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Abstract

Learning Markov decision processes (MDP) in an adversarial environment has been a challeng-
ing problem. The problem becomes even more challenging with function approximation since the
underlying structure of the loss function and transition kernel are especially hard to estimate in a
varying environment. In fact, the state-of-the-art results for linear adversarial MDP achieve a regret
of @(K 6/ ™) (K denotes the number of episodes), which admits a large room for improvement. In
this paper, we propose a novel explore-exploit algorithm framework and investigate the problem with
a new view, which reduces linear MDP into linear optimization by subtly setting the feature maps of
the bandit arms of linear optimization. This new technique, under an exploratory assumption, yields
an improved bound of O(K*/5) for linear adversarial MDP without access to a transition simulator.
The new view could be of independent interest for solving other MDP problems that possess a linear
structure.

1 Introduction

Reinforcement learning (RL) describes the interaction between a learning agent and an unknown environment, where
the agent aims to maximize the cumulative reward through trial and error (Sutton and Barto, 2018). It has achieved
great success in many real applications, such as games (Mnih et al., 2013; Silver et al., 2016), robotics (Kober et al.,
2013; Lillicrap et al., 2015), autonomous driving (Kiran et al., 2021) and recommendation systems (Afsar et al., 2022;
Lin et al., 2021). The interaction in RL is commonly portrayed by Markov decision processes (MDP). Most works
study the stochastic setting, where the reward is sampled from a fixed distribution (Azar et al., 2017; Jin et al., 2018;
Simchowitz and Jamieson, 2019; Yang et al., 2021). RL in real applications is in general more challenging than the
stochastic setting, as the environment could be non-stationary and the reward function could be adaptive towards the
agent’s policy. For example, a scheduling algorithm will be deployed to self-interested parties, and recommendation
algorithms will face strategic users.

To design robust algorithms that work under non-stationary environments, a line of works focuses on the adversarial
setting, where the reward function could be arbitrarily chosen by an adversary (Yu et al., 2009; Rosenberg and Man-
sour, 2019; Jin et al., 2020a; Chen et al., 2021; Luo et al., 2021a). Many works in adversarial MDPs optimize the
policy by learning the value function with a tabular representation. In this case, both their computation complexity
and their regret bounds depend on the state space and action space sizes. In real applications however, the state and
action spaces could be exponentially large or even infinite, such as in the game of Go and in robotics. Such cost of
computation and the performance are then inadequate.

To cope with the curse of dimensionality, function approximation methods are widely deployed to approximate the
value functions with learnable structures. Great empirical success has proved its efficacy in a wide range of areas.
Despite this, theoretical understandings of MDP with general function approximation are yet to be available. As
an essential step towards understanding function approximation, linear MDP has been an important setting and has
received significant attention from the community. It presumes that the transition and reward functions in MDP follow
a linear structure with respect to a known feature (Jin et al., 2020b; He et al., 2021; Hu et al., 2022). The stochastic
setting in linear MDP has been well studied and near-optimal results are available (Jin et al., 2020b; Hu et al., 2022).
The adversarial setting in linear MDP is much more challenging since the underlying linear parameters of the loss
function and transition kernel are especially hard to estimate while having to adapt to a varying environment.
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The research on linear adversarial MDPs remains open. Early works proposed algorithms when the transition function
is known (Neu and Olkhovskaya, 2021). Several recent works explore the problem without a known transition function
and derive policy optimization algorithms with the state-of-the-art regret of O (K 6/ 7) (Luo et al., 2021a; Dai et al.,
2023; Sherman et al., 2023; Lancewicki et al., 2023). While the optimal regret in tabular MDPs is of order ) (K 1/ 2)
(Jin et al., 2020a), the regret upper bounds available for linear adversarial MDPs seem to admit a large room for
improvement.

In this paper, we investigate linear adversarial MDPs with unknown transitions. We propose a new view that transforms
linear MDP to a linear optimization problem by regarding the expected state-action visitation features in MDP as the
feature of arms in linear optimization problem. Our algorithm constitutes an exploration and exploitation phase. In
the exploration phase, we estimate the feature visitations of the policies in the constructed policy set using reward-free
estimation techniques. Then, in the exploitation phase, we operate on a set of policies and optimize the probability
distribution of which policy to execute. By carefully balancing the suboptimality in policy construction, the subop-
timality in feature visitation estimation, and the suboptimality in policy execution, we deduce new analyses of the
problem which achieves the first O (K 4/ 5) regret bound for linear adversarial MDPs without a simulator. Let d be the
feature dimension and H be the length of each episode. Details of our contributions are as follows.

* With an exploratory assumption (Assumption 1), we obtain an @(d” 5 H12/5 K*/5) regret upper bound for
linear adversarial MDP. As compared in Table 1, this is the first regret bound that achieves O(K*/) order
when a simulator of the transition is not provided. We also want to note that our exploratory assumption that
only ensures the MDP is learnable is much weaker than previous works (Neu and Olkhovskaya, 2021; Luo
et al., 2021a). Under this weaker exploratory assumption, our result achieves a significant improvement over
the O(K5/7) regret in Luo et al. (2021a) and also removes the dependence on ) in the main order term which
is the minimum eigenvalue of the exploratory policy’s covariance that can be small.

* In a simpler setting where the agent has access to a simulator, our regret can be further improved to
O(Vd?H®K). This result also removes the dependence on ) in the main order of previous works (Neu
and Olkhovskaya, 2021; Luo et al., 2021a). Compared with Luo et al. (2021a), our required simulator is also
weaker: we only need to have access to the trajectory when given any policy 7, while Luo et al. (2021a)
requires the next state s’ given any state-action pair (s, a).

* Our results are the first that achieves @(K v 2) high probability-type regret bound for linear adversarial MDP
with a simulator and @(K 4/5) regret without a simulator when the exploratory assumption holds. Previous
works for high probability-type regret only achieve @(K 2/3) bound with access to a simulator for the linear-
Q setting (Lancewicki et al., 2023). And Dai et al. (2023); Luo et al. (2021a); Sherman et al. (2023) which are
based on the policy optimization approach are only able to produce the upper bound for the expected regret.

* Technically, we provide a new tool and simpler analysis for linear MDP problems by exploiting the linear
features of the MDP and transforming it into a linear optimization problem by setting the expected feature
mappings of different policies as arms. We also provide a refined analysis of the Hedge algorithm where
the features are approximated instead of being precisely given. This approach differs from previous policy
optimization-based algorithms and could be of independent interest in other problems that possess a linear
structure.

2 Related Work

Linear Stochastic MDPs. The linear function approximation problem has been studied for a long history (Bradtke
and Barto, 1996; Melo and Ribeiro, 2007; Sutton and Barto, 2018; Yang and Wang, 2019). Until recently, Yang and
Wang (2020) propose theoretical guarantees for the sample efficiency in the linear MDP setting. However, it assumes
that the transition function can be parameterized by a small matrix. In general cases, Jin et al. (2020b) develop the first
efficient algorithm LSVI-UCB both in sample and computation complexity. They show that the algorithm achieves
(7)(\/ d3 H3 K) regret where d is the feature dimension and H is the length of each episode. This result is improved to
the optimal order @(dH VK ) by Hu et al. (2022) with a tighter concentration analysis. A very recent work (He et al.,
2022a) points out a technical error in Hu et al. (2022) and show a nearly minimax result that matches the lower bound
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Table 1: Comparisons of our results with most related works for linear adversarial MDPs.

