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Abstract

Mixture-of-Experts (MoE) models scale efficiently through sparse expert activation, but their
training dynamics remain poorly understood. We study MoEs in the infinite-width limit
with a fixed number of experts, a regime relevant to width-based scaling for hyperparameter
transfer. Using Tensor Programs, we derive the training dynamics of soft and Top-K MoEs
under SGD and Adam. We show that under the Standard Parameterisation, router logits
diverge after one step of feature learning, causing softmax or sigmoid gates to saturate and
router gradients to vanish. In contrast, we derive uP-MoE scaling which restores stability,
but soft routing produces symmetric router dynamics: experts remain identically distributed
and fail to specialise. For softmax routers, this symmetry also nullifies router gradients. We
then show that Top-K routing has a qualitatively different effect: even when logits converge
to a symmetric limit, finite-width fluctuations determine the selected experts, making Top-K
an implicit symmetry-breaking mechanism. Experiments validate the predicted scaling laws
and demonstrate hyperparameter transfer under puP-MokE.

1. Introduction

Mixture-of-Experts (MoE) architectures partition computation across multiple expert mod-
ules. A router maps each input to expert weights, allowing different experts to specialise on
different regions of the input space (Jacobs et al., 1991; Eigen et al., 2013). In sparse MoEs,
only a subset of experts is activated per input, decoupling parameter count from compute
(Shazeer et al., 2017). This mechanism has become central to large-scale models (Team et al.,
2024; Jiang et al., 2024; Dai et al., 2024; Yang et al., 2025; Han et al., 2024; Fan et al., 2022).

Despite their empirical success, MoEs remain difficult to train. Common failure modes
include router instability, load imbalance, and representation collapse, where experts learn
similar functions or become under-utilised (Zoph et al., 2022; Chi et al., 2022; Pham et al.,
2024; Fedus et al., 2022; Do et al., 2025). Existing fixes, such as load-balancing losses, router
z-losses, router noise, and alternative gates (Fedus et al., 2022; Zoph et al., 2022; Nguyen
et al., 2024; Csordas et al., 2023; Wang et al., 2024, 2025), are effective but largely heuristic.
This leaves open a basic question: how should MoEs be scaled so that router learning, feature
learning, and expert specialisation survive at large width?

For dense neural networks, infinite-width theory has clarified the relationship between
parameterisation, stability, and feature learning (Neal, 1996; Mei et al., 2018; Yang, 2020;
Bordelon and Pehlevan, 2022; Yang and Hu, 2021; Yang and Littwin, 2023). In particular,
Tensor Programs provide a framework for deriving finite-time training limits and have led
to parameterisations such as pP, which enable stable feature learning and hyperparameter
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transfer across widths (Yang and Hu, 2021; Yang et al., 2021). We extend this perspective
to MokEs.

We study the limit where expert width n — oo while the number of experts m remains
fixed. This regime reflects practical settings where width can be scaled more readily than
the number of experts, and it isolates expert-capacity scaling from expert-count scaling.
Our main finding is a tension specific to MoEs: the Standard Parameterisation (SP) causes
router saturation and frozen routers, whereas stable pP-MoE scaling removes specialisation
in soft-routing MoEs by enforcing symmetric router dynamics. Sparse Top-K routing avoids
this latter failure by acting as an implicit symmetry-breaking mechanism.

Our contributions are:

e We derive fixed-expert infinite-width limits for soft and Top-K MoEs under SGD and
Adam using Tensor Programs.

e We show that SP causes router saturation and vanishing router gradients, while stable
uP-MoE soft routing removes expert specialisation by enforcing symmetric router
dynamics.

e We show that Top-K routing acts as a symmetry-breaking mechanism under uP-MoE,
enabling stable feature learning and non-trivial expert differentiation; experiments
confirm the predicted scaling laws and hyperparameter transfer.

2. Setup

We consider a single MoE block with input & € R%» expert width n, and fixed number of
experts m. The MoE is defined as follows.

Definition 1 We define an MoFE block as

h? = G(h?), h3% = W3*h! ¢ R™, (1)
m

h? = " hih?, f = Wh? e R,
k=1

where G chosen to be either softmaz or sigmoid.

We call W2 and h? the router weights and logits, and WF the kth expert weights. The
bias b? represents a generalisation to a learned router bias, injected router noise (Shazeer
et al., 2017), or load-balancing bias (Wang et al., 2024).

For Top-K MokEs, the router logits are sparsified before applying the gate:

—00, otherwise,

b _ {h?, k € TopK(h?), P2 A

Only experts with non-zero gate values are executed. We use the standard straight-through
estimator for Top-K gradients (Shazeer et al., 2017).
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We study the Tensor Program scaling regime in which n — oo while m, depth, batch size,
data dimension, and training time remain fixed. We use a layerwise bcd parameterisation:
weights are initialised as

Y4 —2b,
W” ~ N(O, n é),

and updates are
SGD: W'« W' —nn=VyL, Adam: W'« W’ —yn=<

We ask whether a parameterisation yields four properties in the infinite-width limit: stable
activations, non-vanishing feature updates, faithful Adam updates, and non-trivial expert
specialisation. Formal definitions and the full scaling tables are deferred to Appendix B
and Tables 1 and 2.

3. Soft-Routing MoEs

We first consider soft-routing MoEs, where every expert is active. The main conclusions
are that SP is unstable, while the stable uP-MoE limit is too symmetric to permit expert
specialisation without an additional symmetry-breaking mechanism (such as a router bias).

3.1. SP causes router saturation

The Standard Parameterisation initializes by = 0 and b, = 1/2 for £ > 1, and uses a global
learning-rate scaling ¢, = ¢ (He et al., 2015; Yang and Hu, 2021). This gives O(1) activations
at initialization, but it does not give stable MoE training dynamics.

Proposition 2 (SP router saturation) Consider a soft MoE with softmax or sigmoid
gating under SP. For any learning-rate scaling that gives O(1) feature updates in the first
layer after one step, the router logits diverge as n — oco. Consequently, after one step the
softmax gate converges to a one-hot vector, the sigmoid gate converges to a binary vector,
and the router gradient vanishes.

The mechanism is a correlated update term. Under SP, router weights have entries of
scale ©(n~1/2). After one step, the update to router logits contains Z?zl(Wg);,j(h% —h});.
The feature update (hi — hj); is correlated with the forward weights (W2). ;, so the sum
scales as ©(n'/2) rather than ©(1). Thus h? diverges with width. Softmax then saturates to
a one-hot gate and sigmoid to a binary gate, making the gate Jacobian vanish. The router
expresses a strong preference for experts, but this preference is frozen after the first step
rather than learned.

This provides a partial explanation for why auxiliary losses, especially z-losses, are useful
in practice: they are explicitly designed to counteract the empirically observed large router
logits (Fedus et al., 2022; Zoph et al., 2022). In Figure 1(a,b), the normalized router entropy
decreases toward zero under SP, and the relative router-weight update norm vanishes with
width, matching Theorem 2.
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Figure 1: Empirical validation of the fixed-expert scaling predictions. Under SP, router
entropy collapses and router updates vanish as width grows. Under uP-MoE with softmax
soft routing, entropy remains maximal, indicating uniform expert allocation. Under uP-MoE
with Top-K routing, entropy decreases without an explicit router bias, showing that Top-K
breaks the soft-routing symmetry.

3.2. uP-MoE (without router bias) gives stability without specialisation

Deriving the stable infinite-width limit gives a uP-MoE scaling: the router is scaled as an
output-like layer, while each expert is scaled as a matrix-like n x n layer. Full SGD and
Adam scalings are given in Tables 1 and 2. This scaling resolves the SP instability, but
soft routing has a different failure mode, without explicit symmetry breaking from a router
bias/noise term.

Proposition 3 (uP-MoE soft-routing symmetry) Consider a soft MoE without router
bias b2, parameterised according to uP-MoE. As n — oo, the router scores are identical
across experts at initialization: flg — m™1 for softmax and flg — 2711 for sigmoid. For
every finite training step, the router remains symmetric, fl% = C¢1, and all experts remain
identically distributed. With softmaz gating, the router gradient also vanishes.

The proof is in Appendix D.2. The key point is that router feature learning requires
router weights of scale ©(n~1). In the fixed-expert limit, this makes the router logits
deterministic and identical across experts. Since expert weights are also initialised from the
same distribution, the downstream gradient into every router logit converges to the same
deterministic limit. Router updates therefore remain synchronous, and the experts receive
identical gradients. Softmax routing is even more restrictive: when all logits are equal, the
softmax Jacobian cancels the symmetric gradient signal, so the router gradient vanishes.

Thus, uP-MoE solves stability but not specialisation for soft-routing MoEs. Sigmoid
routing permits non-zero router updates, but these updates are identical across experts;
softmax routing removes even this router feature learning. A router bias or injected router
noise avoids this degeneracy by breaking symmetry at initialisation. Empirically, Figure 1(c,d)
shows that under pP-MoE without router bias, softmax soft-routing entropy remains maximal
and the router update norm follows the predicted vanishing width scaling.

4. Sparse MoEs

We now consider Top-K sparse routing, the standard mechanism used to reduce MoE compute
cost (Shazeer et al., 2017; Jiang et al., 2024). Top-K routing inherits the SP instability:
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sparsifying the gradient changes which experts are updated, but not the @(nl/ 2) magnitude
of the correlated router-logit update. Hence the router saturation mechanism of Theorem 2
still applies under SP.

The pP-MoE case is qualitatively different. In soft routing and without a router bias,
symmetric logits at initialisation lead to symmetric gradients which persisted throughout
training. In Top-K routing, however, the selected expert set depends on the ordering of
logits. Even at initialisation when logits converge to the same deterministic limit, their
finite-width fluctuations can determine the Top-K ordering.

Proposition 4 (Top-K symmetry breaking) Consider the router logits h?(n) € R™
under uP-MoE. At initialisation h%(n) — C1 almost surely and, for finite n, h%(n) =
C1l+ ope(n) with o, — 0, where €(n) converges in distribution to a non-degenerate Gaussian
vector €. Then

TopK(h?(n)) = TopK(e).

Thus the Top-K index set remains random.

The proof is in Appendix E. This result shows that Top-K is not merely a computational
device, but also a symmetry-breaking mechanism. Under uP-MoE, router logits can converge
to a symmetric deterministic limit, but the Top-K operator acts on the rescaled finite-width
fluctuations. Different experts are therefore selected, yielding expert-dependent gradients
and preventing the synchronous soft-routing dynamics of Theorem 3.

We derive the infinite width limit for Top-K MoEs in Appendix F and show that yP-MoEs
satisfy stability, feature learning and faithfulness (for Adam). As the router does not remain
symmetric, like in the soft case, it also allows for expert differentiation.

We also test the practical implication of the stable scaling: hyperparameter transfer.
Following the usual P methodology (Yang et al., 2021), we tune hyperparameters on the
smallest model and transfer them across widths. For a Mixtral-style Top-K MoE trained
with Adam, uP-MoE transfers learning rates across widths, whereas SP does not. These
results, together with additional coordinate checks and experiments with router bias/noise,
are reported in Appendices H and H.4.

5. Discussion

We analysed MoE training in the fixed-expert infinite-width limit and identified two distinct
degeneracies. Under SP, router logits diverge after one step of feature learning, saturating
the gate and freezing router updates. Under stable uP-MoE scaling, soft routing avoids this
instability but becomes symmetric across experts: experts remain identically distributed and
fail to specialise. For softmax routing, the same symmetry also nullifies the router gradient.
Top-K routing changes the picture. Even when router logits converge to a symmetric
limit, the Top-K operator can act on finite-width fluctuations and produce non-deterministic
expert selections. This makes Top-K an implicit symmetry-breaking mechanism, explaining
a benefit of sparse routing beyond computational efficiency. Overall, stable large-width
Mok training requires more than correct feature-learning scaling: it also requires controlled
symmetry breaking, through Top-K, router bias, router noise, or related mechanisms.
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Appendix Roadmap: The Logic of Router Dynamics

This appendix provides the rigorous derivations for the infinite-width limits of Mixture-of-
Experts (MoE) architectures. To navigate the theoretical contributions, we structure the
analysis into a narrative arc: establishing the Tensor Program machinery, demonstrating
the inevitable failure of standard soft routing, and deriving the conditional limit for Top-K
routing.

e Full Related Work

e Desirable Asymptotics
Desirable behaviour as width increases.

e Tensor Program for Soft MoE Architectures (Appendix C)
Develops the tensor-program representation of the forward/backward passes and train-
ing dynamics for soft-routed MokEs.

— Tensor Program for Soft MoE with SGD (Appendix C.1)
Specifies the NETSORT ™ program for SGD training, including all primitives and
scaling conventions.

— Corresponding infinite-width limit for Soft MoE with SGD (Appendix C.2)
Derives the deterministic and distribution limit objects (Master Theorem recursion)
induced by the SGD tensor program.

— Tensor Program for Soft MoE with Adam (Appendix C.3)
Extends the program to Adam using NEQORT, introducing the OuterNonlin
structure needed for adaptive updates.

— Corresponding infinite-width limit for Soft MoE with Adam (Ap-
pendix C.4)
Computes the Adam infinite-width dynamics, including the additional limit rule
for OuterNonlin and faithfulness constraints.

e Deriving Results for Soft MoE (Appendix D)
Uses the above limits to prove the main qualitative claims about soft routing: collapse
under SP and lack of expert specalisation under pP-style stability.

