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Abstract

Machine learning models often struggle to generalize across domains with varying data
distributions, such as differing noise levels, leading to degraded performance. Traditional
strategies like personalized training, which trains separate models per domain, and joint
training, which uses a single model for all domains, have significant limitations in flexibility
and effectiveness. To address this, we propose two novel domain adaptation methods for
regression tasks based on interpretable unrolled networks—deep architectures inspired by
iterative optimization algorithms. These models leverage the functional dependence of select
tunable parameters on domain variables, enabling controlled adaptation during inference.
Our methods include Parametric Tunable-Domain Adaptation (P-TDA), which uses known
domain parameters for dynamic tuning, and Data-Driven Tunable-Domain Adaptation (DD-
TDA), which infers domain adaptation directly from input data. We validate our approach
on compressed sensing problems involving noise-adaptive sparse signal recovery and domain-
adaptive gain calibration, demonstrating improved or comparable performance to domain-
specific models while surpassing joint training baselines. This work highlights the potential
of unrolled networks for effective, interpretable domain adaptation in regression settings.

1 Introduction

Machine learning models typically learn input-output mappings by optimizing parameters to minimize pre-
diction errors on paired data. Their ability to generalize effectively to unseen data hinges on the assumption
that both training and test data are drawn from similar distributions. However, this assumption often breaks
down when data varies due to domain-specific factors, such as noise levels, leading to performance degrada-
tion. To ensure robust model performance in such settings, it becomes critical to account for this variability
during training.

A straightforward strategy to handle domain shifts is Personalized Training (PT), where separate models
are trained for each domain. While this yields strong performance, it becomes impractical when the domain
parameters vary continuously, and it also requires precise domain information during inference. On the other
hand, Joint Training (JT) consolidates data from all domains into a single model, eliminating the need for
domain-specific information. However, JT typically underperforms compared to PT, as it attempts to learn
a unified representation across varying domains, which may not capture domain-specific nuances effectively.

To address the issues arising in the PT and the JT approaches, transfer learning and domain adaptation
techniques have been proposed, often outperforming both PT and JT. In classification tasks, these methods
commonly involve retraining only the final layers of a model, under the assumption that the feature extrac-
tor is domain-invariant Yosinski et al. (2014)); |[He et al. (2016)); |[Devlin et al. (2019)); [Pan & Yang| (2010).
However, identifying which layers should serve as feature extractors is non-trivial [Tseng et al.| (2023). In [He
et al.| (2024), the authors describe a gradual domain adaptation method using optimal transport to improve
classification performance across large domain shifts. In [Farahani et al| (2021]), Farahani et al. describe
domain adaptation methods that address domain shifts by aligning features between domains, learning deep
domain-invariant representations, iteratively refining models with pseudo-labels on target data, and using ad-
versarial training to make features indistinguishable across domains. These require separate domain-specific
data for progressive retraining during adaptation. But, all these approaches do not extend well to regression
tasks—which is the primary focus of this work.
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Our goal is to develop domain adaptation methods suitable for regression problems where the underlying
assumption is that the domains are parametric. While Deep Neural Networks (DNN) and Convolutional
Neural Networks (CNN)-based methods have demonstrated strong performance, their non-interpretable na-
ture obscures the internal mechanisms of the network, making it difficult to determine which parameters
should be adjusted for domain adaptation.

In this paper, we address these limitations by adopting interpretable unrolled networks Monga et al.| (2021)—
deep learning architectures derived by unrolling iterative optimization algorithms into finite-layer neural
networks. These models combine the structure of classical optimization with the flexibility of deep learning,
leading to improved interpretability. When trained on data with domain variability, the learnable parameters
of unrolled networks often exhibit functional dependence on the domain parameter. Importantly, only a
subset of these parameters—referred to as tunable parameters—tend to vary significantly with the domain,
while the rest remain relatively invariant. Because the network is based on known algorithms, it allows us
to uncover the functional relationship between the domain and its corresponding parameters. This allows us
to model tunable parameters as functions of the domain parameter, enabling controlled adaptation during
inference.