. Exploratory . .
1 3
Simulator Assumption? Regret Computation complexity
Neu and Olkhovskaya (2021) 4 yes yes O(VK/N) poly(|S|, |A|,d, H, K)
A 5
yes yes 8(1{53//\) (KAH)CWH)
Luo et al. (2021a) 1o ( ) 7
~ 2/3
no yes 0 (K/ () ) poly(]A|,d, H, K)
no O(K14 15)
, yes no OWK (KAH)OW) 5
Dai et al. (2023
atetal. ( ) no no O(K®/) poly(|Al,d, H, K)
yes no O(K?*/3)
Sherman et al. (2023) o v, OEKG o poly(|Al,d, H, K)
Ours yes yes O(VK) FO(H?)
no yes O(K*>+poly(1/)))

! The simulator required in this paper is defined in Assumption 2. Note that the simulators adopted in Dai et al.
(2023) and Luo et al. (2021a) are stronger that returns the next state s’ when given any state action pair (s, a),
while Sherman et al. (2023); Neu and Olkhovskaya (2021) and this paper only need the simulator to return a
trajectory given a policy. Our simulator can be implied by theirs.

2 Our exploratory assumption is introduced in Assumption 1. It is worth noting that our assumption on ex-
ploration is also much weaker than Neu and Olkhovskaya (2021); Luo et al. (2021a;b). Specifically, our
exploratory assumption only ensures the learnability of the MDP while the other works require a policy that
can explore the full linear space in all steps. Our assumption can be implied by theirs.

3 The A term in the regret represents the minimum eigenvalue induced by a “good” exploratory policy 7, which
satisfies Amin (Ary,n) > Aforall h € [H], where A, j, is the covariance of 7 at step h (see Assumption 1).

4 The algorithm of Neu et al. (2010) requires full knowledge of the transition kernel.

> The exponential complexity is due to the exponential number of calls to the simulator when constructing the
dilated bonus in Luo et al. (2021a) and Dai et al. (2023).

@(d\/ H3K) in Zhou et al. (2021). All these works are based on UCB-type algorithms. Apart from UCB, the TS-type
algorithm has also been proposed for this setting (Zanette et al., 2020). The above results mainly focus on minimax
optimality, and it is also attractive to derive an instance-dependent regret bound as it changes in MDPs with different
hardness. He et al. (2021) is the first to provide this type of regret in linear MDP. Using a different proof framework,
they show that the LSVI-UCB algorithm can achieve O(d® H® log K/A) where A is the minimum value gap in the
episodic MDP.

Adversarial losses in MDPs When the losses at state-action pairs do not follow a fixed distribution, the problem be-
comes the adversarial MDP. This problem was first studied in the tabular MDP setting. The occupancy measure-based
method is one of the most popular approaches to dealing with a potential adversary. For this type of approach, Zimin
and Neu (2013) first study the known transition setting and derive regret guarantees O(H+/K) and O(vHSAK) for
full-information and bandit feedback, respectively. For the more challenging unknown transition setting, Rosenberg
and Mansour (2019) also start from the full-information feedback and derive an O(HS+/AK) regret. The bandit
feedback is recently studied by Jin et al. (2020a), where the regret bound is @(H SV AK). The other line of works
(Neu et al., 2010; Shani et al., 2020; Chen et al., 2022; Luo et al., 2021a) is based on policy optimization methods.
In the unknown transition and bandit feedback setting, the state-of-the-art result in this line is also an O(v/K) order
achieved by Luo et al. (2021a;b).

Specifically, a few works focus on the linear adversarial MDP problem. Neu and Olkhovskaya (2021) first study the
known transition setting and provide an (7)(\/? ) regret with the assumption that an exploratory policy can explore
the full linear space. For the general unknown transition case, Luo et al. (2021a;b) discuss four cases on whether
a simulator is available and whether the exploratory assumption is satisfied. With the same exploratory assumption
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as Neu and Olkhovskaya (2021), they show a regret bound O(v/K ) with a simulator and O(K%/7) otherwise. Very
recent two works (Dai et al., 2023; Sherman et al., 2023) further generalize the setting by removing the exploratory
assumption. These two works independently provide O(K8/9) and @(K 6/7) regret for this setting when no simulator
is available. It is worth noting that the above works provide guarantees for the expected regret. For the stronger high-
probability regret objective, Lancewicki et al. (2023) provide an @(K 2/3) upper bound when a simulator is available.

Linear mixture MDP is another popular linear function approximation model, where the transition is a mixture of
linear functions. When considering the adversarial losses, Cai et al. (2020) and He et al. (2022b) study unknown
transition but full-information feedback type, in which case the learning agent can observe the loss of all actions in
each state. Zhao et al. (2023) consider the general bandit feedback in this setting and show the regret in this harder
environment is also O(v/K ). Their modeling does not assume the structure of the loss function which introduces the
dependence on S, A in the regret.

3 Preliminaries

In this work, we stud%/( the episodic adversarial Markov decision processes (MDP) denoted by
M(S, A, H, {P;L},LH:1 {lk},_,) where S is the state space, A is the action space, H is the horizon of each
episode, P, : S x A x S — [0, 1] is the transition kernel of step h with P (s’ | s, a) representing the transition proba-
bility from s to s’ by taking action a at step h, and ¢} is the loss function at episode k. We denote 7, = {my, h}f:l as
the learner’s policy at each episode k, where 7y, 5, is a mapping from each state to a distribution over the action space
of step h, and let 7 5, (a | s) represent the selecting probability of action a at state s by following policy 7y, at step h.

The learner interacts with the MDP M for K episodes. At each episode k = 1,2, ..., K, the environment (adversary)
first chooses the loss function £y, := {¢j, h}thl which may be probably based on the history information before episode
k. The learner simultaneously decides its policy 7. For each step h = 1,2, ..., H, the learner observes the current
state sy, p,, takes action ay, j, based on 7y, 1, and observes the loss Ehh(slﬁ h, Gk, k). The environment will transit to the
next state s p+1 at the end of the step based on the transition kernel Py (- | sg n, k. p)-

The performance of a policy 7w over episode k can be evaluated by its expected cumulative loss, also known as the
value function defined as below:

Vkﬂ = ]E

H
Z L (Sk s ak,h)‘| ,
h=1

where the expectation is taken from the randomness in the transition and the policy w. Denote 7* &
argmin Zszl Vi© as the global optimal policy that suffers the least expected loss over K episodes. The objec-
tive of the learner is to minimize the cumulative regret which is defined as the cumulative difference between the value
of the taken policies and that of the global optimal policy 7*:

K

Reg(K) = > (Vi =) . (1)

k=1

Linear adversarial MDP denotes an MDP where both the transition kernel and the loss function are linearly depending
on a feature mapping. We give a formal definition as follows.

Definition 1 (Linear MDP with adversarial losses). The MDP M(S, A, H, {Ph}thl , {Kk},f:l) is a linear MDP if
there is a known feature mapping ¢ : S x A — R? and d unknown signed measures Hhy--os Phd S — R forming
pn = (Bhay s fhd) : S — R? such that the transition probability for any s, a, h satisfies

Py (‘3’ CL) = <¢(Sv a)v:uh> .

Further, for any episode k and step h, there exists an unknown loss vector 0y, , € R? such that

€k7h(8, a) = <¢(S, (l), 9k,h> .

for all state-action pair (s,a). Without loss of generality, we assume ||¢ (s,a)||, < 1 for all s,aq,

||fs€5 |[dger, (s)|H2 <V, |0k pl, < Vdforany k, b, and Uy (s, a) < 1 for all k, h:s, a.