— Router Collapse with Standard Parameterisation (Appendix D.1)
Shows that under SP scaling the router logits diverge, causing gating saturation
and vanishing router gradients.

— Derivation of yP-MoE and Lack of Expert Specialiaation (Appendix D.2)
Proves that under stable puP-style scaling the router updates become identical
across experts, preventing specialisation in the limit.

e Top-K Mask Depends on Finite-Width Noise (Appendix E)
Establishes that when logits collapse to a common value (in the first forward pass under
uP-MoE), the Top-K selection remains random in the limit because it is determined
by vanishing-but-ordering noise.



e Tensor Program for Top-K MoE (Appendix F)
Develops the tensor-program representation of the forward/backward passes and train-
ing dynamics for Top-K routed MoEs.

— Tensor Program for Top-K MoE (Appendix F.1)
Defines the Top-K training program.

— Corresponding infinite-width limit for Top-K MoE (Appendix F.2)
Derives the resulting infinite-width limit.

e Additional Experiments (Appendix H)
Collects supplementary empirical results that validate the theoretical predictions across
parametrisations.
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Appendix A. Full Related Work

MoEs were originally introduced to encourage specialisation by decomposing the parameter
space into modular experts (Jacobs et al., 1991). Lately, their application is driven by the
ability to decouple parameter count from compute cost via sparse routing (Shazeer et al.,
2017; Jiang et al., 2024). Despite their efficiency, MoEs are notoriously difficult to train
compared to their dense counterparts. Practitioners frequently encounter exploding router
logits (Zoph et al., 2022; Puigcerver et al., 2024) and representation collapse — where experts
become redundant or underutilised (Chi et al., 2022; Pham et al., 2024). Mitigation of these
issues has largely come from empirical heuristics, including auxiliary losses such as the router
z-loss (Zoph et al., 2022) and load-balancing regularisers (Fedus et al., 2022), and alternative
gating mechanisms, such as sigmoid and ReLU routing (Nguyen et al., 2024; Csordas et al.,
2023; Wang et al., 2025). While effective in practice, these solutions are often ad-hoc, and
the underlying theoretical mechanisms driving these instabilities remain poorly understood.

In contrast to the heuristic fixes used in MoEs, the training dynamics of dense neural
networks have been rigorously characterised through infinite width limits. Early work focused
on the “lazy” regime (e.g. NNNGP, NTK), where weights stay close to initialization and
feature learning is suppressed (Jacot et al., 2018; Lee et al., 2019; Neal, 1996). More recently,
the Tensor Programs framework (Yang, 2020; Yang and Hu, 2021) and related mean-field
approaches (Mei et al., 2018; Bordelon and Pehlevan, 2022) have characterized the “feature
learning” (maximal update) limit. This theory led to the uP, which prescribes layer-wise
scaling rules to ensure stable feature learning and enables zero-shot hyperparameter transfer
across model scales (Yang and Hu, 2021; Yang et al., 2021). These limits have been extended
to various architectures (Bordelon et al., 2024a; Haas et al., 2024; Vankadara et al., 2024),
and for scaling other quantities such as depth (Dey et al., 2025; Yang et al., 2024). An
important empirical consequence of such analysis is the ability for zero shot hyperparameter
transfer across width and depth (Yang et al., 2021; Bordelon et al., 2024b).

While independent and concurrent empirical work has attempted to apply pP directly to
MoEs (Matasnicki et al., 2025), they do not derive the limiting dynamics and thus do not
characterise the breakdown of expert specialisation without the router bias, or that Top-K
acts as a symmetry breaker. Concurrent work by Jiang et al. (2026) studies hyperparameter
transfer for transformer MoEs and proposes scaling rules for transferring learning rates and
initialisation scales as width, depth, expert hidden size, and the number of experts are varied.
Our work is complementary. First, the two limits are not interchangeable: Jiang et al. (2026)
take a joint proportional limit under gradient flow dynamics in which width, depth, expert
size, and expert count diverge together, whereas we study a width-only Tensor Program limits
for both soft and Top-K, sigmoid and softmax routing under SGD and Adam with a fixed
number of experts. Since iterated limits do not commute in general, their joint limit does
not recover the fixed-expert width limit we study. Second, the two limits are qualitatively
different in their predictions: in the proportional limit of Jiang et al. (2026), experts become
asymptotically independent, whereas in our width limit experts remain strongly correlated.
This fixed-expert regime lets us isolate router-specific degeneracies: under SP the router
logits saturate and router gradients vanish, while under stable pP-heuristic scaling soft
routing remains symmetric across experts unless an explicit symmetry-breaking mechanism
is present.
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Appendix B. Desirable Asymptotics

Building on the asymptotic framework of Yang and Hu (2021); Yang and Littwin (2023),

which formalises stability, maximal feature learning, and faithfulness, we introduce a fourth

desideratum specific to MoE architectures: expert specialisation. We aim to identify the class

of bed-parameterizations under which network training dynamics satisfy these asymptotic

properties. We denote the value of a quantity at training step ¢ using a subscript, e.g. hf .
We first require that activations do not diverge with increasing width.

Definition 5 (Stability) A network is stable if, for every layer £, the activations satisfy
h! = O(1) at initialisation and throughout training.

Next, to ensure feature learning is taking place, we require that the change in activations
h; — h;_; at each time step do not vanish with increasing width (Yang and Hu, 2021).
Activation updates can be decomposed into two terms

h{ b, — W, (b~ — h{=])+ (W] - Wi )i,

Propagating Updates Effective Updates

where the propagating updates are contributions from the update to the previous layer
features, and effective updates are the contribution due to the current weight updates.
Mazimal feature learning requires that both the above terms do not vanish with increasing
width. For conciseness we refer to this as simply feature learning throughout.

Definition 6 (Maximal Feature Learning) A layer ¢ exhibits mazimal feature learning
if both effective and propagating updates after one step of training scale Q(1) (Yang and Hu,
2021).

For Adam updates, we require that the gradients have a non-trivial ©(1) effect on the
updates, a condition referred to as faithfulness (Yang and Littwin, 2023).

Definition 7 (Adam Faithfulness) We say a bed-parametrisation is faithful if the inputs
to the Adam update function have scale ©(1) for every layer’s parameter updates.

Finally, we introduce a desideratum specific to MoEs. Expert specialisation is a central
tenet of MoE architectures; accordingly, we require that such specialisation does not cease at
infinite width. A necessary condition for expert specialisation is that, for a given input, the
router exhibits a preference for certain experts over others. We use this to diagnose regimes
where the experts cannot specialise.

Definition 8 (Expert Specialisation) We say that a bed-parametrisation exhibits expert
specialisation only if h? # Cy1 for any constants Cy for all steps t > 0.

Appendix C. Tensor Program for Soft MoE

Here, we derive the Tensor program and the corresponding infinite width limit for soft MoEs
(Theorem 1) for both softmax and sigmoid gating. We start by deriving the TP for SGD
(Appendix C.1) and the infinite width limit (Appendix C.2). Then, we derive the TP for
Adam (Appendix C.3) and the infinite width limit (Appendix C.4).

12
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C.1. Tensor Program for Soft MoE with SGD

Matrices, Vectors and Scalars for the program: As we consider the limit of n — oo,
we refer to quantities that have both dimensions scaled (€ R™*™) as ‘matrices’ in the program.
Similarly, if only one of the dimensions is taken to infinity, with the other being held constant
(e.g. € R**" for some constant dimension e), then we refer to the quantity as a ‘vector’ in
the program. Finally, if both dimensions of a quantity are held constant, we refer to it as a
‘scalar’ in the program. Objects like W2 € R™*"_ are treated as multiple (m) vector objects.

Notation: For all vectors in the program h, we write dh; := Oghlt (hy — h;—1) as the
normalised change in the features, where 65y, is the scale of (hy — hy_1). Thus, dh; scales
©(1). We denote scalars and vectors at training step ¢ as hy = hgo+(h; —hg)+...4+(h;—h;_1).
We define x; = %—% € Rut*! which we assume is always ©(1). This holds for common
loss functions (such as mean squared error and cross entropy) as long as the function is
stable (does not blow up with width). For a gradient term ngl with scale gy, we define the
normalised gradient dh := Hgig—lfl, such that dh scales ©(1). We also denote 8, := nf,. We
reserve subscript for indexing training time hy, and index a component with brackets, for
example (h;), denotes the a component of h at step t¢.

Tensor Program Operations: For the SGD limit, we use NETSORT™ (Yang, 2020;
Yang and Hu, 2021). The program contains a sequence of R™ vectors and R scalars generated
from one of the following ways from initial vectors and scalars

e MatMul: Given W € R and v € R", new vectors are generated as Wv or W'v.

e Nonlin: Given ¢ : RF x R — R, scalars 61,...,6; € R and vectors v!,...,vF € R", a
new vector can be generated as

p(v, ..., vF0y,...,0) eR"

1

where ¢ applies coordinate wise on v,,.

e Moment: Given the same as above, a new scalar can be generated
1 n
1 k
nzzlgb(va,...,va;ﬁl,...,ﬁl) e R.
-

The only assumption on ¢ operations are that they are pseudo-Lipschitz (Yang and Hu, 2021,
Assumption F.4).

We first make the assumption that the parametrisation values are chosen such that the
network is stable throughout training — no quantity diverges with increasing width.

Setting 9 (Stable parametrisation) We only consider values of {bg,ce}e for each layer
£ such that the network is stable throughout training.

This implies that no quantity diverges with increasing width, leading to well-defined limits.

We will write the forward pass, backward pass, and SGD updates as tensor programs
(Yang and Hu, 2021). This requires all initial matrices (n x n shape) to be samples from
N (0, %), and all initial vectors from N(0,1). All §, parameters are defined as initial scalars.

13



Network: We define the network as following,

h! = W'g, e R™! (2)

h? = W2h! 4 b2, c R™<1 (3)

h? = G(h?), e [0, 1)™*! (4)

h3,k _ W3’kh1, e Rnxl (5)

h? =) "h*Fhg, e R (6)
k=1

f = Wh3, € Rouex1 (7)

where G is the gating function (either softmax or sigmoid), we refer to h? as the router,
each h®* as expert k, and f as the function output. We follow a simpler variation of the
abc parametrisation (Yang and Hu, 2021). The initial scalars, vectors and matrices in the
program are defined below,

W' =n "WT = 0y, W1, W e R WL~ N(0,1), (8)
W2 = n 2 W? = 0, W2, W2 eR™™ W2 ~ N(0,1), (9)
W = 2 T WEE = 0, W W3k e R Wk~ N(0,n7Y),  (10)
W= n W1 = 6, W, W e Rbew WL~ N(0,1). (11)

Note that we only consider the limit n — oo with other factors held fixed, and thus {Wg’k}}g‘:1
are the only initial matrices in the program (n x n).

Initial Matrices: W3k,

Initial Vectors: WI, W2, W4, where W1 is a set of di, initial vectors, W2 is a set of
m initial vector and W* is a set of doy¢ initial vectors.

Initial Scalars: All §, parameters. The router bias b? is a set of m initial scalars
sampled from some density such that P(b; = b;) = 0. In practice, this is satisfied by sampling
from/N (0, Ug) where af is some hyperparameter.

Noise and Learnable Bias: We consider two separate cases here:
1. Case 1: A different noise is added at each time step {b?}Z_; (Shazeer et al., 2017).

2. Case 2: The term b3 is learned, either through gradients of the loss or load balancing
considerations (Wang et al., 2024).

Note that the updates below are written only for learnable biases from gradient of the
loss. For the noise case, a new noise is sampled every forward pass.

Conditioned on router bias/noise: The standard Tensor Programs Master Theorem
assumes initial scalars converge almost surely to deterministic limits. A router bias/noise
vector sampled from a continuous distribution does not satisfy this assumption unconditionally.
Instead, we use a conditional formulation: we first sample the finite collection of router
bias/noise scalars and condition on their realised values. Conditional on these values, they
are treated as fixed scalar constants in the tensor program. Thus, for any fixed finite time

14
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horizon T, we condition on {b?}1_, in the noise case, or on the initialisation of b3 in the
learnable-bias case. The resulting infinite-width limits are deterministic conditional on the
realised bias/noise values, but random unconditionally through their dependence on those
values. Practically, this corresponds to coupling widths by using the same sampled router
bias/noise values across widths.

First Forward Pass:

h(l) = QW(%W(l)S7 (hé)a = ¢ ((W(l))od, .. (W)admv §17 e 7£din7 HWol) Z HWl anj’
1—s Ly N e
B = 02~ Wahy + bf, (B =~ Z & (Wolka (1)ai Oz, b8) = 101z 3~ (Waka(B)a + b,
a=1
h2 = G(hd), (Moment, See G)
hj* = W3kh}, (MatMul)
h3* = 603", (05")a = ¢ (65" )ai b1z ) = Oy (BGF)a
kT ) my oL h = Y h
W= S B4R, (B3)a = & (B N+ (0™ as i 1, B ) = D (05Nl
k=1 k=1
— 1
fo = 0}y.4 - Wihs, (fo)s = — Z ¢ ( (W) gas (h)as 0, ) = Oy Z<Wo)ﬁa(h3) :
a=1

Stability at Initialisation: Satisfying stability at initialisation (Theorem 5) fixes the
values of by, ba, b3, by, and the corresponding 6 parameters. We find the values that satisfy
stability at initialisation and fix them for the rest of the program. hj is trivially a Gaussian
with scale Oy = n|€|. Hence, we set by = 0 to satisfy stability. Using the Master

theorem (Yang and Hu, 2021), E [(Zhg)z] = n(1-202)F [(Zhé)Q] = n(1-252)||¢||2. Stability
is satisfied for by > % We can use the Master theorem to find the distribution of h% as
ZM° = N(0,n(1-23)R [(Zhé)ﬂ) We thus set by = 5. Finally, using similar reasoning as

for h07 setting by > 5 ensures that fy is stable. Note that h is always stable due to the
bounded softmax operation.

