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Abstract
Mixture-of-Experts (MoE) models scale efficiently through sparse expert activation, but their
training dynamics remain poorly understood. We study MoEs in the infinite-width limit
with a fixed number of experts, a regime relevant to width-based scaling for hyperparameter
transfer. Using Tensor Programs, we derive the training dynamics of soft and Top-K MoEs
under SGD and Adam. We show that under the Standard Parameterisation, router logits
diverge after one step of feature learning, causing softmax or sigmoid gates to saturate and
router gradients to vanish. In contrast, we derive µP-MoE scaling which restores stability,
but soft routing produces symmetric router dynamics: experts remain identically distributed
and fail to specialise. For softmax routers, this symmetry also nullifies router gradients. We
then show that Top-K routing has a qualitatively different effect: even when logits converge
to a symmetric limit, finite-width fluctuations determine the selected experts, making Top-K
an implicit symmetry-breaking mechanism. Experiments validate the predicted scaling laws
and demonstrate hyperparameter transfer under µP-MoE.

1. Introduction

Mixture-of-Experts (MoE) architectures partition computation across multiple expert mod-
ules. A router maps each input to expert weights, allowing different experts to specialise on
different regions of the input space (Jacobs et al., 1991; Eigen et al., 2013). In sparse MoEs,
only a subset of experts is activated per input, decoupling parameter count from compute
(Shazeer et al., 2017). This mechanism has become central to large-scale models (Team et al.,
2024; Jiang et al., 2024; Dai et al., 2024; Yang et al., 2025; Han et al., 2024; Fan et al., 2022).

Despite their empirical success, MoEs remain difficult to train. Common failure modes
include router instability, load imbalance, and representation collapse, where experts learn
similar functions or become under-utilised (Zoph et al., 2022; Chi et al., 2022; Pham et al.,
2024; Fedus et al., 2022; Do et al., 2025). Existing fixes, such as load-balancing losses, router
z-losses, router noise, and alternative gates (Fedus et al., 2022; Zoph et al., 2022; Nguyen
et al., 2024; Csordás et al., 2023; Wang et al., 2024, 2025), are effective but largely heuristic.
This leaves open a basic question: how should MoEs be scaled so that router learning, feature
learning, and expert specialisation survive at large width?

For dense neural networks, infinite-width theory has clarified the relationship between
parameterisation, stability, and feature learning (Neal, 1996; Mei et al., 2018; Yang, 2020;
Bordelon and Pehlevan, 2022; Yang and Hu, 2021; Yang and Littwin, 2023). In particular,
Tensor Programs provide a framework for deriving finite-time training limits and have led
to parameterisations such as µP, which enable stable feature learning and hyperparameter
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transfer across widths (Yang and Hu, 2021; Yang et al., 2021). We extend this perspective
to MoEs.

We study the limit where expert width n→∞ while the number of experts m remains
fixed. This regime reflects practical settings where width can be scaled more readily than
the number of experts, and it isolates expert-capacity scaling from expert-count scaling.
Our main finding is a tension specific to MoEs: the Standard Parameterisation (SP) causes
router saturation and frozen routers, whereas stable µP-MoE scaling removes specialisation
in soft-routing MoEs by enforcing symmetric router dynamics. Sparse Top-K routing avoids
this latter failure by acting as an implicit symmetry-breaking mechanism.

Our contributions are:

• We derive fixed-expert infinite-width limits for soft and Top-K MoEs under SGD and
Adam using Tensor Programs.

• We show that SP causes router saturation and vanishing router gradients, while stable
µP-MoE soft routing removes expert specialisation by enforcing symmetric router
dynamics.

• We show that Top-K routing acts as a symmetry-breaking mechanism under µP-MoE,
enabling stable feature learning and non-trivial expert differentiation; experiments
confirm the predicted scaling laws and hyperparameter transfer.

2. Setup

We consider a single MoE block with input ξ ∈ Rdin , expert width n, and fixed number of
experts m. The MoE is defined as follows.

Definition 1 We define an MoE block as

h1 = W1ξ ∈ Rn, h2 = W2h1 + b2 ∈ Rm,

h̃2 = G(h2), h3,k = W3,kh1 ∈ Rn, (1)

h3 =
m∑
k=1

h̃2kh
3,k, f = W4h3 ∈ Rdout ,

where G chosen to be either softmax or sigmoid.

We call W2 and h2 the router weights and logits, and W3,k the kth expert weights. The
bias b2 represents a generalisation to a learned router bias, injected router noise (Shazeer
et al., 2017), or load-balancing bias (Wang et al., 2024).

For Top-K MoEs, the router logits are sparsified before applying the gate:

ĥ2k =

{
h2k, k ∈ TopK(h2),

−∞, otherwise,
h̃2 = G(ĥ2).

Only experts with non-zero gate values are executed. We use the standard straight-through
estimator for Top-K gradients (Shazeer et al., 2017).
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We study the Tensor Program scaling regime in which n→∞ while m, depth, batch size,
data dimension, and training time remain fixed. We use a layerwise bcd parameterisation:
weights are initialised as

W ℓ
ij ∼ N (0, n−2bℓ),

and updates are

SGD: Wℓ ←Wℓ − ηn−cℓ∇WℓL, Adam: Wℓ ←Wℓ − ηn−cℓ
m̂ℓ√

v̂ℓ + n−dℓϵ
.

We ask whether a parameterisation yields four properties in the infinite-width limit: stable
activations, non-vanishing feature updates, faithful Adam updates, and non-trivial expert
specialisation. Formal definitions and the full scaling tables are deferred to Appendix B
and Tables 1 and 2.

3. Soft-Routing MoEs

We first consider soft-routing MoEs, where every expert is active. The main conclusions
are that SP is unstable, while the stable µP-MoE limit is too symmetric to permit expert
specialisation without an additional symmetry-breaking mechanism (such as a router bias).

3.1. SP causes router saturation

The Standard Parameterisation initializes b1 = 0 and bℓ = 1/2 for ℓ > 1, and uses a global
learning-rate scaling cℓ = c (He et al., 2015; Yang and Hu, 2021). This gives Θ(1) activations
at initialization, but it does not give stable MoE training dynamics.

Proposition 2 (SP router saturation) Consider a soft MoE with softmax or sigmoid
gating under SP. For any learning-rate scaling that gives Θ(1) feature updates in the first
layer after one step, the router logits diverge as n → ∞. Consequently, after one step the
softmax gate converges to a one-hot vector, the sigmoid gate converges to a binary vector,
and the router gradient vanishes.

The mechanism is a correlated update term. Under SP, router weights have entries of
scale Θ(n−1/2). After one step, the update to router logits contains

∑n
j=1(W

2
0):,j(h

1
1 − h1

0)j .

The feature update (h1
1 − h1

0)j is correlated with the forward weights (W2
0):,j , so the sum

scales as Θ(n1/2) rather than Θ(1). Thus h2
1 diverges with width. Softmax then saturates to

a one-hot gate and sigmoid to a binary gate, making the gate Jacobian vanish. The router
expresses a strong preference for experts, but this preference is frozen after the first step
rather than learned.

This provides a partial explanation for why auxiliary losses, especially z-losses, are useful
in practice: they are explicitly designed to counteract the empirically observed large router
logits (Fedus et al., 2022; Zoph et al., 2022). In Figure 1(a,b), the normalized router entropy
decreases toward zero under SP, and the relative router-weight update norm vanishes with
width, matching Theorem 2.

3



2 4 6 8
Training Step

0.00

0.05

0.10

0.15

0.20
Ro

ut
er

 E
nt

ro
py

512
1024
2048
4096
8192
16384

(a) SP softmax entropy
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(b) SP router update
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(c) µP-MoE soft routing
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(d) µP-MoE Top-K

Figure 1: Empirical validation of the fixed-expert scaling predictions. Under SP, router
entropy collapses and router updates vanish as width grows. Under µP-MoE with softmax
soft routing, entropy remains maximal, indicating uniform expert allocation. Under µP-MoE
with Top-K routing, entropy decreases without an explicit router bias, showing that Top-K
breaks the soft-routing symmetry.

3.2. µP-MoE (without router bias) gives stability without specialisation

Deriving the stable infinite-width limit gives a µP-MoE scaling: the router is scaled as an
output-like layer, while each expert is scaled as a matrix-like n × n layer. Full SGD and
Adam scalings are given in Tables 1 and 2. This scaling resolves the SP instability, but
soft routing has a different failure mode, without explicit symmetry breaking from a router
bias/noise term.

Proposition 3 (µP-MoE soft-routing symmetry) Consider a soft MoE without router
bias b2, parameterised according to µP-MoE. As n → ∞, the router scores are identical
across experts at initialization: h̃2

0 → m−11 for softmax and h̃2
0 → 2−11 for sigmoid. For

every finite training step, the router remains symmetric, h̃2
t = Ct1, and all experts remain

identically distributed. With softmax gating, the router gradient also vanishes.

The proof is in Appendix D.2. The key point is that router feature learning requires
router weights of scale Θ(n−1). In the fixed-expert limit, this makes the router logits
deterministic and identical across experts. Since expert weights are also initialised from the
same distribution, the downstream gradient into every router logit converges to the same
deterministic limit. Router updates therefore remain synchronous, and the experts receive
identical gradients. Softmax routing is even more restrictive: when all logits are equal, the
softmax Jacobian cancels the symmetric gradient signal, so the router gradient vanishes.

Thus, µP-MoE solves stability but not specialisation for soft-routing MoEs. Sigmoid
routing permits non-zero router updates, but these updates are identical across experts;
softmax routing removes even this router feature learning. A router bias or injected router
noise avoids this degeneracy by breaking symmetry at initialisation. Empirically, Figure 1(c,d)
shows that under µP-MoE without router bias, softmax soft-routing entropy remains maximal
and the router update norm follows the predicted vanishing width scaling.

4. Sparse MoEs

We now consider Top-K sparse routing, the standard mechanism used to reduce MoE compute
cost (Shazeer et al., 2017; Jiang et al., 2024). Top-K routing inherits the SP instability:
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sparsifying the gradient changes which experts are updated, but not the Θ(n1/2) magnitude
of the correlated router-logit update. Hence the router saturation mechanism of Theorem 2
still applies under SP.

The µP-MoE case is qualitatively different. In soft routing and without a router bias,
symmetric logits at initialisation lead to symmetric gradients which persisted throughout
training. In Top-K routing, however, the selected expert set depends on the ordering of
logits. Even at initialisation when logits converge to the same deterministic limit, their
finite-width fluctuations can determine the Top-K ordering.

Proposition 4 (Top-K symmetry breaking) Consider the router logits h2(n) ∈ Rm

under µP-MoE. At initialisation h2(n) → C1 almost surely and, for finite n, h2(n) =
C1+ σnϵ(n) with σn → 0, where ϵ(n) converges in distribution to a non-degenerate Gaussian
vector ϵ. Then

TopK(h2(n))⇒ TopK(ϵ).

Thus the Top-K index set remains random.

The proof is in Appendix E. This result shows that Top-K is not merely a computational
device, but also a symmetry-breaking mechanism. Under µP-MoE, router logits can converge
to a symmetric deterministic limit, but the Top-K operator acts on the rescaled finite-width
fluctuations. Different experts are therefore selected, yielding expert-dependent gradients
and preventing the synchronous soft-routing dynamics of Theorem 3.

We derive the infinite width limit for Top-K MoEs in Appendix F and show that µP-MoEs
satisfy stability, feature learning and faithfulness (for Adam). As the router does not remain
symmetric, like in the soft case, it also allows for expert differentiation.

We also test the practical implication of the stable scaling: hyperparameter transfer.
Following the usual µP methodology (Yang et al., 2021), we tune hyperparameters on the
smallest model and transfer them across widths. For a Mixtral-style Top-K MoE trained
with Adam, µP-MoE transfers learning rates across widths, whereas SP does not. These
results, together with additional coordinate checks and experiments with router bias/noise,
are reported in Appendices H and H.4.

5. Discussion

We analysed MoE training in the fixed-expert infinite-width limit and identified two distinct
degeneracies. Under SP, router logits diverge after one step of feature learning, saturating
the gate and freezing router updates. Under stable µP-MoE scaling, soft routing avoids this
instability but becomes symmetric across experts: experts remain identically distributed and
fail to specialise. For softmax routing, the same symmetry also nullifies the router gradient.

Top-K routing changes the picture. Even when router logits converge to a symmetric
limit, the Top-K operator can act on finite-width fluctuations and produce non-deterministic
expert selections. This makes Top-K an implicit symmetry-breaking mechanism, explaining
a benefit of sparse routing beyond computational efficiency. Overall, stable large-width
MoE training requires more than correct feature-learning scaling: it also requires controlled
symmetry breaking, through Top-K, router bias, router noise, or related mechanisms.
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Appendix Roadmap: The Logic of Router Dynamics

This appendix provides the rigorous derivations for the infinite-width limits of Mixture-of-
Experts (MoE) architectures. To navigate the theoretical contributions, we structure the
analysis into a narrative arc: establishing the Tensor Program machinery, demonstrating
the inevitable failure of standard soft routing, and deriving the conditional limit for Top-K
routing.

• Full Related Work

• Desirable Asymptotics
Desirable behaviour as width increases.

• Tensor Program for Soft MoE Architectures (Appendix C)
Develops the tensor-program representation of the forward/backward passes and train-
ing dynamics for soft-routed MoEs.

– Tensor Program for Soft MoE with SGD (Appendix C.1)
Specifies the NETSOR⊤+ program for SGD training, including all primitives and
scaling conventions.

– Corresponding infinite-width limit for Soft MoE with SGD (Appendix C.2)
Derives the deterministic and distribution limit objects (Master Theorem recursion)
induced by the SGD tensor program.

– Tensor Program for Soft MoE with Adam (Appendix C.3)
Extends the program to Adam using NE⊗OR⊤, introducing the OuterNonlin
structure needed for adaptive updates.

– Corresponding infinite-width limit for Soft MoE with Adam (Ap-
pendix C.4)
Computes the Adam infinite-width dynamics, including the additional limit rule
for OuterNonlin and faithfulness constraints.

• Deriving Results for Soft MoE (Appendix D)
Uses the above limits to prove the main qualitative claims about soft routing: collapse
under SP and lack of expert specalisation under µP-style stability.

– Router Collapse with Standard Parameterisation (Appendix D.1)
Shows that under SP scaling the router logits diverge, causing gating saturation
and vanishing router gradients.

– Derivation of µP-MoE and Lack of Expert Specialiaation (Appendix D.2)
Proves that under stable µP-style scaling the router updates become identical
across experts, preventing specialisation in the limit.

• Top-K Mask Depends on Finite-Width Noise (Appendix E)
Establishes that when logits collapse to a common value (in the first forward pass under
µP-MoE), the Top-K selection remains random in the limit because it is determined
by vanishing-but-ordering noise.
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• Tensor Program for Top-K MoE (Appendix F)
Develops the tensor-program representation of the forward/backward passes and train-
ing dynamics for Top-K routed MoEs.

– Tensor Program for Top-K MoE (Appendix F.1)
Defines the Top-K training program.

– Corresponding infinite-width limit for Top-K MoE (Appendix F.2)
Derives the resulting infinite-width limit.

• Additional Experiments (Appendix H)
Collects supplementary empirical results that validate the theoretical predictions across
parametrisations.
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Appendix A. Full Related Work

MoEs were originally introduced to encourage specialisation by decomposing the parameter
space into modular experts (Jacobs et al., 1991). Lately, their application is driven by the
ability to decouple parameter count from compute cost via sparse routing (Shazeer et al.,
2017; Jiang et al., 2024). Despite their efficiency, MoEs are notoriously difficult to train
compared to their dense counterparts. Practitioners frequently encounter exploding router
logits (Zoph et al., 2022; Puigcerver et al., 2024) and representation collapse — where experts
become redundant or underutilised (Chi et al., 2022; Pham et al., 2024). Mitigation of these
issues has largely come from empirical heuristics, including auxiliary losses such as the router
z-loss (Zoph et al., 2022) and load-balancing regularisers (Fedus et al., 2022), and alternative
gating mechanisms, such as sigmoid and ReLU routing (Nguyen et al., 2024; Csordás et al.,
2023; Wang et al., 2025). While effective in practice, these solutions are often ad-hoc, and
the underlying theoretical mechanisms driving these instabilities remain poorly understood.

In contrast to the heuristic fixes used in MoEs, the training dynamics of dense neural
networks have been rigorously characterised through infinite width limits. Early work focused
on the “lazy” regime (e.g. NNNGP, NTK), where weights stay close to initialization and
feature learning is suppressed (Jacot et al., 2018; Lee et al., 2019; Neal, 1996). More recently,
the Tensor Programs framework (Yang, 2020; Yang and Hu, 2021) and related mean-field
approaches (Mei et al., 2018; Bordelon and Pehlevan, 2022) have characterized the “feature
learning” (maximal update) limit. This theory led to the µP, which prescribes layer-wise
scaling rules to ensure stable feature learning and enables zero-shot hyperparameter transfer
across model scales (Yang and Hu, 2021; Yang et al., 2021). These limits have been extended
to various architectures (Bordelon et al., 2024a; Haas et al., 2024; Vankadara et al., 2024),
and for scaling other quantities such as depth (Dey et al., 2025; Yang et al., 2024). An
important empirical consequence of such analysis is the ability for zero shot hyperparameter
transfer across width and depth (Yang et al., 2021; Bordelon et al., 2024b).