[nl (S, =
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Given a policy 7, its feature visitation at step h is defined as the expected feature mapping this policy encounters at
step h following policy m: ¢ 5, = Ex [¢ (sn, an)], where E. [-] denotes taking expectation w.r.t the randomness of
state transitions and policy 7. Then the expected loss that the policy 7 receives at step h of episode k can be written as

en = Ex [k n (Sk.ny @k n)] = (Prons Ok,n) (2)
and the value of policy 7 can be expressed as

H H

Vi = ng,h, = Z(d’n,h, Ok.n) - (3)

h=1 h=1

For simplicity, we also define ¢ 1, (s) = Eqr, (.|s) [¢(5, a)] to represent the expected feature visitation of state s at
step h by following 7.

For any policy 7, define Ay j := E(y, 4 )nn [(;S(sh, an)o(sh, ah)—w as the expected covariance of 7 at step h. Let
Aminh = SUP; Amin (Az n), Where Apin(+) denotes the smallest eigenvalue of a matrix, and Aj;, = minp Ajy, 5
Analog to previous works that study the function approximation setting (Neu and Olkhovskaya, 2021; Luo et al.,
2021a; Hao et al., 2021; Agarwal et al., 2021), we make the following exploratory assumption to ensure efficiency in

exploring the transition dynamics:

Assumption 1 (Exploratory assumption). A, > 0.

When the assumption is reduced to the tabular setting, where ¢(s,a) is a basis vector in RS*, this assumption
becomes fipin 1= miny, max,; ming , 4™ (s,a) > 0, where ;1™ (s, a) is the probability of visiting the state-action pair
(s, a) under the trajectory induced by 7. It simply means that there exists a policy with positive visitation probability
for all state-action pairs, which is standard (Li et al., 2020). In the linear setting, it guarantees that all the directions in
R? are able to be visited by some policy.

We point out that this assumption is weaker than the exploratory assumptions used in previous works (Neu and
Olkhovskaya, 2021; Luo et al., 2021a), in which they assume such exploratory policy 7o, satisfying Amin (Ary.n) >
Ao > 0 for all h € [H], is given as input to the algorithm. We only assume such policies to exist, which only requires
the transition kernel of the MDP to satisfy certain constraints, while finding an exploratory policy is an extremely
difficult task.

4 Algorithm

In this section, we introduce the proposed algorithm 1. At a high level, the algorithm is based on our proposed new
view that transforms the linear MDP to a linear optimization problem by regarding the state-action visitation feature
as arms. It takes a finite policy class IT and the feature visitation estimators {¢, : m € I, h € [H]} as input and
optimizes the probability of selecting each policy in II. The acquisition of II and {émh cm eIl h € [H]} will be
introduced in Section 4.1 and Section 4.2, respectively.

Recall that the loss value ¢, ;,(s, a) is an inner product between the feature ¢(s, a) and the loss vector 6y, j,. According
to this structure, we investigate ridge linear regression to estimate the unknown loss vector. To be specific, in each
episode after executing policy 7, the observed loss value can be used to estimate the loss vector ék, » and the value
function Vk’r can be estimated for each policy 7 (line 9). We then adopt an optimistic strategy toward the values of
policies and an optimistic estimation of any policy 7’s value (line 10). Based on the optimistic value, the exploitation
probability w(7) of a policy 7 follows an EXP3-type update rule (line 11). To better explore each dimension of the
linear space, the final selecting probability is defined as the weighted combination of the exploitation probability and
an exploration probability g(7), where the weight  is an input parameter (line 7). Here the exploration probability
gn = {9n(m)} cp is derived by computing the G-optimal design problem to minimize the uncertainty of all policies,
ie.,

gn € argmin max H‘?mh“% (p)=t >
pea(m) TEl '
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where Vi, (p) = > iy p(7) dx, h(bl 5 This exploratory probability can ensure the magnitude of Vi being bounded.
As for the computation complexity, as outlined Lattimore and Szepesvari (2020, Note 3 of Chapter 21), the opti-
mal design can be approximated efficiently within O(d loglog d) iterations, yielding g(7) that satisfies the following
inequality:

x 2 “ 2

¢7T,hH ¢7r7hH <2d.

Vi(p)~t

<2 min max
Vi(gn)~t pEA(I) well

max
mell

And the constant approximation factor will not change the order of the regret.

If the input émh is the true feature visitation ¢ ;,, we can ensure that the regret of the algorithm compared with the
optimal policy in II can be upper bounded. Now it suffices to bound the additional regret caused by the sub-optimality
between the optimal policy in II and the global optimal policy, and the estimation bias of the feature visitation, which
will be discussed in the following sections.

Algorithm 1 GeometricHedge for Linear Adversarial MDP Policies (GLAP)

1: Input: policy class II with feature visitation estimators {(ﬁmh}{f:l for any m € II, confidence §, exploration
parameter v < 1/2

2. Initialize: Vr € I, wy (w) =1, Wy = |II|; n = ~v/dH?

3: forh=1,2,---,H do .

4:  Compute the G-optimal design gp,(7) on the set of feature visitations: {¢rn, 7 € II}. Denote g(m) =
1 H
7 2n=19()

5: end for

: for each episode k = 1,2,..., K do

Compute the probabilities for any policy 7 € II:

N

i (m) = (1—7) 2

Wi

Select policy 7 ~ pj and observe losses li 1, (Sk.n, @k,p ), for any h € [H]
Calculate the loss vector and value function estimators:

H

R 1 R oA R

On = S0 ) bmonlin (Sknsarn) 05 =63 W0k, V¥ =Y 05, Vo ell
h=1

where Xi j, = Y. pr(7)br 0,
10:  Compute the optimistic estimate of the loss function

N T e s Hlog (%)
Vk} = § : gkﬁh - 2¢7r7h2k37h¢‘ﬂ'7h dK ’ vrell
h=1

11:  Update the selecting probability using the loss estimators

V€ I wgg () = wi(m) exp (—nViT) , Wi = D wiga (7)
mell

12: end for

4.1 Policy Construction

In this subsection, we introduce how to construct a finite policy set II such that the global optimal policy 7* can be
approximated by elements in II. The policy construction method mainly follows Appendix A.3 in Wagenmaker and
Jamieson (2022) but with refined analysis for the adversarial setting.
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We consider the linear softmax policy class. Specifically, given a parameter w = {u)h}ff:1 where w;, € RY, the
induced policy 7 would select action a € A at state s with probability

exp (n{¢ (s, a) , wn))
20 exp ({0 (s,0') ,wn))

The advantage of such a policy class is that given two parameters w and u, the value difference between policies
induced by them can be upper bounded by the difference between w and u, i.e.,

4)

™ (als) =

w

H
(V™ <2dHn Y Jlwy = unlly

h=1

v

where > 0 is the parameter in Equation 4. Recall that the structure of linear MDP guarantees that the optimal
value can be represented by a linear function, i.e., there exists a weight vector w* = {w,’;}le where [[wj |, <
2H+/d such that Q, (s,a) = (#(s,a),w}),Vh € [H] (Jin et al., 2020b). Then by constructing a parameter covering
W over B4(2H \/E) for some accuracy €, we can ensure that the optimal parameter w* can be approximated by a
parameter w € WH ie., 3", |lwy, — w}]|, < He. Further based on the above property, the optimal value V* can be
approximated by the value V™" of some linear softmax policy 7% with w € W . The result of constructing such a
policy covering is shown briefly in the following lemma.