Remark 10 (Feature Learning considerations to constrain output-like initialisation)
Stability constrains the output-like layers to initialise with by > 1/2 and by > 1/2. For ease

of exposition, we use the Tensor Program derived below to constrain these values. Looking at

the first feature updates of the router

W2sh! h!)Th!
hi - hj = 95@9{/{/3% - Héwlzﬂdh(%Xo(())il-

W25hl
By the Master Theorem, W(;fhl which is a Moment operation converges to an expectation
(Appendiz C.2). If we have feature learning for hi — h(l), we require that Héh% = 1. Thus, for

the first term to scale ©(1), we require 9W2 =n-n"b% =1, which implies setting by = 1. A
similar arguement holds for setting by = 1.
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The final values for stability at initialisation (and feature learning for ‘output-like’ layers)
are

1 _ _
bi =0, by=1, b3:§, bi=1, = Oya =1, 9W02:n1, Ows =1, 9W61:n1

Setting 11 (Stability at initialisation) For stability at initialisation, and feature learn-
ing considerations for ‘output-like’ layers (Theorem 10), we choose

1
blzoa 62:17 b3:§7 b4:17

which gives
-1 -1
We set these values in the program for ease of exposition.
Note that under the assumptions made in Theorem 9 and Theorem 11 certain vectors
have scale ©(1) throughout training.

Remark 12 Under the assumption of stable parametrisations and the values selected for
stability at initialisation, the vectors h}, {hf’k}?zl, h} have scale ©(1) throughout training.
As the softmax and sigmoid operations are bounded, the softmax output fl% has scale ©(1)
throughout training.

First Backward Pass:

dhi = (W)T, e Rmdon, (12)
n-dhd ) = (h3’k)Tdh3, e R Xdout VEk € [m] (13)
(dh Z 0] ( h3 F )as (dh3)as; ) (Moment) (14)
o) = (D (15)

where we repeat the operation for each expert to give dﬁ%yl, . dﬁ% m-
dhgy =Y J(hg)edhg;, € RV ow, Vk € [m] (16)

j=1

qu( ATB3) 37 (3 )6 ) (Moment)  (17)

Z J(h3);r, dhoj) (18)

16
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where J(h3);; = ob):

a(hg);
Again, we repeat this operation for each expert to give dhgyl, el dh%’m- We also define
dh(2),1
dh% — c Rdeout. (19)
dham
A = g, € R, vh e )
(A0} as = & ((dD)asi ) (onLix) 2!
$(...) == hg pdhd, (22)

We repeat this for each expert to give dhg’l, . ,dhg’m.

dhj = Z(Wg)fkdhak + Z(Wg’k)Tdhg’k7 € RN dout (23)
k=1 k=1
(dhd)as = ¢ ({WE) Tk (VE)as iy {(dh8 )5}ty ) (Nonlin)  (24)
(VE). 5 := (WoRYT (dnd"). 4, (MatMul)  (25)
#(...) = > (W2)F dh k+ZV0 (26)
k=1

Note that the final gradient has two branches. The scale of this term thus will be the
maximum of the the scale of the twp branches. There is a 9{/[/49”/3 scale coming from the

router and a 0W61 coming from the experts. The scale from the branches is the same here.

First Weight Updates: Recall that we define the gradient of the loss with respect to the
function as x;. For the vectors W € {W1 W2 W1} we write §W; := 05_[/%@ (W —W,_,),
and thus the weights at step ¢ as Wy = 0y, Wo + ... + 05y, 6 W5

Wi — Wi = —n"“xo(hg)" (27)

Ospa ==n""". (28)

W — Wit = —n=%0yandhgxo(hg)” (29)

Osyrs 1= n (FY, (30)

Wi — W§ = —n~nfyandhgxo(hg)” (31)

Oswz =" (32)

Wi — W = —n"“nbyabyandhgxo(€)” (33)

Osw == n~ (), (34)

The router bias in the learnable case updates as

b}~ b = 1l dixo, )

where due to stability at initialisation (Theorem 11) 9{4/4 = 1.
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First Feature Updates: The feature updates are affected by the change in the previous
layers features (propagating updates) and the update in the weights at the current layer
(effective updates). We write the feature updates for the vectors h € {h!, {h3*}7  h3}
as 0h; := Qghi(ht — h;_1). This gives each features for the vectors at step t as hy =
hg+0sp,,6h1+. .. +0s4,6h;. For the scalars h € {h?, h2, f} we simply write dh; := (hy —h;_;)
and hy = hg +...+ dh;.

hy —hy = (W] — Wg)é (36)
= —Osandhgxo” € (37)
(9h)a = 6 ({(db)ag} s —n, {(x0€7 €)1 (omlin) — (3)
dout
$(...) == —nY_(dhg)as(x0€" €)s, (39)
B=1
Osnt = Oswp (40)
hi — hi = Wi(hi — hg) + (W? — Wihj + (b7 — by) (41)
W26h! h})Th!
= Ogpy Oy —— = ngfndhgx()wil — ndhgxo, (42)
06h2 5h1 Z ¢ ( Okoﬂ 5h1)av (hO)CH (hl)aa Wi 95h1 HW27 95[/{/27777 {(dhg)kﬁa (XO)ﬁ}%Out) (Moment)
(43)
_ dout dout
O ) = O3 Oy Wi (001) e — G0 D (d)15(x0)(h0)a (Bi)a — 18yy0 > d(B)is(x0)s,
B=1 p=1
(44)
95}@ = max(tg(;h%ﬂé/vg, 3W12)’ (45)
hf — hj = G(h}) — G(hj) (46)
el (hg + eéhzahz) — G(n2) (47)
96h2 5h2 Z¢k ( ho ks (5h1)k}k 1795h2> , (Moment), (48)
Ospz = 95h§- (49)

18
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where G is the router gating function (either softmax or sigmoid). Both softmax and sigmoid
operations can be represented as a Moment (see Appendix G).

b} — g = Wt (hi — hp) + (W — Wi*)hi, (50)
hl T hl
= 05,y W5 oh] — nggndhg’kx()i( O)R( D (51)
(5h3,kz) — ¢ (»r {(dh&k) }dout 0 2y {( ) }do‘“ C ) (Nonlin)
1 a — s 0 Jalfi=1> (5h1/5h3 Ky 5W3/5h3 ko X0)1 =1 s 1, Co, |
(52)
T = Wg’k(sh%, (MatMul)
(53)
1 n
== hl)a, (h1)a; — Moment
naz:lw(( 0)7( 1)7 )7 (Moment)
(54)
dout
3,k
O(--) = Oyt sps Yoo = Oy 510,400 ;(dho )at(X0)1: (55)
Oy = max(Osp1, Oyya). (56)
Hdh}/éh:f’k = 05}1}/96/1:1;’]“’ (57)
g = s )

We repeat the above process for each expert k to give {5h:1)”k}2”:1.

I
Ms

(A3 (0% = B3¥) + (B3 — B3 )03 (59)

B
Il

1

Il
uMS

( b+ 0,7,0h3 1) (60)

7k3 m 7k5 m 7 m 7 m .
(6h?)a =9 <{(5h? )Oé}k:h {(hzlg )a}k:1§ gghi’ak/(;h?a 055?/5};{‘7 {h(Q),k}k:p {5h%,k}k:1) , (Nonlin)
(61)
m
= 3.k = 3.k
- Z (eahi"k/éh?hg»k(éhl Jo + 95/3%/5’1?5]1%”@(}11 )a) ' (62)
k=1
eéh% = max(@ah;;,,k,ﬁaﬁi), (63)
Ospst s = Ops /O (64)
95&; JSh3 = 95?@/ Osn- (65)
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fi — fo = Wi(h} — h) + (W} — W})h?

Wioki ()T (kD)
swall n )

= Osp3

n

1
95f1 (5f1)ﬁ = E ¢ (Wélgop (51’1?)&) (hg)a, (h:{’)a; Qéhi'” egwflana (XO),B) ,  (Moment)

=1
6(..) = 053 (W§) g (6h3) o — O5314m(x0) 5(h3)a (B,

9§f1 = 1M (95h3 0§W4)
tth Backward Pass: Recall that we write the weights at step ¢t as W; = HWOWO + ...
Osw,0Ws.
dh? — (WZ{)T7 c Rnxdout.
n-dh?, = (hP")Tdhd, e RIXdow Vk € [m]
(dh24)s Z¢( (h3F) 4, (dB3)0s; ) : (Moment)
3 k
o(...) == (hy )a(dht)aﬁv

where we repeat this operation for each expert dﬁ?}l, el dﬁ%m

dhf, = J(h7)jpdhi;, € R ew, Vk € [m]
j=1
Z¢(Lmawlﬂﬁmﬁ 1) (Moment)

¢vm=2a&m@%m
j=1

~ h2).
where J(h?);; = a(ht)z_. It is useful to consider this terms for all the experts,

a(h);
(dh?,l)ﬁ
(dh)s = : € RM*dout
(dhi m)s
dh}* = h? dhf, e R, Vk € [m]
(db}M)ag = ¢ ((dh?)aﬁ; ﬁ?,k> , (Nonlin)

o(...) = i p(dhf)ag,

20



WHY ROUTERS FREEZE

where we repeat this for each expert to give dhf’l, . ,dhf o
mo m m t—1 thk)Tthk
dhi = J(W)lidhiy + Y J(WoH)Tdhi® = 0% bl (x) ', € ™o,
k=1 k=1 k=1 s=0
(82)
(dhy)as = ¢<{(‘7V?)£k> (VE)ag ity {(he)a}oZhs {(dhE)) s}, {(xs)s, {05;75}2”1}231)7 (Nonlin)
(83)
(VE).p = (W) T (dh)™). 5, (MatMul)
(84)
ok =1 zn:¢ ((dh&k)a (dh*) o5 _) (Moment)
syvB n ] s g t ) ’
(85)
m m m t—1 dout
=Y (War(dhig)s + D (Vidas = DD D n(h3)a(Xe)yCliype (86)
k=1 k=1 k=1 s=0~y=1

tth Weight Updates: Recall that we define the gradient of the loss with respect to the
function as x; € Routx1,

W/ - W/ | =—n"“nx; (b )" (87)

Osya :=mn". (88)

W — WP = —”_cgewfflndh?’—ﬁxt—l(h%—l)T (89)

05Wt3 = n_03ew4 (90)

th - Wt2—1 = —n"“0; Wi ndht 1Xt— l(h%—l)T (91)

05Wt2 = 7020Wt4 . (92)

Wi — W, | = —n"0, w2 Owa Udht 1xi-1(6)" (93)

96Wt1 = nicl GWt2_10W154—1 . (94)

For the learnable bias we have,

b —bj_; = _neg/vglildh%—l)a—la (95)
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tth Feature Updates:

htl - h%fl = (W% - Wz}fl)g (96)
= —Osppndhy_;x;1£7€ (97)
(6h{)a = ¢ ({( “Dag Hiews —n, {(xe-1€7€); }d"“t) (Nonlin) (98)
dout
¢(...) = —n Z(dhi—ﬁaj(Xt—lETE)j (99)
j=1
95,1} = 05Wt1. (100)
hi —h | = W7 (h{ —h; )+ (W] = W] )h; + (b} — b} ;) (101)
W ohy (hi ))"hy

= Oz Osp) — Osyandhi_y X1 —18iys dhi ixe1, (102)

Oz (B2 Z¢( W7 ke (0B (B ), (B

i O g e ()5 ()}t ). Comen)
(103)
dout
D) = Oys Oyt (W2 (0h)a — Oyyan > (AR2 1) 50— (Bt (B])e
p=1
dout
- ?79{4/;171 Z(dh%—l)kB(Xt—l)ﬂ (104)
B=1
05h2 = max(9W2 05h1 95W2’ Wt4—1)' (105)
hi —hi | = G(h}) — G(hy_;) (106)
:G(hil+%maﬁ)—eaﬁ4) (107)
0572 (0h2); Zm( B2y )k, (OB2)e i, Oz ) (Moment),  (108)
Osiz = Osn2 (109)

where G is the gating function (either softmax or sigmoid) (see Appendix G) (Yang and Hu,
2021).
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3k 1.3k 3k 3k 3k
hy" — by = W (by —hy_ ) + (WY — W)y,
— (h!)7(dh})

