)
∣∣∣+ ∣∣∣γ(1)

j,j⋆ℓ
(t)
∣∣∣)− 1

a2i
λ̂i⋆ℓ ,j

⋆
ℓ ,1

(t)γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)
∣∣∣I(1)i,j (t)

∣∣∣ I {i = i⋆ℓ ∨ j = i⋆ℓ}

+O
(
ε
(2)
A,ℓ(t)

2
)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2 +O

(
mε

(2)
A,ℓ(t)

3 + ε
(2)
A,ℓ(t)ε5,ℓ(t) + ε

(2)
A,ℓ(t)ε

(3)
B,ℓ(t)

)
Since i ̸= j, for the first term we have that∣∣∣λ̂i⋆ℓ ,j

⋆
ℓ ,1

(t)
∣∣∣ (∣∣∣γ(1)

i,j⋆ℓ
(t)
∣∣∣+ ∣∣∣γ(1)

j,j⋆ℓ
(t)
∣∣∣) ≤ O

(
ε
(2)
A,ℓ(t)

) ∣∣∣λ̂i⋆ℓ ,j
⋆
ℓ ,1

(t)
∣∣∣

≤ O
(
ε
(2)
A,ℓ(t)

)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2 +O

(
ε
(2)
A,ℓ(t)

3
)

For the second term, we have that

−λ̂i⋆ℓ ,j
⋆
ℓ ,1

γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)
∣∣∣I(1)i,j (t)

∣∣∣ ≤ 6
∣∣∣I(1)i,j (t)

∣∣∣ γ(2)
i⋆ℓ ,j

⋆
ℓ
(t)3

∞∑
k=0

c2k+1

k!

∣∣∣γ(1)
i⋆ℓ ,j

⋆
ℓ
(t)
∣∣∣k

+O
(
ε
(2)
A,ℓ(t)

2
)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2 +O

(
ε
(2)
A,ℓ(t)

3
)

≤ O
(
ε
(2)
A,ℓ(t)

)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2 +O

(
ε
(2)
A,ℓ(t)

3
)

Therefore, we have that
d

dt

∣∣∣I(1)i,j (t)
∣∣∣ ≤ O

(
ε
(2)
A,ℓ(t)

)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2 +O

(
mε

(2)
A,ℓ(t)

3
)

For I
(2)
i,j (t), we have that

d

dt

∣∣∣I(2)i,j (t)
∣∣∣ = −sign

(
I
(2)
i,j (t)

)( 1

bi
∇wi

L (θ(t))
⊤
w̄j +

1

bj
∇wj

L (θ(t))

)
≤ 9

b2i

∣∣∣λ̂i⋆ℓ ,j
⋆
ℓ ,5

(t)
∣∣∣ (∣∣∣γ(2)

i,j⋆ℓ
(t)
∣∣∣+ ∣∣∣γ(2)

j,j⋆ℓ
(t)
∣∣∣)− 9

b2i
λ̂i⋆ℓ ,j

⋆
ℓ ,5

(t)γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)
∣∣∣I(2)i,j (t)

∣∣∣ I {i = i⋆ℓ ∨ j = i⋆ℓ}

+O
(
ε
(2)
A,ℓ(t)

)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2 +O

(
mε

(2)
A,ℓ(t)

3
)

≤ 9

b2i

∣∣∣λ̂i⋆ℓ ,j
⋆
ℓ ,5

(t)
∣∣∣ (∣∣∣γ(2)

i,j⋆ℓ
(t)
∣∣∣+ ∣∣∣γ(2)

j,j⋆ℓ
(t)
∣∣∣)+O

(
ε
(2)
A,ℓ(t)

)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2 +O

(
mε

(2)
A,ℓ(t)

3
)

since λi⋆ℓ ,j
⋆
ℓ ,5

(t)γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t) ≥ 0. For the first term, we have that

∣∣∣λ̂i⋆ℓ ,j
⋆
ℓ ,5

(t)
∣∣∣ (∣∣∣γ(2)

i,j⋆ℓ
(t)
∣∣∣+ ∣∣∣γ(2)

j,j⋆ℓ
(t)
∣∣∣) ≤ O

(
ε
(2)
A,ℓ(t)

) ∣∣∣λ̂i⋆ℓ ,j
⋆
ℓ ,5

(t)
∣∣∣ ≤ O

(
ε
(2)
A,ℓ(t)

)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2 +O

(
ε
(2)
A,ℓ(t)

3
)

Therefore, we have that
d

dt

∣∣∣I(2)i,j (t)
∣∣∣ ≤ O

(
ε
(2)
A,ℓ(t)

)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2 +O

(
mε

(2)
A,ℓ(t)

3
)
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For I
(3)
i,j , by Lemma 7, we also have that

d

dt

∣∣∣I(3)i,j (t)
∣∣∣ = −sign

(
1

ai
∇vi

L (θ(t))
⊤
w̄j +

1

bj
∇wj

L (θ(t))
⊤
v̄i

)
≤ 1

a2i

∣∣∣λ̂i⋆ℓ ,j
⋆
ℓ ,1

(t)ζ
(2)
j,j⋆ℓ

(t)
∣∣∣− 1

a2i
λ̂i⋆ℓ ,j

⋆
ℓ ,1

(t)γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)
∣∣∣I(3)i,j (t)

∣∣∣ I {i = i⋆ℓ}

+
9

b2j

∣∣∣λ̂i⋆ℓ ,j
⋆
ℓ ,5

(t)ζ
(1)
i,j⋆ℓ

(t)
∣∣∣− 9

b2j
λ̂i⋆ℓ ,j

⋆
ℓ ,5

(t)γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)
∣∣∣I(3)i,j (t)

∣∣∣ I {j = i⋆ℓ}

+O
(
ε
(2)
A,ℓ(t)

2
)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t) +O

(
mε

(2)
A,ℓ(t)

3
)

where for the first, second, and third term, we have∣∣∣λ̂i⋆ℓ ,j
⋆
ℓ ,1

(t)ζ
(2)
j,j⋆ℓ

(t)
∣∣∣ ≤ O

(
ε
(2)
A,ℓ(t)

)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2 +O

(
ε
(2)
A,ℓ(t)

3
)

∣∣∣λ̂i⋆ℓ ,j
⋆
ℓ ,1

(t)ζ
(1)
j,j⋆ℓ

(t)
∣∣∣ ≤ O

(
ε
(2)
A,ℓ(t)

)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2 +O

(
ε
(2)
A,ℓ(t)

3
)

−λ̂i⋆ℓ ,j
⋆
ℓ ,1

γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)
∣∣∣I(3)i,j (t)

∣∣∣ ≤ 6
∣∣∣I(3)i,j (t)

∣∣∣ γ(2)
i⋆ℓ ,j

⋆
ℓ
(t)3

∞∑
k=0

c2k+1

k!

∣∣∣γ(1)
i⋆ℓ ,j

⋆
ℓ
(t)
∣∣∣k

+O
(
ε
(2)
A,ℓ(t)

2
)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2 +O

(
ε
(2)
A,ℓ(t)

3
)

≤ O
(
ε
(2)
A,ℓ(t)

)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2 +O

(
ε
(2)
A,ℓ(t)

3
)

Noticing that λ̂i⋆ℓ ,j
⋆
ℓ ,5

(t), γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t) ≥ 0 for all t ≤ Tc, we have that

d

dt

∣∣∣I(3)i,j (t)
∣∣∣ ≤ O

(
ε
(2)
A,ℓ(t)

)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2 +O

(
mε

(2)
A,ℓ(t)

)
Bounding γ

(1)
i,j (t). Finally, for γ

(1)
i,j (t), in the case of (i, j) ̸= (i⋆ℓ , j

⋆
ℓ ), we have that

d

dt

∣∣∣γ(1)
i,j (t)

∣∣∣ = − 1

ai
sign

(
∇vi

L (θ(t))
⊤
v̄⋆
j

)
≤ −λ̂i⋆ℓ ,j

⋆
ℓ ,1

(t)γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)
∣∣∣γ(1)

i,j (t)
∣∣∣ I {i = i⋆ℓ}+O

(
ε
(2)
A,ℓ(t)

)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2 +O

(
mε

(2)
A,ℓ(t)

3
)

where since (i, j) ̸= (i⋆ℓ , j
⋆
ℓ ), we must have that

−λ̂i⋆ℓ ,j
⋆
ℓ ,1

(t)γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)
∣∣∣γ(1)

i,j (t)
∣∣∣ ≤ O

(
ε
(2)
A,ℓ(t)

)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2 +O

(
ε
(2)
A,ℓ(t)

3
)

Therefore
d

dt

∣∣∣γ(1)
i,j (t)

∣∣∣ ≤ O
(
ε
(2)
A,ℓ(t)

)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2 +O

(
mε

(2)
A,ℓ(t)

3
)

Bounding I
(1)
i,j (t), I

(2)
i,j (t), and I

(3)
i,j (t) for i, j ∈ [m] \ Rℓ−1 for i ∈ Rℓ−1 or j ∈ Rℓ−1. Recall the definition of

I
(1)
i,j (t), I

(2)
i,j (t), and I

(3)
i,j (t)

I
(1)
i,j (t) = v̄i(t)

⊤v̄j(t); I
(2)
i,j (t) = w̄i(t)

⊤w̄j(t); I
(3)
i,j (t) = v̄i(t)

⊤w̄j(t)

For the sake of convenience, we let i ∈ Rℓ−1 and study I
(1)
i,j (t), I

(2)
i,j (t), and I

(3)
i,j (t), I

(3)
j,i (t). Since i ∈ Rℓ−1, there

exists ℓ′ < ℓ such that i = i⋆ℓ′ . Therefore, for I
(1)
i,j (t), when t ≥ Tp,ℓ−1, we have that∣∣∣I(1)i,j (t)

∣∣∣ = ∣∣∣v̄j(t)
⊤v̄⋆

j⋆
ℓ′
+ v̄j(t)

⊤
(
v̄i⋆

ℓ′
(t)− v̄⋆

j⋆
ℓ′

)∣∣∣
≤
∣∣∣γ(1)

j,j⋆
ℓ′
(t)
∣∣∣+ ∥∥∥v̄i⋆

ℓ′
(t)− v̄j⋆

ℓ′
(t)
∥∥∥
2

≤
∣∣∣γ(1)

j,j⋆
ℓ′
(t)
∣∣∣+O

(
m4

δ2Pd
3
4

) (17)
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for all t ≥ Tp,ℓ−1. Similarly, for I
(2)
i,j (t), when t ≥ Tp,ℓ−1, we have that∣∣∣I(2)i,j (t)

∣∣∣ = ∣∣∣w̄j(t)
⊤w̄⋆

j⋆
ℓ′
+ w̄j(t)

⊤
(
w̄i⋆

ℓ′
(t)− w̄⋆

j⋆
ℓ′

)∣∣∣
≤
∣∣∣γ(2)

j,j⋆
ℓ′
(t)
∣∣∣+ ∥∥∥w̄i⋆

ℓ′
(t)− w̄j⋆

ℓ′
(t)
∥∥∥
2

≤
∣∣∣γ(2)

j,j⋆
ℓ′
(t)
∣∣∣+O

(
m4

δ2Pd
3
4

) (18)

For I
(3)
i,j (t) and I

(3)
j,i (t), when t ≥ Tp,ℓ−1, we have that∣∣∣I(3)i,j (t)

∣∣∣ = ∣∣∣w̄j(t)
⊤v̄⋆

j⋆
ℓ′
+ w̄j(t)

⊤
(
v̄i⋆

ℓ′
(t)− v̄⋆

j⋆
ℓ′

)∣∣∣
≤
∣∣∣ζ(2)j,j⋆

ℓ′
(t)
∣∣∣+ ∥∥∥v̄i⋆

ℓ′
(t)− v̄j⋆

ℓ′
(t)
∥∥∥
2

≤
∣∣∣ζ(2)j,j⋆

ℓ′
(t)
∣∣∣+O

(
m4

δ2Pd
3
4

)
∣∣∣I(3)j,i (t)

∣∣∣ = ∣∣∣v̄i(t)
⊤w̄⋆

j⋆
ℓ′
+ v̄i(t)

⊤
(
w̄i⋆

ℓ′
(t)− w̄⋆

j⋆
ℓ′

)∣∣∣
≤
∣∣∣ζ(1)i,j⋆

ℓ′
(t)
∣∣∣+ ∥∥∥w̄i⋆

ℓ′
(t)− w̄j⋆

ℓ′
(t)
∥∥∥
2

≤
∣∣∣ζ(1)i,j⋆

ℓ′
(t)
∣∣∣+O

(
m4

δ2Pd
3
4

)
(19)

Moreover, by the inductive hypothesis, we have that for t ≤ Tp,ℓ−1∣∣∣I(1)i,j (t)
∣∣∣ , ∣∣∣I(2)i,j (t)

∣∣∣ , ∣∣∣I(3)i,j (t)
∣∣∣ , ∣∣∣I(3)j,i (t)

∣∣∣ ≤ O
(

m2

δP
√
d

)
Gathering the results. Defining ε̂ℓ(t) to be the maximum of

∣∣∣ζ(1)i,j (t)
∣∣∣ , ∣∣∣ζ(2)i,j (t)

∣∣∣ , ∣∣∣γ(1)
i,j (t)

∣∣∣ for i, j bounded above

excluding (i, j) = (i⋆ℓ , j
⋆
ℓ for γ

(1)
i,j (t), and

∣∣∣I(1)i,j (t)
∣∣∣ , ∣∣∣I(1)i,j (t)

∣∣∣ , ∣∣∣I(1)i,j (t)
∣∣∣ for i, j bounded above excluding i ∈ Rℓ−1 or

j ∈ Rℓ−1. Gathering the results, we have that

d

dt
ε̂ℓ(t) ≤ O

(
ε
(2)
A,ℓ(t)

)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2 +O

(
mε

(2)
A,ℓ(t)

3
)

for t ≤ Tc. In the meantime, by Lemma 9 we have that∣∣∣γ(2)
i,j (t)

∣∣∣ ≤ O
(

m2

δP
√
d

)
;∀t ≤ min

{
Tc, T

(
δ2P
d

2
5

)
+

β7δP
√
d

m2

}

where i ∈ [m] \ Rℓ−1, j ∈ [m⋆] \ Cℓ−1 and (i, j) ̸= (i⋆ℓ , j
⋆
ℓ ). Therefore, we have that

d

dt
ε̂ℓ(t) ≤ O

(
ε̂ℓ(t) +O

(
m2

δP
√
d

))
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2 +O

(
mε

(2)
A,ℓ(t)

3
)

≤ O
(
ε̂ℓ(t) +O

(
m2

δP
√
d

))
d

dt
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t) +O

(
mε

(2)
A,ℓ(t)

3
)

≤ O
(
ε̂ℓ(t) +O

(
m2

δP
√
d

))
d

dt
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t) +O

(
m7

δ3Pd
3
2

)

where the last inequality follows from Lemma 8. Solving the differential equation gives

ε̂ℓ(t) ≤ O
(

m2

δP
√
d

)
ε̂ℓ(0)exp

(
O
(
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)
))

+O
(

m7

δ3Pd
3
2

)
exp

(
O
(
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)
))

· t
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Imposing γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t) ≤ 1 gives the desired result.

Fine-Grained Result for i ∈ [m] \ Rℓ. By Lemma 7, we have that for all i ∈ [m] \ Rℓ and j ∈ [m⋆], it holds
that

max
{∣∣∣γ(1)

i,j (t)
∣∣∣ , ∣∣∣ζ(1)i,j (t)

∣∣∣ , ∣∣∣ζ(2)i,j (t)
∣∣∣} ≤ O

(
mε

(2)
A,ℓ(t)

3 + ε
(2)
A,ℓ(t)ε

(3)
B,ℓ(t)

)
≤ O

(
m7

δ2Pd
3
2

)
For i, j ∈ [m] \ Rℓ with i ̸= j, we have that

max
{∣∣∣I(1)i,j (t)

∣∣∣ , ∣∣∣I(2)i,j (t)
∣∣∣ , ∣∣∣I(3)i,j (t)

∣∣∣} ≤ O
(
mε

(2)
A,ℓ(t)

3 + ε
(2)
A,ℓ(t)ε

(3)
B,ℓ(t)

)
≤ O

(
m7

δ3Pd
3
2

)

Thus, for all t ≤ O
(

δ2Pd
m5

)
we shall have that

max
{∣∣∣γ(1)

i,j (t)
∣∣∣ , ∣∣∣ζ(1)i,j (t)

∣∣∣ , ∣∣∣ζ(2)i,j (t)
∣∣∣} ≤ O

(
m2

δP
√
d

)
;∀i ∈ [m] \ Rℓ, j ∈ [m⋆]

max
{∣∣∣I(1)i,j (t)

∣∣∣ , ∣∣∣I(2)i,j (t)
∣∣∣ , ∣∣∣I(3)i,j (t)

∣∣∣} ≤ O
(

m2

δP
√
d

)
;∀i, j ∈ [m] \ Rℓ, i ̸= j

Bounding I
(3)
i,i (t). Here we are going to upper bound I

(3)
i,i (t) for i ∈ [m] \ Rℓ−1

Lemma 12. Suppose that the inductive hypothesis in Condition 2, and the initialization condition in Condition 1.
Let Tc be defined in (14) and T (ξ) in Definition 2. Then for all t ≤ Tc, we have that

∣∣∣I(3)i,i (t)
∣∣∣ ≤

O
(
mε

(2)
A,ℓ(t)

3
)

if i ̸= i⋆ℓ

O
(
ε
(2)
A,ℓ(t)

)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2 +O

(
mε

(2)
A,ℓ(t)

3
)

if i = i⋆ℓ

Proof. By Lemma 7, we have that, in the case where i ̸= i⋆ℓ

d

dt

∣∣∣I(3)i,i (t)
∣∣∣ = −sign

(
I
(3)
i,i (t)

)( 1

ai
∇vi

L (θ(t))
⊤
w̄j +

1

bi
∇wi

L (θ(t))
⊤
v̄j

)
≤ −36CS,2

(
1

a2i
+

1

b2i

) ∣∣∣I(3)i,i (t)
∣∣∣+O

(
mε

(2)
A,ℓ(t)

3
)

Since ε
(2)
A,ℓ(t) is monotonic non-decreasin, we must have that

∣∣∣I(3)i,i (t)
∣∣∣ ≤ O

(
mε

(2)
A,ℓ(t)

3
)

for all t ≥ 0. Similarly,
in the case i = i⋆ℓ , we have that

d

dt

∣∣∣I(3)i,i (t)
∣∣∣ = −sign

(
I
(3)
i,i (t)

)( 1

ai
∇vi

L (θ(t))
⊤
w̄j +

1

bi
∇wi

L (θ(t))
⊤
v̄j

)
=

1

a2i

∣∣∣λ̂i⋆ℓ ,j
⋆
ℓ ,1

(t)ζ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)
∣∣∣+ 9

b2i

∣∣∣λ̂i⋆ℓ ,j
⋆
ℓ ,5

(t)ζ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)
∣∣∣+ 3

∣∣∣λ̂i⋆ℓ ,j
⋆
ℓ ,2

(t)
∣∣∣ ( 1

a2i
+

1

b2i

)
+

3

a2i
sign

(
I
(3)
i,i (t)

)
λ̂i⋆ℓ ,j

⋆
ℓ ,4

(t)γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t) +

3

b2i

∣∣∣λ̂i⋆ℓ ,j
⋆
ℓ ,3

(t)γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)
∣∣∣

− 36CS,2

(
1

a2i
+

1

b2i

) ∣∣∣I(3)i,i (t)
∣∣∣− 1

a2i
λ̂i⋆ℓ ,j

⋆
ℓ ,1

(t)γ
(1)
i⋆ℓ ,j

⋆
ℓ

∣∣∣I(3)i,i (t)
∣∣∣

− 9

b2i
λ̂i⋆ℓ ,j

⋆
ℓ ,5

(t)γ
(2)
i⋆ℓ ,j

⋆
ℓ

∣∣∣I(3)i,i (t)
∣∣∣+O

(
mε

(2)
A,ℓ(t)

3
)

As in the previous proof, we have that∣∣∣λ̂i⋆ℓ ,j
⋆
ℓ ,3

(t)γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)
∣∣∣ ≤ 6

∣∣∣ζ(1)i,j (t)
∣∣∣ γ(2)

i⋆ℓ ,j
⋆
ℓ
(t)2

∞∑
k=0

ckck+2

k!

