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Abstract

Mixture-of-Experts (MoE) architectures
have emerged as a cornerstone of modern Al
systems. In particular, MoEs route inputs
dynamically to specialized experts whose
outputs are aggregated through weighted
summation. Despite their widespread ap-
plication, theoretical understanding of MoE
training dynamics remains limited to either
separate expert-router optimization or only
top-1 routing scenarios with carefully con-
structed datasets. This paper advances MoE
theory by providing convergence guarantees
for joint training of soft-routed MoE models
with non-linear routers and experts in a
student-teacher framework. We prove that,
with moderate over-parameterization, the
student network undergoes a feature learning
phase, where the router’s learning process is
“guided” by the experts, that recovers the
teacher’s parameters. Moreover, we show
that a post-training pruning can effectively
eliminate redundant neurons, followed by a
provably convergent fine-tuning process that
reaches global optimality. To our knowledge,
our analysis is the first to bring novel insights
in understanding the optimization landscape
of the MoE architecture.

1 INTRODUCTION

Mixture-of-Experts (MoE) architectures have become
a fundamental building block in modern artificial intel-
ligence systems, enabling significant advances in model
capacity without corresponding increases in computa-
tional costs (Shazeer et al., 2017} [Fedus et al [2022).
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At its core, a MoE system treats a complicated task
as a combination of multiple simpler tasks, which can
be handled efficiently by smaller models. In concept,
the conditional routing of the input to different sub-
modules of the MoE allows each sub-module to “spe-
cialize” in its own domain, leading to an effective de-
coupling of the overall task complexityE] This ap-
proach has achieved remarkable success in large lan-
guage models (LLMs) (Fedus et al., 2022), computer
vision (Riquelme et al.l |2021)), and multi-modal agen-
tic systems (Mustafa et al., [2022)), where conditional
computation provides an efficient way to scale model
capacity.

The fundamental structure of an MoE layer consists
of a set of expert networks (the “experts”) and a
gating network that determines the contribution of
each expert to the final output. While simple, this
architecture presents theoretical challenges, particu-
larly regarding the joint optimization of both com-
ponents. The gating function, typically implemented
using a softmax activation, introduces non-convexity
that makes the analysis difficult. This is further com-
plicated by the interplay between expert specializa-
tion and router assignments: experts must specialize
in certain inputs, while the router must correctly iden-
tify the correct combination of experts appropriate for
each input.

Despite the widespread adoption of MoE architectures
in practice, such a theoretical understanding of their
optimization dynamic remains limited; see Related
Works section. Existing theoretical work has focused
on either simplified linear models or has analyzed the
experts and gating networks separately; e.g. |Li et al.
(2025) and Kawata et al| (2025) study the setting
where the experts are trained first with the router pa-
rameter fixed, followed by a fine-tuning stage of the
router itself. While such a setting simplifies the analy-
sis by decoupling the updates of the router and expert
parameters, it deviates from the more beneficial sce-

'In this paper we consider a “classic” MoE instead of the
MOoE used to increase parameterization without increasing
computational costs such as |[Fedus et al.| (2022]).
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nario, where a joint optimization is applied to handle
intricate task combinations (Kong et al [2025} |Zhang
et al, 2025a)).

A prior work (Chen et all [2022)) studies the joint op-
timization of the expert and router parameters in a
top-1 routed MoE on patched input data, thus reduc-
ing the interference between the learning process of the
experts in each gradient step. Although top-1 routing
has been a popular approach (Fedus et al., [2022)), most
state-of-the-art language models such as Mixtral 8x7B
(Jiang et al.,2024), DeepSeek-V3 (DeepSeek-Al et al.|
2025), and Qwen 3 (Yang et al.| [2025) uses a top-K
routing with K > 1, leading to gaps between theory
and practice.

In general, it remains open to study the optimization
dynamics of MoEs with more than one activated ex-
perts, where experts and router are jointly trained.
This gap is increasingly significant as MoE architec-
tures become fundamental components in state-of-the-
art Al systems. Analysis of these dynamics would not
only inform architectural improvements but also pro-
vide formal guarantees about model behavior and per-
formance. Moreover, such an analysis could help us
understand better Agentic Al systems (Hu et al., [2025;
Zhang et al.||2025bljc), where component orchestration
mirrors MoE routing mechanisms (Bhatt et al.| [2025).
These systems must dynamically select appropriate
specialized modules (tools, APIs, or reasoning compo-
nents) based on input context—functionally analogous
to expert selection in MoE architectures.

Contributions. Given the difficulty of the task, we
focus on the learning of a MoE model with one-layer
sigmoid router and non-linear experts over the mean-
square-error (MSE) loss in a teacher-student set-up
on high dimensional Gaussian input. In particular, we
show that, with moderate over-parameterization and
under the gradient flow training, the student MoE en-
joys a near-perfect recovery of the feature from the

teacher model’s in a sequential order in O (\/&) time,

where d is the dimensionality of the input. More-
over, after the feature learning stage, a greedy pruning
can be applied to remove the unused experts. Lastly,
the post-pruning fine-tuning of the student model con-
verges to zero loss.

Notations. Without further specification, we use
regular lower-case letters (e.g. a) to denote scalars,
bold-face lower-case letters (e.g. a) to denote vectors,
and bold-face capital letters (e.g. A) to denote ma-
trices. We use N (,u,aQ) to denote the the Gaussian
distribution with mean p and (co)variance o2. For
a function f(z), we use f'(z),f"”(x) and f"”'(z) to
denote its first three order derivatives, and f(®(z)
to denote is arbitray ath order derivative. We use

poly (z1,...,x,) to denote the polynomial dependency
in terms of z1,...,T,.

2 RELATED WORKS

Theory of Mixture-of-Experts. From an optimiza-
tion perspective, |Chen et al.| (2022)) studies the conver-
gence rate of top-1 MoE with CNN experts on patched
input data. |(Chowdhury et al.| (2023) studies the patch-
level routing under both the setting with a separately
trained expert and router, and the setting of pre-
trained experts. |Chowdhury et al. (2024) shows the
pruning effectiveness after fine-tuning a pre-trained
MoE model. Kawata et al.| (2025) considers the train-
ing both a top-1 MoE and a ReLU routed MoE, but
under a four-stage training algorithm. [Fruytier et al.
(2025)) studies the convergence of the Expectation-
Maximization algorithm for learning MoE. |Li et al.
(2025) studies the optimization of MoE in a contin-
ual learning set-up. From the perspective of sample
complexity, [Nguyen et al.| (2024a.c), |2025) studies the
sample complexity of correctly identifying experts for
softmax MoE under both the logistic loss and the MSE
loss. [Nguyen et al.| (2024b)) shows that sigmoid gated
MokEs enjoy a better sample complexity compared with
softmax gated MoEs. Other works (Kratsios et al.|
2024} |Wang and E| 2025|) studies MoE under operator
learning, and the expressive power of MoEs, respec-
tively. Following the expressivity line of work, [Boix-
Adsera and Rigollet| (2025 studies how the granularity
of the experts affects the expressive power of MoEs.

Feature Learning of Neural Networks. As its
name suggested, the feature learning framework ex-
plores the ability of the neural network to learn in-
trinsic features of the dataset, which is an ability
not present in the traditional Neural Tangent Kernel
framework (Jacot et all [2020; Du et al., |2019)). In
particular |Shi et al.| (2022} 2023) studies the hidden-
neuron evolution during training, and [Damian et al.
(2022)); Mousavi-Hosseini et al.| (2023al) investigates
how gradient-based learning discovers the intrinsic
low-dimensional subspace of data. Along this line of
work Ba et al.| (2023); Mousavi-Hosseini et al.| (2023b)
studies the learning with data sampled from distribu-
tion with a spiked covariance matrix. A related line of
work studies the feature learning dynamics of two-layer
ReLU networks, including the characterization of gra-
dient flow dynamics under orthogonal inputs (Boursier,
et al., 2022)), the phase diagram at infinite width (Luo
et al., 2021), quantization of learned features under
gradient descent (Maennel et al.| 2018]), early align-
ment phenomena and their implications for robustness
and generalization (Boursier and Flammarion) [2025;
Min et al.| [2023)), as well as implicit biases of gradient
descent leading to feature averaging (Li et al., 2024).
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Figure 1: Training MoE in on with m* =
5,m = 25, and d = 1000 with online batch SGD sim-
ulating GF on the population loss. Left: alignment
values of the router parameters v, v;. Right: align-
T

ment values of the expert parameters w,

< x
Wj'

Recently, a popular line of work studies the learning
of Gaussian single/multi-index models (Bietti et al.|
2022} [Lee et al.l 2024} Ren et al., |2025; Bietti et al.|
2023; Ba et al., [2023}; [Simsgek et all 2025)). Notice-
ably, this line of work adopts the Hermite expansion
of the nonlinear function to transform the loss objec-
tive into a form similar to the tensor decomposition
(Ge et al., |2017)). In terms of the proof technique,
our work is similar to [Ren et al.| (2025) by utilizing
the sharp phase transition that occurs from the high
information exponent of the activation function.

3 PRELIMINARY AND SET-UP

Student model. In this paper, we consider the train-
ing of a normalized MoE with m experts. In partic-
ular, given inputs x € R?, we study the setting of a
one-layer router with parameter V, given by = (Vx).
Here 7 () is an entry-wise sigmoid function, and V de-
note the row-wise normalized version of V. In short,
we have

T
7 (Vx) =7 (v]x :w(vix
V=m0 =7 (v,

);\ﬁe )

where v; is the ith row of V. We consider each ex-
pert as a one-layer non-linear function with parameter

u

w; given by o (WZTX) =0 (H) In this paper, we
i

choose o (a) = a® — 3a to be the third-order Hermite

polynomial. Letting 8 = {(v;, w;)}.",, then the stu-

dent model is given by

m
F0,%):=> m(v/x) o (w/x) (1)

i=1
Our choice of the sigmoid router is motivated by
Nguyen et al.| (2024b]) which shows that sigmoid rout-
ing is more sample efficient than softmax routing.
Moreover, using Hermite polynomial as the activa-
tion function has been a popular approach in previ-
ous study of the feature learning mechanism of neural

networks (Arous et al.;[2025). Lastly, the choice of nor-
malizing the weights is also a popular choice in prior
works (Wang et al., [2020; Ren et al.l |2025)).

Data and Teacher Model. The teacher model f*
we consider has the same structure as in the the stu-
dent model, but with m* experts. In addition, we
assume that the parameter of the teacher model’s pa-
rameters Vi,..., V5., W],...,Wh. satisfy the follow-
ing assumption:

Assumption 1 (Teacher Orthonormality). The
teacher model’s parameters Vi, ..., Vi, Wi,..., W
form an orthonormal list.

m*»

We consider the input data that come from a standard
Gaussian distribution x ~ N (0,1;), and labels are
generated by the teacher model according to

*

y=f"x):=>» 7 (\71-*TX) o (v’vf—rx) (2)
1

3

3

Intuitively, this set-up implies that the input space R¢
is softly partitioned by the teacher’s router. The goal
of the student model is to learn both the features vs

*

that gives a correct partitions, and the features w;s

that leads to the effective specialization of experts.

We consider training the student model f (6, x) on the
population mean-squared error (MSE) loss £ () using
gradient flow £60(t) = —VL (6(t)) over the data dis-
tribution defined by the teacher model. To be more
specific, the MSE has the form

£0) = 5B [ (/0% )*]
1

_ §Ex~N(O,Id) [(f (0,x) — f* (X))Q]

(3)

We assume that the parameters of the student model
are initialized according to the following assumption:

Assumption 2 (Initialization). The expert weights
are initialized as w;(0) ~ N (0,d"'14). The router
weights are initialized as v;(0) = v;(0) —v;(0) Tw;(0) -
w;(0), where v;(0) ~ ./\/'(O,d_lld), so0 as to decouple
the router and expert weights at initialization]

Lastly, we make the following assumption on the sig-
moid function, which is numerically checked in Ap-
pendix [E]

Assumption 3. Let 21,20 ~ N (0,1) with arbi-
trary covariance Cov(z1,22) € [—1,1], it holds that
E., [ (21)7®) (22)] <0

We empirically verify that this setting allows that each

of the m* experts and corresponding router parameter

2The behavior that v;(t)"w;(t) = 0 does not hold
throughout gradient flow training.
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in the teacher model can be recovered by one and only
one expert and corresponding router in the student
model. According to Figure |I|, for each v7, w7} in the
teacher (x-axis), there is one and only one expert and
router v;, w; that converges to v, wr (lighter color

indicates that v, v; and w, w7 are closer to one.)

4 MAIN RESULT: SEQUENTIAL
FEATURE LEARNING

In this section, we present the main result of the fea-
ture learning phase. Recall the set-up of the student
and teacher MoE models in and . An ideal fea-
ture learning result would be that, for each router-
expert pair (v}, w}) in the teacher model, there is an
exclusive router-expert pair (v;, w;) that converges to
it. The theorem below states that the matching be-
tween the router-expert pair from the teacher model
and the router-expert pair from the student model
happens in a sequential order.

Theorem 1. Consider training the MoE model
f(0,x) in with respect to a teacher model given
by @ using the gradient flow on the population MSE
loss in (3). Let op € (0,1/7) be given. If m >
Q (m* log 7?—];) and d > poly (m,é]PTl), then there ex-
ists an injective mapping T : [m*] — [m] and time
steps 0 <T) < -+ < T <T* <O (\/&) such that
for all £ € [m* — 1] and t € [Ty, Ty+1), we have that

e (Recovered expert-router pairs) vz (t)T vy > 0.9
and Wz (t) "Wy > 0.9 for all i < (.

o (Unrecovered expert-router pairs) For all i > £,
7 X = 3 'I’TL2
max { V10 (1) 7V [Wrio (0 wi [} < 0 (327)

Moreover, for T* <t <T*+ O (5%—2‘/3) , we have that

e (Learned features) vy (t) vy, wr)(T) W) >
’rn7 N *
1(9(5%%) for all i € [m*]

P

o (Unused expert-router pairs) for all i1 € [m]\
Z([m*]),ia € [m],i1 # iz and j € [m*], the fol-
lowing quantities

are all upper bounded by O (5?5&)

In particular, Theorem [I| states the result that the
Mok training in our set-up undergoes a sequential fea-
ture learning phase. As requirements of the theorem,

we need m to be as large as (2 (m* log %) to ensure

that, at initialization, at least one of the router-expert
pair from the student model have a good enough align-
ment for each router-expert pair in the teacher. Also
we require d to be polynomially large in terms of m
and 0p ! to control the interference between the con-
vergence of each router-expert pair, as well as between
the convergence of the router parameter and the expert
parameter. Due to the polynomial scaling of d in terms

of m and 5]};1, quantities O (LZ) and O ( m7 > are

SpVd 5$d%

in general small, and O (‘an—@) is large.

In the set-up of the theorem, the mapping 7 establishes
the correct matching between the expert-router pair
in the teacher model and the router-expert pair in the
student model. Ideally, we expect vz(;) and wz(; to
converge to vi and w;. Two key points of the theorem
are outlined below:

Sequential weak recovery. The first part of the
theorem states that such convergence happens in a
sequential order. By its set-up, 7y denotes the time
where the first ¢ pairs of (Vz(i),v’vz(i)) for 7 < £ just
achieved a weak convergence to v; and w; by achiev-
ing an inner product with of at least 0.9. In the mean
time, before ¢ reaches Ty41, all the remaining pairs
(\‘/I(i), v‘vz(i)) for ¢ > £ still stays within a small align-
ment value with their reference.

Order of Recovery. We remark that the order in
which the student’s expert-router pairs converge to the
teacher’s parameters is determined by the alignment
values Wi(O)T\Tv; at initialization, as can be seen from
the proof sketch in Section .1} Intuitively, a student
expert ¢ that achieves a larger initial alignment with
a teacher expert j will converge to W} earlier than
a student expert with smaller initial alignment, pro-
vided that w; has not converged to another w7, and no
other w;» has converged to w} yet. While one might
expect the norms ||w;(0)||, to play a role in govern-
ing this ordering, their influence is in fact negligible:
by concentration, the norms of the randomly initial-
ized weight vectors are tightly concentrated around
their expectation, and thus do not meaningfully dif-
ferentiate the convergence order across experts. In
contrast, as shown in Lemma 2] the inner products
Wi(O)TV_V;( vary across pairs and serve as the primary
signal that breaks the symmetry among student ex-
perts, ultimately determining which student expert
specializes to which teacher expert and at what rate.

Near-perfect recovery.The second part of the the-
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Figure 2: Dynamics of the routers’ and experts’ align-
ment value with the teacher’s parameter under the
same set-up as Figure[I] The green curve denotes the
loss value. Except for the green curve, dashed line and
solid line of the same color denotes a pair of router and
expert alignment value.

orem shows that for any time ¢ that exceeds some
T™ < O (\/&) but stays under T* + O (%), the
learned features have converged to inner product val-
ues of at least 1 — O < m; ) In the meantime, all the

opd?2
router and expert parameters in the student model

that did not converge to any teacher’s parameter must
stay nearly orthogonal both to the teacher model’s pa-
rameter and to each other. In Section |5, we will uti-
lize this property to prove the theoretical guarantee of
pruning these unused experts in the student model.

4.1 Guided by the Experts: A Proof Sketch
of Theorem [1]

In this section, we will discuss the difficulties and tech-
niques arises in the proof of Theorem [I}

Hermite expansion of the loss and gradient. The
starting point of our proof relies on the Hermite expan-
sion of non-linear functions to study its property with
Gaussian inputs. Let Heg (z) denote the kth-order
probabilist’s Hermite polynomial. It is known that
the set of Hermite polynomials {Hey, (z)},-, consists
an basis of the square integrable functions under the
Gaussian measure. Therefore, we can expand the sig-
moid function as

ES

Hey () ;cx = Eponr(o,1) [W(k) (x)]

o

!

7 (x) = Z ¢
k=0

Here ¢;’s are the Hermite coefficients of « (z). Since

o(x) = Hes (x), f(0,%x) and f* (x) has the form
f(0,x) = kz_% %Hek (\_/;rx) Hes (V_VZTX)

fr(x)= Z %Hek (\’/;Tx) Hes (v’v:—rx)
k=0 "

Carrying this idea to the setting of minimizing the
MSE in [3| we notice that £ (0) can be written as

£(0) = LE[ £ (0.5°] ~ElS (0.5) " ()]

2
el o]

where one could notice that the last term does not
depend on 8. However, the first two terms involves
second-order terms on f (0,x) and f* (x). As an illus-
tration, we expand the first term as

m o0 e
2] kCl i j
Ex[f(e’x) ] => > AT Cres,3
i,j=1kt=0
i,J _
k,,3,3 —

Ex[Hey, (v x) Hey (\_f;rx) Heg (W x) Hes (v‘v;x)]

Although a large body of prior work has ex-
ploited the nice property of Hermite polynomial that
Ex[Her (ufx) Hey (ujx)] = k! (uiruQ)k]I {k=1}
for uy,uy with unit norm, in our setting we have to
deal with the expectation of the product of four Her-
mite polynomial. Our main tool of handling this diffi-
culty is the lemma belowﬂ

Lemma 1. Let x ~ N (0,X). For some multi-index
k € N”, we define the multi-variate Hermite polyno-
mial as

Hey (x) = HHek[i] (x[2])
i=1

Then we have that for x ~ N (0,X),

i, j1Mli.d

. n )
Ex[Hex (x)] = (Hk[i]!> > 11 2[1\/’1][3,]]'

MeS i,j=1

where the set S is the set of symmetric matrices M €
N"X" sqtisfying

M[i, i] = 0; Z M{i, j] = kli]; Vi € [n]

In Lemma [T} each M € S can be considered as the
adjacency matrix of a graph with n nodes and inte-
ger weights such that the degree of the ith node is

3We are not the first to introduce this result. However,
we could not find a formal published source that proves the
result.



Guided by the Experts: Provable Feature Learning Dynamic of Soft-Routed Mixture-of-Experts

k[i]. Applying Lemma/l|to our case thus only requires
to enumerate the graphs of four nodes with degree
(k,2,3,3). With Lemma |1} we are able to derive the
form of Vy, L (0) and V, L (0), whose exact form are
omitted from the main text due to its intricacy.

Gradient flow dynamic of target alignment. Re-
call that our goal is to show that there is some v;, w;
that converges to v, W} for j € [m*]. Thus, it isTin—

e

tuitive to start with tracking the dynamic of v;(t) ' v

and v’vi(t)—rv’v;. With gradient flow, we have that

d

ViV == Vi), Vv.£(0)7 ] "
d _ . - _x
(0w == [wit)]l," V. £(0)" W]

due to the fact that ||v,||, and ||w;||, stays constant
during the gradient flow process. Utilizing the fact
that v(t) v}, w;(t) "W} < 1 when v;(t) and w;(t)
are near their initialization, we can utilize Lemma
to approximate (4] as

d_

av‘vi(zf)Tv—vj*. o (wi(t) W)

The approximation above exhibits two interesting be-
haviors near initialization. First, the improvements
in both the router alignment v;(#) v} and the expert
alignment v’vi(t)Tv’vj*- depends on the current magni-
tude of the expert alignment. This implies that, once
the expert alignment reaches a magnitude of (1), it
will take only constant time for the router and ex-
pert alignments to grow to a value near one (perfect
alignment). This behavior can be observed in Figure
where the router alignment values (solid lines except
for the gree on) follow closely as the expert alignment
values (dashed lines) increases.

Second, the quadratic dependency in the expert align-
ment dynamic induces a sharp phase transition where
the alignment value starts off slow for a period of time,
and suddenly increases with a fast speed (see dashed
lines in Figure[2), as studied in |Ren et al.|(2025). This
sharp phase transition is particularly helpful to pre-
vent multiple experts from the student model to con-
verge to the same expert in the teacher model. As an
example, consider dynamics v’vl(t)—'—w]* and wo (t)TW;
with a small different A > 0 at initialization

~ (1
— T
W2(t> ; <0 (ﬂ)
Solving the ODE in (5 gives that for ¢ € {1,2}

0< (L+A)Wwi(t) w) <

Thus, the time T required for v_vQ(t)TW]* > % isT =

_ -1 _ -
(WQ(O)TWj) -2 < (WQ(O)TWj)
time 7', one can compute that

However, at

—1\ !
wi(t) W) < (w1(0)Tw)) ' = (wa(0) ;) )
_ 0 T ‘ ~ 1

Swz() W g@(A )
A Vd
When v/d > A~!, we can conclude that W (T)ij >

% while wy (T)TWJ* < 3. This behavior implies that,
the expert in the student model that aligns with expert
J in the teacher best at initialization will converge to
some €2 (1) quickly while the other experts’ alignment
remains small. Below, we formalize this dominance

determined by the initialization.

Alignment gap at Initialization. We show that
there is a set of experts in the student model that
aligns with each expert in the teacher model good
enough to create a gap compared with other experts
in the student model. At a high level, our goal here
is to construct the mapping Z in Theorem [I| based on
the initialization. Our approach is a greedy forward
selection similar to [Ren et al. (2025)). In particular,
we define Define R, = {i}}i_, and C, = {j}}{_; re-
cursively as follows

wi(0) "Wy (6)

arg max J

i€[m]\R¢,j€[m*]\Ce

% % .
Loty Jer1 =

We expect that Z(j;) = i;. Namely, we expect
Vi (ﬁ)—'—\_f;2 and w; (t)Tv_v;Z to converge to 1. The in-
dex ¢ denotes the order of the sequential convergence.
That is, we expect that v; (t)T\_/J*.; to grow large first,
followed by v (t)T\’/;g, etc. Our theorem below shows
that at initialization, the pairs w;; (t)Tv’v;z has a gap
compared with other alignment values.