While independent and concurrent empirical work has attempted to apply µP directly to
MoEs (Małaśnicki et al., 2025), they do not derive the limiting dynamics and thus do not
characterise the breakdown of expert specialisation without the router bias, or that Top-K
acts as a symmetry breaker. Concurrent work by Jiang et al. (2026) studies hyperparameter
transfer for transformer MoEs and proposes scaling rules for transferring learning rates and
initialisation scales as width, depth, expert hidden size, and the number of experts are varied.
Our work is complementary. First, the two limits are not interchangeable: Jiang et al. (2026)
take a joint proportional limit under gradient flow dynamics in which width, depth, expert
size, and expert count diverge together, whereas we study a width-only Tensor Program limits
for both soft and Top-K, sigmoid and softmax routing under SGD and Adam with a fixed
number of experts. Since iterated limits do not commute in general, their joint limit does
not recover the fixed-expert width limit we study. Second, the two limits are qualitatively
different in their predictions: in the proportional limit of Jiang et al. (2026), experts become
asymptotically independent, whereas in our width limit experts remain strongly correlated.
This fixed-expert regime lets us isolate router-specific degeneracies: under SP the router
logits saturate and router gradients vanish, while under stable µP-heuristic scaling soft
routing remains symmetric across experts unless an explicit symmetry-breaking mechanism
is present.
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Appendix B. Desirable Asymptotics

Building on the asymptotic framework of Yang and Hu (2021); Yang and Littwin (2023),
which formalises stability, maximal feature learning, and faithfulness, we introduce a fourth
desideratum specific to MoE architectures: expert specialisation. We aim to identify the class
of bcd-parameterizations under which network training dynamics satisfy these asymptotic
properties. We denote the value of a quantity at training step t using a subscript, e.g. hℓ

t.
We first require that activations do not diverge with increasing width.

Definition 5 (Stability) A network is stable if, for every layer ℓ, the activations satisfy
hℓ = O(1) at initialisation and throughout training.

Next, to ensure feature learning is taking place, we require that the change in activations
ht − ht−1 at each time step do not vanish with increasing width (Yang and Hu, 2021).
Activation updates can be decomposed into two terms

hℓ
t − hℓ

t−1 = Wℓ
t−1(h

ℓ−1
t − hℓ−1

t−1)︸ ︷︷ ︸
Propagating Updates

+(Wℓ
t −Wℓ

t−1)h
ℓ−1
t︸ ︷︷ ︸

Effective Updates

,

where the propagating updates are contributions from the update to the previous layer
features, and effective updates are the contribution due to the current weight updates.
Maximal feature learning requires that both the above terms do not vanish with increasing
width. For conciseness we refer to this as simply feature learning throughout.

Definition 6 (Maximal Feature Learning) A layer ℓ exhibits maximal feature learning
if both effective and propagating updates after one step of training scale Ω(1) (Yang and Hu,
2021).

For Adam updates, we require that the gradients have a non-trivial Θ(1) effect on the
updates, a condition referred to as faithfulness (Yang and Littwin, 2023).

Definition 7 (Adam Faithfulness) We say a bcd-parametrisation is faithful if the inputs
to the Adam update function have scale Θ(1) for every layer’s parameter updates.

Finally, we introduce a desideratum specific to MoEs. Expert specialisation is a central
tenet of MoE architectures; accordingly, we require that such specialisation does not cease at
infinite width. A necessary condition for expert specialisation is that, for a given input, the
router exhibits a preference for certain experts over others. We use this to diagnose regimes
where the experts cannot specialise.

Definition 8 (Expert Specialisation) We say that a bcd-parametrisation exhibits expert
specialisation only if h2

t ̸= Ct1 for any constants Ct for all steps t > 0.

Appendix C. Tensor Program for Soft MoE

Here, we derive the Tensor program and the corresponding infinite width limit for soft MoEs
(Theorem 1) for both softmax and sigmoid gating. We start by deriving the TP for SGD
(Appendix C.1) and the infinite width limit (Appendix C.2). Then, we derive the TP for
Adam (Appendix C.3) and the infinite width limit (Appendix C.4).
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Why Routers Freeze

C.1. Tensor Program for Soft MoE with SGD

Matrices, Vectors and Scalars for the program: As we consider the limit of n→∞,
we refer to quantities that have both dimensions scaled (∈ Rn×n) as ‘matrices’ in the program.
Similarly, if only one of the dimensions is taken to infinity, with the other being held constant
(e.g. ∈ R•×n for some constant dimension •), then we refer to the quantity as a ‘vector’ in
the program. Finally, if both dimensions of a quantity are held constant, we refer to it as a
‘scalar’ in the program. Objects like W2 ∈ Rm×n, are treated as multiple (m) vector objects.

Notation: For all vectors in the program h, we write δht := θ−1
δht

(ht − ht−1) as the
normalised change in the features, where θδht is the scale of (ht − ht−1). Thus, δht scales
Θ(1). We denote scalars and vectors at training step t as ht = h0+(h1−h0)+. . .+(ht−ht−1).
We define χt :=

∂Lt
∂ft
∈ Rdout×1 which we assume is always Θ(1). This holds for common

loss functions (such as mean squared error and cross entropy) as long as the function is
stable (does not blow up with width). For a gradient term ∂f

∂h with scale θ∂h, we define the
normalised gradient dh := θ−1

∂h
∂f
∂h , such that dh scales Θ(1). We also denote θ′x := nθx. We

reserve subscript for indexing training time ht, and index a component with brackets, for
example (ht)α denotes the α component of h at step t.

Tensor Program Operations: For the SGD limit, we use NETSOR⊤+ (Yang, 2020;
Yang and Hu, 2021). The program contains a sequence of Rn vectors and R scalars generated
from one of the following ways from initial vectors and scalars

• MatMul: Given W ∈ Rn×n and v ∈ Rn, new vectors are generated as Wv or WTv.

• Nonlin: Given ϕ : Rk × Rl → R, scalars θ1, . . . , θl ∈ R and vectors v1, . . . ,vk ∈ Rn, a
new vector can be generated as

ϕ(v1, . . . ,vk; θ1, . . . , θl) ∈ Rn

where ϕ applies coordinate wise on v1
α.

• Moment: Given the same as above, a new scalar can be generated

1

n

n∑
α=1

ϕ(v1
α, . . . ,v

k
α; θ1, . . . , θl) ∈ R.

The only assumption on ϕ operations are that they are pseudo-Lipschitz (Yang and Hu, 2021,
Assumption F.4).

We first make the assumption that the parametrisation values are chosen such that the
network is stable throughout training — no quantity diverges with increasing width.

Setting 9 (Stable parametrisation) We only consider values of {bℓ, cℓ}ℓ for each layer
ℓ such that the network is stable throughout training.

This implies that no quantity diverges with increasing width, leading to well-defined limits.
We will write the forward pass, backward pass, and SGD updates as tensor programs

(Yang and Hu, 2021). This requires all initial matrices (n × n shape) to be samples from
N
(
0, 1n

)
, and all initial vectors from N (0, 1). All θ• parameters are defined as initial scalars.
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Network: We define the network as following,

h1 = W1ξ, ∈ Rn×1 (2)

h2 = W2h1 + b2, ∈ Rm×1 (3)

h̃2 = G(h2), ∈ [0, 1]m×1 (4)

h3,k = W3,kh1, ∈ Rn×1 (5)

h3 =
m∑
k=1

h3,kh̃2k, ∈ Rn×1 (6)

f = W4h3, ∈ Rdout×1 (7)

where G is the gating function (either softmax or sigmoid), we refer to h2 as the router,
each h3,k as expert k, and f as the function output. We follow a simpler variation of the
abc parametrisation (Yang and Hu, 2021). The initial scalars, vectors and matrices in the
program are defined below,

W1 = n−b1W1 = θW 1
0
W1, W1 ∈ Rn×din W 1

ij ∼ N (0, 1), (8)

W2 = n−b2W2 = θW 2
0
W2, W2 ∈ Rm×n W 2

ij ∼ N (0, 1), (9)

W3,k = n
1
2
−b3W3,k = θW 3

0
W3

k, W3,k ∈ Rn×n W 3,k
ij ∼ N (0, n−1), (10)

W4 = n−b4W4 = θW 4
0
W4, W4 ∈ Rdout×n W 4

ij ∼ N (0, 1). (11)

Note that we only consider the limit n→∞ with other factors held fixed, and thus {W3,k}mk=1

are the only initial matrices in the program (n× n).
Initial Matrices: W3,k.
Initial Vectors: W1,W2,W4, where W1 is a set of din initial vectors, W2 is a set of

m initial vector and W4 is a set of dout initial vectors.
Initial Scalars: All θ• parameters. The router bias b2 is a set of m initial scalars

sampled from some density such that P(bi = bj) = 0. In practice, this is satisfied by sampling
fromN (0, σ2b ) where σ2b is some hyperparameter.

Noise and Learnable Bias: We consider two separate cases here:

1. Case 1: A different noise is added at each time step {b2
t }Tt=1 (Shazeer et al., 2017).

2. Case 2: The term b2
0 is learned, either through gradients of the loss or load balancing

considerations (Wang et al., 2024).

Note that the updates below are written only for learnable biases from gradient of the
loss. For the noise case, a new noise is sampled every forward pass.

Conditioned on router bias/noise: The standard Tensor Programs Master Theorem
assumes initial scalars converge almost surely to deterministic limits. A router bias/noise
vector sampled from a continuous distribution does not satisfy this assumption unconditionally.
Instead, we use a conditional formulation: we first sample the finite collection of router
bias/noise scalars and condition on their realised values. Conditional on these values, they
are treated as fixed scalar constants in the tensor program. Thus, for any fixed finite time
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Why Routers Freeze

horizon T , we condition on {b2
t }Tt=0 in the noise case, or on the initialisation of b2

0 in the
learnable-bias case. The resulting infinite-width limits are deterministic conditional on the
realised bias/noise values, but random unconditionally through their dependence on those
values. Practically, this corresponds to coupling widths by using the same sampled router
bias/noise values across widths.

First Forward Pass:

h1
0 = θW 1

0
W1

0ξ, (h1
0)α = ϕ

(
(W1

0)α1, . . . , (W
1
0)αdin ; ξ1, . . . , ξdin , θW 1

0

)
=

din∑
j=1

θW 1
0
(W1

0)αjξj , (Nonlin)

h2
0 = θ′W 2

0

1

n
W2

0h
1
0 + b2

0, (h2
0)k =

1

n

n∑
α=1

ϕ
(
(W2

0)kα, (h
1
0)α; θ

′
W 2

0
,b2

0

)
=

1

n
θ′W 2

0

n∑
α=1

(W2
0)kα(h

1
0)α + b2

0, (Moment)

h̃2
0 = G(h2

0), (Moment, See G)

ĥ3,k
0 = W3,kh1

0, (MatMul)

h3,k
0 = θW 3

0
ĥ3,k
0 , (h3,k

0 )α = ϕ
(
(ĥ3,k

0 )α; θW 3
0

)
= θW 3

0
(ĥ3,k

0 )α (Nonlin)

h3
0 =

m∑
k=1

h3,k
0 h̃20,k, (h3

0)α = ϕ
(
(h3,1

0 )α, . . . , (h
3,m
0 )α; h̃

2
0,1, . . . , h̃

2
0,m

)
=

m∑
k=1

(h3,k
0 )αh̃

2
0,k (Nonlin)

f0 = θ′W 4
0

1

n
W4

0h
3
0, (f0)β =

1

n

n∑
α=1

ϕ
(
(W4

0)βα, (h
3
0)α; θ

′
W 4

0

)
=

1

n
θ′W 4

0

n∑
α=1

(W4
0)βα(h

3
0)α. (Moment)

Stability at Initialisation: Satisfying stability at initialisation (Theorem 5) fixes the
values of b1, b2, b3, b4, and the corresponding θ parameters. We find the values that satisfy
stability at initialisation and fix them for the rest of the program. h1

0 is trivially a Gaussian
with scale θW 1

0
= n−b1∥ξ∥. Hence, we set b1 = 0 to satisfy stability. Using the Master

theorem (Yang and Hu, 2021), E
[
(Zh2

0)2
]
= n(1−2b2)E

[
(Zh1

0)2
]
= n(1−2b2)∥ξ∥2. Stability

is satisfied for b2 ≥ 1
2 . We can use the Master theorem to find the distribution of h3

0 as

Zh30 = N (0, n(1−2b3)E
[
(Zh1

0)2
]
). We thus set b3 = 1

2 . Finally, using similar reasoning as

for h2
0, setting b4 ≥ 1

2 ensures that f0 is stable. Note that h̃2
0 is always stable due to the

bounded softmax operation.

Remark 10 (Feature Learning considerations to constrain output-like initialisation)
Stability constrains the output-like layers to initialise with b2 ≥ 1/2 and b4 ≥ 1/2. For ease

of exposition, we use the Tensor Program derived below to constrain these values. Looking at
the first feature updates of the router

h2
1 − h2

0 = θδh1
1
θ′W 2

0

W2
0δh

1
1

n
− θ′δW 2

1
ηdh2

0χ0
(h1

0)
Th1

1

n
.

By the Master Theorem, W2
0δh

1
1

n which is a Moment operation converges to an expectation
(Appendix C.2). If we have feature learning for h1

1 − h1
0, we require that θδh1

1
= 1. Thus, for

the first term to scale Θ(1), we require θ′
W 2

0
= n · n−b2 = 1, which implies setting b2 = 1. A

similar arguement holds for setting b4 = 1.
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The final values for stability at initialisation (and feature learning for ‘output-like’ layers)
are

b1 = 0, b2 = 1, b3 =
1

2
, b4 = 1, =⇒ θW 1

0
= 1, θW 2

0
= n−1, θW 3

0
= 1, θW 4

0
= n−1.

Setting 11 (Stability at initialisation) For stability at initialisation, and feature learn-
ing considerations for ‘output-like’ layers (Theorem 10), we choose

b1 = 0, b2 = 1, b3 =
1

2
, b4 = 1,

which gives
θW 1

0
= 1, θW 2

0
= n−1, θW 3

0
= 1, θW 4

0
= n−1.

We set these values in the program for ease of exposition.
Note that under the assumptions made in Theorem 9 and Theorem 11 certain vectors

have scale Θ(1) throughout training.

Remark 12 Under the assumption of stable parametrisations and the values selected for
stability at initialisation, the vectors h1

t , {h
3,k
t }mk=1,h

3
t have scale Θ(1) throughout training.

As the softmax and sigmoid operations are bounded, the softmax output h̃2
t has scale Θ(1)

throughout training.

First Backward Pass:

dh3
0 = (W4

0)
T , ∈ Rn×dout . (12)

n · dh̃20,k = (h3,k
0 )Tdh3

0, ∈ R1×dout , ∀k ∈ [m] (13)

(dh̃20,k)β =
1

n

n∑
α=1

ϕ
(
(h3,k

0 )α, (dh
3
0)αβ;−

)
, (Moment) (14)

ϕ(. . .) := (h3,k
0 )α(dh

3
0)αβ, (15)

where we repeat the operation for each expert to give dh̃20,1, . . . ,dh̃
2
0,m.

dh20,k =

m∑
j=1

J(h̃2
0)jkdh̃

2
0,j , ∈ R1×dout , ∀k ∈ [m] (16)

(dh20,k)β =
1

n

n∑
α=1

ϕ
(
−; {J(h̃2

0)jk}mj=1, {(dh̃20,j)β}mj=1

)
, (Moment) (17)

ϕ(. . .) :=

m∑
j=1

J(h̃2
0)jk(dh̃

2
0,j)β, (18)
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where J(h̃2
0)ij =

∂(h̃2
0)i

∂(h2
0)j

.
Again, we repeat this operation for each expert to give dh20,1, . . . ,dh

2
0,m. We also define

dh2
0 =

dh20,1
...

dh20,m

 ∈ Rm×dout . (19)

dh3,k
0 = h̃20,kdh

3
0, ∈ Rn×dout , ∀k ∈ [m] (20)

(dh3,k
0 )αβ = ϕ

(
(dh3

0)αβ; h̃
2
0,k

)
, (Nonlin) (21)

ϕ(. . .) := h̃20,kdh
3
0, (22)

We repeat this for each expert to give dh3,1
0 , . . . ,dh3,m

0 .

dh1
0 =

m∑
k=1

(W2
0)

T
:,kdh

2
0,k +

m∑
k=1

(W3,k
0 )Tdh3,k

0 , ∈ Rn×dout , (23)

(dh1
0)αβ = ϕ

(
{(W2

0)
T
αk, (V

k
0)αβ}mk=1, ; {(dh20,k)β}mk=1

)
, (Nonlin) (24)

(Vk
0):,β := (W3,k

0 )T (dh3,k
0 ):,β, (MatMul) (25)

ϕ(. . .) :=

m∑
k=1

(W2
0)

T
:,kdh

2
0,k +

m∑
k=1

Vk
0 . (26)

Note that the final gradient has two branches. The scale of this term thus will be the
maximum of the the scale of the twp branches. There is a θ′

W 4
0
θW 2

0
scale coming from the

router and a θW 4
0

coming from the experts. The scale from the branches is the same here.

First Weight Updates: Recall that we define the gradient of the loss with respect to the
function as χt. For the vectors W ∈ {W1,W2,W4} we write δWt := θ−1

δWt
(Wt −Wt−1),

and thus the weights at step t as Wt = θW0W0 + . . .+ θδWtδWt.