Lemma 1. In the linear MDP problem, there exists a finite policy class 11 with log cardinality log|II| =
O (dH?log K), such that the regret Reg(K; I1) compared with the optimal policy in 11 is close to the regret Reg(K)
compared with the global optimal policy, i.e.,

K K K
Reg(K) = (V,:k - V,;T*) <DV —min YV + 1= Reg(KGT) + 1.
k=1 k=1 k=1

The detailed analysis can be found in the Appendix C.

4.2 Feature Visitation Estimation

In this subsection, we discuss how to deal with unavailable feature visitations of policies. Our approach is to estimate
the feature visitation {¢ 5 }#_, for each policy 7 and use these estimated features as input of Algorithm 1. The
feature estimating process is described in Algorithm 2, which is called the feature visitation estimation oracle.

Under linear MDP, for any policy 7, we can first decompose its feature visitation at step h as

Gnn = Ex [¢(sh,an)] = / G (8)dpn_1 (8)Er [$(sh—1, an—1)]

=Tr hPr h—1
:7;1',h7;r,h—1 ce 7;r,2¢7r,1 )

where T, = [ ¢r.n(8)dpn—1(s) is the transition operator and ¢ 1 = Ex[¢(s1,a1)] can be directly computed based
on policy 7. Thus, to estimate ¢, 5, for each step h, we need to estimate all transition operator {Tﬂ,h}hH:l.

We use the least square method to estimate the transition operator. Consider currently we have collected K trajectories,
then the estimated value is given by

K
Te arg;ninZ(Tmsh,l,T, an—1,7) — Y w(alsn)d(sn,a))® + T,
T=1

a

and the closed-form solution is that

K

7A;r,h = (Z ¢(8h—1,77ah—1,7)¢ﬂ,h(3h77)> A}Iil 5

T=1
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Algorithm 2 FEATURE VISTATION ESTIMATION ORACLE

1: Input: policy set II, tolerance ¢ < 1/2, confidence §
2: Tnitialize: 8 = 16H? log(4H2d|T1|/8), dr1 = Eayors (1) [0(51,1)]
3: for h=1,2,...,H—1do
4. Run procedure in Theorem 2 (Appendix B) with parameters: eex,  €2/(d®B), 6 « §/(2H), A =
log(4H2d|I|/8), ® <+ &, := {¢zn : m € II}, 7o = 1/(2V/d), and denote returned data as
{(sh,r>an 7, 8h+1,r)}i{:hl, for K}, total number of running episodes, and covariates as
Ky,
Ap Z & (Shyrsan,r) & (snroang) | +1/d-1
T=1
5. form e Ildo
6
Ky,
Prni1 (Z G+t (Sht1,r) ¢Z,7Ah,1> Gt
T=1
where ¢r 4 (5) = Eqrr, (.1s) [#(5, a)].
7. end for
8: end for

b

return ¢ := {¢,, :m eIl h=1,2,--- H}

where ¢r p(sn,r) = >, m(alsn)¢(sn, a), and

K
Aoy = Z G(Sh—17yAn-1,2)0(Sh—1,yan-17)" +AI.

T=1

In order to ensure the accuracy of the estimated feature visitation, we provide a guarantee for the accuracy of the
estimated transition operator. The intuition is to collect enough data in each dimension of the feature space. For the
design of how to collect trajectories, we adopt the reward-free technique in Wagenmaker and Jamieson (2022) and
transform it to an independent feature visitation estimation oracle. At a high level, the reward free algorithm aims to
collect transition data in as few interactions as possible that minimize some uncertainty measure, which is approxi-
mately max || || AL in our setting. To achieve this, instead of maximizing expected reward as in standard RL, the
algorithm take some uncertainty objective as a surrogate reward and instead optimize over it. The detailed discussion
can be found in Appendix B. Algorithm 2 satisfies the following sample complexity and accuracy guarantees.

Lemma 2. Foranye¢ > 0, 6 € (0,1), with probability at least 1 — 4, Algorithm 2 could return a feature visitation
estimation for every policy m € 1l in at most O (d4H3/€2) episodes that satisfies

where O here hides log factors and lower order terms.

G — ¢7r,hH2 <e¢/Vd, VYhe[H],

Since the regret in an episode is less than H, the total regret incurred in the feature estimation process is of order
O(d*H*/€?). The detailed analysis and results can be found in Appendix B.

5 Analysis

This section provides the regret guarantees for the proposed Algorithm 1 as well as a proof sketch. Consider Algorithm
1 with the policy set IT constructed in Section 4.1 and the feature of policies estimated in Section 4.2 as input. Suppose
we run Algorithm 1 for K rounds. The regret compared with any fixed policy 7 € II in these K rounds can be bounded
as below.
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Lemma 3. With probability at least 1 — 0, for any policy w € 1],

K ) )
S -vi) =0 | H dKHlog'(Sm+dH10g(|l(;I|)+PyKH+ a? |

k=1

standard regret bound of EXP3 feature estimation bias

where € is the tolerance of the estimated feature visitation bias in Algorithm 2.

Recall that when the policy set is constructed as Section 4.1, the difference between the global regret defined in
Equation (1) and the regret compared with the best policy in IT is just a constant. So the global regret is in the same
order as the regret bound shown in Lemma 3.

Similar to previous works on linear adversarial MDP (Luo et al., 2021a;b; Sherman et al., 2023; Dai et al., 2023) that
discuss the cases of whether a transition simulator is available, we define a simulator in the following assumption.

Assumption 2 (Simulator). The learning agent has access to a simulator such that when given a policy T, it returns
a trajectory based on the MDP and policy 7.

It is worth noting that this simulator is weaker than that in Luo et al. (2021a); Dai et al. (2023) which needs to generate
the next state given any state-action pair. If the learning agent has access to such a simulator described in Assumption
2, then the feature estimation process in Section 4.2 can be regarded as regret-free and the final regret is just as shown
in Lemma 3. Otherwise, there is an additional O(d*H? /¢?) regret term. Balancing the choice of -y and € yields the
following results.

Theorem 1. With the constructed policy set in Section 4.1 and the feature visitation estimation process in Section 4.2,
selecting € = O(K ~2/%), the cumulative regret satisfies

Reg(K) = O (d7/5H12/5K4/5 log"/? (K /6) + Cl)

with probability at least 1 — 0, where Cy = poly (d, H,log 1/8,1/\% ..., log K) is a lower order term. Additionally, if
Assumption 2 holds, the regret upper bound can be improved to

Reg(K) = O (\/d2H5Klog(K/6)) .

Due to the space limit, the proofs of the main results are deferred to Appendix A.

Discussions In this work, we adopt a new view that transforms the problem of linear adversarial MDPs into a linear
optimization problem. Under this view, we propose a novel explore-exploit framework and show that it achieves
the state-of-the-art result in the literature with the cost that the computational complexity depends on the size of the
policy covering. Compared with previous works that focus on local properties using policy optimization, our approach
provides a completely different design philosophy that globally optimizes the policy set. This framework may be of
independent research interest for theoretically analyzing the linear MDP problem.

Since our work mainly aims to improve Luo et al. (2021a) with an exploratory assumption, we specifically discuss the
difference between our work and theirs. It is worth noting that though both works provide guarantees for problems
with exploratory assumption and transition simulators, our required assumptions are much weaker and can be implied
by that in Luo et al. (2021a).