Lemma 2. Let wi,..., W, ~ N (0, d_lId) be I.I.D.
Gaussian random vectors. Define

wij]

i, ) = arg max

i€[m\Re—1,5€[m*]\Co—1
Re = {it}ee1;Co = {Gt tomn

Let any op € (0,1/2) be given. Then there exists
some absolute constant 52,54 > 0 such that if m >
Bam™* log *, then for ’B;gp, with probability at
least 1 — 4(5p, it holds that

o (Row-wise Gap) wi[j;] > (1 + 265) wyz [j] for all
£ e [m*] and j € [m*]\ C¢

o (Column-wise Gap) wix[j;] > (1 + 265) wy[j;] for
all £ € [m*] and i € [m] \ R

o (Threshold Gap) wi;[j7] > (1 + 26) li7a)?

for all £ € [m* — 1]
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log m*

e (Magnitude Lower Bound) wi:[j;]*> > <57~ for
all £ € [m]

Since the standard Gaussian distribution is rotational
invariant, we can the gaps and lower bound shown in
Lemma [2| to the initial alignment scores Wi(O)TW;.
Roughly speaking, the row-wise gap facilitates that
w;: will not converge to w;s with j # j7; the column-
wise gap induces the fact that no w; will converge to
W except for w;y. Moreover, the threshold gap leads
to the sequential recovery as stated in Theorem [I} Fi-
nally, the magnitude lower bound guarantees that at
the target alignment values at initialization are not too
small for the whole convergence process to be too long.

Induction-based Proof. With the goal of track-
ing the growth of Vi(t)TVj* and v’vi(t)Tv’v;‘- in mind,
however, we also have to track the “mis-alignments”
including \’/i(t)TW‘;f,Wi(t)TV‘; and “self-alignments”
Vi(t) TV (t), w;(t) TWw,(t), vi(t)W;(t) due to the com-
plicated form of the gradient, as can be seem from
from the Appendix, so that their value does not
interrupt with the target dynamics. To this end, our

proof is an induction on ¢ € [m*] that assumes

o Vi, (1)T¥7 and Wy, (t)TW} are close to one for
¢ < £, i.e., the top-£ — 1 router and experts are re-
covered well while the /th router-expert pair still
remains not learned.

e The “mis-alignments” and “self-alignments” asso-
ciated with the recovered router-expert pairs must
be small throughout the process.

to show that v (t)T\_f; and Wy (t)Tv_v;» converge to a
close-to-one value. A formal statement of the induc-
tive hypothesis is provided in Appendix and the
complete proof is provided in Appendix [A]

5 PRUNING AND FINE-TUNING

Theorem (1| guarantees that in O (\/3) time, the stu-

dent MoE model trained with gradient flow extracts
m*-pairs of near-perfect features from the teacher
model. However, recall that the student have an over-

parameterization of m > (m* log ?—;) Despite be-

ing moderate, the log '(’;”—D: factor still leads to a large
number of excessive parameters. Continuing to train
these unused experts together with their correspond-
ing router parameter results in a wast of the computa-
tion resource, regardless of whether they can converge
to zero output or not. This theoretical insight corre-
sponds with existing empirical works (Lu et al., [2024;
Chowdhury et al., 2024 |Zhang et al. 2025d|) which
discovers the existence of redundant experts in pre-
trained LLMs.

5.1 Pruning the Redundant Experts

In this section, we adopt a greedy pruning algorithm
based on the test loss similar to [Lu et al| (2024) to
remove the redundant experts, and show that, if we

apply the algorithm at 7> <t <T*+ O (WLSQ), then
we can provably remove all the unused experts and
keep all the correctly learned router-expert pairs as
stated in Theorem [1} To state the algorithm, we first

define the sub-model MoE induced by S C [m] as

Is (O,X) = Z

i€[m]\S

™ (ViTx) o (WZTX)

We consider the following pruning procedure that it-
eratively constructs the pruned set S. In the 7th step,
we identify an index r, € [m] \ S,_1

rr =

. . 2
argmin B[ (s, up (0,%) — [ ()°]
re[m\&r 1

87— = 87—_1 U {7“7—}

(7)

The procedure will stop when pruning one more expert
does not improve the population loss. In particular, we
define the stopping step 7* be such that

iU 030 700

> Ex[ (fs,. (0.%) = " ())°]

For the simplicity of the analysis, we assume that
Z(i) = 1, as reordering the router-expert pairs does
not change f(0,x). To facilitate the analysis of the
pruning procedure, we make the following assumption
Assumption 4. Let {v;};", and {w;}]", be the
router and expert weights of the MoE model in . Let
{\72-*};’:1 and {v’vg‘}:-'il be the router and expert weights

. There exists ¢ < o <i)

of the teacher model in NG

such that for all i € [m*] it holds that
min {v; v}, w/ w;} > 1—¢,

for all iy € [m]\ [m*], iz € [m], i1 # iz and j € [m*] it
holds that

T

iy _ T - iy T = iy
‘Vilviz Wiy Wia |5 | Vi, Wia | 5 vi2wi1|,‘vi1wi1| <e
T ox — T — % =T = — T %
|vi Vil Wi Wi |V Wj‘,‘Wi vj‘ <e

Theorem 2. Let fs(0,x),S;, and 7 be defined
above. If Assumption[]) holds, then we have that

*

fs.. (8,x) = Z ™ (v x) o (W, x)

i=1

Theorem [2] states that, after 7% steps of pruning, the
resulting model contains the exact m* router-expert
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pairs with learned features from the teacher model. As
a condition of Theorem [2| Assumption [] is satisfied

1)

by Theorem 1| with ¢ = O (6]?[) <o (\/ﬁ) since
d > m. This implies that, if we perform the pruning at
T <t<T*+ 0O ( }) in the gradient flow process,

we are guaranteed to remove all unused router-expert
pairs and keep all necessary ones.

Notice that in the pruning procedure we evaluate the
model on the population loss. To apply the algorithm
in practice, one can effectively approximate the popu-
lation loss with the sample loss. We use the population
loss for the succinctness of the theoretical analysis.

Sketch of Proof. From a high level perspective, our
proof relies on the observation that for two nonlin-
ear function hq,he : R — R and vectors uj,us with

u] u, ~ 0, we have that

Ex[h1 (u] x) ha (ugx)]
~ B[ (0] %) ] Ex [ 2 (0] %)]

Let q (v, W;,X) = 7 (\_f;rx) o (V_V;FX). This allows us
to approximate the loss as

2

L(0) ~ Ex (Z (¢ (vi, Wi, x) — g (V%WLX)))

x)2]Ex[J(v—vjx)2]

The first term is naturally small due to the fact that
v/ vr and w/ w} are close to one for i € [m*]. The
second term involves a summation of positive terms,
which depends on the redundant router-expert pairs.
Thus, removing each one of these will decrease L (0).

The proof of Theorem [2]is provided in Appendix

+ i Ex[ﬂ' v.|

i=m*+1

5.2 Fine-Tuning the Pruned Model

Recall from Theorem [I] that, although the m* router-
expert pairs in the student model extracted near-
perfect features from the teacher model, there is still

an O < v ) error for each VI( )Vi and WI(z w;. This
[F 2

results in a non-zero loss even after the pruning in Sec-
tion [5.1} In this section, we study the convergence
guarantee of fine-tuning the pruned model with gra-
dient flow on the population MSE. In particular, we
assume that f(0,x) is the pruned model from Sec-

tion [5.1] given by
f(0,%)

m*

= Z T (V;rx) o (W:X)
i=1
and the fine-tuning starts at 6(

Tp) learned from The-
oremat time T < Ty, <O (gﬁ%). We slightly abuse
P

the notation by denoting

T T T TT 2m*d
O=1[v],. ...V, Wy ,...,w.] €R

Moreover, we denote the normalized version of 8 as

O=[v],....v . wl .. .. w T er¥d
The following theorem shows the convergence of gra-
dient flow in the fine-tuning phase.

Theorem 3. Let 0(Ty) that satisfy HVz —vill, <€
and |w; — Wi |, < e for somee < o (=5z). LetCso—

ZEwNN(O’l)[W(x)Q] and Cg1 = GE:ENN(OJ)[W (x) ]
If Cso > 1.1Cs,1, then there exists some constant
k > 0 that only depends on the property of the sig-
moid function 7 (-) such that

o < e (-5 ) ot - o)

Under the condition that v;’s and w;’s are e-close to
v;’s and w}’s, Theorem [3] shows a linear convergence
rate in terms of the difference between the pruned
model’s normalized parameters @ and the optimal pa-
rameters 8*. In this fine-tuning stage, the convergence
rate x is independent of the dimension d or the num-
ber of experts m*. Instead, it only depends on the
property of the router’s non-linear function 7(+). Since
6 (1y) is given by the learned result in Theorem |1} the
condition that ||v; — v}||, < € and ||w; —W}|, < e

16 (t+To) -

m
Vardi
satisfied under d > m, since

for some ¢ < O

<o (ﬁ) are automatically

* (12 T m2
Vi—vVii=2-2v/vi <O
s - 911 (527)
The assumption that Csy > 1.1Cg; only depends on
the property of 7(-) and is checked in Appendix

Sketch of Proof. Our proof relies on the idea that,
near the global minimum, the Hessian matrix is posi-
tive definite. In particular, we show that for any vector
uy, us € R2™ 4 guch that cos (u1,uz) &~ 1, it holds that

u! V2L (0) uz > k ||y ||, [|uz]| for some constant x > 0
and 0 satisfying ||v; — V]|, < e and ||w; — W], < e
with ¢ < o (ml ) Theorem I in Appendix pro—
vides a formal statement of the result. Based on the
positive-definiteness of the Hessian matrix, we lever-
age the classic convex optimization technique to show
that the trajectory never leaves the neighborhood near
the global minima, and that the distance to the global
minimum converges linearly. The full proof is deferred
to Appendix [C]

6 CONCLUSION

Under the teacher-student set-up, we study the learn-
ing dynamics of the sigmoid-routed MoE with non-
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linear experts defined in when trained with gradi-
ent flow on the population MSE over high dimensional
Gaussian inputs. In particular, our main result is a
characterization of the feature learning stage, where
proper features of the router-expert pairs are discov-
ered in sequential order, with the expert’s recovery
leading the router’s recovery. At the end of the fea-
ture learning stage, we show that a pruning procedure
can be conducted to provably remove all the redun-
dant experts and keep all necessary ones. Lastly, we
show a linear convergence rate to the global minima
for the the post-pruning fine-tuning with gradient flow.
To the best of our knowledge, our work is the first to
provide theoretical understanding on the joint training
guarantee of MoEs with more than one activated ex-
perts and a general data assumption. In general, our
paper is a further step into understanding the com-
plicated dynamics of MoE training, and leads to the
following open problems:

Online SGD and Sample Complexity. Due to
the already sophisticated proof, our study is restricted
to the setting of gradient flow on the population loss.
However, as the main idea of the proof consists of an
ODE based dynamic analysis, one could discretize the
dynamic and apply martingale-based analysis to ex-
tend the theory to online SGD, as in |Ren et al.| (2025).
This extension may lead to a sample complexity bound
of learning m* experts on d-dimensional data.

Experts with different importance. In our work
we considered the teacher’s router and expert param-
eter v7 and w} to be an orthonormal list. Due to
the rotational invariance, this set-up puts equal im-
portance to each router-expert pairs. Future work can
investigate the scenario where the ith expert is scaled
with a factor of oy, and study the explicit ordering of
the recovered experts in the student model.

Relax the dependency of d on m. Our current
theory relies on the fact that d > m. While in the
practical application of MoE we rarely set the number
of experts to be larger than the input dimension, in
most cases the scale of the two remains relatively the
same. A meaningful future direction is to bridge the
gap by studying the setting where d is only moderately
larger than m.
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A Proof of Theorem

A.1 Proof Outline

Initialization Property. At initialization, the following property needs to be satisfied.
Condition 1 (Initialization). At initialization {w;(0)}.", and {v;(0)}", satisfies

o W (O)TW* (1 +265) wiz (O)Tv’vj for all ¢ € [m*] and j € [m*]\ Cpy1.

o w; (0) Tw?

> (1+24) wi(O)—'—v’V;2 for all £ € [m*] and i € [m] \ Reta-

> (1+205)w

T % *
g; zz+1(0) Wi for all ¢ € [m* —1].
2 .m* *
. (Wi; (O)T\TV;Z) > loam” for qll £ € [m*].

o Wiy, [[Villy € [1 = B2ds, 1 4 B265] for all i € [m].

e max { (Vi(O)TVj*-)2 , (Vi(O)ij)2 , (vi(O)ij*)2 , (Wi(O)TVj)2} < B log % for alli € [m],j € [m*].

e max { (vi(O)ij(O))2 ) (Wi(O)TWj(O))Q , (vi(O)ij(O))2} < %’ log §* for alli,j € [m] and i # j. Moreover,
vi(0) "w;(0) = 0 for all i € [m)].

where 5, = L% for some absolute constant B1,Bs > 0 and By < o(1) and any dp € (0,1/7).

mm*

By Lemma and Lemma | the above condition holds with probability at least 1 — 7dp as long as d > B log &
and m > Bym* log 7(’;—

Inductive Hypothesis. Now we are going to show that w;; (t) W% converges to at least 1— ﬁ for all £ € [m*]

Je
by induction. To start, we denote the values of interest as follows

YW =w) v AW =W w5 (=)W (G0 =w)T; ©)
1 _ 2 _ 3 _ _
L) =vit) v, 150 = %) Tw5(0; 15 (1) = Vi) Tw(0)
To state the inductive hypothesis, we need the following error bounds.
Definition 1 (Error Bounds). For each £ € [m*], we define the following:

(1) 1)
€10(t) = max ;€2.0(8) = ma i (T
1e(t) el X Vij (0)]5€2,0(2) Je[m*]\{h} 7[,]( )|
— ©) ’ — (2) . — |73 ‘
t) = m ; t):= m (0] t) = |1 (t
ES’K( ) iE[m}\R??J('G[m*] Tisg ( ) 54!( ) jG[m*]a\X{jZ} Vi ’]< ) 85’6( ) ) 712( )

Moreover, we also define the forward error, the backward error, and the aggregated error as
eru(t) = max{erea(D),exea(t)} i (1) = max {en.01 (), em.02(0), e2.0(0)}

e () ) () = ®) ‘
ep(t) = maX{EB,Z(t)vgl,f(t)}vEB,z(t) e L ()

Q) = max {20, (8), £ (0, e7.0(1) } 1 EF,(8) = max {0, (1), 21,6(0), 5,00 |




Guided by the Experts: Provable Feature Learning Dynamic of Soft-Routed Mixture-of-Experts

where exp1(t),er02(t),ere3(t) and epe1(t),epe2(t) are defined as

eFe(t) = Z,q’jg[lmazﬁ\{jy}maX{v i) vfj),J()’}'
era(t) = ieRl{lll?j?(e[m*]max{ Z(,lj)(t), f?(t)‘}

esealt) = omax  max{ | 0] 50}

emealt) = max max{|117 )] |15 0| 117 )]}

Lastly, we are going to define the monotonic upper bound of éi?é(t) and éfi)z(t)

1 (1 2
554?@@) = Sup E;)e(t) 5547)6(t) = sup &2 )é( t)
€[0,t] €[0,t]

Definition 2 (Recovery Time). Define the &-recovery time of %'(527)1'2 (t), denoted as Ty (£), as

Tg(ﬁ):min{tZO: (2) ()>§}

Based on Ty(€), we define the constant-recovery time and the near-perfect-recovery time as T, , = T (0.9)

7
and T,y =Ty [ 1 — ?Z;ng ), respectively.
2
P

Condition 2 (Inductive Hypothesis). Let ¢ € [m*]. Then we have that

o (Sequential recovery) For all t > T, 1 such that 5(1) (1) < O (5 f) we have '71'(22*)42* (t)y>1- ?izg, and
P

Y s (#) > 1= % for all ' < ¢.
e (Error bound of'y” ,'y”) Fort < T, ,_1, we have

),

2
2t )‘ < Bom” }

max
ie[m]\RH,jE[m*] { Vd

o (Error bound of remaining items) ex ¢(t) < O ( ) for all t such that EAZ( ) <O ( m? )

SpVd
Here Bg, B9 > 0 are some absolute constant.

The proof proceeds by establishing the inductive hypothesis.

A.2 Initialization Property

Lemma 3. Let vqi,...,V,, and wi,..., Wy, be LLD. random wvectors from N(O7d_1Id). Define v; =

(I leuz\wle) \71'. Then there exists some absolute constant B1, 03,85 > 0,82 < o(1), and dp € (0,1/3)

such that if d > ’3 log 5 and 0s = %‘;P, with probability at least 1 — 3dp we have that

o |[vill5, [Will2 € [1 — Bads, 1 + Bads] for all i € [m];

o max {v;[j]%, w;[j]*} < %”’log[smw for alli € Im],j € [m*];

. max{(v;'—vjf,(wz—wj)2,(vgrwj)2} < %Slog(% for alli,j € [m] withi # j.
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Proof. Our proof starts with showing the concentration for ||\Afz||§ , ||W1||§ and v/ w;, and then moves to the proof
of the desired statement.

Concentration of |||, [|w;3. Let v ~ A (0,d'I;). Then v[i] ~ A (0,d""). Thus, dv[i]* € subE(2,2).
Since v[i]’s are I.I.D., we have that

d
d|vl = dz 2 € subE (2d, 2)
Therefore, by the tail bound of sub-exponential random variables, we have that

pr ([Iv153 = 1|2 ) =P ([alvi3 - az[IvI3]| 1) < 20 (—}lmm{t;,t})

We are going to focus on the case where ¢ < d. In particular, we set ¢t = % B20sd. Then we have that

1 1
P (|1 1] 2 5. ) < 20wp (i 88970

Take a union bound over all i € [m] for V; and w; gives that, with probability at least 1 — 4mexp (—15$302d),
it holds that

. 1 1
15303, il € 1= 52001+ 3|

Setting d > B log %= guarantees that the failing probability is within dp.

= 6

Concentration of \Af;rwj, v/ ¥;, and w/ w;. Due to the independence between v;’s and w;’s, we have that

Thus, we have that ¥, w; € subE (d, 1). Applying the tail bound of sub-exponential random variable gives that

Pr( |V t Pr(d|v w‘>t)<2exp flmln e ,t
~d ’ 2 d’

The same concentration also holds for ¥, v; and w, w;. Again we are going to focus on the case ¢t < d. Take a

union bound over all 4, j € [m] and v;, w; gives that

]

Setting the failing probability to dp gives that with probability at least 1 — dp, we have that

T, wlw, e 1 lo 8m” : L lo gm? :
i Vi, W; Wj \/(71 g —— op s \/g g — op

Proof of the first statement. Notice that the bound for ||w; H; is already implied by its concentration property.

79w} > Lovij e m ])<8mexp( Z)

To prove the bound for ||vz\|§, we write

2

. . 1 2
vill; = H( 2W2WT> Vil =19l = — (W)
willy ) [[wll3
By the concentration property of ||W||Z2 and w,' V;, we have that
1 1 8m?

—(w¥;) < 1
o (% %)’ d(1- 180, ° 0P



Guided by the Experts: Provable Feature Learning Dynamic of Soft-Routed Mixture-of-Experts

For d > ﬁ5m log 5= log 8?;2, we have that o H2 (WT\AQ) < %ﬁgés. Combined with the concen-

2
= B2, (1-28235) i
tration property of v;, we have that ||vZ||§ € [1 — B20s,1 + Bads].

Proof of second statement. By the tail bound of Gaussian random variable, we have that for all z ~ A (0, 1),

it holds that
Pr (ZQ >t)=2Pr (z > \/E) < exp (—2)

Apply the above to z = V/d - w;[j] and v/d - ¥;[j] with a union bound over all i € [m] and j € [m*] gives
Pr ma vili]? > L. ma wi[i]% > ) < 2mm*e !
X i - X P> =1< xp | —=
i€[m],j€[m*] J d’ i€[m],j€[m*] J d P\ 72
Set t = % log §* > 2log % gives the desired result for w;[j]%s. To bound v;[j]?, we notice that

1

2
[[will3

|wil ¥ wilj]]

By the previous bounds, we have that

\/[373 m 1 'y
il < 2f(lg )| vl <

S

iy () (v )
VA -1mo) \ % ) A\ P e

With d > 2 5(;:4 log 5% we can guarantee that the latter is also upper bounded by % <log %) Combining the

two bounds and square both sides gives the desired result for v;[j]2.

Proof of the third statement. The bound of w, w; is again implied by the concentration we showed above.
To show the bound of v,/ v;, we write

1 1
v;vj =v, [I- ﬁwiwj I- 72ij; v;
[[will3 w3l

=¥V, - %wﬁi Wi TV — %wﬁj W,V SWi Vi W, VW W
[will [[w;l3 [will2 [lw;ll;
By the concentration of the norms and inner-products, we have that
1 . 1 1 8m?
g Ve Tl g e S Gy e
1 = ER:
B w2 Yl S Ty s (v )

With the condition d > 2 55?2 log % we have that

1 8m?

1
log < (log
d(1-18,6,)° 0 T 6Vd op

Therefore, we can conclude that

1 N

. WiTVj
lwsll

g
<
<
ks
Z
AN
3
S
Y
®]
02
ol
N——
[N

T
vz WiV W ]
w5 Iwill3 llwjll

Combined with the bound on v,/ ¥; gives that

Vv, € [_g <1og) Vs <1ogm)5]
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Squaring both sides gives the desired result. Lastly, to bound V;'— W;, we write
T__TI_l .TA._AT__l To oo T
V, Wi =W; s WiW, | Vi =V W - —— W, VW, W

[[willz

Similar to the above, we have that

1
1 T T 1 8m? \/63( m>2
—sw, V; W, W; < lo < log —

R T (IR R SOV A

2 1
[will;

Therefore, we can conclude that

<
=
Z
m
—
|
E
w
N
E
N———
[N
Sk
N
o
o
N———
[N

Squaring both sides gives the desired result. O

Lemma 4. [Restatement of Lemma @ Let wyi,...,W,, ~ ./\/(O,d_lId) be I.1.D. Gaussian random wvectors.
Define
i, ji = arg max wilili Re = {07 Y13 Ce = {58 e
i€[m\Re—1,j€[m*\Ce—1
Let any op € (0,1/2) be given. Then there exists some absolute constant B, B4 > 0 such that if m > Sym* log %:,
then for 65 = ﬁ;gp, with probability at least 1 — 46p, it holds that

(Row-wise Gap) wiz[j;] > (14 205) wix[j] for all £ € [m*] and j € [m*]\ C¢

(Column-wise Gap) wix[j;] > (14 2d5) w;ilj7] for all £ € [m*] and i € [m] \ Ry

(Threshold Gap) wiz[j;] = (1 +26s) wi; | 5] for all £ € [m* — 1]

(Magnitude Lower Bound) vi:[j;]* > % for all £ € [m]

Proof. We start by proving an auxiliary result that, with high probability, there are at least %3 out of the m
w;[7]’s that are positive for each j € [m]*. Define

sij = I{w;[j] > 0};5; = ZSU
i=1

Due to the symmetry of Gaussian, we have that s; ; ~ Bern (0.5) independently. Therefore, E[S;] = %. By
Hoeffding’s inequality, we have that

2t?
Pr(s; - 5 < ~t) <exp (—)
m

Setting t = % and take a union bound over all j € [m*] gives that

Pr (8 > vj € [m*]) < mexp (~5)

Since m > ym* log ?—; > 18log ’g—;, with probability at least 1 — dp, we have that at least % out of {w;[j]};_;
are positive for all j € [m].

Proof of the first statement. Let any i1,i2 € [m] and j1, jo € [m*] such that (i1,71) and (is, jo) differ in at
least one coordinate. Then we have that w;, [j1] and w;,[j2] are L1.D. Gaussian random variables in A" (0,d™!).

Therefore, "“‘:153 is a standard Cauchy random variable. Given the condition that w;, [j1], wi,[j2] > 0, we
i
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have that wy, [j1], Wy, [j2] are half-Gaussian, and thus wligj is half-Cauchy. Using the CDF of Cauchy random

WZ2

variables, we have that for any ¢ € (0,1/2)
Pr(wi, [j1] € (Wi, [j2], (1 4+ 0) Wi, [j2]) | wi, [51], Wi, [j2] = 0)
— Pr (‘Wl[‘“] e (1,1 +5)>

— 2Pr (W“ Uil ¢ 1,14 5))

Wi, [.72]
Wi, [ja]
_2 (arctan (1 + ) — arctan 1)

™

2
= — arctan

T 2+9

<

where the last inequality follows from arctanz < x with > 0 and § > 0. To prove the first property, we let
J1=1J.j2 =Jj and i1 = i = i}. Fix any ¢ € [m*], we have that

Pr (le [j;] S (le [j], (1 + (5) Wi []]) Vi€ [m*] \C@ S.t. Wi []] > 0) <m*é

Recall that w; [j7] > w; [j] for all j € [m*]\ Co. If w;;[j] <0, since by definition w;; [j;] > 0, it must hold that
wis ;] > (1 + 265)wy; [j]. Take a union bound over £ € [m*], and set § = 25 with 5 < 277‘:“;1* gives the first
property.