∣∣∣γ(1)
i⋆ℓ ,jℓ⋆

(t)
∣∣∣k+1

+O
(
ε1(t)

3
)

≤ O
(
ε
(1)
B,ℓ(t)

)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2 +O

(
mε

(2)
A,ℓ(t)

3
)



Fangshuo Liao1, Anastasios Kyrillidis1,2

The second and third term requires a more careful analysis. First, by the definition of λ̂i⋆ℓ ,j
⋆
ℓ ,4

, we have that

λ̂i⋆ℓ ,j
⋆
ℓ ,4

(t)γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t) · sign

(
I
(3)
i,i (t)

)
≤ 18

∣∣∣I(3)i,i (t)
∣∣∣ γ(2)

i⋆ℓ ,j
⋆
ℓ
(t)3

∞∑
k=0

ck+2ck
k!

γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)k + 18

∣∣∣∣∣ζ(2)i,j (t)γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)3

∞∑
k=0

c2k+1

k!
γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)k

∣∣∣∣∣
≤ 18

∣∣∣I(3)i,i (t)
∣∣∣ γ(2)

i⋆ℓ ,j
⋆
ℓ
(t)3

∞∑
k=0

ck+2ck
k!

γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)k +O

(
ε
(2)
A,ℓ(t)

)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)3

≤ O
(

1√
d

(
log

m

δP

) 1
2

)∣∣∣I(3)i,i (t)
∣∣∣+O

(
ε
(2)
A,ℓ(t)

)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)3

Moreover, by the definition of λ̂i⋆ℓ ,j
⋆
ℓ ,1

, we have that

−λi⋆ℓ ,j
⋆
ℓ ,1

(t)γ
(1)
i⋆ℓ ,j

⋆
ℓ
= −6

∞∑
k=0

c2k+1

k!
γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)k+1γ

(2)
i⋆ℓ ,j

⋆
ℓ
(t)3

= −6γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)γ

(2)
i⋆ℓ ,j

⋆
ℓ
(t)3

(
c21 ±O

(
1√
d

(
log

m

δP

) 1
2

))

≤ O
(

1√
d

(
log

m

δP

) 1
2

)

Recalling that λi⋆ℓ ,j
⋆
ℓ ,5

(t)γ
(2)
i⋆ℓ ,j

⋆
ℓ
≥ 0 for all t, we have that

d

dt

∣∣∣I(3)i,i (t)
∣∣∣ ≤ −

(
36CS,2

(
1

a2i
+

1

b2i

)
−O

(
1√
d

(
log

m

δP

) 1
2

))∣∣∣I(3)i,i (t)
∣∣∣

+O
(
ε
(2)
A,ℓ(t)

)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2 +O

(
mε

(2)
A,ℓ(t)

3
)

≤ −35CS,2

(
1

a2i
+

1

b2i

) ∣∣∣I(3)i,i (t)
∣∣∣+O

(
ε
(2)
A,ℓ(t)

)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2 +O

(
mε

(2)
A,ℓ(t)

3
)

Since ε
(2)
A,ℓ(t) is monotonically non-decreasing, we must have that I

(3)
i,i ≤ O

(
ε
(2)
A,ℓ(t)

)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2 + O

(
mε

(2)
A,ℓ(t)

3
)

for all t ≥ 0.

With the above preparation work, we are ready to derive the result for phase 1 convergence.

Lemma 13. Suppose that the inductive hypothesis in Condition 2 and the initialization condition in Condition 1
holds. Let Tc be defined in (14) and T (ξ) be defined in Definition 2. Then there exists constant β7 ≥ 0 such that for
all ξ satisfying (1−ξ2)−1 ≤ O (1) and all constant β8 ≥ 0, it holds that Tc ≥ min

{
T
(

δ2P

d
2
5

)
+ β7δP

√
d

m2 , T (ξ)
}
+β8,

and there exists T1 ≤ min
{
Tc,O

(√
d
)}

such that for all T1 ≤ t ≤ Tc we have that γ(1)
i⋆ℓ ,j

⋆
ℓ
(t), γ

(2)
i⋆ℓ ,j

⋆
ℓ
(t) ≥ 0.9.

Proof. By Lemma 10, Lemma 11 and Lemma 12, we have that Tc ≥ min
{
T
(

δP

d
2
5

)
+ β7δP

√
d

m , T (ξ)
}
+ β8. Thus,

it remains to show that there exists some T1 ≤ Tc such that γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t), γ

(2)
i⋆ℓ ,j

⋆
ℓ
(t) ≥ 0.9. To start, we choose ξ = 1

2 .
By Lemma 8 we have that

1

2
= γ

(2)
i⋆ℓ ,j

⋆
ℓ

(
T

(
1

2

))

≥
(
γ
(2)
i⋆ℓ ,j

⋆
ℓ

(
T

(
δP

d
2
5

))−1

− 18

bi⋆ℓ

(
c20

(
1− 1

4

)
−O

(
m7

δ3P
√
d

))(
T

(
1

2

)
− T

(
δP

d
2
5

)))−1
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This gives that

T

(
1

2

)
≤ O

(
d

2
5

δ2P

)
+ T

(
δP

d
2
5

)
≤ T

(
δP

d
2
5

)
+

β7δP
√
d

m

when d ≥ δ10P m5. Thus, it suffice to show that a T1 ≤ T
(
1
2

)
+ β8 achieves γ

(1)
i⋆ℓ ,j

⋆
ℓ
(t), γ

(2)
i⋆ℓ ,j

⋆
ℓ
(t) ≥ 0.9 for some

constant β8. Notice that this choice of T1 satisfies T1 ≤ O
(√

d
)

That is, if we define

T1,1 = min
{
t ≥ 0 : γ

(1)
i⋆ℓ ,j

⋆
ℓ
(t) ≥ 0.9

}
;T1,2 = min

{
t ≥ 0 : γ

(2)
i⋆ℓ ,j

⋆
ℓ
(t) ≥ 0.9

}
Then it suffice to show that T1,1, T1,2 ≤ T

(
1
2

)
+ β8. By Lemma 7, we have that for T

(
1
2

)
≤ t ≤

min
{
T1,2, T

(
1
2

)
+ β8

}
, it holds that

d

dt
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t) ≥ γ

(2)
i⋆ℓ ,j

⋆
ℓ
(t)2

(
1− γ

(2)
i⋆ℓ ,j

⋆
ℓ
(t)2

) ∞∑
k=0

c2k
k!
γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)k −O

(
ε
(2)
A,ℓ(t)

)
≥ γ

(2)
i⋆ℓ ,j

⋆
ℓ
(t)2

(
1− γ

(2)
i⋆ℓ ,j

⋆
ℓ
(t)2

)(
c20 −O

(
1√
d

(
log

m

δP

) 1
2

))
−O

(
m2

δP
√
d

)
≥ c20

2
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2

(
1− γ

(2)
i⋆ℓ ,j

⋆
ℓ
(t)2

)
−O

(
m2

δP
√
d

)
This shows that d

dtγ
(2)
i⋆ℓ ,j

⋆
ℓ
(t) ≥ 0 as long as 1 − γ

(2)
i⋆ℓ ,j

⋆
ℓ
(t)2 ≥ O

(
m2

δP
√
d

)
. Thus, we can conclude that γ

(2)
i⋆ℓ ,j

⋆
ℓ
(t) ≥ 1

2

for all T
(
1
2

)
≤ t ≤ min

{
T1,2, T

(
1
2

)
+ β8

}
. For the dynamic of γ

(2)
i⋆ℓ ,j

⋆
ℓ
(t), this implies that for T

(
1
2

)
≤ t ≤

min
{
T1,2, T

(
1
2

)
+ β8

}
d

dt
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t) ≥ c20

42
−O

(
m4

δ2Pd

)
≥ c20

50

Thus γ
(2)
i⋆ℓ ,j

⋆
ℓ

(
t+ T

(
1
2

))
≥ γ

(2)
i⋆ℓ ,j

⋆
ℓ

(
T
(
1
2

))
+

c20
50 · t, which implies that T1,2 ≤ T

(
1
2

)
+ 20

c20
≤ T

(
1
2

)
+ β8 for some

β8 ≥ 0. Next, for the dynamic of γ(2)
i⋆ℓ ,j

⋆
ℓ
(t), we have that

d

dt
γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t) ≥ 6

(
1− γ

(1)
i⋆ℓ ,j

⋆
ℓ
(t)2

)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)3

∞∑
k=0

c2k
k!
γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)k −O

(
m2

δP
√
d

)

≥ 3

4

(
1− γ

(1)
i⋆ℓ ,j

⋆
ℓ
(t)2

)(
c21 −O

(
1√
d

(
log

m

δP

) 1
2

))
−O

(
m2

δP
√
d

)
≥ c21

8

Thus γ
(1)
i⋆ℓ ,j

⋆
ℓ

(
t+ T

(
1
2

))
≥ γ

(1)
i⋆ℓ ,j

⋆
ℓ

(
T
(
1
2

))
+

c21
8 · t, which implies that T1,1 ≤ T

(
1
2

)
+ 16

c21
since γ

(1)
i⋆ℓ ,j

⋆
ℓ

(
T
(
1
2

))
≥

−O
(

1√
d

(
log m

δP

) 1
2

)
by Lemma 8. Therefore, we can conclude that T1,1, T1,2 ≤ T

(
1
2

)
+β8 for some constant β8.

Now, we consider the dynamic of γ(1)
i⋆ℓ ,j

⋆
ℓ
(t) and γ

(2)
i⋆ℓ ,j

⋆
ℓ
(t) for t geqmax {T1,1, T1,2}. As before, we have that

d

dt
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t) ≥ c21

2
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)3

(
1− γ

(1)
i⋆ℓ ,j

⋆
ℓ
(t)2

)
−O

(
m2

δδP
√
d

)
d

dt
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t) ≥ c20

2
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2

(
1− γ

(2)
i⋆ℓ ,j

⋆
ℓ
(t)2

)
−O

(
m2

δδP
√
d

)
We can observe that d

dtγ
(2)
i⋆ℓ ,j

⋆
ℓ
(t), d

dtγ
(2)
i⋆ℓ ,j

⋆
ℓ
(t) if

γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t), γ

(2)
i⋆ℓ ,j

⋆
ℓ
(t) ≤ 1−O

(
m2

δδP
√
d

)
Thus, for all T1 ≤ t ≤ Tc we have that γ

(1)
i⋆ℓ ,j

⋆
ℓ
(t), γ

(2)
i⋆ℓ ,j

⋆
ℓ
(t) ≥ 0.9
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A.6 Establishing the Inductive Hypothesis: Phase 2

A.7 Phase 2: Growth to Near-Perfect Alignment.

In this section, our goal is to show complete the inductive hypothesis.

The decay of
∣∣∣ζ(1)i⋆ℓ ,j

⋆
ℓ
(t)
∣∣∣ , ∣∣∣ζ(1)i⋆ℓ ,j

⋆
ℓ
(t)
∣∣∣ and

∣∣∣I(3)i⋆ℓ ,j
⋆
ℓ
(t)
∣∣∣.

Lemma 14. Suppose that the inductive hypothesis in Condition 2, the initialization condition in Condition 1,
and the condition on the sigmoid function in Assumption 3 holds. Then for t ≥ T1, where T1 is defined in
Lemma 13, we have that

max
{∣∣∣ζ(1)i⋆ℓ ,j

⋆
ℓ
(t)
∣∣∣ , ∣∣∣ζ(1)i⋆ℓ ,j

⋆
ℓ
(t)
∣∣∣ , ∣∣∣I(3)i⋆ℓ ,i

⋆
ℓ
(t)
∣∣∣} ≤


O
(
mε

(1)
A,ℓ(t)

2 + m2

δP
√
d

)
for T1 ≤ t ≤ Tc

O
(
mε

(1)
A,ℓ(t)

2 + m7

δ3Pd
3
2

)
for T1 +O (log d) ≤ t ≤ Tc

Proof. To ease the analysis in this section, we are going to define

Q0(t) = γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2

∞∑
k=0

c2k
k!
γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)k;

Q1(t) = γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2

∞∑
k=0

c2k+1

k!
γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)k;

Q2(t) = γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2

∞∑
k=0

ckck+2

k!
γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)k

By Lemma 5, we have that

λ̂i⋆ℓ ,j
⋆
ℓ ,1

(t) = 6γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)Q1(t)±O

(
ε
(1)
A,ℓ(t)

2
)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2 ±O

(
ε
(1)
A,ℓ(t)

3
)

λ̂i⋆ℓ ,j
⋆
ℓ ,2

(t) = 6ζ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)Q2(t)±O

(
ε
(1)
A,ℓ(t)

3
)

λ̂i⋆ℓ ,j
⋆
ℓ ,3

(t) = 6ζ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)Q1(t)±O

(
ε
(1)
A,ℓ(t)

3
)

λ̂i⋆ℓ ,j
⋆
ℓ ,4

(t) = 6I
(3)
i⋆ℓ ,j

⋆
ℓ
(t)Q2(t) + 6ζ

(2)
i⋆ℓ ,j

⋆
ℓ
(t)Q1(t)±O

(
ε
(1)
A,ℓ(t)

3
)

λ̂i⋆ℓ ,j
⋆
ℓ ,5

(t) = 2Q0(t)±O
(
ε
(1)
A,ℓ(t)

2
)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)±O

(
ε
(1)
A,ℓ(t)

3
)

We start with a detailed analysis of I(3)i⋆ℓ ,j
⋆
ℓ
(t). Recall that

d

dt
I
(3)
i⋆ℓ ,j

⋆
ℓ
(t) =

1

a2i
λ̂i⋆ℓ ,j

⋆
ℓ ,1

(t)ζ
(2)
i⋆ℓ ,j

⋆
ℓ
(t) +

9

b2i
λ̂i⋆ℓ ,j

⋆
ℓ ,5

(t)ζ
(1)
i⋆ℓ ,j

⋆
ℓ
(t) + 3λ̂i⋆ℓ ,j

⋆
ℓ ,2

(t)

(
1

a2i
+

1

b2i

)
+

3

a2i
λ̂i⋆ℓ ,j

⋆
ℓ ,4

(t)γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t) +

3

b2i
λ̂i⋆ℓ ,j

⋆
ℓ ,3

(t)γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)

− 36CS,2

(
1

a2i
+

1

b2i

)
I
(3)
i⋆ℓ ,i

⋆
ℓ
(t)− 1

a2i
λ̂i⋆ℓ ,j

⋆
ℓ ,1

(t)γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)I

(3)
i⋆ℓ ,i

⋆
ℓ
(t)

− 9

b2i
λ̂i⋆ℓ ,j

⋆
ℓ ,5

(t)γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)I

(3)
i⋆ℓ ,i

⋆
ℓ
(t)±O

(
mε

(1)
A,ℓ(t)

2ε
(2)
A,ℓ(t)

)
=

6

a2i
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)Q1(t)ζ

(2)
i⋆ℓ ,j

⋆
ℓ
(t) +

18

b2i
Q0(t)ζ

(1)
i⋆ℓ ,j

⋆
ℓ
(t) + 18Q2(t)ζ

(1)
i⋆ℓ ,j

⋆
ℓ
(t)

(
1

a2i
+

1

b2i

)
+

18

a2i
Q2(t)γ

(2)
i⋆ℓ ,j

⋆
ℓ
(t)I

(3)
i⋆ℓ ,j

⋆
ℓ
(t) +

18

a2i
Q1(t)γ

(2)
i⋆ℓ ,j

⋆
ℓ
(t)ζ

(2)
i⋆ℓ ,j

⋆
ℓ
(t) +

18

b2i
γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)Q1(t)ζ

(1)
i⋆ℓ ,j

⋆
ℓ
(t)

− 36CS,2

(
1

a2i
+

1

b2i

)
I
(3)
i⋆ℓ ,i

⋆
ℓ
(t)− 6

a2i
γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)γ

(2)
i⋆ℓ ,j

⋆
ℓ
(t)Q1(t)I

(3)
i⋆ℓ ,i

⋆
ℓ
(t)

− 18

b2i
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)Q0(t)I

(3)
i⋆ℓ ,i

⋆
ℓ
(t)±O

(
mε

(1)
A,ℓ(t)

2ε
(2)
A,ℓ(t)

)
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Next, we will look into ζ
(1)
i⋆ℓ ,j

⋆
ℓ
(t), ζ

(1)
i⋆ℓ ,j

⋆
ℓ
(t). In particular, for ζ

(1)
i⋆ℓ ,j

⋆
ℓ
(t), we have that

d

dt
ζ
(1)
i⋆ℓ ,j

⋆
ℓ
(t) =

3

a2i
λ̂i⋆ℓ ,j

⋆
ℓ ,4

+
1

a2i
λ̂i⋆ℓ ,j

⋆
ℓ ,2

(t)γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)− 1

a2i
λ̂i⋆ℓ ,j

⋆
ℓ ,1

(t)γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)ζ

(1)
i⋆ℓ ,j

⋆
ℓ
(t)

− 36

a2i
CS,2γ

(2)
i⋆ℓ ,j

⋆
ℓ
(t)I

(3)
i⋆ℓ ,j

⋆
ℓ
(t)±O

(
mε

(1)
A,ℓ(t)

2ε
(2)
A,ℓ(t)

)
=

18

a2i
Q2(t)I

(3)
i⋆ℓ ,j

⋆
ℓ
(t) +

18

a2i
Q1(t)ζ

(2)
i⋆ℓ ,j

⋆
ℓ
(t) +

6

a2i
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)Q2(t)ζ

(1)
i⋆ℓ ,j

⋆
ℓ
(t)

− 6

a2i
γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)γ

(2)
i⋆ℓ ,j

⋆
ℓ
(t)Q1(t)ζ

(1)
i⋆ℓ ,j

⋆
ℓ
(t)− 36

a2i
CS,2γ

(2)
i⋆ℓ ,j

⋆
ℓ
(t)I

(3)
i⋆ℓ ,j

⋆
ℓ
(t)±O

(
mε

(1)
A,ℓ(t)

2ε
(2)
A,ℓ(t)

)
Similarly, for ζ

(2)
i⋆ℓ ,j

⋆
ℓ
(t), we have that

d

dt
ζ
(2)
i⋆ℓ ,j

⋆
ℓ
(t) =

3

b2i
λ̂i⋆ℓ ,j

⋆
ℓ ,3

(t) +
3

b2i
λ̂i⋆ℓ ,j

⋆
ℓ ,2

(t)γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)− 9

b2i
λ̂i⋆ℓ ,j

⋆
ℓ ,5

(t)γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)ζ

(2)
i⋆ℓ ,j

⋆
ℓ
(t)

− 36

b2i
CS,2γ

(2)
i⋆ℓ ,j

⋆
ℓ
(t)I

(3)
i⋆ℓ ,j

⋆
ℓ
(t)±O

(
mε

(1)
A,ℓ(t)

2ε
(2)
A,ℓ(t)

)
=

18

b2i
Q1(t)ζ

(1)
i⋆ℓ ,j

⋆
ℓ
(t) +

18

b2i
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)Q2(t)ζ

(1)
i⋆ℓ ,j

⋆
ℓ
(t)− 18

b2i
Q0(t)γ

(2)
i⋆ℓ ,j

⋆
ℓ
(t)ζ

(2)
i⋆ℓ ,j

⋆
ℓ
(t)

− 36

b2i
CS,2γ

(2)
i⋆ℓ ,j

⋆
ℓ
(t)I

(3)
i⋆ℓ ,j

⋆
ℓ
(t)±O

(
mε

(1)
A,ℓ(t)

2ε
(2)
A,ℓ(t)

)
Then we can write ζ

(1)
i⋆ℓ ,j

⋆
ℓ
(t), ζ

(2)
i⋆ℓ ,j

⋆
ℓ
(t), and I

(3)
i⋆ℓ ,j

⋆
ℓ
(t) into a system given by

d

dt
I
(3)
i⋆ℓ ,j

⋆
ℓ
(t) = −α1I

(3)
i⋆ℓ ,j

⋆
ℓ
(t) + ι1ζ

(1)
i⋆ℓ ,j

⋆
ℓ
(t) + ρ1ζ

(2)
i⋆ℓ ,j

⋆
ℓ
(t)±O

(
mε

(1)
A,ℓ(t)

2ε
(2)
A,ℓ(t)

)
d

dt
ζ
(1)
i⋆ℓ ,j

⋆
ℓ
(t) = −α2I

(3)
i⋆ℓ ,j

⋆
ℓ
(t)− ι2ζ

(1)
i⋆ℓ ,j

⋆
ℓ
(t) + ρ2ζ

(2)
i⋆ℓ ,j

⋆
ℓ
(t)±O

(
mε

(1)
A,ℓ(t)

2ε
(2)
A,ℓ(t)

)
d

dt
ζ
(2)
i⋆ℓ ,j

⋆
ℓ
(t) = −α3I

(3)
i⋆ℓ ,j

⋆
ℓ
(t) + ι3ζ

(1)
i⋆ℓ ,j

⋆
ℓ
(t) + ρ3ζ

(2)
i⋆ℓ ,j

⋆
ℓ
(t)±O

(
mε

(1)
A,ℓ(t)