W4
1 −W4

0 = −n−c4ηχ0(h
3
0)

T (27)
θδW 4

1
:= n−c4 . (28)

W3,k
1 −W3,k

0 = −n−c3θW 4
0
ηdh3,k

0 χ0(h
1
0)

T (29)

θδW 3
1
:= n−(c3+1). (30)

W2
1 −W2

0 = −n−c2nθW 4
0
ηdh2

0χ0(h
1
0)

T (31)

θδW 2
1
:= n−c2 . (32)

W1
1 −W1

0 = −n−c1nθW 4
0
θW 2

0
ηdh1

0χ0(ξ)
T (33)

θδW 1
1
:= n−(c1+1). (34)

The router bias in the learnable case updates as

b2
1 − b2

0 = −ηθ′W 4
0
dh2

0χ0, (35)

where due to stability at initialisation (Theorem 11) θ′
W 4

0
= 1.
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First Feature Updates: The feature updates are affected by the change in the previous
layers features (propagating updates) and the update in the weights at the current layer
(effective updates). We write the feature updates for the vectors h ∈ {h1, {h3,k}mk=1,h

3}
as δht := θ−1

δht
(ht − ht−1). This gives each features for the vectors at step t as ht =

h0+θδh1δh1+ . . .+θδhtδht. For the scalars h ∈ {h2, h̃2, f} we simply write δht := (ht−ht−1)
and ht = h0 + . . .+ δht.

h1
1 − h1

0 = (W1
1 −W1

0)ξ (36)

= −θδW 1
1
ηdh1

0χ0ξ
T ξ (37)

(δh1
1)α = ϕ

(
{(dh1

0)αβ}
dout
β=1;−η, {(χ0ξ

T ξ)β}dout
β=1

)
(Nonlin) (38)

ϕ(. . .) := −η
dout∑
β=1

(dh1
0)αβ(χ0ξ

T ξ)β, (39)

θδh1
1
:= θδW 1

1
, (40)

h2
1 − h2

0 = W2
0(h

1
1 − h1

0) + (W2
1 −W2

0)h
1
1 + (b2

1 − b2
0) (41)

= θδh1
1
θ′W 2

0

W2
0δh

1
1

n
− θ′δW 2

1
ηdh2

0χ0
(h1

0)
Th1

1

n
− ηdh2

0χ0, (42)

θδh2
1
(δh2

1)k =
1

n

n∑
α=1

ϕ
(
W2

0kα, (δh
1
1)α, (h

1
0)α, (h

1
1)α; θ

′
W 4

0
, θδh1

1
, θ′W 2

0
, θ′δW 2

1
, η, {(dh2

0)kβ, (χ0)β}dout
β

)
(Moment)

(43)

ϕ(. . .) := θδh1
1
θ′W 2

0
W2

0kα(δh
1
1)α − θ′δW 2

1
η

dout∑
β=1

(dh2
0)kβ(χ0)β(h

1
0)α(h

1
1)α − ηθ′W 4

0

dout∑
β=1

d(h2
0)kβ(χ0)β,

(44)

θδh2
1
:= max(θδh1

1
θ′W 2

0
, θ′δW 2

1
), (45)

h̃2
1 − h̃2

0 = G(h2
1)−G(h2

0) (46)

= G
(
h2
0 + θδh2

1
δh2

1

)
−G(h2

0) (47)

θδh̃2
1
(δh̃2

1)k =
1

n

n∑
α=1

ϕk

(
−; {(h2

0)k, (δh
2
1)k}mk=1, θδh2

1

)
, (Moment), (48)

θδh̃2
1
:= θδh2

1
. (49)
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where G is the router gating function (either softmax or sigmoid). Both softmax and sigmoid
operations can be represented as a Moment (see Appendix G).

h3,k
1 − h3,k

0 = W3,k
0 (h1

1 − h1
0) + (W3,k

1 −W3,k
0 )h1

1, (50)

= θδh1
1
W3,k

0 δh1
1 − θ′δW 3

1
ηdh3,k

0 χ0
(h1

0)
T (h1

1)

n
, (51)

(δh3,k
1 )α = ϕ

(
Υα, {(dh3,k

0 )αl}dout
l=1 ; θδh1

1/δh
3,k
1
, θ′

δW 3
1 /δh

3,k
1

, {(χ0)l}dout
l=1 , η, c0,

)
, (Nonlin)

(52)

Υ := W3,k
0 δh1

1, (MatMul)
(53)

c0 :=
1

n

n∑
α=1

ψ
(
(h1

0)α, (h
1
1)α;−

)
, (Moment)

(54)

ϕ(. . .) := θ
δh1

1/δh
3,k
1

Υα − θ′δW 3
1 /δh

3,k
1

ηc0

dout∑
l=1

(dh3,k
0 )αl(χ0)l, (55)

θ
δh3,k

1
:= max(θδh1

1
, θ′δW 3

1
), (56)

θ
δh1

1/δh
3,k
1

:= θδh1
1
/θ

δh3,k
1
, (57)

θ′
δW 3

1 /δh
3,k
1

:= θ′δW 3
1
/θ

δh3,k
1

(58)

We repeat the above process for each expert k to give {δh3,k
1 }mk=1.

h3
1 − h3

0 =

m∑
k=1

(
h̃20,k(h

3,k
1 − h3,k

0 ) + (h̃21,k − h̃20,k)h
3,k
1

)
(59)

=

m∑
k=1

(
θ
δh3,k

1
h̃20,kδh

3,k
1 + θδh̃2

1
δh̃21,kh

3,k
1

)
, (60)

(δh3
1)α = ϕ

(
{(δh3,k

1 )α}mk=1, {(h
3,k
1 )α}mk=1; θδh3,k

1 /δh3
1
, θδh̃2

1/δh
3
1
, {h̃20,k}mk=1, {δh̃21,k}mk=1

)
, (Nonlin)

(61)

ϕ(. . .) :=

m∑
k=1

(
θ
δh3,k

1 /δh3
1
h̃20,k(δh

3,k
1 )α + θδh̃2

1/δh
3
1
δh̃21,k(h

3,k
1 )α

)
, (62)

θδh3
1
:= max(θ

δh3,k
1
, θδh̃2

1
), (63)

θ
δh3,k

1 /δh3
1
:= θ

δh3,k
1
/θδh3

1
, (64)

θδh̃2
1/δh

3
1
:= θδh̃2

1
/θδh3

1
. (65)
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f1 − f0 = W4
0(h

3
1 − h3

0) + (W4
1 −W4

0)h
3
1 (66)

= θδh3
1

W4
0δh

3
1

n
− θ′δW 4

1
ηχ0

(h3
0)

T (h3
1)

n
, (67)

θδf1(δf1)β =
1

n

n∑
α=1

ϕ
(
W4

0βα, (δh
3
1)α, (h

3
0)α, (h

3
1)α; θδh3

1
, θ′δW 4

1
, η, (χ0)β

)
, (Moment) (68)

ϕ(. . .) := θδh3
1
(W4

0)βα(δh
3
1)α − θ′δW 4

1
η(χ0)β(h

3
0)α(h

3
1)α, (69)

θδf1 := max(θδh3
1
, θ′δW 4

1
). (70)

tth Backward Pass: Recall that we write the weights at step t as Wt = θW0W0 + . . .+
θδWtδWt.

dh3
t := (W4

t )
T , ∈ Rn×dout . (71)

n · dh̃2t,k = (h3,k
t )Tdh3

t , ∈ R1×dout , ∀k ∈ [m] (72)

(dh̃2t,k)β =
1

n

n∑
α=1

ϕ
(
(h3,k

t )α, (dh
3
t )αβ;−

)
, (Moment) (73)

ϕ(. . .) := (h3,k
t )α(dh

3
t )αβ, (74)

where we repeat this operation for each expert dh̃2t,1, . . . ,dh̃
2
t,m.

dh2t,k =
m∑
j=1

J(h̃2
t )jkdh̃

2
t,j , ∈ R1×dout , ∀k ∈ [m] (75)

(dh2t,k)β =
1

n

n∑
α=1

ϕ
(
−; {J(h̃2

t )jk}mj=1, {(dh̃2t,j)β}mj=1

)
, (Moment) (76)

ϕ(. . .) :=
m∑
j=1

J(h̃2
t )jk(dh̃

2
t,j)β, (77)

where J(h̃2
t )ij =

∂(h̃2
t )i

∂(h2
t )j

. It is useful to consider this terms for all the experts,

(dh2
t )β =

 (dh2t,1)β
...

(dh2t,m)β

 ∈ Rm×dout . (78)

dh3,k
t = h̃2t,kdh

3
t , ∈ Rn×dout , ∀k ∈ [m] (79)

(dh3,k
t )αβ = ϕ

(
(dh3

t )αβ; h̃
2
t,k

)
, (Nonlin) (80)

ϕ(. . .) := h̃2t,k(dh
3
t )αβ, (81)
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where we repeat this for each expert to give dh3,1
t , . . . ,dh3,m

t .

dh1
t =

m∑
k=1

(W2
t )

T
:,kdh

2
t,k +

m∑
k=1

(W3,k
0 )Tdh3,k

t −
m∑
k=1

t−1∑
s=0

ηh1
s(χs)

T (dh
3,k
s )Tdh3,k

t

n
, ∈ Rn×dout ,

(82)

(dh1
t )αβ = ϕ

(
{(W2

t )
T
αk, (V

k
t )αβ}mk=1, {(h1

s)α}t−1
s=1; {(dh

2
t,k)β}mk=1, {(χs)β, {Ck

s;γβ}mk=1}t−1
s=1

)
, (Nonlin)

(83)

(Vk
t ):,β := (W3,k

0 )T (dh3,k
t ):,β, (MatMul)

(84)

Ck
s;γβ :=

1

n

n∑
α=1

ψ
(
(dh3,k

s )αγ , (dh
3,k
t )αβ;−

)
, (Moment)

(85)

ϕ(. . .) :=
m∑
k=1

(W2
t )

T
αk(dh

2
t,k)β +

m∑
k=1

(Vk
t )αβ −

m∑
k=1

t−1∑
s=0

dout∑
γ=1

η(h1
s)α(χs)γC

k
s;γβ. (86)

tth Weight Updates: Recall that we define the gradient of the loss with respect to the
function as χt ∈ Rdout×1.

W4
t −W4

t−1 = −n−c4ηχt−1(h
3
t−1)

T (87)
θδW 4

t
:= n−c4 . (88)

W3,k
t −W3,k

t−1 = −n
−c3θW 4

t−1
ηdh3,k

t−1χt−1(h
1
t−1)

T (89)

θδW 3
t
:= n−c3θW 4

t−1
(90)

W2
t −W2

t−1 = −n−c2θ′W 4
t−1
ηdh2

t−1χt−1(h
1
t−1)

T (91)

θδW 2
t
:= n−c2θ′W 4

t−1
. (92)

W1
t −W1

t−1 = −n−c1θ′W 2
t−1
θW 4

t−1
ηdh1

t−1χt−1(ξ)
T (93)

θδW 1
t
:= n−c1θ′W 2

t−1
θW 4

t−1
. (94)

For the learnable bias we have,

b2
t − b2

t−1 = −ηθ′W 4
t−1

dh2
t−1χt−1, (95)
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tth Feature Updates:

h1
t − h1

t−1 = (W1
t −W1

t−1)ξ (96)

= −θδW 1
t
ηdh1

t−1χt−1ξ
T ξ (97)

(δh1
t )α = ϕ

(
{(dh1

t−1)αj}
dout
j=1 ;−η, {(χt−1ξ

T ξ)j}dout
j=1

)
(Nonlin) (98)

ϕ(. . .) := −η
dout∑
j=1

(dh1
t−1)αj(χt−1ξ

T ξ)j (99)

θδh1
t
:= θδW 1

t
. (100)

h2
t − h2

t−1 = W2
t−1(h

1
t − h1

t−1) + (W2
t −W2

t−1)h
1
t + (b2

t − b2
t−1) (101)

= θ′W 2
t−1
θδh1

t

W2
t−1δh

1
t

n
− θ′δW 2

t
ηdh2

t−1χt−1
(h1

t−1)
Th1

t

n
− ηθ′W 4

t−1
dh2

t−1χt−1, (102)

θδh2
t
(δh2

t )k =
1

n

n∑
α=1

ϕ

(
(W2

t−1)kα, (δh
1
t )α, (h

1
t−1)α, (h

1
t )α;

θ′W 4
t−1
, θ′W 2

t−1
, θδh1

t
, θ′δW 2

t
, η, {(dh2t−1,k)β, (χt−1)β}dout

β=1

)
, (Moment)

(103)

ϕ(. . .) := θ′W 2
t−1
θδh1

t
(W2

t−1)kα(δh
1
t )α − θ′δW 2

t
η

dout∑
β=1

(dh2t−1,k)β(χt−1)β(h
1
t−1)α(h

1
t )α

− ηθ′W 4
t−1

dout∑
β=1

(dh2
t−1)kβ(χt−1)β. (104)

θδh2
t
:= max(θ′W 2

t−1
θδh1

t
, θ′δW 2

t
, θ′W 4

t−1
). (105)

h̃2
t − h̃2

t−1 = G(h2
t )−G(h2

t−1) (106)

= G
(
h2
t−1 + θδh2

t
δh2

t

)
−G(h2

t−1) (107)

θδh̃2
t
(δh̃2

t )k =
1

n

n∑
α=1

ϕk

(
−; {(h2

t−1)k, (δh
2
t )k}mk=1, θδh2

t

)
, (Moment), (108)

θδh̃2
t
:= θδh2

t
, (109)

where G is the gating function (either softmax or sigmoid) (see Appendix G) (Yang and Hu,
2021).
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h3,k
t − h3,k

t−1 = W3,k
t−1(h

1
t − h1

t−1) + (W3,k
t −W3,k

t−1)h
1
t , (110)

= θδh1
t
W3,k

0 δh1
t −

t−2∑
s=0

θ′δW 3
s+1
θδh1

t
ηdh3,k

s χs
(h1

s)
T (δh1

t )

n
− θ′δW 3

t
ηdh3,k

t−1χt−1
(h1

t−1)
T (h1

t )

n
,

(111)

(δh3,k
t )α = ϕ

(
Υα, {Λs,α}t−1

s=0,Vα; θδh1
t /δh

3,k
t
, {θ′

δW 3
s δh

1
t /δh

3,k
t

}t−1
s=0, θ

′
δW 3

t /δh
3,k
t

)
(Nonlin)

(112)

ϕ(. . .) := θ
δh1

t /δh
3,k
t

Υα −
t−2∑
s=0

θ′
δW 3

s+1δh
1
t /δh

3,k
t

Λs,α − θ′δW 3
t /δh

3,k
t

Vα, (113)

Υ := W3,k
0 δh1

t , (MatMul)
(114)

Λs,α := ψ
(
{(dh3,k

s )αl}dout
l=1 ; η, {(χs)l}dout

l=1 , ds

)
= ηds

dout∑
l=1

(dh3,k
s )αl(χs)l, (Nonlin)

(115)

ds :=
1

n

n∑
α=1

ν
(
(h1

s)α, (δh
1
t )α;−

)
, (Moment)

(116)

Vα := ψ
(
{(dh3,k

t−1)αl}
dout
l=1 ; {(χt−1)l}dout

l=1 , η, ct−1

)
= ηct−1

dout∑
l=1

(dh3,k
t−1)αl(χt−1)l, (Nonlin)

(117)

ct−1 :=
1

n

n∑
α=1

ψ
(
(h1

t−1)α, (h
1
t )α;−

)
, (Moment)

(118)

θ
δh3,k

t
= max

(
θδh1

t
, max
0≤s≤t−2

(
θ′δW 3

s+1
θδh1

t

)
, θ′δW 3

t

)
, (119)

θ
δh1

t /δh
3,k
t

:= θδh1
t
/θ

δh3,k
t
, (120)

θ′
δW 3

s δh
1
t /δh

3,k
t

:= θ′δW 3
s
θδh1

t
/θ

δh3,k
t
, (121)

θ′
δW 3

t /δh
3,k
t

:= θ′δW 3
t
/θ

δh3,k
t
. (122)

We repeat the above process for each expert k.
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h3
t − h3

t−1 =
m∑
k=1

(
h̃2t−1,k(h

3,k
t − h3,k

t−1) + (h̃2t,k − h̃2t−1,k)h
3,k
t

)
, (123)

=
m∑
k=1

θ
δh3,k

t
h̃2t−1,kδh

3,k
t + θδh̃2

t
δh̃2t,kh

3,k
t , (124)

(δh3
t )α = ϕ

(
{(δh3,k

t )α}mk=1, {(h
3,k
t )α}mk=1; θδh3,k

t /δh3
t
, θδh̃2

t /δh
3
t
, {h̃2t−1,k}mk=1, {δh̃2t,k}mk=1

)
, (Nonlin)

(125)

θδh3
t
:= max(θ

δh3,k
t
, θδh̃2

t
), (126)

θ
δh3,k

t /δh3
t
:= θ

δh3,k
t
/θδh3

t
, (127)

θδh̃2
t /δh

3
t
:= θδh̃2

t
/θδh3

t
. (128)

Note that in the above, all experts have the same scale by symmetry so we do not write a
maximum over experts.

ft − ft−1 = W4
t−1(h

3
t − h3

t−1) + (W4
t −W4

t−1)h
3
t , (129)

= θ′W 4
t−1
θδh3

t

W4
t−1δh

3
t

n
− θ′δW 4

t
ηχt−1

(h3
t−1)

T (h3
t )

n
, (130)

θδft(δft)β =
1

n

n∑
α=1

ϕ
(
(W4

t−1)βα, (δh
3
t )α, (h

3
t−1)α, (h

3
t )α; θ

′
W 4

t−1
, θδh3

t
, θ′δW 4

t
, η, (χt−1)β

)
(Moment)

(131)

ϕ(. . .) := θ′W 4
t−1
θδh3

t
(W4

t−1)βα(δh
3
t )α − θ′δW 4

t
η(χt−1)β(h

3
t−1)α(h

3
t )α (132)

θδft := max(θ′W 4
t−1
θδh3

t
, θ′δW 4

t
). (133)

C.2. Infinite Width Limit for Soft MoE with SGD

Under stable parametrisations (Theorem 9), all the θ parameters in the program will converge
to either zero or one.