= O W 0hy — Zewg 05 ndh* x g
s=0

— Ogyandhy X

3,k
(0h;")a = (Ta» {Asa}iZo Vas 95h1/5h3 ks {96W36h1/6h3 eYeo 6W3/6h3 ’“)

o(...) = 6h1/5h3 #Ta Z ‘95w3 éhl/éhf’kAS’a a 0:5W3/6h3 tVa,

T := WFon},

dout

Asw = ({(R) b m, {06y ds) = nds S (@S )aa(x )
=1

1 n
d =~ > v ((hi)as (6h))ai —),
a=1
dout
V,: =19 ({(dh?ﬁ)al}fi”f% {(thl)l};iiufa"% Ct71> = 1NCt—1 Z(dhfﬁ)al(xtfl)la
=1
1 n
Ct—1 = E Z (0 ((htl—l)av (h%)ou _) )
a=1

0 sk = max (051, max (9’ 0 )9/
Sh* She? g<gsi—o \ W2, "Shy )2 TewE ) o
Ospa ssnk = 95ht1/95hf’k’
/ . n
9§W36h1 SRR T Oswa0snt/ 66hf’k’

N
awg/ah}’“ = Osws /Danip -

We repeat the above process for each expert k.
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3k 13k - = 3.k
h} —h} | = (ht 1e(hy™ —hy) + (hf,k - h?ﬂ,k)ht ) ; (123)

||MS

m
- Mg,kﬁf_l,k&hfv"f + 0532007 by, (124)
1

(5h2). iy (LYol A0}t B3 Oz g (P H s (9R2 1y ) omLim)
(125)
(126)
(127)
(128)

Osnz = max(@ah?,k, 06B§)7
Ospsk sns = aéhf’k/{%h?’
95}13 /K3 T 95}}3/ Osn3-

Note that in the above, all experts have the same scale by symmetry so we do not write a
maximum over experts.

f, — fi1 = Wi_y (b} —h}_y) + (W = Wi_ )by, (129)
W#  6h3 h} )7 (h}
— ¢ - 96}13# _ ggwﬁnxt_l(tl)n(t)7 (130)
95]% 6ft Z ¢ ( t 1 ﬁou (6h3)047 (h )Ou (hg)ou {/[/;1_1705}1,?) 9:§Wt4) m, (Xt—l)ﬁ) (Moment)
(131)
() = Ohpa O5p3(Wi_1)5a(0h7)a — Ogppan(xe—1) (071 )a(h))a (132)
95ft = maX(9W4 06/13 0(5W4) (133)

C.2. Infinite Width Limit for Soft MoE with SGD

Under stable parametrisations (Theorem 9), all the 6 parameters in the program will converge
to either zero or one.

Z random variables: According to the Master Theorem (Yang and Hu, 2021), the
distribution of the coordinates of each vector z in the program will follow an iid distribution
which we refer to as Z?. Each scalar in the program e converges to a deterministic limit that
we label . We recursively define each Z distribution based on the operation in the program
used to create it.

Z Init: Let V; be the set of initial vectors. For each z € V;, we set 77 :=27%and Z% :=0
(defined below).

Z Nonlin: Given ¢ : R¥ x R — R, scalars 64,...,60; € R, and vectors z!, ..., z* € R?,
we have

700000 g 77 77 Gy 6. (134)
Z Moment: Given a scalar 0 = 13" ¢(z},... 2k;61,...,6;), we have
0:=E[p(Z7,..., 2% by,....0)), (135)
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. . 1 k
where the expectation is over Z% ,..., Z%".

Z MatMul: 2 .= ZW= 1 ZW? for every matrix W ~ N(0,0%,/n) and vector .

e ZW7 is Gaussian with zero mean. Let Vy := {Wy for some vector y}. Then {ZW¥
Wy € Vi } is jointly Gaussian with zero mean and covariance,

Cov (wa, ZWy) = o, E[Z2%2Y] for any Wz, Wy € V. (136)

e Z7 has been computed by some operation that we unwind Z* = p({ZWY' ®), {z#'} R {Gz}ﬁzl)
with z' ¢ Vyyr!. Define 027/0ZW"V" := 9;¢(...). Then

W= %/Zf: [;Zvi } (137)

Initial vectors: All our initial vectors have coordinates distributed according to N (0, 1)

by construction. The set of initial vectors are V := {W1, W2 W4}, Thus, Z" = N(0,1)
for W e V.

First Forward Pass:

ho — Zf 7V (138)

h? = bo, (139)

h2 = G(b), (140)

Zh" = ZWeth for every expert k, (141)

ZM = Z n2, 7" (142)
k=1

f, = 0. (143)

Here, Z W3 is standard Gaussian by construction. h2 = bZ as the non bias router logits tend
W hl W khl AW3,kh1 . °
to zero E[Z0]E[Z™] = 0. Z = Z"0 " from the Z MatMul rule. Finally f, = 0 as
fo=E[ZW0]E[Z"] = 0.
First Backward Pass: For dy,; > 1, we index the distributions by S,
Z@hd)s — 7 (W)s

, (144)

dilak = 0 for every expert k, (145)

d;ﬁo’k = 0 for every expert k, (146)

Z( g M5 — fgzz 75 for every expert k, (147)

7(dhd)s Z Z (WG )T (dhg"*) (148)
k=1

(149)

1. 2% is not a function of W7.

25



Z%¢ is a standard Gaussian by construction. df%k = E[Zhg’k]}E[Wél] = 0. From this,
dh? 0k = 0 follows. ZWe ) ang — ZOVgM Tk from the Z MatMul rule.

First Feature Update:

dout

= nZZdh (x0)€"€, (150)

dout
oh3 k= HéhlE[ 2V Zéhl] - 6,5W2772 dhok (XO)ﬁE[ZhOZh ] — ndhoXOH (151)

8=1

2 G(h2) — G(h2) if 65,2 = 1
h% ( ) ( ) 1 5h2 ’ (152)
G’ (h3)(h?) if f5,2 = 0
dout

3,k o 3,k 3 3, o
AL Héh%/éh;l;,kZWO ohi _ 0’5W3/5h3,k77 E AL (Xo)gE[Zh(lthi] for every expert k,
1 1
=1

(153)

3 o, 2 3,k o o 3 3,k
2 = Zeahi”k/(sh%h%,kzéhl + Osiabnz 0Pk 2" (154)
(5f01 _ é(sh?E[ZWiéZ‘Sh?] _ é’awf??ioE[ZhSZhﬁv (155)

3,k . .
where G is either softmax or sigmoid and G’ is the derivative. Further, Z"o 0hy g given by

the Z MatMul rule,

ng’kéh} _ ZAWS”CM% 4 Z‘Wé"kah% (156)
dou 1
— ZWateni 4 z:t 7@ s 0Z°M (157)
et PYAUGORICITE

We write the limit of each vector in the program as
Zht = 7m0 4 G, 20 4 G, 200 (158)

Weight updates: The distribution of certain weight updates are required in the backward
pass and thus the forward passes.

2 =~ 2 (159)
dout
2 ° N 1
Z@OWk: = —p Z(dhf—l,k)B(Xt—l)ﬁzhf—% (160)
B=1
ob% = —nb}y: dh7 X1, (161)
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tth Backward Pass:

7@ — z WO (162)
(dh2y)5 = E[2" " 2], (163)
(dhZy)s =Y J(hi)u(dh? ;)s, (164)
j=1
7% ;L?,kz(dh?)sj (165)
1 n =3 . 3,ENT (47 3,k iz dow 3,k 3,k
Z(dhi)s — Z AL )k,:(dhik)g 4+ zWe )T (dhy ) _ Z VAL Z(f(s)wE[Z(dhs )y 7(dh 8]
k=1 s=1 =1
(166)

where ZWo™") dr" i given by the Z MatMul rule,
JUERTAEE _ GO | St 167)

ozm"

_ Wk Tandk v
AU 4+ ) Z'E T

vEV:WS’kvEV

, (168)

where V := {v for some vector in the program v} is the set of all vectors in the program.

tth Forward Pass:

dout
Zéhl — _nz Z(dh%ﬂ)ﬁ (Xt—l)ﬁsT& (169)
B=1
° o o T2 1 . dout R ) . i
5h?7k = H{Vt27195h%E[Z(Wt71)k,:Z(Sht] _ Qthﬂ] Z(dh?—Lk)ﬁ()Q(tfl)ﬁE[thflth] + b2,
B=1
(170)
h2 G(hf) — G(hi,) if Oz = 1 ’ am)
G/ (02 )(512) if fgpp = 0

dout

t—2
3,k o 3,k 1 - 3,k o 1 1
2 = By o 2707 =D Q;W&ﬁah%/ah?’knz 20 (s g2 2] (172)
s=0 ° B

dout

_ ZW@h s g Y RZP1 7t 173
5Wt3’k/5h?’k77 ; (Xt 1)5 [ ]7 ( )
n 2 3,k 2 3,k
5] 3 o fod Sh> Q fod s
7 = B sl e 1 20 4 Ogio sy 20 (174)
k=1
o o o 4 3 o o 3 3
(8f0)s = Oya OspsBIZWm0)2 Z20M) — G5 an (Ko ) B[22 2], (175)
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where G is either softmax or sigmoid and G’ is the derivative, and

ng’kéhl _ ZWS”kéh} n Z‘W(?’kéh,} (176)
t—1 dout 6h1
SWEkon! (dh3F) 07
= ZWoohi ZO;Z K PRSI (177)
S

C.3. Tensor Program for Soft MoE with Adam

We consider Adam optimiser updates here.

Tensor Program: We use NEQORT for the Adam limit (Yang and Littwin, 2023). This
has the same operations as NETSORT™ (Appendix C.1), but with a generalisation of the
Nonlin.

e OuterNonlin: Given r > 0, vectors x,...,x", and function ¢ : ROTD+H 5 R

generate a new vector (R™) as

n

1
Vo= — D Wadah e b 0)
517“"5’”:1

Definition 13 (Adam update) Given gradients gg, ..., gt for a parameter W, the Adam
update at step t with learning rate n s,

m t+1 Z ~gs»

b+ t+1Z 2 95 e,

m
W<_W_n<\/f)+62>,

where (B1,B2) are momentum parameters and € > 0 is a constant.

bcd parametrisation for Adam updates: The parameters b and ¢ play the same role as
in Appendix C.1. We parametrise the weights for layer [ as W! = n~W'. The learning rate
for the parameter W' is nn~%, where 7 is some width independent constant. The update
function for layer [ at time ¢ is @}, which takes in scaled gradients Q% (n%gq,...,n%g;). For
Adam the update function is

o y 5 Lemo(l = BB *nhg
Q;(n%go,...,n

,nge) = = - —— (178)
\/Wzs:o(l—/ﬁ)ﬂg neigs +e€

Note that instead of scaling the gradients g by n, we can equivalently scale e — n~%e.
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Faithfulness (Theorem 7): To ensure that the inputs to the update function @ are
neither too large (causing diverging behavior) or too small (trivialising the update function),
we require that the inputs to the update function scale ©(1). Equivalently, for our Adam
update function, we require that the scale of n~%e is the same as the scale of the gradients
go; - - Gi-

We assume that the parametrisation is stable (Theorem 9), and parameter values are
chosen such that the network is stable at initialisation (Theorem 11).

First Backward Pass: Same as Appendix C.1.
First Weight Updates:  Recall that we define the gradient of the loss with respect to the

function as x;. For the vectors W € {W1! W2 W4} we write W, := 95_& (W, — W),
and thus the weights at step ¢ as Wy = 0y, Wo + ... + Osp, 6 W5

Wi = Wi = 0@t (nxo(bi)") (179)
B = 1%, (180)

WHF = W = —nmQ (D dbg Fxo(h)T) (181)
Bows =1~ (182)

Wi — W5 = —n9Q} (n®ndyysdbixo(hh)” ) (183)

= —n~Q} (n2dndxo(hd)” ) (184)

By =1~ (185)

Wi —Wj = —n"“1Q] <”d1newgewgdhéX0($)T) (186)

= —n75Q} (n ™ Ddhixo(€)") (187)

Oswa :=n"°". (188)

The router bias in the learnable case updates as
b? — b — 16}, ,dhixo. (18

where due to stability at initialisation (Theorem 11) ¢/, = 1.

w
First Feature Updates: The feature updates are affected by the change in the previous
layers features (propagating updates) and the update in the weights at the current layer
(effective updates). We write the feature updates for the vectors h € {h',{h3*}m h3}
as 0h; := 9(;h1t(ht — h;_1). This gives each features for the vectors at step t as hy =
hg +0sp,0hy +. . .+0sp,,0h;. For the scalars h € {h?, h2, f} we simply write dh; := (hy —h;_1)
and hy =hg + ...+ dhy.
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hy —hy = (W1 — Wp)¢ (190)

= —Osu11Q1 (ndln‘ldhéxO€T> 3 (191)
(0hi)a = ¢ ({(dhé)aﬁ}%":“i; —n,n M {(x0)s}5, € ) (Nonlin) (192)
dout
o(...) = —nQi (n(dll) Z(dh(l))aﬁ(XU),BﬁT> £, (193)
B=1
Osnt = Oswy (194)
hi —h§ = Wi (hi —hg) + (Wi — W5)hi + (bf — bp) (195)
W2shl 1
= 313yt — Oy am—QF (2 dbdxo ()" ) hi - ndhdxo, (196)
05h2 (6h1 Z ¢ (W(%k’ou (5h1)av (hO)OM (hl)a, 95}11 9[/{/27 0 W27 27 UR {(dhg)kﬁa (Xo)ﬁ}gout) (Moment)
(197)

dout
— 1
O(- ) = 51 Oy2 Wi o (1) = Ofyyom Q7 (nd2 Z(dh%m(xm(hé)a) (hi)a

B=1
(198)
— n0yadhixo, (199)
Ospz = max(Ogn1Oip2, Oyp2) (200)
h? — hZ = G(h?) — G(h) (201)
el (h2 + «95h26h2> ~ G(n2) (202)
95h2 5h2 Z¢k ho k,(5h1)k}k 1) (Moment), (203)
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where G is either softmax or sigmoid and can be represented as a Moment (see Appendix G)
(Yang and Hu, 2021).

