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Abstract

This paper studies the performative prediction
problem where a learner aims to minimize the
expected loss with a decision-dependent data dis-
tribution. Such setting is motivated when out-
comes can be affected by the prediction model,
e.g., strategic classification. We consider a state-
dependent setting where the data distribution
evolves according to a controlled Markov chain.
We focus on stochastic derivative free optimiza-
tion (DFO) where the learner is given access to
a loss function evaluation oracle with the above
Markovian data. We propose a two-timescale
DFO()\) algorithm that features (i) a sample accu-
mulation mechanism that utilizes every observed
sample to estimate the gradient of performative
risk, (ii) a two-timescale diminishing step size that
balances the rates of DFO updates and bias reduc-
tion. Under a non-convex optimization setting, we
show that DFO(\) requires O(1/¢3) samples (up
to a log factor) to attain a near-stationary solution
with expected squared gradient norm less than e.
Numerical experiments verify our analysis.

1. Introduction

Consider the following stochastic optimization problem
with decision-dependent data:

min L(0) =Ez~m, [((0;2)]. (1)

Notice that the decision variable @ appears in both the loss
function ¢(0; Z) and the data distribution IIy (denoted by
D(0) in some prior literature) supported on Z. The overall
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loss function £(0) is known as the performative risk which
captures the distributional shift due to changes in the de-
ployed model. This setting is motivated by the recent studies
on performative prediction (Perdomo et al., 2020), which
considers outcomes Z that are supported by the deployed
model 6. For example, it covers strategic classification
(Hardt et al., 2016; Dong et al., 2018) in economics and
financial practices such as with the training of loan classi-
fier for customers who may react to the deployed model 0
to maximize their gains; or in price promotion mechanism
(Zhang et al., 2018) where customers react to prices with
the aim of gaining a lower price; or in ride sharing busi-
ness (Narang et al., 2022) with customers who adjust their
demand according to prices set by the platform.

Due to the effects of @ on both the loss function and distribu-
tion, the objective function £(8) is non-convex in general.
Numerous efforts have focused on characterizing and find-
ing the so-called performative stable solution which is a
fixed point to the repeated risk minimization (RRM) process
(Perdomo et al., 2020; Mendler-Diinner et al., 2020; Brown
et al., 2022; Li & Wai, 2022; Roy et al., 2022; Drusvyatskiy
& Xiao, 2022). While RRM might be a natural algorithm
for scenarios when the learner is agnostic to the performa-
tive effects in the dynamic data distribution, the obtained
solution maybe far from being optimal or stationary to (1).

On the other hand, recent works have studied how to ap-
proximate performative optimal solutions that minimizes
(1). This is challenging due to the non-convexity of £(6)
and more importantly, the absence of knowledge of IIg. In
fact, evaluating V.£(0) or its stochastic gradient estimate
would require learning the distribution Ilg a-priori (1zzo
et al., 2021). To design a tractable procedure, prior works
have assumed additional structures for (1) such as approx-
imating 1l by Gaussian mixture (Izzo et al., 2021), Ilg
depends linearly on 8 (Narang et al., 2022), etc., combined
with a two-phase algorithm that separately learns I and op-
timizes 6. Other works have assumed a mixture dominance
structure (Miller et al., 2021) on the combined effect of 11g
and £(-) on £(0), which in turn implies that £(8) is convex.
Based on this assumption, a derivative free optimization
(DFO) algorithm was analyzed in (Ray et al., 2022); also see
the variants of this condition when used in different settings
(Wood & Dall’ Anese, 2023; Zhu et al., 2023). In addition,



Two-timescale Derivative Free Optimization for Performative Prediction with Markovian Data

Literature Cvx-{ Cvx-L Dec-dep State-dep Oracle Rate 0-Type
(Ghadimi & Lan, 2013) X X X X 0t O(T~z) Stationary
(Miller et al., 2021) v v v X 15tt O(T—1)  Perf. Opt.
(Ray et al., 2022) v v v v (Geo) 0" O(T~z) Perf. Opt.
(Mendler-Diinner et al., 2020) v X v X 18¢ O(T~1)  Perf. Stable
(Brown et al., 2022) v X v V' (Geo) 15t O(T~1)  Perf. Stable
(Li & Wai, 2022) v X v v (Mkv) 1t O(T~!) Perf. Stable
(Izzo et al., 2021) X X v V(Geo) 15t O(T—3) Stationary
(Roy et al., 2022) X X v v (Mkv) 1stt  O(T~-3%) Stationary
This Work X X Y v(Mkv) 0" O(T—3) Stationary

Table 1. Comparison to Existing Literature. ‘0..-Type’ describes the convergent points — Perf. stable: Def. 2 of Mendler et al., Perf. opt.:
solves ming £(8), Stationary: |[VL(0)|| = 0. ‘Geo’/*‘Mkv’: geometric decay/Markov. The rates sometimes omit the logarithmic terms.

p

(Kim & Perdomo, 2023) considered reaching performative
optimal solution where performativity is only modeled at
the label, several works have initiated the analysis of perfor-
mative prediction with general non-convex loss (Dong et al.,
2023; Mofakhami et al., 2023).

This paper focuses on approximating the performative op-
timal solution without relying on additional condition on
the distribution IIg and/or using a two-phase algorithm. We
concentrate on stochastic DFO algorithms (Ghadimi & Lan,
2013) which do not involve first order information (i.e., gra-
dient) about £(0). An advantage of these algorithms is that
they avoid the need for estimating ITy nor making structural
assumption on the latter. Instead, the learner only requires
access to the loss function evaluation oracle £(0; Z) and
receive data samples from a controlled Markov chain. Note
that the latter models the stateful and strategic agent setting
considered in (Ray et al., 2022; Roy et al., 2022; Li & Wai,
2022; Brown et al., 2022). Such setting is motivated when
the actual data distribution adapts slowly to the decision
model, which is to be deployed/announced by the learner
during the stochastic optimization process.

The proposed DFO () algorithm features (i) two-timescale
step sizes design to control the bias-variance tradeoff in the
derivative-free gradient estimates, and (ii) a sample accumu-
lation mechanism with forgetting factor ) that aggregates all
observed samples to control the amount of error in gradient
estimates. Our findings are summarized as:

* Under the Markovian data setting, we show in Theo-
rem 3.6 that the DFO () algorithm finds a near-stationary
solution @ with E[||[VL(8)|]?] < e using O(f—: log1/€)
samples and iterations. Compared to prior works, our
analysis does not require structural assumption on the
distribution Il or convexity condition on the performa-
tive risk (Izzo et al., 2021; Miller et al., 2021; Ray et al.,
2022).

* Our analysis demonstrates the trade-off induced by the

uses two-stages to estimate IIp with linear distribution model. needs asymp. unbiased estimate of VL(0) [cf. (3)].

forgetting factor \. We identify the desiderata for the
optimal value(s) of \. We show that increasing A allows to
reduce the number of samples required by the algorithm
if the performative risk gradient has a small Lipschitz
constant.

For the rest of this paper, §2 describes the problem setup
and the DFO (\) algorithm, §3 presents the main results, §4
outlines the proofs. Finally, we provide numerical results to
verify our findings in §5.

Finally, as displayed in Table 1, for stationary points con-
vergence of (1), our stochastic DFO under decision depen-
dent (and Markovian) samples has a convergence rate of
O(1/T%) towards an e-stationary point, while other known
gradient-based methods, e.g., (Izzo et al., 2021) has a con-
vergence rate of O(1/T'5), and (Roy et al., 2022) has a
convergence rate of O(1/T'3). We also include other rele-
vant results in the table.

We remark that our rate is worse than works on the decision
independent (i.e., non-performative) setting, e.g., O(1/v/T)
in (Ghadimi & Lan, 2013). We believe the rate degradation
is due to a fundamental limit for DFO-type algorithms when
tackling problems with decision-dependent sample due to
the challenges in designing a low variance gradient estimator
(including 2-point estimators); see §4.1.

Related Works: The idea of DFO dates back to (Ne-
mirovskii, 1983), and has been extensively studied there-
after (Flaxman et al., 2005; Agarwal et al., 2010; Nesterov &
Spokoiny, 2017; Ghadimi & Lan, 2013). Results on match-
ing lower bound were established in (Jamieson et al., 2012).
While a similar DFO framework is adopted in the current
paper for performative prediction, our algorithm is limited
to using a special design in the gradient estimator to avoid
introducing unwanted biases.

Only a few works have considered the Markovian data set-
ting in performative prediction. (Brown et al., 2022) is the
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first paper to study the dynamic settings, where the response
of agents to learner’s deployed classifier is modeled as a
function of classifier and the current distribution of the pop-
ulation; also see (Izzo et al., 2022). On the other hand, Li &
Wai (2022); Roy et al. (2022) model the unforgetful nature
and the reliance on past experiences of single/batch agent(s)
via controlled Markov Chain. Lastly, Ray et al. (2022)
investigated the state-dependent framework where agents’
response may be driven to best response at a geometric rate.
The current paper considers more relaxed conditions than
Ray et al. (2022). See Appendix A for a detailed discussion.