Proof of the second statement. To prove the second property, we set i1 = i;,i2 = 7 and j; = jo = j;. Fix
any ¢ € [m*], we have that

Pr (wi; [j7] € (Wiliz], (1+8) wilj7]) s Vi € [m] \ Ry s.b. wi[j7] = 0) < md

Recall that w;; [j7] > w;[j7] for all i € [m] \ Re. If w;[j;] <0, since by definition wy; [j7] > 0, it must hold that
wir[77] > (1 + 265)w;[j7]. Take a union bound over ¢ € [m*], and set § = 2§, with 6, < 27‘;—{2 gives the second
property.

Proof of the third statement. To prove the third property, we set i1 = ij,i2 = iy, and j1 = j;,j1 = Jj; -
Fix any ¢ € [m* — 1], we have that

Pr (wiz 7] € (wiz,, Ll (L 8) wis, [iEa]) ) <6

Recall that wi; [j;] > wiz, [j7y4] = 0 for all £ € [m* —1]. Take a union bound over ¢ € [m* — 1], and set § = 24,
with d, < 5% gives the third property.

2m*

Proof of the fourth statement. To show the last result, we notice that by definition of ¢}, it must holds that
wiz[j7] = wiliz]s Vi€ [m]\ Ry

This gives that for any v > 0

Sk
SN~—~

pe(woli) < J=) =TT er(wibil<

i€[m]\ Ry
. g
= T (i< )
i€[m]\ Ry vd
_ P < m—m*
ZNN(ro,l) (z <)

IA

1- P >
( ZNN(rO,l) (Z - IY)>
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By the tail bound of Gaussian random variable, we have that

Pr o (237) > —— ( 72)
T z ex _—
2~N(0,1) =7 = V2m -y P 2

(o< )< ()

Take a union bound over all £ € [m*] gives that

7’ 1 N
P s> ) >1—-m (11— _r
r(“’z[]e] > d>_ m ( Tﬁ'vexp( 2>)

For the failing probability to be upper bounded by dp, we simply need

Therefore

m>m* +

o (1 o (%))

Using log% >1—z for all > 0, it suffice to guarantee that
*

2
m>m*+ V2 ”yexp< >log6
P

Setting v = (log m*)% gives the desired result. O

A.3 Hermite Expansion of the Gradient and the Gradient Flow Dynamics

Notice that the population MSE has the following form

£(0) = Ex| £ (0,%)° 2/ (8.%) 1 (6",%) + [ (6", %)’ |
where the last term is independent of 8*, and is thus omitted from our analysis. Consider the Hermite expansion
of 7 () and o (-), respectively

x) = chHek (); o(x)=Hes(x)
k=0

where ¢, = E,n0,1)[7* (z)]. Then we have that

%Hﬁk X Vz) He, (X V]) Hegs (XTWI) Hes (XTW])
0

=

m %)
4 =

1k,
1 Z ; i;kl;f Hey, (x Vz) He, (XTV ) Hes (XTWZ) Hes (XTW])
j=1k£=0

f(0,x) f

J=
m
i=

This gives that

m (o]
i Z Z Ck-{;lcf - Hey, (XT\?‘i) Hey (XTV]'> Hes (XTWi) Hes (XT\ij) (I — \71»\7:)
av; =4, B Vil
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Taking the expectation gives

| (0.

S A

= M Z C/IC'HCKIEX[H@C (XT\_fZ') Hey (XT\_’j) Hes (XTWi) Heg (XTWj) x]
1villy Py k0!

= M i f: ck+lcé+1E [Hek (XT\_/') Hey (XT\_I') Hes (XTW') Hes (XTV_V')]\_I‘
Vil 4 Al 1 ’ Z 1Y

j=1k

6(1—{7%{72—) m Clk+1Cp T_ T- T T - _

7”‘/” Z Z ] Ex[Hek (x vi) Hey (X Vj) Hes (x Wi) Hes (x Wj)]Wl
ill2 ; [

6 (I — Vi ) m oo , - - B B B
i ST §7 57 b [ (x70) Her (755) Heo (7 90) Hos (x99
til2 j=1k¢=0
Similar, we can obtain that
2B, |2 (6.%) £ (6",%)
X 8VZ ,X 7X
—Mi i Ck+1c£+1E [He (X V)He (X v )He (XTW)HB ( Tw *)]\7*
= “Vi||2 L e L0 k i 4 3 i 3 W J
G(I—VIVZT) m X Ck+1Ce T T —% T - T — % _
+7||v|| Z Z AT IEX[Hek (X vi) He, (x vj)Heg (x Wi)H€3 (x Wj)]Wi
vz j=1ke=0
6(I-vv)) U k10 * T- T\ Tk
+7”V_”2 Z Z T [Hek (x vl)Heg( j)Heg (x wi)Heg (x WJ)]WJ
v j=1k, =0 ’

For the gradient of w;, we can compute that

o - o
8W Z Z ek X vz) Hey (XTVJ) Heq (xTW,) Heg (XTWJ) (I — WiWZT) ﬁ
) j=1Fk,£=0 T2
Taking the expectation gives
B s 0%
6(I—wWWw, ) o= — _ _ _ N
= (||WW||W) Z Z C’;;ZCKIEX[H% (XTV,L‘) Hey (xij) Hes (XTWZ') Hes (xij)]vi
L2 j=1k =0 o
6 (1 — _i — T m 0
( IIWV-VH - > i Bxl Hew (x7v0) Hey (x9;) Hey (x W) Hes (x"w,)]9,
til2 j=1ke=0
18 (I—w;w,")

—||Wz||2 Z Z Gk ; [Hek (x vz) Hey (XTVJ) Hes (XTWZ) Hes (x W])]Wj
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Similarly, we have

P ]

*

6(I—w; WT O o= CEalC _ _ _ —
= (Wz|2) Z Z ’z;z' ZEX[Hek (XTVi) Hey (XTVJ*-) Hes (XTWi) Hes (XTw;)]Vi

S

J

~4 Il

6(IH—W W”W )Z 3 C’;:';Tl]Ex[Hek (x"v;) Hey (x'v}) Heo (x"w;) Hes (x"w7)]v;
ill2 j=1ke=0 "
T m* oo
18(IHWV|VZwl) Z %Ex[Hek (XT\_@) Hey (XTV;) He, (XTWZ') He, (XTV_V;)]V_V;

ill2 j=1ke=0 "
This gives that

B 21 (0,%) (67, %) | Tvi = B | -2 £ (6,%)° | Tvi = 0

< av, X x)| v, = v, x)* | Tv; =

B o1 050 1 (0% | "o =B o7 0,0 T =0

According to the gradient flow dynamics, we can conclude that

d 2 d 2
SVl = S I ®l3 =0

which implies that the norm of each v; and w; are fixed at initialization. For the convenience of the analysis
we shall denote
Cl?,Jé,a,b = ]Ex[Hek (XT\_@) Hey (xij) He, (XTWi) Hey (X V_Vj)]

éijz b = ]Ex[Hek (XT\_@) Hey (XT\_’;) He, (XTWi) Hey (X v‘vj)

and that ||v;(t)|, = as, |W;(t)||; = b; Then we have that

I-vwv Ck+1Ce+1 Ck+1Ce+1 zr —x
sz‘c(g) Z Z JAYG k€33 Vi Z Z k1) ké 3Vr

Hvl||2 r=1k/¢ r=1 k(=0
3 m (oo}
n ( Z Z Ck+1Ce b Z Z Crk+1Ce b W
10 k223 191 k€23 ?
||Vz||2 =1k, 0=0 kle! r=1 k(=0 kil
JrS(I—vv iiCkJrng ir _ izck-i—lcé Bir
1/ k232 191 kZ32
(vl =1 k=0 kle! r=1k,£=0 kil
(10)
v £(9)—(I—$ NS Gl N N Gl | o
wi - [[w| ZZ jAY Crie.23 ZZ jAY Crezs | Vi
2 r=1 k=0 r=1k,£=0
_A'_L i — CrCr+1 L7" — i: S CECo+1 17" *
HVZH2 AV k0,2, k1) k£23 T
r=1k (=0 r=1k, (=0

9(I—w,w, S kGl i ciC _
+ ( ) ZZ % k’,rz,mwr_zz kkwfclchzz .

||WZ||2 r=1k,=0 r=1 k=0
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In particular, we notice that there there are several quantities that appears in the form of the gradient. We make
the following definition for the convenience of the analysis

oo o0
o Ck+1Ce+1 Hij . % o Cr+1C0+1 5i,5
Aiji= Y i Cesst Aig1 = > i Ckieas

k,0=0 ’ k,0=0
> C C > C C
o k+1CL 45 S k+1CL 5i.5
>\11772 - E : JAYa Ck l,2,3’ )\17]72 - k1o Ck,€,2,3
! =0 !
> CrC > CrC
_ kCe+1 @7 . A' D kCl+1 51,7
)\i,j,B - E : AT Ck,€,2,37 >\27J13 - Ll Ck,Z,Q,B
k,0=0 o k,0=0 o
C C > C C
o k+1CL 55 . BN o k+1C¢ 54,5
Aija = k,0,3,2) Aija = Ck £,3,2
k0! ke
k,£=0 k=0
> CrC > Cr.C
kCl 5,5 N kCL 5i.5
/\i,j75 = E : LI/ Ck £,2,2 )\i7j15 = E : LI Ck,l 2,2
k,£=0 k=0

Recall that our goal is to study the dynamics of the following alignment scores

A =vit)Tv5 A2 =wit)Tws () =) Tws () = wit) T
I @) =vit) Tt 12 () = wi(t)Tw,(t); I (8) = vi(t) "Wy (t)

) 2

This allows us to rewrite the gradient as

1 m mo A A
Vvl (0) = — (I-viv]) <Z (Nir1 ¥+ BN 2 Wi + 3Ni pa W) — (/\Z_MV: 3w 3/\i,r,4w:)>
‘ r=1 —
:li()\- Ve + 3N oW, + 3\ aW _li( 4 3h s+ 3R v‘v*)
a; gt i,r,1Vr i,7,2 W4 i,r,4 r a; s z 1V @,7,2Wq 1,74 Wy
‘li(A I5) + 3221 + 3 13>)
a; &= i,7,1 R i,r,4
1 )
+ a ()\zrl'yl(r) +3)\iﬂ“’2]’z’(, ) +3)\zr4 (1))
tr=1

= r=1

3 - = — s 3 - N —x 1 —
Vw,L(0) = E (I—ww <Z ir2Vi+ Nia Ve + 3N s W) — > </\i,7",2vi + i3V + 3)\i,r,5wr)>

= Z (>\7, r, 2V; + )\z r, 3V, + 3)\1 r,5 W Z ( i 7‘,2‘77,' + 5\i,r,3‘_’: + 35\i,r,5w:)

r=1 Cr=1

3 m
- 7 <)\17‘2I )+)\zr31(3 +3)\z7‘51 ))

P“\oo

3 & 2 _
+FZ< ZTQIz(z)+>\lT3C( )+3)\1r5’yz(1«)> W,

v =1

Recall that our goal is to study the dynamics in @ By the gradient flow dynamic, we have that

d oy 1 T d 1 T .
7 () = . V. L(6(t) V5 dﬂ”() b Vw,L(0(t)) W;
d @y, _ 1 Tew o2, _ 1 T s
7% (8) = o Vv, L(0(t) Wi dté}-,j (t) = ; Vw,L(O(t) ¥}
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Moreover, we also have that

G0 = =9 L00) 5, = -V L0
D@0y = Lty c00) W, — LV £00) W
dt' v b v 3T, W i
d 3 1 T 1 T
2l () —Tvvi/l(@(t)) Vit Vw,L(0(t) Vi

Therefore, we should consider inner product between the gradient and the vectors v;, w;, v}, W} above, which
will give us exactly eight terms to analyze. The inner product between Vy, £ (6(t)) and v}, W} can be written as

1 m
+ 5 > (a5 (0 + 3N (O (1) + 3Ai,r,4<t>f§,i> (t)) 73 (8)

Niara (075 (1) + 332 (VI (1) + 33ra(0C () 15 (1)

—%(Z(moc“knsmz ) - SZM 02 )

Nira (DI (1) + 38X 2D () + 3hira OIS () ¢ (1)

ﬂ
Il
—

Nt (070 (1) + 332 (VI () + 33,40 (1)) ¢ )
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and v v_vj- can be written as

The inner product between Vy,, L (0(t))

<o)

2( 1.5 (t ZAma 1 )
J0) - S

‘)

Ve £ (0(1) ' W =
_ 1)32 i (M2 (D0 + A
N bg; i::l (M2 I ) + 2ira O @) + 30 (I (1)) 212 1)
B b?; 2 (Rira 12 (1) + a2 (1) + 35 (072 (5) 22 (1)
_bli Ve, L) V5 = ~ (Xi,j,g(t) - i& ra(thly ))
_ 5’2 (i (M0 + 335 (0 (1)) — ZAZ r2 (O
= 5 (a1 @) + 2 aOIV0 + 30050120 (20
) fi (Mn2®ID(®) + 3rs 2O + 35022 1) <20
The inner product between VL (6(t)) and v;,W; can be written as
_alivviﬁ(e(t))T v, = ;22 (Aira (D753 (0) + 32 (DT (1) + 3R (D ()
_ i f; (Mira (VL) + 322 OIF (1) + 3N a (DI (1))
o
N agi (M OID(0) + 30201 (1) + 370 (1) 18 (1)
. 1”; (Rt (0 + 35,210 + 35 a0 ) 10
L) w, = alf 7: (Xm (OC? + 3N 2 (I + 3X; alt )7](22(?5))
()\Z rd (DI () + 3N 2 () I () + BNi a (1) 1) ( ))

r=1
(Awl( VI (8) + 32 () () + BXia (DL ( )) )

R (040 + 831 () + 83 (06D (1))
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Lastly, the inner product between V,, £ (0(t)) and v;, w; can be written as

*

VL0075 = o 3 (a0 + a0 D0) + 33006 ()

bct:)‘ w wct:)‘ w
5
I

NE

NE

(Mor2 I ®) + XiraOIZ) ) + s (O ()

+ 52 2 Nira I O+ Xirs LT 0+ 3Nirs (17 (0)) 17 0
3 & )
~ ()\2 ra(t )I<3)( t) + imS(t)Ci(,Qr)(t) + 35t )%(27)( )> I(E)( )
J r=1
1 ~ 3 m* A
——Vw. L(O1) w; = W (Ai,r,z(t)fg’?»)( ) i (CE (1) + 351 )752;)(,5))
’ v or=1

()\img(t)li(? (6) + A (DIE) (1) + 3)\,-7,«,5(t)lﬁ72j)(t)>

|
| w
NE

ﬂ
Il
-

(M2 (OIE) (1) + Nirs OIS (1) + 35 (DI (1)) 12 (1)

\3
Il

+
| wo
NE

| wo

(RiraOIE (1) + Xirs(OCE (1) + 3N rs (0 (1)) 15 )

(1=

i
I
-

A.4 Approximating the Gradient Flow Dynamics

In order to understand the property of the GF induced dynamics given in the previous section, we need to first
compute A; j ¢s and A; j¢s. The following lemma provides such property.

Lemma 5. Fizi € [m],j € [m*] andt > 0. If for any Ci(}j) @®|, Ci(}j)(t) , Il(‘j)(t)’ < 0, for some 6, > 0, then we
have that
oo 9
~ C
Aija(t) =63 L 047 (07 + 0 (87) 17 (0 £ 0 (57)
k=0
N Ck+2Ck
Sga)) =63 S W 07 (1) £ 0 ()
k=1 ’
Nija(t) =6 ’;j,l 77 (08 07 (@) £ 0 (57)
k=0
e’} oo 2
s Ck4-2Ck C
Niga(t) =63 S (087 O L (1) + 63 =l (0" (07T (1) £ 0(57)
k=1 k=0
~ > 2
Sisalt) =23 G2 0 £.0 (52) 120 £ 0 (5)
k=0

Proof. We are going to Lemma [21| with vq = v;(t),va = v; and wy = w;(t),ws = w. In this case, we have
that v{ vy = %'(,1]') (t) and w{ wo = %(,])( ). We start with \; i.5,1(t). By definition, we have that
N = Ck4+1Co+1 _ —x _ _
Nija(t) = Z %E[Hek (vi(t)'x) Hey (v 'x) Hes (wi(t)'x) Hes (W} ' x)]
k,6=0

Here, invoking Lemma 21 with hy = cpq1, by = coy1 gives

_62 et 00520 £ 0 (82)2207 £ 0 (52)
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For 5\,»7]»,5(1?), by definition we have

Aij5 Z E[Hey, (vi(t)'x) Hey (v} Tx) Hey (Wi(t) 'x) Hea (W} 'x)]
kl:O

Invoking Lemma 21 with hj = cg, b} = ¢, gives
o 2
3 k(1 2
Nigst) =23 Al 02 07 £ 0 (57) 77 (1) £ 0 (57)
For \; ;2(t), by definition we have

S\i’jg(t) = Ck];;'cZE[Hek (Vi(t)Tx) He, (V;TX) Hey (v’vi(t)—rx) Hes (W]*-Tx)]
k,0=0 o

Here, invoking Lemma 21 with hjy = ¢y1, h) = ¢¢, and noticing that \’/;Tv’vj =0, gives
Ck+20k 1 2 1
Nijalt) =6 Z 77 (087 (076 (0) £ 0(57)
Noticing that co = 0 gives that

—626’““0’“ Y0k (0)%¢Y (1) + 0 (63

For \; ;3(t), by definition, we have that

S‘i,j,?)(t) = CkkchéJlrl E [Hek (‘72' (t)TX) Hey (V;TX) Hey (Wi(t)TX) Hes (W]*-Tx)]
k,0=0 o

Invoking Lemma [21) with hj = cg, hj = ¢¢41, and noticing that V;Tv’vj =0, gives
i 1 2 1
faz ) OF 07 0 £ 0 (87)

Lastly, for 5\47 by definition we have

Nijalt) = Y SEE[ Hey (vi(t) Tx) Hey (v;Tx) Hey (Wi(t)Tx) Hea (W] x)]
k,0=0 o

Therefore, we need to consider vi = v;(t),vy = Vj and w; = w ,Wo = W;(t). Moreover, we need to set

hi, = cx4+1 and hj = ¢¢. In this case, v wy = I( )( t) and v, wo = Ci,j (t). Therefore

oo 2
Ck+20k 1) 2 3 Ck 1 2 2
—62 ) OFS O215 (1) + 63 H D0 (0°¢F (1) £ 0 (5})

k=0

Noticing that co = 0 gives that

e e} 2
Ck ZCk ¢
GZ T O @I @)+ 6 30 A 05 07T (1) £ 0 (37)
k=0
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Lemma 6. Fizi,j € [m] flj)(t)‘ , .77;(72]-)(t)’7 Iﬁ) (t)‘ < 0, when i # j, and Il(b;) (t)‘ <6p <
O (4,), then we have that
" {j:O (62) ifi#j
g (t) = s 2, L
’ 63 k0 it £O(5)  i=
+0 (82) ifi#j
ig2(t) = 605210 (¢ o
52 ():I:O(é) ifi=7j
+0 (82) ifi#j
Aija(t) = 3) 3 e
6Cs21; ' (t) £ O (5p) ifi=7j
+0 (62) ifi#j
Aijalt) = (3) o e
6Cs21;7 ' (t) £ O (5p) ifi=7j
+0 (62 ifi#j
Aijs(t) = ( )Ck o e
QZkOk,ﬁ:O(é) ifi =7

2
Cpy1tCrCr2

oo
Here Cs2 =3 1 Al

Proof. We are going to use Lemma [21] with vi = v;(t), va = v;(t) and w1 = w;(t), wo = w;(t). In this case, we
have that v, vo = Ii(}j) (1), w{ wy = Iz(i (t), and v{ wy = IZ-(E) (t), vy Wi = I](-i-) (t). Now, for A; j 1, by definition,
we have that

Nija () = k;O SR [ Hey (i(t) Tx) Hee (%;(1) Tx) Hey (wi(t) %) Hes (W,(1) %)

Invoking Lemma 21| with hy = cg11, h} = cy41 gives

= 62 ’““ 162 1) £ 0(6,) 12 (1) £ 0 (67)

zyl

Since ‘IZ(QJ)’ < 4., we have that
Xija(t) = £0 (57)

In the special case where i = j, we have that Ii(’lj) = Ii(j-) =1,and v{w; = v]wy = v W = Vg Wy = Il(i)

Therefore

Ck:+1 2
Aij(t) =6 E +0 6
For A; j 5, by definition, we have that

Aijs(t) = Z j:'zIE[He (vi(t )Tx) Hey (v (t)Tx) Hes (\Tvi(t)Tx) Hes (w; (t)TX)]
k,0=0

Invoking Lemma [21) with hy = ¢, h) = ¢ gives

—2 Z % 1D (41D (1) £ 0 (82) = 20 (52)

7J5 k! z,_] i,

In the case where i = j, we have that

MM

oo
,35 E :
k=0
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For A; 2, by definition, we have that

Aij2(t) = ck]:;;'ceE[Hek (\_fi(t)TX) He, (\_/j (t)Tx) Hey (v‘vi(t)Tx) Hes (v_vj(t)Tx)]
k,0=0 o

Invoking Lemma 21| with hy = cg11, h} = ¢y gives
it _GZCkJrzCk a I() +6zck+1 I kI(Q)()I( ()i(’)(63):i0(6f)
In the case where ¢ = j, we have that Ii(ylj) (t) = IZ-(? (t) = 1. Therefore
(3) )y N k2 + G 3
)‘i,j,Q(t) = 611‘,1' (t) Z T +0 (517)
k=0

For ); j 3, by definition, we have that

A js(t) = C’“]j@fl E[Hey (vi(t)Tx) He, (v;(£)Tx) Hea (Wi(t) 'x) Hes (W, () x)]
k,0=0 o

Invoking Lemma 21| with hy = cg, h) = co41 gives

> 02 Cl+2Ck E
Aijs(t) =6 /;1 Z(1])( ) (2) 1(3) )+ 62 +2 1(1) kI(Q)( )211(3)(t) L0 (§f) 10 (5§)
k=0

In the case where ¢ = j, we have that I(l)( t) = Ii(? (t) = 1. Therefore

0 2
CrCrio + C
Ngalt) = 615 (1) Y =2 20 (5))
k=0 ’

Lastly, for A; j 4, we have that

Aija(t) = CkngZE[Hek (\_’i(t)TX) Hey (\_fj (t)Tx) Hes (v‘vi(t)Tx) Heq (V_Vj(t)TX)]
k,0=0 o

Here we need to apply Lemma with vi = v;(t),ve = v;(t), w1 = W;(t), wo = W;(t) and hi = cpq1, ) = ¢
This gives that

Nijalt) = GZ Ck+2ck I( ) 2] )+ 62 k+1 _77(1) (2)(t)2lj(i) t)+0 (57?3) =40 (57?3)

i
In the case where ¢ = j, we have that I( )( t) = Ii(? (t) = 1. Therefore

s CkCk+2 + c?
Niga(t) =617 (8) Y = £ 0 (5)
k=0

O

With the above lemmas that studies A; ; ¢s and i .5, we are ready to analyze the dynamics of % g ,% G ( (’lj , Cl ,

and Il(lj)7 11(2])’ Il(g;) In particular, we will fix any ¢ € [m*], and assumes the inductive hypothesis.
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Lemma 7. Let 5(2) (1), 5533)@( t), and 5 ¢(t) be defined in Deﬁm’tion withes ¢(t) <O (5527)4@)). Then the gradient
alignment V., L (0(t)) Vi and V, L (0(t)) W satisfies

+0 (me (0,0 + @ (0=50)) ifi € [m] \ Re
—Azm,()vf*l)y(t)vflj()io((” )00
Vv7£(0(t))\7j*,:fa%. i@(mu)() 4D (00 ) ifi =i, € m*]\Co
) t

(1205 0%) Az a(8) £ 0 (£0,(02) 22 (2

(t
@ ifi=14},j =13,
+ 0 (mel) (1) + (>m<t>)