Z random variables: According to the Master Theorem (Yang and Hu, 2021), the
distribution of the coordinates of each vector z in the program will follow an iid distribution
which we refer to as Zz. Each scalar in the program • converges to a deterministic limit that
we label •̊. We recursively define each Z distribution based on the operation in the program
used to create it.

Z Init: Let VI be the set of initial vectors. For each z ∈ VI , we set Ẑz := Zz and Żz := 0
(defined below).

Z Nonlin: Given ϕ : Rk × Rl → R, scalars θ1, . . . , θl ∈ R, and vectors x1, . . . , xk ∈ Rn,
we have

Zϕ(x1,...,xk;θ1,...,θl) := ϕ(Zz1 , . . . , Zxk
; θ̊1, . . . , θ̊l). (134)

Z Moment: Given a scalar θ = 1
n

∑n
α=1 ϕ(x

1
α, . . . , x

k
α; θ1, . . . , θl), we have

θ̊ := E[ϕ(Zz1 , . . . , Zxk
; θ̊1, . . . , θ̊l)], (135)
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where the expectation is over Zz1 , . . . , Zxk .
Z MatMul: ZWx := ẐWx + ŻWx for every matrix W ∼ N (0, σ2W /n) and vector x.

• ẐWx is Gaussian with zero mean. Let VW := {Wy for some vector y}. Then {ẐWy :
Wy ∈ VW } is jointly Gaussian with zero mean and covariance,

Cov
(
ẐWx, ẐWy

)
:= σ2WE[ZxZy] for any Wx,Wy ∈ VW . (136)

• Zx has been computed by some operation that we unwind Zx = ϕ({ẐWT yi}ki=1), {Ẑzi}ji=1; {θ̊i}li=1)

with zi /∈ VWT
1. Define ∂Zx/∂ẐWT yi := ∂iϕ(. . .). Then

ŻWx := σ2W

k∑
i=1

ZyiE
[

∂Zx

∂ẐWT yi

]
. (137)

Initial vectors: All our initial vectors have coordinates distributed according to N (0, 1)
by construction. The set of initial vectors are V := {W1,W2,W4}. Thus, ZW = N (0, 1)
for W ∈ V.

First Forward Pass:

Zh1
0 =

din∑
j=1

ξjZ
W 1

0,j , (138)

h̊2
0 = b2

0, (139)
˚̃
h2
0 = G(b2

0), (140)

Zh3,k
0 = ZW 3,k

0 h1
0 for every expert k, (141)

Zh3
0 =

m∑
k=1

˚̃
h20,kZ

h3,k
0 (142)

f̊0 = 0. (143)

Here, ZW 1
0 is standard Gaussian by construction. h̊2

0 = b2
0 as the non bias router logits tend

to zero E[ZW 2
0 ]E[Zh1

0 ] = 0. ZW 3,k
0 h1

0 = ẐW 3,k
0 h1

0 from the Z MatMul rule. Finally f̊0 = 0 as
f̊0 = E[ZW 4

0 ]E[Zh3
0 ] = 0.

First Backward Pass: For dout > 1, we index the distributions by β,

Z(dh3
0)β = Z(W 4

0 )β , (144)
˚
dh̃20,k = 0 for every expert k, (145)

d̊h20,k = 0 for every expert k, (146)

Z(dh3,k
0 )β =

˚̃
h20,kZ

(dh3
0)β for every expert k, (147)

Z(dh1
0)β =

m∑
k=1

Z(W 3,k
0 )T (dh3,k

0 )β (148)

(149)

1. zi is not a function of WT .
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ZW 4
0 is a standard Gaussian by construction. ˚

dh̃20,k = E[Zh3,k
0 ]E[W 4

0 ] = 0. From this,

d̊h20,k = 0 follows. Z(W 3,k
0 )T dh3

0 = Ẑ(W 3,k
0 )T dh3

0 from the Z MatMul rule.

First Feature Update:

Zδh1
1 = −η

dout∑
β=1

Z(dh1
0)β (χ̊0)βξ

T ξ, (150)

δ̊h21,k = θ̊δh1
1
E[Z(W 2

0 )k,:Zδh1
1 ]− θ̊′δW 2

1
η

dout∑
β=1

˚(dh20,k)β(χ̊0)βE[Zh1
0Zh1

1 ]− ηdh̊2
0χ̊0, , (151)

δ
˚̃
h2
1 =

{
G(h̊2

1)−G(h̊2
0) if θ̊δh2

1
= 1

G′(h̊2
0)(δh̊

2
1) if θ̊δh2

1
= 0

, (152)

Zδh3,k
1 = θ̊

δh1
1/δh

3,k
1
ZW 3,k

0 δh1
1 − θ̊′

δW 3
1 /δh

3,k
1
η

dout∑
β=1

Z(dh3,k)β (χ̊0)βE[Zh1
0Zh1

1 ] for every expert k,

(153)

Zδh3
1 =

m∑
k=1

θ̊
δh3,k

1 /δh3
1

˚̃
h20,kZ

δh3,k
1 + θ̊δh̃2

1
θ̊
h3,k
1 /δh3δ

˚̃
h21,kZ

h3,k
1 , (154)

δf̊1 = θ̊δh3
1
E[ZW 4

0Zδh3
1 ]− θ̊′δW 4

1
ηχ̊0E[Zh3

0Zh3
1 ], (155)

where G is either softmax or sigmoid and G′ is the derivative. Further, ZW 3,k
0 δh1

1 is given by
the Z MatMul rule,

ZW 3,k
0 δh1

1 = ẐW 3,k
0 δh1

1 + ŻW 3,k
0 δh1

1 (156)

= ẐW 3,k
0 δh1

1 +

dout∑
β=1

Z(dh3,k
0 )βE

[
∂Zδh1

1

∂Ẑ(W 3,k
0 )T (dh3,k

0 )β

]
. (157)

We write the limit of each vector in the program as

Zht = Zh0 + θ̊δh1Z
δh1 + . . .+ θ̊δhtZ

δht . (158)

Weight updates: The distribution of certain weight updates are required in the backward
pass and thus the forward passes.

ZδW 4
t = −ηχ̊t−1Z

h3
t−1 , (159)

Z(δW 2
t )k,: = −η

dout∑
β=1

(d̊h2t−1,k)β(χ̊t−1)βZ
h1
t−1 , (160)

δb̊2
t = −ηθ̊′W 4

t−1
dh̊2

t−1χ̊t−1. (161)

26



Why Routers Freeze

tth Backward Pass:

Z(dh3
t )β = Z(W 4

t )
T
β , (162)

(d
˚̃
h2t,k)β = E[Zh3,k

t Z(dh3
t )β ], (163)

(d̊h2t,k)β =
m∑
j=1

J (̊h2t )jk(d
˚̃
h2t,j)β, (164)

Z(dh3,k
t )β =

˚̃
h2t,kZ

(dh3
t )β , (165)

Z(dh1
t )β =

m∑
k=1

Z(W 2
t )k,:(d̊h2t,k)β + Z(W 3,k

0 )T (dh3,k
t )β −

t−1∑
s=1

Zh1
s

dout∑
γ=1

(χ̊s)γE[Z(dh3,k
s )γZ(dh3,k

t )β ]

 ,

(166)

where Z(W 3,k
0 )T dh3,k

t is given by the Z MatMul rule,

Z(W 3,k
0 )T dh3,k

t = Ẑ(W 3,k
0 )T dh3,k

t + Ż(W 3,k
0 )T dh3,k

t (167)

= Ẑ(W 3,k
0 )T dh3,k

t +
∑

v∈V:W 3,k
0 v∈V

ZvE

[
∂Zdh3,k

t

∂ẐW 3,k
0 v

]
, (168)

where V := {v for some vector in the program v} is the set of all vectors in the program.

tth Forward Pass:

Zδh1
t = −η

dout∑
β=1

Z(dh1
t−1)β (χ̊t−1)βξ

T ξ, (169)

δ̊h2t,k = θ̊′W 2
t−1
θ̊δh1

t
E[Z(W 2

t−1)k,:Zδh1
t ]− θ̊′δW 2

t
η

dout∑
β=1

(d̊h2t−1,k)β(χ̊t−1)βE[Zh1
t−1Zh1

t ] + δb̊2
t,

(170)

δ
˚̃
h2
t =

{
G(h̊2

t )−G(h̊2
t−1) if θ̊δh2

t
= 1

G′(h̊2
t−1)(δh̊

2
t ) if θ̊δh2

t
= 0

, (171)

Zδh3,k
t = θ̊

δh1
t /δh

3,k
t
ZW 3,k

0 δh1
t −

t−2∑
s=0

θ̊′
δW 3,k

s+1δh
1
t /δh

3,k
t

η

dout∑
β

Z(dh3,k
s )β (χ̊s)βE[Zh1

sZδh1
t ] (172)

− θ̊′
δW 3,k

t /δh3,k
t

η

dout∑
β

Z(dh3,k
t−1)β (χ̊t−1)βE[Zh1

t−1Zh1
t ], (173)

Zδh3
t =

m∑
k=1

θ̊
δh3,k

t /δh3
t

˚̃
h2k,t−1Z

δh3,k
t + θ̊δh̃2

t /δh
3
t
δ
˚̃
h2t,kZ

h3,k
t , (174)

(δ̊ft)β = θ̊′W 4
t−1
θ̊δh3

t
E[Z(W 4

t−1)βZδh3
t ]− θ̊′δW 4

t
η(χ̊t−1)βE[Zh3

t−1Zh3
t ], (175)
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where G is either softmax or sigmoid and G′ is the derivative, and

ZW 3,k
0 δh1

t = ẐW 3,k
0 δh1

t + ŻW 3,k
0 δh1

t (176)

= ẐW 3,k
0 δh1

t +
t−1∑
s=0

dout∑
β=1

Z(dh3,k
s )βE

[
∂Zδh1

t

∂Ẑ(W 3,k
0 )T (dh3,k

s )β

]
(177)

C.3. Tensor Program for Soft MoE with Adam

We consider Adam optimiser updates here.

Tensor Program: We use NE⊗OR⊤ for the Adam limit (Yang and Littwin, 2023). This
has the same operations as NETSOR⊤+ (Appendix C.1), but with a generalisation of the
Nonlin.

• OuterNonlin: Given r ≥ 0, vectors x0, . . . ,xr, and function ψ : R(r+1)+ℓ → R,
generate a new vector (Rn) as

yα =
1

nr

n∑
β1,...,βr=1

ψ(x0α;x
1
β1
; . . . ;xrβr

; θ1, . . . , θl)

Definition 13 (Adam update) Given gradients g0, . . . , gt for a parameter W, the Adam
update at step t with learning rate η is,

m̂← 1

1− βt+1
1

t∑
s=0

(1− β1)βt−s
1 gs,

v̂ ←

√√√√ 1

1− βt+1
2

t∑
s=0

(1− β2)βt−s
2 g2s + ϵ2,

W←W − η
(

m̂√
v̂ + ϵ2

)
,

where (β1, β2) are momentum parameters and ϵ > 0 is a constant.

bcd parametrisation for Adam updates: The parameters b and c play the same role as
in Appendix C.1. We parametrise the weights for layer l as Wl = n−blW

l. The learning rate
for the parameter Wl is ηn−cl , where η is some width independent constant. The update
function for layer l at time t is Ql

t, which takes in scaled gradients Ql
t(n

dlg0, . . . , n
dlgt). For

Adam the update function is

Ql
t(n

dlg0, . . . , n
dlgt) =

1
1−βt+1

1

∑t
s=0(1− β1)β

t−s
1 ndlgs√

1
1−βt+1

2

∑t
s=0(1− β2)β

t−s
2 n2dlg2s + ϵ2

. (178)

Note that instead of scaling the gradients g by ndl , we can equivalently scale ϵ→ n−dlϵ.
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Faithfulness (Theorem 7): To ensure that the inputs to the update function Q are
neither too large (causing diverging behavior) or too small (trivialising the update function),
we require that the inputs to the update function scale Θ(1). Equivalently, for our Adam
update function, we require that the scale of n−dlϵ is the same as the scale of the gradients
g0, . . . , gt.

We assume that the parametrisation is stable (Theorem 9), and parameter values are
chosen such that the network is stable at initialisation (Theorem 11).

First Backward Pass: Same as Appendix C.1.

First Weight Updates: Recall that we define the gradient of the loss with respect to the
function as χt. For the vectors W ∈ {W1,W2,W4} we write δWt := θ−1

δWt
(Wt −Wt−1),

and thus the weights at step t as Wt = θW0W0 + . . .+ θδWtδWt.

W4
1 −W4

0 = −n−c4ηQ4
1

(
nd4χ0(h

3
0)

T
)

(179)

θδW 4
1
:= n−c4 . (180)

W3,k
1 −W3,k

0 = −n−c3ηQ3
1

(
n(d3−1)dh3,k

0 χ0(h
1
0)

T
)
, (181)

θδW 3
1
:= n−c3 . (182)

W2
1 −W2

0 = −n−c2ηQ2
1

(
nd2nθW 4

0
dh2

0χ0(h
1
0)

T
)

(183)

= −n−c2ηQ2
1

(
nd2dh2

0χ0(h
1
0)

T
)

(184)

θδW 2
1
:= n−c2 . (185)

W1
1 −W1

0 = −n−c1ηQ1
1

(
nd1nθW 2

0
θW 4

0
dh1

0χ0(ξ)
T
)

(186)

= −n−c1ηQ1
1

(
n(d1−1)dh1

0χ0(ξ)
T
)

(187)

θδW 1
1
:= n−c1 . (188)

The router bias in the learnable case updates as

b2
1 − b2

0 = −ηθ′W 4
0
dh2

0χ0, (189)

where due to stability at initialisation (Theorem 11) θ′
W 4

0
= 1.

First Feature Updates: The feature updates are affected by the change in the previous
layers features (propagating updates) and the update in the weights at the current layer
(effective updates). We write the feature updates for the vectors h ∈ {h1, {h3,k}mk=1,h

3}
as δht := θ−1

δht
(ht − ht−1). This gives each features for the vectors at step t as ht =

h0+θδh1δh1+ . . .+θδhtδht. For the scalars h ∈ {h2, h̃2, f} we simply write δht := (ht−ht−1)
and ht = h0 + . . .+ δht.
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h1
1 − h1

0 = (W1
1 −W1

0)ξ (190)

= −θδW 1
1
ηQ1

1

(
nd1n−1dh1

0χ0ξ
T
)
ξ (191)

(δh1
1)α = ϕ

(
{(dh1

0)αβ}
dout
β=1;−η, n

(d1−1), {(χ0)β}dout
β=1, ξ

)
(Nonlin) (192)

ϕ(. . .) := −ηQ1
1

n(d1−1)
dout∑
β=1

(dh1
0)αβ(χ0)βξ

T

 ξ, (193)

θδh1
1
:= θδW 1

1
, (194)

h2
1 − h2

0 = W2
0(h

1
1 − h1

0) + (W2
1 −W2

0)h
1
1 + (b2

1 − b2
0) (195)

= θδh1
1
θ′W 2

0

W2
0δh

1
1

n
− θ′δW 2

1
η
1

n
Q2

1

(
nd2dh2

0χ0(h
1
0)

T
)
h1
1 − ηdh2

0χ0, (196)

θδh2
1
(δh2

1)k =
1

n

n∑
α=1

ϕ
(
W2

0kα, (δh
1
1)α, (h

1
0)α, (h

1
1)α; θδh1

1
, θ′W 2

0
, θ′δW 2

1
, nd2 , η, {(dh2

0)kβ, (χ0)β}dout
β

)
(Moment)

(197)

ϕ(. . .) := θδh1
1
θ′W 2

0
W2

0kα(δh
1
1)α − θ′δW 2

1
η
1

n
Q2

1

nd2 dout∑
β=1

(dh2
0)kβ(χ0)β(h

1
0)α

 (h1
1)α

(198)

− ηθ′W 4
0
dh2

0χ0, (199)

θδh2
1
:= max(θδh1

1
θ′W 2

0
, θ′δW 2

1
), (200)

h̃2
1 − h̃2

0 = G(h2
1)−G(h2

0) (201)

= G
(
h2
0 + θδh2

1
δh2

1

)
−G(h2

0) (202)

θδh̃2
1
(δh̃2

1)k =
1

n

n∑
α=1

ϕk
(
−; {(h2

0)k, (δh
2
1)k}mk=1

)
, (Moment), (203)

θδh̃2
1
:= θδh2

1
. (204)
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where G is either softmax or sigmoid and can be represented as a Moment (see Appendix G)
(Yang and Hu, 2021).

h3,k
1 − h3,k

0 = W3,k
0 (h1

1 − h1
0) + (W3,k

1 −W3,k
0 )h1

1, (205)

= θδh1
1
W3,k

0 δh1
1 − θ′δW 3

1
η
1

n
Q3

1

(
n(d3−1)dh3,k

0 χ0(h
1
0)

T
)
(h1

1), (206)

(δh3,k
1 )α =

1

n

n∑
γ=1

ϕ

(
Υα, {(dh3,k

0 )αl}dout
l=1 ; (h

1
0)γ , (h

1
1)γ

; θ
δh1

1/δh
3,k
1
, θ′

δW 3
1 /δh

3,k
1

, n(d3−1), {(χ0)l}dout
l=1 , η

)
,

(OuterNonlin)