Notations: Let R? be the d-dimensional Euclidean space
equipped with inner product (-, -) and induced norm ||z|| =
{x,x). Let Z be a (measurable) sample space, Z be
the Borel o-algebra generated by Z, and u, v are two
probability measures on Z. Then, we use dtv (i, v) =
sup 4z #(A) — v(A) to denote the total variation distance
between 1 and v. Denote Tg(-, ) as the state-dependent
Markov kernel and its stationary distribution is ITg(-). Let
B? and S?! be the unit ball and its boundary (i.e., a unit
sphere) centered around the origin in d-dimensional Eu-
clidean space, respectively, and correspondingly, the ball
and sphere of radius > 0 are 7B and rS?~!,

2. Problem Setup, Algorithm Design

In this section, we develop the DFO () algorithm for tack-
ling (1) and describe the problem setup. Assume that £(60)
is differentiable, we focus on finding an e-stationary solu-
tion, @, which satisfies

[VLO)[* <e. )

With the goal of reaching (2), there are two key challenges in
our stochastic algorithm design: (i) to estimate the gradient
V L(0) without prior knowledge of Ilg, and (ii) to handle
the stateful setting where one cannot draw samples directly
from the distribution IIg. We shall discuss how the proposed
DFO () algorithm, which is summarized in Algorithm 1,
tackles the above issues through utilizing two ingredients:
(a) two-timescales step sizes, and (b) sample accumulation
with the forgetting factor A € [0, 1).

Estimating V £(0) via Two-timescales DFO. First notice
that the gradient of £(-) can be derived as

VL(O) =Ez.n,[VU(O; Z) + £(0; Z)Vg logllg(Z)]. (3)

As a result, constructing stochastic estimates of V.L(0) typ-
ically requires knowledge of IIg(-) which is not known
a-priori unless a separate estimation procedure is applied;
see e.g., (Izzo et al., 2021). To avoid the need for direct
evaluations of Vg logIIg(Z), we consider an alternative de-
sign via zero-th order optimization (Ghadimi & Lan, 2013).
The intuition comes from observing that with § — 01,

Algorithm 1 DFO () Algorithm

1: Input: Constants &g, 79, 7o, ¢, 5, maximum epochs T,
forgetting factor A, loss function £ (+; ).
2: Initialization: Set initial 8 and sample Z.
3: fork=0to7T — 1do
4 0+ 00/(L+ k), i =m0 /(1 + k)%,
7 < max{1,79log(1 + k)}
50 Let6 « 6, 2 « 7,
uy, ~ Unif(S971)

6: form=1,2,--- 7 do
7: Deploy the model é,(cm) = 0,(;”) + Spup,
8: Draw Z,gm) ~ T 5m) (Z,Emfl), )
k
9: Update 8™ as
(m) _ G(m) . r(m)

9~ — %E(ak s 2y, )uk’

0}(€m+1) = Hl(cm) — nkATk_mglgm).
10:  end for
11: Zt1 Zlng)’ 0}g+1 — BI(CTR:JFD.
12: end for
13: Draw s ~ Uniform ({0,1,...,7T})

Output: Average iterate 6,

(L£(0 + du) — L(0)) /4 is an approximation of the direc-
tional derivative of £ along u. This suggests that an es-
timate for VL£(0) can be constructed using the objective
Sfunction values of £(0; Z) only.

Inspired by the above, we aim to construct a gradient esti-
mate by querying ¢(-) at randomly perturbed points. For-
mally, given the current iterate @ € R¢ and a query radius
0 > 0, we sample a vector u € R4 uniformly from the
sphere S9!, The zero-th order gradient estimator for £(6)
is then defined as

9s(O;u, Z) == gﬁ(é; Z)u, with @ := 0 + du, (4

and Z ~ IL4(-). In fact, as u is zero-mean, g;(0;u, Z) is
an unbiased estimator for V.L;5(80). Here, £5(60) is a smooth
approximation of £(6) (Flaxman et al., 2005; Nesterov &
Spokoiny, 2017) defined as

L5(0) = Ey[L(0)] = Eu[Ez~m, [¢(6; 2)]]. (5)

It is known that under mild condition [cf. Assumption 3.1 to
be discussed later], | VLs(0) — VL(O)| = O(6) and thus
(4) is an O(0)-biased estimate for V.L(0).

We remark that the gradient estimator in (4) differs from the
one used in classical works on DFO such as (Ghadimi & Lan,
2013). The latter takes the form of 4(£(8; Z) — £(6; Z)) u.
Under the setting of standard stochastic optimization where
the sample Z is drawn independently of u and Lipschitz
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continuous £(-; Z), the said estimator in (Ghadimi & Lan,
2013) is shown to have constant variance while it remains
O(9)-biased. Such properties cannot be transferred to (4)
since Z is drawn from a distribution dependent on u via
0 = 6 + du. In this case, the two-point gradient estimator
would become biased; see §4.1.

However, we note that the variance of (4) scales as O(1/6%)
when § — 0, thus the parameter § yields a bias-variance
trade off in the estimator design. To remedy for the in-
crease of variance, the DFO (\) algorithm incorporates a
two-timescale step size design for generating gradient es-
timates (Jx) and updating models (7)), respectively. Our
design principle is such that the models are updated at a
slower timescale to adapt to the gradient estimator with
O(1/6?) variance. Particularly, we will set 7y, 41 /041 — 0
to handle the bias-variance trade off, e.g., by setting o >
in line 4 of Algorithm 1.

Markovian Data and Sample Accumulation. We con-
sider a setting where the sample/data distribution observed
by the DFO (\) algorithm evolves according to a controlled
Markov chain (MC). Notice that this describes a stateful
agent(s) scenario such that the deployed models (8) would
require a certain amount of time to manifest their influence
on the samples obtained; see (Li & Wai, 2022; Roy et al.,
2022; Brown et al., 2022; Ray et al., 2022; Izzo et al., 2022).

To formally describe the setting, we denote Tg : Z X Z —
R, as a Markov kernel controlled by a deployed model 6.
For a given 6, the kernel has a unique stationary distribution
ITg(-) which cannot be conveniently accessed. Under this
setting, suppose that the previous state/sample is Z, the
next sample follows the distribution Z’ ~ Tg(Z, -) which
is not necessarily the same as IIg(-). As a consequence, the
gradient estimator (4) is a biased estimator of V.L;5(8).

A common strategy in settling the above issue is to allow a
burn-in phase in the algorithm as in (Ray et al., 2022); also
commonly found in MCMC methods (Robert et al., 1999).
Using the fact that Ty admits the stationary distribution Ilg,
if one can wait a sufficiently long time before applying the
current sample, i.e., consider initializing with the previous
sample Z(©) = Z, the procedure

Z(m)NTG(Z(m_l)v')v m=1,...,7, (6)

would yield a sample Z+ = Z(7) that admits a distribu-
tion close to Ilg provided that 7 >> 1 is sufficiently large
compared to the mixing time of Ty.

Intuitively, the procedure (6) can be inefficient as a num-
ber of samples Z(), Z(3) .. Z("=1) will be completely
ignored at the end of each iteration. As a remedy, the
DFO (A) algorithm incorporates a sample accumulation
mechanism which gathers the gradient estimates generated
from possibly non-stationary samples via a forgetting factor

of A € [0,1). Following (4), VL(0) is estimated by
g =430 NTO 6w Z0)u, (D)

with Z(™) ~ Ty, 5,(ZM~D ) being generated in a
recursive manner according to the MC. At a high level, the
mechanism works by assigning large weights to samples
that are close to the end of an epoch (which are less biased).
Moreover, 8(™) is simultaneously updated within the epoch
to obtain an online algorithm that gradually improves the
objective value of (1). Note that with A = 0, the DFO(0)
algorithm reduces into one that utilizes burn-in (6). We
remark that from the implementation perspective for per-
formative prediction, Algorithm 1 corresponds to a greedy
deployment scheme (Mendler-Diinner et al., 2020) as the
latest model 0,(;”) + druy, is deployed at every sampling
step. Line 6-10 of Algorithm 1 details the above procedure.

Lastly, we note that recent works have analyzed stochastic
algorithms that rely on a single trajectory of samples taken
from a Markov Chain, e.g., (Sun et al., 2018; Karimi et al.,
2019; Doan, 2022), that are based on stochastic gradient.
(Sun & Li, 2019) considered a DFO algorithm for general
optimization problems but the MC studied is not controlled
by 6.

3. Main Results

This section studies the convergence of the DFO () algo-
rithm and demonstrates that the latter finds an e-stationary
solution [cf. (2)] to (1). We first state the assumptions re-
quired for our analysis:

Assumption 3.1. (Smoothness) £(0) is differentiable, and
there exists a constant L > 0 such that

IVL(6) ~ VL@ < L6 -8, V6,6 e R

Assumption 3.2. (Bounded Loss) There exists a constant
G > 0 such that

10(8;2) <G, VO R VzeZ

Assumption 3.3. (Lipschitz Distribution Map) There ex-
ists a constant L; > 0 such that

JTV (H917H92) < L1 ||91 _BQH V91702 ERd.
Informally, the conditions above state that the gradient of
the performative risk is Lipschitz continuous and the state-
dependent distribution vary smoothly w.r.t. 8. Note that
Assumption 3.1 and Assumption 3.2 are both regularity con-
ditions that can also be found in (Izzo et al., 2021; Ray et al.,
2022). Assumption 3.3 is slightly strengthened from the
Wasserstein-1 distance bound in (Perdomo et al., 2020), and
it gives tighter control for distribution shift in our Marko-
vian data setting. Note that this particular condition can be
slightly relaxed, see Lemma F.7 in the appendix.
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Next, we consider the assumptions about the controlled
Markov chain induced by Ty:

Assumption 3.4. (Geometric Mixing) Let {Z, },>o de-
note a Markov Chain on the state space Z with transition
kernel Tg and stationary measure Ilg. There exist constants
p€10,1), M > 0, such that forany k > 0, 2z € Z,

o1v (Po(Zk € -|Zo = 2),T1g) < Mp".

Assumption 3.5. (Smoothness of Markov Kernel) There
exists a constant Lo > 0 such that

O1v (Te,(2,:), Te,(2,°)) < L2 (|01 — 02|,
holds for any 8,,0, € R?, » € Z.