5\2' 7,5 +O0(m 2 t ® t
350 ((5()) WIOESO) i\ R,
x-,j,g,(t) ~ i i <t>v§§,j;< >v§? (1)

Vo £(0(1) W) = —— t)Q) 3 ,Jz ifi=ij,j € m\C
mgA Z(t)QEA (t ) + 5,4 z(t)ES,Z(t))
(1- m—‘;?j (1) Az 58 £ 0 (€0, 02) 12 (1)

ifi=1iy,5 =17,
+0 (mgfi)e(t)%(j,)e(t) + 5S?e(t)55,£(t))

and in particular, for the case V, L (0(t)) Wh. , we have that

*
JZ/’

Nis(t) £ 0 (meQ 0 +,0500)  ifi € m] \ Ry
0 | Aiss(t) = N s (O (D1 (@)
b +0 ei’())m@’ Ok ifi=i
+0 (mel, (1) +ef§>()55,e(t))

Further more, the mis-alignment terms Vy, L (0(t)) W} and Vw, L (0(t)) v} satisfies

+0 (msf)e( )+ sg”)e(tﬁ) ifie[m]\Re
Nig e 208 () - Xze e (0 @)
1 — 36Cs P 01 (1) ifi=if,j#i;
Vo L (0() W) = —— - +0O (mgM( )%&t)@
B ) + A 2() 53%() Az; j;l(t)vfj,)h (B)¢8 5 ()
—36cs (I fz() ifi=if,j=jf
£0 (ms&( R0 + he)?)
(mEA ¢ 3,)/3(?5)2) ifi € [m]\ Ry
Nig 7 2 <>v§?<> 3» jrs 72 0 @)
; —12Cs27) (¢ )I(S)(t) ifi=1if,j # jf
Vu L(0(1) V] = - io(meM() @ () + ()2)
[N s® + A 200 *<t>—3Az;,Jz, (72 (O (1)
—12Cs27) (¢ >I<3><> ifi=if,j=jf
£ (mel (02,0 + <)07)
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The self-alignments V, L (0(t)) v;, Vw, L (0(t)) W;, in the case of i # j, are given by

+O (m€(2)()3—|— (2)()6£)£(t)) ifi € [m]\ R
Niz g a8 = Aig sz 1 (07 (DI (1)
V. L(0(t T_‘:_l. 001 J>J 2301 iy,Jp ,J
L00) vy = - +0 (2, 1) )77([2)][ ()2 ifi =it
+0 ngA)Z() +5Ei)[(t)€57[(t))
0 (me3,(1)? + 3,0 0) ifi.j € [m] \ R
Niz iz <>v§2}<> Nig g1 5O (DI (1)
+0 (21 )7(2) (t)? ifi=i
Vo £(0(1) W, = = SR !
LOO) W, bi + 0 (melPy (1) + (¢ )55,@(15))
+£0 (5@) ) ) fj}h (t) o
+0 (mel, (1) + 3,0, 0)

The self-alignments Vy, L (0(t)) W;, Vw,L(0(t)) V;, in the case of i # j, are given by

banat) (c( L0 =211, <t>z<3><t>)
Vo L (O()T Wy = —— 2,00 (0?) 7 (2) ° fi=i
T mm() +eu< Jese(1))
+0 (mm( 2+ D) ifi € [ml\Re
L;m()(cﬁ)() v <><3><>)
9 eeh()?) 72 (1?2 ifi=ij
vwiﬁ(a(t))ij:*E' me! 5(3 A)()55€(t)>
+0 (me&i’g( P+ Qe Ru0) ifiem\ R

Lastly, the self-alignments Vy, L (0(t)) W;, Vw, L (0(t)) V;, in the case of i = j € [m] \ R¢_1, are given by
_ 1/ 5 3 .
Va L0 W, = =— (A (¢ (0) + 83,y 2(8) + 38Xz s 4O, () T = 7}
- Raraltnl LG = 37} - 22Csal ) ) £ 0 (me, ()7

_ 3 5 .
VL0 95 = =+ (87 5O () + N () + Aig gz s (098] (0) 146 = 7}

&7

9 . x
— A s O (O1{ = i} = 36Cs 215 (1) £ 0 (me'3,(1)?)

Proof. In the following of the proof we will assume that ¢ € [m] \ Ry—1 and j € [m*]. For 5\1‘,;‘,1, . S\i,j75, we

apply Lemma [5| with
6, = e (8); for i € [m] \ Re_r,j € [m";

FOI‘ )\i,j,la ey )\i,j,5» we apply

5 — El(ge(t); ifi,j € [m]\ Re—1,i# j 6(1)() 5 — Eg)e(t) if i € [m] \ Re
" \eFet); fiE€ERiIVIERi1,i#£ ] At P leselt)  ifi=1d}

For A\ RATRERN 5\1-2,7j75 for ¢/ < ¢, we have that

5 = ere(t) <4, 0);
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For \;+ ey A

i+ 5, we have that
YALYZERE

E”l£’7

Op = p = 5f,€(t) < 5&?@@)

Moreover, we also have that

(2) ep - %
(1) g.AF(t) lfz#zﬂ . *1 (s 4 ko k /
¢ ¥j € [m*], G, LBV < 1
’Y’L,J() 72,] ‘—{ 543[('0 le:Z; J [m] (’L j)#(lé .7[)
() |c8 | < Qs vi € ml,j € m]
D 12|19 0] < s vig e mli#

6]:,@(75) ifi € Ry_q
0| <=0t =i
t)

eg(t) ifie[m]\ Ry

This gives that for all j € [m*] and such that (z,7) # (i}, j;)

. O (eQ1?3) ititip O (eQ,0?) i
Xiga(t) < (1) L Ags(t) < ) o
O (e4,t)? if i =i O (e, t)? if i =1}

We will analyze each dynamic separately. However, we should notice some common terms that appears in the
dynamics.

Common terms. To start, let’s tackle some common terms in the dynamics we are interest in. In particular,
we have that for ¢ € [m] \ Re—1,

Z)\zrl t) =Nt ):I:O(msi?e(t)3)

m ( O (e, )2 +meQ,(4)3)  ifi e m]\ Ry
D N2 WL (1) = + IR 3) )

— O (&5,0(t)” +me /(1) ) if i = i}

m " 0 (12 + msfi))e(t)f‘) if i € m] \ Ry
Z )‘i,T74<t)Ii,r (t) == 9 1) /3 N

r=1 O (&5,0(t)” +me /(1) ) if i =i

Mg a (07 (0 £ 0 (meld, ) ifi=i;
+O (mef)e( ) if i € [m] \ Ry

y S\i,r,2(t)li(i)(t): {io (1) 3
oot

N (A (1) =

2
+0 meM(t 554),5( t)

+0 (0% )
e Je
+0 me§> (t zsfj)é()
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Therefore, we have that

Z)\zrl [(1) +32)\zr2 1(3) )+3Z>\1,T74(t)1 )
r=1

O (e5.0(t)? + mely) (t)) ifi=ir

= Aijig &
0 (8,02 + m5(2) (1) ) if i € [m] \ Ry
. (12)
Zj\i,r,l +3Z)\zr2 (3) +Z)\zr4
r=1
Aiate )75 > NOETY (aA,m?) %(f,)h (12 +0 (msx@( ) ifi=i;
+O (meA?e(t)3> if i € [m]\ Re
Moreover, we can also compute that
0 EB;(t) +melt (t)?’) if i € [m] \ Ry
Z >\1 ,Ty 2 I ==
e5.0(1) + me (t)3) if i =)
m /® o 8533),( + me(l) 3) if i € [m] \ Ry

Z >\i,r,3(t) Ty ( ) 3

ot O (e5.0(t)? +m€ ) ifi=1;

> Nirs I (1) = Ao (t) £ O (et >3)

r=1

m’ 5 (t)I(3)(t) B +0 (W (t)2> 1(227)]; t)?+0 (msg)l(t)‘?) if i =i

Ly P2 +0 (me?),()? iti e [m]\ Re

mz*j\_ (t)C(Q)(t) _ +0 5&&(1&)2) W’i(;)j; (t)?+0 (mgfi,)z(t)g') ifi=qj

Ly T +0 (me?),()? iti e [m]\Re

m 5o 90 Niz gz s (D) (1) £ O (msfjf,z(t)S) if i = i

i,7,5 i =
~ ’ +0 (meFy()°) if i € [m]\ Ry
This gives that
ZAZT2 I +Z>\zr3 +3Z)\’LT5 I(2
()L o msf)gt (t)) if i e [m]\ Re
e O (meQy (1) +e5,(t)) i =if
(13)

mz 1r2 (3) +Z)\1r3 (2) +Z>‘1T5 ’er

RTEG ()%(3)*( )iO( (2)() )752) (t)? ﬁ:O(meEi)é(t) ) ifi =i}
B o(ms;}g()) if i € [m] \ Ry

Now we are ready to analyze the dynamics.

Analysis of Vy,L£(0(t)) vj. To analyze Vy,L(6(t)) v}, we first compute the following quantities for i € [m] \

j ?
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Re-1

ZAzrl 'YTJ —)\zzl( )71] 0<m5£i£ 3)
) oo O (LR m) i e m\ R,
Z)‘Z r2(t)C;; (mz—:A,é(t) ) + ) L
o sA’Z(t)ag,,g(t)) if i =i
) o oy O (LR m) iti e m\ R,
Z Nira()G3 (1) = +0 (3 (0°) + 1) o
O (Qheset))  ifi=1;
)2 +0 (mg(j?z(tﬁ) if i =i

if i € [m] \ Re

r=1
m* o) 8(1) (1)? %‘(*2)‘*
g i, 2 C(,QJ) { ( (2)£) 373@

+0 (m

Therefore, combining with , and noticing that the term /\i,i,l(t)'yi(’lj)(t) cancels out, we have that

0 (me@ () + 0,000 if i € [m]\ Ry

1 — i (mi)f(wfi()icf)(efiz(t)?) WO e

Vo L(0(0) V] =~ + 0 (mel(0)° + D (t)esa() i Z
l (1—7532*@)2))&;]*1(>io(s L) A0
+ 0 (meDy0)° + <8y (s (1)) STl

Analysis of Vy, £ (6(t)) w;. To analyze Vy, L (0(t)) W?, we first compute the following quantities
A = X5 (D72 (0) + Aiir, 5O L (OT{G = G, 0 < ¢
Z 5 ( %; = Aii5( )%‘,j (t) + m;ﬁ( )'Yiz,,je*,( g =g, 0 <t}

. {Ogmef?AtP)w(s?Aw )OI =g} itie ]\ R,

mel (02 Fy 1)) if i =i

“ @) () -(3) e
M (1) (\3 et 53,5“)) if i € [m] \ R¢
Air2()C 7 () = £0 (me () ) £
Z 2(t)G; 5 (1) ( (1) ) (27)5(15 55,e(t)) if i =i}

€A
55427)5(1? 537)5(1?)) if i € [m]\ Re
et 557e(t)) ifi =i

m* (2) (1)3 e s
N g(t)C-(l-) (0) = 0O () if i =i}
2,7, 1, 1 2 ep -
/ et2) 12 02 20 (meld,0)2) it e m]\ R,

Jpr E 10l e"je'
Nias(t) 0 (melQ, 0% + 0, 050)) if i € [m]\ Re
9 | Aigst) = Xixjss(t %(E)J (t)%(?(t)
2

VVix i
£0 (£0,02) 12, 02 if i = i;
+0 msﬁ)e( )Qef)e( )+5E4)e( )55,£(f))
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Moreover, we have that

if i € [m] \ Re

)
N (B) = Az gz s (D78 (D217 ()
__9. +0 (%), (t)2) 72 (1) if i =%, € [m*]\ Ce

+ 0 (mely ()%, (1) + Ly (t)es o (1)
(1= ©7) iy 5750 £ 0 (=50,02) 22, ()
£ 0 (meQ, (02,0 + £, (e ()

V. L(0() w

ifi=14,j =47

Analysis of V,,L(0(t))w}. To analyze V,,L(0(t))wW

W we first compute the following quantities for ¢ €
[m] \ Re-1:

*
R

S +0 (1)) ifi e [m]\ Ry
ij,alt) = e e
+0O ES)Z(t) ifi=1j,j#7j;

ZAM 12 () = 6Cs S O (1) £ 0 (mel (02T, (1))
ZAzrl _Alll( )C(l)( )io<m€,4€(t)3>

N2 (003 (8) = 6Cs.29 2 (O (1) £ 0 (mel (0% 3,(1))

R

) o L0 (mEA)Z(t)3> ifi e [m]\Re
0= e o (i) i

.
e . N (1)
Combining with (12)) and noticing that the term A; ; 1(t)(; () cancels out, we have that

+0O (ma-(j}e(t)?’ + gg’}(t)?) if i € [m] \ Ry
: Aigga
— 36Cs27 ) (1)1 (1) it i =if,j # jf
2_(2)
3)\1* gt 4( ) + )\’tz G52 )’71»(;2))]'; (t) - 5\,‘2,3;7 (t)%,(}),* (t)c(})*(t)
)

o(t
—36Cs27, ) (I (t
+0 (msﬁ)e( )Qef)é(t) + 522@)2)

ifi=14},j=7;
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Analysis of Vy, £ (0(t)) vi. To analyze Vy, L (0(t)) v}, we first compute the following for i € [m] \ Ry—1:

R

o a(t) = {j:(’) E;;M(t)?)g ifz: € [m] \m.

+0O 5Az(t)3 ifi=15,5#73;

Zm 1 (8) = 6Cs29 ) (OIS (1) £ 0 (meld, (02,1

m

> Ninalt 110 = 6Cs29 ) (1 (1) £ 0 (meQ, (1% 0,1))

S s (0C2 () = Aas 02 (1) £ 0 (me )

r=1

i S a0 (0) — +0 (msf)e(t)3) if i € [m] \ Ry
ir2(8)7,5 () = 9 < e

= ! Mg 200 (0 £ 0 (mel,@?) it i =i;

Combining with and noticing that the term )‘i%5<i(,2j) (t) cancels out, we have that

+0 (m5(2)[() + (1) ) if i € [m] \ Re
Niz gz 2085 (1) - 3&;,@,, 072 062 ®)
, —12Cs 27 (DI (1) ifi=1if,j # jt
Vu L (8(0) v = io(mgﬂ()th) + et ())

(

x;,m()mi,j,,<>v§3’*<t> iz g5 (07 (P (1)
1205001 (1) if i =if,j =
£0 (me (023, + £4(0°)

Analysis of V. £ (0(t))" v,. To analyze Vy, L 0(t) " v, we first compute that for i,j € [m] \ Re—1,1 # j

m*

> A (020 = A s 01 = i} £ 0 (meQ, 1))

Z/\wz DI (1) = =0 (£3,(02) 12, (1 = i} + 0 (mel,(0)°)
Z Aiyra (1) ==+0 (553,)6(75)2) %(;2)3 t)?I{i=4;} £ 0 (msg)e 3)
0 (5,1 t)) if i 4
o Sf,)e(t 55,2(15)) ifi=i}
O (sRu=Rh0) i1
o 552,)5(75 55,2(15)) ifi =i}

Z i 2 I(S) =10 (msf}l(t)i{) +

Z)" ral(t I(S) =10 (maAZ(t)‘?) +

Combining with and noticing that the term )\i7i,1(t)li(3)(t) and the term A; ;1 (£)I) () cancels out, we have

(2%
+O (meA (62 + D, (0)=9) (1) if i € [m] \ Ry
(1) ) W)
o L0 v, = — L. N (0) - g sz (0111 (01 )
vi j , @) @ (2 e
a; +0 ey (t) Vir gt (1) if i =i}

+0 e(j)g( t)> +¢%), (t)as,e(t))
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Analysis of Vy, £ (6(t))"

()

2’}/( msAZ

i7:J;

®)°)
®)°)

()]I{z—z*}:l:(’)(

()

S(PI{i= i} £0 (meM

Nima W2 (1) = Az 575 O1{E = i3} £ 0 (£0,6)2) 247,
r=1
m O (e2,meP,)) ifi#i;
> A2 W) = 0 (meQy ) =4 5 T ) B
=~ O (Queselt))  ifi=1;
190 . O (2,0em) i
ZAZ’I”3 =30 (msA Z( ) ) + (2) . .
o sA,Z(t)ew(t)) if i =
Z)\z 7‘5 )\z z,5(t)l( ( ) +0 (mE_A)Z(t)3)

Combining with and noticing that the term \; ; 5 (t)[i(?(t) and the term \; ;5(¢)

(3

£0 (me (0 + £, (0 0)
Niz g s (O (1) = Nig gz (07 (1) (1)
- 0 () )%(;?j; (1)
VWLE(H(t)) W; = i Lo mSAg( ) (t)&‘{,l(t))
0 (£0,02) 1 0
0 (meld, ) + L 000)

w;. To analyze Vy, L O()" w;, we first compute that for i, j € [m]\ Re—1,7 # J

14 =it} + 0 (meld,(0)?)

) j) (t) cancels out, we have

1

if i,j € [m] \ Ry

if i =i}

if j =i}

Analysis of V£ (8(t))" w;. The analysis of V, £ 0t)" w; will be separated into two cases. First, regardless

of the cases, we have that

ZAzrl C]r
Z zrl

1O O1 =i} £ 0 (me?)

®)°)

2)
ME A0

—)\“1() ( ()i(’)(

(t)°)

We first analyze the case ¢ = j, and then we dive into i # j. In the case where i = j, we have that

ZA1T2 I(2
Z)\zr4 ’7](27?
Z)\zr2 I(2
ZAZTAL I(2

*
Je >

Sig.ap 2 (O1{i = i} O (me @y (1)?)

P
Yoo

N 2 . x 2
= Ny 014 = it} £ 0 (mey,

(2? (t)3)

ME 47y

) =652 () £ 0 (

(2? (t)3>

= 6057211-(’?;)@) +O (meA )

®°)
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Thus, for the case i = j, we have that
_ 1/
Vo L) Wy = —— (Ai;,j;,ut)c”) (1) + 8N 2(0) + 38 gz a (02 () 14 = i7}

- R O1G = i7) - iCs,zIfi)(t) £0 (me, (1))

Now, for the case i # j, we can compute that

S Rira I (1) = 20 (£2,(12) 22 (010 = if} £ 0 (mey(1)?)
r=1
Nira (72 () = iO( @ ) )%@ O2{i=i} £ 0 (mef)e )
r=1
m O (eDut)eg)(t)) it i€ [m]\ Ry
S Nr2(IP (1) = £0 (meM(t)B) + a )
ot ¢ E_Ag(t 5.0(t) ) if i =i}
m (@] 5&%)@@ z—:g’)é(t if i € [m]\ Ry
S Nra (I () = £0 (meAQ( ) )i o )
ot o €A7£(t €5.0(t) ) if i =i}

Nipara® (20 =2 OL W)
L0 e<2>()) 2 ()2 if i = i
Vo £(0(1) W, = ——. ) ‘
(6() a; +0 mggg() @5 a(t))
+0 (meQ, (1) +¢ <>e§§’;< ) if i € [m] \ Ry

Analysis of VwiE(B(t))TVj. The analysis of Vy, £ (0(t))" v; will also be separated into two cases. First,
regardless of the cases, we have that

Z/\”s 1) = Nizgr s (O O1 G = i1} £ 0 (melP0)°)

3 Aers®ID () = Ass®OL () £ 0 (e 1)

We first analyze the case i = j, and then we dive into ¢ # j. In the case where i = j, we have that

ZAM OIY @) = iy i (){z-z*}:l:(?(maAe(t)?’)
ZA”S (O750) = Aig gz a7 DL i = i3} % O (me, ()7
ZAM 10)(1) = 6Cs2 1 (1) + 0 (e, (1)*)

Z N (DI (1) = 6Cs2 18 (1) £ O (mfsf)z(t)?’)

Thus, for the case i = j, we have that
_ 3 Q
Va £(0(0))" 9 = 5 (3851 5(0C5: 0+ Aug g 20) + i g (00241 (1)) T = i)

9 o,
= o i s (O (O = i7} = 36Cs21 ) (1) £ 0 (meFy(1)?)

<
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Now, for the case i # j, we can compute that

*

3

Aira(OIY () = +0 (sfi)g(t)z) WL {i =i} £ 0
=1

‘,
Il

S’#

(
Sira( (0 0) = 20 (£0,07) 12 01 = i} + 0 (med, (1))
)

r=1
m (@) ef)e(t)gg))f(t) if 1 € [ ] \RZ
S denaO0) =20 (mefhn)?) 4 0 MG
! o €A,£(t)55,é(t)) if i =i}
2 3

@ ] E(f\,)e(t)eg)f(t)) if i € [m] \ Re

ZAM =10 (me“ 4
o 8A,e(t)55,é(t)) if i = i}

Therefore, combining with and gives

Niaps® (¢ 0 =2 015 )

9 we&f’())wﬁ’()? if i = i
Vw, L(0(t) v;= 7 L0 mﬁf)e() +€(2) t )6576(7&))
+0O (msf>() +€(2)()5§)4(t)) if i € [m] \ Ry

A.5 Establishing the Inductive Hypothesis: Phase 1

Starting from this section, we assume that for a fixed ¢ € [m*], the inductive hypothesis holds. That is, the

condition of Lemmal7] holds. Then we shall analyze the convergence for that ¢ to prove the inductive hypothesis

and establish convergence. Notice that, by the statement of the inductive hypothesis, the case £ = 1 naturally

satisfies it, thus requiring no additional proof. Therefore, we focus on the case of a general fixed ¢, and the proof

will be divided into two phase. Phase 1 (this section) show that there exist some T* such that '71( ). (T*) and
( )

Vis js . (T) are some constant close to 1, while 554,)4“) ES)Z( t), and €5 4(t) are O (5 f)

We denote the following time

T.:=min{t > 0: A1(t) A Ax(t) A As(t)}
Ay (t) = {min {85/527)@(15)753’@(15),84’@@)} ?;:\mf} As(t) = {Eg)z( ) > ﬁﬁmaf?é(t)3} (14)
Ag(t) = {es.0(t) > s (meDy0)® + By 0D (02) }

By the initialization property, we have that

1 3 m 2 3
553,)@(75),53,@@),64,2(15) < a <10g 5]?) ; 51(/3)4(0) =¢e54(0) =0

Therefore, T, > 0. Moreover, for all ¢ < T,, by the inductive hypothesis, we have that

a1 Bem?

53’)5(75)’53’@@)754 o(t) < 5o/ =eret) <O (6::;&)

which implies that 554 (1) <O ( m’ ) Also, by definition we have that 8( ) w(t) < sfi)[(t).

Growth of 'y-(f)-* (t). We will start with analyzing 'y-(?)-* (t). For any & € (0,1), recall the definition of T (§) in

K2

Deﬁnition We should notice that, although by definition we have 7( ) (0) > 0, it is not always the case that
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%(*1 )j* (0) will also be positive. Therefore, we also need to control the "negativeness" of fyi(zl,)j; (0) when analyzing

the growth of 7(2) (t). To do this, we present the following lemma.

Lemma 8. Suppose that the inductive hypothesis in Condition[d and the initialization condition in Condition []]
holds. Let T, be defined in and T(£) in Deﬁmtzon@ IfT. > Ty ( ) then we have that

d B 2 .
02 000 52500 2 0091002 = 2 (g 1) vt < min(, 7(6))

-1
@) @) o 18, 2 m’
e (mr 2 (a0-er-o(2)))

b2, 7\\ !
T () < 1 ( (1-¢-0 ( 6%” ﬁ» i (0)7!

for all € such that (1 — &%)~ < O(1).