Benefiting from this new view, our work improves the regret bounds in Luo et al. (2021a) only using weaker assump-
tions. As shown in Table 1, our result O(K*/5) explicitly improve the result O(K°%/7) in Luo et al. (2021a). And
it also achieves the state-of-the-art dependence on the horizon K compared with existing works (Luo et al., 2021a;
Dai et al., 2023; Sherman et al., 2023). Recall that the result in Luo et al. (2021a) also depends on A where A is the
minimum eigenvalue in the exploratory assumption. In real applications, for each direction in the linear space, it is
reasonable that there will be a policy that visits the direction. So one could ensure the exploratory assumption by
mixing these policies. However, there is no guarantee on the value of ), and the regret depending on 1/ can be very
large when A is very small. Compared with Luo et al. (2021a), we remove the dependence of A in the main regret
order term.
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When a transition simulator is available, the number of calls to it (query complexity) is also important to portray the
efficiency of the algorithm. Our query complexity O(K?) (the detailed computation is provided in Appendix A) is
much more preferred than O(K AH)®®) in Luo et al. (2021a).

Another important advantage is that our approach can deal with the infinite action space. In some common applications
including autonomous driving and robotics, the size of the action space may be infinite. However, previous works fail
to apply in these settings as their approaches need to enumerate the entire action set or solve an optimization problem
on the action space A(A) (Dai et al., 2023; Luo et al., 2021a; Sherman et al., 2023). We deal with this problem by
putting a finite action covering over the action space when constructing the policy set in Section 4.1. More technical
details can be found in Appendix C.

It is also worth noting that our result achieves the first high-probability regret bound for linear adversarial MDP, given
that previous works based on policy optimization approaches only guarantee the expected regret (Luo et al., 2021a;
Dai et al., 2023; Sherman et al., 2023).

To conclude, our work improves the results in Luo et al. (2021a) in terms of weaker assumptions, better regret bounds,
fewer queries to the simulator (if we use one), and can deal with more general infinite action space with the cost that
the computational complexity depending on the size of the policy covering. But we want to note that this dependence
of computation is also standard in the reduced linear bandit problem when the cardinality of the decision set is large
(Dani et al., 2007, Lemma 3.1).

6 Conclusion

In this paper, we investigate a new view for linear MDP that transforms the visitation feature of a policy as the feature
of an arm in the linear optimization problem. Based on this view, we propose a framework that uses the estimated
visitation features of policies as input and optimizes the selection probabilities of all candidate policies. With an
exploratory assumption, we provide the first O(K*/ %) regret without access to a simulator. Our algorithm enjoys a
weaker assumption and a better regret bound with respect to both K and A compared with the results in Luo et al.
(2021a),. It also achieves the first high-probability type regret guarantee and can deal with the infinite action space
compared with existing works for linear adversarial MDP (Luo et al., 2021a; Dai et al., 2023; Sherman et al., 2023).

Our view contributes a new approach to linear MDP, which could be of independent interest. Future implications of
this technique could involve solving other adversarial settings, such as when the loss function is corrupted up to a
budget, and solving robust linear MDP where the transition kernel could change over episodes. Deriving lower bounds
for linear adversarial MDP is also an important direction.
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A Analysis of Algorithm 1

In this section we propose the regret analysis for Algorithm 1 and prove the final regret bounds for our main algorithm.
We will state the necessary concentration bounds as lemmas first and then analyze the regret, proving Lemma 3 and
Theorem 1. In the following analysis, we will condition on the success of the event in Theorem 3, whose probability
is at least 1 — §. The following inequality will be used in the analysis and is restated in the beginning.

Lemma 4 (Theorem 1.6 in Freedman (1975)). Let Fo C Fy1 C --- C Fr be a filtration and let X1, X5, --- X1 be
random variables such that X, is F; measurable, E [X|Fi_1] = 0, | X;| < balmost surely, and Z;‘ll E [X?|Fi-1] <
V for some fixed V> 0 and b > 0. Then, for any 6 € (0, 1), we have with probability at least 1 — 6,

T
> Xy <2¢/Viog(1/8) + blog (1/5) .
t=1

To start with, we give the concentration of the feature visitation estimators returned from Algorithm 2, which will be
fundamental in the following analysis. Notice that ¢ ; can be computed directly from the initial state distribution and
action distribution.

Lemma 5. Suppose the estimation accuracy can be guaranteed as Theorem 3, which holds with probability at least
1 — 6. Then we have for all episode k and steps h, the feature visitation estimators {(ﬁﬂ,h, h=12,--- ,H, 7€ H}
returned by algorithm 2 satisfy:

‘<‘9k,h7 G — G%,h)’ <e
Proof. Since |0y 4], < V/d for any k and h, as in Definition 1, according to Theorem 3, we have:

<9k,h,<13w,h - %,h)‘ < ‘

A~ €
Orh — ¢th2 NOk,nlly < R Vid<e.

O

The following Lemma 6 and Lemma 7 will bound the magnitude for the loss and value estimators in line 9, using the
properties of G-optimal design computed in line 4.

¢7r,h -

2

Lemma 6.
271
k,h

< % and ’le,hékh‘ < dTH,fO}’ all h and 7 € 1L

Proof. According to the properties of G-optimal design, we have:

. 2
¢ hH .., <d,
TS anmdendl )
. A . 2

and 3y, 5, = > gh(w)¢ﬂ7h¢l)h. Thus we have ‘ %’hHi;lh < dTH. So:

AT A A el N n dH

(bﬂ—,hek,h‘ = |Pr,n X5, P h Lk, (Sk,h,ak7h>‘ < ¢mh‘ NP, £ — Vrell,

Zk,h, Zk,h ,‘y

where the second last inequality is due to the bound ¢y, 5, (sp, an) < 1. L]

Lemma 7. With our choice of ) = 575, when K > Lo = 4dH log (%), we have for all optimistic loss function
nd’T| <1

estimator V7,

Proof. To make sure |77f/k“’ < 1, we notice that:
u [Hlogl/0
o T A 2T &-127
|Vk ’ < Z ¢’7r,h9k.,h’ + };QQSﬂ,hEk,hd)k,h K 5)

h=1
13

T
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By Lemma 6, we have

dH? Hlog1/6
V< =/ + -7 1.
| k| y <1 2\/ dK )

When K > Lo = 4dH log (\H|> we have W,ﬂ < #. Thus, our choice of n = 5 satisfy this constraint. O

2dH

Throughout the following analysis, assuming we have run for some number of episodes K, we let (F; k)szl the filtration
on this, with F, the filtration up to and including episode k. Define Ey, [-] = E [-|F)—_1]. The next lemma will bound
the bias of the loss vector estimator, thus we can bound the bias of the value function estimator.

Lemma 8. Denote E)Z’f}; = E, [ék,h} = E, [2;7}L$ﬂk7h€k7h (sk7h7ak’h)} as the expected value of the loss vector

estimator on Fi_1. Then we have for ¥ € 11, with probability at least 1 — 6, the returned feature visitation estimators
satisfy:

- ox dH 2dH
’<¢7r,h79k }I:> _<¢7r,h76k,h>‘ S <+1)6< —€.
’ gl gl
As a result, we also have ‘(gzﬁ,r hs exP)‘ < @6 +1.
Proof. Using the tower rule of expectation, we have:

HeXp Zk hEk [¢nk7h¢ﬂk hek h} = k h Zpk ¢7r h¢7r hek h -

Thus,
<€£ﬂ,haazxf?> <¢ﬂh,9kh ’ = WhEkthk ¢7r/h(¢ — T /h) Ok.h

<Zpk

7r hEk h¢7r’ h (Qs;rr/,h - Qg:',h,> ek,h’

where the last inequality is due to Lemma 5 and Lemma 6.
Moreover, we also have that ‘(émh — O, Ok,h)‘ < e. Combining the two terms, we proof the lemma as:

(s O F) = (bre.hs Ok h>’ ‘(% 0058 = (G, O h)‘ + ‘(q?)w,h = qzﬁ,r,h,ék,h)’ < (le + 1) €

O
Lemma 9. Denote DEV . = ’Z b1 — V', then we have with probability at least 1 — 6,
K H 1
Hlog(§) 1 1
2 et = z
DEVK,ﬂ- _2; ; Hd)‘rr,h”g;k—i dK + B dKHlOg <6>

H? 1 2dH?
+2 d) log()—l- d eK .
y 0 y

Proof. First, we bound the bias of the estimated loss of each policy 7 after episode k in step h:
h =i =0a w0k — g 1O
= (07 n00n = ST 407%) + (P1405F — Smnbin)

14
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. oo\ 2dH
S(Qi):,hok,h_ LY p) €.