Assumption 3.4 is a standard condition on the mixing time of
the Markov chain induced by Tg; Assumption 3.5 imposes
a smoothness condition on the Markov transition kernel Tg
with respect to 6. The geometric dynamically environment
in (Ray et al., 2022) constitutes a special case which satisfies
the above conditions, yet Assumption 3.4 is strictly more
general, e.g., it covers cases when (Zk)kzo follows an auto-
regressive (AR) process.

Unlike (Ray et al., 2022; Izzo et al., 2021; Miller et al.,
2021), other than Assumption 3.3, we do not impose any ad-
ditional assumption on Iy such as mixture dominance. As a
result, (1) remains an ‘unstructured’ non-convex stochastic
optimization problem with decision-dependent distribution.
Our main result on the convergence of the DFO () algo-
rithm towards a near-stationary solution of (1) is summa-
rized below:

Theorem 3.6. Suppose Assumptions 3.1-3.5 hold, step size
sequence {ny}r>1, and query radius sequence {0y }r>1
satisfy the following conditions,

me=d 23 (1 +k)73, 5, =dY? (14 k)76,

®)

7 = max{1 log(1+k)} Vk>0.

2
"log 1/ max{p, \}

Then, there exists constants to, cs, Cg, 7, such that for any
T > to, the iterates {0y} ,> generated by DFO () satisfy
the following inequality,

1

T
2
m’;E\\Vﬁ(ek)H

©))
d2/3

cr
1L—XJ (T+1)/3

< 12max {05(1 — ), ¢,

We have defined the following quantities and constants:

Cy = 2G,

max{L? G*(1 - )}
1-28

LG?
= 10
y C7 25 —a+1 ) ( )
with v = 2, 3 = £. Observe the following corollary on the
iteration complexity of DFO () algorithm:

Cg =

Corollary 3.7. (e-stationarity) Suppose that the Assump-
tions of Theorem 3.6 hold. Fix any € > 0, the condition
H% Zf:() E||VL(6))|]? < € holds whenever

Cr 3 d2
T>112 1-— —_— —.
> < max{05( A), Ce, 7 A}) 5

In the corollary above, the lower bound on 7" is expressed
in terms of the number of epochs that Algorithm 1 needs to
achieve the target accuracy. Consequently, the total number
of samples required (i.e., the number of inner iterations
taken in Line 6-9 of Algorithm 1 across all epochs) is:

S, = ém ~0 <f§ 10g(1/e)> .

(1)

12)

We remark that due to the decision-dependent properties
of the samples, the DFO (\) algorithm exhibits a worse
sampling complexity (12) than prior works in stochastic
DFO algorithm, e.g., (Ghadimi & Lan, 2013) which shows
arate of O(d/e?) on non-convex smooth objective functions.
In particular, the adopted one-point gradient estimator in
(4) admits a variance that can only be controlled by a time
varying d; see the discussions in §4.1.

Achieving the desired convergence rate requires setting
m = O(k™%/3), & = O(k~1/%), ie., yielding a two-
timescale step sizes design with 7 /6, — 0. Notice that the
influence of forgetting factor A are reflected in the constant
factor of (9). Particularly, if c5 > c¢7 and ¢5 > cg, the opti-

mal choiceis A =1 — ii otherwise the optimal choice is

A € [0,1 — ¢7/cg). Informally, this indicates that when the
performative risk is smoother (i.e. its gradient has a small
Lipschitz constant), a large A can speed up the convergence
of the algorithm; otherwise a smaller A is preferable.

4. Proof of Main Results

This section outlines the key steps in proving Theorem 3.6.
Notice that analyzing the DFO () algorithm is challenging
due to the two-timescales step sizes and Markov chain sam-
ples with time varying kernel. Our analysis departs from
prior works such as (Ray et al., 2022; Izzo et al., 2021;
Brown et al., 2022; Li & Wai, 2022) to handle the above
technicalities.

Let FF = J(OO,ng),uS,O <s<k,0<m<7)bethe
filtration. Our first step is to exploit the smoothness of £(0)
to bound the squared norms of gradient. Observe that:

Lemma 4.1. (Decomposition) Under Assumption 3.1, it
holds that

SOE VL0 < L) + To(t) + Ts(t) + Lt), (13)
k=0
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foranyt > 1, where
(1) = Yoy 22 (E[L(6k)] — E[£(Ok11))

L) =Y., E<V£<0k>|<1 SN Amem
: (glim) —Ezong, (95, (Ok; ur, Z)]) >

1a(t) = - Sy B V(6
(I1-=2X) (Tzk AT L, (ek)> - Vﬁ(ek)>

m=1

2
Li(t) = L(lz_A) 22:1 nkE Hz;izl /\Tk_mgl(c )H

The lemma is achieved through the standard descent lemma
implied by Assumption 3.1 and decomposing the upper
bound on ||[VL(0})||? into respectful terms; see the proof in
Appendix B. Among the terms on the right hand side of (13),
I, (t),I3(t) and I4(¢t) arises directly from Assumption 3.1,
while I5(t) comes from bounding the noise terms due to
Markovian data.

We bound the four components in Lemma 4.1
as follows.  For simplicity, we denote A(t) :=
%HZZZOEHVE(BIC)HQ. Among the four terms, we
highlight that the main challenge lies on obtaining a tight
bound for I(t). Observe that

There are two sources of bias in Ay ,,,: one is the noise
induced by drifting of decision variable within each epoch,
the other is the bias that depends on the mixing time of
Markov kernel.

i

I2(t)
- (14)

def

Akm = E]:k 1[g’(€ *EZNHéka(ekJUMZ)]'

To control these biases, we introduce a reference Markov
e .. . .
chain Z lg ), ¢ =0,..., 7, whose decision variables remains

fixed for a period of length T) and is initialized with Z; 70 =
A ,EO) :

Z(O) 6 Z(l) Z(Q) Z(3) . B_k> Z’(CTIC) (15)
and we recall that the actual chain in the algorithm evolves
as

<(tp—1)
Z(o) Z(1) 6, Z(z) 6 Z,ET"'). (16)
Note the reference Markov chain idea is inspired by (Wu
et al., 2020, Theorem 4.7) which studied the convergence of

a strongly convex subproblem.

With the help of the reference chain, we decompose the
conditional expectation Ay ,, as:

d A(m m Alm
Apm =Exr Lsk <E[£(0](€ );Zli ))|01(€ ),Z]EO)]

o[£ 206 Z,i‘”])uk]

d ) (e A () A
+ Bz {(Sk <]EZ£,,L)[6(0,§ ).zl |z

—Ez~mg, [f(é,im); Z)|é,§m)]> uk]

il ™) N o, - o (m)
-FEI[(SICZNI%% [Z(ak 7Z) g(elmz)‘ek )

Z:A1+A2+A3

o]

We remark that A; reflects the drift of (16) from initial sam-
ple Z ]go) driven by varying é,(cm), A, captures the statistical
discrepancy between above two Markov chains (16) and
(15) at same step m, and Az captures the drifting gap be-
tween ék and é,gm). Applying Assumption 3.3, A; and As
can be upper bounded with the smoothness and geometric
mixing property of Markov kernel. In addition, A3 can be
upper bounded using Lipschitz condition on (stationary)
distribution map Ilg. Finally, the forgetting factor A helps
to control \|é,(€') — 6| to be at the same order of a single
update. Therefore, || Ay || can be controlled by an upper
bound relying on A, p, L.

The following lemma summarizes the above results as well
as the bounds on the other terms:

Lemma 4.2. Under Assumption 3.2, 3.3, 3.4 and 3.5, with
N1 = ’170(1 + t)_a, 5t+1 = (50(1 + t)_ﬂ and o € (07 1),
B € (0, %) Suppose 0 < 2a — 48 < 1 and

> —
T > Tog 1/ max{p. A} (log(l +k)+ max{log O})

Then, it holds that ¥V t > max{t1,t2}

I () <cr(1—=A)(1+1)7, (17
d? | 4 ~(a-28)
Iy(t) < WA( )2 (1+1)! ;o (18)
T3(t) < csA(t) 2 (1+ ), (19)
2
Li(t) < f‘flAu + t)l (@28 (20)

where t1,to are defined in (25), (26), and c1, co, c3, C4 are
constants defined as follows:

1m0 6- (LiG? + LyG? + VLG3/?)
52 V1—2a+483 ’

max{Ldy, G\/1 — 8},

c1:=2G/ng, co =

C3 ‘=

\/1_7
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g LG?
YT B —a+ 1

See Appendix C for the proof.

We comment that the bound for I(¢) cannot be improved.
As a concrete example, consider the constant function
0(0;z) = ¢ # 0forall z € Z, it can be shown that
Hg;(cm)HQ = ¢? and consequently I4(t) = Q(nx/62) =
Q(t'~(@=20))_which matches (20).

Finally, plugging Lemma 4.2 into Lemma 4.1 gives:

a(l=X)  od/?  Al):
A S T Y Tz @ s o
N A(t)? P 1
SA+6f AT NI )2

Since A(t) > 0, the above is a quadratic inequality that
implies the following bound:

Lemma 4.3. Under Assumption 3.1-3.5, with the
step sizes M1 = no(l + 1)7% 1 = do(1 +
)BT > m (log(1 + k) + max{log %, 0}),
no = d=*3,6 = d'/3, « € (0,1), B € (0,3). If
2ac — 48 < 1, then there exists a constant to such that
the iterates {0y }1.>0 satisfies the following inequality for
all T > ty,

1 T

1T ZE VL6 <
k=0

12 max {05(1 — ), ce, 1

Optimizing the step size exponents «, 5 in the above con-
cludes the proof of Theorem 3.6.