2ε
(2)
A,ℓ(t)

)
where

α1 = 36CS,2

(
1

a2i
+

1

b2i

)
+

6

a2i
γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)γ

(2)
i⋆ℓ ,j

⋆
ℓ
(t)Q1(t) +

18

b2i
γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)Q1(t)−

18

a2i
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)Q2(t)

α2 =
36

a2i
CS,2γ

(2)
i⋆ℓ ,j

⋆
ℓ
(t)− 18

a2i
Q2(t); α3 =

36

b2i
CS,2γ

(2)
i⋆ℓ ,j

⋆
ℓ
(t)

ι1 =
18

b2i

(
Q0(t) + γ

(1)
i⋆ℓ ,j

⋆
ℓ
(t)Q1(t)

)
+ 18

(
1

a2i
+

1

b2i

)
Q2(t);

ι2 =
6

a2i

(
γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)γ

(2)
i⋆ℓ ,j

⋆
ℓ
(t)Q1(t)− γ

(2)
i⋆ℓ ,j

⋆
ℓ
(t)Q2(t)

)
ι3 =

18

b2i

(
Q1(t) + γ

(1)
i⋆ℓ ,j

⋆
ℓ
(t)Q2(t)

)
; ρ1 =

24

a2i
γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)Q1(t)

ρ2 =
18

a2i
Q1(t); ρ3 =

18

b2i
Q0(t)γ

(2)
i⋆ℓ ,j

⋆
ℓ
(t)

By Lemma 28, we first need to check that ι2ρ3 ≥ ι3ρ2

ι2ρ3 − ι3ρ2 =
108

a2i b
2
i

(
γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)γ

(2)
i⋆ℓ ,j

⋆
ℓ
(t)Q1(t)− γ

(2)
i⋆ℓ ,j

⋆
ℓ
(t)Q2(t)

)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)Q0(t)

− 324

a2i b
2
i

(
Q1(t) + γ

(1)
i⋆ℓ ,j

⋆
ℓ
(t)Q2(t)

)
Q1(t)
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By Lemma 29, we have that Q2(t) ≤ 0 for all γ(1)
i⋆ℓ ,j

⋆
ℓ
(t), γ

(2)
i⋆ℓ ,j

⋆
ℓ
(t) ≥ 0. Therefore

ι2ρ3 − ι3ρ2 ≥ 108

a2i b
2
i

Q1(t)
(
γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)γ

(2)
i⋆ℓ ,j

⋆
ℓ
(t)2Q0(t)− 3Q1(t)

)
Thus the condition holds if Q0(t) ≥ 4.12Q1(t) given that γ

(1)
i⋆ℓ ,j

⋆
ℓ
(t), γ

(2)
i⋆ℓ ,j

⋆
ℓ
(t) ≥ 0.9, which translates to

∞∑
k=0

c2k
k!
γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)k ≥ 4.12

∞∑
k=0

c2k+1

k!
γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)k

where we can use
∞∑
k=0

c2k
k!
γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)k ≥ c20 = 0.25

and noticing that γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)−2Q1(t) ≤

∑∞
k=0

c2k+1

k! = Ex∼N (0,1)

[[[
π′(x)2

]]]
≤ 0.05. Then, we need to check that

α2
1ι2 + α2

1ρ3 + α1α2ι1 + α1α3ρ1 + α1ι
2
2 + α2ι1ι2 + α1ρ

2
3 + α3ρ1ρ3 > α2ι3ρ1 + α3ι1ρ2

To start, we notice that

α1α2 − α3ρ2 =
36

a2i
CS,2γ

(2)
i⋆ℓ ,j

⋆
ℓ
(t)

(
α1 −

a2i
b2i

· ρ2
)

=
36

a2i
CS,2γ

(2)
i⋆ℓ ,j

⋆
ℓ
(t)

(
α1 −

18

b2i
Q1(t)

)
> 0

when γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t), γ

(2)
i⋆ℓ ,j

⋆
ℓ
(t) ≥ 0.9. Thus, we have that α1α2ι1 > α3ι1ρ2. Lastly, we also notice that

ι1ι2 − ι3ρ1 ≥ 108

a2i b
2
i

γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)γ

(2)
i⋆ℓ ,j

⋆
ℓ
(t)
(
Q0(t) + γ

(1)
i⋆ℓ ,j

⋆
ℓ
(t)Q1(t)

)
Q1(t)

+
108

a2i

(
1

a2i
+

1

b2i

)
γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)γ

(2)
i⋆ℓ ,j

⋆
ℓ
(t)Q1(t)Q2(t)−

432

a2i b
2
i

γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)Q1(t)

2

≥ 108

a2i b
2
i

γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)Q1(t)

(
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)Q0(t) + γ

(1)
i⋆ℓ ,j

⋆
ℓ
(t)γ

(2)
i⋆ℓ ,j

⋆
ℓ
(t)Q1(t)− 4Q1(t)

)
+

108

a2i

(
1

a2i
+

1

b2i

)
γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)γ

(2)
i⋆ℓ ,j

⋆
ℓ
(t)Q1(t)Q2(t)

which can be numerically verified as γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t) ≥ 0.9. Therefore, by Lemma 28 we have that

max
{∣∣∣ζ(1)i⋆ℓ ,j

⋆
ℓ
(T1 + t)

∣∣∣ , ∣∣∣ζ(1)i⋆ℓ ,j
⋆
ℓ
(T1 + t)

∣∣∣ , ∣∣∣I(3)i⋆ℓ ,i
⋆
ℓ
(T1 + t)

∣∣∣}
≤ e−Ω(t)

(∣∣∣ζ(1)i⋆ℓ ,j
⋆
ℓ
(T1)

∣∣∣+ ∣∣∣ζ(1)i⋆ℓ ,j
⋆
ℓ
(T1)

∣∣∣+ ∣∣∣I(3)i⋆ℓ ,i
⋆
ℓ
(T1)

∣∣∣)+O
(
mε

(2)
A,ℓ(t)

3
)

≤ e−Ω(t)O
(

m2

δP
√
d

)
+O

(
mε

(1)
A,ℓ(t)

2ε
(2)
A,ℓ(t)

)
Thus, for t ≥ T1 +O (log d) we shall have that

max
{∣∣∣ζ(1)i⋆ℓ ,j

⋆
ℓ
(t)
∣∣∣ , ∣∣∣ζ(1)i⋆ℓ ,j

⋆
ℓ
(t)
∣∣∣ , ∣∣∣I(3)i⋆ℓ ,i

⋆
ℓ
(t)
∣∣∣} ≤ O

(
mε

(1)
A,ℓ(t)

2 +
m7

δ3Pd
3
2

)

The same holds for ζ
(1)
i⋆ℓ ,j

(t), ζ
(1)
i⋆ℓ ,j

(t), I
(3)
i,i (t) as their growth is upper bounded by the above.

Bounding ζ
(1)
i⋆ℓ ,j

(t), ζ
(2)
i⋆ℓ ,j

(t) and γ
(1)
i⋆ℓ ,j

(t), γ
(1)
i⋆ℓ ,j

(t) for j ∈ [m⋆] \ {j⋆ℓ }
Lemma 15. Suppose that the inductive hypothesis in Condition 2 and the initialization condition in Condition 1
hold. Then for all t ≥ 0 we have that∣∣∣ζ(1)i⋆ℓ ,j

(t)
∣∣∣ , ∣∣∣ζ(2)i⋆ℓ ,j

(t)
∣∣∣ ≤ O

(
m2

δP
√
d
+mε

(1)
A,ℓ(t)

3 + ε
(1)
A,ℓ(t)

2

)
;∀j ∈ [m⋆]∣∣∣γ(1)

i⋆ℓ ,j
(t)
∣∣∣ , ∣∣∣γ(2)

i⋆ℓ ,j
(t)
∣∣∣ ≤ O

(
m2

δP
√
d
+mε

(1)
A,ℓ(t)

3 + ε
(1)
A,ℓ(t)

2

)
;∀j ̸= j⋆ℓ
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Proof. For j ∈ [m⋆] \ {j⋆ℓ }, we write out the dynamic of ζ(1)i⋆ℓ ,j
(t), ζ

(2)
i⋆ℓ ,j

(t) from Lemma 7

d

dt

∣∣∣ζ(1)i⋆ℓ ,j
(t)
∣∣∣ = − 1

a2i⋆ℓ
λ̂i⋆ℓ ,j

⋆
ℓ ,1

(t)γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)
∣∣∣ζ(1)i⋆ℓ ,j

(t)
∣∣∣+O

(
mε

(1)
A,ℓ(t)

3 + ε
(1)
A,ℓ(t)

2
)

d

dt

∣∣∣ζ(2)i⋆ℓ ,j
(t)
∣∣∣ = − 9

b2i⋆ℓ
λ̂i⋆ℓ ,j

⋆
ℓ ,5

(t)γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)
∣∣∣ζ(2)i⋆ℓ ,j

(t)
∣∣∣+O

(
mε

(1)
A,ℓ(t)

3 + ε
(1)
A,ℓ(t)

2
)

where we applied the upper bound that
∣∣∣λ̂i⋆ℓ ,j

⋆
ℓ ,2

(t)γ
(1)
i⋆ℓ ,j

(t)
∣∣∣ , ∣∣∣λ̂i⋆ℓ ,j

⋆
ℓ ,2

(t)γ
(2)
i⋆ℓ ,j

(t)
∣∣∣ ≤ O

(
ε
(1)
A,ℓ(t)

2
)

and∣∣∣γ(2)
i⋆ℓ ,j

(t)I
(3)
i⋆ℓ ,i

⋆
ℓ
(t)
∣∣∣ ≤ O

(
m2

δP
√
d

)
from Lemma 14. Since both λ̂i⋆ℓ ,j

⋆
ℓ ,1

(t)γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t) and λ̂i⋆ℓ ,j

⋆
ℓ ,5

(t)γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t) are posi-

tive, we have that
∣∣∣ζ(1)i⋆ℓ ,j

(t)
∣∣∣ and

∣∣∣ζ(2)i⋆ℓ ,j
(t)
∣∣∣ enjoys an exponential decay up to O

(
mε

(1)
A,ℓ(t)

3 + ε
(1)
A,ℓ(t)

2
)
. Recall

that at the end of phase 1 we have
∣∣∣ζ(1)i⋆ℓ ,j

(t)
∣∣∣ , ∣∣∣ζ(2)i⋆ℓ ,j

(t)
∣∣∣ ≤ O

(
m2

δP
√
d

)
. Therefore, we can conclude that∣∣∣ζ(1)i⋆ℓ ,j

(t)
∣∣∣ , ∣∣∣ζ(2)i⋆ℓ ,j

(t)
∣∣∣ ≤ O

(
m2

δP
√
d
+mε

(1)
A,ℓ(t)

3 + ε
(1)
A,ℓ(t)

2

)
Now, we focus on γ

(1)
i⋆ℓ ,j

(t) and γ
(2)
i⋆ℓ ,j

(t) for j ̸= j⋆ℓ . In particular, by Lemma 7, we have that

d

dt
γ
(1)
i⋆ℓ ,j

(t) = − 1

a2i⋆ℓ
λ̂i⋆ℓ ,j

⋆
ℓ ,1

(t)γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)
∣∣∣γ(1)

i⋆ℓ ,j
(t)
∣∣∣+O

(
mε

(1)
A,ℓ(t)

3 + ε
(1)
A,ℓ(t)

2
)

d

dt
γ
(2)
i⋆ℓ ,j

(t) = − 9

b3i⋆ℓ
λ̂i⋆ℓ ,j

⋆
ℓ ,5

(t)γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)
∣∣∣γ(2)

i⋆ℓ ,j
(t)
∣∣∣+O

(
mε

(1)
A,ℓ(t)

3 + ε
(1)
A,ℓ(t)

2
)

Since both λ̂i⋆ℓ ,j
⋆
ℓ ,1

(t)γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t) and λ̂i⋆ℓ ,j

⋆
ℓ ,5

(t)γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t) are positive, we have that

∣∣∣γ(1)
i⋆ℓ ,j

(t)
∣∣∣ and

∣∣∣γ(2)
i⋆ℓ ,j

(t)
∣∣∣ for j ̸= j⋆ℓ

enjoys an exponential decay up to O
(
mε

(1)
A,ℓ(t)

3 + ε
(1)
A,ℓ(t)

2
)
. Thus, we can conclude that∣∣∣γ(1)

i⋆ℓ ,j
(t)
∣∣∣ , ∣∣∣γ(2)

i⋆ℓ ,j
(t)
∣∣∣ ≤ O

(
m2

δP
√
d
+mε

(1)
A,ℓ(t)

3 + ε
(1)
A,ℓ(t)

2

)
;∀j ̸= j⋆ℓ

Phase 2 Growth of γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t), γ

(2)
i⋆ℓ ,j

⋆
ℓ
(t). In this section, we show that γ

(2)
i⋆ℓ ,j

⋆
ℓ
(t) continues growing up to at least

1−O
(
mε

(1)
A,ℓ(t)

3 + m7

δ3Pd
3
2

)
.

Lemma 16. Suppose that the inductive hypothesis in Condition 2 and the initialization condition in Condition 1
hold. Then for all t ≥ T1 +O (log d), where T1 is defined in Lemma 13, we have that

γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t), γ

(2)
i⋆ℓ ,j

⋆
ℓ
(t) ≥ 1−O

(
mε

(1)
A,ℓ(t)

3 +
m7

δ3Pd
3
2

)

Proof. To start, we need to perform a more fine-grained analysis of the dynamic of γ(2)
i⋆ℓ ,j

⋆
ℓ
(t). Recall from the

proof of Lemma 7 we have that for (i, j) = (i⋆ℓ , j
⋆
ℓ )

m∑
r=1

λi,r,5(t)γ
(2)
r,j (t) = λi,i,5(t)γ

(5)
i,j (t)±O

(
mε

(1)
A,ℓ(t)

2ε
(2)
A,ℓ(t)

)
m∑
r=1

λi,r,2(t)ζ
(1)
i,j (t) = ±O

(
mε

(1)
A,ℓ(t)

3
)
±O

(
ε
(1)
A,ℓ(t)ε5,ℓ(t)

)
m∑
r=1

λi,r,3(t)ζ
(1)
r,j (t) = ±O

(
mε

(1)
A,ℓ(t)

3
)
±O

(
ε
(1)
A,ℓ(t)ε5,ℓ(t)

)
m⋆∑
r=1

λ̂i,r,2(t)ζ
(1)
i,j (t) = ±O

(
ε
(1)
A,ℓ(t)

2
)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2 ±O

(
mε

(1)
A,ℓ(t)

3
)
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and also
m∑
r=1

λi,r,2(t)I
(3)
i,i (t) = ±O

(
ε5,ℓ(t)

2 +mε
(1)
A,ℓ(t)

3
)

m∑
r=1

λi,r,3(t)I
(3)
r,i (t) = ±O

(
ε5,ℓ(t)

2 +mε
(2)
A,ℓ(t)

3
)

m∑
r=1

λi,r,5(t)I
(2)
r,i (t) = λi,i,5(t)±O

(
mε

(1)
A,ℓ(t)

3
)

m⋆∑
r=1

λ̂i,r,2(t)I
(3)
i,i (t) = ±O

(
ε
(1)
A,ℓ(t)

2
)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2 ±O

(
mε

(1)
A,ℓ(t)

3
)

m⋆∑
r=1

λ̂i,r,3(t)ζ
(2)
i,r (t) = ±O

(
ε
(1)
A,ℓ(t)

2
)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2 ±O

(
mε

(1)
A,ℓ(t)

3
)

m⋆∑
r=1

λ̂i,r,5(t)γ
(2)
i,r (t) = λi⋆ℓ ,j

⋆
ℓ ,5

(t)γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)±O

(
mε

(1)
A,ℓ(t)

3
)

In this case, we need to refine the bound that

m⋆∑
r=1

λ̂i⋆ℓ ,r,2
(t)ζ

(1)
i⋆ℓ ,j

⋆
ℓ
(t) = λ̂i⋆ℓ ,j

⋆
ℓ ,2

(t)ζ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)±O

(
mε

(1)
A,ℓ(t)

3
)

m⋆∑
r=1

λ̂i⋆ℓ ,r,2
(t)I

(3)
i⋆ℓ ,i

⋆
ℓ
(t) = λ̂i⋆ℓ ,j

⋆
ℓ ,2

(t)I
(3)
i⋆ℓ ,i

⋆
ℓ
(t)±O

(
mε

(1)
A,ℓ(t)

3
)

m⋆∑
r=1

λ̂i⋆ℓ ,r,3
(t)ζ

(2)
i⋆ℓ ,r

(t) = λ̂i⋆ℓ ,j
⋆
ℓ ,3

(t)ζ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)±O

(
mε

(1)
A,ℓ(t)

3
)

Denote ε̂ℓ(t) = max
{∣∣∣ζ(1)i⋆ℓ ,j

⋆
ℓ
(t)
∣∣∣ , ∣∣∣ζ(2)i⋆ℓ ,j

⋆
ℓ
(t)
∣∣∣ , ∣∣∣I(3)i⋆ℓ ,i

⋆
ℓ
(t)
∣∣∣}. Then we have that∣∣∣∣∣

m⋆∑
r=1

λ̂i⋆ℓ ,r,2
(t)ζ

(1)
i⋆ℓ ,j

⋆
ℓ
(t)

∣∣∣∣∣ ≤ O
(
ε̂ℓ(t)

2 +mε
(1)
A,ℓ(t)

3
)

∣∣∣∣∣
m⋆∑
r=1

λ̂i⋆ℓ ,r,2
(t)I

(3)
i⋆ℓ ,i

⋆
ℓ
(t)

∣∣∣∣∣ ≤ O
(
ε̂ℓ(t)

2 +mε
(1)
A,ℓ(t)

3
)

∣∣∣∣∣
m⋆∑
r=1

λ̂i⋆ℓ ,r,3
(t)ζ

(2)
i⋆ℓ ,r

(t)

∣∣∣∣∣ ≤ O
(
ε̂ℓ(t)

2 +mε
(1)
A,ℓ(t)

3
)

Noticing that ε5,ℓ(t) ≤ ε̂ℓ(t), we have that

d

dt
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t) ≥

(
1− γ

(2)
i⋆ℓ ,j

⋆
ℓ
(t)2

)
λ̂i⋆ℓ ,j

⋆
ℓ ,5

(t)−O
(
ε̂ℓ(t)

2 +mε
(1)
A,ℓ(t)

3
)

By Lemma 21 we have that

λ̂i⋆ℓ ,j
⋆
ℓ ,5

(t) ≥ 2γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)

∞∑
k=0

c2k
k!
γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)k −O

(
ε̂ℓ(t)

2
)

This gives that

d

dt
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t) ≥ 2

(
1− γ

(2)
i⋆ℓ ,j

⋆
ℓ
(t)2

)
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t)2

∞∑
k=0

c2k
k!
γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t)k −O

(
ε̂ℓ(t)

2 +mε
(1)
A,ℓ(t)

3
)

≥ c20

(
1− γ

(2)
i⋆ℓ ,j

⋆
ℓ
(t)2

)
−O

(
ε̂ℓ(t)

2 +mε
(1)
A,ℓ(t)

3
)
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Let T̂ be the first time when ε̂ℓ(t) ≤ O
(
mε

(1)
A,ℓ(t)

3 + m7

δ3Pd
3
2

)
. Recall that for all t ≤ T̂ we have ε̂ℓ(t) ≤ O

(
m2

δP
√
d

)
.

Therefore, we have that either γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t) ≥ 1−O

(
m4

δ2Pd

)
or d

dtγ
(2)
i⋆ℓ ,j

⋆
ℓ
(t) ≥ 0. Thus, we must have that at T̂

γ
(2)
i⋆ℓ ,j

⋆
ℓ
(T̂ ) ≥ γ

(2)
i⋆ℓ ,j

⋆
ℓ
(T1) ≥ 0.9

For all t ≥ T̂ , we have that

d

dt
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t) ≥ c20

(
1− γ

(2)
i⋆ℓ ,j

⋆
ℓ
(t)2

)
−O

(
mε

(1)
A,ℓ(t)

3 +
m7

δ3Pd
3
2

)

Before γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t) first reaches O

(
mε

(1)
A,ℓ(t)

3 + m7

δ3Pd
3
2

)
, we have that

d

dt
γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t) ≥ c20

2

(
1− γ

(2)
i⋆ℓ ,j

⋆
ℓ
(t)2

)
This gives that

γ
(2)
i⋆ℓ ,j

⋆
ℓ
(t+ T̂ ) ≥

(
1 + γ

(2)
i⋆ℓ ,j

⋆
ℓ
(T̂ )
)

exp
(

c20t
2

)
− 1 + γ

(2)
i⋆ℓ ,j

⋆
ℓ
(T̂ )(

1 + γ
(2)
i⋆ℓ ,j

⋆
ℓ
(T̂ )
)

exp
(

c20t
2

)
+ 1− γ

(2)
i⋆ℓ ,j

⋆
ℓ
(T̂ )

≥
exp

(
c20t
2

)
− 0.1

exp
(

c20t
2

)
+ 0.1

Thus, for t ≥ O (log d) we have that γ(2)
i⋆ℓ ,j

⋆
ℓ
(t+ T̂ ) ≥ 1−O

(
m7

δ3Pd
3
2
+mε

(1)
A,ℓ(t)

3

)
and stays at that magnitude. We

conclude the proof by noticing that T̂ ≤ T1+O (log d) by Lemma 14, and the same analysis holds for γ(1)
i⋆ℓ ,j

⋆
ℓ
(t).