AT O7P } = 0 by the definition in Lemma 8.

T 2T pexp T
(bn-,hek,h’ + 1 Pxnbin — G nbin| <

The first term is a martingale difference sequence as Ej, [c{gz hék’h -
O bun = ST n05L| < [T 1| +

according to 5 and 6. Its variance is also bounded as:

To bound its magnitude, notice that
dH 14+ 2dH€< 2dH

R y N
Ey [(¢7Tr7h9k,h — b1 05 p) ] <Eg [(@T,ﬁk,h) }
=Ky [lehék,hé/lhémh}
=Ex [fk,h (k. akn)” (i;hi;}ﬁgm7hé:k7hi;,%$ﬂ7h}
2

< (b‘n',h’ Ay 0
b

k,h

where the last inequality is due to the fact E [gb,rk hgbﬂk h} = XA]W,, and |0y 1, (Sk,h, ak.p)| < 1. Using the Freedman

inequality, we acquire with probability al least 1 — §:

H K
DEVKW<Z Sl -,
h=1 |k=1
H K
R 1 1\ 2dH
£ Bl ()25 () 2
h=1 k=1
K H
. 2aH? | (1Y 2dH”
<2 HZZ ¢ﬂ,h <5) + <> + K

Hlog (1 1 24 H>
¢m Og(“) 1/dKHlo 2—1 5) K
k=1 h=1

where the second last and last inequality is due to the Cauchy Schwartz inequality and GM-AM inequality.

O
Lemma 10. We bound the gap between the actual regret and the expected estimated regret. With probability at least
1-4,
us 2dH / 1 8dH? 1 / 1 2dH?
> v ZZpk V< H(Vd+ e+1)1/2Klog =+ log = +2H/dKHlog ~ + K .
k=1 k=1 = v 0 3y 0 J v

Proof. Denote d)k h= Dk (m) (bﬂ n., we have that :
52’% Zpk fk =, hek h — ¢;hék,h
= (d)'n'k.,hek,h ¢7rk heexp) (¢7rk haz}(}}; é;hék,h)
2dH .
STf + ( a0 — ¢g,h9k,h) .

Notice that E [¢T Hexp} =E, FS; hék,h] We bound its conditional variance as follows:

Tl h

\/]Ek [< 5T o &Zﬁk,hﬂ . \/Ek [((zﬂuﬂi",ﬁ’)r*\/m [(éghék,hﬂ 6)
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2dH — a7 -
== e+ 1+1\/of W0 0kn (7

2dH 2T 17
< et 1+ \/ Y o (1) 6], B dnn ®)

gl

2dH
=T e+1+Vd, )

where inequality 6 is due to Cauchy Schwartz inequality and 8 is due to Jensen inequality. =~ Moreover,

(;5;“ O — é: W0k, h‘ < @ Applying Bernstein’s Inequality, we obtain with probability at least 1 — 4,
K H K
NI WA zszEm i)
k=1 k=1 m h=1k=1
2dH 1 8dH?* 1 2dH?
Vid + e+1)y/2Klog — +-——1log = + K.
o 3 v 0 07
Since V7 — V7 = S0 24] A/ logl/é , we have:
K
S T Hlogl/é
ZZPk(W) (Vk - k) ZZZQM ﬂ—hzkh¢kh\/7d1{

k=1 m k=1h=1 m
=2H+/dKHlog1/§.

Combining the two terms, we prove this lemma. O
Lemma 11. With probability at least 1 — 6§, we have:
3

31og (L
ZZpk 2 < oaxm? + 28 [akc10g <1)+8dH1°g(6)_
k=1 m Y ) vy

) (5)' <o) |2 () 2 (L on ) LSk )

1
Sy G()+w24 L asidin )

Proof.

a

st dK
dH N ~ -1, Hlog(%
S;pk ( ( ) +87h221¢;h2k,h Gm.h dK(6)>

3
=23 i () (V) + B ,yi;gl/ > (10)

N 2 N 2
Since (Vk“) <H Zthl (éz h) , we bound the first term as follows.
> pk (m) (gg,h) < Zpk ) 0L br bk 1Ok < O, 1k P

Its conditional expectation is Ej, {qbﬁk i o D } = pi(m) élhi;}ﬂgﬁh = d, and also ’é;kyhfl,;}la)ﬁk’h’ <
dTH. Thus, applying the Hoeffding bound, we have with probability at least 1 — 6,

K H 3
SN ) (V,j)Q <HY dK + §\/2K10g1/ = dkH? + %M?Klog 1/3.
h=1

k=1 m
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Plugging it into 10, we finish our proof. O

Proof of Lemma 3. Now we are ready to start analyzing the regret. Using classical potential function analysis tech-
niques in similar algorithms, we have:

k=1
X w () ~
:Zlog ( ka exp (—nV,f))
k=1 ™
= (m) - - 2
< s (0 (1t (7)) a
k=1 ™

K
< Z Z pr(m) — V9= (—77‘71: e (f/kw)Q)

k=1 = 17,-)/

K K K
g& [Z D@V 730 Y amVE 403 pelm) (V)

k=1 m k=1 = k=1 m

; 12)

where inequality 11 is from |77‘7k”| < 1 guaranteed by Lemma 7. Using Lemma 9, we can bound the second term as:

SR N e
D VES) W +DEVir =3 > 260,80 0mn || H—
k=1 k=1 k=1h=1
K
1 1 dH? 1 2dH?
< Vi + =y /dKH1 - 2({—)1 — K (13)
7;;1 k+2 0g(5>+ 7>0g(6>+ 5 €
1 1 dH? 1 2dH?
<KH+ -(/dKHlog | =) +2(— Jlog| - | + eK .
2 ) ~y 1 y

Plugging Lemma 10, Lemma 11 and Equation (13) into Equation (12), notice we condition on v < 1/2, we obtain:

K
W dH® 1\ 8dH3log (1
log (51 ) < —p STV 420 |2dK H? + 257 [2K log ( - | 3o (5)
Wi =1 Y 0 v

2 2
1 dK H log ! +2 aH” log ! + 2dH eK (14)
2 § y ) vy
2dH 1 dH? 1 1 2dH?
H(Vd+ e+1 1/2Klog7+§ log — +2H/dKHlog - + eK| .
vy o 3 v 4] é y

Combining terms, we have:

log (Lv?f ) = 1 dH? . (1
— <-> V40| H dKHlog < | +0 (’ylog (5> +7KH>

k=1
8ndH?> log (% 2
>+77 Og(5)>+0<dH 6K>.
v gl

+2nyKH +n

+ 2n

5)