With an objective of designing a single network that effectively adapts to multiple domains, we propose two
novel domain adaptation methods:

o Parametric Tunable-Domain Adaptation (P-TDA): This method assumes that domain parameters
are either known for each data instance or that there exists a predefined function linking domain
parameters to the tunable parameters of the unrolled network. The model is trained to minimize
prediction error across domains by adjusting its parameters based on domain-specific characteristics.
During inference, the model dynamically adapts by tuning the relevant parameters according to the
known domain value.

o Data-Driven Tunable-Domain Adaptation (DD-TDA ): In cases where neither the domain parameters
nor the parametric relationship is known, this method learns a function that maps input data to
domain-specific tunable parameters. During inference, the model simultaneously predicts outputs
and adapts its parameters in a self-supervised fashion, using only the input data.

We demonstrate the effectiveness of these methods through two applications in Compressed Sensing (CS)
Donoho| (2006), a domain where the objective is to recover sparse signals from a limited number of mea-
surements. The Iterative Shrinkage-Thresholding Algorithm (ISTA) [Daubechies et al.| (2004)) is a commonly
used, interpretable, mathematically derived method for solving the CS problem that can be naturally con-
verted into an unrolled network. Building on this, unrolled optimization methods like Learned-ISTA (LISTA)
Gregor & LeCun| (2010)—a learned, unrolled variant of ISTA—have gained popularity for their balance of
speed and interpretability, modeling each ISTA iteration as a separate layer in the network.

e Noise-Adaptive LISTA: In our first application, we focus on sparse signal recovery under varying noise
conditions. Prior work Donoho & Johnstone| (1994)) has shown a strong relationship between the noise
standard deviation and the soft-thresholding parameter in LISTA. Here, the domain parameter is the
noise standard deviation (assuming Gaussian noise), and the tunable parameter is the soft-threshold
parameter. Both P-TDA and DD-TDA are applied in this context. P-TDA leverages known noise
levels to train a black-box model for dynamically adjusting the soft-thresholding parameter. In
contrast, DD-TDA infers the relationship directly from data, learning how to adapt without access
to the noise level during inference. Several experiments revealed that our methods perform at least
as well as PT—and often better—in terms of the defined hit rate metrics, while also achieving lower
estimation error compared to the JT method.

e Domain-Adaptive Gain Calibration: In our second application, we extend the proposed framework
to a different compressed sensing problem involving multiplicative distortions modeled via unknown
sensor gains. Here, the domain variability arises due to the changes in sensor gains. Using explicit
gain information (P-TDA) or data directly (DD-TDA), we demonstrate that both P-TDA and DD-
TDA can efficiently adjust to such gain-induced variability by learning gain-compensated network
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parameters. Our results demonstrated that the suggested adjustable models beat joint training
baselines in both structured and random gain cases, while achieving performance competitive with
domain-specific models.

The paper is organized as follows. In Section [2] we formulate the general learning problem in a domain-
parameterized setting. In Section [3] we present the proposed domain-adaptation method through unrolling-
based networks. Two applications of the proposed approach for noise adaptation and gain calibration are
discussed in Sections [] and [5] respectively, followed by conclusions.

2 Problem Formulation

Consider a learning problem from a set of paired data points D = {y,,,x,}Y_; where y,, € CVv is input or
feature to a network to be learned and x,, € CN= is the corresponding output or label. Here, N represents
the sample count of the dataset. The objective is to learn a function or a network fo g : CNv — CNe=,
with the learnable parameters (o, 8), such that the estimate fo g(y») is close to the true output x, in a
predefined distance metric. The goal is typically achieved by fine-tuning the learnable parameters by solving
the following optimization problem:

min Z d(Xn»fa,ﬁ(yn)) ) (1)

a,B

(¥Yn,xn)ED

where d(-,-) is a distance metric in CN=. The parameters learned through the process are optimal for the
training data D. It is expected that for any unseen data pairs, the learned network will provide fairly
accurate results, given that the unseen or test data is similar to the training data. The similarity is generally
ascertained by assuming that the train and test data are samples from the same probability distribution.