4.1. Discussions

We conclude by discussing two alternative zero-th order
gradient estimators to (4), and argue that they do not im-
prove over the sample complexity in the proposed DFO ()
algorithm. We study:

d
9gopt—1 ‘= g [f (0 + 5“7 Z) - 6(0, Z)] u,

d
gZptfll = g [€ (0 —+ 5'UJ, Zl) — 6(0, ZQ)] u,
where u ~ Unif(S9~1). For ease of illustration, we assume
that the samples Z, Z1, Z5 are drawn directly from the sta-
tionary distributions Z ~ g5y, Z1 ~ Ui 5u, Z2 ~ Ilg.

We recall from §2 that the estimator g, is a finite differ-
ence approximation of the directional derivative of objective

Cr N } d2/3T— min{2[3,1—a,a—2,3}-

function along the randomized direction u', as proposed
in (Nesterov & Spokoiny, 2017; Ghadimi & Lan, 2013).
For non-convex stochastic optimization with decision in-
dependent sample distribution, i.e., IIy = II for all 6, the
DFO algorithm based on gt is known to admit an opti-
mal sample complexity of O(1/¢?) (Jamieson et al., 2012).
Note that E,, ypise-1y, z~11[€(0; Z)u] = 0.

However, in the case of decision-dependent sample distribu-
tion as in (1), gopt—1 would become a biased estimator since
the sample Z is drawn from Ilg 5,, which depends on u.
The DFO algorithm based on gop:—| may not converge to a
stationary solution of (1).

A remedy to handle the above issues is to consider the
estimator gope—1 Which utilizes two samples Z, Z», each
independently drawn at a different decision variable, to
form the gradient estimate. In fact, it can be shown that
Elgopt—n] = VLs(0) yields an unbiased gradient estimator.
However, due to the decoupled random samples Z;, Z5, we
have

2
E ||92pt_ll||

d2
= 6—21[-3 (0(0 + u; Zy) — £(0; Z1) + £(0; Z1) — £(0; Z5))?
(@) ¢2 3 2
> 57E [4 (0(0;Z,) — (0; Z2))

—3((0 + bu; Z1) — £(6; Zl))2]

_ 3d2(VarWW ~E[(60+ 0w ) - 46 2))]

62 2

®) 302d? 9

> = - = O(d?/8%).
> 5 —3uwd (d*/57)

where in (a) we use the fact that (z + y)? > 3% — 3y?,
in (b) we assume Var[((0; Z)] := E (((6; Z) — £(6))* >
02 > 0 and £(; z) is p-Lipschitz in 8. As such, this two-
point gradient estimator does not significantly reduce the
variance when compared with (4). We remark that a two-
sample estimator also incurs additional sampling overhead
with Markovian data.

S. Numerical Experiments

We examine the efficacy of the DFO () algorithm on a few
examples by comparing DFO (\) to several benchmarks.
Unless otherwise specified, we use the step size choices
in (8) for DFO (A). All experiments are conducted on a
server with an Intel Xeon 6318 CPU using Python 3.7. The

expected performance are estimated using at least 10 trials.
1-Dimensional Case: Quartic Loss. The first example

'In (Nesterov & Spokoiny, 2017; Ghadimi & Lan, 2013), w is
drawn from the Gaussian distribution.
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Figure 1. (left) One Dimension Quartic Minimization problem with samples generated by AR distribution model where regressive
parameter v = 0.5. (middle) Markovian Pricing Problem with d = 5 dimension. (right) Linear Regression problem based on AR

distribution model (v = 0.5).

considers a scalar polynomial loss function £ : R x R — R
defined by £(0; z) = 520(30% — 860 — 48). To simulate the
controlled Markov chain scenario, the samples are generated
dynamically according to an auto-regressive (AR) process
Zt+1 = (1 — ’}/)Zt + ’th+1 with Zt+1 ~ ./\/(0, @02)
with parameter v € (0,1). Note that the stationary distri-
bution of the AR process is [l = N(0,0?). As such,
the performative risk function in this case is £(0) =
Ez. ., [€(0;2)] = t;’—;(02 — 86 — 48), which is quartic
in 8. Note that £(0) is not convex in 8 and the set of sta-
tionary solutions is {6 : VL(0) = 0} = {—2,0,4}, among
which the optimal solution is @ pp = argming £(0) = 4.

In our experiments below, all the algorithms are initialized
by 8y = 6. In Figure 1 (left), we compare the norms of
the gradient for performative risk with DFO-GD (no burn-in
phase), the DFO(\) algorithm, stochastic gradient descent
with greedy deployment scheme (SGD-GD), and two 2-
point estimators, gopt—1, g2pt—11 (With a burn-in phase) as
described in Section 4.1 against the number of samples ob-
served by the algorithms. We first observe from Figure 1
(left) that DFO-GD and SGD—-GD methods do not converge
to a stationary point to £(8) even after more samples are
observed. On the other hand, DFO () converges to a station-
ary point of £(8) at the rate of [|[VL(0)]|?> = O(1/5°312),
matching Theorem 3.6 that predicts a rate of O(1/53) (up
to a logarithmic factor), where S is the total number of
samples observed.

Besides, with A = 0.5, DFO (\) converges at a faster rate
at the beginning (i.e., transient phase), but the fluctuation
increases at the steady phase, as compared to a smaller A
(e.g., A = 0.25). The estimator gppt—; is indeed biased, and
converges to a non-stationary point to £(8). On the other
hand, gopt—11 converges to a stationary point, but uses twice
as many samples as our one-point estimator for each update.

Higher Dimension Case: Markovian Pricing. The sec-
ond example examines a multi-dimensional (d = 5) pricing
problem similar to (Izzo et al., 2021, Sec. 5.2). The decision

variable @ € R® denotes the prices of d = 5 goods and & is
a drifting parameter for the prices.

Our goal is to maximize the Expected Revenue, which
is the opposite of performative risk Ez. ., [¢(0; Z)] with
0(0;2) = —(0]2), where Ilg = N (o — k6,0%1) is the
unique stationary distribution of the Markov process

Ziyr = W=NZi+7Zis1 Zigr ~ N(po—r0, 2201,

Note that in this case, the performative optimal solution is
O0po = argming £(0) = po/(2k). Wesety = 0.1,0 =
1, drifting parameter x = 0.5, initial mean of non-shifted
distribution o = [5, 5, —5,5,—5] . All the algorithms
are initialized by 6y = [12, —12,12, —12, 12]T.

The performance of different algorithms in terms of ex-
pected revenue (—Eg, [¢(6; Z)]) are contrasted in Figure 1
(middle), where OPT denotes the optimal objective value.
Observe that DFO (\) algorithms converge to the high-
est expected reward, while the benchmarks SGD-GD and
DFO-GD fail to find a solution with comparable perfor-
mance. This is expected as the latter algorithms are at best
guaranteed to converge to a performative stable solution.

Markovian Performative Regression. The last example
considers linear regression problem in (Nagaraj et al., 2020)
which is a prototype problem for studying stochastic opti-
mization with Markovian data. Such problems are rarely
studied under both performativity and Markovianity.

Unlike the previous examples, this problem involves a pair
of correlated r.v.s that follows a decision-dependent joint
distribution. We adopt a setting similar to the regression
example in (Izzo et al., 2021), where (X,Y) ~ IIp with
X ~ N(0,631),YIX ~ N (8(0,X),03), 5(6,7) =
(x 4+ k0| 6g). The loss function is the usual quadratic loss
0(0;z,y) = ((x]0) —y)?2. In this case, we define the Mean
Squared Prediction Error as the following performative risk:

L(0) = En, [((6; X,Y)] = (63 + x*|60]%) 0]
— 207 (0] 6o) + 01|60 + o3,
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In this experiment, we consider Markovian samples
(X¢,Y:)E | drawn from the following AR process:

(X0, Ys) = (1 = )(Xi-1, Yi1) + (X4, Y2),
Xp ~ N(0,2071), Yi| Xy ~ N(B(8;-1, Xy), Z203),

forany ¢t > 1. Wesetd = 5, 8y = [5,—5,5,—5,5]T,
k = 1/|16o|,0? = 03 = 1, mixing parameter v = 0.25.
Figure 1 (right) shows the result of the simulation. Similar
to the previous examples, we observe that DFO-GD and SGD
fail to find a stationary solution to £(8).

Moreover, as a benchmark, we included the two-phase algo-
rithm from (Miller et al., 2021), which is slightly modified as
we change the minimization in the second phase to an SGD
update. From the figure, we observe that it does not find the
desired optimal objective value with n = 10* (Markovian)
samples gathered in the first phase. In contrast, DFO () con-
verges to a near-optimal solution after a reasonable number
of samples are observed.

6. Conclusions

We have studied a derivative-free optimization approach for
finding a stationary point of the performative risk function.
In particular, we consider a non-i.i.d. data setting with sam-
ples generated from a controlled Markov chain and propose
a two-timescale step sizes approach in constructing the gra-
dient estimator. The proposed DFO (\) algorithm is shown
to converge to a stationary point of the performative risk
function at the rate of O(1/T/3).

Impact Statement

This paper presents work whose goal is to advance the field
of Machine Learning. There are many potential societal
consequences of our work, none which we feel must be
specifically highlighted here.
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A. Comparison to Related Works

This section provides a detailed comparison to related works on performative prediction under the stateful agent setting.
This setting is relevant as the influences of the updated 0 on the agent may not be manifested immediately due to the
unforgetful nature of the agent. The recent works can be grouped into two categories in terms of the sought solution to (1):
(i) finding the performative stable solution satisfying @ps = argmingcgs Ezm, , [€(8; Z)], (ii) finding or approximating
the performative optimal solution that tackles (1) directly.