(207)

Υ := W3,k
0 δh1

1, (MatMul)
(208)

ϕ(. . .) := θ
δh1

1/δh
3,k
1

Υα − θ′δW 3
1 /δh

3,k
1

ηQ3
1

(
n(d3−1)

dout∑
l=1

(dh3,k
0 )αl(χ0)l(h

1
0)γ

)
(h1

1)γ , (209)

θ
δh3,k

1
= max(θδh1

1
, θ′δW 3

1
), (210)

θ
δh1

1/δh
3,k
1

:= θδh1
1
/θ

δh3,k
1
, (211)

θ′
δW 3

1 /δh
3,k
1

:= θ′δW 3
1
/θ

δh3,k
1
. (212)

We repeat the above process for each expert k to give {δh3,k
1 }mk=1.

h3
1 − h3

0 =
m∑
k=1

(
h̃20,k(h

3,k
1 − h3,k

0 ) + (h̃21,k − h̃20,k)h
3,k
1

)
(213)

=
m∑
k=1

(
θ
δh3,k

1
h̃20,kδh

3,k
1 + θδh̃2

1
δh̃21,kh

3,k
1

)
, (214)

(δh3
1)α = ϕ

(
{(δh3,k

1 )α}mk=1, {(h
3,k
1 )α}mk=1; θδh3,k

1 /δh3
1
, θδh̃2

1/δh
3
1
, {h̃20,k}mk=1, {δh̃21,k}mk=1

)
, (Nonlin)

(215)

ϕ(. . .) :=
m∑
k=1

(
θ
δh3,k

1 /δh3
1
h̃20,k(δh

3,k
1 )α + θδh̃2

1/δh
3
1
δh̃21,k(h

3,k
1 )α

)
, (216)

θδh3
1
:= max(θ

δh3,k
1
, θδh̃2

1
), (217)

θ
δh3,k

1 /δh3
1
:= θ

δh3,k
1
/θδh3

1
, (218)

θδh̃2
1/δh

3
1
:= θδh̃2

1
/θδh3

1
. (219)
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f1 − f0 = W4
0(h

3
1 − h3

0) + (W4
1 −W4

0)h
3
1 (220)

= θ′W 4
0
θδh3

1

W4
0δh

3
1

n
− θ′δW 4

1
η
1

n
Q4

1

(
nd4χ0(h

3
0)

T
)
h3
1, (221)

θδf1(δf0)β =
1

n

n∑
α=1

ϕ
(
W4

0βα, (δh
3
1)α, (h

3
0)α, (h

3
1)α; θ

′
W 4

0
, θδh3

1
, θ′δW 4

1
, nd4 , η, (χ0)β

)
, (Moment)

(222)

ϕ(. . .) := θ′W 4
0
θδh3

1
(W4

0)βα(δh
3
1)α − θ′δW 4

1
ηQ4

1

(
nd4(χ0)β(h

3
0)α

)
(h3

1)α, (223)

θδf1 := max(θ′W 4
0
θδh4

1
, θ′δW 4

1
). (224)

tth Backward Pass: Same as Appendix C.1 except for the gradient dh1
t .

dh1
t =

m∑
k=1

(W2
t )

T
:,kdh

2
t,k +

m∑
k=1

(W3,k
0 )Tdh3,k

t

−
m∑
k=1

t−1∑
s=0

η
1

n
Q1

s

(
n(d3−1)h1

s(χs)
T (dh3,k

s )T
)
dh3,k

t , ∈ Rn×dout , (225)

(dh1
t )αβ =

1

n

n∑
γ=1

ϕ

(
{(W2

t )
T
αk, (V

k
t )αβ}mk=1, {(h1

s)α}t−1
s=1;

{(dh3,k
s )γβ}t−1

s=1, (dh
3,k
t )γβ;n

(d3−1), {(dh2t,k)β}mk=1, {(χs)β}t−1
s=1

)
,

(OuterNonlin)

(226)

(Vk
t ):,β := (W3,k

0 )T (dh3,k
t ):,β, (MatMul)

(227)

ϕ(. . .) :=
m∑
k=1

(W2
t )

T
αk(dh

2
t,k)β +

m∑
k=1

(Vk
t )αβ −

m∑
k=1

t−1∑
s=0

η
1

n
Q1

s

(
n(d3−1)(h1

s)α(χs)β(dh
3,k
s )γβ

)
(dh3,k

t )γβ,

(228)

tth Weight Updates:

W4
t −W4

t−1 = −n−c4ηQ4
t

(
nd4χt−1(h

3
t−1)

T
)

(229)

θδW 4
t
:= n−c4 . (230)

W3,k
t −W3,k

t−1 = −n
−c3ηQ3

t

(
nd3θW 4

t−1
dh3,k

t−1χt−1(h
1
t−1)

T
)

(231)

θδW 3
t
:= n−c3 . (232)

W2
t −W2

t−1 = −n−c2ηQ2
t

(
nd2nθW 4

t−1
dh2

t−1χt−1(h
1
t−1)

T
)

(233)

θδW 2
t
:= n−c2 . (234)

W1
t −W1

t−1 = −n−c1ηQ1
t

(
nd1nθW 4

t−1
θW 2

t−1
dh1

t−1χt−1(ξ)
T
)

(235)

θδW 1
t
:= n−c1 . (236)
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b2
t − b2

t−1 = −ηθ′W 4
t−1

dh2
t−1χt−1, (237)

tth Feature Updates:

h1
t − h1

t−1 = (W1
t −W1

t−1)ξ (238)

= −θδW 1
t
ηQ1

t

(
nd1dh1

t−1χt−1ξ
T ξ
)

(239)

(δh1
t )α = ϕ

(
{(dh1

t−1)αβ}
dout
β=1;n

d1 ,−η, {(χt−1ξ
T ξ)β}dout

β=1

)
(Nonlin) (240)

ϕ(. . .) := −ηQ1
t

nd1θdh1
t−1

dout∑
β=1

(dh1
t−1)αβ(χt−1ξ

T ξ)β

 , (241)

θδh1
t
:= θδW 1

t
, (242)

h2
t − h2

t−1 = W2
t−1(h

1
t − h1

t−1) + (W2
t −W2

t−1)h
t
1 + (b2

t − b2
t−1) (243)

= θ′W 2
t
θδh1

t

W2
t−1δh

1
t

n
− θ′δW 2

t
η
1

n
Q2

t

(
nd2θ′W 4

t−1
dh2

t−1χt−1(h
1
t−1)

T
)
h1
t (244)

− ηθ′W 4
t−1

dh2
t−1χt−1 (245)

θh2
t
(δh2

t )k =
1

n

n∑
α=1

ϕ

(
W2

t−1kα
, (δh1

t )α, (h
1
t−1)α, (h

1
t−1)α;

θ′W 2
t
, θδh1

t
, θ′δW 2

t
, nd2 , θ′W 4

t−1
, η, {(dh2

t−1)kβ, (χt−1)β}dout
β

)(Moment)
(246)

ϕ(. . .) := θ′W 2
t−1
θδh1

t
W2

t−1kα
(δh1

t )α (247)

− θ′δW 2
t
ηQ2

t

nd2θ′W 4
t−1

dout∑
β=1

(dh2
t−1)kβ(χt−1)β(h

1
t−1)α

 (h1
t−1)α (248)

− ηθ′W 4
t−1

dh2
t−1χt−1 (249)

θδh2
t
:= max(θ′W 2

t
θδh1

t
, θ′δW 2

t
, θ′W 4

t−1
), (250)

h̃2
t − h̃2

t−1 = G(h2
t )−G(h2

t−1) (251)

= G
(
h2
t−1 + θh2

t
δh2

t

)
− Softmax(h2

t−1) (252)

θh̃2
t
(δh̃2

t )k =
1

n

n∑
α=1

ϕk
(
−; {(h2

t−1)k, (δh
2
t )k}mk=1

)
, (Moment), (253)

θδh̃2
t
:= θδh2

t
. (254)
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h3,k
t − h3,k

t−1 = W3,k
t−1(h

1
t − h1

t−1) + (W3,k
t −W3,k

t−1)h
1
t , (255)

= θδh1
t
W3,k

0 δh1
t −

t−2∑
s=0

θ′δW 3
s
θδh1

t

1

n
Q3

t

(
nd3θW 4

s
ηdh3,k

s χs(h
1
s)

T
)
δh1

t (256)

− θ′δW 3
t

1

n
Q3

t

(
nd3θW 4

t−1
ηdh3,k

t−1χt−1(h
1
t−1)

T
)
(h1

t ), (257)

(δh3,k
t )α =

1

n

n∑
γ=1

ϕ

(
Υα, {{(dh3,k

s )αl}dout
l=1 }

t−2
s=0, {(dh

3,k
t−1)αl}

dout
l=1 ;

{(h1
s)γ}t−2

s=0, (δh
1
t )γ , (h

1
t−1)γ , (h

1
t )γ ;

θ
δh1

t /δh
3,k
t
, {θ′

δW 3
s δh

1
t /δh

3,k
t

}t−2
s=0, θ

′
δW 3

t /δh
3,k
t

, nd3 , {θW 4
s
}t−1
s=0

) (OuterNonlin)

(258)

Υ := W3,k
0 δh1

1, (MatMul)
(259)

θ
δh3,k

t
= max

(
θδh1

t
,max

s

(
θ′δW 3

s
θδh1

t

)
, θ′δW 3

t

)
, (260)

θ
δh1

t /δh
3,k
t

:= θδh1
t
/θ

δh3,k
t
, (261)

θ′
δW 3

s δh
1
t /δh

3,k
t

:= θ′δW 3
s
θδh1

t
/θ

δh3,k
t
, (262)

θ′
δW 3

t /δh
3,k
t

:= θ′δW 3
t
/θ

δh3,k
t
. (263)

We repeat the above process for each expert k.

h3
t − h3

t−1 =
m∑
k=1

(
h̃2t−1,k(h

3,k
t − h3,k

t−1) + (h̃2t,k − h̃2t−1,k)h
3,k
t

)
(264)

=

m∑
k=1

(
θ
δh3,k

t
h̃2t−1,kδh

3,k
t + θδh̃2

t
δh̃2t,kh

3,k
t

)
, (265)

(δh3
t )α = ϕ

(
{(δh3,k

t )α}mk=1, {(h
3,k
t )α}mk=1; θδh3,k

t /δh3
t
, θδh̃2

t /δh
3
t
, {h̃2t−1,k}mk=1, {δh̃2t,k}mk=1

)
, (Nonlin)

(266)

ϕ(. . .) :=
m∑
k=1

(
θ
δh3,k

t
h̃2t−1,k(δh

3,k
t )α + θδh̃2

t
δh̃2t,k(h

3,k
t )α

)
, (267)

θδh3
t
:= max(θ

δh3,k
t
, θδh̃2

t
), (268)

θ
δh3,k

t /δh3
t
:= θ

δh3,k
t
/θδh3

t
, (269)

θδh̃2
t /δh

3
t
:= θδh̃2

t
/θδh3

t
. (270)
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ft − ft−1 = W4
t−1(h

3
t − h3

t−1) + (W4
t −W4

t−1)h
3
t (271)

= θ′W 4
t−1
θδh3

t

W4
t−1δh

3
t

n
− θ′δW 4

t
η
1

n
Q4

t

(
nd4χt−1(h

3
t−1)

T
)
h3
t , (272)

θft(δft−1)β =
1

n

n∑
α=1

ϕ
(
W4

t−1βα
, (δh3

t )α, (h
3
t−1)α, (h

3
t )α; θ

′
W 4

t−1
, θδh3

t
, θ′δW 4

t
, nd4 , η, (χt−1)β

)
, (Moment)

(273)

ϕ(. . .) := θ′W 4
t−1
θδh3

t
(W4

t−1)βα(δh
3
t )α − θ′δW 4

t
ηQ4

t

(
nd4(χt−1)β(h

3
t−1)α

)
(h3

t )α, (274)

θδft := max(θ′W 4
t−1
θδh4

t
, θ′δW 4

t
). (275)

C.4. Infinite Width Limit for Soft MoE with Adam

See Appendix C.2 for an explanation of the limit notation.
Adam requires defining the limit of an extra operation, OuterNonlin (Yang and Littwin,

2023):
Z OuterNonlin: Given r ≥ 0 and function ψ : R(r+1)+ℓ → R such that yα = 1

nr

∑n
β1,...,βr=1 ψ(x

0
α;x

1
β1
; . . . ;xrβr

; θ1, . . . , θl),
then

Zy := E
Zx1
1 ,...Zxr

1

[
ψ
(
Zx0

;Zx1

1 ; . . . ;Zxr

1 ; θ̊1, . . . , θ̊l

)]
, (276)

where (Zx1

1 , . . . Zxr

1 )
d
= (Zx1

, . . . Zxr
) is an iid copy of (Zx1

, . . . Zxr
) and is independent of

Zx0 .

Assumption 14 (Pseudo Lipschitz Q, Assumption 2.3.2 (Yang and Littwin, 2023))
Assume that Qℓ

t, ϵ are pseudo-Lipschitz for all ℓ, t.

Assumption 15 (Faithfulness at initialisation) If we want faithfulness in the first
weight updates, it already restricts the values of d to d1 = 1, d2 = 0, d3 = 1, d4 = 0.

First Forward Pass:

Zh1
0 =

din∑
j=1

ξjZ
W 1

0,j , (277)

h̊2
0 = b2

0, (278)
˚̃
h2
0 = G(b2

0) (279)

Zh3,k
0 = ZW 3,k

0 h1
0 for every expert k, (280)

Zh3
0 =

m∑
k=1

˚̃
h20,kZ

h3,k
0 (281)

f̊0 = 0. (282)

Here, ZW 1
0 is standard Gaussian by construction. h̊2

0 = 0 as h̊20 = E[ZW 2
0 ]E[Zh1

0 ] = 0. ˚̃
h2
0

then follows by the definition of Softmax(0). ZW 3,k
0 h1

0 = ẐW 3,k
0 h1

0 from the Z MatMul rule.
Finally f̊0 = 0 as f̊0 = E[ZW 4

0 ]E[Zh3
0 ] = 0.
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First Backward Pass:

Zdh3
0 = ZW 4

0 , (283)
˚
dh̃20,k = 0 for every expert k, (284)

d̊h20,k = 0 for every expert k, (285)

Zdh3,k
0 =

˚̃
h2
0,kZ

dh3
0 for every expert k, (286)

Zdh1
0 =

m∑
k=1

Z(W 3,k
0 )T dh3,k

0 (287)

(288)

ZW 4
0 is a standard Gaussian by construction. ˚

dh̃20,k = E[Zh3,k
0 ]E[W 4

0 ] = 0. From this,

d̊h20,k = 0 follows. Z(W 3,k
0 )T dh3

0 = Ẑ(W 3,k
0 )T dh3

0 from the Z MatMul rule.

First Feature Update:

Zδh1
1 = −ηQ1

1

dout∑
β=1

Z(dh1
0)β (χ̊0)βξ

T

 ξ, (289)

δ̊h21,k = θ̊δh1
1
E[Z(W 2

0 )k,:Zδh1
1 ]− θ̊′δW 2

1
ηE

Q2
1

dout∑
β=1

˚(dh20,k)β(χ̊0)βZ
h1
0

Zh1
1

 , (290)

δ
˚̃
h2
1 =

{
G(h̊2

1)−G(h̊2
0) if θ̊δh2

1
= 1

G′(h̊2
0)(δh̊

2
0) if θ̊δh2

1
= 0

, (291)

Zδh3,k
1 = θ̊

δh1
1/δh

3,k
1
ZW 3,k

0 δh1
1

− θ̊′
δW 3

1 /δh
3,k
1
ηE(

Z
h10
1 ,Z

h11
1

)
Q3

1

dout∑
β=1

Z(dh3,k)β (χ̊0)βZ
h1
0

1

Z
h1
1

1

 , for every expert k,

(292)

Zδh3
1 =

m∑
k=1

θ̊
δh3,k

1 /δh3
1

˚̃
h20,kZ

δh3,k
1 − θ̊δh̃2

1
θ̊
h3,k
1 /δh3δ

˚̃
h21,kZ

h3,k
1 , (293)

δf̊1 = θ̊δh3
1
E[ZW 4

0Zδh3
1 ]− θ̊′δW 4

1
ηE
[
Q4

1

(
χ̊0Z

h3
0

)]
Zh3

1 , (294)

where ZW 3,k
0 δh1

1 is given by the Z MatMul rule,

ZW 3,k
0 δh1

1 = ẐW 3,k
0 δh1

1 + ŻW 3,k
0 δh1

1 (295)

= ẐW 3,k
0 δh1

1 + Zdh3,k
0 E

[
∂Zδh1

1

∂Ẑ(W 3,k
0 )T dh3,k

0

]
. (296)

Furthermore, the random variables (Zh1
0

1 , Z
h1
1

1 )
d
= (Zh1

0 , Zh1
1) is an iid copy and is independent

from Zdh3,k .
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We write the limit of each vector in the program as

Zht = Zh0 + θ̊δh1Z
δh1 + . . .+ θ̊δhtZ

δht . (297)

Weight updates: The distribution of certain weight updates are required in the backward
pass and thus the forward passes.