S| =

dH®
+0O (ndKH2 + 177 oK log (
Y

Plugging 1 = 7%= into Equation (15), we have:

log M K 2 2
(nWl) < kaﬂk +0 (H,/dKHlog ;) +0 (d{jlog (;) +7KH> +0 (dl;f €K> . e
k=1
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On the other hand, we have:

k=1
S S AT $-1) log (3)
>0 | YW = DEVir+ ) > 200,50, 6mn || H— 25 | —log () (17)
k=1 k=1h=1
i 1 dH? 1\ 2dH?
>n ;—Vk — ~\/dKHlog (5> -2 (7) log (5) - eK | —log (|11))
Combining (16) and (17), we have:
X 1 dH? 1 dH? log (|T1|)
ZV,:’“fV,f <O | Hy/dKH]log -+ —log <)+7KH +O<6K>+. (18)
Pt o 7 0 gl n
Choosing 7 = 57 and combining terms, we obtain for any policy 7 € II, with probability at least 1 — 4:
i |  dH? | dH?
S V-V =0|H\/dKHlog = + — log +~yKH | +0 eK | . (19)
k=1 8 v 8 v
O

We will then present the proof of Theorem 1 based on Equation (19). Notice we condition on K being large enough so
that the optimal parameters v and € set below are smaller than %, satisfying the requirements of the algorithm, while

the cases of K being small is trivial.

* In the case when we have access to a simulator, the total regret occurred while we execute the policies in II.

o

Set the parameters as € < dH? log % /K,~ + /dH log ( 3 ) /K and using the properties of II in Lemma

18, the total regret is bounded as:

K
K
Reg(K) < Reg (K;1II) + 1 = max ZV;’“—V; +1=0|1/d?HKlog— | .
mell 1 )

Also, according to corollary 1, the total number of episodes run on the simulator is in the order of
O (P*HK?).

* When we don’t have access to a simulator, we have to take account of the regret occurred while we esti-

mate the feature visitation of each policy. According to corollary 1, the additional regret is in the order of
2
o (dt—lf log %‘Hl + Cl) . By our construction of policy set IT in Lemma 18, the total regret is bounded as:

5 176 2 74 2
Reg(K)—O(dé{ log%—de log§+7KH+dH eK+\/d2H5KlogI§+Cl>, (20)
€ Y Y

with C; = poly (d,H,10g1/5,/\%,log\lﬂ,logl/e). Set the parameters as € <+

in

K=250°/5H%/510g?/® K oy« K=1/5d7/5H7/510g"/® K the total regret is in the order of:

Reg(K) = O (d7/5 1205 475 101/ 2() |

18
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B Construct the Policy Visitation Estimators

In this section, we will propose the analysis of Algorithm 2. We then prove theorem 3 and corollary 1 as our main
results, which will provide the concentration of the estimators ¢ ; and bound the sample complexity. These results
will then be used to proof the final regret bounds in Appendix A.

First, we propose the performance guarantee of the data collecting oracle, which comes directly from theorem
9 in Wagenmaker and Jamieson (2022). Denote:

XYopt (A) = rfggnqbuiw,l for A(A)=A+Ag,

for A be some fixed regularizer. We consider it’s smooth approximation:

S 1 612, p—
XYopi (A) = ~log [ e 7am
N ped

We also define ), := {E .y [Arn] © w € Ar}, where Ay is the set of all the distributions over all valid Markovian
policies. €2}, is, then, the set of all covariance matrices realizable by distributions over policies at step h.Then we have

Theorem 2. Considering running Algorithm 6 in Wagenmaker and Jamieson (2022) with some € > 0 and functions
fi (A> A ﬁopt (A)
for Ao < (T;K;) "' S5 =: A; and
2
ni=—-(1+]Ail,,) - log|o|
Yo
L'L - HAZ Hop ’ ﬁl =2 HA’L Hop (1 + 7 HAl Hop) ’ MZ - HA’L Hop

where X; is the matrix returned by running Algorithm 7 in Wagenmaker and Jamieson (2022) with N + T; K,
0+ 4/ (22’2), and some \ > 0. Then with probability 1 — 20, this procedure will collect at most

ian Q MaXpcdp ¢ y - 1 1
P— see [9llacn) + poly (d, H,log1/8, <7, —, A, log|®|, log >
/\min Yo Cexp

€exp

episodes, where

2
. . 1 1
A(A):A—l—min{()\mm) Amin }-polylog (, d, H, \, logé) T,

d " d3H31og/?1/6 A

min
and will produce covariates 3 4 X; such that

2
max ||| g

DX PN (5, = Coxp

and R
Amin (2 v zi) > max {dlog 1/5, A} .

Next, we will propose the concentration analysis of our estimators and bound the total number of episodes run.
Throughout this section, assuming we have run for some number of episodes K, we let (}'T)f:1 the filtration on
this, with 7 the filtration up to and including episode 7. We also let F j, denote the filtration on all episodes 7/ < 7,
and on steps i/ = 1,--- | h of episode 7. Define

Sr = Ex [6 (s an)], G (5) = D ¢ (s.a) mn (als)

acA
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and

T = /gzﬁmh (s) dpp—1 (s)T .

We have from lemma A.7 in Wagenmaker and Jamieson (2022): ¢, = Tr n@rh—1 = -
also denote vp := maxgcao ||¢||2

Tan Tei¢ro. We

)

The following Lemma 12 comes straight from lemma B.1, lemma B.2 and lemma B.3 in Wagenmaker and
Jamieson (2022) and provides us with the basic concentration properties of the estimators constructed in line 6 of
Algorithm 2.

Lemma 12. Assume that we have collected some data {(Sh—lmah—17775h7r)}f:1 where, for each T,
Sh,r'|Fn—1,r is independent of {(sh—1,7,an—1,7,5n,7)}, .. Denote dp_17 = ¢ (sp—1,7,an-1,7) and Ap_y =
Zf:l Gh—1,0)_, . + A Fix 7 and let

K

(Z n(Sh,r ¢h 1 T> A}i1
=1
w T Tr2Trim-

Fixu € S 1. Then with probability at least 1 — §:

h—1 2H
- 2H log =5 N
U,Prp — On SE 24/log — + —==—==+ VdA ‘ i
’< (b " ¢ Jl)‘ i=1 ( & g Amin (A) ) ¢ » .
Thus, with probability at least 1 — 0,
[——) <dz L logﬁ V)
,h w,h g 5 mm h’ ,h ;/1

Lemma 13. Let " denote the event on which, for all m € 11, the feature visitation estimates returned by line 6

satisfy:

est

. H2d|H\ M .
m,h+1 — Px <d + 0 o /’
i1 = @ ’h“H Z ( V- Amm (Aw) P ‘A;ﬁ

Proof. Following similar analysis in lemma B.5 in Wagenmaker and Jamieson (2022), we also have the data collected
in Theorem 2 satisfy the independent requirements of Lemma 12. The result follows by setting A = 1/d in Lemma
12. O

Lemma 14. Let sexp denote the event on which: The total number of episodes run in line 4 is at most

) 2
d®infacq, maXged,, H</5||A(A)‘1

€/p

episodes. The covariates returned by line 4, Ay, satisfy:

+ poly (d, H,log1/d, —,

min

1ogH|,log1/e>

AH2d|TI|
qrgé%x H(;S||A 1 < d3ﬂ Amin (Ap) > log ——— . 21
Then P [(eh,)  Nelit n(NiZlel,)] < 55
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Proof. By Lemma 15, on the event 58% N (ﬂl 1 5exp) we can bound '

¢,T htl — On h+1H < e/\f Remember that

we condition on K being large enough so that we have ¢ < 1/2. Also, we can lower bound ¢ |, > 1/v/d from
lemma A.6 in Wagenmaker and Jamieson (2022). Thus,

‘ Pt — <Z>7r,h+1H2 >1/Vd—e/Vd>1/ (2\/&) .