For seeking the performative stable solution, (Brown et al., 2022) is the first to study population-based algorithms where
the stateful agent updates the state-dependent distribution iteratively towards 11g. The authors proved that under a special
case when k groups that form the mixture distribution for Iy respond slowly, then classical retraining algorithms converge
to the performative stable solution. The follow-up works (Li & Wai, 2022; Roy et al., 2022) focus on more sophisticated
stateful agents and the reliance on past experiences of agents via controlled Markov Chain. In (Li & Wai, 2022), the authors
developed gradient-type state-dependent stochastic approximation algorithm to achieve performative stable solution. In
(Roy et al., 2022), the authors proposed a stochastic conditional gradient-type algorithm with state-dependent Markovian
data to tackle constrained nonconvex performative prediction problem.

The search for (approximate) performative optimal solution is challenging due to the non-convexity of (1). Izzo et al. (2022)
assumes that the transient distribution is parameterized by a low-dimensional vector and the distribution converges to Ilg
geometrically. Under these settings, the authors proposed to learn the distribution as a linear model to form an unbiased
estimate of V£(8). The resultant algorithm follows a two-phases update approach: it first estimate the gradient correction
term [cf. second term in (3)], followed by stochastic gradient update steps. Such approach has two main drawbacks: (i)
estimating the gradient correction term requires strong prior assumptions on the distribution map (see e.g. Assumption 2 and
3 in (Izzo et al., 2022)), which limits its applicability, (ii) the estimation phase gathers a substantial amount of potentially
sensitive information from data reaction patterns, which may incur privacy concern. Furthermore, it is noted that such
procedure has a convergence rate of O(T -1/ %) to stationary solution of £(8), which is outperformed by the approximation
scheme proposed in the current paper.

As mentioned in the main paper, adopting the DFO setting avoids the need to estimate the gradient correction term, which
may necessitate additional assumptions on Ilg as seen in (Izzo et al., 2022). To this end, one of the first works to address
performative optimal points with DFO method is (Ray et al., 2022) in the stateful agent setting. Notably, the analysis in
(Ray et al., 2022) relies on (i) a mixture dominance assumption on Ilg, and (ii) a geometric decay environment assumption
on the stateful agent. In addition to relaxing the mixture dominance assumption, we remark that Assumption 3.4 is relaxed
from the geometric decay environment condition in (Ray et al., 2022). For example, our setting also covers general MDP
models and the controlled AR(1) model, see (Li & Wai, 2022, Appendix A.1).

B. Proof of Lemma 4.1

Proof. Throughout this section, we let 8y := 6}, + druy, g (0;u, 2) 1= gs, (0;u, z) and L () := Ly, (8) for simplicity.
We begin our analysis from Assumption 3.1 and the observation that @y,1 — 0 = —n > < AT~ "™ g,im). Recall that
g,(cm) = %é (élgm); z,im)) uy, and é,im) = 9,(€m) + dpuy, we have

2

v

2
M )

Tk
L(Og+1) — L(O) + 1k <V£(0k) 3 m—mg’gw1>> <

m=1

3 Al
m=1

11
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Rearranging terms and adding % ||V.L(6) |* on the both sides lead to

2 Nk - T] m
- (O) < L(6k) = LOk41) — T, <w<ok> [(1=X) n; AT va<ek)>
L, ’
2 Te—m (m)
+ 577k mzd AT Mgy,
Let F* = 0’(007

us, 0 < s <k,0<m < 7p) be the filtration of random variables. Taking expectation conditioned
on FF~1 gives

(O0)” <Eicr [L(61) — L))
- <v,c (01| Z X B [gf™] - vz(ek)>

Th 2
Z )\Tk_nLg]E;m)

m=1

k
1—A

L
+ 57]’%E]:k—1

)

By adding and subtracting, we obtain

P IVLON) < Epes [£(00) — L(B11)

Tk

Z AR (Efk—l |:g](<;m):| - EZNH(;,c T [gk(ek;uk’z)]>>

- <vz<ok> (=2

m=1

Tk

1 Y <VE(0k) | ( )\) Z ATk*m]EZNHék7]:k—l [gk(ek, Uk, Z)] — Vﬁ(ek)>

m=1
L < ’
+ 577,%1[‘3]:1971 Z /\Tk_mgl(cm)
m=1

By Lemma F.2, the conditional expectation evaluates to Ez.1 5 [k (Ok; uk, Z)] = VL (0y). Dividing L

-
1-A

IVL©)I* sn—kEfm (£(6k) = L£(B1+1))
VL(O) | Zm m(Efk 1[“”)} —ErEzen, gn(0k; ks Z)|us]
Ii. F Z~lg, |9k\Yk; Uk k
- <V£(0k) [(1=X) (Z w—’”wk(ew) - V£<9k>>
m=1
L(1—)\) w ’
+72 77]€]E]:k-71 an:l)\Tk—"lgl(Cm)

Summing over k from O to ¢, indeed we obtain

Y EIVL®)|
k=

<3 2B (£(0,) - £(010)
—o Tk

12
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_ zt:E <vz(ek) [(1=)) Z ATR— (Efm {glgmq —Ere 1Bz, [9k(0k; ur, Z)uk])>

k=0 m=1
t Tk
- E <vz:(0k) [(1= ) (Z Afkmvz:kwk)) - w<ek>>
k=0 m=1
L(1-)) ¢ Nl
+ TI;)"’“E ZlA e = () 4+ To(t) + Ts(t) + Lu(t)
O
C. Proof of Lemma 4.2
Lemma C.1. Under Assumption 3.2 and step size n; = no(1 + t)~%, it holds that
L(t) <a(l—=A)(1+)" @21)

_ 26

where constant ¢ e

Proof. We observe the following chain

L) =3 L2 (®(200)] - E1£01)

A) Y CEILOk)] /1 — BILOk 1))/ M4 + BILOk 1)) /M4 1 — BIL(Ok 1)) /i
k=0

L)RL(0k11)]

@ (1~ \) |EL£(80) /0] — EIL(Br+1) /mes1] +Z

o Tk+1 77k

< (1= N mpx L] (5o o b )

Mo Nt+1 Nt+1 Mo

| —

where equality (a) is obtained using the fact that step size 75, > 0 is a decreasing sequence. Applying assumption 3.2 to the
last inequality leads to

L(t) < (1— A)Gi <er(1=A)(1+1)”
Mt+1

where the constant ¢; = %—f

Lemma C.2. Under Assumption 3.1, 3.2, 3.3, 3.4, 3.5, and constraint 0 < 2a — 48 < 1, and for all k > 0, 7, >

m log(1 + k), then there exists universal constants t1,ty > 0 such that

L(t) < ¢ ADYV21 + 620 vt > max{t,, t5} (22)

=2y

. /
where A(t) := 1 Y0 E[VL(O)|* and ¢y := % ° (Llcszfiif@ ") is a constant.
0

Proof. Fix k > 0, and recall 0 := 0y, + Sy, 0 0 0(@ + duy, then consider the following pair of Markov chains:

F1e F1) 6® o
Z =2 2 zD 2z Zey 78) a, 2 = Zia (23)
Zy = 70 %y 7V Oy 72 O, F®) ey 5 (24)
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where the arrow associated with 0 represents the transition kernel Ty (-, -).

Note that Chain 23 is the trajectory of DFO(\) algorithm at iteration &, while Chain 24 describes the trajectory of the same
length generated by a reference Markov chain with fixed transition kernel Ty (-, -). Since Z, = (0) =7 ,(CO), we shall use
them interchangeably.

Define Ay, = Exi—1 g,(cm) - EZNHék (9K (Ok; ug, Z)]} , then I(¢) can be reformed as

Lt) = —(1— A EZ<V£0k Zm mA,m>

k=0
Z )\TkimAk,m

m=1

t
<(1=NEY VL]
k=0
Next, observe that each Ay, ,,, can be decomposed into 3 bias terms as follows

d ~(m m Alm
Agm =Ezi [(Sk (E[ﬁ(alg ) 260, 2] ~ B, 166y )\ek]) }
d A(m m A(m Alm ~(m A(m ~
=Eri [(Sk (ELO™; 2100, 28] — B o 106 2160, 24 u]
d Alm ~(m Alm ~ Alm A(m
+Ere Lik (Ezlgm) 06 2™y 9™ | 7)) —Eznn,, (6™ 2)|6¢ >]> uk}

d e
+Epi 5 B, (00" 2) — (0 26,01 ] e

<onloi-ou [ o o]
where we use Lemma F.4 in the last inequality and cg := 2 (\/m + GLl).
Here we bound these three parts separately. For the first term, it holds that
[0 216", 2]~ E o (06 216, 27|

= /E(é,ﬁm);z)P(Zlim) = z|Z,(€O)) _ g(gl(cm);z)]}p(zlgm) _ Z|Z£O))dz
z

gG/‘P(Z,g’”) — 212 —P(Z(™ = z\Z(O))‘dz

A

zgaaw( (=™ € |z™), PZ™ e . \z”))

<201, 3 60 - o =260, 3 60 - o]
=1 £=1

where the first inequality is due to Assumption 3.2, the second inequality is due to Lemma F.5.