ZδW 4
t = −Q4

t

(
ηχ̊t−1Z

h3
t−1

)
, (298)

Z(δW 2
t )k,: = −Q2

t

η dout∑
β=1

(d̊h2t,k)β(χ̊t−1)βZ
h1
t−1

 . (299)

tth Backward Pass:

Zdh3
t = Z(W 4

t )
T
, (300)

d
˚̃
h2t,k = E[Zh3,k

t Zdh3
t ], (301)

d̊h2t,k =
m∑
j=1

J (̊h2t )kjd
˚̃
h2t,k, (302)

Zdh3,k
t =

˚̃
h2t,kZ

dh3
t , (303)

Zdh1
t =

m∑
k=1

Z(W 2
t )k,: d̊h2t,k + Z(W 3,k

0 )T dh3,k
t − η

t−1∑
s=1

E(
Z

dh
3,k
s

1 ,Z
dh

3,k
t

1

) [Q1
s

(
Zh1

s χ̊sZ
dh3,k

s
1

)
Z

dh3,k
t

1

]
,

(304)

where Z(W 3,k
0 )T dh3,k

t is given by the Z MatMul rule,

Z(W 3,k
0 )T dh3,k

t = Ẑ(W 3,k
0 )T dh3,k

t + Ż(W 3,k
0 )T dh3,k

t (305)

= Ẑ(W 3,k
0 )T dh3,k

t +
∑

v∈V:W 3,k
0 v∈V

ZvE

[
∂Zdh3,k

t

∂ẐW 3,k
0 v

]
, (306)

where V := {v for some vector in the program v} is the set of all vectors in the program. Fur-

ther the random variables (Zdh3,k
s

1 , Z
dh3,k

t
1 )

d
= (Zdh3,k

s , Zdh3,k
t ) is an iid copy and is independent

of Zh1
s .
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tth Forward Pass:

Zδh1
t = −ηQ1

t

dout∑
β=1

Z(dh1
t−1)β (χ̊t−1)βξ

T

 ξ, (307)

δ̊h2t,k = θ̊′W 2
t−1
θ̊δh1

t
E[Z(W 2

t−1)k,:Zδh1
t ]− θ̊′δW 2

t
ηE

Q2
t

dout∑
β=1

(d̊h2t−1,k)β(χ̊t−1)βZ
h1
t−1

Zh1
t

 ,
(308)

δ
˚̃
h2
t =

{
G(h̊2

t )−G(h̊2
t−1) if θ̊δh2

t
= 1

G′(h̊2
t−1)(δh̊

2
t−1) if θ̊δh2

t
= 0

, (309)

Zδh3,k
t = θ̊

δh1
t /δh

3,k
t
ZW 3,k

0 δh1
t (310)

−
t−2∑
s=0

θ̊′
δW 3,k

s δh1
t /δh

3,k
t

ηE(
Z

h1s
1 ,Z

δh1t
1

)
Q3

t

dout∑
β

Z(dh3,k
s )β (χ̊s)βZ

h1
s

1

Z
δh1

t
1

 (311)

− θ̊′
δW 3,k

t /δh3,k
t

ηE(
Z

h1t−1
1 ,Z

h1t
1

)
Q3

t

dout∑
β

Z(dh3,k
t−1)β (χ̊t−1)βZ

h1
t−1

1

Z
h1
t

1

 , (312)

Zδh3
t =

m∑
k=1

θ̊
δh3,k

t /δh3
t

˚̃
h2k,t−1Z

δh3,k
t − θ̊δh̃2

t /δh
3
t
δ
˚̃
h2t,kZ

h3,k
t , (313)

δ̊ft = θ̊′W 4
t−1
θ̊δh3

t
E[ZW 4

t−1Zδh3
t ]− θ̊′δW 4

t
ηE
[
Q4

t

(
χ̊t−1Z

h3
t−1

)
Zh3

t

]
, (314)

where

ZW 3,k
0 δh1

t = ẐW 3,k
0 δh1

t + ŻW 3,k
0 δh1

t (315)

= ẐW 3,k
0 δh1

t +
t−1∑
s=0

Zdh1
sE

[
∂Zdh3,k

s

∂Ẑ(W 3,k
0 )T dh3,k

s

]
(316)

Appendix D. Derivation of Soft MoE Results

We derive the results from Section 3 here. The results rely on the Tensor Program derivation
in Appendix C.

D.1. SP: Router Collapse

In this section, we derive the results for the soft MoE network with SP parametrisation. We
use the Tensor Program derivations in Appendix C.1 and Appendix C.3 to do this.

Recall that the SP parametrisation refers to initialisation parameters b1 = 0 and bℓ = 0.5
for all layers ℓ ≠ 1. Furthermore, the learning rate and epsilon scaling parameters are the
same for each layer c = cℓ and d = dℓ for all layers ℓ. The initial values of bℓ set the scalars
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for the network in Theorem 1

θW 1
0
= 1, (317)

θW 2
0
= n−0.5, (318)

θ
W 3,k

0
= 1, (319)

θW 4
0
= n−0.5. (320)

(321)

We write the Tensor Program for the first forward pass with SP as follows (the rest of
the tensor program is similar to Appendix C.1). We write thie without the bias as it does
not affect the result.

First Forward Pass:

h1
0 = W1

0ξ, (h1
0)α = ϕ

(
(W1

0)α1, . . . , (W
1
0)αdin ; ξ1, . . . , ξdin

)
=

din∑
j=1

(W1
0)αjξj , (Nonlin)

h2
0 =
√
nW2

0h
1
0, (h2

0)k =
1

n

n∑
α=1

ϕ
(
(W2

0)kα, (h
1
0)α;
√
n
)
=

1

n

√
n

n∑
α=1

(W2
0)kα(h

1
0)α, (Moment)

h̃2
0 = G(h2

0), (Moment, See G)

ĥ3,k
0 = W3,kh1

0, (MatMul)

h3,k
0 = ĥ3,k

0 , (h3,k
0 )α = ϕ

(
(ĥ3,k

0 )α;−
)
= (ĥ3

0)α (Nonlin)

h3
0 =

m∑
k=1

h3,k
0 h̃20,k, (h3

0)α = ϕ
(
(h3,1

0 )α, . . . , (h
3,m
0 )α; h̃

2
0,1, . . . , h̃

2
0,m

)
=

m∑
k=1

(h3,k
0 )αh̃

2
0,k (Nonlin)

f0 =
√
n
1

n
W4

0h
3
0, (f0)β =

1

n

n∑
α=1

ϕ
(
(W4

0)βα, (h
3
0)α;
√
n
)
=

1

n

√
n

n∑
α=1

(W4
0)βα(h

3
0)α., (Moment)

where G(·) is the gating function, either Softmax or Sigmoid..
To find the scale of the output-like layers h2 and f we use Master’s theorem on the

variance of the coordinates

E
[
(h2

0)
2
k

]
=

n∑
α=1

1

n
E[(W2

0)
2
kα]E[(h1

0)
2
α] = E

[
1

n

n∑
α=1

(h1
0)

2
α

]
, (Moment) (322)

E
[
(f0)

2
β

]
=

n∑
α=1

1

n
E[(W4

0)
2
βα]E[(h3

0)
2
α] = E

[
1

n

n∑
α=1

(h3
0)

2
α

]
. (Moment) (323)

We consider SGD updates here for ease of exposition. The result trivially holds for Adam
updates as well (see Theorem 18).
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Using the Master’s theorem (Yang and Hu, 2021), the coordinates of each layer will have
scale Θ(1),

θh1
0
= 1, (324)

θh2
0
= 1, (325)

θh̃2
0
= 1, (326)

θ
h3,k
0

= 1, (327)

θh3
0
= 1, (328)

θf0 = 1. (329)

Without loss of generality, we assume that values of c is chosen such that δh1
1 and

h1
1 = h1

0 + δh1
1 are Θ(1). That is θδh1

1
= θh1

1
= 1. It is safe to make this assumption as δh1

1

exploding or vanishing with width are both undesirable. The update to h2 then has the form
(Appendix C.1)

δh2
1 = θ′W 2

0

W2
0δh

1
1

n
− θ′δW 2

1
ηdh2

0χ0
(h1

0)
Th1

1

n
, (330)

where W2
0, δh

1
1 are the unscaled (Θ(1)) terms. The above operation is written as a Moment

in the Tensor Program. By the TP Master Theorem, W2
0δh

1
1

n → E[ZW 2
0Zδh1

1 ] (Appendix C.1).
As the gradients required to calculate δh11 depend on W 2

0 , the limiting random variables
ZW 2

0 , Zδh1
1 are correlated, thus the expectation is non-zero and the term scales Θ(1). Thus,

the first term has the scale θ′
W 2

0
= n0.5, and the second scales θ′

δW 2
0
= n1−c = n1−c. Hence,

the first term scales Θ(n0.5) irrespective of the scaling of the second term, which means that
the entire term scales Ω(n0.5). As h2

1 = δh2
1 + h2

0, where the first term scales Ω(n0.5), and
the second term scales Θ(1), hence h2

1 scales Ω(n0.5).

Saturation of Softmax h̃2: In the softmax network, h̃2
1 = Softmax(h2

1) where h2
1 scales

Ω(n0.5). Using the well known property that softmax of diverging inputs results in a one-hot
distribution, we get,

lim
n→∞

e(h
2
t )k∑m

j=1 e
(h2

t )j
→ 1,

for some expert index k ∈ [m]. The gradient of the softmax layer is

∂(h̃2
1)i

∂(h2
1)j

= (h̃21)i(δij − (h̃21)j),

where (h̃2
1)i is the ith component of the vector h̃2

1, and δij is the Kronecker delta function. If

h̃2
1 is one-hot, then the gradient ∂h̃2

1

∂h2
1

is a zero matrix of size m×m. As ∂h̃2
1

∂h2
1

is required to

calculate the gradient of the router ∂L
∂W2 ,

∂L
∂W2

1

=
∂L
∂h̃2

1

∂h̃2
1

∂h2
1

∂h2
1

∂W2
1

this implies that the router gradient will approach a matrix of zeroes as the width is increased.
Hence W2

t = W2
1 for all subsequent steps of training.
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Saturation of Sigmoid h̃2: In the sigmoid network, h̃2
1 = σ(h2

1) where h2
1 scales Ω(n0.5).

With n increasing we get

lim
n→∞

σ((h2t )k)→

{
1 if (h2t )k > 0

0 if (h2t )k < 0
,

for every expert k ∈ [m]. The gradient of the sigmoid layer is

∂(h̃2
1)i

∂(h2
1)i

= σ
(
(h2

1)i
) (

1− σ((h2
1)i)
)
,

which approaches a zero matrix as n increases. Similarly to the softmax case, this results in
a vanishing gradient for the router.

Remark 16 (Zero initialisation of router with SGD) Zero intitialisation of the router
with SGD ensures that the interaction between W2

0 and δh1
1 does not occur. However, here

the results from Yang and Hu (2021) hold, primarily that it is not possible for the “output-
like” layers (router and function) to feature learn. This can easily be seen by the fact that
θδh1

1
= n−(c+1), which means that c = −1 is required for h1

1 to feature learn. This however
causes the second term (effective updates) in δh2

1 to diverge as θ′
δW 2

1
= n · n−c · n · θW 4

0
= n3.

Remark 17 (Results hold for Top-K) The router logits diverge due to the interaction
between W2

0 and δh1
1, and thus holds irrespective of the gating function, or sparse execution.

If Softmax or Sigmoid activations are used with Top-K, the router probabilities will still
saturate with SP.

Remark 18 (Router diverges with Adam) The analysis above relies on the propagating
updates W2

0δh
1
1 of the router blowing up. Adam updates only affect the effective updates of

the router δW2
1h

2
1. Hence, the same analysis holds for Adam.

D.2. µP-MoE: Stability but with Router Stagnation without Router Bias

Table 1: bcd parametrisation vlaue for µP-MoE SGD

Layer (ℓ) bℓ cℓ

1 0 -1
2 1 1
3 0.5 0
4 1 1

Stability and Feature Learning for SGD: We show that the values in Table 1 for the
network in Theorem 1 satisfy our desired properties of stability and feature learning for SGD.
The values in Theorem 11 already satisfy stability. To show feature learning, we show that
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the limiting values of the scalars θ̊• in the feature updates converge to one. Stability (O(1)
features) combined with Θ(1) feature updates then imply that all the features scale Θ(1).

θ̊δh1
1
= 1, θ̊′δW 2

1
= 1, (331)

θ̊δh2
1
= 1, (332)

θ̊
δh1

1/δh
3,k
1

= 1, θ̊′
δW 3

1 /δh
3,k
1

= 1, (333)

θ̊
δh3,k

1 /δh3
1
= 1, θ̊δh̃2

1/δh
3
1
= 1, (334)

θ̊δh3
1
= 1, θ̊′δW 4

1
= 1. (335)

For the next forward passes we have θW 2
t
= θW 2

0
and θW 4

t
= θW 4

0
, thus we have

θ̊′W 2
t−1
θ̊δh1

t
= 1, θ̊′δW 2

t
= 1, (336)

θ̊δh2
t
= 1, (337)

θ̊
δh1

t /δh
3,k
t

= 1, θ̊′
δW 3

s δh
1
t /δh

3,k
t

= 1 θ̊′
δW 3

t /δh
3,k
t

= 1, (338)

θ̊
δh3,k

t /δh3
t
= 1, θ̊δh̃2

t /δh
3
t
= 1, (339)

θ̊′W 4
t−1
θ̊δh3

t
= 1, θ̊′δW 4

t
= 1. (340)

For a formal arguement to show feature learning (such that the limits are not degenerate),
we refer to (Yang and Hu, 2021, H.7).

Table 2: bcd parametrisation vlaue for µP-MoE Adam

Layer (ℓ) bℓ cℓ dℓ

1 0 0 1
2 1 1 0
3 0.5 1 1
4 1 1 0

Stability, Feature Learning, and Faithfulness for Adam: The faithfulness follows
from the values at the first weight updates Theorem 15. Similar to above, it is easy to see
that all θ̊• converge to one.

Lack of specialisation: We now show that for µP-MoE without router bias, specialisation
of the experts fails. We first show that, in the infinite-width limit, the gradient received by
each router logit converges to the same deterministic value. Next, we show that this implies
that the router logits, and hence the probabilities evolve synchronously, keeping the same
value for each expert. In Softmax-Soft MoEs, due to the form of the softmax gradient, the
above results imply that the gradient received by the router is zero. We finish with remarks
that these theorems hold for Adam, and we find the finite-width scaling of the router gradient
in Softmax-Soft MoEs.
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Proposition 19 Consider a soft MoE network without a router bias with m experts with
either Softmax or Sigmoid gating parametrised such that stability holds throughout training
(Theorem 9), and such that the router logits converge to zero in the infinite width limit,
h̊2
0 = 0 (Theorem 11, Table 1). For any time step t ≥ 0, each router activation h̃2 component

receives the same deterministic unscaled (Θ(1)) gradient. That is,

d
˚̃
h2t,k := E

[
Zh3,k

t Zdh3
t

]
, (341)

is identical for all experts k ∈ {1, . . . ,m}.

Proof First, observe that Zdh3
t = ZW 4

t is a global variable shared by the entire network; it
depends only on the output layer weights, making it independent of the specific expert index
k. Therefore, it suffices to prove that the marginal distribution of the expert features Zh3,k

t

is identical for all k. We proceed by induction.

Base Case (t = 0): At initialization, the expert features are defined by the random
variable:

Zh3,k
0 = ZW 3,k

0 h1
0 . (342)

The input features h1
0 are shared across all experts. The weights W3,k

0 are initialized i.i.d.
such that (Ŵ 3

k )ij ∼ N (0, n−1). Thus ZW 3,k
0 h1

0 (derived by ZMatMul rule) is the same for
every expert. Consequently, the random variables Zh3,k

0 are identically distributed for all k:

Zh3,k
0

d
= Zh3,j

0 ∀k, j. (343)

Thus, the expectation E[Zh3,k
0 Zdh3

0 ] is constant with respect to k , and thus d˚̃h20,k is the same
for each expert.

Note that for softmax or sigmoid gating, the router probabilities are the same for each
expert at initialisation due to h̊20,k = 0 and without a router bias,

h̃20,k =

{
1
m1 if G = Softmax
1
21 if G = Sigmoid

.

Hence h̃20,i = h̃20,j for every i, j ∈ [m].

Inductive Step: Assume that for all time steps s < t, the expert features are identically
distributed across experts:

Zh3,k
s d

= Zh3,j
s =⇒ d

˚̃
h2s,k =

˚̃
h2s,j ∀k, j. (344)

The router logits at a given time step s < t are

h̊2s,k = h̊20,k +

s∑
p=1

δ̊h2p,k,
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where h̊20,k = h̊20,j for any experts k, j due to the initialisation assumption. We now show
that the updates δ̊h2p,k are the same for each expert index k. The infinite width limit router
weight updates and corresponding logit updates for each expert is

Z
(δW 2

p )

k,: = −η
dout∑
β=1

(
˚̃
h2p,k)β(χ̊p−1)βZ

h1
p−1 , (345)

δ̊h2p,k = θ̊W 2
p−1

θ̊δh1
p
E[Z(W 2

p−1)k,:Zδh1
p ]− θ̊′δW 2

p
η

dout∑
β=1

(
˚̃
h2p−1,k)β(χ̊p−1)βE[Zh1

p−1Zh1
p ]. (346)

As the inductive hypothesis implies ˚̃h2p,k =
˚̃
h2p,j∀k, j, we see that updates are the same for

each expert a every time step p < s < t and hence that

h̊2s,k = h̊2s,j ∀k, j.

As the gradient for each expert k at time step s is

Zdh3,k
s =

˚̃
h2s,kZ

dh3
s ,

where Zdh3
s is shared for all the experts. Using the fact that ˚̃h2s,k =

˚̃
h2s,j for all experts k, j,

we get
Zdh3,k

s d
= Zdh3,j

s ∀k, j.