b — hy* = Wit (b — hg) + (W — Wi)hi, (205)
1 _
= 03y Wi oht = 0),,n=QF (n®~Ddn*xo(b))") (b, (206)
by 1 ¢ Ky vdou
5h3 = Z <Ta7{ dh3 )al}}i 1 (h(l))% (h%)v
=1 (OuterNonlin)
) eéh%/éh?’k’ ng’/(Sh?’k’ n(d371)7 {(XO)Z}?Oulta 77)
(207)
T := WiFsnl, (MatMul)
(208)

dout

¢( : ) = eéhi/éh?’k’ro‘ - Q;Wf/éh?’an? ( (ds=1) Z dh al XO (hé)7> (hb’% (209>

(9(5h§,1c = max (01, Ggwlg), (210)
95}&/5@;@ = 95,1%/95,1?,;@, (211)
9;W3/6h§’k = ngf/eah%’f' (212)
We repeat the above process for each expert k to give {5hi”k}z”:1.
k k 7 7 k

=3 (Rumd® = b + (33 — B3 ndF) (213)

k=1
=9 ( 13 OB+ 0,500h2 (b k) (214)

k=1

7k5 m 7k5 m 7 m 7 m .
(5h?)a =¢ <{(5h2 Ja et {(hi Ja izt gghi”k/(;hi;a 9555/5;;{‘7 {h(Q),k}k:h {5h%,k}k:1) ,  (Nonlin)
(215)
m
7 3.k 7 K
=3 (Ugn ysna P3O0 ) + Oz 02 (0 ) (216)
k=1
95,1% = maX(eah?,k,H(ﬁL%), (217)
96hi”k/5h§ = géh?’k/%h‘;” (218)
Osiz ssns = Osi2 /Osns- (219)
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fi — fo = W(h? — hi) + (Wi — W)h? (220)
Wion3 1
= 00—t — O~ (nxo(8)" ) b, (221)
051, (6f0) Zd)( O,Bw 5h3)0“ (h3)a’ (h3)a’ W4796h3 65W4, 4m, (XO)B) ,  (Moment)
(222)
O ) = Oy 051 (W) 3a 0101 — Oy am@1 (n (x0)s (0 ) () (223)
Osf, = max(@{/vée(;h%,@gwf). (224)
tth Backward Pass: Same as Appendix C.1 except for the gradient dh;.
t
dhi = (W)lidhiy + Y (W) by
k=1 k=1
m t—1 1
=3 0@ (TR ()T (@R ) Pt e R (225)
k=1 s=0
1y _
() =+ Zcb({ (W) (VE)as s, {0}
_ k - m -
{(AB4), Y2 (@02, (@) L) ).
(226)
(VE).p = (W) (dh"). 5,
(227)

t—1

() =D (War(dhi)a + D (Vi)ap = D n% Qb (D (0)a(xs) 5 (A024), 5 ) (ABFF), 5
k=1

k=1 k=1 s=0

tth Weight Updates:

W/ - W | =-—n"“nQ} <”d4Xt—1(h§71)T>

Oswa :=mn"".

k k _
W _W?ilz_” 0377Q3< 39W4 dht 1Xt 1(hy ) )

95Wt3 =n_ 3,

Wi = Wi, = —n"nQ} (nd2”9W§_ldh?—1Xt71(hg—l)T)

Oswz :=n"%=.
W! - W, = —n1pQ! (ndlnGWt{lHWtzildh%_lxlt_l(ﬁ)T)
Oswp :=n"°".
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b} —b;_| = naﬁngldh?—lXt—l, (237)
tth Feature Updates:
h% - h%—l = (th - th—l)£ (238)
= _96W177Q% (”dldh%f1Xt—1£T£> (239)
(0h})a = 6 ({(An_)ap}tin®, -0, {x-1€7€)kE ) Qomlim)  (240)
dout
$(.) = =nQy | n™0qs > (dbi_p)as(xe—1€7€)s |, (241)
B=1
Osny = Oswp (242)
hi —hi | = Wi (b —hy_;) + (W} - ngl)hti +(bf —b7_4) (243)
W?_,oh}
= Oyl — o QF (0 ahE (b)) R (244)
= 10y dht 1Xt—1 (245)
9h2 5ht Z¢( t—1ka’ 5hg)a)(h1}fl)a7(hz}fl)a;
(Moment)
B O™ By (0B s, G-} )
(246)
(b( . ) = 9{4/t2,105h%w752_1ka(5h%)a (247)
dout
G @ {00 S (@03 )es(xe- 1)} )a | (h)a (248)
B=1
- n9@§71dh3—1Xt—1 (249)
eéh% = maX(H{/VtQH(Sh%?H:SWt% {/Vt‘l_l)a (250)
hi —hi | = G(h}) — G(h7_)) (251)
e (hf_1 + 9h25h§) — Softmax(h?_,) (252)
072 (37 ) Z¢k {(h? )k, (Sh)i}i,), (Moment), (253)
95,3? = 95}1?. (254)
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3,k 3.k 3,k 3,k 3,k
ht - ht—l = Wt—l(h% - hg—l) + (Wt - Wt—l)h%7 (255)

t—2
— 1
= O3y WO FOBE — 3 050051y QF (™ Oamdhx, (1)) obf (256)
s=0
O Q3 (n 00 ndhi”;’axt_1<h%_1>T) (b)), (257)
k ou k out .
("), Z qb(n, (@)oo Y, {(an2 ks
{(h1>’7}s 0 (5h%)77 (hg—l)% (hg)% (OuterNonlin)
Osny jonizt {0511[/3W/5ff"’’“}Z %’95W3/5h3’” Abws b 0>
(258)
T := WFonl, (MatMul)
(259)
05h?’k = max (9(5/1%71113}( (03W§95h%> 793Wt3) s ( )
agwddhl 1ishdk T Oz Osng /O (262)
5Wt3 Jondk T Osws/ Ospsk- (263)
We repeat the above process for each expert k.
ke k 7 7 k
= Z ( i—1x( (h" —hF) + (h?,k - h?ﬂ,k)h? ) (264)
k=1
_ Z ( P 0ny 4 eéﬁgaﬁgkhﬁv’“) : (265)

\ [
—

(0b})o = ¢ {(5h?’k)a}k:1’{(h?’k)a}zn:ﬁ95hka/5hga95ﬁg/5hg7{h 1k e 1 {0k} e 1) (Nonlin)
(266)

& 7 k
= 3 (O P k(OB o + 0,750h2 1 (B3)a ) (267)
k=1
Opz = max(0;,0.x, 0572), (268)
Héhf’k/dhg’ = 06}1?”“/95}1?’ (269)
Osz/sn3 = Osiz/ Osns- (270)
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f, — i1 = W,_;(hj —h}_;) + (W} - W, )b (271)
W% 6h? 1
= 9/ 4 95h3¥ — ethAN’]ﬁQ? ('I’Ld4Xt71(h§_l)T> h?, (272)
0, (651) Z & (W1 g (005)a (081 ), ()i 0 Oz Ohyess ™, (xe-1)3) 5 (Moment)
(273)
O ) = Oy Oy (W) (007)a — OhyyanQf (n (- )p(hi_)a) (0)as  (274)
Os5, = max(%vf_le(;h?,%wf). (275)

C.4. Infinite Width Limit for Soft MoE with Adam

See Appendix C.2 for an explanation of the limit notation.
Adam requires defining the limit of an extra operation, OuterNonlin (Yang and Littwin,
2023):

Z OuterNonlin: Givenr > 0 and function ¢ : R+ — R such that y, = L D By Bl P(al; ﬂféﬁ -

then

20 =By e {w (ZIO; 782 ,él)] : (276)
where (Z‘fl, L ZE < (z=',...Z%") is an iid copy of (Z*',...Z*") and is independent of
7+,

Assumption 14 (Pseudo Lipschitz Q, Assumption 2.3.2 (Yang and Littwin, 2023))
Assume that Qf, € are pseudo-Lipschitz for all £,t.

Assumption 15 (Faithfulness at initialisation) If we want faithfulness in the first
weight updates, it already restricts the values of d to dy = 1,do = 0,d3 = 1,d4 = 0.

First Forward Pass:

din
=N 7%, (277)
7=1
h? = b, (278)
hi = G(b}) (279)
72" = Wt for every expert k, (280)
m o
Z =" hZ2h" (281)
k=1
f, = 0. (282)

Here, ZWo is standard Gaussian by construction. h2 = 0 as hg = E[ZWo]E[Z"] = 0. h?
then follows by the definition of Softmax(0). ZWe hy = ZW3hY from the Z MatMul rule.
Finally fo = 0 as fo = E[Z"0]E[2"] = 0.
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First Backward Pass:

7 = 7V (283)

doljzak = 0 for every expert k, (284)

diLQ()Jc = 0 for every expert k, (285)

Zdhe" = fl(%’kZdhg for every expert k, (286)

AR zm: ZWo) dang* (287)
k=1

(288)

Z%¢ is a standard Gaussian by construction. dﬁ%k = E[Zhg’k]E[ng] = 0. From this,
d;ﬂoyk — 0 follows. ZWo™ ) dn§ — ZOVG™)TdhE from the Z MatMul rule.

First Feature Update:

dout
1 1 o
7 = Qi | D 21408 (x0)s€" | €, (289)
B=1
- dout
° ° 2 1 o S N 1 1
O = OspuBIZOk Z0M] — 67 onB | QF | Y (A3 ) p(x0)s 2" | 2|, (290)
p=1
> G(h}) — G(h)) if f52 = 1
iz — § 9 012) 02( o) if B , (201)
Q' (03)(802) if G5 = 0
sh3k _ 5 wksn!
Z7 = O e 20 T
dout for every expert k
o 3,k o hl hl I
= s ona B (g iy | Q| 222 (k00520 | 20
( . ) p=1
(292)
3 m 2 3,k 2 3,k
Sh 5 12 YR 5 5 72 oh¥
A = ;95}1?;@/%%}107,62 1 — 66,3%6h?,k/5h36h1’kZ 1, (293)
0f1 = éath[ZWézéh?] - §15W1477E [Qil (iozhg)] zM, (294)
where ZWo " oht i given by the Z MatMul rule,
ZWotehi _ pWotshi | pWiten] (295)
, , Shi
= ZAWS’k(Sh% + Zdhg,kE - aszk : 3.k (296>
92We™Tdny

1 1
Furthermore, the random variables (Z{L 0, Z{L H 4 (Zho, ZM) is an iid copy and is independent
from Z4h*",
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We write the limit of each vector in the program as

ZM = zh0 4 G, 200 4 4 G, 200 (297)

Weight updates: The distribution of certain weight updates are required in the backward
pass and thus the forward passes.

2 = —Qt (2", (298)
- dout
2 e o 1
ZOWk: = —Q? UZ(dh?,k)ﬂ(Xt—l)Bth_l : (299)
p=1
tth Backward Pass:
Z — ZzWHT (300)
dh?, = E[Z" 7). (301)
m o
dhgy, = J(hd)kdhiy, (302)
j=1
gand* _ igk 73 (303)
ant _ N~ (kg2 (W ™) Tdhi* o L[ hle pdhd3*Y dhit
Z7 = ZZ ! k’:dhﬁk + 2 ' _UZE<Z"h§’k Zdh?k> Qs (Z SXSZI ) )Zl ’
k=1 s=1 1 41
(304)
where ZWo™)Tdm" g given by the Z MatMul rule,
ZWgTan® _ oW Tand® | S wgt)Tdndt (305)
dnk
_ gty g | 9270 (306)
aZvVO’ v

vGV:Wg"kvEV

where V := {v for some vector in the program v} is the set of all vectors in the program. Fur-

3,k 3.k k k. . s
ther the random variables (ths , Zf g ) 4 (Zdh§ ,Zdh? ) is an iid copy and is independent

of Zhs.
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tth Forward Pass:

dout
1 1 R
70 = —nQp [ > 2 W (x1)p€" | &, (307)
B=1
T 1 dout ) L
5h?,k = 9{4/t27105h%E[Z(Wt—1)k,:Z(Sht] — H:SWET]E Q% Z<dh%*1,k)5()o<t—l)ﬂzht71 th ,
B=1
(308)
h2 _ G(h7) — G(hi_,) if 05,2 =1 (309)
t ° ° e A ’
G/ (03 _,)(6h3 ) if G2 = 0
3,k o 3kcr1
AL " ZW5 " shi (310)
=2 dout (dh3™) Bl Shl
l 3 dn? o 1
B SZ:;eawfv’vahi/Shf’mE(Zfé,th%> “ %:Z F(xs)pZy” | 21 (311)
dout ( 3k ) hl hl
N 3 a3t o -1
- 05W3’k/5h?’knE(zf%—l7Zf%) Q; ; 2P (xe-1)p 2 | 20t (312)
“ 2 3,k 2 3,k
3 ° 2 , o 2 ,
7 = Zeahf’k/ahghi,t—lzaht — Oz spaOhin 2" (313)
k=1
5f = é%gfléath[wa‘lzah?] - QOSW;LWE [Q? (>°<t—1Zh?*1) Zh?] , (314)
where
ZWothi _ pWotsht | Wi on] (315)
t—1 3,k
A 11r3, VAL
— ZWotent ZZdhéE — (316)
s=0 aZ( 0 ) s

Appendix D. Derivation of Soft MoE Results

We derive the results from Section 3 here. The results rely on the Tensor Program derivation
in Appendix C.