3

. ) Be 2
Tc'—mln{t>0 Vix ,]l(t)< f(lg(;]p) }

, = 1- Bads for some B35 > 0,62 < o(1) and §; < O (#), we have that

)

Proof. To start, we lower bound the time-derivative of 75}?25 (t). Let T be defined as

Since (VT\_IJ*-) < %log% and ||V2‘2

N
N

00 2

k(1) 2 1 m* . k41 (1) m

E kz'% Fed+0 (ﬂ <log 5[P> ) ; E X ’Vi;,j;(t) €ci+0 (f <10g )
k=0

By Lemmal[7] we have that

0=

dt Vit b e ii

-5 (1= 02) 125 Aiz 2.0 £ 0 (£9,02) 12 (1) £ 0 (R0 + £, (Wz5.0(0))

Therefore, with the form of /\ZE 55 from Lemma we have that

d (2 18 @ 12) @ 2= (D) ok @) @)
%%;,j; (t) = b2, (1 — Vixjr (t) )%‘* () H%z,j;(t) +0 (5,4 ot ) tey o(t )55,E(t))
14

vV
s
VR

|
2
* o
L

%

=

N—

[\v)
|
a
N
>,
=T
i{E
QU
~—
~—
=
aC)
N+
—
N
(]
VR
o
[ V]
|
Q
/N
‘ -
QL
/_\
o
o
|
~__
Wl
~__—
~_—

vV
| 5
VR

—

|

o

[\v]

|

Q
VR

%31:,) 3
S "

ISH
N— —
So

- |
. a
7N
‘H

ISH
S

—

@]

o

=g

=
N———
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Let & be given such that (1 — 52)71 < O (1) By the lower bound that 7(2) 0)2 > %, we have that

d_(2 @ (2 m’
&%;,j; 0) > Btcmp’)’iz’jz 0)*-0 (55’)d% >0

for d > ﬁségmw for some Biemp > 0. This shows that 71( ). (t)2 > % for all ¢ < min{T,,T.,T,;(§)} for any

(1- 52) < O(1), and thus dt’y(2) (t) > 0 for the sane choice of t. This shows the first property. Moreover,
by Lemma

N 2 = C 1 2 2 2
Nigago®) =205, 02 3 Eql 0F £ 0 (0,07) 22 (02 £ 0 (<2,0°)
4 4
(2) 2 2 m m
> 295 L (t - —_— — —
= i (1) (CO © (55\/&)) ° (5%@)

as d > B568m16. This shows the second property. To lower bound 7%?;‘; (t), we first write that, by Lemmaﬁ

. )= T o
TP = vy, £ (600) v,
1
= = (1= 02) A 1 () £ 0 (0,02) 12 02 £ 0 (medy (0 + 3, (0)zs.0(0))

i
Therefore, we could notice that, since

o 92 1
Cht1 (1) ks 2 1 m\?
S ot (2 () ) o

k=0

for d > Bsm™ > Bslog % we must have that for all ¢ < min{T,,T’,Ty(£)} for any (1 — 52)71 < O(1), either
71'(21,)3'2* (t) = %a or

d =
1) 26 (1= ) 72 (0D FAD 0F = 0 (me@y 1) + @y (Dese(t))

i i i g 2 h
— 0 (0,02) 1% (0
7 (16)
2 (A2 (2) (12 (@) (12 m
=4 (lylz 5 =0 (EAﬁe(t) )) 5 ()" = O <5ﬁidg>

7
> -0 mig
63d2

where the last inequality follows from the fact that

4 *\ 3
2 m logm 2 2
554)4( > <0 <5[§d> < (d) s ’YZ(Z,)JZ (0) < %‘(;,)j; (t)

Therefore, for all ¢t < min{T,, T}, T;(&)} for any (1 — 52)71 < O (1) we must have that

7 1
(1) (1) . m ) _\/m ﬂ 2
i 029 0) O(éﬁﬁ) == e

. . 1 *
4since we require m > [34%
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Tc’ > min {Tm Tf(€)7 Q (’/:Ll7> }

Now we are going to lower bound 7;(£). When d > Bsm!®

e 18 [, 2 m’ @ 2
gt Vi ) = b2, (CO (1-¢)-0 v ) ) i ®)

Solving the differential equation gives that

~1
@) @ oy B oy o
Viz g (t+To) = <’Yi;,j; (To) B <Co (1-¢) -0 (63\/&>> t)
for any Ty > 0 and ¢t + Ty < T.. This gives that, if T'(§) < T, then
b 2 m’ B 2) 1 1
Te) < 55 | @a-9-0(575) ) (207

b [ m7 -t @ )
1§ Co (1_5) -0 (5%\/& ’71(,][ (0)_

This shows the last two properties. Moreover, we have that T[(%) <0 <<1Ogdm*)
7 we have that

Choosing 8g > 44/, gives that

IN

IN

1
2

>. However, at T} (%)7 by

d_@ 2 () @ (12)) A2 (2 m’
at Visat (t) =z (’Yi;,j; t) -0 <5A,e(t) )) Vixgt ()" -0 5]%d% 20

[N

which implies that %(*) *(t) > —% (log %) for all ¢t < min {7, T;(&)} for all £ such that (1 —¢2)~1 < O (1), as
long as T’ (5) <T.. O

Upper bounding 'y( )( t) for i € [m]\ Re—1 and j € [m*]\ C,—1 with (¢, ) # (i},7;). Here we are going to
show that the growth of '7(2)( t) with ¢ € [m] \ R¢—1,j € [m*] \ Ce—1 and (4, j) # (i},7;) is slow in terms of when

(2) 2)
’71'}73’;( ) reaches &, v, (t) is no bigger than O (6 f)

Lemma 9. Suppose that the inductive hypothesis in Condition[d, and the initialization condition in Condition[]
Let T, be defined in and Ty(€) in Deﬁm’tion@ Then there exists some constant By > 0 such that for all

t < min {TC,T (3—13) + %PQ/E}, we have that "y ‘ <0 < ) for all (i,7) # (i, J7)-

Proof. For t < T, by Lemma we write out the dynamic of '72(,2;') (t) as

L0t = V00T ¥

dt J
18 C2 1 2 9 ~
=2 k—ﬁyi}(t)’“*y{j( )? - 2 Aig gt 55 ’)Jz( )7” WI{i =1}
=0 ()

m? 4
io<w>io(52d) <2> NOISTESH!
pa > P
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As shown in Lemma %(527)1'2 (t) >0, /A\iz jz.5(t) >0 for all t < T.. Therefore, we have that

d 18 c? 2.9 .
= 20| < 33 | ZAG O O] - 5 Ay O S |1 =)
4 —0 % )
m7 m4 (2)
o <5§d3> o (52d) i3 (!
§ K (1)(t)‘ (2)( )‘2+0 m’ +0 m74 (2) (t)
< bf %! Yij Yig (¢ 5§,d% 5§>d iz g

18/, m? 2 m’ 2
< —= —_— :
- <CO+O <5u»\/&>) ] +o <5§;d%) o (52d) Vi )

2
where the last inequality is because 'yf J)( )’ <e(t) <O (57”\2) for t <T.. Forany t <T (;—E} we must have
P 5

that

Therefore, for any t < T (—’3) we have

18 m?
0l=3 (2-0(2)

Notice that ’71(22 (t)‘ must be upper bounded by %(’2]_) (t) given by

4
dt

4 7
| m., m
0l +o<dg +5ﬁ?d3’>

d . 18 m?2 N m* m’ R
pRAORE ( +0 (ﬁ)) A (1) + 0 (d 5 dg> ;420 = 120
% ’ P

t) grows monotonically as *3/4(2)

Observe that for any t < T, 7 i

2
72(0)

Thus, it suffice to consider # (

: J (0) grows. By the initialization property, we

have that 4, A(Q) ;(0) = (1 og %) *. We can observe that ’y( )( t) increases as ’Ayl(i) (t) becomes larger.

<

‘g( g6) . In this case,

d (2 18 m* mT (2)
i Vi (t) < 3 (Co +0 <d5 53V Vi j (t)?

Solving the differential equation gives that

-1
@ 5| < 42 @)~ _ 18 mt | _m?
150 <350 < (vw«n\ b2< +O<d§+5M t
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Recall that (1 + (55)2b3%(2j) (0)* < by 71’(22)jz (0)? by the initialization property. Thus, t < T (5—12), it holds that
B s 5

sy —1
@) @l 18 [ 4 m?* m7 m2
el (ol (4o (5 37) ) (5

_ b2 4 7 2 7 -1 -1
(2) 1 is [ o m m (2 (5]P>> ( m )) (2) =
< (W20 - (zro(™ + 2l1-2) o @ (0
(7 30 b? (0 <ds 5@\/3)) 0 ds spVd .57 (0)

=

2 2 74 m” )
< @) _1_bE.CO+O(d%+5H§\/3 2 ()1
— rY’L,j( ) b2 5 7 ,ylzyjz( )
i 2—-0 (ﬁ 4 )
0 as | 6Vd
R G0 (o -
bi 3% CO (72 3 )
< | h 4820 - 2 £ )
bix LN bi 2_0 (6[P2 + m7 > Led¢
‘ 0 FER A
-1
2 74 m”
bi; ) b, @ +O (d% + 6]%@)
< e (0) [ 146 — —
b J Bo2_0 (tilz Lo )
0 a5 sEVd

2 m? 77'”7 2 m?* m”
i, 4+0 (% +#7) < (1+/3265>3 G+ 0 (% +38)
3 4 m - — é m
Wog-o(franm) VTR d-o(f )
1+ B265\*
o 1 _/8268
1
<14+ =4,
* 2

where the second inequality is due to d > B5m!% and the last inequality due to B2 < o(1). Therefore

b 2 m?2
(2?t‘< LA ). <o s
0] <305 <o (7

LetT1:T<

a3
N

> Then for ¢ > Ty, the dynamic of 7( )( t) is upper bounded by

d A(z) 18 [ 5 m? (2) m?
< _ + —_ Y —+
dt Vi ()= b? <CO © Vd “J (t)’ © (52d

Let T be the smallest ¢ > 0 such that A(Z)( t) > 2’?(2)(T1). Then for all ¢ < Ty, we have A(Q)( t) <O (mT)

dt 71 J
Therefore

. d m?*
Bug (64 T) <A (D) + £ max 247 (1) <43(Th) + 0 (52d)

Thus, we must have that T, > O (M) +T. Therefore, we can conclude that there exists some constant 57 > 0

such that for all t < T (d ) + B76“”f and t < T,, we have that

77 0) SO(&?&)

for all (i, j) # (if, 77)- O
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Upper bounding 75?(7&) for i € [m]\ Ry—1,j € Cg—1. In this section, we show that the alignment of W, with

previously recovered components w7 must be small.

Lemma 10. Suppose that the inductive hypothesis in Condition [] and the initialization condition in Con-
dition |1| holds. Let T. be defined in and Ty(&) in Definition @ Then we have that for all t <

24%
min {Tc,Tz & +0 (%) ,0 (M)} for any & such that (1 — &)=t < O (1), it holds that

mb

2
(2) m : /
L)) <0 Vie m]\ Re—1,0 < /¥
Y ()‘— <5[P>\/a> ? [ ]\ —1

Proof. By the inductive hypothesis, we have that 'y»(?) L(t)=>1-0 ( m’ ) Fix any ¢ € [m] \ R¢—1. By

torodgr égd%

Lemmal 7] we have that

d (2 T oo

GO = =5V L 60) W,
9 /¢ 9 . o
:@(&mﬁm—ku,(hyw(ﬂ—ﬁhwg(hfﬂﬂ%?(ﬂh=w}

+0 (04(0) 12 07 % 0 (D0 + eRyWese®) + D 00)

Due to the same reasoning as in the previous lemma, we have that 5\27 ,J‘Z,S(t)%‘(;,)jg (t) > 0. Therefore, for all
t <T,., we have that

d| @ 915 @) mt\ @ e m’
7 Vi (t)‘ < 52 Aiz5(t) = Aiiz s (t)%é,w, (t)’ +0 524 Vir s ()7 + O 5343
9 | 2 1) 2. mt\ @ e m’
< w2 Vi, )7 = L it (t) Vir, gt (t)’ +0 524 Vix g )" +0 5343
< 970(23 (1 _~,® (t )) (2) (t )2 + 9¢ (2) (t) (2) (t)2 i) (t)2’
- bZ2 ’y%/vje/ ,YZJZ’ bZ2 7@/7]4/ ’V'LJE’ i:iZ/

7
(2) m
+0(5) ) <>+0<$m>

Recall that 75? (t) = v, V% and I;;+, = v ¥« . Therefore,
Wl

2 2 2 2
12,02 = 18, 02 = 2, 0 + 12 0] - b, 0 - 13, o)

2

2 2 2
,Mm\ﬁ;w—myﬂ+@$ﬁ%ﬁ4m)
2

(2) o1 [o* S, 1 (V% — e

<2 Vi, ()’ v, (vj;, *‘%;,)‘*(Vz‘ (Vj;, VZ[,)>

2

+ Hv*.*
9 Jgr

7
(2) m
'Yi,j,( )‘+O<63d2>

2 _ _
<23%, |- ||v5, - v

4
<o =
62d1

— v
12, 9
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Moreover, since 7( )J t>1-0 (53; > for Tp o—1 <t < T, we must have that
I » 2

4 4 7
A ’<ZC) o @) ’ O(2_)42 )2 +0( —
'Vz,je,( )| < 6%,d% ’71,3 )|+ (%d iy, J/( )+ 5§;d%
<o 2L w+o m 0 2o
> 5242 Yig%, 52a ) Vi 5343
P P P
m*\ d (2) m7
@) t)+ O
(52d) Yiz 5: (B + 53ds
where the last inequality follows from Lemma [8] This gives that
4 7
2 m 2 m't
'yi(,j)g, (ij_l)‘ + 0O (52(1) ([)j;(t) +0 ((5]}?;(13)
m? m’t
<2 e+ 0+ 2

63d1
m? mTt
SO —%=+ —=
(&N& 5]§d4>

2,3
where the last step follows from the inductive hypothesis. Further requiring that t < O <5‘;:54) keeps

IN

2
’Yz'(,j)lj, (t+ Tp,é—l)‘ <

'71(,2]),( + Tp’g,l)‘ <0 ( ) When 'y ( ) > &, we can still obtain that

d (2) m4
— '71,7],2/ (t)‘ <O <(S%.Ll

62d1 (2) m?
) ,O P~ we can guarantee that "yij* (t+T, 1571)‘ <O (5 \/3)' O
sJpr P

Thus, for all ¢ < min {Te & +0 (621\@

Bounding ¢1 ¢(t),£2,(t), and 5(1)( t). Here we are going to upper bound €1 4(t), €2 ¢(t) and eg)g( t). In particular,
we are going to analyze ’y( )( t) for i € [m] \ Ry—1 and j € [m*] where (3,5) # i}, 7, C(J ,((2) for i € [m] \ Re—1
and j € [m*], and also Iflj)Jl(j),Il(?;) for i,7 € [m] and 7 # j.

Lemma 11. Suppose that the inductive hypothesis in Condition[d and the initialization condition in Condition|[]]
holds. Let T, be defined in and T(§) in Definition @ Then there exists some constant 57 > 0 such that for

all g < O(1), for all t < min {TC,T( 5% ) + ﬁﬂs“’f T(£)} + Bs, we have that 5,4)12 <0 ( ) Moreover, for
all t < min {(’) (6“%fl> ,Tc} we shall have that

me°

max {24} 0)].[¢) )], E?(t)]}so(éf;g);we[m]\m,je[mﬂ
s {1900 100 |10} < 0 (222 ) v € bl \ Revi £

Proof. Throughout the proof, we will relax the upper bound in terms of 5&&,(15) into the upper bound in terms
(2)
of £3/(t).

Bounding Ci(}j) (1), Ci(?j) (t). First, we are going to derive some rough estimation for Ci(}j) (1), Ci(}j) (t) for i € [m] \
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R¢-1,j € [m*]. By Lemma [7] we have that
d | . 1 T & (1)
G 0] =~ v w; -sim (1)
3 |4 1 ;¢ 2 R 1
< 5| J;A] =5 iz 2O O] = Mg a0 () 682, 0] 14 = 37
2 [Csn @ WID |+ O (me@yw)® + 1) + e5.01?)
’L
Diving into the details of the first three terms, we have that
. 3 2 o~ Ch42Ck | (1 k
Aig gz alt )’ <6 i;,)z';(t) %(Z,)g( (t)QZT %‘(;,)j,;(t)‘
k=0
@) 4@ (12 o G | o |F @)
+ 6] o] i 07 325 20 +o(<R?)
2) (t)3>

212+ 0 <€E4 ,

<O (=)0 +e5.00) 212,

e 2092 0] < 60 0] 22, 0 T 292 [0 0] 0 (207)
k=0
<0 (sg20) 1 02 + 0 (£240)°)
“Nipspar, 0] o] <6l o] (t)?’fjcik—? Visis (t)\k
k=0
+0 (£3,02) 212, 07 + 0 (2.07)
<0 (2,02 +520) 12, 0% + 0 (£F,0)°)
Also, we notice that 72(2])( )‘ <0 <€5)g(t> + E(B?”)e(t)) Applying the fact that a; ' < O (1), we have that
D<o (5(2)Z(t)2 + (D) 12 (0% + 0 (mel, 07 + e5(1) + £5.0(0))
<0 (3402 +,0) 17, 07 + 0 (med, 1))
Similarly, for ¢ (2)( ), by Lemma we have that

v} - sign (CZ(QJ) (t))

B\ =iy

(2)(t)‘ = _*Vwiﬁ
2(t)y (})jz* (t)‘ — 35\1-2,]';,5@)%‘(;2,)]‘ (t)|¢

d
b;
3 1.
<7 | J2»3(t)‘ 7 Aiz gz 2 (0]
1 3) 3
b2 DOIDW)|+0 (meQuw? + Py +€5,e(t)2)
The third term is apparently negative due to the fact that A;x ;= 5(¢) > 0, 7(2) (t) > 0. For the first two, we have
that
oS 2 k
1 2 1 2
Nizza(®)] 6] 01 02 3 E2 3D @]+ 0 (R,00°)
k=0
1 2 2
<0 (ef,0) 21, 0% + 0 (2.07)
; o @ (2§ Bk o) FH @
Siz.az 2@ 0] < 6]V 012 02 3 E2E D)+ 0 (£340)°)
k=0
2 2
122+ 0 (207)

<0 (h)0)
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As before, we have that

1(3 (t )‘ <O (6 ® o) +e5.0(t )) Therefore, we have that for ¢t < T,

D] <0 (e5h0) 1,02 + 0 (£2,07)

Bounding Ii(,l)( ), 11(23)( ), and Ii(,?;’) (t) for i,5 € [m]\R¢—1, and i # j. Next, we will look at Ii(}j). By Lemma
we have that

d 1 1
S ] = —sien (15 ®) (wvviﬁ (0(1)" v + —Vu, £(0()" vz)
J
1 - 1« S e
< 5 Piara @] (P 0] + 0 0]) = 3000 @ |10 0|1 = 7 v j = i7)

+0 (£942) 12 (02 + 0 (me@y 1) + QD5 et) + L0500

Since i # j, for the first term we have that

Nigaa®)] (!

’Ylj ’ rYJ(IJ)Z D o (555,)@@)) )‘z[,y* 1(75)’

<0 (£3,0) 1 07 + 0 (2.0°)

For the second term, we have that

G

k
1/ vJ/ ‘

(2) Ck+1
'L Jg Z

At 01 0] <61 e

+0(e<2 () )v_f,) 2 +0 (2.?)
<0 (£0.0) 2 02+ 0 (2.0°)

Therefore, we have that

d
dt

1)) <0 (£3:6) 1, 02 + 0 (meF?)
For IZ-(? (t), we have that

d

@ (t)’ —sign (1}? (t)) (;Vwiﬁ 6(1)) " W, + blj Vw, L (9@)))

Sbg;z Nz gi s )] (i3 0] + i3k 0]) - b%ﬁw,o( 0 101G = it vi=i)
+ O( (2)e(t)) 75*2)]*( )>+0 (msf)e( ) )
< gz [ (P2 0] + b2 0]) + 0 ((R) 12 00 + 0 (meoer”)

since A;; ijv5(t)7‘(*2)‘; (t) > 0. For the first term, we have that

Tp5d

iz o) (P3O + 12 0]) < 0 (200) [Nz )] = 0 (£000) 12 07 + 0 (£0007°)
Therefore, we have that
% ’j)( )‘ <0 (EQ}Z@) (;2?)[ (t)?+0 (m’ff)e( ) )
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For 1 by Lemmaﬁ, we also have that

@
d 130 _ T 1 T
= ”(t)‘——mgn( Va L (8(0) W5 + -V, £ (6(1) vz)
s%&mﬂm%wk%M@wW%o (0|14 = i7)
+%&wﬁwﬁyﬂ %&ﬁwwﬁg><<Mw—u}
+0 (3,12) 12 0 + 0 (m=0°)

where for the first, second, and third term, we have
a0 (O (0] < 0 (€0,0) 22 (102 + 0 (2,0
2z (0 0] <0 (£20,0) 12 02 + 0 (£2,0°)
fzaﬁff%#
k=0
+0 (3,02) 1, 02+ 0 (£3,1)°)
<0 (£0.0) 2 02+ 0 (2.0°)

>/>

>/>

1
’Yi(g,)j; (t)

k
1
~Niz g 172z () ‘

(3) (3)
18] <618 )

Noticing that j\z‘; Jrs(t), 72*2)]*( ) > 0 for all ¢t < T, we have that

D] <0 (2.0) 1,02+ 0 (medy)

Bounding *y-(lj) (t). Finally, for 'yi(’lj) (t), in the case of (¢,7) # (i}, j;), we have that

Z?

G 0] =~ Lsien (T 0) )

a;
< Nz 0 h O[T = ik + 0 (£3,0) 4, 02 + 0 (meF?)
where since (¢,7) # (i}, j7), we must have that

“NipspaOr, 0B ] <0 (£2.0) 12 2 + 0 (F.0°)

Therefore d
1 2 2 2
o] <o (2.w) ;02 + 0 (mew?)
Bounding I; )( ),IZ(? (t), and Ii(i.) (t) for 4,5 € [m] \ Ry—1 for i € Ry_1 or j € Ry_1. Recall the definition of
190,12 1), and 191

I () = vit) "oy 12 (8) = walt) Tw; (0): 1) (1) = (1) Tw (1)

For the sake of convenience, we let ¢ € R,_; and study I(l)( ),Iz(j)( ), and Iz(i)( ), Iﬁ)( ). Since ¢ € Ry_1, there

exists ¢/ < ¢ such that ¢ = ij,. Therefore, for IZ(E)( ), when ¢t > T}, o1, we have that

10| = 5079, + 907 (vi, @0 - 93, )|

Wﬂﬂ—%ﬂﬂt

(17)
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for all ¢t > T}, y—1. Similarly, for IZ-(? (t), when ¢t > T}, ,_1, we have that

1(2)(t)‘ - ‘\ij(t)TW;z/ +w ()7 (V’Vz‘z, (t) — W )‘

(2%}
) - _
< g (O] 4 |8, () = v, 1) (18)

4
(2) m
<pip o] +o (6@3)

For Ii(f);) (t) and Ij(i) (t), when t > T}, ,_1, we have that

i (t)‘ = wj(t)ij*-Z, +w,(t)7" (‘71';, (t) — \7;2,)‘
(2)
G, (

¢ | +o (2
jij/ 52d4
I(S)t _—_tT—#_c —_tT e
v (1) = Vi) Wi, +vi(t) (Wi, (1) — Wi

iy
Gt
<[ o|+o ( i )
d4
Moreover, by the inductive hypothesis, we have that for ¢ <71}, ;1

olzo ()

|,

If’b) (t)‘ for 4, 7 bounded above excluding ¢ € R,—1 or

IN

~

|

Vip, () = 955,

IN

(19)

IN

~—

+ Hw (t) = w; (1) H

18

]

(1)
10

(3)
|1 @],

9

1)

Gathering the results. Defining &,(¢) to be the maximum of ‘Cl(lj) (t) Vi (t)‘ for i, j bounded above

0!

excluding (i, ) = (57, ¢ for (3 (£), and |1} (1),
j € Ry_1. Gathering the results, we have that

)

D et < 0 (D,0) 42, 02 + 0 (mey(e))

for t < T.. In the meantime, by Lemma [9] we have that

i - Brbev/d
%(,2])(15)’ <0 (5?\/&) Yt < mln{T07T <d5) 7752 }

where i € [m] \ Ry—1,j € [m*] \ Co—1 and (i, j) # (i}, 7;)-
o(onso ) ot
)) dt ' g v)ﬁe +0 (mEA)Z(t)g)

<0 <ée(t) +0 <5g¢3>> jt iy )+ <5gd7>

where the last inequality follows from Lemma [8] Solving the differential equation gives

Therefore, we have that

2 7

2() <O (5;1@) 2,(0)exp (o (%(?)]*( ))) ) <5Z;g> exp (o (7532*( ))) .t
P
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Imposing fy;;?j; (t) <1 gives the desired result.