For the second term, we have

B (6™ 28] = Bz, 63 2)]|

/ (O P2 = 2|20) — (8™ )T (2)d

Y / P = 212%) — g, (2))|d=
—2bry (B(Z" € 12).11,)

(b)

S 2GMp'nL

14
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where we use Assumption 3.2 in inequality (a) and Assumptions 3.4 in inequality (b). Combining three upper bounds, we
obtain that

m—1
H(m 3 L, m < |2
1Akl < Brior = <2GL2 S [Ha,@ —ekm +2GMp™ + e Ha,ﬁ >—ekH +5 He,ﬁ ) _ 4, )
=1
m—14£6—1 m—1
§5£ 2L,G NeAT+ ™ chﬁ—l—ZGMp —|—08an)\”“ ]c(lSG
k =1 j—=1 =1 k
P G i
— Z M A7
0 2 =
d LG2d m
< 4(1 _)\)2 (2L2G2d+CSGd) ATk m-‘rlzg + (1 _/\) )\Q(Tk m+1)gl§ +2GMd%k

Then it holds that

Tk
<N Al

m=1

Tzk ATkimAk,m

m=1

<

(2L2G?d + ¢3dG) ;’—’; Z A=) )

kE m=1

(1- A>2

nk 3(1K—m)
d3 37—

+2GMds;; Z ATETT M

m=1

< (2LoG2d + csGd) —T Tk

EEPVER
LG? d3)\2 nk
21—\ 53

+ 2GMds;; i max{p, A}

Finally, provided 7j; > 10g,0x (23 (1 + k)~tand 0 < 2a — 43 < 1, we can bound I (t) as follows:

Tk

Z ATk 7mAk,m

m=1

L(t) < (1= NE> _[[VL(O:)] -
k=0

L2 312
A LGEEN 0 g

< (= NEY VL] |(2La6Pd + exGil) 2y s + 5 TR

k=0

I\ ¢ 1/2 t 1/2
n
§(1_>\V(2L2G2d+csGd) <Z]E||V£(0k)||2> ( 5%)
k=0

k=0

L2 t 1/2 + 1/2
342 2 My,
A= <kZ_O1E||vc(ek)|| ) < 56>

k=0

p . 1/2 1/2
2
+ﬁGM <ZE|VE(9k)| ) (Z 52(1+ k)2 1—|—k; )

) 2 1/2 t 1/2
< S6(L2G? + VLG*? + L,G?) (ZE |V£(0k)|2> ( ;’g)
k=0 k=0 K

1/2
d2
< P E——— E 0 (1 1—(a—2p8) >
_02(1—)\) <1+tz VL6, |> (1+1) Vit > max{t;, ta}

15
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where ¢y = %6'(L1G?1L_25¥1‘55G3/2). The inequality (b) holds since 7, = O(logk), 4o« — 68 > 2a — 45 and

0
2 — 20 > 2a — 40, so there exist constants

, AN L2GH At d2)\2(2L2G2d+ csGd)? 12
tl.:utlf{tz()|4§ 5 < Y Ej—g (25)
k=0
72 d2N\2(2L,G2d + csGd)? 72
> 227 r2 < e
mf{t 0|d*G*M E (521—|—k) < =Y ;}: 5 (26)

In brief, we have

1/2
<1+tZIE||V,C (6] ) (A48 v > max{ty, o}

O
Lemma C.3. Under Assumption 3.1, 3.2 and 0 < 3 < 1/2, with 7, > m (log(l + k) +log %), it holds that

[N

I;(t) < c3A()2 (1 + )7 (27)

where A(t) := 115 S _oEIVL(O)|? and constant 3 = ﬁ max{2'=#Lsy, 2°G/1 - B}.

Proof. Recall that gy (0; u, z) = g5, (0;u, z) and L(0) := L5, (0).

L(t)=-Y E <vc<ek> (1= (Z w-mvckwm) - vc<ek>>

k=0 m=1
= — ZE <V£(0k) | <(1 -\ zk: )\Tkm> VL(0) — V£(0k)>
k=0 m=1

= S E(VL(O) | VLL(O)) — VL(B,)) — A*E <vg(ok) | Bz, o (0 u, Z)]>
k=0

where we apply Lemma F.1 at the last equality.

By triangle inequality, Cauchy-Schwarz inequality and Assumption 3.2, we obtain

t t
aG
1) < D _EIVLO - VL) = VLEOW)I + > ATE VL) | 5=
k=0 k=0

. log(1+k)+log 5L 1og 5y /d(1+k) " .
Provided 7 > logl/max{p,,\éi) > igﬂrﬁail{;/\)} = 108 max{p.2} %0(1 + k)~ > log, % (14 k)~!, with Lemma F.2 as a

consequence of Assumption 3.1, we have

1)< S E|VLO) - Lo, + Y E|IVL(6,)] 0 dG | | pyo-

k=0 k=0 d 6

¢ ¢
= ZE IVL(Ok)| - Loy + GZE VLG (1 + k)P
k=0 k=0

t 12 1/2 ¢ /2 ;4 1/2
<L (ZE |V£(0k)|2> (Z 6,%) +G (Z]E ||v£(9k)||2> (Z + k)26~ 1))
k=0

k=0 k=0

16



Two-timescale Derivative Free Optimization for Performative Prediction with Markovian Data

Since 5 < 1/2, it holds that

Xt:52=i %< % [1—2B+(1+t)1*2"—1]<i(1+t)1*25
R (14 k)% T 1-20 =1-253

t

t
> (+k)2FD <1 +/ (x+1)2"Vdz < 1 +
k=0 0 1-26

Then we can conclude

1/2
1 t
I(t) < o <1+t ZEIIVE(Ok)Il2> 1+
k=0

where c3 := ﬁ max{Ldy, G/1 — S}. O
Lemma C.4. Under assumption 3.2 and constraint 0 < « < 1, it holds that

2
1-A

I(t) < ¢4 (14 t)t=(@=20) (28)

no LG?

where constant ¢y = Z2B—atl)’
0

Proof.

Ly(t) = (=)L _2/\)L Z mE Zk AT g )
zm(zw d'g)

2
1-\NL s A6y
5(2)2’%(ZA ) (5,3)

t

o= )2d2G2Z<1—>\;k> i

k=0

t

dQLGQ
A%

Recall that 7y, = i 0 = (1£‘;€),5 and o < 1,8 > 0, itis clear that o« — 25 < 1, so it holds that

10
k+1)e> %k

t
% 2[3 « @ 28—«
25 Zl+k <5 <1—|—/(1+x) dx)

2
k=0 "k 9 k=0 0
Mo 2B—a+1 2no 2B—a+1
< (14t —a+28 - (1 +¢
68(26_044'1) [( ) } 52(26_ )( )
In conclusion, we obtain that
LG2 To d2
Ly(t) < d? (L)t = 14 ¢)t-(e20)
WIS gms_ary Y a1+
where ¢4 1= g—g . 2[357% O

17
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D. Proof of Lemma 4.3

Proof. Combining Lemmas 4.1 and 4.2, subject to the constraints 0 < o < 1,0 < 5 < 1/2,0 < 2ae — 45 < 1, it holds that
for any ¢ > max{ty,t2},

> E(VL(O)

k=0
< Iy (t) + To(t) + Ig(t) + 14(2)

5/2 1—(a—2 1/2
< (1= (1+1) +02m(1+t) (@=28) g(t)V/

2

1-A

+e3(1+ ) PANY2 + ¢y (14t)t—(@=28

Recall A(t) := %th S o EIVL(6y) ||?, above inequality can be rewritten as

A(t) < L i (1 + )1 (@=28) g(1)1/2
14t P12

2

+c3(1+t)1‘ﬂA(t)1/2+c1<1—A)<1+t>“+c41d L)tz
5/2

= (02(1d_A)2(1 +1)7@=28) L ey(1 4 t)‘ﬁ) A2 4+ e1(1 =21+ 1)~
2

+C41_)\

(1+¢t)~ (@28

which is a quadratic inequality in A(¢)'/2.

5/2 2
Letz = A(t)'/?,a = cQ(ld_i/\)Q(l +4)7@20) et b =1 (1= A (L + 1)1 + g5 (1 4 ¢)~ (@728, we have
22 —azx—b < 0. Since a, b > 0, the quadratic has two real roots, denoted as x1, x5 respectively, and 1 < 0 < x. Moreover,

we must have o < o, which implies » < /240 < a+a'2"2‘/5 = a++/b. Therefore, A(t) = 22 < (a+vb)? < 2(a®+b).
Substituting a, b back leads to

5/2 2
Al =2 ("2<1dx>2<1 +1)7 7 4 51 +t>—ﬂ) +2¢1 (1= A)(1+1)~07)

2

+ 2¢4 (1+¢)~(@=28)

11—\
@ d® —2(a— — —(1—«
< 4c§m(1+t) 2a=28) 4 421+ 8)72 4+ 2¢0(1 = N (1 + 1)~

2

d
9 1 4 ¢)~(@=25)
+ 041 )\( + )

2

1—A

<AEA+6)72P 420 (1 =N (1 +8)"07Y 4 4¢y (14 ¢)~ (=20,

where inequality (a) is due to the fact (x + y)? < 2(2? + y?), the last inequality holds because there exists sufficiently

large constant ¢3 such that, 4C§$(1 + t)~2(@=26) < 204%(1 + )~ (@=28)%¢ > t3 given a > 23. Therefore, set

to := max{ty, 2, t3}, then for all ¢ > t(, we have

2

A(t) < 4maxf{er(1— \), 2, C41d_7/\} : ((1 FO P A+t (14 t)*<a*2ﬁ>)

d? ;
< 12max{c; (1 — \), c3, C4ﬁ}(l + ¢)~ min{26,1-c,a—26}

18
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Recall that constant ¢; contains 1/7, c3 contains &g, ¢4 contains 7/6Z, , thus we can set g = d*/3,ny = d~2/3, which
yields

At) < 12max{es(1 = X), ¢, 7 07/\}d2/3(1 + t)” min{28,1-a,a—26}

where constants

dmax{L? G%*(1 - )} . LG?
1-23 T s At

Cy; = 2G, Ce =

do not contain 7y and dy. Moreover, note that max,, g min{23,1 — o, — 28} = %, thus it holds

T
1 2 C7 2/3 71/3
Pa—— < _
1+TkZ:OEHVL(9)k|| < 12max{es(1 = A), e, 7= 17 (L +T)
where the rate O(l/Tl/S) can be attained by choosing o = %, B = %_ This immediately leads to Theorem 3.6. 0

E. Non-smooth Analysis
In this section, we aim to apply our algorithm to non-smooth performative risk optimization problem and analyze its
convergence rate. Before presenting the theorem, we need the following Lipschitz loss assumption E.1.