D.1. SP: Router Collapse

In this section, we derive the results for the soft MoE network with SP parametrisation. We
use the Tensor Program derivations in Appendix C.1 and Appendix C.3 to do this.

Recall that the SP parametrisation refers to initialisation parameters by = 0 and b, = 0.5
for all layers ¢ # 1. Furthermore, the learning rate and epsilon scaling parameters are the
same for each layer ¢ = ¢y and d = d; for all layers . The initial values of by set the scalars
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for the network in Theorem 1

O = 1, (317)
Oz =n0%, (318)
Opan =1, (319)
Ops =107 (320)
(321)

We write the Tensor Program for the first forward pass with SP as follows (the rest of
the tensor program is similar to Appendix C.1). We write thie without the bias as it does
not affect the result.

First Forward Pass:

d.
h(l) = W(1)£7 (h(l))a = ¢ ((W(l))ala . (W )Ocdma gl? . a{din) = Z(W )Oéjfj? (Nonlin)
j=1
h = vaWZhj,  (h3), = fzqs( D (B V1) = Z 3)ka(hb)a,  (Moment)
h2 = G(hd), (Moment, See G)
hy* = W3kh}, (MatMul)
hy* = B, (05)a = ¢ (6§ )ai =) = (B)a (Nonlin)
b= "n3FRd,,  (d)a=o <(h3,1) (B B g ﬁg,m) = (h§*)ahd) (Nonlin)
k=1 k=1

17 1\~ (~od R
fo= V- WEhi,  (f0)s =~ > ¢ (Wi)sar (B)ai vit) = -V > (Wi)sa(bi)a-, (loment)
a=1 a=1

where G(+) is the gating function, either Softmax or Sigmoid..

To find the scale of the output-like layers h? and f we use Master’s theorem on the
variance of the coordinates

n

E (b)) = 3 - BI(WRRJE[(h)2] = E

a=1

fo)3] = %E[(Wmam[(h%)i] ~E [}1
a=1

S|
M=

(h(l))i] , (Moment) (322)

a=1

NE

(hg)i] . (Moment) (323)

a=1

We consider SGD updates here for ease of exposition. The result trivially holds for Adam
updates as well (see Theorem 18).
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Using the Master’s theorem (Yang and Hu, 2021), the coordinates of each layer will have
scale (1),

O =1, (324)
Oz = 1, (325)
b2 = 1, (326)
Oyor =1, (327)
Opa =1, (328)
05, =1 (329)

Without loss of generality, we assume that values of ¢ is chosen such that dhi and
hl = h} + 6h} are ©(1). That is Osnt = 01 = 1. It is safe to make this assumption as Shi

exploding or vanishing with width are both undesirable. The update to h? then has the form
(Appendix C.1)

W26h! h})"h!
Ohi = O, —2—+ —ngfndhgx()i( 021 L, (330)

where W2, §hl are the unscaled (©(1)) terms. The above operation is written as a Moment
W2shl —
WOT&H — E[Z3 2°M] (Appendix C.1).

As the gradients required to calculate §h1 depend on W, the limiting random variables

in the Tensor Program. By the TP Master Theorem,

ZW3 | 70h are correlated, thus the expectation is non-zero and the term scales O(1). Thus,

the ﬁrst term has the scale ¢’ we = = nY5, and the second scales 0’ w2 = =n'"¢=n'"¢ Hence,

0
the first term scales ©(n% 5) 1rrespect1ve of the scaling of the second term, which means that

the entire term scales Q(n%?). As h? = 6h} + h3, where the first term scales Q(n%?), and
the second term scales ©(1), hence h? scales Q(n%).

Saturation of Softmax h?: In the softmax network, h? = Softmax(h?) where h? scales
Q(n5). Using the well known property that softmax of diverging inputs results in a one-hot
distribution, we get,
ek
S T

for some expert index k € [m]. The gradient of the softmax layer is

Sy (8= (),),

where (h?); is the 7" component of the vector h?, and d;; is the Kronecker delta function. If
h? is one-hot, then the gradient aTl; is a zero matrix of size m x m. As 85; is required to
calculate the gradient of the router 8%62,
oL  OL 0h? Oh?
OW?  9h2 0h? OW?
this implies that the router gradient will approach a matrix of zeroes as the width is increased.
Hence W2 = W% for all subsequent steps of training.
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Saturation of Sigmoid h?: In the sigmoid network, h? = o(h?) where h? scales Q(n%9).
With n increasing we get

if (hf)x >0
if (hf)r <0’

n—oo

lim 0((h§)k) — {;

for every expert k € [m]. The gradient of the sigmoid layer is

=0 ((h):) (1 - o((h})y)),

which approaches a zero matrix as n increases. Similarly to the softmax case, this results in
a vanishing gradient for the router.

Remark 16 (Zero initialisation of router with SGD) Zero intitialisation of the router
with SGD ensures that the interaction between W3 and Sh} does not occur. However, here
the results from Yang and Hu (2021) hold, primarily that it is not possible for the “output-
like” layers (router and function) to feature learn. This can easily be seen by the fact that

Osn: = n~ (D which means that ¢ = —1 is required for h} to feature learn. This however

causes the second term (effective updates) in $h? to diverge as HZSWIQ =n-n"c-n-Oys = n3.

(&
Remark 17 (Results hold for Top-K) The router logits diverge due to the interaction
between W3 and 6hi, and thus holds irrespective of the gating function, or sparse evecution.
If Softmax or Sigmoid activations are used with Top-K, the router probabilities will still
saturate with SP.

Remark 18 (Router diverges with Adam) The analysis above relies on the propagating
updates W%(Sh% of the router blowing up. Adam updates only affect the effective updates of
the router SW2h2. Hence, the same analysis holds for Adam.

D.2. uP-MokE: Stability but with Router Stagnation without Router Bias

Table 1: bcd parametrisation vlaue for uP-MoE SGD

Layer (/) by ¢

1 0 -1
2 1 1
3 05 0
4 1 1

Stability and Feature Learning for SGD: We show that the values in Table 1 for the
network in Theorem 1 satisfy our desired properties of stability and feature learning for SGD.
The values in Theorem 11 already satisfy stability. To show feature learning, we show that
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the limiting values of the scalars 0, in the feature updates converge to one. Stability (O(1)
features) combined with ©(1) feature updates then imply that all the features scale ©(1).

O = 1, égwlz =1, (331)
Oz = 1, (332)
Ospt sk = 1, s sk = L (333)
ééh?’k/cih? =1 éaﬁf/m =1 (334)
Ospa = 1, égwﬁ =1. (335)

For the next forward passes we have Oy2 = b2 and Oyya = b4, thus we have

e Oong =1, Jswz = 1, (336)

Osnz = 1, (337)
90571%/5113’]c =1 éfswgahtl/ahf”“ =1 é:swts/(shf»k =1, (338)
ééhf’k/éhf =1 éaﬁg/shg =1 (339)
Oy Osny = 1, Jowa = L. (340)

For a formal arguement to show feature learning (such that the limits are not degenerate),
we refer to (Yang and Hu, 2021, H.7).

Table 2: bcd parametrisation vlaue for pP-MoE Adam

Layer (/) by, ¢, dy

1 0 0 1
2 1 1 0
3 05 1 1
4 1 1 0

Stability, Feature Learning, and Faithfulness for Adam: The faithfulness follows
from theovalues at the first weight updates Theorem 15. Similar to above, it is easy to see
that all 8, converge to one.

Lack of specialisation: We now show that for uP-MoE without router bias, specialisation
of the experts fails. We first show that, in the infinite-width limit, the gradient received by
each router logit converges to the same deterministic value. Next, we show that this implies
that the router logits, and hence the probabilities evolve synchronously, keeping the same
value for each expert. In Softmax-Soft MoEs, due to the form of the softmax gradient, the
above results imply that the gradient received by the router is zero. We finish with remarks
that these theorems hold for Adam, and we find the finite-width scaling of the router gradient
in Softmax-Soft MoEs.
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Proposition 19 Consider a soft MoE network without a router bias with m experts with
either Softmax or Sigmoid gating parametrised such that stability holds throughout training
( Theorem 9), and such that the router logits converge to zero in the infinite width limit,
hO =0 (Theorem 11, Table 1). For any time step t > 0, each router activation h? component
receives the same deterministic unscaled (©(1)) gradient. That is,

dh2; = [th’kZdhﬂ : (341)
is identical for all experts k € {1,...,m}.

Proof First, observe that z4h — ZWi g g global variable shared by the entire network; it
depends only on the output layer weights, making it independent of the specific expert index

k
k. Therefore, it suffices to prove that the marginal distribution of the expert features Z h
is identical for all k. We proceed by induction.

Base Case (¢t = 0): At initialization, the expert features are defined by the random
variable:
Zho" — ZzWothg (342)

The input features h(l) are shared across all experts. The weights Wg”k are initialized i.i.d.
such that (W2);; ~ N(0,n~"). Thus AL (derived by ZMatMul rule) is the same for

every expert. Consequently, the random variables Z ho* are identically distributed for all k:
zhe" L oghe? g, (343)

Thus, the expectation E[Z hg’kZdhg] is constant with respect to k , and thus dﬁg & 18 the same
for each expert. 7

Note that for softmax or blngld gating, the router probabilities are the same for each
expert at initialisation due to h2 0.5 = 0 and without a router bias,

=9 %1 if G = Softmax
hO E— VY1 1 . Qs Lyt
5 if G = Sigmoid

Hence fz%z = fz%yj for every i,j € [m].

Inductive Step: Assume that for all time steps s < t, the expert features are identically
distributed across experts:

3,k ( 3,7 2 2 .
Zh 270 = dRZ, =hl; Vk,j. (344)

The router logits at a given time step s < t are

S
P9 59 )
hg = hog + § Ohyy s
p=1
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where h%k = h% j for any experts k,j due to the initialisation assumption. We now show

that the updates 551277 ;. are the same for each expert index k. The infinite width limit router
weight updates and corresponding logit updates for each expert is

dout

(W) 7 o 1
Zk,: ! :_nZ(hi,k)ﬁ(prl)ﬁth_la (345)
p=1
5 dout ° L
° o o 1 o ~ ° 1
Oy, = Oy sy B2 o= 200 ] — G0m Y (B s 1) (Xp—1)pE[Z"2 Z2"0). (346)
f=1

As the inductive hypothesis implies BZ = B§7ij, 7, we see that updates are the same for
each expert a every time step p < s < t and hence that

hZ,=h%; Vk,j.
As the gradient for each expert k at time step s is

dnd* 79 dn3
ACMES LA

where Z4% is shared for all the experts. Using the fact that ﬁg = ;Li ; for all experts k, 7,
we get

k
hot d

74 74037 k.

Consider the update at step t, defined in the infinite width limit as:

By = B+ ohgt, (347)

o

t—2 dout
shik Wiksn1 . (dh3") o hl 6h}
27 = O sk 2 t_zegwfv’“ahg/éhf”“nzzﬁ (Xs)s (27 Z27]
s=0 B=1

dout

2 3,k .
- efswfv’v/ahf’kn Y- Ze (xR (2" 2], (348)
=1

Note that 0:5 _— is the same for each expert. As we have shown, inductive hypothesis implies
t
3,k 3,5 . . 3.k
that Zdhs" L zdh ], for all experts k, j at every time step s < t. Furthermore, Z"o 0hy
3.k |

(from the ZMatMul rule) is the same for each expert as Z"o" is the same for each expert and
3.k 3,5

7% is shared by all the experts. Thus, using the inductive hypothesis that Z"1 2 ghiy

we have,

gont Lo gty gkt Lo ghy? g (349)

This is turn implies that
dhi, =dhi; Vk,j. (350)
m
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Corollary 20 Consider a soft MoE network without a router bias with m experts with
either softmax or sigmoid gating parametrised such that stability holds throughout training
( Theorem 9), and such that the router logits converge to zero in the infinite width limit,
hO =0 (Theorem 11, Table 1). For any time step t > 0, the router probability is the same
for every expert in the infinite width limit. That is,

i"?,i = ﬁ%,j (351)
for every expert i,j € [m]

Proof Result follows from the inductive proof in Theorem 19. For the last step of the
induction, the result of Theorem 19, which implies that the gradient of the router logits are
the same for each expert index dhik = dhi ;- This, combined with the initialisation h? =0

implies that h?ﬂ = ;L?’j for every expert i,j € [m] and time step ¢t. The result for iL%Z = hg j
for every expert i, € [m] follows. |

Corollary 21 Consider a Softmaz-Soft MoE netwok without a router bias. For any time
step t > 0, in the infinite width limit, the gradient with respect to the router vanishes,

dh?k =0, for every expert k. (352)

Consequently, the router weights do not evolve from initialisation,
ZOWik: = 0, (353)
— b2y = B[V z0M], (354)

for every k. That is, in the limit, the router is stuck at initialisation.