Fine-Grained Result for i € [m] \ R,. By Lemma [7 we have that for all i € [m]\ R and j € [m*], it holds

that
s { 1j> @, C(i)( )‘} <O ( (2?Z(t)3 + sf?e(t)s(zi)e(t)) <0 ( m73>

62d2
For i,j € [m] \ Re with ¢ # j, we have that

G0f} 0 (e + Sotion) <o ()
P

22w,

max {

7 (t) ’

ig (]

Thus, for all ¢ < O (%) we shall have that

max{ YOl [V )’, gf?(t)’} <0 (5;’2) Vi € [m] \ Re, j € [m*]
max{’[z-%)(t) SIOIN Ig?j)(t)]} <0 (5:1;&) Vi, j € [m]\ Re,i £ j

Bounding Ii(i) (t). Here we are going to upper bound Ii(j) (t) for i € [m]\ Re—1

Lemma 12. Suppose that the inductive hypothesis in Condition[3, and the initialization condition in Condition[]
Let T, be defined in and T(€) in Definition[4 Then for all t < T., we have that

(3)()‘< @ msg)e()) if i # )
b o s@)())y&h() +o(mgA>g(>) ifi=i

Proof. By Lemmam we have that, in the case where i # i}

4
dt

I (t)\ = —sign (Iﬁ)(t)) (;vvic 0(t)" w; + b%vwiﬁ 0@1)" vj)

1 1
< 36052 ( 2>
b
(2)

Since €,°,(t) is monotonic non-decreasin, we must have that

18|+ 0 (md,0°)

i’i) (t)‘ <0 (mef}e(t)3> for all t > 0. Similarly,
in the case ¢ = i, we have that

d

“ 1 1
i alt) (az * b2)

3 |-
5 Pz a0

3 1. 1
T (t)‘ — A O,

18 0)

|9@] + 0 (me o)

(2) /2 o ChCh42
iz gz (1) > 0|

(1) ‘k‘+l

g sdex

6(¢V ()

=+ O (81 (t)?))

<0 (e5(0) 12 0 +0 (e (1))
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The second and third term requires a more careful analysis. First, by the definition of j‘iz b

4, we have that

N . 3
Mgz a0 () -sign (15)(1)

2) 3= Ch42Ck (1)
fyl[’]é (t) Z k! 712‘7] ( ) + 18

oo 2
2) (42 (13N GEEL (D) pyk
G O (P D2 =iz ()

k=0

<18 ‘I}f’;)(t

@) 3N Cha2Ch (1) @) 13
WD D FEEA D 0F + 0 (2,0) 12 0

<O<f(1°gép>;>_

Moreover, by the definition of 5\1'2 Jjz.1, we have that

<181 (1)

18]+ 0 (=5,0) 12 0

]
L _ Crt1 (1) k+1.(2) 3
=iz g1 ()i e = 6 o Yirar 7 v ()

k=0

— 6y (02 () ( e <;g (1o ;”)))
<o(G(=3) )

Recalling that A j» 5(t )’yz(*) » = 0 for all £, we have that

If?;)(t)’ (36052 ( : b12> -0 (;E <log :57;) 2%>>
+0 (EA,e(t)) Vi(* )j*( ) +0 (mEA £<t)3)

< 35052 ( 5+ 3 ) [100)] + 0 (<040) 1207 + O (meButer)

Since Sf?e(t) is monotonically non-decreasing, we must have that Ii(j) <0 ( 2) ot )) %(2) t)?+0 (msA)e(t)?’)
for allt > 0. O

a
dt

With the above preparation work, we are ready to derive the result for phase 1 convergence.

Lemma 13. Suppose that the inductive hypothesis in Condition[d and the initialization condition in Condition|]]
holds. Let T, be defined in and T'(§) be defined in Deﬁm’tion@. Then there exists constant 7 > 0 such that for

all € satisfying (1—£2)~1 < O (1) and all constant B3 > 0, it holds that T, > min {T (%) + M,T (5)} + Bs,
and there exists T < min {TC, @ (\/&)} such that for all Ty <t < T, we have that 'yz(;)] (1), 71(2) (t) > 0.9.

; ) + %"\/&,T(E)} + Bs. Thus,

Proof. By Lemma Lemma |11{ and Lemma we have that T, > min {T (jg

it remains to show that there exists some 77 < T, such that 'yl-(;)j*( ), 'yl(f ) *( ) > 0.9. To start, we choose £ = 3.
By Lemma [8 we have that 4

5= (7(3)) .
(o (r () i (a0 1) o () ) (7 G) -7 ()
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T(l) §O<d§> +T(6H”) <T( ) Prdev/d
2 5]}% d5 ds m

when d > 61°m5. Thus, it suffice to show that a T3 < T (3) + fBs achieves 'y.(l)} (1), 71(*2)J*( ) > 0.9 for some

i},J;

constant fBg. Notice that this choice of T} satisfies T3 < O (ﬂ) That is, if we define

This gives that

T17 = min {t >0: ’y(l) (t) > 0.9} T1 2 = min {t >0: 7(2) (t) > 0.9}

1y 1y

Then it suffice to show that 771,712 < T(%) + Bs. By Lemma i we have that for T(%) <t <
min {TLQ,T (%) + 58}7 it holds that
d_(

e 2
@) @) E (1) @)
G 0 2 A 0 (1242 (07) 325 0F = 0 (50)
k=0

@ ol @ o\ (2 oL (o m\T\) [ m?
22 (0 (1247 0) (CO O(ﬂ(log 5u»> )) O(ép\/&)
2

This shows that dt')’z(?)g*( ) >0 as long as 1 — ’y(*) *(t)z >0 (5’”}) Thus, we can conclude that 7(2) (t) >1
P

for all T (%) < t < min {Tl)Q,T (%) —1—58}. For the dynamic of ’Yi(Za)jZ( ), this implies that for T (5) <t<
min {TLQ, T (%) + ﬂs}

d () c? m? c?

dtm =73 -9\52) = 50
Thus 7(2) (t+T (%)) > %'(22,)]'2 (T (%)) + - t, which implies that T7 5, < T (%) % <T (%) + Bg for some
Bs > 0. Next, for the dynamic of ’Yi(;,)j; (t), we have that

d ) D) 12\ (@) 3N () ok m?
@72}32(0 26(1_71[,]2 (t) )7127_]2 (t) — E’yzz’]z(t) -0 m

0-0) (40 (G () )) -0 (2)

Thus 7). (t+ T (£)) > A4, (T (3)) + 4 -+, which implies that 711 < T (3) + % since 7). (T'(3)) >

1 Z[ ]( 2

Nl=

Y

>

OO‘HQM

-0 ( (log & ) > by Lemma Therefore, we can conclude that 77 1,712 < T (%) + Bg for some constant fSs.

Now, we consider the dynamic of fy( ) ( ) and 'Yi(;)j; (t) for t gegmax {11 1,T12}. As before, we have that

2

d_@) @ 3 W 2 m
a%;,j;(t) 2 E%;,j;(t) (1 _%;,j;(t) ) -0 56]?\/3

2

d_@) G2 (2 @ (2 m
dt%l’h( )= E’Yig,jz(t) (1 — Vixjr (t) ) -0

6511"\/67
We can observe that dﬂz(f)g*( ), dt’yz(j)]z (t) if
2
€] (2) m
7’( J7 (t) 7’13 J7 (t) s1-0 <56]p\/3>

Thus, for all Ty <t < T, we have that 'yl( ). < (1), %([ ’)Jz (t) >0.9 O
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A.6 Establishing the Inductive Hypothesis: Phase 2
A.7 Phase 2: Growth to Near-Perfect Alignment.

In this section, our goal is to show complete the inductive hypothesis.

1) (3)

W) 12,0

Lemma 14. Suppose that the inductive hypothesis in Condition[3, the initialization condition in Condition [,

and the condition on the sigmoid function in Assumption [3 holds. Then for t > Ty, where Ty is defined in
Lemma[13, we have that

¢ (t)‘ and

Yesde

)

{|c2: 0|2 @] 12, |} O (et + f25)  for Ti<t<T.
max G ‘, 1.7 (¢ ‘ <
i e o<m5<1>()2+6g;73) for Ty + O (logd) < t < T.
I3 2

Proof. To ease the analysis in this section, we are going to define

(e} 02
1
Qolt) =i (07> Al ()

k! tede
k=0
0 2
2 Ck 1
Qi(t) = 'Vi(;,)j; (t)Q Z kJ!rl 'Yi(;?j; (t)k§
k=0
2 - CkCh+2 (1
Q2(t) = 'Yz‘(;,)j; (t)? - T%’(E’)Jf (t)k

By Lemma [5] we have that

Nipspa®) = 692 (D@10 £ 0 (£1,12) 27, 0% £ 0 (4 0)?)
N sp2(0) = 61, (0Qa(1) £ 0 (4,(1)?)

Sipara() = 62 (0Q1 (1) £ 0 (£40,6)°)

N gpat) = 615, (0Qa (1) + 6¢2 (HQu() £ 0 (4,(1)*)

Nig.iz 5(t) = 2Qo(t) £ O (e&&(tﬁ) vf??h ()£ 0 (540)*)

We start with a detailed analysis of 11(;3)]; (t). Recall that

%Ii(g?je( t) = 135\ j4,1( )Ci(;,)j; (t) + 1)935“* jz,5(t)Cf,§1,)jz (t) + 35‘i2>j272(t) ((1112 + 17112)
Ci Nig gz a2 (0) + ;%Jz»s(ﬂﬁﬁ ®)
— 36Cs. <112 b2> Il(i)%( = algj\izaz (t )%(,51,)@3 (t)Iz(i)ze (t)
— ;;5\% h ,5(15)%?2,2,)% (t)Ii(;)iz t)+0 (mei,)é(t)%f?l(t))
= 2 00,0 + %Qo(wcﬁb (t) +18Qa(0)C5 5 (1) (1 * bl)

2Q (17 <>I<f’>*<>+ 20 <)v,*J*(t><F3><*<t>+bgvf;’],;u)@l(t)c};?j;(t)

Yeode

1 3 2 3
~36Cs2 ( 5+ 35 ) 160 = 530t 02 OQ 01D 0

Ry
18
— i (0O (0 £ 0 (me'u 2 2,0)
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Next, we will look into Ci(;?j; (1), Cl(EI)JE (t). In particular, for Cz(gl)j; (t), we have that

d N 1 2 1 1 1

00 = A+ =5 iz a0 (0 = =5 Az a (O (06 (0
2 3 1 2

- 20l 0100 (melL 000

:—Qﬂﬂ@4)+gQNK$ﬂﬂ i%%(ﬂb@@@w

—%ﬁ@o#>OQm£@m GQW)®$QMi0w£uF£%0
Similarly, for Ci(;?je* (t), we have that
i@@wzé%ﬁawgyweu#>m gaw<w¢w§g@
_%%%wﬁ%()ﬁsd)iO(mq&(Véz@D
= OG0+ 2 O () = Qo 062 0
—r@C@ﬂg%Gﬂg}()i@(mq&(ﬁéﬂuu
Then we can write Cl(;)j (1), Cis g (2) ( ), and Iz(,gg)g; (t) into a system given by
G100 = ~onI D () + gl 0+ e, (1) % 0 (e (0% Fu(0))
L) = —anl D (1) — 12¢E (04 9202, (1) % O (e (0% F(0))
ﬁﬁgo —as I (6) + 15¢E ) (1) + psC ) (1) £ O (mel, (02 50,1))
where
(nzzaa2(g ;)+ 215 O 0010 + D (00D - T2 (000
ng@wgﬁrg@w;a w@m@w
0= 32 (@01 0u0) +18 (2 + ) Q)
@zz(ﬁgumwogu & (1))
%§@<H%@m@m)f72%&ﬂmw>

p2 = i—SQl(t); p3 = 2Qo() m A (t)

By Lemma 28] we first need to check that t2p3 > t3p2
25— 1392 = s (112 (012 (D@10 12 (DQ2(0)) 212, (o)
a2b? \Tidai i ig.ap R ) i gy RO

(@) + 9 Qa0 @u(t)
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By Lemma [29) we have that Q2(¢) < 0 for all 'yzgzl?jg (t), %(*2)]*( ) > 0. Therefore
108 1 2
20— 1502 2 gz @) (9820 (072 (2Q0(t) = 3Q1 (1))

Thus the condition holds if Qo () > 4.12Q(¢) given that 7(1) (1), 'yz(?)]*( ) > 0.9, which translates to

1y

Ck (1) k+1
3 Yig e (OF > 412 Z z[ ,JZ

where we can use

oo 9
Sk D (1) > 2 =0.25

k! i
k=0
2
and noticing that 7(2) B72Q1(t) < Shey 2 =E,ono1)[7'(2)?] < 0.05. Then, we need to check that

afia +afps + arasi + arazpr + a1il + ot + aip3 + azpips > aatzpr + st pe
To start, we notice that
36 2 Cl2 36 2 18
oo — Q3P = ?0572%‘(;,)1'2 (t) (Oq - = 'p2> = ECS,Q%'(;,)J-; (t) (a1 — bﬁQl(t) >0
[ [ 1 [

when 7( ) ( ), 72(*2)]*( ) > 0.9. Thus, we have that ajastq > aseyps. Lastly, we also notice that

iz — 13 > o (092 () (Qolt) 45, (0@ (1) Qi)
108 /1 1 432
+ Z\ @2 + bf) %(;1)35( " ([2,)3[( )Q1(1)Q2(t) — WV};LZ H)Q1(1)?
108
> S 0@ (1 0Qu(®) + 94 (012 (D@ (1) — 4 (1))

108 /1 1
i (2t ) D 2 00 0Qal0)
which can be numerically verified as 'yf )L] (t) > 0.9. Therefore, by Lemma [28 we have that
¢ (T +t)) @+, 1 1 —l—t)‘}
<™ ([¢ff), (T )\ e )| + 12, @) + 0 (meFue?)
2

<e_9(t)(9( i )+(9 meW, (£)2e?) (1

) T O (el R0)

Thus, for t > T + O (log d) we shall have that

max {

(1)
Ci; g (t)

(1)

max {

7
3 m
| m[} <o (me&(t)? 5 d)

The same holds for Cz(;)](t) C(l) (t) 1(3)( t) as their growth is upper bounded by the above.

77,1

Bounding C\2';(t), ¢\, (t) and 1), (1), 1), (1) for j € [m*]\ {j;}
Lemma 15. Suppose that the inductive hypothesis in Condition[d and the initialization condition in Condition|]]
hold. Then for all t > 0 we have that

0] Jo2)10)] < 0 (2 + me 0 + <007 i € (]
0] 0] £ 0 (S melw + Q0 ) svi £t




Guided by the Experts: Provable Feature Learning Dynamic of Soft-Routed Mixture-of-Experts

Proof. For j € [m*]\ {j;}, we write out the dynamic of Cl(zl)j (t), (jz(;)] (t) from Lemma
d

1 1 1 1 1
P Ci(;,)j(t)‘ z )‘12,32, (t)%'(;,)jé( ) Cz(e )g ‘ ( EEA)/ ( ) () )
F
d |2 9 3 @ 4] ( D
it Ciz,j(t)‘ =T Aig g5t )%Ne ()¢ zL;,j ‘ ( () )

)
~o

Sipa 2OV 0] [Nz 200 M < 0(w?) and
%(2)]( )1(3) (t )‘ < O( ) from Lemma Since both )\z; RTR (t)%zl)];( ) and /\zz,y;, (t )%(* )J*(t) are posi-

tive, we have that

where we applied the upper bound that

1271( )’ and ’Ciw( )‘ enjoys an exponential decay up to O (ms&&( )3+ 5&&( )2) Recall

that at the end of phase 1 we have |(;. VIR i j(t)’ <0 (67"—\;3). Therefore, we can conclude that
2
1 2 m 1 1
SUOINISHOIESe (6P\/3+m6( HOREEAD )

Now, we focus on Vf;)](t) and %(22)] (t) for j # j;. In particular, by Lemmalﬂ, we have that

d 1 1 . 1 1 1 1
Z 0 = == A a0, O 0] + 0 (mel ) +000)?)
Ly

d (2 9 2 2 2 1

(0 = g Vs s (0 20| + 0 (mel 0 + 3, 1)?)
Since both )\Z* gpalt )71(*) *( ) and )‘ZE grs(t )%(* )J*(t) are positive, we have that ‘7 ‘ and "y e ‘ for j # j;
enjoys an exponential decay up to O (msg)z( )3+ Ei,)e( )2 ) Thus, we can conclude that

2
1 2 m 1 1
W) hEm| <o (@ﬁ +mely () + £4y(1) ) Vi # i
U

Phase 2 Growth of 'yle?jz (1), szzfj; (t). In this section, we show that 71‘(;27)3'; (t) continues growing up to at least

1) m7
1(9<m5Aé() +5]ﬁ;3dg>
Lemma 16. Suppose that the inductive hypothesis in Condition[d and the initialization condition in Condition|]]
hold. Then for all t > Ty + O (logd), where Ty is defined in Lemma we have that

7
1 2 m
1 02, >1-0 (me&i)z(t) + 5 dg>
P

Proof. To start, we need to perform a more fine-grained analysis of the dynamic of %(;2,)]; (t). Recall from the
proof of Lemma [7| we have that for (i,7) = (i}, j;)

ZAM WD) = Aias (0917 (1) £ 0 (mel, (0% F,(1))
ZAM )65 (1) = +0 (me'd, (1)) £ 0 (4 (s (1))
st (¢ @) = %0 (mel 1)) £ 0 (s, Wes.e(0))
Zl A2l (0) = +0 (

SL02) 2D 07 £ 0 (med,(1)?)
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and also

Z Nir2 (I (8) = 20 (5,0(6) + mel, (1)°)
Z Aira(OIE) (6) = +0 (gw(t)Q n ma(jfl(t)?’)

Z )\i7r’5(t)lr(,2i) (t) = /\iﬂ',5(t) +0 (mEEi’)e(tP)
r=1

> N2 (1) = 20 (£0,(2) 17, 07 £ 0 (med,(1)?)
r=1

Nira (1) = 40 (£94,02) 12 (12 £ 0 (mel,(0°)
r=1

Nims (2 (0) = Nig 37 5 (0055 (8) % O (el (1)
r=1

Z 5\1'217"’2 (t)é-z(el,)j; (t) = 5\12,]2 2( )Cl(glv)JZ (t) :t O (mg,(/i?é(t)?))
r=1
Nz, () = Nip iz 201, (0 % 0 (mel), (0°)
r=1
3 At a 620 = b a1, (1) £ 0 (meD 1))
r=1

I‘(f’)‘z( )’} Then we have that

Denote é,(t) = max{

N2 (06 (0] < 0 (20 + me'3y(1)?)

Niz 210 ()] < O (207 + mel ), (1)?)

N a6, (0] £ 0 (20(0) +mel, (1))
r=1

Noticing that €5 ¢(t) < é,(t), we have that
A2 1) > (1-42 (t)2) M is5(t) — O (é ()2 + me) (t)3>
dt 7’@’7€ - /yi* M 'Lg:]gaS 14 Al
By Lemma [21] we have that

This gives that
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Let 7' be the first time when &,(t) < O <mafi))e(t)3 + ’"73) Recall that for all t < T we have &,(t) < O ( m? )

63d2 SpVd

Therefore, we have that either 71'(22)J’2 t)>1-0 (6’%) ﬂz( ). (t) > 0. Thus, we must have that at T
, 2

For all ¢ > T', we have that

d (2 2 @) (o ) m’
%’Yi;,j;(t) > ¢ (1 — Yiu jx (t) ) — O [ mely (1) + F¥E

Before ’Yi(;)jg (t) first reaches O (ms&&(tﬁ 4+ m” > we have that

d 2 02 2
771'(;,)_7'2 (t) > 2 (1 - %(g,)jg (t)2)

This gives that

ey () o (F) 1) e(%) 00
D (@)oo (B) 1 ™ () 00

Thus, for ¢ > O (log d) we have that 'y( ) (t +T)>1-0 (6;';73 + ms(j)é(t)?’) and stays at that magnitude. We
P 2 ’

conclude the proof by noticing that 7' < Ty +O (log d) by Lemma and the same analysis holds for 'y(*l ,)j; (t). O

Y

With all the preparation work, we are ready to state the lemma for phase 2 convergence.

Lemma 17. Suppose that the inductive hypothesis in Condition[3, the initialization condition in Condition
and the condition on the sigmoid function in Assumption@ holds. Let T, be defined in , Then for allt > T},
where Ty is defined in Lemma[13, we have that

0 . 0.9 fort>T
t) >
7’@ Jz( ) Py’z Jz( ) —11-0 <m5£i)€( ) + m” ) fO?”t >T + @ (log d)

63d2

)

Moreover, for all t > Ty, we can upper bound ‘Cf;)j(t)

[m*]\ {57} by

ey for 5 € 1

1
’Yi;,j(t)

1B,0)| for j €

m2
SOIRE=A0] <0<5 75 e+ <) ) vj € [m*]
P
m2 . <k
v v )‘ <0 (5 7 +mel,(t)? +sfjfg(t)2> Vi # G
P

Proof. The first part of the proof simply follows from a combination of Lemma[l4] Lemma[T5 and Lemmal[lf] O

A.8 Formalizing the Proof of Theorem

Now we are ready to prove the theorem for gradient flow.

Proof of Theorem[], By Lemma [I7] we have that

m? ) N
¢l |l <o (5 5 H e’ + s&}?ew) ) € [m’]
P
m2
A2,0] - PO < 0 (S5 4 meldito + 007 ) svi £
P
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By the definition of ES?Z(t), if €S?€(t) > gf,)E-s-l(t)’ then we must have that Cz(zl)j @], Cl(;)j (t)‘ and
"Yz(j)](t)’ %(2)]( )‘ is greater than E_(j?£+1(t). In this case, we must have that 5%7)[(75) is dominated by
Ci(l)j(t)" Cl(;)j(t)‘ and vle)j(t) 752)](75)‘, For t < T,., we can thus conclude that ‘(f;)](t)‘, Cf;)J(t)’ and
%(1)] (t)) , %(;)J(t)‘ must stay below O (57:\;3). Otherwise, we will have that eg?e(t) < ef’)eJrl(t) and thus
o) o) m? W 3D 12 v e
C%](t) 9 <¢E’](t)‘ SO 5P\/g+m€"4’e+1(t) +€A,€+1(t) ,VJG [m ]
2
1 2 m 1 1 . -
%(ZL( )| Pyl( )J( )‘ <0 <5P\[ +m5£4)€+1( )? + 54)e+1( )2) Vi # i

which implies that for all ¢ such that 5(1) (1) <O ( ) it holds that

2
(1) (2) m . .
<i;,j(t) ) Ci}7j(t)‘ < @ <W> ,V] S [m ]
2
(1) (2) < m o i
@] piyo] <o (511»\/&) Rl

Combining with the inductive hypothesis that ex,(t) < O (5;”—2\/&) gives that er11(t) < O ((spm—\;a) when

68)“1( t) < O (%)- This gives the third inductive hypothesis. For the same reasoning, by Lemma ,

we can also have the first inductive hypothesis. Lastly, the second inductive hypothesis follows from Lemma |9

Based on the first and second inductive hypothesis, we can conclude bullet point 1-3 in Theorem [} To see the
last statement, we recall from Lemma [17] that

m7
YD = 1-0 (msi)z( 2+ ) for t > Ty + O (log d)

63d2
Let T* > T1 + O (log d) to be as small as possible for all £. Then 7* < O (\/(j + log d) <O (\/(E) by Lemma

By definition of 5( ) o(t), we have that s( ) w(t) < 5&1)“1(15) for all £ € [m* — 1]. Thus, 5&&(15) < 5Ei,)m* (t) for all
¢ € [m*]. This gives that

7
1 2 1 m *
V@98 =1-0 (mg&)m* ) + 5§d3> fort > T

Thus, it remains to bound 5A '« (t). By definition, 554 '+ (t) depends on 'y( ) (), %(1)]( ) for all £ € [m*] and

€ [mA\ g} ¢ 0,65 (#) for all i € [m] and j € [m Landzf,”o,ff";)()Jf?(>foranz',je[m] with i # j.
Recall that by Lemma we have that for all ¢ > 77, it holds that

Cz(j )y (t)

2,0] £ 0 (572 4 melv® + =007 %5 € ]

7

pVd

m2
20 < 0 (22 mele + <00 ) svi # 3

For C-(l-) (1), (-(2-) (t) and I(l)( t) I(Z)(t) I(g)( t) with ¢ € [m] \ R+, we obtain from Lemma (11| that the above are

2y lv]

bounded by (’)( f for all t < (’)( ) Lastly, for Ii(yl)( ),IZ(QJ)( ), Iz(i) (t) with ¢ € Ryp» or j € R+, We can
obtain from (|17 , (18)), and ( . ) that
0|} +o (2
|53y 52d4

1
SHUIO]

max {

i,J (t) )

1,7 (t)

JiD @[} < max {3(3, @

NGNS R0
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As of3, 0]
(@) (—5;53) as shown in Lemmawhen t < {T &+0 (5 f) (@] <6ii4) } Comblnmg all the bounds above

we can conclude that ei)m* t) <O (%) for all t < min {Tm* & +0 (‘%’m—‘@) } Thus, we can obtain that

‘ which are bounded by

(1) . . (1)
Cj,j; (t)‘ are bounded above, we just need to look into ‘7j7j ®)1,

7
@) () @ Cofm
Vi g; D%y 5 (1) 21 -0 (53d3

2

);VT*gth*+(’) (5“”?)
m

B Proof of Theorem [2

Proof of Theorem[3 We simply need to show that under the stopping criteria the procedure in satisfies
that v, € [m] \ [m*] for all 7 € [7*] and that 7* = m — m*. This is done in Part 1 and Part 2 below. Before
we start, we define the loss over the pruned model as

Ls (0) = Bx[ (fs (0,%) — " (x))’]

and we write the target pruned model as

For the convenience, we also denote h; (x) ;=7 (VTX) o (v_v;rx) and hY (x) =7 (V:Tx) o (V_Vi*Tx).