So the choice of v = ﬁ is valid. The result then follows by applying Theorem 2 with our chosen parameters. [

bun, = I6mnlly |

Lemma 15. On the event i, N (ﬁ?zlsi ),for all m €11,

exp
’ A~

P ht1 — ¢w,h+1H2 <e/Vd.

Proof. On eexp, we can bound:
4H?d|TI
AInin (Al) Z log % )
N € €
¢7‘r,i < = .
ATV T dy/dp AHd /dlog 4H26d\H|
so that:

2
R 4H2d|H\ L‘”m R
brnt = branr |, < a Y 3y/log - =) ||
Z Amin (Ah’) Ah/
- dZ‘l / 4H d|H|
4Hd\/d1 AH7d|I|

SdH.dHi\/EZE/\[.

O

Lemma 16. Define ccy, = ﬂhsexp and ey = Npel
forallh =1,2,--- | H — 1 and & € 11, we have:

‘ N

Gr b1 — ¢7r,h+1H2 <e/Vd.

ot Then P eesy N eeqp] > 1 — 0, and conditioning on s, N Eeyp,

Proof. Obviously,

H-1
ngp U Egst - U <(‘€(}3pr)C U (Egst)c)
h=1
H-1 H
c _ c c
= U () \ () 0 (U (eh)) ) U U ()
h=1 h=1
H-1 H
c c
= (ngp) N (Egstl N (ﬂf llg(lsxp)) U U (Egst)
h=1 h=1

Using Lemma 13 and Lemma 14, we can bound

H-1

P [5§st cxp Z ( [ 62}(;} m5esc N (ﬂ? 11€::Xp)} +P {(Elgst)cD

h=1
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H-1

1)
< R
_22 oOH
h=1
<é.

And the inequality follows by Lemma 15. O

Theorem 3. (Full version of Lemma 2) With probability at least 1 — 3, Algorithm 2 will run at most

H-1. 2
. f - - _ H2d|TT 1
C’sz‘i Z INIAcQ, Max 2EHH¢ ,hHA 1 IOg | | +p01y <d,H,lOg1/5,*,10g|H,10g1/6)
— € 0 Al in
episodes, and will output policy visitation estimators ® = {an,h th=12,--- H e H} with bias bounded as:

Proof. According to Lemma 16, we can condition on the event .5 M €¢4p, thus we obtain the accuracy desired.
According to Lemma 14, we have total episodes be bounded as :

b — ¢ﬂ',h”2 <e¢/Vd.

H=1 @34infa max 10} . 1
Z o €y, 2¢€<I>h | ||A(A) 1 + poly (d, H,log1/é, /\*—,log|H|,log 1/6)
h=1 € /ﬁ min
H-1 3 2
d? infpcq, max 1 H2d|TT 1
< o €Qp ;se«bh ||¢||A(A) H?log ;“ | + poly (d, H,log1/é, )\*—,logﬂ_{\,log 1/6) :
€ i
h=1 min

Conditioning on €¢st N Ecqp, We have for all m € 11,

éﬂ,h - ¢5w7h“ < e/\/&, thus we can upper bound:
2

2

ant, mac s = of el
< Aiélsgh en <2 H(b”’h”i(")*l +2 ‘ qgﬂ’h B (b”’hHi(A)l)
< Jinf max (2 167n A (a)-1 + dAme(i(A))>
< Jnf, max A lomallan + Jim
Thus, the total number of episodes is bounded as:
CH?*a? Hz_:l infaeq, max;en Hqsﬂ’huiﬂ log H2§|H| + poly (d, H,log1/é, %, log |T1|, log 1/e> . (2
h=1 min

O

From lemma B.10 in Wagenmaker and Jamieson (2022), we can bound:

inf 2 <d.
Anf nggll%,hllA 1 <

Thus we have:
Corollary 1. The sample complexity in Algorithm 2 is bounded by:

d*H3 H2%d|I
O log ] +C ),
€2 )

where C; = poly (d, H,log1/é, A,‘#.,log II1], log 1/6).
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C Construct the Policy Set

In this section we provide the proof for the policy set II we constructed. The construction techniques follows directly
from Appendix A.3 in Wagenmaker and Jamieson (2022) and we will prove such construction also works in MDP
with adversarial rewards. Our main result is stated in Lemma 18.

Lemma 17. In the adversarial MDP setting, where the loss function changes in each round, the best policy of the
MDP M(S, A, H, {Ph}thl , {Kk}szl) in rounds 1 to K from the set of all stationary policies, is the optimal policy

of the MDP with a fixed loss function being the average. Denote the average MDP as ./\;I(S, A H, {Ph}hH:1 , E) with

the same transition kernel and the average loss { = % Zle U
That is:

K
if 7" = argmin E vir,
T k=1

then 7* = argmin VT

s

Where V is the value function associated with the new MDP M.

Proof. Let . = ((s1,a1), (s2,a2), -+ (sg,am)) be the trajectory generated by following policy 7 through the MDP.
Denote the occupancy measure p] (S, ap,) as the probability of visiting state-action pair (s, ap) under trajectory 7,

and ™ = (U7, pf, - pfy)-
For any stationary policy 7, we have:

H
vr= Z 15 (Shy an)li(sn, an) -
h=1 (sp,an)ESHL XA

Since the two MDP share the same transition kernel, the occupancy measure generated by the same policy stays
unchanged. So we have:

K K H
Z Vit = Z Z Z i (Shs an)li(sn, an)
k=
H K
= Z Z wr, (8nyan) (Z lk,h(sluah)>
k=1

h=1 (sn,an)ESKL xAp

H
=3 > pGsnan) - Ki(sn,an)

So 7* satisfies:

K
7% = argmin E Vi =argmin V™.

O

Lemma 18. Choose c to be an arbitrary constant, then we can construct a policy set 1l for any linear adversarial
MDP M(S, A, H, {Ph}hH:1 , {ék}le), such that there exists a policy w € 11, when compared with the global optimal
policy, the regret of which is bounded by 1:

K
V-V <1,
s=1
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So that:
K

K
Reg(K Z V- VE = nggz Vi =Y VI 4 Reg (K;10) < Reg (KG1T) + 1
s=1 k=1

and the size of 11 is bounded as:
dH?
| < (1 4 32K2HAd5 log (1 + 16HdK)) :
where d is the dimension of the feature map.

Proof According to Lemma A.14 in Wagenmaker and Jamieson (2022) that for any linear MDP
M(S, A H, {Ph} he1 > ) with fixed reward function #, we can construct a policy set, that there exists a policy 7 € II,

< €. And the size of the policy set is bounded as:

which approximates the best policy of M with bias ‘V” — v

2

32H*d%/? log (1 + 16Hd/€') "
< {1+ (23)

(¢')”

Notice this construction is based entirely on the set of state action features ¢ (s, a) and require no information on the
loss or reward function. In the adversarial case, we choose M to be the average MDP denoted in Lemma 17, and we
obtain the regret bound of 7 in all the K episodes:

K
z::lv,gr V=K (V“ — V“) —K (V* — V’T) < Ke'. 24)

The proof is finished by taking ¢’ = 1/K in Equation (23).
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