Assumption E.1. (Lipschitz Loss) There exists constant Ly > 0 such that

|0(01;2) — £(02;2)| < Lo ||@1 — s, V0,,0, cR, YV 2eZ

Under Assumption E.1 and some other regularity conditions, one can show that the performative risk is also Lipschitz
continuous. Formally, this can be stated as follows.

Lemma E.2. Under Assumption E.1, 3.2, 3.3, the performative risk £(0) is (Lo + 2L, G)-Lipschitz continuous.

Under non-smooth settings, the convergence behavior can be characterized in both squared gradient norm and proximity
gap. Now, we are ready to show the following theorem:

Theorem E.3. (DFO ()\) for Non-smooth Optimization) Under Assumption E.1, 3.2, 3.3, 3.4, 3.5, with two time-scale

step sizes n, = no(1 4+ k)=, 0, = d(1 + k)5, 7, > %, where «, 3 satisfies 0 < 38 < a < 1, there exists a

constant ty such that, the iterates {0y },>1 satisfies for all T > t4

T
1 — min{l—a,a—
o7 D ElIVLs (8)|F = o1~ itz
k=0

and the following error estimate holds for all T > 0 and 8 € R¢

1 & _
17 gEIEak () — L(8)] = O(T7)

Corollary E.4. (e-stationarity, u-proximity) Suppose Assumptions of Theorem E.3 hold. Fix any e, > 0, for T =
max{O(1/e*), O(1/u°)}, the following estimates hold simultaneously

T
ZEHVL};k 0)]° < e
k:

1
<
1+Tk§ OE|£5k 0r) — L(Ok)| < 1t

Next, we present the proof of Theorem E.3.
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Proof. This proof resembles the proof of Lemma 4.2, where we reinterpret 22:0 E||VL(0:)|| as ZZ:O E(VLs, (0]
and £(0}) as Ls, (0), with additional bias terms that, as we shall prove, are not dominant.

Due to Lemma E.2, £(0) is (Lo + 2L, G)-Lipschitz. Then by Lemma F.1, £5(8) is 4(Lo + 2L1G)-smooth for all § > 0.
Similar to Lemma 4.1, we have

£5k (9k+1) — ﬁgk (Gk) 1_ /\ <Vﬁ5k Bk Z ATET™ (m)>

2
_ d(Lo + 2L1

Z)\Tk m

By adding, subtracting and rearranging terms, after taking conditional expectation on F*~1, it holds that

1?ZCA (O0)|° < Epror [Lo,(0k) — Lo,y (k1) + Loy (Or1) — Lo, (0r11))]

Tk
— <vc%wwvc@ww<1x>§jAmm¢“>

m=1
2

>0 gl

m=1

d
+ ﬁ(LO + 2LlG)’I7iE]:k—1

By Lemma F.1, we have Ezwnék w96, (Ok; uk, Z)] = VLs, (0), then by dividing and summing over £, it holds that

t
E:EI\Vﬁak(l%)ll2
k=

t

1—
Z E (L5, (0r) = Loy, (Or1) + Loy, (Orr1) — Lo, (Orr1)]

k=0
t Tk
~NY E <V£5k_ Or)| Y A (EZNHék [95), (Ok; uk, Z)] — gl(cm))>
k=0

m=1

t
+ Y ATE VL5, (61)])
k=0

t
L Ao +2LG) (1= ) N~
2 by

=I5(t) + Is(?) + I7(¢) + Ls(t)

2

Tk

> g

m=1

After splitting RHS into I5(t), I5(t), I7(t), Is(¢), we can bound them separately.
Under Assumption 3.2 and the estimate 0, — 041 = ©(k~7~1), it holds that

t t

1 1
I5(t) = (1 - )‘) Z —E [£5k (ek) - ‘C5lc+1 (01€+1>} + 1 - Z 7E £6k+1 (07€+1) £5k (0k+1)]

k=0 "™ =0 M
(@) : 01) — L5, (0
CI-NG2 (1 A)ZE£6k+l( k) = Lo (6n)

Nt+1 —o Nk

(b) t _
< (1-MG 2 +(1—>\)(L0+2L10)26k Ok+1

Tt+1 Tk

k=0
=0 ((1L+)*+1+)* ") =0(1+1)*)
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where we apply the summation by part in inequality (a) as in Lemma C.1, and use the fact |Ls, () — Ls,(0)| < E,,|L(0
dw) — L(6 + dow)| < (Lo + 2L1G)|61 — 02| in inequality (e), as a consequence of Lipschitz continuity.

As for Ig(t), if we let B(t) := 15 S o E(VLs, (8x)]%, by definition of '™ we can split the term as follows

d A(m m n(m
Eres 5 (Bzen,, [06k: 2)164] — LG 2|6 %Z}f”])

d = m) (m

d m s(m) A 0
+Epirg (Ezwnék_ (O™ 2)|6,™) — E 0 (0O )16, 24 >])

d A(m ~(m A(m ~ A(m m A(m
+Epi o (Bym (065 20716, 2] ~ E[0(6] %Z,i >>|e,£ %ZS’)])

By applying Jensen’s inequality and triangle inequality according to the above splitting, it holds that

[B By, g5, 04; us, 2) — o)

d . . . .
= |5 [EriEzn,, (00 2)104] - BL6)"; 216", 2,

d < ,
<Eis 5Bz, (10 2)06) ~ O )16, ")
d ) m m
<Epii o [Bzon, [(0i:2) — 60" 2)6(" .6, |
k

d Alm A(m m ~(m A(m ~
+Ezi1 5 [Egemy, (60" 2)160™)] — E 50 (06 Z(™) 161, 27

k
d A ~(m Alm ~ A(m m A(m
B o By [0 2010 20] ~ BIHO™: 27)16. 2,7
© d V _
<L L, Ha,ﬁm) - 0’“”
Ok
2dG
+— 5 Err— 10TV (Hgk,P(Z € - |0 O)))
k
2dG m m A
+$Eﬂqaw( P(Z™ e 18, ZV) p(z{ )e-|e,§°>,zl§°>))
@dL m) s | 2dG . 2dL,G it T
<5 e [0 —HkH-l-WM,O + = EfM;Hak — 0|
m—14—1
dLo Nk 2dGM 2dL2G _i Nk
Rl /e NP L LA m oy dG ATh—d Ik
Ok Z O Ok P Ok ;; Ok
77k \TE— m+1 2dGM ) o ke ATk m—+2
<d’L G M4 2d2 LGP
0“5z T T PR R YE

where inequality (c) is due to Lipschitzness of decoupled risk, inequality (d) is due to Assumption 3.4 and Lemma E.5 (a

consequence of Assumption 3.5). Given 7, > %, then the following deterministic bound holds for all £ > 0,

Tk
Bris DoA™ |2y, 95, (645 0t 2] — o™

>\2 N
Sd2LQGnk 5 Z)\'rk m+2d2L2G2 Tr—m

521— 621

12dGM/8, 3 A

m=1
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A Mk 2?2 77k
2 Nk 2 2 Tk
<d i A)2LOG(Sg +2d (EVE LyG + 2dG M /5y, m§ 1: max{p, A}
A Nk A
<d? LoGL + 242 L2 4 oagm— Tk
sE g leCe T2 et + M e

So for sufficiently large ¢, it holds that

Tk

> AT By, (95, (O uk, Z)] — g™

m=1

I5(t) < (1 - X) S E VL0 Epe s
k=0

t Tk
— N EIVLON) Y AT Eria
k=0 m=1

t
<Y E (VL) d?%((LO F2LG)G + 2L + 20 LG T
k=0

IN

Ez~ng (95, (Ok; u, Z)] — o™ H

62

~

+ ) E|VL(6y)] 2dGM

— ( +k)(5k
! 2)
- ||V£(0k)||d2(1 _)\)Q(LOG+2L1G+2)\L2G2)%
k=0
— 2B (106G + 200G+ 206 thEHVﬂg
TSN ! e . 52
o) t /2 ¢ 772 1/2
2 2 i
< @y (PG + 214G+ 0GP (3B VL6 )’ (2 5)
k=0 k=0

< ngQB(t)l/Q(l + t)%+é—(a—2[i)
Therefore, there exists a constant cg > 0 such that
Is(t) < cod®B(t)"/(1+ 1)~ (=29
where there is an extra /3/2 in exponent because the L in ¢s is now a variable d(Lg + 2L1G) /0.
For (Lo + 2L1G)-Lipschitz continuous £(6 ) for all 6 > 0 it holds that ||VLs(0)|| < (Lo + 2L1G). Given 73, >

%, it holds that A™E ||V Ls, (61)]]> < FRGE) (1+k) , then I7(¢) can be bounded as follows

1:(t) < dg S (L4 k) = O(log(1 + 1))
k=0

Ts(t) is similar to L(¢). Forall 0 < k < £,1 < m < 7y, it holds that H g™ H < 99 which implies

Tk 2

S A

m=1

d(Lo +2L1G) - UL

Is(t) < (1-=)) 5 5
k=0

:

d(Lo + 2L ! T
< (1 _ )\)M %E( Z ATk Hgl(cm)
=0 m=1

<(1-1) d(Lo + 2L, G) i ni( TZ’“ )\Tk_m§>2

2 k=0 k m=1 5k
3(Lo 4 201G)G? = 2
2 k=0 0 m=1
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t
d3 (L0+2L1 Z%S 1—|—t)1 (a—38)
k

where c19 > 0 is a constant hiding the factor % 63 .