Part 1. Assume that S;_1 C [m]\ [m*] and |S;_1] < m — m*. Let rr € [m]\ [m*] and v, € [m*]. Let
S; =81 U{r.}and S, = S,_1 U{r.}. Moreover, let S* = [m] \ [m*] \ S;. Then we have that

\\3

Ls, (6) ~ Loy (6) = Ex[ (fs, (6,%) — 1* (x))* (£, (6,%) — /" (x))’]
=Ex[(fs, (6,x) + fs: (6,x) —2f* (x)) (fs, (8,%) — fs: (0,%))]
= Ex[ (fs. (0.3) + fs, (0.%) =2/ (0.%)) (fs. (0.%) — fs (6.)) ]
— 2B (£(0.%) — 1" () (fs. (6.%) — fs, (6.%))]

T

= Ey Z hi (%) + by (x) = By (%) | (Bes (%) = B, (%)) | =271

A
€S+

= B[ (b, () = o, ()" =275+ 2B | 3 1 () (g (%) = . (%)

ieS+

T2
< B[ (s (0) = o, (x))*] + 2175 + 2175

It suffice to upper bound |7;| and |72|, and lower bound Ex[(hr; (x) — h, (x))z] To start, the lower bound

can be derived as

?T\?m

Ex| (hry (%) = By (3))°] = B[ s ()] + B P, ()] = 2B [, (%) B ( f: (20)
k=0
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where the last inequality follows from Lemma Next, for |T;|, we have that

Ti = B[ (£ (0,0 = £ 09) (e, () = Dy ()]
= Ex lhn (%) h (X)] —E, lhn (x))_h (X)] — Ex [hir (). Yool (X)]

=1 =1 i=1,i#r!
’ (2)
TR () D0 ()| B ey (007 By () 7, (0]
i=1ir!
—E, [h (%) — s ()1 (x)] + 0O (m*eh)
By Lemma [22] since 7. € [m*], we have that
B s (x) 1ty (%) | = 6B [y (x)°] £ O () (22)
Thus, we have that
Ti| < O (e +m*e?) (23)
For |Tz|, we notice that r. € S; and r/ € [m*]. Therefore, r,,7. ¢ S+. Thus
[T < 3 Blhi () B, ()11 D (B[ Bi (%) g (x)]] < O (me) (24)
S S

Combining (20), (23), and gives that

when € <o (\/%)

Part 2. Assume that 7% < m —m*. We show that Ls_, (8) > Ls_, (0 + 1) by letting S;+11 = Sz« U {r*} where
r* € [m] \ [m*]. Similar to before, let S+ = [m] \ [m*] \ S;+11, we have that

(fs.. 170 = (fo. (0,%) = £ ())°]
(fs (0,%) + fs,.., (0.%) = 2f* (x)) (fs,. (6,%) = fs,.,, (6,%))]
hos (%) (fs.. (0,%) + fs..,, (6,x) —2f* (x))]

Ex| by (x (fs* (0.%) + fs,.., (0,%) — 2 (0,%) ]
— 2B [ (%) (£ (6.%) — 1" (%))

Ta

:Ex:hr* (x)2] +2Ex[hr* x) Y h (x)] —2T

€St

Ls.,(0)—Ls.,.(0+1)=Ex

X

=B
-~
[
=]

T2
> B[ (xf] ~2|Ti| - 2|73

As before, we have that Ex[hT* x)?| > 6> re o — O(e?) and |T3| < O (me*). For Ty, we have that

Ex[ e () (£(0.%0) = 1" () ||

<D Exlhee () hi ()] + Z [Ex[hrs () b7 ()]

|Ti| =
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Thus, we have that

oo 2
Ls..(0)—Ls. (0+1) 262%—0(€2+mg4) >0

when e < O (ﬁ) This shows that 7* > m — m*. Next, we assume that 7% > m —m*. Then 7«11 € [M*].

We show that Ls,, . (0) < Ls 0). As before, let . Notice that by Part 1, fs _ . (0,x) = f(H,x).
Then we have that

’Csm—m* (0) - £'5m—m*+1 (0) = ]EX[hTm—m*JA (X) (fS'/n—'rn* (G’X) + fS'rn—'rn*«{»l (0,x) - 2f* (X))]
- zEx[hrm,mm () (£(8,) = 1 x))] = Ex[r,. oy 0]

As before, we have that EX[hrm_m*H ] >6> 00 , — ( 2). It remains to upper bound the first term. In
particular, we have that

Ex[hrmfm*“ (X) (f (G,X) - f* (X))] = Ex[hr"km*ﬂ (X)2 o hrm*""“rl (X) h:m*m**l (X)]
+ > Exlhry e, (0 (hi (%) = b} (x))]

7'7““771 m*+1

<O (e +m*et)

m—m*+1 (

Thus, we can conclude that
o 2
k 4
e (0) = Ls, .., (0) < — ;:: 21 TO(e+met) <0
when e < O ( f) This shows that 7* = m — m*, which finishes the proof. O

C Proof of Theorem [3

We will analyze the Hessian in a small region near the global minima 6* = {(¥}, W*)}
the following second-order Stein’s lemma.

Lemma 18. Let v.w € R? and g,h : R — R. Then we have that

i—1- To do this, we utilize

Exenviot [9 (V1) B (W) xxT] = Exononn[g (vIx) b (w'x) 14

+Exonvorn[d (vIx) R (wix)] (vw +vwT)
+ Exonro1n [97 (v %) b (wx) Jvv?
+ Eynoa [ (vIx) B (W' x)Jww "

The proof of Lemma follows by applying Stein’s lemma twice. In particular, we shall prove the following
result

Theorem 4. Let 0 = {(vi,wi)}zgl be the parameter of the MoE, let ay,...,am«, B1,. .. Bmr > Q(1) , and let
Wi, Wns, Q- 5 G € R be any set of vectors such that ||(I — v;v;) w3 > Q% [|w||5 and ||(T — W, w;) qul|5 >
Qo ||%H§ for some Q* > 0 for all i € [m*]. If @ also satisfies that ||v; —V}|,,||[Ww; — Wi, < § for some
e<o (NTQQ*» and CSD > %, then we have that

s1 = N2
aguy ] [u; ]
. m*
Qyx Uy > 2 Wy * . * 12 12
| V00 [0 | 2 Mm@ 3 (sl + el
_Bm*qm*_ [Am~ ]

for some constant k > 0.
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Proof. Form of Hessian. Here we are going to compute av?;VjE(G) , aw?;WjL(O), and #{;Wjﬁ (0). Recall
that the gradient takes the form

5 £0) = o, (VT VB 0%) — 1" G0} () 7 (3 )]
afvi (@)= nwln( a—wiw] ) Ex[(f (8,%) — f* (x)) 7 (v] x) o (W, x) x]
Therefore
o2 1 =T 1 (ST - T I (sT _T T T
Wavj (7] :m(l_"ivi )Ex[ﬂ' (vi x)a(wi X)?T (vj x)a(wj x)xx ] (I—vjvj)
Tija
]I{i:j} o T ok "(=T _T T T
v o) B 0 1 (o) e (7)o (w3 s ] (- v
’ Ti g2
gt @9 B 00— 1) (57) o (8x) ]
Villa
Ti,j,3
- Hﬁiv-zng} Ex[(f (8,%) — f* (x)) 7' (v %) 0 (%] x) (vix +x9] )]
o Tija
82 1 — T -T ) (=T _T - T T T
Twidw, (0) = m (I—ww, ) Ex[m (v]x) 0" (W/x) 7 (vjx) o' (W x) xx ] (X- Wiw, )
7-i‘j,5
i=j} o - _t e TN T e T
HW‘||2 (I WiW; )EX[(f 0,x)— f*(x)m (Vi X) o (WZ- x) XX ] (I Wiw, )
Ti,j.6
- H{;:”i} (T —wow] ) Ex[(f (0,%) — f* (x)) 7 (v x) o’ (W] x) W] x]
’ Ti 5.7
D 00— 1007 (729 (8T x) (w4
o 7—1',,]'8
82
Wawj'c 0) = ||VZ||21||WJ||2 (I—viv]) Ex[n' (v/x) o (W] x) 7 (v] x) o (W] %) xx "] (T - w;w )
Ti.5.9

= GeT)E(F(0.%) — £ ()7 (7 %) of (W] x) xx ] (1= wsw] )

[villy [[willy

2
For the convenience of the analysis, we define Csg = 2> 1, % and Cg1 = 6 1o C’jjll. Our next lemma
controls the magnitudes of these blocks.

Bounding 7; 2, 7i 6 and 7; 10. By Lemma [I§ we have that

Tije =Ex[(f(8,x) — f* (x)) 7" (v x) o (W x)]14
+Ex[ (£ (8,%) = f* (x)) Vi (7" (v %) 0 (% x))]
+ Ex [V (£ (8,%) = f* (x) 7" (¥, ]
+E[ V(7 (0.%) ~
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Similarly, we have that

Tije6 = ]Ex[(f (0,x)— f*(x))7 (V;rx) ol (WIX)]Id
+]Ex[(f (0,x) — f* (x)) V2 (71' (V;X) o (W:x))]
+]EX[V,2( (fO,x)— f*(x) (]Tx) " (W;rx ]
+ B[ Vi (7 (0,%) = 17 () Vi (7 (7)) 0" (%] %)) "]

Also, we have that

Tijao =Ex[(f (8,%) — f* (x)) 7' (v x) o’ (W, x)]14

+Ex[(f(8,x) — f* (x)) V2 (7' (v x) o’ (W] x))]
+E[V2(f(0,x) — f* (x) 7' (¥] x) o’ (W] x)]
B[ V(£ (60.%) = 17 () Vi (7 () o (] %)) |

Thus, we can apply Lemma [23] to obtain that
1 Tig2ll2 1 Tigelly s 1T s00ll, < O (m*e)

Bounding 7; ;3 and 7; ;7 By Stein’s Lemma, we have that

Therefore, we have that

|Ti5,3 <

|Tijrl <

B[ (7 0.%) = 1 00 Vi (x (7)o" (%))
Applying Lemma [23] gives that
|Ti g3l 5| Tigrl < O (m*e)
Bounding 7;,;4 and T; 5. By the structure of T; ;4 and T; .5, we have that
1Tosally < 27 03) — £ () (7)o (w7 )]
<2 [E [V (7 (6.0 — 7 G 7 (v) o (w] %) ]
2B (7 (0, = £ (0) Vi (' (/%) 0 (w/ )]

Similarly, for 7; ; s, we have that

17i58lly <2

B[ (/0. = £ (x)) 7 (/%) o (9 %))
B[ Vi (£ (8,%) — " () 7w (v %) o' (w] )] |
) Vi

Ex[(f(8,%) — f* (x)

<2

+ 2
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Applying Lemma [23| gives that
[7ijally 1 Tissll, < O (m*e)

Bounding 7; 1,75, Tij.10 for i # j. By Lemma|[I8] we have that

Tosn = Ex[m (9730 o/ () 7 (] %) o' (%] )]
FE[V2 (r (v ) o' (5] 3)) 7 (] ) o' (] )]
¥7%) o' (] %))]

Applying Lemma [24] gives that
1 Tg1lly s | Tigislly s 1 Ti .00l < O (e)

Bounding 7; ;1,7 i5, Tii,10- By Lemma @ we have that

+E,[
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Thus, we have that

= B[ (v[%)" 0 (w/%)°] (1= viv])
2B [ (o (W) %)+ 0 (w/ %) o (W) ) 7' (v/%)°] (1= viv] ) ww] (1= wiv])
= B[ (v/%) 0 (w/x)’] (1-viv))
+ 2E, [0/ (W) x)* (vjx)z] I-vv) ) wiw] (I—vv]) +Tiin
(I-w,w,

with

ﬁll”g < O (e). This gives that

O
Now, we are ready to prove the fine-tuninig convergence.
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Proof of Theorem[3 By the mean-value theorem, we have that
VL(0) = VL (0%) + V2L (é) (6 —60*) = V2L (é) 6 — 6%

for some 6 € [0, 60*]. The gradient flow dynamic implies that

G600~ o712 = (010~ 07, S000))
<5( )— 0" Ne(ﬂjt (t )>
—(Noq (0(t) — 67) , VL(6))
=~ (Nog (6(t) - 67) V2L (8) (0 - 67))
Notice that N (6(t) — 6*) takes the form
villy " o1

~ Vs |5 Vs
No) (0(t) — 6%) = ”Wﬂlzlv_v’?

_ -1
LW lly ™ W |

Thus, we are going to apply Theorem [4| with Ny, = 1 — o1 )iﬁ’;,Nmax =1+ o(l)ff;, and a; = ||v1\|271
#ﬁl)&»’ﬁi = sz||;1 < #?1)51?' This leads to the condition that ¢ < o (%i;) and CS;’ > 1Q?§ Under such

condition, by Theorem |4 we have that
d A ) _
1600072 < = (1025 ) @ o) - o)

This shows that He_(t) — 0*||§ decreases monotonically. To find Q*, we notice that

(T vv]) @a(t) = 0|5 = (wat) — 97, (T— 9] (a(t) = ¥7))
= |[vi(t) = ¥7l3 — (v (wi(t) = 7))
= [vi(t) — viIE — (1 - 9] o)
= vi(t) = %113 - § I9:(0) — 931

T 2\ (= |2
= (1- 1190 - w118) 190 - 921
Similarly, we can obtain that

2

(1= wow) () = w2 = (1§ Iws(0) = i) o) = w3

K2

This gives that Q* =1 — & max;e(] max{H\?i( ) — \7*||§ , (w;(0) — v’vj)} =1—0(g). Thus, the condition that
e < o( *2) and Cg > 1.1Cg; suffice. This gives us that

wa_wmg_é_q>f)u_<wﬁw@ o2 < % o) - 07|

Solving the ODE gives that

6~ 672 < exp (=5 ) l600) - "
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D Auxiliary Results

D.1 Hermite Polynomials

Lemma 19 (Restatement of Lemma . Let x ~ N (0,X). For some multi-index k € N", we define the
multi-variate Hermite polynomial as

Hey (x) = H Hek[i] (x[i])

i=1

Then we have that
(1T T 2 j)
Exnos[Hew ()] = [ [Tk | Y 1 —

palet = Mgt

where the set S is defined by
S=qMeN>":M=M"> Ml,j| = k[i], Mli,i] = 0;V¥i € [n],
j=1

Proof. Consider the generating function of Hermite polynomials

t? X Hep(z)
exp (mt—Q):Z ol -1

k=0

Let @1,...,2, ~ N (0,1), then for all {¢;}!_; we have

(5 9)

i=1 \k=0

m Heg (25
-y (H%f)).tk

keNm \i=1

where k € N" is the multi-index. On the other hand, if we write z; = u, x for some x ~ N (0,I) and u; satisfying
|lu;||, = 1, then we have

n t2 n - t2
EmiNN(O,l) exp Z (miti — 22> = ]EaciNN(O,l) exp Z (ui xX-t; — 5)
=1 =1
n 1 n
= ]Emin(O,l) lexp <XT <; tiui> ) l exp (—2 ;t?)

Since x ~ N (0,I), we must have that x' (31, t;w;) ~ N (O, 1>, tiui||§). By the moment-generating
function of Gaussian random variable we have that

u 1
E, - T tiw; — :
oo (=7 (S0 ) )| <o 3
Thus, we have that

n t? 1
EIiNN(O,l) lexp <Z (xztz - 2))] = exXp 5
i=1

2
2

n
E tiu;
i=1

n
E t;u;
i=1

2,
1 T
2
2 - ; 1 t; =exp | g E u; u;tt;
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Applying Taylor’s expansion gives

m\,_.
c
£,
c
<
St
k}@#

1 oo
exp 5 Z uiTujtitj = Z

i#j i<j
Combining the results gives

14

Z ELNNOI HHek[z -Tz l H

keNd

We intend to find out the cofficients of term [];- K on the right-hand side. Notice that such term must only

i=1 1
appears for term with ¢ satisfying 2¢ = ||k||,. By the multinomial theorem we have that

L Sraos
(w7 w)" ™ i i

i#] K|k, =¢ i<j
Therefore, we must have that
- B[z, M)
]Emif\/./\/'(o,l) lH Hek[i] (I,)] = <H > Z H [ ]]
i=1 i=1 MeS i<j

where S is given by

S={MeN*":Tr (M) =0;Vi € [n ZMZ]

Using vector notations, we have that
i =, M
Ex~no,z)[Hex (x)] = (H k[l]!> Z H M
i=1 MeS i<j I
O

Lemma 20 (Parseval’s Identity). Let f(z) be given such that ]EmNN(O)l)[f(Z) (z)?] < B, and let ¢y be the kth
Hermite coefficient of f (x). Then we have that

ciH]SB-k!; Vk >0

Proof. Taking the Hermite expansion of f() gives

O =3 S He @) = B [ £V ()] = i
k=0
Therefore, we have that
oo C;CQ (9] Ck+g
O ()2 = Tk _ Tkt
k=0 k=0
This implies that ¢, < B - k! since ¢, > 0 for all k. O

Lemma 21. Let vi,vq, w1, Wo € R? be vectors of unit norm such that

T T

with some 6, € (0,1). Let {hi}p_ o, {h},} ey be two sequences of real numbers such that

. hieyah)
Z%g(’)(l);wmg&a,bel\lu{o} (25)
k=0 ’
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Then we have that

hih
kk'ﬁ'e Exnon [ Her (vix) Heg (v x) Hes (w{ x) Hes (w3 x)]
k=0 (26)
hkh/ T k ) .
S v ) 0 (3 v )
hih,
kkwe Exnon [ Her (vix) Hep (v x) Hea (Wi x) Hes (w3 x)]
kt=0 (27)
hkhk’ vTv k ) A
_22 (W1W2) + 0 (57 - |wi wa| +67)
— hyh,
Z kk!g!eExNN(O I) [Hek (Vl ) He, (Vz X) Hes (W1 ) Hesg (w;x)]
k=0
hk+1h VT ko, 1 \2 T
=6 Z v2) (Wi wa) v wy (28)

+ 62 hkhk“ VIVZ)k (WIW2)2 vy wy £ O (53) .

Proof. The general idea of proving this lemma is to use Lemma[l] In particular, in our case we have that
(i, j] = [v1, V2, W1, Wa] | [V1, Vo, Wy, W] € R4
For the convenience of the analysis, we denote
M=V Vaive =W Woi (i = v, W

By the assumption, we have that |(;;| < d,.
Proof of (26]). We start from the first equation. In particular we need to study

]EXNN(OI)[Hek v1 )Hep(v2 )H€3(W1 )H63(W;X)]

By Lemmal [T we need to enumerate all S, which is essentially the symmetric matrix M with zero diagonal and
non-negative entries whose row-sum equal to the vector [k, ¢,3,3]. This is equivalent to construct a weighted
graph with four nodes and node degree [k, ¢, 3,3]. Thus, it suffice to consider cases k = ¢, |k — (| = 2,|k — | = 4,
and |k — ¢| = 6. Due to symmetry between k and ¢, we will first study the case k > ¢ and switch the indices to
obtain all cases.

Case k = £. The node w; and ws has a total degree of 6, therefore, the pair of node v; and vy can have outgoing
degree at most 6. Thus, the condition can be broken down into M[1,2] € {k,k—1,k—2,k—3}. When M[1, 2] = k,
we have that M[3,4] = 3, and all other edges 0. When M[1,2] = k — 1, we have that M[3,4] = 2 and either
(M[1,3],M][2,4]) = (1,1) or (M[1,4],M]2,3]) = (1,1). When M[1, 2] = k—2, we have that M[3,4] = 1. Here we

can have (M]1, 3], M[2,4]) = (2,2), (M[1, 4], M[2,3])) = (2,2), or (M]1,3], M[2,4], M[L, 4], M[2,3]) = (1,1, 1,1).
When M][1, 2] — & — 3, then M[3.4] — 0. Thus we have (M]1, 3], M[2,4]) = (3,3), (M[L, 4], M[2,3]) = (3.3) or
(M1, 3], M[2,4], M[1,4], M[2,3]) = (1,1,2,2), or (M[1,3], [ 4], M[1,4],M[2,3]) = (2,2,1,1). Plugging the

possibilities into Lemma [1| gives that, under the case k = ¢, we have

Ex~nr(o, I)[Hek (v1 ) He, (v2 ) Hegs (w1 ) Hes (W;—X)]
= 6klv3 + 18P(k, 1)y ™95 (Graaz + Gi12¢a1)
+9P(k, 2) kI F 2y, (CHCQQ + 4¢11C12601 6o + (£2651)
+ P(k, 3)klny ™2 (C11G3s + (PG + 9¢F1€12621655 + 9G11€72C31C2)
= 6klviys £ O (6293) - KIP(L,1) £ O (87) - k! (P(£,2) + P(¢,3))
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where P(k,a) = (kfi‘a)‘ if k > a and P(k,a) =0 if k < a represents the permutation number.

Case k = ¢+ 2. In this case we have that M[1,2] € {¢,£ —1,¢ —2}. If M[1,2] = ¢, then M[3,4] = 2.
Here we have that (M][1,3],M[1,4]) = (1,1). If M[1,2] = ¢ — 1, then M[3,4] = 1. Here we have
(M[1,3],M[1,4],M[2,4]) = (2,1,1) or (M][1,3],M][1,4],M[2,3]) = (1,2,1). If M[1,2] = ¢ — 2, then
M[3,4] — 0. Here we have (M[1,3],M[1,4], M[2,4]) = (3,1,2) or (M][1,3], M[1,4], M[2,3]) = (1,3,2) o
(M[1, 3], M[1,4], M2, 3], M[2,4]) = (2,2,1,1). Gathering all p0551b111tles gives that, under the case k = £ + 2
we have

Exn ()I)[He;C (v1 ) Hey (v2 X) Heg (wl ) Heg (WQTX)]
= 18k!v{72¢11 G + 18P(X, 1)’“% Yy2C11€ia (Cr1o + Cralor)
+3P(6,2)kly; 21 Gro (C121<222 + 4122C221)
+OP(6,2)k11 21 oG oz
=120 (6273) -kl £ O (67) - k! (P(¢,1) + P(¢,2))
Case k = £+4. In this case we have that M[1,2] € {¢,¢/—1}. If M1, 2] = ¢, then M][3,4] = 1. Here we have that
(M[1,3],M[1,4]) = (2,2). If M[1,2] = ¢ — 1, then M][3,4] = 0. Here we have that (M][1, 3], M[1,4], M[2,4]) =
(3,2,1) or (M]1,3],M[1,4],M[2,3]) = (2,3,1). Gathering all possibilities gives that, under the case k = ¢ + 4,
we have
Exon 01)[H6k (v1 ) He, (v2 ) Hegs (w1 ) Hegs (W;X)]
= 9k [72CT1 (Ta + 3P (4, DIy (1T (Giaz + (1Cia)
==+0 (6}) - k! (1+ P(¢,1))

Case k = £+ 6. In this case we have that M[1,2] = ¢, M[3,4] = 0 and M][1,3] = M[1,4] = 3. Thus, if k = £+ 6,
we have that

Exn(0,1) [Hek (v1 ) Hey (v2 X) Hes (W1 ) Hes (W;— )] = ki3 ¢, = £0 ((5,‘%) - k!
Putting things together, we have that

hihj

k0!
k,6=0

]EXNN(O I) [Hek (vl x) He, (V2 x) Hes (Wl ) Hes (W;X)]

=6 Z hk?h k 3 (62> hkhk + 0 (5 ) Z hk+1hk+1 +0 (64) i Ck+26;€+2

k=0 k! k=0 k! k=0 k!
hiish) > hih! h'.h > hgr1h h . h
ﬁ:O(&f)ZiﬂzkH L0 (63 ’”2; R o ()Y ’”3,:! bl B2
k=0 k=0 k=0

+0 (59 i Pir2hy g + Py ohiya £ 0 (5 i hih g + ChCha

— k! — k!
> hio1hl h. . . h > hih/ h! h
:i:O(sz)Z k+1 k+5];: k1 k+5ﬁ:(’)(5f)z k k+6];: (R
k=0 k=0
I
_6thh Ead 4+ O (8242 + 61)

Proof of (27]). Similar to before, the combination of k,¢ can be k = ¢, |k — {| = 2, or |k — £] = 4 due to the
total degree of wy and wy is 4. We study the case k > /.