With all the preparation work, we are ready to state the lemma for phase 2 convergence.
Lemma 17. Suppose that the inductive hypothesis in Condition 2, the initialization condition in Condition 1,
and the condition on the sigmoid function in Assumption 3 holds. Let Tc be defined in (14). Then for all t ≥ T1,
where T1 is defined in Lemma 13, we have that

γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t), γ

(2)
i⋆ℓ ,j

⋆
ℓ
(t) ≥

0.9 for t ≥ T1

1−O
(
mε

(1)
A,ℓ(t)

3 + m7

δ3Pd
3
2

)
for t ≥ T1 +O (log d)

Moreover, for all t ≥ T1, we can upper bound
∣∣∣ζ(1)i⋆ℓ ,j

(t)
∣∣∣ , ∣∣∣ζ(2)i⋆ℓ ,j

(t)
∣∣∣ for j ∈ [m⋆] and

∣∣∣γ(1)
i⋆ℓ ,j

(t)
∣∣∣ , ∣∣∣γ(2)

i⋆ℓ ,j
(t)
∣∣∣ for j ∈

[m⋆] \ {j⋆ℓ } by ∣∣∣ζ(1)i⋆ℓ ,j
(t)
∣∣∣ , ∣∣∣ζ(2)i⋆ℓ ,j

(t)
∣∣∣ ≤ O

(
m2

δP
√
d
+mε

(1)
A,ℓ(t)

3 + ε
(1)
A,ℓ(t)

2

)
;∀j ∈ [m⋆]∣∣∣γ(1)

i⋆ℓ ,j
(t)
∣∣∣ , ∣∣∣γ(2)

i⋆ℓ ,j
(t)
∣∣∣ ≤ O

(
m2

δP
√
d
+mε

(1)
A,ℓ(t)

3 + ε
(1)
A,ℓ(t)

2

)
;∀j ̸= j⋆ℓ

Proof. The first part of the proof simply follows from a combination of Lemma 14, Lemma 15, and Lemma 16.

A.8 Formalizing the Proof of Theorem 1

Now we are ready to prove the theorem for gradient flow.

Proof of Theorem 1. By Lemma 17, we have that∣∣∣ζ(1)i⋆ℓ ,j
(t)
∣∣∣ , ∣∣∣ζ(2)i⋆ℓ ,j

(t)
∣∣∣ ≤ O

(
m2

δP
√
d
+mε

(1)
A,ℓ(t)

3 + ε
(1)
A,ℓ(t)

2

)
;∀j ∈ [m⋆]∣∣∣γ(1)

i⋆ℓ ,j
(t)
∣∣∣ , ∣∣∣γ(2)

i⋆ℓ ,j
(t)
∣∣∣ ≤ O

(
m2

δP
√
d
+mε

(1)
A,ℓ(t)

3 + ε
(1)
A,ℓ(t)

2

)
;∀j ̸= j⋆ℓ
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By the definition of ε
(1)
A,ℓ(t), if ε

(1)
A,ℓ(t) ≥ ε

(2)
A,ℓ+1(t), then we must have that

∣∣∣ζ(1)i⋆ℓ ,j
(t)
∣∣∣ , ∣∣∣ζ(2)i⋆ℓ ,j

(t)
∣∣∣ and∣∣∣γ(1)

i⋆ℓ ,j
(t)
∣∣∣ , ∣∣∣γ(2)

i⋆ℓ ,j
(t)
∣∣∣ is greater than ε

(2)
A,ℓ+1(t). In this case, we must have that ε

(1)
A,ℓ(t) is dominated by∣∣∣ζ(1)i⋆ℓ ,j

(t)
∣∣∣ , ∣∣∣ζ(2)i⋆ℓ ,j

(t)
∣∣∣ and

∣∣∣γ(1)
i⋆ℓ ,j

(t)
∣∣∣ , ∣∣∣γ(2)

i⋆ℓ ,j
(t)
∣∣∣. For t ≤ Tc, we can thus conclude that

∣∣∣ζ(1)i⋆ℓ ,j
(t)
∣∣∣ , ∣∣∣ζ(2)i⋆ℓ ,j

(t)
∣∣∣ and∣∣∣γ(1)

i⋆ℓ ,j
(t)
∣∣∣ , ∣∣∣γ(2)

i⋆ℓ ,j
(t)
∣∣∣ must stay below O

(
m2

δP
√
d

)
. Otherwise, we will have that ε

(1)
A,ℓ(t) ≤ ε

(2)
A,ℓ+1(t) and thus

∣∣∣ζ(1)i⋆ℓ ,j
(t)
∣∣∣ , ∣∣∣ζ(2)i⋆ℓ ,j

(t)
∣∣∣ ≤ O

(
m2

δP
√
d
+mε

(1)
A,ℓ+1(t)

3 + ε
(1)
A,ℓ+1(t)

2

)
;∀j ∈ [m⋆]∣∣∣γ(1)

i⋆ℓ ,j
(t)
∣∣∣ , ∣∣∣γ(2)

i⋆ℓ ,j
(t)
∣∣∣ ≤ O

(
m2

δP
√
d
+mε

(1)
A,ℓ+1(t)

3 + ε
(1)
A,ℓ+1(t)

2

)
;∀j ̸= j⋆ℓ

which implies that for all t such that ε
(1)
A,ℓ(t) ≤ O

(
m2

δP
√
d

)
, it holds that

∣∣∣ζ(1)i⋆ℓ ,j
(t)
∣∣∣ , ∣∣∣ζ(2)i⋆ℓ ,j

(t)
∣∣∣ ≤ O

(
m2

δP
√
d

)
;∀j ∈ [m⋆]∣∣∣γ(1)

i⋆ℓ ,j
(t)
∣∣∣ , ∣∣∣γ(2)

i⋆ℓ ,j
(t)
∣∣∣ ≤ O

(
m2

δP
√
d

)
;∀j ̸= j⋆ℓ

Combining with the inductive hypothesis that εF,ℓ(t) ≤ O
(

m2

δP
√
d

)
gives that εF,ℓ+1(t) ≤ O

(
m2

δP
√
d

)
when

ε
(1)
A,ℓ+1(t) ≤ O

(
m2

δP
√
d

)
. This gives the third inductive hypothesis. For the same reasoning, by Lemma 17,

we can also have the first inductive hypothesis. Lastly, the second inductive hypothesis follows from Lemma 9.

Based on the first and second inductive hypothesis, we can conclude bullet point 1-3 in Theorem 1. To see the
last statement, we recall from Lemma 17 that

γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t), γ

(2)
i⋆ℓ ,j

⋆
ℓ
(t) ≥ 1−O

(
mε

(1)
A,ℓ(t)

3 +
m7

δ3Pd
3
2

)
for t ≥ T1 +O (log d)

Let T ⋆ ≥ T1+O (log d) to be as small as possible for all ℓ. Then T ⋆ ≤ O
(√

d+ log d
)
≤ O

(√
d
)

by Lemma 13.

By definition of ε(1)A,ℓ(t), we have that ε
(1)
A,ℓ(t) ≤ ε

(1)
A,ℓ+1(t) for all ℓ ∈ [m⋆ − 1]. Thus, ε(1)A,ℓ(t) ≤ ε

(1)
A,m⋆(t) for all

ℓ ∈ [m⋆]. This gives that

γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t), γ

(2)
i⋆ℓ ,j

⋆
ℓ
(t) ≥ 1−O

(
mε

(1)
A,m⋆(t)

3 +
m7

δ3Pd
3
2

)
for t ≥ T ⋆

Thus, it remains to bound ε
(1)
A,m⋆(t). By definition, ε

(1)
A,m⋆(t) depends on γ

(1)
i⋆ℓ ,j

(t), γ
(1)
i⋆ℓ ,j

(t) for all ℓ ∈ [m⋆] and

j ∈ [m⋆] \ {j⋆ℓ }, ζ
(1)
i,j (t), ζ

(2)
i,j (t) for all i ∈ [m] and j ∈ [m⋆], and I

(1)
i,j (t), I

(2)
i,j (t), I

(3)
i,j (t) for all i, j ∈ [m] with i ̸= j.

Recall that by Lemma 17, we have that for all t ≥ T1, it holds that∣∣∣ζ(1)i⋆ℓ ,j
(t)
∣∣∣ , ∣∣∣ζ(2)i⋆ℓ ,j

(t)
∣∣∣ ≤ O

(
m2

δP
√
d
+mε

(1)
A,ℓ(t)

3 + ε
(1)
A,ℓ(t)

2

)
;∀j ∈ [m⋆]∣∣∣γ(1)

i⋆ℓ ,j
(t)
∣∣∣ , ∣∣∣γ(2)

i⋆ℓ ,j
(t)
∣∣∣ ≤ O

(
m2

δP
√
d
+mε

(1)
A,ℓ(t)

3 + ε
(1)
A,ℓ(t)

2

)
;∀j ̸= j⋆ℓ

For ζ
(1)
i,j (t), ζ

(2)
i,j (t) and I

(1)
i,j (t), I

(2)
i,j (t), I

(3)
i,j (t) with i ∈ [m] \ Rm⋆ , we obtain from Lemma 11 that the above are

bounded by O
(

m2

δP
√
d

)
for all t ≤ O

(
δ2Pd
m5

)
. Lastly, for I

(1)
i,j (t), I

(2)
i,j (t), I

(3)
i,j (t) with i ∈ Rm⋆ or j ∈ Rm⋆ , we can

obtain from (17), (18), and (19) that

max
{∣∣∣I(1)i,j (t)

∣∣∣ , ∣∣∣I(2)i,j (t)
∣∣∣ , ∣∣∣I(3)i,j (t)

∣∣∣} ≤ max
{∣∣∣γ(1)

j,j⋆
ℓ′
(t)
∣∣∣ , ∣∣∣γ(2)

j,j⋆
ℓ′
(t)
∣∣∣ , ∣∣∣ζ(1)j,j⋆

ℓ′
(t)
∣∣∣ , ∣∣∣ζ(1)j,j⋆

ℓ′
(t)
∣∣∣}+O

(
m4

δ2Pd
3
4

)
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As
∣∣∣ζ(1)j,j⋆

ℓ′
(t)
∣∣∣ , ∣∣∣ζ(1)j,j⋆

ℓ′
(t)
∣∣∣ are bounded above, we just need to look into

∣∣∣γ(1)
j,j⋆

ℓ′
(t)
∣∣∣ , ∣∣∣γ(2)

j,j⋆
ℓ′
(t)
∣∣∣. which are bounded by

O
(

m2

δP
√
d

)
as shown in Lemma 10 when t ≤

{
Tm⋆ (ξ) +O

(
m2

δP
√
d

)
,O
(

δ2Pd
3
4

m5

)}
. Combining all the bounds above

we can conclude that ε
(1)
A,m⋆(t) ≤ O

(
m2

δP
√
d

)
for all t ≤ min

{
Tm⋆ (ξ) +O

(
δP

√
d

m2

)}
. Thus, we can obtain that

γ
(1)
i⋆ℓ ,j

⋆
ℓ
(t), γ

(2)
i⋆ℓ ,j

⋆
ℓ
(t) ≥ 1−O

(
m7

δ3Pd
3
2

)
;∀T ⋆ ≤ t ≤ T ⋆ +O

(
δP
√
d

m2

)

B Proof of Theorem 2

Proof of Theorem 2. We simply need to show that under the stopping criteria (8) the procedure in (7) satisfies
that rτ ∈ [m] \ [m⋆] for all τ ∈ [τ⋆] and that τ⋆ = m −m⋆. This is done in Part 1 and Part 2 below. Before
we start, we define the loss over the pruned model as

LS (θ) = Ex

[[[
(fS (θ,x)− f⋆ (x))

2
]]]

and we write the target pruned model as

f̂ (θ,x) =

m⋆∑
i=1

π
(
v̄⊤
i x
)
σ
(
w̄⊤

i x
)

For the convenience, we also denote hi (x) := π
(
v̄⊤
i x
)
σ
(
w̄⊤

i x
)

and h⋆
i (x) := π

(
v̄⋆⊤
i x

)
σ
(
w̄⋆⊤

i x
)
.

Part 1. Assume that Sτ−1 ⊆ [m] \ [m⋆] and |Sτ−1| ≤ m − m⋆. Let rτ ∈ [m] \ [m⋆] and r′τ ∈ [m⋆]. Let
Sτ = Sτ−1 ∪ {rτ} and S ′

τ = Sτ−1 ∪ {r′τ}. Moreover, let S⊥ = [m] \ [m⋆] \ Sτ . Then we have that

LSτ
(θ)− LS′

τ
(θ) = Ex

[[[
(fSτ

(θ,x)− f⋆ (x))
2 −

(
fS′

τ
(θ,x)− f⋆ (x)

)2]]]
= Ex

[[[(
fSτ

(θ,x) + fS′
τ
(θ,x)− 2f⋆ (x)

) (
fSτ

(θ,x)− fS′
τ
(θ,x)

)]]]
= Ex

[[[(
fSτ

(θ,x) + fS′
τ
(θ,x)− 2f̂ (θ,x)

) (
fSτ

(θ,x)− fS′
τ
(θ,x)

)]]]
− 2Ex

[[[(
f̂ (θ,x)− f⋆ (x)

) (
fSτ

(θ,x)− fS′
τ
(θ,x)

)]]]
︸ ︷︷ ︸

T1

= Ex

2
∑
i∈S⊥

hi (x) + hrτ (x)− hr′τ
(x)

(hr′τ
(x)− hrτ (x)

)− 2T1

= −Ex

[[[(
hr′τ

(x)− hrτ (x)
)2]]]− 2T1 + 2Ex

 ∑
i∈S⊥

hi (x)
(
hr′τ

(x)− hrτ (x)
)

︸ ︷︷ ︸
T2

≤ −Ex

[[[(
hr′τ

(x)− hrτ (x)
)2]]]

+ 2 |T1|+ 2 |T2|

It suffice to upper bound |T1| and |T2|, and lower bound Ex

[[[(
hr′τ

(x)− hrτ (x)
)2]]]. To start, the lower bound

can be derived as

Ex

[[[(
hr′τ

(x)− hrτ (x)
)2]]]

= Ex

[[[
hr′τ

(x)
2
]]]
+ Ex

[[[
hrτ (x)

2
]]]
− 2Ex

[[[
hrτ (x)hr′τ

(x)
]]]
≥ 12

∞∑
k=0

c2k
k!

−O
(
ε2
)

(20)
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where the last inequality follows from Lemma 22. Next, for |T1|, we have that

T1 = Ex

[[[(
f̂ (θ,x)− f⋆ (x)

) (
hrτ (x)− hr′τ

(x)
)]]]

= Ex

[[[
hrτ (x)

m⋆∑
i=1

hi (x)

]]]
− Ex

[[[
hrτ (x)

m⋆∑
i=1

h⋆
i (x)

]]]
− Ex

h′
rτ (x)

m⋆∑
i=1,i̸=r′τ

hi (x)


+ Ex

h′
rτ (x)

m⋆∑
i=1,i̸=r′τ

h⋆
i (x)

+ Ex

[[[
hr′τ

(x)
2 − hr′τ

(x)h⋆
r′τ

(x)
]]]

= Ex

[[[
hr′τ

(x)
2 − hr′τ

(x)h⋆
r′τ

(x)
]]]
±O

(
m⋆ε4

)
(21)

By Lemma 22, since r′τ ∈ [m⋆], we have that

Ex

[[[
hr′τ

(x)h⋆
r′τ

(x)
]]]
= 6Ex

[[[
hr′τ

(x)2
]]]
±O (ε) (22)

Thus, we have that
|T1| ≤ O

(
ε+m⋆ε4

)
(23)

For |T2|, we notice that rτ ∈ Sτ and r′τ ∈ [m⋆]. Therefore, rτ , r′τ /∈ S⊥. Thus

|T2| ≤
∑
i∈S⊥

|Ex[[[hi (x)hrτ (x)]]]|+
∑
i∈S⊥

∣∣Ex

[[[
hi (x)hr′τ

(x)
]]]∣∣ ≤ O

(
mε4

)
(24)

Combining (20), (23), and (24) gives that

LSτ (θ)− LS′
τ
(θ) ≤ −12

∞∑
k=0

c2k
k!

+O
(
ε+mε4

)
≤ 0

when ε ≤ o
(

1√
m

)
.

Part 2. Assume that τ⋆ < m−m⋆. We show that LSτ⋆ (θ) ≥ LSτ⋆ (θ + 1) by letting Sτ⋆+1 = Sτ⋆ ∪{r⋆} where
r⋆ ∈ [m] \ [m⋆]. Similar to before, let S⊥ = [m] \ [m⋆] \ Sτ⋆+1, we have that

LSτ⋆ (θ)− LSτ⋆ (θ + 1) = Ex

[[[
(fSτ⋆ (θ,x)− f⋆ (x))

2 −
(
fSτ⋆+1

(θ,x)− f⋆ (x)
)2]]]

= Ex

[[[(
fSτ⋆ (θ,x) + fSτ⋆+1

(θ,x)− 2f⋆ (x)
) (

fSτ⋆ (θ,x)− fSτ⋆+1
(θ,x)

)]]]
= Ex

[[[
hr⋆ (x)

(
fSτ⋆ (θ,x) + fSτ⋆+1

(θ,x)− 2f⋆ (x)
)]]]

= Ex

[[[
hr⋆ (x)

(
fSτ⋆ (θ,x) + fSτ⋆+1

(θ,x)− 2f̂ (θ,x)
)]]]

− 2Ex

[[[
hr⋆ (x)

(
f̂ (θ,x)− f⋆ (x)

)]]]
︸ ︷︷ ︸

T1

= Ex

[[[
hr⋆ (x)

2
]]]
+ 2Ex

hr⋆ (x)
∑
i∈S⊥

hi (x)


︸ ︷︷ ︸

T2

−2T1

≥ Ex

[[[
hr⋆ (x)

2
]]]
− 2 |T1| − 2 |T2|

As before, we have that Ex

[[[
hr⋆ (x)

2
]]]
≥ 6

∑∞
k=0

c2k
k! −O

(
ε2
)

and |T2| ≤ O
(
mε4

)
. For T1, we have that

|T1| =
∣∣∣Ex

[[[
hr⋆ (x)

(
f̂ (θ,x)− f⋆ (x)

)]]]∣∣∣
≤

m⋆∑
i=1

|Ex[[[hr⋆ (x)hi (x)]]]|+
m⋆∑
i=1

|Ex[[[hr⋆ (x)h
⋆
i (x)]]]|

≤ O
(
mε4

)
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Thus, we have that

LSτ⋆ (θ)− LSτ⋆ (θ + 1) ≥ 6

∞∑
k=0

c2k
k!

−O
(
ε2 +mε4

)
≥ 0

when ε ≤ O
(

1√
m

)
. This shows that τ⋆ ≥ m−m⋆. Next, we assume that τ⋆ > m−m⋆. Then rm−m⋆+1 ∈ [m⋆].

We show that LSm−m⋆ (θ) ≤ LSm−m⋆+1
(θ). As before, let . Notice that by Part 1, fSm−m⋆ (θ,x) = f̂ (θ,x).

Then we have that

LSm−m⋆ (θ)− LSm−m⋆+1
(θ) = Ex

[[[
hrm−m⋆+1

(x)
(
fSm−m⋆ (θ,x) + fSm−m⋆+1

(θ,x)− 2f⋆ (x)
)]]]

= 2Ex

[[[
hrm−m⋆+1

(x)
(
f̂ (θ,x)− f⋆ (x)

)]]]
− Ex

[[[
hrm−m⋆+1

(x)
2
]]]

As before, we have that Ex

[[[
hrm−m⋆+1

(x)
2
]]]
≥ 6

∑∞
k=0

c2k
k! −O

(
ε2
)
. It remains to upper bound the first term. In

particular, we have that

Ex

[[[
hrm−m⋆+1

(x)
(
f̂ (θ,x)− f⋆ (x)

)]]]
≤ Ex

[[[
hrm−m⋆+1

(x)
2 − hrm−m⋆+1

(x)h⋆
rm−m⋆+1

(x)
]]]

+
∑

i ̸=rm−m⋆+1

Ex

[[[
hrm−m⋆+1

(x) (hi (x)− h⋆
i (x))

]]]
≤ O

(
ε+m⋆ε4

)
Thus, we can conclude that

LSm−m⋆ (θ)− LSm−m⋆+1
(θ) ≤ −6

∞∑
k=0

c2k
k!