Consider the update at step t, defined in the infinite width limit as:

h3,k
t = h3,k

t−1 + δh3,k
t , (347)

Zδh3,k
t = θ̊

δh1
t /δh

3,k
t
ZW 3,k

0 δh1
t −

t−2∑
s=0

θ̊′
δW 3,k

s δh1
t /δh

3,k
t

η

dout∑
β=1

Z
(dh3,k

s )
β (χ̊s)βE[Zh1

sZδh1
t ]

− θ̊′
δW 3,k

t /δh3,k
t

η

dout∑
β=1

Z(dh3,k
t−1)β (χ̊t−1)βE[Zh1

t−1Zh1
t ], (348)

Note that θ̊′
δW 3,k

t

is the same for each expert. As we have shown, inductive hypothesis implies

that Zdh3,k
s

d
= Zdh3,j

s , for all experts k, j at every time step s < t. Furthermore, ZW 3,k
0 δh1

t

(from the ZMatMul rule) is the same for each expert as ZW 3,k
0 is the same for each expert and

Zδh1
t is shared by all the experts. Thus, using the inductive hypothesis that Zh3,k

t−1
d
= Zh3,j

t−1

we have,
Zδh3,k

t
d
= Zδh3,j

t =⇒ Zh3,k
t

d
= Zh3,j

t ∀k, j. (349)

This is turn implies that
d
˚̃
h2t,k = d

˚̃
h2t,j ∀k, j. (350)
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Why Routers Freeze

Corollary 20 Consider a soft MoE network without a router bias with m experts with
either softmax or sigmoid gating parametrised such that stability holds throughout training
(Theorem 9), and such that the router logits converge to zero in the infinite width limit,
h̊2
0 = 0 (Theorem 11, Table 1). For any time step t ≥ 0, the router probability is the same

for every expert in the infinite width limit. That is,

˚̃
h2t,i =

˚̃
h2t,j (351)

for every expert i, j ∈ [m].

Proof Result follows from the inductive proof in Theorem 19. For the last step of the
induction, the result of Theorem 19, which implies that the gradient of the router logits are
the same for each expert index d̊h2t,k = d̊h2t,j . This, combined with the initialisation h̊2

0 = 0

implies that h̊2t,i = h̊2t,j for every expert i, j ∈ [m] and time step t. The result for ˚̃h2t,i =
˚̃
h2t,j

for every expert i, j ∈ [m] follows.

Corollary 21 Consider a Softmax-Soft MoE netwok without a router bias. For any time
step t ≥ 0, in the infinite width limit, the gradient with respect to the router vanishes,

d̊h2t,k = 0, for every expert k. (352)

Consequently, the router weights do not evolve from initialisation,

Z(δW 2
t )k,: = 0, (353)

=⇒ ˚̃
h2t,k = E[Z(W 2

0 )k,:Zδh1
t ], (354)

for every k. That is, in the limit, the router is stuck at initialisation.

Proof The limiting value of the gradient with respect to the router is

d
˚̃
h2t,k =

m∑
j=1

J (̊h2t )kjd
˚̃
h2t,j , (355)

where J(h2)kj = h̃2k(δkj − h̃2j ) is the Jacobian of the Softmax and h̃2 = Softmax(h2). From

Theorem 19, d˚̃h2t,j = d
˚̃
h2t,k for all experts k, j. Let C := d

˚̃
h2t,j . For every k, we have

d
˚̃
h2t,k =

m∑
j=1

J (̊h2t )kjC (356)

= C
˚̃
h2t,k

m∑
j=1

(
δkj −˚̃

h2t,j

)
(357)

= 0, (358)

where we use the fact that
∑m

j=1
˚̃
h2t,j = 1. The rest follows from looking at the infinite width

limits of δW2
t and δh2

t,k.
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Remark 22 (Router bias prevents the stagnation in Theorem 20) The reason for
the router stagnation is the symmetric initialisation due to µP-MoE and the resulting identical
deterministic gradients for each expert. A router bias (or noise) ensures that at initialisation
the router is not symmetric, hence leading to varied deterministic gradient for each expert.
The router thus does not stagnate.

Remark 23 (Results hold for any stable parametrisation) For the above results, we
only assume stability and the results are shown using unscaled quantities (quantities that scale
Θ(1)). As such, any values of bcd do not change our results. We also assume ˚̃

h2
0 = 0 — the

only stable parametrisation where this is not true is with b2 = 0.5. We refer to (Yang and
Hu, 2021, H.4.1) for discussion that. Furthermore, b2 = 1 is required for feature learning
considerations (Theorem 11).

Remark 24 (Extension to Adam) The above theorems hold trivially for Adam. The only
change required is in the proof for Theorem 19. Here, the infinite width limit update to h3,k

t

will be (Appendix C.4)

Zδh3,k
t = θ̊

δh1
t /δh

3,k
t
ZW 3,k

0 δh1
t (359)

−
t−2∑
s=0

θ̊′
δW 3,k

s δh1
t /δh

3,k
t

ηE(
Z

h1s
1 ,Z

δh1t
1

)
Q3

t

dout∑
β

Z(dh3,k
s )β (χ̊s)βZ

h1
s

1

Z
δh1

t
1

 (360)

− θ̊′
δW 3,k

t /δh3,k
t

ηE(
Z

h1t−1
1 ,Z

h1t
1

)
Q3

t

dout∑
β

Z(dh3,k
t−1)β (χ̊t−1)βZ

h1
t−1

1

Z
h1
t

1

 , (361)

where Q is the Adam update function (Theorem 13). Here it is easy to see that Zdh3,k
s

d
= Zdh3,j

s ,
for all experts k, j at every time step s < t implies the same result as Theorem 19. The result
from Theorem 21 follows.

Remark 25 (Scale of dh2t,k for finite n) In the tensor program, for each output coordi-
nate β we have

(dh̃2t,k)β =
1

n

n∑
α=1

θ′W 4
t
θ
h3,k
t

(h3,kt )α(dh
3
t )αβ = θ′W 4

t
θ
h3,k
t

1

n

n∑
α=1

(Yt,k)αβ, (Moment) (362)

where we defined

(Yt,k)αβ := (h3,kt )α(dh
3
t )αβ. (363)

The gradient with respect to the router logits is

(dh2t,k)β =

m∑
j=1

J(h̃2t )kj(dh̃
2
t,j)β = θ′W 4

t
θ
h3,k
t

1

n

n∑
α=1

Xt,k,αβ, (Moment) (364)

where

Xt,k,αβ :=
m∑
j=1

J(h̃2t )kj(Yt,j)αβ. (365)
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Why Routers Freeze

Figure 2: Average norm of router features as width is increased with router d = 0.5. Shows
that for high ϵ, this causes the router logits to diverge.

In the infinite-width limit, we showed above that d˚̃h2t,k = 0, so in particular E[Xt,k,αβ] = 0.
To capture the scale, consider the second-moment “Moment” variable

θ′W 4
t
θ
h3,k
t

1

n

n∑
α=1

(Xt,k,αβ)
2 = θ′W 4

t
θ
h3,k
t

m∑
j=1

m∑
i=1

J(h̃2t )kjJ(h̃
2
t )ki

1

n

n∑
α=1

(Yt,j)αβ(Yt,i)αβ, (366)

whose infinite-width limit, by the Master theorem, is

θ̊′W 4
t
θ̊
h3,k
t

m∑
j=1

m∑
i=1

J(
˚̃
h2t )kjJ(

˚̃
h2t )kiE

[
ZYt,jZYt,i

]
. (367)

Thus the variance of (dh2t,k)β = n−1
∑n

α=1Xt,k,αβ scales as

Var
[
(dh2t,k)β

]
=

1

n
(θ′W 4

t
θ
h3,k
t

)2Var(Xt,k,αβ), (368)

where Var(Xt,k,αβ) is some non-zero scalar. Consequently, we have that dh̃2t,k scales Θ(n−
1
2 ).

Remark 26 (Scale of h2
t − h2

t−1 for Softmax-Soft MoE networks under µP-Moe parametrisation)
Here, we find the scale of h2

t − h2
t−1 for Softmax-Soft MoE networks under the µP-MoE

parametrisation. We find the scale under zero-initisalisation of W2
0, so that the initialisation

of the network matches the infinite-width limit, as recommended in Yang et al. (2021). Here,
only the effective updates decide the scale of the feature update. The scale of the router weight
update is θδW 2

t
= n−1 · n−0.5 = n−1.5, where the extra n−0.5 comes from the finite width

scale of the router gradient, due to the softmax Jacobian (Theorem 25). Thus, the scale of
h2
t − h2

t−1 is θ′
δW 2

t
= n · n−1.5 = n−0.5.

Remark 27 (Benign Scaling for Adam) In Softmax-Soft MoEs, the scale of the gra-
dient has an extra n−0.5 factor. This implies setting d = 0.5 for the router can be used to
rescale the variance such that it is Θ(1). However, as this results in a random scalar in the
program, this limit is not expressible in Tensor Programs (Yang and Hu, 2021, Theorem 7.4).
In practice we find this can lead to diverging logits Figure 2.

Appendix E. Proof of Theorem 4

From Appendix C.2, we see that at initialisation the router logits converge deterministically to
C1 (with C = 0) under µP-MoE scaling without a bias. A simple CLT argument, (formalised
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in Yang (2019)) shows that
√
n(h2(n)− C1) converges in distribution to a Gaussian with

variance proportional to E[(Zh1
)2]. Thus, we can write

h2(n) = C1+ σnϵn,

with ϵn =
√
n(h2(n)− C1) and σn = 1√

n
.

Theorem 28 (Limit of the Top-K masked vector) Let

Sn := TopK(εn) = TopK
(
{h2i (n)}mi=1

)
,

and define
h̃2i (n) := h2i (n)1{i ∈ Sn}, h̃2(n) := (h̃2

1(n), . . . , h̃
2
M (n)).

Then,
h̃2(n)

d⇒ C 1S in RM , where S := TopK(ε)

where 1S is the indicator function indicating whether index j ∈ S.

Proof Define the Top-K indicator map

T : RM → {0, 1}M , T (z) := 1TopK(z).

This map is discontinuous only at points where ties occur among the order statistics. As the
probability of ties when sampling from ϵ is zero (as Gaussian as a continuous joint density),

P(ε ∈ DT ) = 0,

where DT denotes the discontinuity set of T . Hence, by the extended continuous mapping
theorem (Billingsley, 2013),

T (εn)
d⇒ T (ε), i.e. 1Sn

d⇒ 1S .

Now write

h̃2(n) =
(
C1+ σnεn

)
⊙ T (εn) = C T (εn) + σn

(
εn ⊙ T (εn)

)
.

Since εn
d⇒ ε, the sequence {εn} is tight, and therefore

∥εn∥∞ = Op(1).

As σn → 0, it follows that ∥∥∥σn(εn ⊙ T (εn))∥∥∥
∞
≤ σn∥εn∥∞

p−→ 0.

Combining this with 1Sn

d⇒ 1S and applying Slutsky’s theorem yields

h̃2(n)
d⇒ C 1S .

Thus, in the first forward pass (at initialisation), where the router is symmetric, the
Top-K index set is not deterministic as S := TopK(ϵ).
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Why Routers Freeze

Appendix F. Tensor Program for Top-K MoE

In this section we derive the Tensor program and the corresponding infinite width limit
for Top-K MoEs (??). Note we only derive this for SGD, corresponding limit to Adam is
analogous to Appendix C.3.

F.1. Tensor Program for Top-K MoE with SGD

We use the same notation as in Appendix C.1. Throughout we make the assumption that
the parametrisation is stable (Theorem 9).

Network:

h1 = W1ξ, ∈ Rn×1 (369)

h2 = W2h1 + b2, ∈ Rm×1 (370)

s = T(h2) where Tk(h
2) := 1{k ∈ TopK(h2)} (371)

h̃2 = G(h2, s), ∈ [0, 1]m×1 (372)

h3,k = W3,kh1, ∈ Rn×1 (373)

h3 =

m∑
k=1

h3,kh̃2k, ∈ Rn×1 (374)

f = W4h3, ∈ Rdout×1 (375)

where b2 ∈ Rm is a bias parameter that is represented as an initial scalar in the program, s
is the Top-K mask, and G(·, s) is the activations applied to the index set s. For Softmax

Gk(u, s) :=
sk exp(uk)∑m
j=1 sj exp(uj)

, (376)

and for Sigmoid

Gk(u, s) := sk σ(uk).

Conditioned on noise/bias: We derive the Tensor program conditioned on the bias
term noises {b2

t }Tt=0 or the learnable bias b2. We assume that they have been sampled from
a distribution such that P(b2i = b2j ) = 0. Practically, we sample bi ∼ N (0, 1).

Remark 29 Top-K MoEs are not admissible in the Tensor program framework without
a router bias. This is because the router history is not deterministic, whereas the Tensor
program Master Theorem requires scalars (such as router mask) to converge to deterministic
constants.
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First Forward Pass:

h1
0 = θW 1

0
W1

0ξ, (h1
0)α = ϕ

(
{(W1

0)αβ}
din
β=1; ξ1, . . . , ξdin , θW 1

0

)
=

din∑
j=1

θW 1
0
(W1

0)αjξj , (Nonlin)

h2
0 = θ′W 2

0

1

n
W2

0h
1
0 + b2

0, (h2
0)k =

1

n

n∑
α=1

ϕ
(
(W2

0)kα, (h
1
0)α; θ

′
W 2

0
, {(b20)k}mk=1

)
=

1

n
θ′W 2

0

n∑
α=1

(W2
0)kα(h

1
0)α + (b2

0)k, (Moment)

s = T(h2), (Moment)

h̃2
0 = G(ĥ2

0, s), (Moment, See G)

ĥ3,k
0 = W3,kh1

0, (MatMul)

h3,k
0 = θW 3

0
ĥ3,k
0 , (h3,k

0 )α = ϕ
(
(ĥ3,k

0 )α; θW 3
0

)
= θW 3

0
(ĥ3

0)α (Nonlin)

h3
0 =

m∑
k=1

h3,k
0 h̃20,k, (h3

0)α = ϕ
(
(h3,1

0 )α, . . . , (h
3,m
0 )α; h̃

2
0,1, . . . , h̃

2
0,m

)
=

m∑
k=1

(h3,k
0 )αh̃

2
0,k (Nonlin)

f0 = θ′W 4
0

1

n
W4

0h
3
0, (f0)β =

1

n

n∑
α=1

ϕ
(
(W4

0)βα, (h
3
0)α; θ

′
W 4

0

)
=

1

n
θ′W 4

0

n∑
α=1

(W4
0)βα(h

3
0)α. (Moment)

We assume stability at initialisation and thus the initialisation values in Theorem 11. For
these values, the scale of W2

0h
1
0 is n−0.5.

Remark 30 (Initial mask is deterministic conditioned on the bias) With the ini-
tialisation values in Theorem 11, as the width increases W2

0h
1
0 → 0, with vanishing finite-width

fluctuation (Yang, 2019). Consequently, if h̊2
0 denotes the limit of h2

0

T(h̊2
0) = T(b2

0).

Hence the Top-K operator is determined by the initial bias and is deterministic in the limit.
This can be shown with the result in Appendix E.

Noise and Learnable Bias: We consider two cases here:

1. Case 1: A different noise is added at each time step {b2
t }Tt=1.

2. Case 2: The term b2
0 is learned. Note that the updates below are written only for

learnable biases.

First Backward Pass: Same as Appendix C.1, except the gradient dh20,k requires gradient
of the Top-K mask.

dh20,k = s0
∑
j∈S

J(h̃2
0)jkdh̃

2
0,j , ∈ R1×dout (Moment) (377)

where J(h̃2
0)jk =

∂(h̃2
0)j

∂(ĥ2
0)k

is the Jacobian of the activation function on the sparse logits.