Case k = {. In this case, we have M[1,2] € {£,¢—1,¢—2}. If M[1,2] = ¢, then M]3, 4] = 2 and all other edges
are 0. If M[1,2] = £ — 1, then M[3,4] = 1, and either (M[1, 3], M[2,4]) = (1,1) or (M][1,4],M][2,3]) = (1,1). If
M][1,2] = ¢ — 2, then MJ[3,4] = 0. Here we can have (M[1,3],M[2,4]) = (2,2) or (M[1,4],M][2,3]) = (2,2) or
(M1, 3], M[1, 4], M[2,3],M[2,4]) = (1,1,1,1). Gathering all possibilities gives that, under the case k = ¢, we
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have

Ex~ar(o, I)[Hek V1 x) He, (V2 )H62 (Wl x) Hes (WzTX)]
= 2kMyf3 + AP, Dk 2 (Gt + Gialor)
+ P(€,2)k!yy 7% (CC + (oG + 4C11¢12C21a2)
= 2kIy5 £ O (6272) - KIP(£,1) £ O (67) - kIP(¢,2)

In the case (22 = 0, we denote f = max {|(21], [C12|} we have that

Ex~non [ Her (V1 x) He, (vy x) Hea (Wi x) Hes (w3 x)]
= 2kIyfv3 + 4P(L, 1)]‘1!71 Yoli2lor + P(E,Q)k!'yl 2¢2,¢2

= 2klyka2 £ O (5272) KIP(6,1) £ O (54) KIP(4,2)

Case k = £+ 2. In this case we have M[1,2] € {{, ¢ — 1}. If M[L,2] = ¢, then M[3,4] = 1 and
(M[1,3],M][1,4]) = (1,1). If M[1,2] = ¢ — 1, then M][3,4] = 0 and either (M]1, 3], M[1, 4], (M) [2, }) (1 2,1)
or (M]1, 3], M[1,4],(M) [2,4]) = (2,1,1). Gatherlng all possibilities gives that, under the case k = £+ 2, we have

Exon 01)[Hek (v1 )He/ (VQTX) Hes (W1 ) Hes (WQTX)]
= 4k y9Ci1Crz + 2P (4, 1)k Gz (GiGoz + Cialar)
=120 (6272) - k! £ O (5}) - kIP(¢,1)

In the case where (25 = 0, we have that

Exnr(o, 1)[Hek V1 )H@g (V2 )H€2 (w1 )Hez (ng)]
= 4k {y2C11Ci2 + 2P(4, 1)k T Gyl
- 10 (5@2) K£O (g ) KIP(,1)

Case k = ¢+ 4. In this case we can only have M[1,2] = ¢, M[3,4] = 0, and M]1, 3] = M[1,4] = 2. Thus if
k ={+ 4, we have

Ex a0, 1)[Hek (v1 x) Hey (v2 x) Hes (W1 x) Hes (W2 )] = klyi¢h (G =40 ((54)
In the case where (22 = 0, we have that
Exnon [ Hew (v x) Heg (v x) Hey (W] x) Hez (wy x)] = klyi¢Hi(E, = £0 (52C )
Putting things together, we have that

hkh’

ke
k,0=0

Ex~no, I)[He;C (v1 ) He, (v2 x) Hey (Wl ) Hey (W;X)]

—23 Mt s 0 () - Mg o ) 3 Heaghs

k! k!
k=0 k=0
hihita + Ry gt o~ i 1hiys + hy o by
2 + P+ 4 k143
+ O (6272) ;_O 1 +0(67) k§_0 o

+0(59) i hihita ];F' hi b4

huh
=23 A2 £ 0 (6292 + 67)
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In the case where (22 = 0, we have that

hih,
kel

k,0=0
St o () B g o (¢) e

IEXNNOI[Hek(vl )H@g(VQX)Heg(Wl )Heg(w;x)]

k=0 k=0
+0O (Mvz) Ii hk};%“ +0 (§3> 2 7hk+}€?;“+3
<0 (528%) i hk}g*“

_ 22 hkhk V2 £ O (57"672 + 57"53)

Proof of (28). We notice that in this case k, ¢ must satisfy |k — €| € {1,3,5}. Similar to before, we assume
that k > /£.

Case k = €+ 1. In this case M[1,2] € {¢,£ —1,¢ —2}. If M[1,2] = ¢, then M([3,4] = 2 and M[1,4] = 1. If
M]1,2] = £—1, then M[3,4] = 1, and either (M][1, 3], M[1,4], M[2,4]) = (1,1,1) or (M]1,4],M[2,3]) = (2,1). If
M]L,2] = 6—27 then M[3,4] = 0. Here we have (M][1,4], M[Q 3]) = (3,2) or (M[1, 3], M][1, 4], M[2 3], M|[2,4]) =
(1,2,1,1) or (M]1, 3], M[1,4],M][2,4]) = (2,1, 2). Gathering all possibilities gives that, under the case k = £+1,

we have
IEx~N(01 [Hek (V1 )Hee (V2 )H€2 (W1 )He3 (w;x)]
= Gk!%’YzClz + 12P(¢, 1)]‘3!71' 72(12 (2¢11Ca2 + C1221)

+ P(0,2)klv{ %10 (¢FaC3 + 3¢11¢35 + 6111261 Co0)
= 6k!Y175C2 £ O (67) (P(4,1) + P((,2))

Case k = ¢ + 3. In this case we have M[1,2] € {{,¢ —1}. If MJ[1,2] = ¢, then M[3,4] = 1, and
(M[1,3],M][1,4]) = (1,2). If M[1,2] = ¢ — 1, then M[3,4] = 0, and we have (M][1, 3], M[1, 4], M][2,3]) = (1,3,1)
or (M[1,3],M][1,4], M[2,4]) = (2,2,1). Gathering all possibilities gives that, under the case k = ¢ + 3, we have

Ex~N(OI [Hek (V1 )H(ig (v2 )H€2 (w1 )H@g (w;x)]
= 61y 72(11GTo + 6P (4, RN iRy (31 + 2¢2)
=20 (6?) (1+ P(¢,1))
Case k = ¢+ 5. In this case we must have that MJ[1,2] = ¢,M[3,4] = 0, and M[1, 3] = 2, M][1,4] = 3. Thus
Ex~n(0.1) [Hek (V1 ) Hey (v2 ) Hes (w1 ) Hes (w2 x)] = k! ’yl§11<12 =10 (55)
Putting things together gives

hih
kel

k=0
h hih e hy, h! + R hy
-6 Z k+1 k% ’YQC12 +6 Z k+1 A} ’72<22 L0 (53) Z +10k 42 k+1""k42

Exnon [ Hex (Vi) Hey (vox) Hes (wyx) He (wy x)]

k!
k=0
hiioh o+ h hits > hih) + R hkt3
+0 (5;3) Z k43 o k42 L0 (53) Z k43 o k
k=0 k=0

+0 (53) i hk+1h;€+4 + h;€+1hk+4 +0 (63) Z hkhk+5 + h’;ch‘k-‘r{i

! !
— k! — E!

h
_GZ k+1 k7172412+62 hih k+17172g22io(53)
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O
Lemma 22. Let h; (x) =7 (v, x) 0 (W/x) and h; (x) = 7 (v] x) o (W] x). Suppose that
e { [ w97 5, [97 w559 ]} < 6,
then we have that
Ex[hi (x)2] —62 j:O (62)
If it holds that | W] w;| < 6,, then we have that
Ex[hi (x) hj (x)] = 20 (57) ;
If it holds that |w,w;| < 6., then we have that
Ex[ i (x) hj (x)] = 6Ex [ hi(x)*] £ O (6,)
Proof. Adopting the Hermite expansion, by Lemma [21] we have that
Exlhe () s () = 3 SEL[He (v]x) Hey (v]x) Hey (W] x) () x)]
k,0=0
6w wy)" S0 5 (0T w) £ 0 (8 (wTw)? 4 52)
k=0
Thus, in the case where i # j and |w W;| < §,, we have that
Ex[hi (x) hj (x)] = 20 (&)
On the other hand, if i = j, then we have that
Ex[hi (x)2] —62 j:(’) (62)
If w/w; >1—6, and v/ v; > 1 — 6, then we have that
Ex[hi (x) hj (x)] =6 (1 — 36, i%vv + 0 (67)
<Lﬁ&fjw(J>w;%niO@@
Applying the Taylor’s expansion gives that
Ex[m (v %) m (V] %)] = Ez, 2pnn0,1),Cov(er,2) =15, [T (21) 7 (22)]
= Eenion |7 (21)?] ~ S Var (@ (1)), £ 0 (5.)
> Eeono |7 (21)?] £06))
Thus, we have that
Ex[hi (x) hj (x)] = 6Ex[hi(x)*] £ O (5,)
O
Lemma 23. Let 6 satisfy that ||v;_i;;| Hw — W} ||2 <e, [v/v;|,|w] wj| v v]| \wiwr| < e for all

L F 7

o [Ex[(7(8.%) ~ * (x) 7@ (¥ ) 0 (w]x)]| < O (m"2)
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o [[Bx[V(F (8:3) = f* ) 7 (v x) o) (W] x) ][], < O (m*e)

o [Ex[(f(8,%) = f* (x)) V& () (v x) o) (w/x)) ]|, < O (m*e)

. HEx[Vx = [ () Vs (71 (v x) @ (wx)) ]|, < O (m*e)
o [Ex[(f (8,%) = f* (x)) Vi () (v x) o) (W[ x)) ]|, < O (m*e)

. HEx[Vx = [* ()7 (v x) o (W) ][], < O (m*e)

Proof. We first write out the gradient with respect to x

Vxf(0,%) Z ™ (V] x) o (W) x)v; + Z ™ (v x) o’ (W] x) W;
i= i=1
fF (%) Zﬂ'/ (V') o (W) Tx) v+ > 7 (v)'x) o' (W) x) W}
Jj= Jj=1
Vif(0.x)=) 7' (v]x)o' (W/x) (V;w] +w;v])
j=1

i—1
’ m* m*
+ Z 7"’ (V*Tx) o (W x) V;V;T + Z ™ (V]*Tx) o (W;TX) V_S’;W;T
j=1 j=1

Moreover, we also have that
Ve (7 (v %) 0 (w]x) ) = 7D (v7x) 0 (w]x) v+ 7 (] %) 00D (] x) wi
V2 (7 (v x) o (w]x) ) = 7D (v]x) oD (wx) (viw] +wiv])
+ lat2) (‘—,Tx) ®) (T

+ (@) ( ) (b+2)
Therefore, for the last two bounds, we have
‘ Ex[(f (0,x) — f* (%)) Vx (ﬂ'(a) (ViTx) o® (WZTX)>] H2 =&,1+&0

Ex| Vs (£ (8.%) = £ () 7@ (v %) 0@ (w]x) ||| = €12 + E22

where £1,1 and &; 2 are a summation of two terms in the form

Ex| (v (v %) o (w)x) = 7 (v17) o (w] 7)) 7 (v] %) o) (w] %) |

Thus, by Taylor expansion, we obtain that & 1,& 2 < O (¢). Moreover, & 2 and &2 are a summation of 4m*
terms of the form

Ex[ﬂ' (\_f;—x) o (V_VJT ) (a) ( ) o) (v‘v:x)] ‘

B[ (v %) o (] T%) 7 (v x) o®)
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By Lemma (I} we have that £31,&,2 < O (m*e). This gives the last two property. For the rest of the property,
we can apply similar strategy to decompose the objective in terms of

o[ (7 (77%) ™) (W] x) = 7 (91T 0 (Wi ) ) 7 (97 %) o) (] )|
which can be upper bounded by Taylor expansion, and

x| 7 (9] %) 0 (W] %) 7 (v]x) o) (w] ) |

Ex[ 7 (v ) o (w; ) ) (v %) o) (w]x) ]|

which can be upper bounded by lemma Since there are in total O (m*) terms for each quantity, we can
conclude the desired result. 0

Lemma 24. Let vi,vy, w1, Wy be unit vectors satisfying that any two of the four have an inner product with
magnitude less than €. Then for a1, as,bi, by > 0 with by 4+ bs < 3, the following holds

o [Ex[rl) (vix) o) (wix) 7@ (vix) o) (wix)][ < O (e

o [[Bx[Vx (7l (vx) o) (wiix)) wle2) (v x) o) (w) X)]Hz
o [[Ex[l®) (vix) o) (wix) VZ (742 (vgx) o) (wyx)) ]|, <
o [Bx[Vx () (vix) o) (Wi x)) Vs (w02 (v x) 2] (w3 x )]Hz <0()

Proof. The first quantity is directly bounded by applying Lemma For the rest, we write out the form of the
gradients with respect to x as

v, (,n_(a) (VTX) o® (WT)) — qlat+D) (VTX) o® (WT) v+ @ (VTX) o b+D) (WT> W
V2 (7 (vTx) 0 (wT)) = 7 (vTx) 0 (wT) wv" 7 (vTx) o4 (wT) ww T
£ (VT3 00D (wT) (v wv )
Therefore, for each of the rest property, it can be written in terms of a summation of terms of the form
Ex[w(a’n (v x) ¥ (w] x) 7(®) (v]x) o¥2) (W;X)]

Since by + be < 3, taking twice derivative gives b} + b, < 5. Therefore, applying Lemma [25] gives that all the rest
terms are upper bounded by O (¢). O

Lemma 25. Let vy, vy, Wi, Wo be unit vectors such that any two of the four have an inner product with magnitude
upper bounded by . Then we have that for any a1, as, by, by such that by + by <5

’Ex[ﬂ'(‘“) (vix) r(a2) (vax) o) (w x) o) (WQTX)] ‘ <O(e)
Proof. Taking the Hermite expansion

E, [77(‘“) (vlTx) mla2) (VQTX) o) (wlTx) o(b2) (WQTX)]

= Z %E [He;C (v1 )Heg (VQX)Heg by (w1 )He3 by (W;x)]
k,0=0

We could observe that at least one of 3 — b; and 3 — by is nonzero. Therefore, by Lemma [1] l, we have that
Ex [He;,C (vix) He; (vy x) Hes—p, (W] x) Hez_y, (Wy x)] is a polynomial with lowest degree at most 1. There-
fore, we have that

Ex[Hex (V1 x) He, (v2x) Hes_p, (W1 x) Hez_y, (W;—X)]’ <O (e)
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Moreover, this quantity is nonzero only when k — ¢ < 6 — by — bs. Thus, by the boundedness of the Hermite
coefficients, we can conclude that

’Ex[ﬂ'(‘“) (vix) r(a2) (vax) o) (wy x) o) (WQTX)] ‘ <O(e)

D.2 Other Auxiliary Results

Lemma 26. Let v,w € R, and define f (v) = 1= (I — ""TQ) w. Then we have that

vl vz
T T
vl Ivllz ) vl
Lemma 27. Let f(x) = 1+ — be the sigmoid function. Then we have that

o f"(x)2<1 forallz eR
o E.onon[f(2)] =3

o Eponon[fP(2)] =0 forall k> 1

Proof. Using simple calculations, we can obtain that

fl(@) = f(@)(1 = f(x))
This gives that
(@) = f(@)A = f(@) = fa)f'(2) = f'(2)1 - 2f(x))

Thus, f"’(x) can be written as

f(@)(1 = 2f(2)) - 2f'(x)?

= f'(2)(1 = 2f(x))* - 2f'()?

= f'(2) (1 - 4f(2) + 4f (2)* - 2f'(x))
f(@) (1 =6f(x)+6f(z)?)

f///(x)

One the range [0,1], the functlon 1 — 6y + 6y> takes extremes at y = 0, 2 5.1. At y = 0 and y = 1, we have
1—-6y+6y?>=1. Aty = L, we have that 1 — 6y + 6y%> = —%. Thus, we can conclude that ’1 — 6y + 6y?| <
for all y € [0,1]. Moreover we have that f/(z) = f(z)(1 — f(x)) € [0, 1], since f(x) € [0,1]. Therefore, we can
conclude that | f”/(x)| < 1, which implies the first property. To prove the second, we notice that

1 e

fem) = o = T =1 ()

Therefore, due to the symmetry of Gaussian distribution, we have that
EacNN(O,l)[f(x)] = ExNN(o,l)[f(*x)] =1- Ex~/\/(0,1)[f(95)]
This gives that E,r0,1)[f(x)] = 4. To prove the third property, we notice that
fl=2) = f(=2)(1 = f(=2)) = 1 = f(2))f(2) = ['(x)

which shows that f/(—x) is even. Therefore, f(**)(z) are odd functions for all k& > 1. This implies the third
property. O
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Lemma 28. Consider function f(x),g(z), h(x) given by the ODE system

f'(x) = —ar f(x) + big(z) + crh(z) +p
g (z) = —az f(x) — bag(z) + c2h(x) +p
h(z) = —asf(z) + bsg(x) — csh(z) +p

for some ay,asz,a3,b1,ba,b3,c1,c2,c3 > 0. If bacg > byca and
a%bg + a%c;), + ajasby + ajascy + albg + asb1bs + alcg + azcic3 > asbscy + asbics
then we have that
max {| f(2)],|9(2)], [A(@)[} < e (| £(0)] + [9(0)] + [R(0)]) + O (p)

forallxz >0

Proof. Let A € R3*3 be given by

A= —ag —bg Co
—as b3 —C3
Then we have that
f'(x) f(x)
g ()| =A|g(x)| +pl
W (x) h(z)
Solving the system gives
f(x) f(0)
glx)| = A g(0) | +pA~? (6A$ I) 1
h(z) h(0)

=
8
~
~
—~
(=)
g

2

Thus, it suffice to show that all eigenvalues of A has negative real parts. To do this, we write out the characteristic
polynomial of A as

P(y) =y’ —Tr(A)y” + % (T&" (A)? —Tr (A2)) y — det (A)

By the Routh-Hurwitz criteria, it suffice to show that
1
Tr (A) < 0,det (A) < 0, 5Tr (A) (Tr (A)? —Tr (AQ)) < det (A)
With the form of A, we obtain that

Tr (A) = — (a1 + by + 63)
1
§TI‘ (A) (TI' (A)Q —Tr (AQ)) = a1bs + ajc3 + bacs + asby + ascy — bsea

det (A) = —a1b203 — a2b301 — a3b102 — a3b201 - a2b103 - a1b302

Thus, it is easy to see that Tr (A) < 0,det (A) < 0. It remains to show that $Tr (A) (Tr (A)? —Tr (A2)> <
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det (A). This is equivalent to show that S > 0 with

S = det (A) %Tr () (Tr (A)* - Tr (A2))
= (a1 + by + c3) (a1bs + a1c3 + bacs + azby + aser — bsca)
— (a1bacs + asbsey + agbica + aszbacy + asbics + arbses)
= a%bg + a%c;), + a1bocs + ajasby + ajascy — arbscs + alb% + ai1bocs + b%c;; + asbybsy
agbocy — bobsco + a1bacs + alc§ + bgcg + agbics + azcics — bseacs
— a1bocs — asbscy — asbica — asbacy — asbics — arbses
= a%bg + a%c;), + 2a1bacs + ajasby + ajazcy — 2a1bsca + albg + b%c;g + asbi1bsy

— bobsco + alcg + bgcg + agcicg3 — byeacs — asbsey — asbics
If bocg > bscs, then we have that
arbacs > arbgca;  bacl > bycacs;  bics > babscs
This gives that
S > a3by + ajcs + ajaghy + ajazey + a1bs + asbiba + aics + azcicz — asbzer — agbico
O

Lemma 29. Let ¢ be the kth order Hermite coefficient of w(x). Let z1, 20 ~ N(0,1) with Cov(z1,22) = p. If
E., .,[7 (z1) 7" (22)] <0 for all p, then we have that

Z ck;#vk <0;Vy >0
k=0 ’

Proof. Notice that, by taking the Hermite expansion of w(x) and 7 (z), we have that for 21,22 ~ A(0,1) with
Cov (z1,22) =

o~ ChCh2
EZ1,22[7T(z1)7TH(Z2)] = Z k'+ 7k
k=0 ’

Let f(v) = E., 2, [7(21)7"(22)]. Then by Price’s Theorem we have that

f,('Y) = ]EZ1,22[7T/(31)7TW(Z2)] <0

Moreover, at v = 0, we have that
£(0) = Ez, [ (21) ]E.p[ 7" (22)] = 0

where the last equality is due to Lemma [27] Therefore, we can conclude that

3 ERE2 k= f(y) < £(0) =0

k!
k=0

Lemma 30. Let x € (—1,1), and consider S = -, %i,a:k If ci. < VB - k!, then we have that

, ] 2 ]
— < S <
e A

Proof. We write S as

)
El V]

CL‘k

SZC(Q)—Fi

k=1

=



Guided by the Experts: Provable Feature Learning Dynamic of Soft-Routed Mixture-of-Experts

Notice that

Oocik<ooci k<Boo k Blz|
Tt _Z—'m <B) || 1- 7]
k=1 k=1 k=1
Therefore, we can conclude that
Blz| Blz|
2 2
— <S<c+
© 1zl ©7 1z

O

Lemma 31. Let ¢i denote the kth order Hermite coefficient of 7 (+) such that co = 0 and cx13 < VB - k! for all
k>0. Let v € (b,1]. IfEzl,ZQNN(O,I),Cov(zl,ZQ):p[ﬂ'/ (z1) 7® (22)] <0 for all p € [-1,1], then we have that

o~ ChChi2 g ||
<

> =

k=0

Proof. Notice that

oo

)
C C CiC
IE21722[71- (Zl) 71'” (22)] = E2172’2 l <Z ﬁHek (21)> ( ];:;2 Hek 21 > Z b k+2
k=0

k=0

Therefore, we can define

> CrC
hp) =y =20t = Eay wlm (1) 7 (22)]0
k=0 ’

By Price’s Theorem, we have that

W () = Eayyoa [ 7' (2) 7 (22) | < 0

Therefore, h (p) decreases monotonically, which implies that

_ CkCk+2 g Ck+1Ck+3 k = k 10|
h(p)—Z—k, <h(b —bz ST <Y bl <
k=1

k=0 0]

E Plotting Sigmoid Property
In this section, we plot the simulation result of the properties of the sigmoid function. Figure [3a]is generated by

taking 10° samples of correlated Gaussian random variables for each covariance value p € [—1,1]. Figure is
generated by taking 10 samples of standard Gaussian random variables.
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(a) Value of E., ., a0,y (21)7" (22)] for differ- (
ent values of Cov (z1, z2). As in the figure, all values E
are negative.
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b) Values of  Euunon[m(2)?] and
2N (0,1) [7r’ (m)Q] . Figures shows that
Eoon [7(2)] 2 L1E o [7/(@)°].

Figure 3: Plot of the property of 7(x)