+O
(
ε+mε4

)
≤ 0

when ε ≤ O
(

1√
m

)
. This shows that τ⋆ = m−m⋆, which finishes the proof.

C Proof of Theorem 3

We will analyze the Hessian in a small region near the global minima θ⋆ = {(v̄⋆
i , w̄

⋆
i )}m

⋆

i=1. To do this, we utilize
the following second-order Stein’s lemma.
Lemma 18. Let v,w ∈ Rd and g, h : R → R. Then we have that

Ex∼N (0,Id)

[[[
g
(
v⊤x

)
h
(
w⊤x

)
xx⊤ ]]] = Ex∼N (0,Id)

[[[
g
(
v⊤x

)
h
(
w⊤x

)]]]
Id

+ Ex∼N (0,Id)

[[[
g′
(
v⊤x

)
h′ (w⊤x

)]]] (
vw⊤ + vw⊤)

+ Ex∼N (0,Id)

[[[
g′′
(
v⊤x

)
h
(
w⊤x

)]]]
vv⊤

+ Ex∼N (0,Id)

[[[
g
(
v⊤x

)
h′′ (w⊤x

)]]]
ww⊤

The proof of Lemma 18 follows by applying Stein’s lemma twice. In particular, we shall prove the following
result
Theorem 4. Let θ = {(vi,wi)}m

⋆

i=1 be the parameter of the MoE, let α1, . . . , αm⋆ , β1, . . . βm⋆ ≥ Ω (1) , and let
u1, . . . ,um⋆ ,q1, . . . ,qm⋆ ∈ Rd be any set of vectors such that ∥(I− v̄iv̄i)ui∥22 ≥ Q⋆ ∥ui∥22 and ∥(I− w̄iw̄i)qi∥22 ≥
Q⋆ ∥qi∥22 for some Q⋆ > 0 for all i ∈ [m⋆]. If θ also satisfies that ∥v̄i − v̄⋆

i ∥2 , ∥w̄i − w̄⋆
i ∥2 ≤ ε

2 for some

ε ≤ o
(

NminQ⋆

m⋆2

)
, and CS,0

CS,1
≥ N2

max(1+βi)
2

N2
minQ⋆2α2

i
, then we have that

α1u1

...
αm⋆um⋆

β1q1

...
βm⋆qm⋆



⊤

∇2L (θ)



u1

...
um⋆

q1

...
qm⋆


≥ NminQ⋆κ

m⋆∑
i=1

(
∥ui∥22 + ∥qi∥22

)

for some constant κ > 0.
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Proof. Form of Hessian. Here we are going to compute ∂2

∂vi∂vj
L (θ) , ∂2

∂wi∂wj
L (θ), and ∂2

∂vi∂wj
L (θ). Recall

that the gradient takes the form

∂

∂vi
L (θ) =

1

∥vi∥2
(
Id − v̄iv̄

⊤
i

)
Ex

[[[
(f (θ,x)− f⋆ (x))π′ (v̄⊤

i x
)
σ
(
w̄⊤

i x
)
x
]]]

∂

∂wi
L (θ) =

1

∥wi∥2
(
Id − w̄iw̄

⊤
i

)
Ex

[[[
(f (θ,x)− f⋆ (x))π

(
v̄⊤
i x
)
σ′ (w̄⊤

i x
)
x
]]]

Therefore

∂2

∂vi∂vj
L (θ) =

1

∥vi∥2 ∥vj∥2
(
I− v̄iv̄

⊤
i

)
Ex

[[[
π′ (v̄⊤

i x
)
σ
(
w̄⊤

i x
)
π′ (v̄⊤

j x
)
σ
(
w̄⊤

j x
)
xx⊤ ]]]︸ ︷︷ ︸

Ti,j,1

(
I− v̄jv̄

⊤
j

)

+
I {i = j}
∥vi∥22

(
I− v̄iv̄

⊤
i

)
Ex

[[[
(f (θ,x)− f⋆ (x))π′′ (v̄⊤

i x
)
σ
(
w̄⊤

i x
)
xx⊤ ]]]︸ ︷︷ ︸

Ti,j,2

(
I− v̄iv̄

⊤
i

)
− I {i = j}

∥vi∥22

(
I− v̄iv̄

⊤
i

)
Ex

[[[
(f (θ,x)− f⋆ (x))π′ (v̄⊤

i x
)
σ
(
w̄⊤

i x
)
v̄⊤
i x
]]]︸ ︷︷ ︸

Ti,j,3

− I {i = j}
∥vi∥22

Ex

[[[
(f (θ,x)− f⋆ (x))π′ (v̄⊤

i x
)
σ
(
w̄⊤

i x
) (

v̄ix
⊤ + xv̄⊤

i

)]]]︸ ︷︷ ︸
Ti,j,4

∂2

∂wi∂wj
L (θ) =

1

∥wi∥2 ∥wj∥2
(
I− w̄iw̄

⊤
i

)
Ex

[[[
π
(
v̄⊤
i x
)
σ′ (w̄⊤

i x
)
π
(
v̄⊤
j x
)
σ′ (w̄⊤

j x
)
xx⊤ ]]] (I− w̄jw̄

⊤
j

)︸ ︷︷ ︸
Ti,j,5

+
I {i = j}
∥wi∥22

(
I− w̄iw̄

⊤
i

)
Ex

[[[
(f (θ,x)− f⋆ (x))π

(
v̄⊤
i x
)
σ′′ (w̄⊤

i x
)
xx⊤ ]]]︸ ︷︷ ︸

Ti,j,6

(
I− w̄iw̄

⊤
i

)
− I {i = j}

∥wi∥22

(
I− w̄iw̄

⊤
i

)
Ex

[[[
(f (θ,x)− f⋆ (x))π

(
v̄⊤
i x
)
σ′ (w̄⊤

i x
)
w̄⊤

i x
]]]︸ ︷︷ ︸

Ti,j,7

− I {i = j}
∥wi∥22

Ex

[[[
(f (θ,x)− f⋆ (x))π

(
v̄⊤
i x
)
σ′ (w̄⊤

i x
) (

w̄ix
⊤ + xw̄⊤

i

)]]]︸ ︷︷ ︸
Ti,j,8

∂2

∂vi∂wj
L (θ) =

1

∥vi∥2 ∥wj∥2
(
I− v̄iv̄

⊤
i

)
Ex

[[[
π′ (v̄⊤

i x
)
σ
(
w̄⊤

i x
)
π
(
v̄⊤
j x
)
σ′ (w̄⊤

j x
)
xx⊤ ]]]︸ ︷︷ ︸

Ti,j,9

(
I− w̄jw̄

⊤
j

)

+
I {i = j}

∥vi∥2 ∥wi∥2
(
I− v̄iv̄

⊤
i

)
Ex

[[[
(f (θ,x)− f⋆ (x))π′ (v̄⊤

i x
)
σ′ (w̄⊤

i x
)
xx⊤ ]]]︸ ︷︷ ︸

Ti,j,10

(
I− w̄iw̄

⊤
i

)

For the convenience of the analysis, we define CS,0 = 2
∑∞

k=0
c2k
k! and CS,1 = 6

∑∞
k=0

c2k+1

k! . Our next lemma
controls the magnitudes of these blocks.

Bounding Ti,j,2, Ti,j,6 and Ti,j,10. By Lemma 18, we have that

Ti,j,2 = Ex

[[[
(f (θ,x)− f⋆ (x))π′′ (v̄⊤

i x
)
σ
(
w̄⊤

i x
)]]]
Id

+ Ex

[[[
(f (θ,x)− f⋆ (x))∇2

x

(
π′′ (v̄⊤

i x
)
σ
(
w̄⊤

i x
))]]]

+ Ex

[[[
∇2

x (f (θ,x)− f⋆ (x))π′′ (v̄⊤
i x
)
σ
(
w̄⊤

i x
)]]]

+ Ex

[[[
∇x (f (θ,x)− f⋆ (x))∇x

(
π′′ (v̄⊤

i x
)
σ
(
w̄⊤

i x
))⊤]]]



Guided by the Experts: Provable Feature Learning Dynamic of Soft-Routed Mixture-of-Experts

Similarly, we have that

Ti,j,6 = Ex

[[[
(f (θ,x)− f⋆ (x))π

(
v̄⊤
i x
)
σ′′ (w̄⊤

i x
)]]]
Id

+ Ex

[[[
(f (θ,x)− f⋆ (x))∇2

x

(
π
(
v̄⊤
i x
)
σ′′ (w̄⊤

i x
))]]]

+ Ex

[[[
∇2

x (f (θ,x)− f⋆ (x))π
(
v̄⊤
i x
)
σ′′ (w̄⊤

i x
)]]]

+ Ex

[[[
∇x (f (θ,x)− f⋆ (x))∇x

(
π
(
v̄⊤
i x
)
σ′′ (w̄⊤

i x
))⊤]]]

Also, we have that

Ti,j,10 = Ex

[[[
(f (θ,x)− f⋆ (x))π′ (v̄⊤

i x
)
σ′ (w̄⊤

i x
)]]]
Id

+ Ex

[[[
(f (θ,x)− f⋆ (x))∇2

x

(
π′ (v̄⊤

i x
)
σ′ (w̄⊤

i x
))]]]

+ Ex

[[[
∇2

x (f (θ,x)− f⋆ (x))π′ (v̄⊤
i x
)
σ′ (w̄⊤

i x
)]]]

+ Ex

[[[
∇x (f (θ,x)− f⋆ (x))∇x

(
π′ (v̄⊤

i x
)
σ′ (w̄⊤

i x
))⊤]]]

Thus, we can apply Lemma 23 to obtain that

∥Ti,j,2∥2 , ∥Ti,j,6∥2 , ∥Ti,j,10∥2 ≤ O (m⋆ε)

Bounding Ti,j,3 and Ti,j,7 By Stein’s Lemma, we have that

Ti,j,3 = Ex

[[[
v̄⊤
i ∇x (f (θ,x)− f⋆ (x))π′ (v̄⊤

i x
)
σ
(
w̄⊤

i x
)]]]

+ Ex

[[[
(f (θ,x)− f⋆ (x)) v̄⊤

i ∇x

(
π′ (v̄⊤

i x
)
σ
(
w̄⊤

i x
))]]]

Ti,j,7 = Ex

[[[
w̄⊤

i ∇x (f (θ,x)− f⋆ (x))π
(
v̄⊤
i x
)
σ′ (w̄⊤

i x
)]]]

+ Ex

[[[
(f (θ,x)− f⋆ (x)) w̄⊤

i ∇x

(
π
(
v̄⊤
i x
)
σ′ (w̄⊤

i x
))]]]

Therefore, we have that

|Ti,j,3| ≤
∥∥∥Ex

[[[
∇x (f (θ,x)− f⋆ (x))π′ (v̄⊤

i x
)
σ
(
w̄⊤

i x
)]]]∥∥∥

2

+
∥∥∥Ex

[[[
(f (θ,x)− f⋆ (x))∇x

(
π′ (v̄⊤

i x
)
σ
(
w̄⊤

i x
))]]]∥∥∥

2

|Ti,j,7| ≤
∥∥∥Ex

[[[
∇x (f (θ,x)− f⋆ (x))π

(
v̄⊤
i x
)
σ′ (w̄⊤

i x
)]]]∥∥∥

2

+
∥∥∥Ex

[[[
(f (θ,x)− f⋆ (x))∇x

(
π
(
v̄⊤
i x
)
σ′ (w̄⊤

i x
))]]]∥∥∥

2

Applying Lemma 23 gives that
|Ti,j,3| , |Ti,j,7| ≤ O (m⋆ε)

Bounding Ti,j,4 and Ti,j,8. By the structure of Ti,j,4 and Ti,j,8, we have that

∥Ti,j,4∥2 ≤ 2
∥∥∥Ex

[[[
(f (θ,x)− f⋆ (x))π′ (v̄⊤

i x
)
σ
(
w̄⊤

i x
)]]]
x
∥∥∥
2

≤ 2
∥∥∥Ex

[[[
∇x (f (θ,x)− f⋆ (x))π′ (v̄⊤

i x
)
σ
(
w̄⊤

i x
)]]]∥∥∥

2

+ 2
∥∥∥Ex

[[[
(f (θ,x)− f⋆ (x))∇x

(
π′ (v̄⊤

i x
)
σ
(
w̄⊤

i x
))]]]∥∥∥

2

Similarly, for Ti,j,8, we have that

∥Ti,j,8∥2 ≤ 2
∥∥∥Ex

[[[
(f (θ,x)− f⋆ (x))π

(
v̄⊤
i x
)
σ′ (w̄⊤

i x
)]]]
x
∥∥∥
2

≤ 2
∥∥∥Ex

[[[
∇x (f (θ,x)− f⋆ (x))π

(
v̄⊤
i x
)
σ′ (w̄⊤

i x
)]]]∥∥∥

2

+ 2
∥∥∥Ex

[[[
(f (θ,x)− f⋆ (x))∇x

(
π
(
v̄⊤
i x
)
σ′ (w̄⊤

i x
))]]]∥∥∥

2
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Applying Lemma 23 gives that

∥Ti,j,4∥2 , ∥Ti,j,8∥2 ≤ O (m⋆ε)

Bounding Ti,j,1, Ti,j,5, Ti,j,10 for i ̸= j. By Lemma 18, we have that

Ti,j,1 = Ex

[[[
π′ (v̄⊤

i x
)
σ
(
w̄⊤

i x
)
π′ (v̄⊤

j x
)
σ
(
w̄⊤

j x
)]]]
Id

+ Ex

[[[
∇2

x

(
π′ (v̄⊤

i x
)
σ
(
w̄⊤

i x
))

π′ (v̄⊤
j x
)
σ
(
w̄⊤

j x
)]]]

+ Ex

[[[
π′ (v̄⊤

i x
)
σ
(
w̄⊤

i x
)
∇2

x

(
π′ (v̄⊤

j x
)
σ
(
w̄⊤

j x
))]]]

+ Ex

[[[
∇x

(
π′ (v̄⊤

i x
)
σ
(
w̄⊤

i x
))

∇x

(
π′ (v̄⊤

j x
)
σ
(
w̄⊤

j x
))⊤]]]

Ti,j,5 = Ex

[[[
π
(
v̄⊤
i x
)
σ′ (w̄⊤

i x
)
π
(
v̄⊤
j x
)
σ′ (w̄⊤

j x
)]]]
Id

+ Ex

[[[
∇2

x

(
π
(
v̄⊤
i x
)
σ′ (w̄⊤

i x
))

π
(
v̄⊤
j x
)
σ′ (w̄⊤

j x
)]]]

+ Ex

[[[
π
(
v̄⊤
i x
)
σ′ (w̄⊤

i x
)
∇2

x

(
π
(
v̄⊤
j x
)
σ′ (w̄⊤

j x
))]]]

+ Ex

[[[
∇x

(
π
(
v̄⊤
i x
)
σ′ (w̄⊤

i x
))

∇x

(
π
(
v̄⊤
j x
)
σ′ (w̄⊤

j x
))⊤]]]

Ti,j,10 = Ex

[[[
π′ (v̄⊤

i x
)
σ
(
w̄⊤

i x
)
π
(
v̄⊤
j x
)
σ′ (w̄⊤

j x
)]]]
Id

+ Ex

[[[
∇2

x

(
π′ (v̄⊤

i x
)
σ
(
w̄⊤

i x
))

π
(
v̄⊤
j x
)
σ′ (w̄⊤

j x
)]]]

+ Ex

[[[
π′ (v̄⊤

i x
)
σ
(
w̄⊤

i x
)
∇2

x

(
π
(
v̄⊤
j x
)
σ′ (w̄⊤

j x
))]]]

+ Ex

[[[
∇x

(
π′ (v̄⊤

i x
)
σ
(
w̄⊤

i x
))

∇x

(
π
(
v̄⊤
j x
)
σ′ (w̄⊤

j x
))⊤]]]

Applying Lemma 24 gives that

∥Ti,j,1∥2 , ∥Ti,j,5∥2 , ∥Ti,j,10∥2 ≤ O (ε)

Bounding Ti,i,1, Ti,i,5, Ti,i,10. By Lemma 18, we have that

Ti,i,1 = Ex

[[[
π′ (v̄⊤

i x
)2

σ
(
w̄⊤

i x
)2]]]

Id + 4Ex

[[[
π′′ (v̄⊤

i x
)2

σ′ (w̄⊤
i x
)2]]] (

v̄iw̄
⊤
i + w̄iv̄

⊤
i

)
+ 2Ex

[[[(
π′′ (v̄⊤

i x
)2

+ π′′′ (v̄⊤
i x
)
π′ (v̄⊤

i x
))

σ
(
w̄⊤

i x
)2]]]

v̄iv̄
⊤
i

+ 2Ex

[[[(
σ′ (w̄⊤

i x
)2

+ σ′′ (w̄⊤
i x
)
σ
(
w̄⊤

i x
))

π′ (v̄⊤
i x
)2]]]

w̄iw̄
⊤
i

Ti,i,5 = Ex

[[[
π
(
v̄⊤
i x
)2

σ′ (w̄⊤
i x
)2]]]

Id + 4Ex

[[[
π′ (v̄⊤

i x
)2

σ′′ (w̄⊤
i x
)2]]] (

v̄iw̄
⊤
i + w̄iv̄

⊤
i

)
+ 2Ex

[[[(
π′ (v̄⊤

i x
)2

+ π′′ (v̄⊤
i x
)
π
(
v̄⊤
i x
))

σ′ (w̄⊤
i x
)2]]]

v̄iv̄
⊤
i

+ 2Ex

[[[(
σ′′ (w̄⊤

i x
)2

+ σ′′′ (w̄⊤
i x
)
σ′ (w̄⊤

i x
))

π
(
v̄⊤
i x
)2]]]

w̄iw̄
⊤
i

Ti,i,10 = Ex

[[[
π′ (v̄⊤

i x
)
π
(
v̄⊤
i x
)
σ′ (w̄⊤

i x
)
σ
(
w̄⊤

i x
)]]]
Id

+ Ex

[[[
π′ (v̄⊤

i x
)2

σ′ (w̄⊤
i x
)2]]] (

v̄iw̄
⊤
i + w̄iv̄

⊤
i

)
+ Ex

[[[
π′′ (v̄⊤

i x
)
π
(
v̄⊤
i x
)
σ′′ (w̄⊤

i x
)
σ
(
w̄⊤

i x
)]]] (

v̄iw̄
⊤
i + w̄iv̄

⊤
i

)
+ Ex

[[[
π′ (v̄⊤

i x
)2

σ′′ (w̄⊤
i x
)
σ
(
w̄⊤

i x
)]]] (

v̄iw̄
⊤
i + w̄iv̄

⊤
i

)
+ Ex

[[[
π′′ (v̄⊤

i x
)
π
(
v̄⊤
i x
)
σ′ (w̄⊤

i x
)2]]] (

v̄iw̄
⊤
i + w̄iv̄

⊤
i

)
+ Ex

[[[(
π′′′ (v̄⊤

i x
)
π
(
v̄⊤
i x
)2

+ 2π′′ (v̄⊤
i x
)
π′ (v̄⊤

i x
))

σ′ (w̄⊤
i x
)
σ
(
w̄⊤

i x
)]]]

v̄iv̄
⊤
i

+ Ex

[[[(
2σ′′ (w̄⊤

i x
)
σ′ (w̄⊤

i x
)2

+ σ′′′ (w̄⊤
i x
)
σ
(
w̄⊤

i x
))

π′ (v̄⊤
i x
)
π
(
v̄⊤
i x
)]]]

w̄iw̄
⊤
i
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Thus, we have that(
I− v̄iv̄

⊤
i

)
Ti,i,1

(
I− v̄iv̄

⊤
i

)
= Ex

[[[
π′ (v̄⊤

i x
)2

σ
(
w̄⊤

i x
)2]]] (

I− v̄iv̄
⊤
i

)
+ 2Ex

[[[(
σ′ (w̄⊤

i x
)2

+ σ′′ (w̄⊤
i x
)
σ
(
w̄⊤

i x
))