First Weight Updates: We need to consider the update to the learnable b2

b2
1 − b2

0 = −ηθ′W 4
0
dh2

0χ0. (378)

The rest is the same as Appendix C.1.
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Why Routers Freeze

First Feature Updates: The only feature update that will change from Appendix C.1 is
h2 and h̃2:

h2
1 − h2

0 = W2
0(h

1
1 − h1

0) + (W2
1 −W2

0)h
1
1 + b2

1 − b2
0 (379)

= θδh1
1
θ′W 2

0

W2
0δh

1
1

n
− θ′δW 2

1
ηdh2

0χ0
(h1

0)
Th1

1

n
− ηθ′W 4

0
dh2

0χ0 (380)

θh2
1
(δh2

1)k =
1

n

n∑
α=1

ϕ
(
W2

0kα, (δh
1
1)α, (h

1
0)α, (h

1
1)α; θδh1

1
, θ′W 2

0
, θ′δW 2

1
, η, {(dh2

0)kβ, (χ0)β}dout
β

)
(Moment)

(381)

ϕ(. . .) := θδh1
1
θ′W 2

0
W2

0kα(δh
1
1)α − θ′δW 2

1
η

dout∑
β=1

(dh2
0)kβ(χ0)β(h

1
0)α(h

1
1)α − ηθ′W 4

0

dout∑
β=1

(dh2
0)kβ(χ0)β,

(382)

θδh2
1
:= max(θδh1

1
θ′W 2

0
, θ′δW 2

1
, θ′W 4

0
). (383)

h̃2
1 − h̃2

0 = G(h2
1, s1)−G(h2

0, s0), (Moment) (384)

The rest of the feature updates are the same as Appendix C.1.

tth Backward Pass: Same as Appendix C.1, except for the mask

dh2t,k = st
∑
j∈S

J(h̃2
t )jkdh̃

2
t,j , ∈ R1×dout (Moment) (385)

where J(h̃2
t )jk =

∂(h̃2
t )j

∂(ĥ2
t )k

is the Jacobian of the activation function on the sparse logits.

tth Weight Updates: We need to consider the update to b2

b2
t − b2

t−1 = −ηθ′W 4
t−1

dh2
t−1χt−1. (386)

The rest is the same as Appendix C.1.

tth Feature Updates: The only feature update that will change from Appendix C.1 is h2

and ĥ2:

h2
t − h2

t−1 = W2
t−1(h

1
t − h1

t−1) + (W2
t −W2

t−1)h
1
t + b2

t − b2
t−1 (387)

= θδh1
t
θ′W 2

t−1

W2
t−1δh

1
t

n
− θ′δW 2

t
ηdh2

t−1χt−1
(h1

t−1)
Th1

t

n
− ηθ′W 4

t−1
dh2

t−1χt−1 (388)

θh2
1
(δh2

t )k =
1

n

n∑
α=1

ϕ
(
W2

t−1kα
, (δh1

t )α, (h
1
t−1)α, (h

1
t )α; θδh1

t
, θ′W 2

t−1
, θ′δW 2

t
, η, {(dh2

t−1)kβ, (χt−1)β}dout
β

)
(Moment)

(389)

ϕ(. . .) := θδh1
t
θ′W 2

t−1
W2

t−1kα
(δh1

t )α − θ′δW 2
t
η

dout∑
β=1

(dh2
t−1)kβ(χt−1)β(h

1
t−1)α(h

1
t )α − ηθ′W 4

t−1

dout∑
β=1

(dh2
t−1)kβ(χt−1)β,

(390)

θδh2
t
:= max(θδh1

t
θ′W 2

t−1
, θ′δW 2

t
, θ′W 4

t−1
). (391)
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h̃2
t − h̃2

t−1 = G(h2
t )−G(h2

t−1), (Moment) (392)

The rest will be the same as Appendix C.1.

F.2. Infinite Width Limit for TopK MoE with SGD

We use the same notation as in Appendix C.2.

Remark 31 (Deterministic Limiting Mask Conditioned on Noise/Bias) To find the
limit, we need to show that the Top-K mask is deterministic in both cases: 1) where noise is
added at each step to the router logits, 2) where a learnable bias is added to the router logits.

1. Note that the noise b2
t is drawn independently of Wth

1
t at each step. This implies that

the probability of ties (h2)i = (h2)j is 0. Wth
1
t converges deterministically according to

the Master Theorem: If Wth
1
t converges to the same value for each dimension such

that the setting of Appendix E holds for Wth
1
t , then the mask is T(b2

t ) in the limit and
thus deterministic.

2. With a learnable bias, the mask is deterministic at initialisation (Theorem 30). However,
for subsequent steps, we must make the additional assumption that for widths n > N for
some N > 0, in the resulting logits h2t,(K) − h

2
t,(K+1) > ϵ where ϵ is width independent,

for all t. As TP only allows for pseudo-Lipschitz non-linearities, scalars in the program
converge to a deterministic value, and the logits are bounded under µP-MoE, this can
be proven using induction. However, we leave this for future work.

First Forward Pass:

Zh1
0 = ξZW 1

0 , (393)

h̊2
0 = b2

0, (394)

s̊0 = T(h̊2
0) (395)

˚̃
h2
0 = G(

˚̂
h2
0, s̊0) (396)

Zh3,k
0 = ZW 3,k

0 h1
0 for every expert k, (397)

Zh3
0 =

m∑
k=1

˚̃
h20,kZ

h3,k
0 (398)

f̊0 = 0. (399)

Here, ZW 1
0 is standard Gaussian by construction. The gating function G is either a

Softmax or Sigmoid. ZW 3,k
0 h1

0 = ẐW 3,k
0 h1

0 from the Z MatMul rule. Finally f̊0 = 0 as
f̊0 = E[ZW 4

0 ]E[Zh3
0 ] = 0.
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First Backward Pass:

Zdh3
0 = ZW 4

0 , (400)
˚
dh̃20,k = 0 for every expert k, (401)

d̊h20,k = 0 for every expert k, (402)

Zdh3,k
0 = h̃20,kZ

dh3
0 for every expert k, (403)

Zdh1
0 =

m∑
k=1

Z(W 3,k
0 )T dh3,k

0 (404)

(405)

ZW 4
0 is a standard Gaussian by construction. ˚

dh̃20,k = E[Zh3,k
0 ]E[W 4

0 ] = 0. From this,

d̊h20,k = 0 follows. Z(W 3,k
0 )T dh3

0 = Ẑ(W 3,k
0 )T dh3

0 from the Z MatMul rule.

First Feature Update:

Zδh1
1 = −η

dout∑
β=1

Z(dh1
0)β (χ̊0)βξ

T ξ, (406)

δ̊h21,k = θ̊δh1
1
E[Z(W 2

0 )k,:Zδh1
1 ]− θ̊′δW 2

1
η

dout∑
β=1

(d̊h20,k)β(χ̊0)βE[Zh1
0Zh1

1 ]− ηθ̊′W 4
0

dout∑
β=1

(d̊h20,k)β(χ̊0)β,

(407)

δ̊s21 = T(h̊2
1)− T(h̊2

0) if θ̊δh2
1
= 1, (408)

δ
˚̃
h2
1 = G(̊s21, s̊1)−G(h̊2

0, s̊0) if θ̊δh2
1
= 1, (409)

Zδh3,k
1 = θ̊

δh1
1/δh

3,k
1
ZW 3,k

0 δh1
1 − θ̊′

δW 3
1 /δh

3,k
1
η

dout∑
β=1

Z(dh3,k)β (χ̊0)βE[Zh1
0Zh1

1 ] for every expert k,

(410)

Zδh3
1 =

m∑
k=1

θ̊
δh3,k

1 /δh3
1

˚̃
h20,kZ

δh3,k
1 − θ̊δh̃2

1
θ̊
h3,k
1 /δh3δ

˚̃
h21,kZ

h3,k
1 , (411)

δf̊1 = θ̊δh3
1
E[ZW 4

0Zδh3
1 ]− θ̊′δW 4

1
ηχ̊0E[Zh3

0Zh3
1 ], (412)

where G is either softmax or sigmoid and G′ is the derivative. Further, ZW 3,k
0 δh1

1 is given by
the Z MatMul rule,

ZW 3,k
0 δh1

1 = ẐW 3,k
0 δh1

1 + ŻW 3,k
0 δh1

1 (413)

= ẐW 3,k
0 δh1

1 + Zdh3,k
0 E

[
∂Zδh1

1

∂Ẑ(W 3,k
0 )T dh3,k

0

]
. (414)

We write the limit of each vector in the program as

Zht = Zh0 + θ̊δh1Z
δh1 + . . .+ θ̊δhtZ

δht . (415)
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Weight updates: The distribution of certain weight updates are required in the backward
pass and thus the forward passes. Note that b is a scalar in the program (∈ Rm) and hence
does not have a limit.

ZδW 4
t = −ηχ̊t−1Z

h3
t−1 , (416)

Z(δW 2
t )k,: = −η

dout∑
β=1

(d̊h2t,k)β(χ̊t−1)βZ
h1
t−1 , (417)

b2
t − b2

t−1 = −ηθ̊′W 4
t−1

dout∑
β=1

(d̊h2t−1,k)β(χ̊t−1)β. (418)

tth Backward Pass: Let S = TopK(h2
t ) be the set of active experts,

Zdh3
t = Z(W 4

t )
T
, (419)

d
˚̃
h2t,k = E[Zh3,k

t Zdh3
t ], (420)

d̊h2t,k = s̊t,k

m∑
j=1

J (̊h2t )kjd
˚̃
h2t,k, (421)

Zdh3,k
t =

˚̃
h2t,kZ

dh3
t , (422)

Zdh1
t =

m∑
k=1

Z(W 2
t )k,: d̊h2t,k + Z(W 3,k

0 )T dh3,k
t −

t−1∑
s=1

Zh1
s χ̊sE[Zdh3,k

s Zdh3,k
t ], (423)

where Z(W 3,k
0 )T dh3,k

t is given by the Z MatMul rule,

Z(W 3,k
0 )T dh3,k

t = Ẑ(W 3,k
0 )T dh3,k

t + Ż(W 3,k
0 )T dh3,k

t (424)

= Ẑ(W 3,k
0 )T dh3,k

t +
∑

v∈V:W 3,k
0 v∈V

ZvE

[
∂Zdh3,k

t

∂ẐW 3,k
0 v

]
, (425)

where V := {v for some vector in the program v} is the set of all vectors in the program.
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tth Forward Pass:

Zδh1
t = −η

dout∑
β=1

Z(dh1
t−1)β (χ̊t−1)βξ

T ξ, (426)

δ̊h2t,k = θ̊′W 2
t−1
θ̊δh1

t
E[Z(W 2

t−1)k,:Zδh1
t ]− θ̊′δW 2

t
η

dout∑
β=1

(d̊h2t−1,k)β(χ̊t−1)βE[Zh1
t−1Zh1

t ] (427)

− ηθ̊′W 4
t−1

dout∑
β=1

(d̊h2t−1,k)β(χ̊t−1)β, (428)

δ̊s2t = T(h̊2
t )− T(h̊2

t−1) if θ̊δh2
t
= 1, (429)

δ
˚̃
h2
t = G(h̊2

t , st)−G(h̊2
t−1, st−1) if θ̊δh2

t
= 1, (430)

Zδh3,k
t = θ̊

δh1
t /δh

3,k
t
ZW 3,k

0 δh1
t −

t−2∑
s=0

θ̊′
δW 3,k

s δh1
t /δh

3,k
t

η

dout∑
β

Z(dh3,k
s )β (χ̊s)βE[Zh1

sZδh1
t ] (431)

− θ̊′
δW 3,k

t /δh3,k
t

η

dout∑
β

Z(dh3,k
t−1)β (χ̊t−1)βE[Zh1

t−1Zh1
t ], (432)

Zδh3
t =

m∑
k=1

θ̊
δh3,k

t /δh3
t

˚̃
h2k,t−1Z

δh3,k
t − θ̊δh̃2

t /δh
3
t
δ
˚̃
h2t,kZ

h3,k
t , (433)

δ̊ft = θ̊′W 4
t−1
θ̊δh3

t
E[ZW 4

t−1Zδh3
t ]− θ̊′δW 4

t
ηχ̊t−1E[Zh3

t−1Zh3
t ], (434)

where G is either softmax or sigmoid and G′ is the derivative, and

ZW 3,k
0 δh1

t = ẐW 3,k
0 δh1

t + ŻW 3,k
0 δh1

t (435)

= ẐW 3,k
0 δh1

t +
t−1∑
s=0

Zdh1
sE

[
∂Zdh3,k

s

∂Ẑ(W 3,k
0 )T dh3,k

s

]
(436)

Remark 32 (µP-MoE gives feature learning and stability) As the infinite-width limit
does not change much for the Top-K case. It is easy to see that the µP-MoE values in Table 1
for SGD and Table 2 for Adam hold for Top-K MoEs.

Appendix G. Expressing softmax and sigmoid over a multi-scalar as a
moment operation in TP

We can express the sum of l scalars θ1, . . . , θk ∈ R using the Moment operations with no
vectors (k = 0):

ϕ : R0 × Rl → R, ϕ(−; θ1, . . . , θk) =
k∑

i=1

θi.

Then
1

n

n∑
α=1

ϕ(−; θ1, . . . , θl) =
1

n

n∑
α=1

( l∑
i=1

θi

)
=

l∑
i=1

θi,
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since the expression inside the sum is constant with respect to α.

Softmax: We can do the same with a softmax. Simply define the function ϕ as the softmax
function over the scalars.

ϕ : R0 × Rl → R, ϕ(−; θ1, . . . , θk) =
exp θi∑k
i=1 exp θi

.

Then
1

n

n∑
α=1

ϕ(−; θ1, . . . , θl) =
1

n

n∑
α=1

exp θi∑k
i=1 exp θi

=
exp θi∑k
i=1 exp θi

,

so each of these operations generates a valid scalar. Sanity check. Note that if a sequence
of random vectors (multi-scalars in TP language)

θ(n) = (θ
(n)
1 , θ

(n)
2 , · · · θ(n)l ) −→ θ(∗) = (θ

(∗)
1 , θ

(∗)
2 , · · · θ(∗)l )

where the convergence may be in probability, distribution, or almost sure, then the continuous
mapping theorem states that if ϕ : Rl → R is continuous at θ(∗), then

ϕ(θ(n)) = ϕ(θ
(n)
1 , θ

(n)
2 , · · · θ(n)l ) −→ ϕ(θ(∗)) = ϕ(θ

(∗)
1 , θ

(∗)
2 , · · · θ(∗)l )

in the same mode of convergence (probability, distribution, a.s). So continuity at the limit
alone suffices for a.s convergence to hold.

TP requires that the non-linearities have polynomially bounded derivatives which are of
course much stronger and clearly satisfied by the softmax.

Sigmoid: We can simply express the sigmoid of a scalar with the function ϕ defined as

ϕ : R0 × R→ R, ϕ(−; θ1) =
1

1 + exp(−θ1)
.

Then
1

n

n∑
α=1

ϕ(−; θ1) =
1

1 + exp(−θ1)
.

Appendix H. Additional Experiments and Details

H.1. Details for Figures

Figures in the main paper: All figures in the main paper are created by training for
t = 20 steps on Fashion-MNIST. The network used is the same as Theorem 1 but with
non-linear experts with ReLU activation. The models contained 4 experts, and K = 2 were
executed in the Top-K case. Hyperparameters of the model such as multiplier (for µP-MoE)
and learning rate were tuned so that the figures showed effective learning. The router and
function output are zero-initialised to show limiting behaviour (Yang et al., 2021).
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Figure 3: Coordinate check for Softmax-Soft MoE. Shows that the router feature scales n−0.5

as predicted in Theorem 25. Tilde signifies the router probability.
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Figure 4: Coordinate check for Sigmoid-Soft MoE. Shows that the router feature learns in
comparison with Softmax gating. Tilde signifies the router probability.

HP Transfer in Appendix H.4: HP transfer of learning rate in Appendix H.4 was
carried out using a Mixtral style transformer language model (Jiang et al., 2024) trained
on Wikitext-103-v1 for 1 epoch. The model was made smaller due to compute constraints.
The model contained three transformer layers with feedforward width of 4 times the width
dimension. A default load balancing loss coefficient of 0.01 was fixed. Hyperparameters such
as the multipliers (for output, router, inputs) and learning rate were randomly sampled 100
times and were tuned based on the validation loss. The model consisted of 8 experts and 2
experts were executed per token. QK Layernorm was implemented as it has been shown to
be more stable for HP transfer (Haas et al., 2025).

Compute Resources: The experiments for this paper (including the Mixtral run) were
run on a single H100 GPU.

H.2. Coordinate Checks for Soft Routing

We show additional coordinate checks in for sigmoid soft in Figure 4 and softmax soft in
Figure 3.

H.3. Coordinate Checks for Top-K Routing

We show additional coordinate checks for sigmoid Top-K in Figure 6 and Figure 5. We
additionally verify that µP-MoE scaling (Figure 8) allows for feature learning in Mixtral
style transformer MoEs compare to SP-MoE (Figure 7).

H.4. Additional HP Transfer Experiments

We show in Algorithm 1 how to transfer hyperparameters conditional on noise terms/bias.
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Figure 5: Coordinate check for Softmax-Top-K MoE with 2/4 active experts per forward
pass. Shows that in comparison to the soft routing case, the Top-K operation can allow for
expert specialisation and hence route feature learning. Tilde signifies the router probability.
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Figure 6: Coordinate check for Sigmoid-Top-K MoE with 2/4 active experts per forward
pass. Shows that like in the soft routing case, the router exhibits feature learning. Tilde
signifies the router probability.
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Figure 7: Coordinate check for Top-K Mixtral MoE with SP. Shows that the network diverges
with increasing width.
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Figure 8: Coordinate check for Top-K Mixtral MoE with µP-MoE. Shows that the network
fearture learns as with increases.
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(a) µP-MoE
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(b) SP-MoE

Figure 9: Learning rate transfer for Top-K MoE models parametrised according to (a)
µP-MoE and (b) SP-MoE. Hyperparameters are tuned on the smallest model.

Algorithm 1: µP HP-transfer for Top-K MoE with a shared router-bias schedule
Input : base width n0, target width n, steps T , experts m, Top-K, bias scale σb2
Bias schedule (fix once, reuse for all widths)

Sample {b2t }Tt=0 with b2t ∼ N (0, σb2Im) using a fixed seed.
end
Training loop at width w ∈ {n0, n}, given HPs H(·)

for t = 0 to T do
h2t ←W 2

t h
1
t + b2t It ← TopK(h2t ) Route to experts in It and update parameters.

end
end
Tune at width n0

Run the training loop with µP-heuristic scaling ⇒ tuned HPs H(n0).
end
Transfer to width n

Initialise width-n model with µP-heuristic and H(n); run the same training loop.
end

We carry out additional HP transfer with a similar network to Theorem 1, but with
non-linear experts and Top-2 out of 4 expert activation. In Figure 10 we show HP transfer
with and without the bias term on tinyimagenet. In Figure 11 we show HP transfer with
and without the bias term on emnist.
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(a) With Bias (b) Without Bias

Figure 10

(a) With Bias (b) Without Bias

Figure 11
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