Proof The limiting value of the gradient with respect to the router is

ahe, = 3 ()i, (355)
j=1

where J(h?)y; = h} (51:] — h? ;) is the Jacobian of the Softmax and h? = Softmax(h?). From
Theorem 19, dﬁ% = dht i for all experts £, j. Let C := dh2 For every k, we have

tk—ZJ h2);C (356)
— Ch? kz (% hm> (357)

=0, (358)

where we use the fact that Zm h2 = 1. The rest follows from looking at the infinite width
limits of §W7? and dh?, Pk [
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Remark 22 (Router bias prevents the stagnation in Theorem 20) The reason for
the router stagnation is the symmetric initialisation due to pP-MoFE and the resulting identical
deterministic gradients for each expert. A router bias (or noise) ensures that at initialisation
the router is not symmetric, hence leading to varied deterministic gradient for each expert.
The router thus does not stagnate.

Remark 23 (Results hold for any stable parametrisation) For the above results, we
only assume stability and the results are shown using unscaled quantities (quantities that scale

©(1)). As such, any values of bed do not change our results. We also assume flg =0 — the
only stable parametrisation where this is not true is with by = 0.5. We refer to (Yang and
Hu, 2021, H.4.1) for discussion that. Furthermore, by = 1 is required for feature learning
considerations (Theorem 11).

Remark 24 (Extension to Adam) The above theorems hold trivially for Adam. The only

change required is in the proof for Theorem 19. Here, the infinite width limit update to hf ok
will be (Appendiz C.4)

20 = Gy gy 2700 (359)
t—2 dout .
- Zégwf’kéh%/éh?’knE(Zh§ Zéh%) Q! Zz(dhs ()21 | 2 (360)
s=0 1071 8
) dous 1
_egwfﬂ’“/ahkanE(zhil thl) Q ZZ(dht VA (Xt-1)p2y Pt | (361)
oo B

where Q is the Adam update function (Theorem 13). Here it is easy to see that zdnt"t 2 Zdhg’j,
for all experts k,j at every time step s < t implies the same result as Theorem 19. The result
from Theorem 21 follows.

Remark 25 (Scale of dh? i, for finite n) In the tensor program, for each output coordi-
nate § we have

n

1
Z o 40h3 k ) (dh})ap = 9W40h3 K— Z(Yiﬁ)aﬁ, (Moment)  (362)

a 1
where we defined
3,k
(Yer)ap := (hy")a(dhy)ap- (363)
The gradient with respect to the router logits is
(dhiy)s = Z J(hi)ij(dhi ;) = 6 Wil th,mg, (Moment) (364)
j=1 a 1
where
Xt kap = Z J(h7)kj (Y j)a (365)
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Timestep 3 Timestep 4 Timestep 5

model.layers.L.mip.gate.router

o / 107 / /

Fa oh 77 2% 2h 57 P oh
width width width

Figure 2: Average norm of router features as width is increased with router d = 0.5. Shows
that for high €, this causes the router logits to diverge.

In the infinite-width limit, we showed above that dﬁik =0, so in particular E[X; j o] = 0.
To capture the scale, consider the second-moment “Moment” variable

n m m n

1 ~ ~ 1
U Z(Xt,k,aﬂ)z = Oyaby.0 > J(h?)ij(hf)mﬁ > (Vijap(Vii)ap,  (366)
a=1 j=11i=1 a=1

whose infinite-width limit, by the Master theorem, is

Oryalysi > I IACIACTE (367)

7j=11=1

Thus the variance of (dhik)g =n" 13" Xirap Scales as
1
Var[(dhg)s] = —(Oyya0,2,)* Var(Xi p.as), (368)

where Var(Xy i, ) s some non-zero scalar. Consequently, we have that dhzk scales O(n~ 5)

Remark 26 (Scale of h? — h? ; for Softmax-Soft MoE networks under ;P-Moe parametrisation)
Here, we find the scale of h? —h? | for Softmaz-Soft MoE networks under the uP-MoE

parametrisation. We find the scale under zero-initisalisation of W3, so that the initialisation

of the network matches the infinite-width limit, as recommended in Yang et al. (2021). Here,

only the effective updates decide the scale of the feature update. The scale of the router weight

update s 95Wt2 =n"t.-n9 = 715 where the extra n=°5 comes from the finite width
scale of the router gradient, due to the softmax Jacobian (Theorem 25). Thus, the scale of
h? —h? | s 96W2 =n-n" 15 =n"05

Remark 27 (Benign Scaling for Adam) In Softmaz-Soft MoFEs, the scale of the gra-
dient has an extra n=%° factor. This implies setting d = 0.5 for the router can be used to
rescale the variance such that it is ©(1). However, as this results in a random scalar in the
program, this limit is not expressible in Tensor Programs (Yang and Hu, 2021, Theorem 7.4).
In practice we find this can lead to diverging logits Figure 2.

Appendix E. Proof of Theorem 4

From Appendix C.2, we see that at initialisation the router logits converge deterministically to
C1 (with C = 0) under uP-MoE scaling without a bias. A simple CLT argument, (formalised
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in Yang (2019)) shows that v/n(h?(n) — C'1) converges in distribution to a Gaussian with
variance proportional to E[(Z"")2]. Thus, we can write

h?(n) = C1 + onep,

with €, = v/n(h%(n) — C1) and o, = ﬁ
Theorem 28 (Limit of the Top-K masked vector) Let

Sy := TopK(e,,) = TopK ({hZ(n)},),

and define 3 . ) .
h?(n) = h?(n) 1{i € S, }, h2(n) = (h%(n), . ,h?\/[(n))

Then,
h2(n) L c 15 in RM where S := TopK(e)

where 1g is the indicator function indicating whether index j € S.
Proof Define the Top-K indicator map
T:RM = {0,1}M,  T(2) = Lpy(s)-

This map is discontinuous only at points where ties occur among the order statistics. As the
probability of ties when sampling from € is zero (as Gaussian as a continuous joint density),

P(e € Dr) =0,

where D denotes the discontinuity set of 1. Hence, by the extended continuous mapping
theorem (Billingsley, 2013),

T(en) :d> T(e), ie. 1g, :d> 1g.

Now write
h%(n) = (C1+ onen) O T(en) = CT(en) + onlen © T(en)).
Since &, 4 g, the sequence {e,} is tight, and therefore
lenlloo = Op(1).

As g, — 0, it follows that

Combining this with 1g, 4 1g and applying Slutsky’s theorem yields

ou(en O T(en)) | _ < oullenlloe 0.

h2(n) £ C1g.
|

Thus, in the first forward pass (at initialisation), where the router is symmetric, the
Top-K index set is not deterministic as S := TopK(e).
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Appendix F. Tensor Program for Top-K MoE

In this section we derive the Tensor program and the corresponding infinite width limit
for Top-K MoEs (??). Note we only derive this for SGD, corresponding limit to Adam is
analogous to Appendix C.3.

F.1. Tensor Program for Top-K MoE with SGD

We use the same notation as in Appendix C.1. Throughout we make the assumption that
the parametrisation is stable (Theorem 9).

Network:

h! = Wl¢, c R™<! (369)

h? = W2h! 4 b? e R™*! (370)

s = T(h?) where T (h?) := 1{k € TopK(h?)} (371)

h? = G(h?)s), € [0, 1]mx! (372)

h3,k‘ — Wg’khl, c Rnxl (373>

h? =Y " h*Fig, e R! (374)

k=1
f = Wn3, € Rfouex1 (375)

where b? € R™ is a bias parameter that is represented as an initial scalar in the program, s
is the Top-K mask, and G(+,s) is the activations applied to the index set s. For Softmax

Sk exp(u)

Gg(u, s) == Z;nﬂ 5; exp(i;)’

(376)

and for Sigmoid

Gk(u, S) = Sk a(uk)

Conditioned on noise/bias: We derive the Tensor program conditioned on the bias
term noises {b?}~_, or the learnable bias b?. We assume that they have been sampled from
a distribution such that P(b? = bJQ) = 0. Practically, we sample b; ~ N(0,1).

Remark 29 Top-K MoFEs are not admissible in the Tensor program framework without
a router bias. This is because the router history is not deterministic, whereas the Tensor
program Master Theorem requires scalars (such as router mask) to converge to deterministic
constants.
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First Forward Pass:
din

h = Oy WEE, (Bd)a = & ({WEas}§myi 1Oy ) = D O (Wi,
j=1
b = 0}y, Wahi, + b}, Z¢ (W2)ke (B B (DI ) = g 2 (Wo)ka(Bi)e + (b
= T(h2), (Moment)
hZ = G(h2,s), (Moment, See G)
hi" = W3kh, (MatMul)
A (03" = & (B3 )as O ) = Oy (B
hd = Zh3kh0k, (hd)a = ¢ ((hg’l)a, (™) R2 ) S (m3F)ah,
k=1
o 1
fo = Q'ngwéhgv Z¢ ( (W) gar (hi)as 0}, ) = —Oy Z(W4)5a(h‘3)
a=1

We assume stability at initialisation and thus the initialisation values in Theorem 11. For
these values, the scale of W%h(l] is n =05,

Remark 30 (Initial mask is deterministic conditioned on the bias) With the ini-
tialisation values in Theorem 11, as the width increases W2h1 — 0, with vanishing finite-width
fluctuation (Yang, 2019). Consequently, if h2 denotes the lzmzt of h?

T(h3) = T(b3).

Hence the Top-K operator is determined by the initial bias and is deterministic in the limit.
This can be shown with the result in Appendix E.

Noise and Learnable Bias: We consider two cases here:
1. Case 1: A different noise is added at each time step {b?}Z_;.

2. Case 2: The term bg is learned. Note that the updates below are written only for
learnable biases.

First Backward Pass: Same as Appendix C.1, except the gradient dh%,k requires gradient
of the Top-K mask.

dhgy, =so > J(hg)edhj ;, € R1*out  (Moment) (377)
JjeES
where J (fl%) k= g((:{igii is the Jacobian of the activation function on the sparse logits.

First Weight Updates: We need to consider the update to the learnable b?
b? — b = —10! 4dh0xO (378)

The rest is the same as Appendix C.1.
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First Feature Updates: The only feature update that will change from Appendix C.1 is
h? and h%:

hi — hj = Wi(hi — hy) + (W] — W§)hj +bf — bj (379)
W25h! h})"hl
= 05,10 2071 — 9’W2ndh3x0L no! 4dh0xO (380)
9h2(5h1 Z¢ (ngzw (6h1)a, (hg)a, (hl)aa96h1 9W2706W2777a {(dhO)kﬁa (x0)p }dout) (Moment)

- (381)

- dout dout
O ) 1= 051 01y W10 (O01) o — B2m > (A13)5(x0) 5 () (h])a = 05 > (A1) (x0)5.

B=1 B=1

(382)

95}1,2 = maX(Qéhlng, 5w27 4 ) (383)

h? — h2 = G(h?,s;) — G(h2,s0), (Moment) (384)

The rest of the feature updates are the same as Appendix C.1.

tth Backward Pass: Same as Appendix C.1, except for the mask

dhiy, =s¢ Yy J(h7)rdh?;, € R1deut  (Moment) (385)
JES

~ 23 .
where J(h?);, = gét%;i is the Jacobian of the activation function on the sparse logits.

tth Weight Updates: We need to consider the update to b?
bf —b} | = —nbys dhi X1, (386)

The rest is the same as Appendix C.1.

tth Feature Updates: The only feature update that will change from Appendix C.1 is h?
and h?:

hi —h; | = W7 (b —h; )+ (W] - W] )h +b; — b}, (387)
W2 _6h! h! Thl
= Gahlawf 1% o Hfswgndh?let—I% nd, Wi dht 1Xt—1 (388)
62 (3h}); Z¢( 7 Lo OBy (B ) (8 O OOy {(ABE s, (1)} )

(389)

dout dout

P(...) = ‘95ht19/ Wt2 1ka (‘5h%) 9:;W2772 dht 1 kﬁ(Xt 1)B(h 1)a (hl) 779{4/;171 Z(dh?—ﬂkﬁ(Xt—

B=1 B=1
(390)
05}1% = maX(e(Shtle{/VtQ_l,ethQ, {/V;l—l). (391)
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h? — hY, = G(h}) - G(h ), (Moment) (302)

The rest will be the same as Appendix C.1.

F.2. Infinite Width Limit for TopK MoE with SGD

We use the same notation as in Appendix C.2.

Remark 31 (Deterministic Limiting Mask Conditioned on Noise/Bias) 7o find the
limit, we need to show that the Top-K mask is deterministic in both cases: 1) where noise is
added at each step to the router logits, 2) where a learnable bias is added to the router logits.

1. Note that the noise b? is drawn independently of Wih} at each step. This implies that
the probability of ties (h?); = (h?); is 0. Wih} converges deterministically according to
the Master Theorem: If Wih} converges to the same value for each dimension such
that the setting of Appendiz E holds for Wih}, then the mask is T(b?) in the limit and
thus deterministic.

2. With a learnable bias, the mask is deterministic at initialisation (Theorem 30). However,
for subsequent steps, we must make the additional assumption that for widths n > N for
some N > 0, in the resulting logits h?,(K) — h?,(KH) > € where € 1s width independent,
for allt. As TP only allows for pseudo-Lipschitz non-linearities, scalars in the program
converge to a deterministic value, and the logits are bounded under uP-MoE, this can
be proven using induction. However, we leave this for future work.