π′ (v̄⊤
i x
)2]]] (

I− v̄iv̄
⊤
i

)
w̄iw̄

⊤
i

(
I− v̄iv̄

⊤
i

)
= Ex

[[[
π′ (v̄⊤

i x
)2

σ
(
w̄⊤

i x
)2]]] (

I− v̄iv̄
⊤
i

)
+ 2Ex

[[[
σ′ (w̄⊤

i x
)2

π′ (v̄⊤
i x
)2]]] (

I− v̄iv̄
⊤
i

)
w̄iw̄

⊤
i

(
I− v̄iv̄

⊤
i

)
+ T̂i,i,1(

I− w̄iw̄
⊤
i

)
Ti,i,5

(
I− w̄iw̄

⊤
i

)
= Ex

[[[
π
(
v̄⊤
i x
)2

σ′ (w̄⊤
i x
)2]]] (

I− w̄iw̄
⊤
i

)
+ 2Ex

[[[(
π′ (v̄⊤

i x
)2

+ π′′ (v̄⊤
i x
)
π
(
v̄⊤
i x
))

σ′ (w̄⊤
i x
)2]]] (

I− w̄iw̄
⊤
i

)
v̄iv̄

⊤
i

(
I− w̄iw̄

⊤
i

)
with

∥∥∥T̂i,i,1∥∥∥
2
≤ O (ε). This gives that

u⊤ (I− v̄iv̄
⊤
i

)
Ti,i,1

(
I− v̄iv̄

⊤
i

)
u ≥ Ex

[[[
π′ (v̄⊤

i x
)2

σ
(
w̄⊤

i x
)2]]] ∥∥(I− v̄iv̄

⊤
i

)
u
∥∥2
2
−O (ε)

u⊤ (I− w̄iw̄
⊤
i

)
Ti,i,5

(
I− w̄iw̄

⊤
i

)
u ≥ Ex

[[[
π
(
v̄⊤
i x
)2

σ′ (w̄⊤
i x
)2]]] ∥∥(I− w̄iw̄

⊤
i

)
u
∥∥2
2

Imposing the condition that
∥∥(I− v̄iv̄

⊤
i

)
u
∥∥2
2
≥ Q⋆ ∥u∥22 gives that

u⊤ (I− v̄iv̄
⊤
i

)
Ti,i,1

(
I− v̄iv̄

⊤
i

)
u ≥ Q⋆Ex

[[[
π′ (v̄⊤

i x
)2

σ
(
w̄⊤

i x
)2]]] ∥u∥22 −O (ε)

u⊤ (I− w̄iw̄
⊤
i

)
Ti,i,5

(
I− w̄iw̄

⊤
i

)
u ≥ Q⋆Ex

[[[
π
(
v̄⊤
i x
)2

σ′ (w̄⊤
i x
)2]]] ∥u∥22

For Ti,i,10, we first notice that∣∣∣Ex

[[[
π′ (v̄⊤

i x
)
π
(
v̄⊤
i x
)
σ′ (w̄⊤

i x
)
σ
(
w̄⊤

i x
)]]]∣∣∣ ≤ O (ε)∣∣∣Ex

[[[
π′′ (v̄⊤

i x
)
π
(
v̄⊤
i x
)
σ′′ (w̄⊤

i x
)
σ
(
w̄⊤

i x
)]]]∣∣∣ ≤ O (ε)∣∣∣Ex

[[[
π′ (v̄⊤

i x
)2

σ′′ (w̄⊤
i x
)
σ
(
w̄⊤

i x
)]]]∣∣∣ ≤ O (ε)∣∣∣Ex

[[[(
π′′′ (v̄⊤

i x
)
π
(
v̄⊤
i x
)2

+ 2π′′ (v̄⊤
i x
)
π′ (v̄⊤

i x
))

σ′ (w̄⊤
i x
)
σ
(
w̄⊤

i x
)]]]∣∣∣ ≤ O (ε)∣∣∣Ex

[[[(
2σ′′ (w̄⊤

i x
)
σ′ (w̄⊤

i x
)2

+ σ′′′ (w̄⊤
i x
)
σ
(
w̄⊤

i x
))

π′ (v̄⊤
i x
)
π
(
v̄⊤
i x
)]]]∣∣∣ ≤ O (ε)

Therefore, we have that(
I− w̄iw̄

⊤
i

)
Ti,i,10

(
I− v̄iv̄

⊤
i

)
= Ex

[[[(
π′ (v̄⊤

i x
)2

+ π′′ (v̄⊤
i x
)
π
(
v̄⊤
i x
))

σ′ (w̄⊤
i x
)2]]] (

I− w̄iw̄
⊤
i

)
v̄iw̄

⊤
i

(
I− v̄iv̄

⊤
i

)
This implies that

u⊤
1

(
I− w̄iw̄

⊤
i

)
Ti,i,10

(
I− v̄iv̄

⊤
i

)
u2

≤ Ex

[[[(
π′ (v̄⊤

i x
)2

+ π′′ (v̄⊤
i x
)
π
(
v̄⊤
i x
))

σ′ (w̄⊤
i x
)2]]] ∥u1∥2 ∥u2∥2

Now, we are ready to prove the fine-tuninig convergence.
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Proof of Theorem 3. By the mean-value theorem, we have that

∇L (θ) = ∇L (θ⋆) +∇2L
(
θ̂
)
(θ − θ⋆) = ∇2L

(
θ̂
)
(θ − θ⋆)

for some θ̂ ∈ [θ,θ⋆]. The gradient flow dynamic implies that

d

dt

∥∥θ̄(t)− θ⋆
∥∥2
2
=

〈
θ̄(t)− θ⋆,

d

dt
θ̄(t)

〉
=

〈
θ̄(t)− θ⋆,Nθ(t)

d

dt
θ(t)

〉
= −

〈
Nθ(t)

(
θ̄(t)− θ⋆

)
,∇L (θ)

〉
= −

〈
Nθ(t)

(
θ̄(t)− θ⋆

)
,∇2L

(
θ̂
) (

θ̄ − θ⋆
)〉

Notice that Nθ(t)

(
θ̄(t)− θ⋆

)
takes the form

Nθ(t)

(
θ̄(t)− θ⋆

)
=



∥v1∥−1
2 v̄1

...
∥vm⋆∥−1

2 v̄m⋆

∥w1∥−1
2 w̄1

...
∥w̄m⋆∥−1

2 w̄m⋆


Thus, we are going to apply Theorem 4 with Nmin = 1 − o(1) δP

m2 , Nmax = 1 + o(1) δP
m2 , and αi = ∥vi∥−1

2 ≥
m2

m2+o(1)δP
, βi = ∥wi∥−1

2 ≤ m2

m2−o(1)δP
. This leads to the condition that ε ≤ o

(
Q⋆2

m⋆2

)
and CS,0

CS,1
≥ 1.05

Q⋆2 . Under such
condition, by Theorem 4, we have that

d

dt

∥∥θ̄(t)− θ⋆
∥∥2
2
≤ −

(
1− o(1)

δP
m2

)
Q⋆κ

∥∥θ̄(t)− θ⋆
∥∥2
2

This shows that
∥∥θ̄(t)− θ⋆

∥∥2
2

decreases monotonically. To find Q⋆, we notice that∥∥(I− v̄iv̄
⊤
i

)
(v̄i(t)− v̄⋆

i )
∥∥2
2
=
〈
v̄i(t)− v̄⋆

i ,
(
I− v̄iv̄

⊤
i

)
(v̄i(t)− v̄⋆

i )
〉

= ∥v̄i(t)− v̄⋆
i ∥22 −

(
v̄⊤
i (v̄i(t)− v̄⋆

i )
)2

= ∥v̄i(t)− v̄⋆
i ∥22 −

(
1− v̄⊤

i v̄
⋆
i

)2
= ∥v̄i(t)− v̄⋆

i ∥22 −
1

4
∥v̄i(t)− v̄⋆

i ∥42

=

(
1− 1

4
∥v̄i(t)− v̄⋆

i ∥22
)
∥v̄i(t)− v̄⋆

i ∥22

Similarly, we can obtain that∥∥(I− w̄iw̄
⊤
i

)
(w̄i(t)− w̄⋆

i )
∥∥2
2
=

(
1− 1

4
∥w̄i(t)− w̄⋆

i ∥22
)
∥w̄i(t)− w̄⋆

i ∥22

This gives that Q⋆ = 1− 1
4 maxi∈[m⋆] max

{
∥v̄i(0)− v̄⋆

i ∥22 , (w̄i(0)− w̄⋆
i )
}
= 1−O (ε). Thus, the condition that

ε ≤ o
(

1
m⋆2

)
and CS,0 ≥ 1.1CS,1 suffice. This gives us that

d

dt

∥∥θ̄(t)− θ⋆
∥∥2
2
≤ −

(
1− o(1)

δP
m2

)
(1−O (ε))κ

∥∥θ̄(t)− θ⋆
∥∥2
2
≤ κ

2

∥∥θ̄(t)− θ⋆
∥∥2
2

Solving the ODE gives that ∥∥θ̄(t)− θ⋆
∥∥2
2
≤ exp

(
−κt

2

)∥∥θ̄(0)− θ⋆
∥∥2
2
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D Auxiliary Results

D.1 Hermite Polynomials

Lemma 19 (Restatement of Lemma 1). Let x ∼ N (0,Σ). For some multi-index k ∈ Nn, we define the
multi-variate Hermite polynomial as

Hek (x) =

n∏
i=1

Hek[i] (x[i])

Then we have that

Ex∼N (0,Σ)[[[Hek (x)]]] =

(
n∏

i=1

k[i]!

) ∑
M∈S

n∏
i,j=1

Σ[i, j]M[i,j]

M[i, j]!

where the set S is defined by

S =

M ∈ Nn×n : M = M⊤,

n∑
j=1

M[i, j] = k[i],M[i, i] = 0;∀i ∈ [n],


Proof. Consider the generating function of Hermite polynomials

exp
(
xt− t2

2

)
=

∞∑
k=0

Hek(x)

k!
· tk

Let x1, . . . , xn ∼ N (0, 1), then for all {ti}ni=1 we have

exp

(
n∑

i=1

(
xiti −

t2i
2

))
=

n∏
i=1

exp
(
xiti −

t2i
2

)

=

n∏
i=1

( ∞∑
k=0

Hek(xi)

k!
· tki

)

=
∑
k∈Nn

(
n∏

i=1

Hek[i] (xi)

k[i]!

)
· tk

where k ∈ Nn is the multi-index. On the other hand, if we write xi = u⊤
i x for some x ∼ N (0, I) and ui satisfying

∥ui∥2 = 1, then we have

Exi∼N (0,1)

[[[
exp

(
n∑

i=1

(
xiti −

t2i
2

))]]]
= Exi∼N (0,1)

[[[
exp

(
n∑

i=1

(
u⊤
i x · ti −

t2i
2

))]]]

= Exi∼N (0,1)

[[[
exp

(
x⊤

(
n∑

i=1

tiui

))]]]
exp

(
−1

2

n∑
i=1

t2i

)

Since x ∼ N (0, I), we must have that x⊤ (
∑n

i=1 tiui) ∼ N
(
0, ∥∑n

i=1 tiui∥22
)
. By the moment-generating

function of Gaussian random variable we have that

Exi∼N (0,1)

[[[
exp

(
x⊤

(
n∑

i=1

tiui

))]]]
= exp

1

2

∥∥∥∥∥
n∑

i=1

tiui

∥∥∥∥∥
2

2


Thus, we have that

Exi∼N (0,1)

[[[
exp

(
n∑

i=1

(
xiti −

t2i
2

))]]]
= exp

1

2

∥∥∥∥∥
n∑

i=1

tiui

∥∥∥∥∥
2

2

−
n∑

i=1

t2i

 = exp

1

2

∑
i ̸=j

u⊤
i ujtitj


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Applying Taylor’s expansion gives

exp

1

2

∑
i ̸=j

u⊤
i ujtitj

 =

∞∑
ℓ=0

1

ℓ!

∑
i<j

u⊤
i ujtitj

ℓ

Combining the results gives

∑
k∈Nd

Exi∼N (0,1)

[[[
n∏

i=1

Hek[i] (xi)

]]]
n∏

i=1

t
k[i]
i

k[i]!
=

∞∑
ℓ=0

1

ℓ!

∑
i<j

u⊤
i ujtitj

ℓ

We intend to find out the cofficients of term
∏n

i=1 t
k[i]
i on the right-hand side. Notice that such term must only

appears for term with ℓ satisfying 2ℓ = ∥k∥1. By the multinomial theorem we have that∑
i ̸=j

u⊤
i ujtitj

ℓ

=
∑

k′:∥k′∥1=ℓ

ℓ! ·
∏
i<j

(
u⊤
i uj

)k′[i,j]

k′[i, j]!
t
k′[i,j]
i t

k′[i,j]
j

Therefore, we must have that

Exi∼N (0,1)

[[[
n∏

i=1

Hek[i] (xi)

]]]
=

(
n∏

i=1

k[i]!

) ∑
M∈S

∏
i<j

E[[[xixj ]]]
M[i,j]

M[i, j]!

where S is given by

S =

M ∈ Nn×n : Tr (M) = 0;∀i ∈ [n],

n∑
j=1

M[i, j] = k[i]


Using vector notations, we have that

Ex∼N (0,Σ)[[[Hek (x)]]] =

(
n∏

i=1

k[i]!

) ∑
M∈S

∏
i<j

Σ[i, j]M[i,j]

M[i, j]!

Lemma 20 (Parseval’s Identity). Let f(x) be given such that Ex∼N (0,1)

[[[
f (ℓ)(x)2

]]]
≤ B, and let ck be the kth

Hermite coefficient of f (x). Then we have that

c2k+ℓ ≤ B · k!; ∀k ≥ 0

Proof. Taking the Hermite expansion of f (ℓ) gives

f (ℓ) =

∞∑
k=0

c′k
k!
Hek (x) ; c′k = Ex∼N (0,1)

[[[
f (ℓ+k)(x)

]]]
= ck+ℓ

Therefore, we have that

Ex∼N (0,1)

[[[
f (ℓ) (x)

2
]]]
=

∞∑
k=0

c′k
2

k!
=

∞∑
k=0

ck+ℓ

k!
≤ B

This implies that c2k+ℓ ≤ B · k! since c2k+ℓ ≥ 0 for all k.

Lemma 21. Let v1,v2,w1,w2 ∈ Rd be vectors of unit norm such that

max
{∣∣v⊤

1 w1

∣∣ , ∣∣v⊤
1 w2

∣∣ , ∣∣v⊤
2 w1

∣∣ , ∣∣v⊤
2 w2

∣∣} ≤ δr

with some δr ∈ (0, 1). Let {hk}∞k=0 , {h′
k}

∞
k=0 be two sequences of real numbers such that

∞∑
k=0

hk+ah
′
k+b

k!
≤ O (1) ;∀a+ b ≤ 6, a, b ∈ N ∪ {0} (25)
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Then we have that
∞∑

k,ℓ=0

hkh
′
ℓ

k!ℓ!
Ex∼N (0,I)

[[[
Hek

(
v⊤
1 x
)
Heℓ

(
v⊤
2 x
)
He3

(
w⊤

1 x
)
He3

(
w⊤

2 x
)]]]

= 6

∞∑
k=0

hkh
′
k

k!

(
v⊤
1 v2

)k (
w⊤

1 w2

)3 ±O
(
δ2r
(
w⊤

1 w2

)2
+ δ4r

) (26)

∞∑
k,ℓ=0

hkh
′
ℓ

k!ℓ!
Ex∼N (0,I)

[[[
Hek

(
v⊤
1 x
)
Heℓ

(
v⊤
2 x
)
He2

(
w⊤

1 x
)
He2

(
w⊤

2 x
)]]]

= 2

∞∑
k=0

hkhk′

k!

(
v⊤
1 v2

)k (
w⊤

1 w2

)2 ±O
(
δ2r ·

∣∣w⊤
1 w2

∣∣+ δ4r
) (27)

∞∑
k,ℓ=0

hkh
′
ℓ

k!ℓ!
Ex∼N (0,I)

[[[
Hek

(
v⊤
1 x
)
Heℓ

(
v⊤
2 x
)
He2

(
w⊤

1 x
)
He3

(
w⊤

2 x
)]]]

= 6

∞∑
k=0

hk+1h
′
k

k!

(
v⊤
1 v2

)k (
w⊤

1 w2

)2
v⊤
1 w2

+ 6

∞∑
k=0

hkh
′
k+1

k!

(
v⊤
1 v2

)k (
w⊤

1 w2

)2
v⊤
2 w2 ±O

(
δ3r
)
.

(28)

Proof. The general idea of proving this lemma is to use Lemma 1. In particular, in our case we have that

Σ[i, j] = [v1,v2,w1,w2]
⊤[v1,v2,w1,w2] ∈ R4×4

For the convenience of the analysis, we denote

γ1 = v⊤
1 v2; γ2 = w⊤

1 w2; ζij = v⊤
i wj

By the assumption, we have that |ζij | ≤ δr.

Proof of (26). We start from the first equation. In particular we need to study

Ex∼N (0,I)

[[[
Hek

(
v⊤
1 x
)
Heℓ

(
v⊤
2 x
)
He3

(
w⊤

1 x
)
He3

(
w⊤

2 x
)]]]

By Lemma 1, we need to enumerate all S, which is essentially the symmetric matrix M with zero diagonal and
non-negative entries whose row-sum equal to the vector [k, ℓ, 3, 3]. This is equivalent to construct a weighted
graph with four nodes and node degree [k, ℓ, 3, 3]. Thus, it suffice to consider cases k = ℓ, |k− ℓ| = 2, |k− ℓ| = 4,
and |k − ℓ| = 6. Due to symmetry between k and ℓ, we will first study the case k ≥ ℓ and switch the indices to
obtain all cases.

Case k = ℓ. The node w1 and w2 has a total degree of 6, therefore, the pair of node v1 and v2 can have outgoing
degree at most 6. Thus, the condition can be broken down into M[1, 2] ∈ {k, k−1, k−2, k−3}. When M[1, 2] = k,
we have that M[3, 4] = 3, and all other edges 0. When M[1, 2] = k − 1, we have that M[3, 4] = 2 and either
(M[1, 3],M[2, 4]) = (1, 1) or (M[1, 4],M[2, 3]) = (1, 1). When M[1, 2] = k−2, we have that M[3, 4] = 1. Here we
can have (M[1, 3],M[2, 4]) = (2, 2), (M[1, 4],M[2, 3]) = (2, 2), or (M[1, 3],M[2, 4],M[1, 4],M[2, 3]) = (1, 1, 1, 1).
When M[1, 2] = k − 3, then M[3, 4] = 0. Thus we have (M[1, 3],M[2, 4]) = (3, 3), (M[1, 4],M[2, 3]) = (3, 3) or
(M[1, 3],M[2, 4],M[1, 4],M[2, 3]) = (1, 1, 2, 2), or (M[1, 3],M[2, 4],M[1, 4],M[2, 3]) = (2, 2, 1, 1). Plugging the
possibilities into Lemma 1 gives that, under the case k = ℓ, we have

Ex∼N (0,I)

[[[
Hek

(
v⊤
1 x
)
Heℓ

(
v⊤
2 x
)
He3

(
w⊤

1 x
)
He3

(
w⊤

2 x
)]]]

= 6k!γk
1γ

3
2 + 18P (k, 1)k!γk−1

1 γ2
2 (ζ11ζ22 + ζ12ζ21)

+ 9P (k, 2)k!γk−2
1 γ2

(
ζ211ζ

2
22 + 4ζ11ζ12ζ21ζ22 + ζ212ζ

2
21

)
+ P (k, 3)k!γk−3

1

(
ζ311ζ

3
22 + ζ312ζ

3
21 + 9ζ211ζ12ζ21ζ

2
22 + 9ζ11ζ

2
12ζ

2
21ζ22

)
= 6k!γk

1γ
3
2 ±O

(
δ2rγ

2
2

)
· k!P (ℓ, 1)±O

(
δ4r
)
· k! (P (ℓ, 2) + P (ℓ, 3))
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where P (k, a) = k!
(k−a)! if k ≥ a and P (k, a) = 0 if k < a represents the permutation number.