Applying quadratic technique in Lemma 4.3, and for all «, /3 satisfying 0 < 35 < « < 1, it is clear that only I5(¢) and Ig(t)
contribute to the asymptotic rate, so for all ¢ > ¢4 (for some constant £ > 0), we have

T+T Z E VL, (65)]° = O(T~ mintt=ea=sa)

The error estimate directly follows from Lemma E.2. O

Remark E.5. Note that Corrollary E.4 follows directly from Theorem E.3 by setting &« = 3/4 and 5 = 1/6.

F. Auxiliary Lemmas

Lemma F.1. (Smoothing) For continuous £(0) : R® — R, its smoothed approximation L5(6) := E o tnif(se) [£(0 + dw)]
is differentiable, and it holds that

E,imipst—).[95(0;u, Z)] = VL;(0)

Z~1loysu

Moreover, if £(8) is L-Lipschitz continuous, then Ls(8) is % L-smooth.
Proof. The first fact follows from (generalized) Stoke’s theorem. Given continuous £(8), it holds that

\Y L(0 +v)dv = / L0+ T)—dr (29)
5Bd 5541 7]

Observe that the RHS of Equation (29) is continuous in 8, which implies L5(0) = W Jspa £(6 +v)dwv is differentiable.

Note that the volume to surface area ratio of 6B is § /d, so it follows from Equation (29) that

vol(4S?—1) r d
vol (6B4) /(;Sd,l £ +r)vo|(6Sd—1)||rH "7

d
= Eyctnits-1)Ez~me s [56(0 + du; Z)u] = ]EumaUnif(Sd*l),[gfs(e; u, Z)]

Z~ g su

VL;(0) = Eq~unitse—1) [£(6 + du)u]

where we use the definition of ¢5(0;u, z) in the last equality.
If further assuming £(8) is L-Lipschitz continuous, then we obtain

1

[VLs5(01) — VL5 (0:2)| = || vols )

/ (L6, + 6u) — £(05 + 5u)] udu

L6y — 6,]|.

0’)\& Oo\&.

Lemma F.2. (O(§)-Biased Gradient Estimation)

Under Assumptions 3.1, fix a proximity parameter 6 > 0, it holds that

B tmipse—1),195(0;u, 2)] = VL(O) || = [[VLs(0) — VL(O)| < 5L

Z~Ilg4su
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Proof. By Lemma F.1, we have
EuNUmf(S“I ! [ (6 u, Z)] = V£5(0)
ZNH9+5u
Note that when £(0) is differentiable, we have
Vﬁg(e) =V [EwNUnif(Bd)C(e + (5w)] = ]Ewanif(]Bd)vc(a + (;’LU)

Then under Assumption 3.1, by linearity of expectation and Jensen’s inequality, it holds that

IVLs(0) = VL(O)|| = ||Epmumitme) [VLO + dw) — VL(O)]|| < 5L.

O
Corollary F.3. Under Assumption 3.1 and 3.2, for all @ € R?, it holds that
IVLO)| < 2VLG
Proof. Omitted. O

Lemma F.4. (Lipschitz Continuity of Decoupled Risk) Under Assumption 3.1, 3.2 and 3.3, it holds that

L
Bz, [0(61: Z) = (82 2)]| < 2(GLy + VLG) |01 = 62 + 5 (|61 — 62

Proof. Let L(01,02) := Ez.m,,¢(01; Z) denote the decoupled performative risk, then we have

LHS = |£(01,02) — L(02,0-)]
< |£(61) — L(02)] + [L(61,02) — L(641,01)]
< |[L(01) — L(02) — (VL(O2) |61 — 602)| + [(VL(O2) |01 — 02)| + [L(01,01) — L(61,62)]

(a) T,
< *||9 — 05])* + [(VL(62) |01 — 05)| + |L(61,01) — L(6:1,6))|

—~
=
N

< 3 ||91 — 92” + 2V LG |01 — 62| + |L£(01,01) — L(61,02)]

L

5“‘91 0> +2VLG (|0, — 6. + ’/é 01;2) (I, (2) — g, (2)) dz
(C) L 2
< 5 161 = 6" + 2VLG (|81 — 62| + 2Gorv (Ile, , e, )

L

<35 101 — 65* + 2VLG ||6, — 92H +2GL1 (|61 — 6

2(\/LG+GL1) |61 — 02||+ |61 — 02”2

where we use Assumption 3.1 in inequality (a), Corollary F.3 in inequality (b), Assumption 3.2 in inequality (c), and
Assumption 3.3 in the last inequality. [

Lemma FE.5. Under Assumption 3.5, it holds that for all0 < ¢ <m, m > 1
Srv (p(z,g“U €12, pZ e -\Z,S”)) <L, Hé,(f) - ékH + 87y (IP’(Z,SZ) e 12", P2 e -IZISO)))

Unfold above recursion leads to the following inequality,

m—1
Sy (IP(Z,S”) e |Zz), P(Z\™ € -\Z,S”)) <Ly Hé,(f) — 6|, vm>1
=1
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Proof. Recall the notation é,(f) = é,gé) + dpu, ék = ék + Orug, and the fact that Z;, = Z,io) = Z,E,O), we have

2. LHS — / ‘IP’(Z,(C“U _ z|Z,£0)) _ IP(Z,(CHU _ z|Z,§O)) 0
z

-,

: / / [T (2, B2 = 2170) = T, (', )P = #|2")| d2'dz

dz

/P(Z}f) =2, 72 = 51z —p 2" = 2, 2\ = 2 20)az
z

< /z/z ‘Té’(f@ (z’,z)}P’(Z]if) - z’|Z}£O)) — T, (z’,z)}P’(Z,ie) _ z'|Z£0))‘ 4 d
+/z/z ‘Tgk (2, 2Pz = 2|29 — Ty, (, 2)P(2" = Z/‘ZIEO))‘ 4’ ds
@ /ZIP(Zﬁ = Z'|Z£°))/Z [Ta, (/,2) = Ty (+, 2)| dede’
e Lot okt = 120) ikt 1200
< /ZP(Zk = z’IZ]go)) 2071y (Ték(z/7.)7']rék(z” ) dz’ + 281y (P(Zlifz) c -\Z;iO)),IP’(Z,?) c -\Z,EO)))
< Z/Z]P(Z,gé) = 21294 - L, Héi(f) _ ékH 42y (P(Z,gé) € 120), P20 ¢ 'IZIEO))>
=2 [LQ Hé’(f) - é’fH +0rv (P(Zg) e 12"),p(Z" e ~|Z,§°)))} — 2.RHS

where inequality (a) holds due to the (absolutely) integrable condition (which automatically holds for probability density
functions and kernels), and Assumption 3.5 is used in the last inequality. O

Assumption F.6. Assume that there exists constants Lo, L1 such that:

() |6(0;2) —£(0;2")| < Lo ||z — 2| forany § € R?, 2, 2" € Z,

(ii) W1(Ilg,g/) < Ly ||@ — @'|| for any 8,6’ € R?, where Wy (1L, IT") denotes the Wasserstein-1 distance between the
distributions II, IT'.

We observe that a similar result to Lemma F.4 can be proven by replacing Assumption 3.3 with Assumption F.6:

Lemma F.7. (Lipschitz Continuity of Decoupled Risk, Alternative Condition based on Wasserstein-1 distance.) Un-
der Assumption 3.1, 3.2, E.6. Then, for any 61,05 € R4, it holds that
L
‘EZNH% [5(01, Z) — 5(02; Z)H S (L0L1 + 2\/ LG) H01 - 02” + 5 H01 - 02||2 .

Proof. Observe that

LHS = |£(6y,05) — £(65,6,)]
< |L(61) — L(02)] + |L(61,02) — L(6:1,6,)]
<[L(01) — L(02) — (VL(O2) |61 — 02)| + [(VL(O2) | 01 — O2)| + [L(01,01) — L(61,62)]
L
<5 161 — 0s]|” + |(VL(02) | 81 — 02)| + |L£(61,61) — L(6:,865)]
L
=3 161 — 621> + 2VLG |61 — 65 + |L£(61,01) — L(61,02)]

L
=5 161~ 02]° + 2VLG |61 — 03] + |Ezmmty, 211y, [(01: Z) — £(61; 2'))]
@ L,

<5 161 — 62> + 2VLG |6, — 05| + LoW:(Ilg, , I1g,)
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b L
< 5 161 = 6] + 2VLG |01 — 0o + LoLy |61 — 6]

—
=

L
- <L0L1 n 2\/LG> 101 — O]l + 5 61 — 0

where the inequality (a) is due to [Lemma D.4, (Perdomo et al., 2020)] and the alternative assumption (i), the inequality (b)
is due to the alternative assumption (ii) (i.e., Lipschitz condition on distribution map IIg in Wasserstein-1 metric). O

Consequently, the conclusions in Theorem 3.6 hold (with slightly different constants) when Assumption 3.3 is replaced by

Assumption F.6. We observe that the former assumption is only used in ensuring the bound in Lemma F.4; cf. the proof of
Lemma C.2.
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