First Forward Pass:

7 — e2W5 (393)
h? = b, (394)
$o = T(h) (395)
(396)

(397)

h2 = G(h3, ) 396
3k Wik p1
Z" = Z"o " for every expert k, 397
B _N~S2 it
A Z h 2" (398)
k=1
fo=0. (399)

Here, ZWs is standard Gaussian by construction. The gating function G is either a

Softmax or Sigmoid. ZWo s — ZWthY from the Z MatMul rule. Finally f; = 0 as
fo=E[ZVo]E[Z"4] = 0.
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First Backward Pass:

Z3 = ZWi, (400)

dﬁ%?k = 0 for every expert k, (401)

dloz?o,k = 0 for every expert k, (402)

Z3n" = B?LkZdhg for every expert k, (403)
m

Zhs = 3"z " (404)
k=1

(405)

Z%¢ is a standard Gaussian by construction. dﬁ%k = E[Zhg’k]E[Wé] = 0. From this,
diL207k — 0 follows. ZWo™ ) dn§ — ZOVG™)TdhE from the Z MatMul rule.

First Feature Update:

dout
ZM = —n > 205 (%) 5", (406)
p=1
- dout dout
o o 2 1 3 o o 1 1 o ° .
Shi ), = eah}E[Z(WO)k”Z&hl] — 0'swan > _(dh§ 1) 5(x0)sB[Z"0 2] — M4 > (dhg1)s(x0)s;
B=1 B=1
(407)
087 = T(hi) — T(hY) if 05,2 = 1, (408)
ohi = G(87,81) — G(h§, &) if O, = 1, (409)
dout
3,k o 3,k 1 o 3,k o 1 1
Z0m = Hah%/ah?,kZWO Ohy _ 9’5W13/5h?,k17; VASRRE (Xo)ﬁE[ZhOZhl] for every expert k,
=1
(410)
m 2 3,k 2 3,k
Sh3 4 72 76hy N D 72 Zhy
7 = ;eéhf,k/ahﬁ,hwz = Osa0ya 5003 k21 (411)
f1 = éath[ZWézdh?] - é’awfm%oE[Zhgzhﬁ]a (412)

Shi

2 ’k . .
where G is either softmax or sigmoid and G’ is the derivative. Further, Z W tond i given by

the Z MatMul rule,

ZWatsht _ pWotshi | Wi ont (413)
= ZWotont 4 gt [W] (414)
927 We ) Tdng*
We write the limit of each vector in the program as
Zh = zho 4 G, 200 4+ 4 G5, 200 (415)
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Weight updates: The distribution of certain weight updates are required in the backward
pass and thus the forward passes. Note that b is a scalar in the program (€ R™) and hence
does not have a limit.

ZWE = e 2, (416)
dout
*TIZ dh? ) (xe-1)p 2", (417)
R dout .
b} — b | = —779{4/;1_1 Z(dh?—l,k)ﬁ(it—ﬁﬁ- (418)
A=1

tth Backward Pass: Let S = TopK(h?) be the set of active experts,

Zz = zWHT (419)

dh?, = E[Z"" 792, (420)

d;l%,k = Stk i J(E?)kjd;l?,kv (421)
j=1

Zh" = p2, z9, (422)

7 — Z ZWDkdh, 4 ZWo TR Z ZM B2 20 (423)

where Z(Wo™)Tdr?" g given by the Z MatMul rule,

Z(WO&I@)Tdhf,k' _ Z(Wg,k)Tdhgyk 4 Z'(Wg’k)Tdhf’k (424)
X 7 ’ 8Zdh3,k
_ Wi Tandt Z 7R aZW‘:k’U (425)
0

veV:WiFvey

where V := {v for some vector in the program v} is the set of all vectors in the program.
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tth Forward Pass:

dout
7% = Yz 06 (%, )", (426)
p=1
dout 1 1
5hiy, = 0, w2 eahlE[Z(Wt Vs 700 ] — 9,W2772 Tp)s(Xe1)sB[ZM-1 2] (427)
B=1
R dout R
- 7794/[/;1_1 Z(dhf—l,k)ﬁ(it—l)ﬂa (428)
B=1
087 = T(h7) — T(h7_,) if 5,2 = 1, (429)
oh = G(h,s;) — G(h7_;,811) if 052 = 1, (430)
t—2 dout

3,k o 3ker1 o 3,k B 1 1
A Hah%/shf*kzwo REDY ngf*kah%/ahf*k” > Z8 (x,) g2 20 (431)
5=0 B

dout
6)zSW‘"’’“/5113’”72:Z(d "5 (X1 )gEL 2" ZM), (432)
Sh3 o 2 Sh3k o 2 3,k
2% = Zeéhf’k/éhfhz,t—lz - 95/13/5h§5ht2,k2ht ; (433)
° 0 o e 3 ° R 3 3
0fe = Oiya OspsB[Z" -1 2] — G5y amXe 1 B[22 Z7], (434)

where G is either softmax or sigmoid and G’ is the derivative, and

ng’kéhtl _ ng’kdh% i Z'ngkah} (435)
t—1 dn3*
_ oWPken] dh! 92"
s=0 ’

Remark 32 (uP-MOoE gives feature learning and stability) As the infinite-width limit
does not change much for the Top-K case. It is easy to see that the uP-MoFE values in Table 1
for SGD and Table 2 for Adam hold for Top-K MoFEs.

Appendix G. Expressing softmax and sigmoid over a multi-scalar as a
moment operation in TP

We can express the sum of [ scalars 61, ...,60; € R using the Moment operations with no
vectors (k = 0):
¢: R x Rl - R, H(—:61,...,60;) = zkje
i=1
Then . l l
—Zqﬁ 01,0 = %Z (S0)=Y0.
a=1 " i=1 i=1



since the expression inside the sum is constant with respect to «.

Softmax: We can do the same with a softmax. Simply define the function ¢ as the softmax
function over the scalars.

exp 0;

R x R R, O, 0y = —PT
¢ ¢( 1 k) Eleexp@

Then

n

1 — exp 0; exp 0;
d(—;61,...,0) =— = ,
o; n ,122:1 Zf:l exp 0; E?:l exp 0;

so each of these operations generates a valid scalar. Sanity check. Note that if a sequence
of random vectors (multi-scalars in TP language)

9 = (00, 0" s 0 = (6,057, 0

9

where the convergence may be in probability, distribution, or almost sure, then the continuous
mapping theorem states that if ¢ : R — R is continuous at 6*), then

s(0™) = o(0™ 05 0™y — ¢(8*)) = 36,687, o)

in the same mode of convergence (probability, distribution, a.s). So continuity at the limit
alone suffices for a.s convergence to hold.

TP requires that the non-linearities have polynomially bounded derivatives which are of
course much stronger and clearly satisfied by the softmax.

Sigmoid: We can simply express the sigmoid of a scalar with the function ¢ defined as

1
¢ X 9 ¢< 761) 1 exp( 91)

Then

n

1 1
n D d(=i60) = 1+ exp(—6y)

a=1

Appendix H. Additional Experiments and Details

H.1. Details for Figures

Figures in the main paper: All figures in the main paper are created by training for
t = 20 steps on Fashion-MNIST. The network used is the same as Theorem 1 but with
non-linear experts with ReLLU activation. The models contained 4 experts, and K = 2 were
executed in the Top-K case. Hyperparameters of the model such as multiplier (for uP-MoE)
and learning rate were tuned so that the figures showed effective learning. The router and
function output are zero-initialised to show limiting behaviour (Yang et al., 2021).
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Timestep 18 Timestep 19 Timestep 20
101 ~ ~

Width
— function
h1
1014 4 4 —— moe_layer.experts.0.expert_in
—— moe_layer.experts.0.expert_out
moe_layer.router
T T T T T T moe_layertilde

29 212 29 212 29 212
width width width

11

Figure 3: Coordinate check for Softmax-Soft MoE. Shows that the router feature scales n =9

as predicted in Theorem 25. Tilde signifies the router probability.

Timestep 18 Timestep 19 Timestep 20

10?
Width

— function
h1

100 4 4 4 —— moe_layer.experts.0.expert_in

—— moe_layer.experts.0.expert_out
moe_layer.router
moe_layer.tilde

11

2‘9 212 2‘9 2‘12 2‘9 2i2
width width width

Figure 4: Coordinate check for Sigmoid-Soft MoE. Shows that the router feature learns in
comparison with Softmax gating. Tilde signifies the router probability.

HP Transfer in Appendix H.4: HP transfer of learning rate in Appendix H.4 was
carried out using a Mixtral style transformer language model (Jiang et al., 2024) trained
on Wikitext-103-v1 for 1 epoch. The model was made smaller due to compute constraints.
The model contained three transformer layers with feedforward width of 4 times the width
dimension. A default load balancing loss coefficient of 0.01 was fixed. Hyperparameters such
as the multipliers (for output, router, inputs) and learning rate were randomly sampled 100
times and were tuned based on the validation loss. The model consisted of 8 experts and 2
experts were executed per token. QK Layernorm was implemented as it has been shown to
be more stable for HP transfer (Haas et al., 2025).

Compute Resources: The experiments for this paper (including the Mixtral run) were

run on a single H100 GPU.

H.2. Coordinate Checks for Soft Routing

We show additional coordinate checks in for sigmoid soft in Figure 4 and softmax soft in
Figure 3.

H.3. Coordinate Checks for Top-K Routing

We show additional coordinate checks for sigmoid Top-K in Figure 6 and Figure 5. We
additionally verify that uP-MoE scaling (Figure 8) allows for feature learning in Mixtral
style transformer MoEs compare to SP-MoE (Figure 7).

H.4. Additional HP Transfer Experiments

We show in Algorithm 1 how to transfer hyperparameters conditional on noise terms/bias.

57



Timestep 18 Timestep 19 Timestep 20

102 ] ]
3 3 3 —— function

— 10! ] ] ] T
3 3 3 —— moe_layer.experts.0.expert_in

E ] ] —— moe_layer.experts.0.expert_out
100 E E E —— moe_layer.router
2'9 5 P 2v9 5 5 2v9 5 B —— moe_layer.tilde

width width width

Figure 5: Coordinate check for Softmax-Top-K MoE with 2/4 active experts per forward
pass. Shows that in comparison to the soft routing case, the Top-K operation can allow for
expert specialisation and hence route feature learning. Tilde signifies the router probability.

10° Timestep 18 Timestep 19 Timestep 20
Width
— —— function
—— hl
- 101 4 4 4 —— moe_layer.experts.0.expert_in
- —— moe_layer.experts.0.expert_out
—— moe_layer.router
2‘9 5 iZ 2!9 5 iZ 2v9 5 iZ —— moe_layer.tilde
width width width

Figure 6: Coordinate check for Sigmoid-Top-K MoE with 2/4 active experts per forward
pass. Shows that like in the soft routing case, the router exhibits feature learning. Tilde
signifies the router probability.

Timestep 7 Timestep 8 SP "ig(ltf‘l nhedgmestep 9 Timestep 10

o2 10

—— Im_head

108 —— model.embed_tokens

—— model.layers.0.mlp.experts

10°{ —— model.layers.0.mlp.gate.router

—— model.layers.1.mlp.experts

—— model.layers.1.mlp.gate.router
|

108,
SR =

10?{ — 10?

27 29 ol 27 29 2h 27 29 oh1 27 29 oh
width width width width

Figure 7: Coordinate check for Top-K Mixtral MoE with SP. Shows that the network diverges
with increasing width.

Timestep 7 Timestep 8 MUP Mixtral nhgdfastep 9 Timestep 10
W0 e |10 102 e | 102] — Im_head
—— model.embed_tokens
B 1014 — — | 104 —",,ﬁ 101 T =0l model.layers.0.mlp.experts
- —— model.layers.0.mlp.gate.router
- —— model.layers.1.mlp.experts
0| 0] E S,
1073 — 10 e 10°4 - ~—|10° —— model.layers.1.mlp.gate.router
27 29 oh1 27 29 211 27 29 o1 27 29 211‘
width width width width

Figure 8: Coordinate check for Top-K Mixtral MoE with uP-MoE. Shows that the network
fearture learns as with increases.
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(a) pP-MoE (b) SP-MoE

Figure 9: Learning rate transfer for Top-K MoE models parametrised according to (a)
uP-MoE and (b) SP-MoE. Hyperparameters are tuned on the smallest model.

Algorithm 1: P HP-transfer for Top-K MoE with a shared router-bias schedule
Input : base width ng, target width n, steps T, experts m, Top-K, bias scale o2
Bias schedule (fix once, reuse for all widths)
| Sample {b?}L, with b? ~ N(0, 5421,,) using a fixed seed.
end
Training loop at width w € {ng,n}, given HPs #(-)
for t =0 to T do
| h? < W2h} +b? I, < TopK(h?) Route to experts in I; and update parameters.
end
end

Tune at width ng
| Run the training loop with pP-heuristic scaling = tuned HPs H(no).

end

Transfer to width n
| Initialise width-n model with pP-heuristic and #(n); run the same training loop.

end

We carry out additional HP transfer with a similar network to Theorem 1, but with
non-linear experts and Top-2 out of 4 expert activation. In Figure 10 we show HP transfer
with and without the bias term on tinyimagenet. In Figure 11 we show HP transfer with
and without the bias term on emnist.
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