Case k = ℓ + 2. In this case we have that M[1, 2] ∈ {ℓ, ℓ − 1, ℓ − 2}. If M[1, 2] = ℓ, then M[3, 4] = 2.
Here we have that (M[1, 3],M[1, 4]) = (1, 1). If M[1, 2] = ℓ − 1, then M[3, 4] = 1. Here we have
(M[1, 3],M[1, 4],M[2, 4]) = (2, 1, 1) or (M[1, 3],M[1, 4],M[2, 3]) = (1, 2, 1). If M[1, 2] = ℓ − 2, then
M[3, 4] = 0. Here we have (M[1, 3],M[1, 4],M[2, 4]) = (3, 1, 2) or (M[1, 3],M[1, 4],M[2, 3]) = (1, 3, 2) or
(M[1, 3],M[1, 4],M[2, 3],M[2, 4]) = (2, 2, 1, 1). Gathering all possibilities gives that, under the case k = ℓ + 2,
we have

Ex∼N (0,I)

[[[
Hek

(
v⊤
1 x
)
Heℓ

(
v⊤
2 x
)
He3

(
w⊤

1 x
)
He3

(
w⊤

2 x
)]]]

= 18k!γℓ
1γ

2
2ζ11ζ12 + 18P (ℓ, 1)k!γℓ−1

1 γ2ζ11ζ12 (ζ11ζ22 + ζ12ζ21)

+ 3P (ℓ, 2)k!γℓ−2
1 ζ11ζ12

(
ζ211ζ

2
22 + ζ212ζ

2
21

)
+ 9P (ℓ, 2)k!γℓ−2

1 ζ211ζ
2
12ζ21ζ22

= ±O
(
δ2rγ

2
2

)
· k!±O

(
δ4r
)
· k! (P (ℓ, 1) + P (ℓ, 2))

Case k = ℓ+4. In this case we have that M[1, 2] ∈ {ℓ, ℓ−1}. If M[1, 2] = ℓ, then M[3, 4] = 1. Here we have that
(M[1, 3],M[1, 4]) = (2, 2). If M[1, 2] = ℓ − 1, then M[3, 4] = 0. Here we have that (M[1, 3],M[1, 4],M[2, 4]) =
(3, 2, 1) or (M[1, 3],M[1, 4],M[2, 3]) = (2, 3, 1). Gathering all possibilities gives that, under the case k = ℓ + 4,
we have

Ex∼N (0,I)

[[[
Hek

(
v⊤
1 x
)
Heℓ

(
v⊤
2 x
)
He3

(
w⊤

1 x
)
He3

(
w⊤

2 x
)]]]

= 9k!γℓ
1γ2ζ

2
11ζ

2
12 + 3P (ℓ, 1)k!γℓ−1

1 ζ211ζ
2
12 (ζ11ζ22 + ζ21ζ12)

= ±O
(
δ4r
)
· k! (1 + P (ℓ, 1))

Case k = ℓ+ 6. In this case we have that M[1, 2] = ℓ,M[3, 4] = 0 and M[1, 3] = M[1, 4] = 3. Thus, if k = ℓ+ 6,
we have that

Ex∼N (0,I)

[[[
Hek

(
v⊤
1 x
)
Heℓ

(
v⊤
2 x
)
He3

(
w⊤

1 x
)
He3

(
w⊤

2 x
)]]]

= k!γℓ
1γ2ζ

3
11ζ

3
12 = ±O

(
δ4r
)
· k!

Putting things together, we have that

∞∑
k,ℓ=0

hkh
′
ℓ

k!ℓ!
Ex∼N (0,I)

[[[
Hek

(
v⊤
1 x
)
Heℓ

(
v⊤
2 x
)
He3

(
w⊤

1 x
)
He3

(
w⊤

2 x
)]]]

= 6

∞∑
k=0

hkh
′
k

k!
γk
1γ

3
2 ±O

(
δ2r
) ∞∑
k=0

hkh
′
k

k!
±O

(
δ2rγ

2
2

) ∞∑
k=0

hk+1h
′
k+1

k!
±O

(
δ4r
) ∞∑
k=0

ck+2c
′
k+2

k!

±O
(
δ4r
) ∞∑
k=0

hk+3h
′
k+3

k!
±O

(
δ4r
) ∞∑
k=0

hkh
′
k+2 + h′

khk+2

k!
±O

(
δ4r
) ∞∑
k=0

hk+1h
′
k+3 + h′

k+1hk+3

k!

±O
(
δ4r
) ∞∑
k=0

hk+2h
′
k+4 + h′

k+2hk+4

k!
±O

(
δ4r
) ∞∑
k=0

hkh
′
k+4 + c′kck+4

k!

±O
(
δ4r
) ∞∑
k=0

hk+1h
′
k+5 + h′

k+1hk+5

k!
±O

(
δ4r
) ∞∑
k=0

hkh
′
k+6 + h′

khk+6

k!

= 6

∞∑
k=0

hkh
′
k

k!
γk
1γ

3
2 ±O

(
δ2rγ

2
2 + δ4r

)
Proof of (27). Similar to before, the combination of k, ℓ can be k = ℓ, |k − ℓ| = 2, or |k − ℓ| = 4 due to the
total degree of w1 and w2 is 4. We study the case k ≥ ℓ.

Case k = ℓ. In this case, we have M[1, 2] ∈ {ℓ, ℓ− 1, ℓ− 2}. If M[1, 2] = ℓ, then M[3, 4] = 2 and all other edges
are 0. If M[1, 2] = ℓ− 1, then M[3, 4] = 1, and either (M[1, 3],M[2, 4]) = (1, 1) or (M[1, 4],M[2, 3]) = (1, 1). If
M[1, 2] = ℓ − 2, then M[3, 4] = 0. Here we can have (M[1, 3],M[2, 4]) = (2, 2) or (M[1, 4],M[2, 3]) = (2, 2) or
(M[1, 3],M[1, 4],M[2, 3],M[2, 4]) = (1, 1, 1, 1). Gathering all possibilities gives that, under the case k = ℓ, we
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have

Ex∼N (0,I)

[[[
Hek

(
v⊤
1 x
)
Heℓ

(
v⊤
2 x
)
He2

(
w⊤

1 x
)
He2

(
w⊤

2 x
)]]]

= 2k!γk
1γ

2
2 + 4P (ℓ, 1)k!γk−1

1 γ2 (ζ11ζ22 + ζ12ζ21)

+ P (ℓ, 2)k!γk−2
1

(
ζ211ζ

2
22 + ζ212ζ

2
21 + 4ζ11ζ12ζ21ζ22

)
= 2k!γk

1γ
2
2 ±O

(
δ2rγ2

)
· k!P (ℓ, 1)±O

(
δ4r
)
· k!P (ℓ, 2)

In the case ζ22 = 0, we denote ζ̂ = max {|ζ21| , |ζ12|} we have that

Ex∼N (0,I)

[[[
Hek

(
v⊤
1 x
)
Heℓ

(
v⊤
2 x
)
He2

(
w⊤

1 x
)
He2

(
w⊤

2 x
)]]]

= 2k!γk
1γ

2
2 + 4P (ℓ, 1)k!γk−1

1 γ2ζ12ζ21 + P (ℓ, 2)k!γk−2
1 ζ212ζ

2
21

= 2k!γk
1γ

2
2 ±O

(
ζ̂2γ2

)
· k!P (ℓ, 1)±O

(
ζ̂4
)
· k!P (ℓ, 2)

Case k = ℓ + 2. In this case we have M[1, 2] ∈ {ℓ, ℓ − 1}. If M[1, 2] = ℓ, then M[3, 4] = 1 and
(M[1, 3],M[1, 4]) = (1, 1). If M[1, 2] = ℓ− 1, then M[3, 4] = 0 and either (M[1, 3],M[1, 4], (M) [2, 3]) = (1, 2, 1)
or (M[1, 3],M[1, 4], (M) [2, 4]) = (2, 1, 1). Gathering all possibilities gives that, under the case k = ℓ+2, we have

Ex∼N (0,I)

[[[
Hek

(
v⊤
1 x
)
Heℓ

(
v⊤
2 x
)
He2

(
w⊤

1 x
)
He2

(
w⊤

2 x
)]]]

= 4k!γℓ
1γ2ζ11ζ12 + 2P (ℓ, 1)k!γℓ−1

1 ζ11ζ12 (ζ11ζ22 + ζ12ζ21)

= ±O
(
δ2rγ2

)
· k!±O

(
δ4r
)
· k!P (ℓ, 1)

In the case where ζ22 = 0, we have that

Ex∼N (0,I)

[[[
Hek

(
v⊤
1 x
)
Heℓ

(
v⊤
2 x
)
He2

(
w⊤

1 x
)
He2

(
w⊤

2 x
)]]]

= 4k!γℓ
1γ2ζ11ζ12 + 2P (ℓ, 1)k!γℓ−1

1 ζ11ζ
2
12ζ21

= ±O
(
δr ζ̂γ2

)
· k!±O

(
ζ̂3
)
· k!P (ℓ, 1)

Case k = ℓ + 4. In this case we can only have M[1, 2] = ℓ, M[3, 4] = 0, and M[1, 3] = M[1, 4] = 2. Thus if
k = ℓ+ 4, we have

Ex∼N (0,I)

[[[
Hek

(
v⊤
1 x
)
Heℓ

(
v⊤
2 x
)
He2

(
w⊤

1 x
)
He2

(
w⊤

2 x
)]]]

= k!γℓ
1ζ

2
11ζ

2
12 = ±O

(
δ4r
)
· k!

In the case where ζ22 = 0, we have that

Ex∼N (0,I)

[[[
Hek

(
v⊤
1 x
)
Heℓ

(
v⊤
2 x
)
He2

(
w⊤

1 x
)
He2

(
w⊤

2 x
)]]]

= k!γℓ
1ζ

2
11ζ

2
12 = ±O

(
δ2r ζ̂

2
)
· k!

Putting things together, we have that

∞∑
k,ℓ=0

hkh
′
ℓ

k!ℓ!
Ex∼N (0,I)

[[[
Hek

(
v⊤
1 x
)
Heℓ

(
v⊤
2 x
)
He2

(
w⊤

1 x
)
He2

(
w⊤

2 x
)]]]

= 2

∞∑
k=0

hkhk′

k!
γk
1γ

2
2 ±O

(
δ2rγ2

) ∞∑
k=0

hk+1h
′
k+1

k!
±O

(
δ4r
) ∞∑
k=0

hk+2h
2
k+2

k!

±O
(
δ2rγ2

) ∞∑
k=0

hkhk+2 + h′
khk+2

k!
±O

(
δ4r
) ∞∑
k=0

hk+1hk+3 + h′
k+1h

′
k+3

k!

±O
(
δ4r
) ∞∑
k=0

hkhk+4 + h′
khk+4

k!

= 2

∞∑
k=0

hkhk′

k!
γk
1γ

2
2 ±O

(
δ2rγ2 + δ4r

)



Fangshuo Liao1, Anastasios Kyrillidis1,2

In the case where ζ22 = 0, we have that
∞∑

k,ℓ=0

hkh
′
ℓ

k!ℓ!
Ex∼N (0,I)

[[[
Hek

(
v⊤
1 x
)
Heℓ

(
v⊤
2 x
)
He2

(
w⊤

1 x
)
He2

(
w⊤

2 x
)]]]

= 2

∞∑
k=0

hkhk′

k!
γk
1γ

2
2 ±O

(
ζ̂2γ2

) ∞∑
k=0

hk+1h
′
k+1

k!
±O

(
ζ̂4
) ∞∑

k=0

hk+2h
2
k+2

k!

±O
(
δr ζ̂γ2

) ∞∑
k=0

hkh
′
k+2

k!
±O

(
ζ̂3
) ∞∑

k=0

hk+1h
′
k+3

k!

±O
(
δ2r ζ̂

2
) ∞∑

k=0

hkh
′
k+4

k!

= 2

∞∑
k=0

hkhk′

k!
γk
1γ

2
2 ±O

(
δr ζ̂γ2 + δr ζ̂

2
r

)
Proof of (28). We notice that in this case k, ℓ must satisfy |k − ℓ| ∈ {1, 3, 5}. Similar to before, we assume
that k ≥ ℓ.

Case k = ℓ + 1. In this case M[1, 2] ∈ {ℓ, ℓ − 1, ℓ − 2}. If M[1, 2] = ℓ, then M[3, 4] = 2 and M[1, 4] = 1. If
M[1, 2] = ℓ− 1, then M[3, 4] = 1, and either (M[1, 3],M[1, 4],M[2, 4]) = (1, 1, 1) or (M[1, 4],M[2, 3]) = (2, 1). If
M[1, 2] = ℓ−2, then M[3, 4] = 0. Here we have (M[1, 4],M[2, 3]) = (3, 2) or (M[1, 3],M[1, 4],M[2, 3],M[2, 4]) =
(1, 2, 1, 1) or (M[1, 3],M[1, 4],M[2, 4]) = (2, 1, 2). Gathering all possibilities gives that, under the case k = ℓ+1,
we have

Ex∼N (0,I)

[[[
Hek

(
v⊤
1 x
)
Heℓ

(
v⊤
2 x
)
He2

(
w⊤

1 x
)
He3

(
w⊤

2 x
)]]]

= 6k!γℓ
1γ

2
2ζ12 + 12P (ℓ, 1)k!γℓ−1

1 γ2ζ12 (2ζ11ζ22 + ζ12ζ21)

+ P (ℓ, 2)k!γℓ−2
1 ζ12

(
ζ212ζ

2
21 + 3ζ211ζ

2
22 + 6ζ11ζ12ζ21ζ22

)
= 6k!γℓ

1γ
2
2ζ12 ±O

(
δ3r
)
(P (ℓ, 1) + P (ℓ, 2))

Case k = ℓ + 3. In this case we have M[1, 2] ∈ {ℓ, ℓ − 1}. If M[1, 2] = ℓ, then M[3, 4] = 1, and
(M[1, 3],M[1, 4]) = (1, 2). If M[1, 2] = ℓ− 1, then M[3, 4] = 0, and we have (M[1, 3],M[1, 4],M[2, 3]) = (1, 3, 1)
or (M[1, 3],M[1, 4],M[2, 4]) = (2, 2, 1). Gathering all possibilities gives that, under the case k = ℓ+ 3, we have

Ex∼N (0,I)

[[[
Hek

(
v⊤
1 x
)
Heℓ

(
v⊤
2 x
)
He2

(
w⊤

1 x
)
He3

(
w⊤

2 x
)]]]

= 6k!γℓ
1γ2ζ11ζ

2
12 + 6P (ℓ, 1)k!γℓ−1

1 ζ11ζ
2
12 (3ζ21 + 2ζ22)

= ±O
(
δ3r
)
(1 + P (ℓ, 1))

Case k = ℓ+ 5. In this case we must have that M[1, 2] = ℓ,M[3, 4] = 0, and M[1, 3] = 2,M[1, 4] = 3. Thus

Ex∼N (0,I)

[[[
Hek

(
v⊤
1 x
)
Heℓ

(
v⊤
2 x
)
He2

(
w⊤

1 x
)
He3

(
w⊤

2 x
)]]]

= k!γℓ
1ζ

2
11ζ

3
12 = ±O

(
δ5r
)

Putting things together gives
∞∑

k,ℓ=0

hkh
′
ℓ

k!ℓ!
Ex∼N (0,I)

[[[
Hek

(
v⊤
1 x
)
Heℓ

(
v⊤
2 x
)
He2

(
w⊤

1 x
)
He3

(
w⊤

2 x
)]]]

= 6

∞∑
k=0

hk+1h
′
k

k!
γk
1γ

2
2ζ12 + 6

∞∑
k=0

hkh
′
k+1

k!
γk
1γ

2
2ζ22 ±O

(
δ3r
) ∞∑
k=0

hk+1h
′
k+2 + h′

k+1hk+2

k!

±O
(
δ3r
) ∞∑
k=0

hk+2h
′
k+3 + h′

k+2hk+3

k!
±O

(
δ3r
) ∞∑
k=0

hkh
′
k+3 + h′

khk+3

k!

±O
(
δ3r
) ∞∑
k=0

hk+1h
′
k+4 + h′

k+1hk+4

k!
±O

(
δ3r
) ∞∑
k=0

hkh
′
k+5 + h′

khk+5

k!

= 6

∞∑
k=0

hk+1h
′
k

k!
γk
1γ

2
2ζ12 + 6

∞∑
k=0

hkh
′
k+1

k!
γk
1γ

2
2ζ22 ±O

(
δ3r
)
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Lemma 22. Let hi (x) = π
(
v̄⊤
i x
)
σ
(
w̄⊤

i x
)

and hj (x) = π
(
v̄⊤
j x
)
σ
(
w̄⊤

j x
)
. Suppose that

max
{∣∣v̄⊤

i w̄i

∣∣ , ∣∣v̄⊤
j w̄j

∣∣ , ∣∣v̄⊤
i w̄j

∣∣ , ∣∣v̄⊤
j w̄i

∣∣} ≤ δr

then we have that

Ex

[[[
hi (x)

2
]]]
= 6

∞∑
k=0

c2k
k!

±O
(
δ2r
)

If it holds that
∣∣w̄⊤

i w̄j

∣∣ ≤ δr, then we have that

Ex[[[hi (x)hj (x)]]] = ±O
(
δ3r
)
;

If it holds that
∣∣w̄⊤

i w̄j

∣∣ ≤ δr, then we have that

Ex[[[hi (x)hj (x)]]] = 6Ex

[[[
hi(x)

2
]]]
±O (δr)

Proof. Adopting the Hermite expansion, by Lemma 21 we have that

Ex[[[hi (x)hj (x)]]] =

∞∑
k,ℓ=0

ckcℓ
k!ℓ!

Ex

[[[
Hek

(
v̄⊤
i x
)
Heℓ

(
v̄⊤
j x
)
He3

(
w̄⊤

i x
) (

w̄⊤
j x
)]]]

= 6
(
w̄⊤

i w̄j

)3 ∞∑
k=0

c2k
k!

(
v̄⊤
i v̄j

)k ±O
(
δ2r
(
w̄⊤

i w̄j

)2
+ δ4r

)
Thus, in the case where i ̸= j and

∣∣w̄⊤
i w̄j

∣∣ ≤ δr, we have that

Ex[[[hi (x)hj (x)]]] = ±O
(
δ3r
)

On the other hand, if i = j, then we have that

Ex

[[[
hi (x)

2
]]]
= 6

∞∑
k=0

c2k
k!

±O
(
δ2r
)

If w̄⊤
i w̄j ≥ 1− δr and v̄⊤

i v̄j ≥ 1− δ, then we have that

Ex[[[hi (x)hj (x)]]] = 6 (1− 3δr)
∞∑
k=0

c2k
k!

(
v̄⊤
i v̄j

)k ±O
(
δ2r
)

= 6 (1− 3δr)Ex

[[[
π
(
v̄⊤
i x
)
π
(
v̄⊤
j x
)]]]

±O
(
δ2r
)

Applying the Taylor’s expansion gives that

Ex

[[[
π
(
v̄⊤
i x
)
π
(
v̄⊤
j x
)]]]

= Ez1,z2∼N (0,1),Cov(z1,z2)=1−δr[[[π (z1)π (z2)]]]

= Ez∼N (0,1)

[[[
π (z1)

2
]]]
− 1

2
Var (π′ (z1)) δr ±O (δr)

≥ Ez∼N (0,1)

[[[
π (z1)

2
]]]
±O (δr)

Thus, we have that
Ex[[[hi (x)hj (x)]]] = 6Ex

[[[
hi(x)

2
]]]
±O (δr)

Lemma 23. Let θ satisfy that
∥∥v̄⊤

i − v̄⋆
i

∥∥2
2
,
∥∥w̄⊤

i − w̄⋆
i

∥∥2
2
≤ ε,

∣∣v̄⊤
i v̄j

∣∣ , ∣∣w̄⊤
i w̄j

∣∣ , ∣∣v̄⊤
i v̄

⋆
j

∣∣ , ∣∣w̄⊤
i w̄

⋆
j

∣∣ ≤ ε for all
i ̸= j, and

∣∣v̄⊤
i w̄j

∣∣ , ∣∣w̄⊤
i v̄j

∣∣ , ∣∣v̄⊤
i w̄

⋆
j

∣∣ , ∣∣w̄⊤
i v̄

⋆
j

∣∣ ≤ ε for all i, j. Then the following holds:

•
∣∣Ex

[[[
(f (θ,x)− f⋆ (x))π(a)

(
v̄⊤
i x
)
σ(b)

(
w̄⊤

i x
)]]]∣∣ ≤ O (m⋆ε)
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•
∥∥Ex

[[[
∇2

x (f (θ,x)− f⋆ (x))π(a)
(
v̄⊤
i x
)
σ(b)

(
w̄⊤

i x
)]]]∥∥

2
≤ O (m⋆ε)

•
∥∥Ex

[[[
(f (θ,x)− f⋆ (x))∇2

x

(
π(a)

(
v̄⊤
i x
)
σ(b)

(
w̄⊤

i x
))]]]∥∥

2
≤ O (m⋆ε)

•
∥∥Ex

[[[
∇x (f (θ,x)− f⋆ (x))∇x

(
π(a)

(
v̄⊤
i x
)
σ(b)

(
w̄⊤

i x
))]]]∥∥

2
≤ O (m⋆ε)

•
∥∥Ex

[[[
(f (θ,x)− f⋆ (x))∇x

(
π(a)

(
v̄⊤
i x
)
σ(b)

(
w̄⊤

i x
))]]]∥∥

2
≤ O (m⋆ε)

•
∥∥Ex

[[[
∇x (f (θ,x)− f⋆ (x))π(a)

(
v̄⊤
i x
)
σ(b)

(
w̄⊤

i x
)]]]∥∥

2
≤ O (m⋆ε)

Proof. We first write out the gradient with respect to x

∇xf (θ,x) =

m⋆∑
j=1

π′ (v̄⊤
j x
)
σ
(
w̄⊤

j x
)
v̄j +

m⋆∑
j=1

π
(
v̄⊤
j x
)
σ′ (w̄⊤

j x
)
w̄j

∇xf
⋆ (x) =

m⋆∑
j=1

π′ (v̄⋆⊤
j x

)
σ
(
w̄⋆⊤

j x
)
v̄⋆
j +

m⋆∑
j=1

π
(
v̄⋆⊤
j x

)
σ′ (w̄⋆⊤

j x
)
w̄⋆

j

∇2
xf (θ,x) =

m⋆∑
j=1

π′ (v̄⊤
j x
)
σ′ (w̄⊤

j x
) (

v̄jw̄
⊤
j + w̄jv̄

⊤
j

)
+

m⋆∑
j=1

π′′ (v̄⊤
j x
)
σ
(
w̄⊤

j x
)
v̄jv̄

⊤
j +

m⋆∑
j=1

π
(
v̄⊤
j x
)
σ′′ (w̄⊤

j x
)
w̄jw̄

⊤
j

∇2
xf

⋆ (x) =

m⋆∑
j=1

π′ (v̄⋆⊤
j x

)
σ′ (w̄⋆⊤

j x
) (

v̄⋆
j w̄

⋆⊤
j + w̄⋆

j v̄
⋆⊤
j

)
+

m⋆∑
j=1

π′′ (v̄⋆⊤
j x

)
σ
(
w̄⋆⊤

j x
)
v̄⋆
j v̄

⋆⊤
j +

m⋆∑
j=1

π
(
v̄⋆⊤
j x

)
σ′′ (w̄⋆⊤

j x
)
w̄⋆

j w̄
⋆⊤
j

Moreover, we also have that

∇x

(
π(a)

(
v̄⊤
i x
)
σ(b)

(
w̄⊤

i x
))

= π(a+1)
(
v̄⊤
i x
)
σ(b)

(
w̄⊤

i x
)
v̄i + π(a)

(
v̄⊤
i x
)
σ(b+1)

(
w̄⊤

i x
)
w̄i

∇2
x

(
π(a)

(
v̄⊤
i x
)
σ(b)

(
w̄⊤

i x
))

= π(a+1)
(
v̄⊤
i x
)
σ(b+1)

(
w̄⊤

i x
) (

v̄iw̄
⊤
i + w̄iv̄

⊤
i

)
+ π(a+2)

(
v̄⊤
i x
)
σ(b)

(
w̄⊤

i x
)
v̄iv̄

⊤
i

+ π(a)
(
v̄⊤
i x
)
σ(b+2)

(
w̄⊤

i x
)
w̄iw̄

⊤
i

Therefore, for the last two bounds, we have∥∥∥Ex

[[[
(f (θ,x)− f⋆ (x))∇x

(
π(a)

(
v̄⊤
i x
)
σ(b)

(
w̄⊤

i x
))]]]∥∥∥

2
= E1,1 + E2,1∥∥∥Ex

[[[
∇x (f (θ,x)− f⋆ (x))π(a)

(
v̄⊤
i x
)
σ(b)

(
w̄⊤

i x
)]]]∥∥∥

2
= E1,2 + E2,2

where E1,1 and E1,2 are a summation of two terms in the form∣∣∣Ex

[[[(
π
(
v̄⊤
i x
)
σ
(
w̄⊤

i x
)
− π

(
v̄⋆⊤
i x

)
σ
(
w̄⋆⊤

i x
))

π(a′)
(
v̄⊤
i x
)
σ(b′)

(
w̄⊤

i x
)]]]∣∣∣

Thus, by Taylor expansion, we obtain that E1,1, E1,2 ≤ O (ε). Moreover, E1,2 and E2,2 are a summation of 4m⋆

terms of the form ∣∣∣Ex

[[[
π
(
v̄⊤
j x
)
σ
(
w̄⊤

j x
)
π(a)

(
v̄⊤
i x
)
σ(b′)

(
w̄⊤

i x
)]]]∣∣∣∣∣∣Ex

[[[
π
(
v̄⋆⊤
j x

)
σ
(
w̄⋆⊤

j x
)
π(a)

(
v̄⊤
i x
)
σ(b′)

(
w̄⊤

i x
)]]]∣∣∣
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By Lemma 1, we have that E2,1, E2,2 ≤ O (m⋆ε). This gives the last two property. For the rest of the property,
we can apply similar strategy to decompose the objective in terms of∣∣∣Ex

[[[(
π(a0)

(
v̄⊤
i x
)
σ(b0)

(
w̄⊤

i x
)
− π

(
v̄⋆⊤
i x

)
σ
(
w̄⋆⊤

i x
))

π(a′)
(
v̄⊤
i x
)
σ(b′)

(
w̄⊤

i x
)]]]∣∣∣

which can be upper bounded by Taylor expansion, and∣∣∣Ex

[[[
π
(
v̄⊤
j x
)
σ
(
w̄⊤

j x
)
π(a)

(
v̄⊤
i x
)
σ(b′)

(
w̄⊤

i x
)]]]∣∣∣∣∣∣Ex

[[[
π
(
v̄⋆⊤
j x

)
σ
(
w̄⋆⊤

j x
)
π(a)

(
v̄⊤
i x
)
σ(b′)

(
w̄⊤

i x
)]]]∣∣∣

which can be upper bounded by lemma 25. Since there are in total O (m⋆) terms for each quantity, we can
conclude the desired result.

Lemma 24. Let v1,v2,w1,w2 be unit vectors satisfying that any two of the four have an inner product with
magnitude less than ε. Then for a1, a2, b1, b2 > 0 with b1 + b2 ≤ 3, the following holds

•
∣∣Ex

[[[
π(a1)

(
v⊤
1 x
)
σ(b1)

(
w⊤

1 x
)
π(a2)

(
v⊤
2 x
)
σ(b2)

(
w⊤

2 x
)]]]∣∣ ≤ O (ε)

•
∥∥Ex

[[[
∇2

x

(
π(a1)

(
v⊤
1 x
)
σ(b1)

(
w⊤

1 x
))

π(a2)
(
v⊤
2 x
)
σ(b2)

(
w⊤

2 x
)]]]∥∥

2
≤ O (ε)

•
∥∥Ex

[[[
π(a1)

(
v⊤
1 x
)
σ(b1)

(
w⊤

1 x
)
∇2

x

(
π(a2)

(
v⊤
2 x
)
σ(b2)

(
w⊤

2 x
))]]]∥∥

2
≤ O (ε)

•
∥∥Ex

[[[
∇x

(
π(a1)

(
v⊤
1 x
)
σ(b1)

(
w⊤

1 x
))

∇x

(
π(a2)

(
v⊤
2 x
)
σ(b2)

(
w⊤

2 x
))]]]∥∥

2
≤ O (ε)

Proof. The first quantity is directly bounded by applying Lemma 25. For the rest, we write out the form of the
gradients with respect to x as

∇x

(
π(a)

(
v⊤x

)
σ(b)

(
w⊤)) = π(a+1)

(
v⊤x

)
σ(b)

(
w⊤)v + π(a)

(
v⊤x

)
σ(b+1)

(
w⊤)w

∇2
x

(
π(a)

(
v⊤x

)
σ(b)

(
w⊤)) = π(a+2)

(
v⊤x

)
σ(b)

(
w⊤)vv⊤ + π(a)

(
v⊤x

)
σ(b+2)

(
w⊤)ww⊤

+ π(a+1)
(
v⊤x

)
σ(b+1)

(
w⊤) (vw⊤ +wv⊤)

Therefore, for each of the rest property, it can be written in terms of a summation of terms of the form

Ex

[[[
π(a′

1)
(
v⊤
1 x
)
σ(b′1)

(
w⊤

1 x
)
π(a′

2)
(
v⊤
2 x
)
σ(b′2)

(
w⊤

2 x
)]]]

Since b1 + b2 ≤ 3, taking twice derivative gives b′1 + b′2 ≤ 5. Therefore, applying Lemma 25 gives that all the rest
terms are upper bounded by O (ε).

Lemma 25. Let v1,v2,w1,w2 be unit vectors such that any two of the four have an inner product with magnitude
upper bounded by ε. Then we have that for any a1, a2, b1, b2 such that b1 + b2 ≤ 5∣∣∣Ex

[[[
π(a1)

(
v⊤
1 x
)
π(a2)

(
v⊤
2 x
)
σ(b1)

(
w⊤

1 x
)
σ(b2)

(
w⊤

2 x
)]]]∣∣∣ ≤ O (ε)

Proof. Taking the Hermite expansion

Ex

[[[
π(a1)

(
v⊤
1 x
)
π(a2)

(
v⊤
2 x
)
σ(b1)

(
w⊤

1 x
)
σ(b2)

(
w⊤

2 x
)]]]

=

∞∑
k,ℓ=0

ck+a1
cℓ+a2

k!ℓ!
Ex

[[[
Hek

(
v⊤
1 x
)
Heℓ

(
v⊤
2 x
)
He3−b1

(
w⊤

1 x
)
He3−b2

(
w⊤

2 x
)]]]

We could observe that at least one of 3 − b1 and 3 − b2 is nonzero. Therefore, by Lemma 1, we have that
Ex

[[[
Hek

(
v⊤
1 x
)
Heℓ

(
v⊤
2 x
)
He3−b1

(
w⊤

1 x
)
He3−b2

(
w⊤

2 x
)]]]

is a polynomial with lowest degree at most 1. There-
fore, we have that ∣∣∣Ex

[[[
Hek

(
v⊤
1 x
)
Heℓ

(
v⊤
2 x
)
He3−b1

(
w⊤

1 x
)
He3−b2

(
w⊤

2 x
)]]]∣∣∣ ≤ O (ε)
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Moreover, this quantity is nonzero only when k − ℓ ≤ 6 − b1 − b2. Thus, by the boundedness of the Hermite
coefficients, we can conclude that∣∣∣Ex

[[[
π(a1)

(
v⊤
1 x
)
π(a2)

(
v⊤
2 x
)
σ(b1)

(
w⊤

1 x
)
σ(b2)

(
w⊤

2 x
)]]]∣∣∣ ≤ O (ε)

D.2 Other Auxiliary Results

Lemma 26. Let v,w ∈ Rd, and define f (v) = 1
∥v∥2

(
I− vv⊤

∥v∥2
2

)
w. Then we have that

J f (v) = −v⊤w

∥v∥32

(
I− vv⊤

∥v∥22

)
− 1

∥v∥32

(
vw⊤ +wv⊤)

Lemma 27. Let f(x) = 1
1+e−x be the sigmoid function. Then we have that

• f ′′′(x)2 ≤ 1 for all x ∈ R

• Ex∼N (0,1)[[[f(x)]]] =
1
2

• Ex∼N (0,1)

[[[
f (2k)(x)

]]]
= 0 for all k ≥ 1

Proof. Using simple calculations, we can obtain that

f ′(x) = f(x)(1− f(x))

This gives that
f ′′(x) = f ′(x)(1− f(x))− f(x)f ′(x) = f ′(x)(1− 2f(x))

Thus, f ′′′(x) can be written as

f ′′′(x) = f ′′(x)(1− 2f(x))− 2f ′(x)2

= f ′(x)(1− 2f(x))2 − 2f ′(x)2

= f ′(x)
(
1− 4f(x) + 4f(x)2 − 2f ′(x)

)
= f ′(x)

(
1− 6f(x) + 6f(x)2

)
One the range [0, 1], the function 1 − 6y + 6y2 takes extremes at y = 0, 1

2 , 1. At y = 0 and y = 1, we have
1 − 6y + 6y2 = 1. At y = 1

2 , we have that 1 − 6y + 6y2 = − 1
2 . Thus, we can conclude that

∣∣1− 6y + 6y2
∣∣ ≤ 1

for all y ∈ [0, 1]. Moreover, we have that f ′(x) = f(x)(1 − f(x)) ∈ [0, 1], since f(x) ∈ [0, 1]. Therefore, we can
conclude that |f ′′′(x)| ≤ 1, which implies the first property. To prove the second, we notice that

f(−x) =
1

1 + ex
=

e−x

1 + e−x
= 1− f(x)

Therefore, due to the symmetry of Gaussian distribution, we have that

Ex∼N (0,1)[[[f(x)]]] = Ex∼N (0,1)[[[f(−x)]]] = 1− Ex∼N (0,1)[[[f(x)]]]

This gives that Ex∼N (0,1)[[[f(x)]]] =
1
2 . To prove the third property, we notice that

f ′(−x) = f(−x)(1− f(−x)) = (1− f(x))f(x) = f ′(x)

which shows that f ′(−x) is even. Therefore, f (2k)(x) are odd functions for all k ≥ 1. This implies the third
property.
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Lemma 28. Consider function f(x), g(x), h(x) given by the ODE system

f ′(x) = −a1f(x) + b1g(x) + c1h(x) + p

g′(x) = −a2f(x)− b2g(x) + c2h(x) + p

h′(x) = −a3f(x) + b3g(x)− c3h(x) + p

for some a1, a2, a3, b1, b2, b3, c1, c2, c3 > 0. If b2c3 ≥ b3c2 and

a21b2 + a21c3 + a1a2b1 + a1a3c1 + a1b
2
2 + a2b1b2 + a1c

2
3 + a3c1c3 ≥ a2b3c1 + a3b1c2

then we have that

max {|f(x)|, |g(x)|, |h(x)|} ≤ e−Ω(x) (|f(0)|+ |g(0)|+ |h(0)|) +O (p)

for all x ≥ 0

Proof. Let A ∈ R3×3 be given by

A =

−a1 b1 c1
−a2 −b2 c2
−a3 b3 −c3


Then we have that f ′(x)

g′(x)
h′(x)

 = A

f(x)g(x)
h(x)

+ p1

Solving the system gives f(x)g(x)
h(x)

 = eAx

f(0)g(0)
h(0)

+ pA−1
(
eAx − I

)
1

Let λ be the eigenvalue of A with the largest real part. Then we have that∥∥∥∥∥∥
f(x)g(x)
h(x)

∥∥∥∥∥∥
2

≤ eλx

∥∥∥∥∥∥
f(0)g(0)
h(0)

∥∥∥∥∥∥+O (p)

Thus, it suffice to show that all eigenvalues of A has negative real parts. To do this, we write out the characteristic
polynomial of A as

P (y) = y3 − Tr (A) y2 +
1

2

(
Tr (A)

2 − Tr
(
A2
))

y − det (A)

By the Routh-Hurwitz criteria, it suffice to show that

Tr (A) < 0, det (A) < 0,
1

2
Tr (A)

(
Tr (A)

2 − Tr
(
A2
))

< det (A)

With the form of A, we obtain that

Tr (A) = − (a1 + b2 + c3)

1

2
Tr (A)

(
Tr (A)

2 − Tr
(
A2
))

= a1b2 + a1c3 + b2c3 + a2b1 + a3c1 − b3c2

det (A) = −a1b2c3 − a2b3c1 − a3b1c2 − a3b2c1 − a2b1c3 − a1b3c2

Thus, it is easy to see that Tr (A) < 0,det (A) < 0. It remains to show that 1
2Tr (A)

(
Tr (A)

2 − Tr
(
A2
))

<
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det (A). This is equivalent to show that S ≥ 0 with

S = det (A)− 1

2
Tr (A)

(
Tr (A)

2 − Tr
(
A2
))

= (a1 + b2 + c3) (a1b2 + a1c3 + b2c3 + a2b1 + a3c1 − b3c2)

− (a1b2c3 + a2b3c1 + a3b1c2 + a3b2c1 + a2b1c3 + a1b3c2)

= a21b2 + a21c3 + a1b2c3 + a1a2b1 + a1a3c1 − a1b3c2 + a1b
2
2 + a1b2c3 + b22c3 + a2b1b2

a3b2c1 − b2b3c2 + a1b2c3 + a1c
2
3 + b2c

2
3 + a2b1c3 + a3c1c3 − b3c2c3

− a1b2c3 − a2b3c1 − a3b1c2 − a3b2c1 − a2b1c3 − a1b3c2

= a21b2 + a21c3 + 2a1b2c3 + a1a2b1 + a1a3c1 − 2a1b3c2 + a1b
2
2 + b22c3 + a2b1b2

− b2b3c2 + a1c
2
3 + b2c

2
3 + a3c1c3 − b3c2c3 − a2b3c1 − a3b1c2

If b2c3 ≥ b3c2, then we have that

a1b2c3 ≥ a1b3c2; b2c
2
3 ≥ b3c2c3; b22c3 ≥ b2b3c2

This gives that

S ≥ a21b2 + a21c3 + a1a2b1 + a1a3c1 + a1b
2
2 + a2b1b2 + a1c

2
3 + a3c1c3 − a2b3c1 − a3b1c2

Lemma 29. Let ck be the kth order Hermite coefficient of π (x). Let z1, z2 ∼ N (0, 1) with Cov(z1, z2) = ρ. If
Ez1,z2[[[π

′ (z1)π
′′′ (z2)]]] ≤ 0 for all ρ, then we have that

∞∑
k=0

ckck+2

k!
γk ≤ 0;∀γ > 0

Proof. Notice that, by taking the Hermite expansion of π(x) and π′′(x), we have that for z1, z2 ∼ N (0, 1) with
Cov (z1, z2) = γ

Ez1,z2[[[π(z1)π
′′(z2)]]] =

∞∑
k=0

ckck+2

k!
γk

Let f(γ) = Ez1,z2[[[π(z1)π
′′(z2)]]]. Then by Price’s Theorem we have that

f ′(γ) = Ez1,z2[[[π
′(z1)π

′′′(z2)]]] ≤ 0

Moreover, at γ = 0, we have that
f(0) = Ez1[[[π (z1)]]]Ez2[[[π

′′ (z2)]]] = 0

where the last equality is due to Lemma 27. Therefore, we can conclude that

∞∑
k=0

ckck+2

k!
γk = f(γ) ≤ f(0) = 0

Lemma 30. Let x ∈ (−1, 1), and consider S =
∑∞

k=0
c2k
k! x

k. If ck ≤
√
B · k!, then we have that

c20 −
|x|

1− |x| ≤ S ≤ c20 +
|x|

1− |x|

Proof. We write S as

S = c20 +

∞∑
k=1

c2k
k!
xk
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Notice that ∣∣∣∣∣
∞∑
k=1

c2k
k!
xk

∣∣∣∣∣ ≤
∞∑
k=1

c2k
k!
|x|k ≤ B

∞∑
k=1

|x|k =
B|x|
1− |x|

Therefore, we can conclude that

c20 −
B|x|
1− |x| ≤ S ≤ c20 +

B|x|
1− |x|

Lemma 31. Let ck denote the kth order Hermite coefficient of π (·) such that c2 = 0 and ck+3 ≤
√
B · k! for all

k ≥ 0. Let γ ∈ (b, 1]. If Ez1,z2∼N (0,1),Cov(z1,z2)=ρ

[[[
π′ (z1)π

(3) (z2)
]]]
≤ 0 for all ρ ∈ [−1, 1], then we have that

∞∑
k=0

ckck+2

k!
γk ≤ |b|

1− |b|

Proof. Notice that

Ez1,z2[[[π (z1)π
′′ (z2)]]] = Ez1,z2

[[[( ∞∑
k=0

ck
k!
Hek (z1)

)( ∞∑
k=0

ck+2

k!
Hek (z1)

)]]]
=

∞∑
k=0

ckck+2

k!

Therefore, we can define

h(ρ) =

∞∑
k=0

ckck+2

k!
ρk = Ez1,z2[[[π (z1)π

′′ (z2)]]]ρ
k

By Price’s Theorem, we have that

h′ (ρ) = Ez1,z2

[[[
π′ (z1)π

(3) (z2)
]]]
≤ 0

Therefore, h (ρ) decreases monotonically, which implies that

h(ρ) =

∞∑
k=0

ckck+2

k!
ρk ≤ h (b) = b

∞∑
k=0

ck+1ck+3

k!
bk ≤

∞∑
k=1

|b|k ≤ |b|
1− |b|

E Plotting Sigmoid Property

In this section, we plot the simulation result of the properties of the sigmoid function. Figure 3a is generated by
taking 105 samples of correlated Gaussian random variables for each covariance value ρ ∈ [−1, 1]. Figure 3b is
generated by taking 106 samples of standard Gaussian random variables.
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(a) Value of Ez1,z2∼N (0,1)[[[π
′(z1)π

′′′(z2)]]] for differ-
ent values of Cov (z1, z2). As in the figure, all values
are negative.
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Figure 3: Plot of the property of π(x)