In many practical applications, the data set could be parameterized as Dg where 6 is the parameter vector
whose entries could be either discrete or continuous values. For example, 8 could represent the noise level in
the features/input. Since the data changes with @, an important question arises on how to train the network
in this scenario. For the simplicity of the discussion, let us assume that @ can take on one of the following
J values: {6; }3']=1~ Then we can have the following training options.

The first is to train individual networks for each data set Dg,. Such PT approach results in the learnable
parameters {o;, 8;} as a result of the following optimization problem

argmin Y d(Xn, fap(yn)) - (2)

a,B
(¥n,%xn)€Do;

The PT method requires training J networks, which may not be practically feasible, especially when 8 is
a continuous variable. In addition, during inference, the precise value of 8 should be known such that the
corresponding network is used. Any mismatch may amplify the inference error.

To reduce the number of networks to be trained, a JT strategy could be used. Here, a single network is
trained for all the data as

J
{aJOth7 IBjOint} = arg Ig}g Z Z d (Xm faﬁ (yn)) . (3)
J=1 (yn,xn)€EDo;
Unlike PT, in the JT approach, knowledge of the precise value of 6 is not required. However, this approach
may have an inferior performance compared with PT due to combined training. The reduction in performance
depends on how the data parameter 0 is related to the data and hence, varies for different models.

An alternative and, perhaps, a more suitable solution to the problem is to apply methods from transfer
learning and domain adaptation. In transfer learning, a general-purpose pre-trained network, let us say, on
data set Dg, , is retrained for a new data set, say Dy, Yosinski et al.| (2014); [He et al. (2016); |Devlin et al.
(2019); [Pan & Yang| (2010). While retraining, most layers are fixed, and the remaining ones, usually the
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last few, are relearned for the new data. For example, let fo, g, is the network learned on Dg,. Then,
during fine-tuning or retraining, the parameters a; are kept fixed, and the parameters 8 are learned. The
pretraining and fine-tuning steps for the example considered here are given below.

Pre-training: {ay, 81} = argmin Z d(Xn, fa,p(¥n)) -
o (yn,xn)GDel

Fine-tuning: {82} = arg mﬁin Z d (Xn, fa,,8(¥n)) -
(men)GDeg

The fine-tuning-based method to adapt a network for new data is typically applied in classification tasks
where the first few layers are assumed to act as feature extractors. The last few layers, which are retrainable,
work as classifiers. The features could be the same for different data sets; hence, only the classifier must
be tuned. However, in conventional DNNs/CNNs; it is not straightforward to differentiate between feature
extractor layers and classification layers. The method may also not be directly applicable to regression tasks,
which are of interest in this work.

In the previous approach, once the network is pre-trained on data Dg,, the data is no longer used during
fine-tuning for dataset Dg,. Note that the data from Dg, and Dy, have different distributions, and in the
fine-tuning approach, there is no emphasis on distribution alignment. On the other hand, in the supervised
domain-adaptation methods, data from all the distributions are used simultaneously to train a network, as
in equation [3] with an additional term that explicitly reduces distribution differences between the data [Long
et al.| (2013} [2015); Motiian et al. (2017). Though these methods seem suitable for the problem considered in
this paper, the approaches do not consider the parametric relationship among the data, which is prevalent
in many applications. Further, most notable works in transfer learning and supervised-domain-adaptation
focus on classification tasks, and it is unclear how to extend them to regression problems, except a few works
Tolooshams et al.| (2021); [Lu et al.| (2019)); |[Li et al.| (2023); |Zhang et al.| (2024)); |Chen et al. (2022); Pardoe
& Stone| (2010). Again, these works treat each domain independently and do not consider any underlying
parametric relationship.

3 Domain-Adaptation Through Unrolling

In this section, we discuss the proposed method for adapting a network from the data. In the fine-tuning
approach discussed in the previous section, only B is learned for the new data. As discussed, in DNNs/CNNs,
though there is intuitive reasoning about it, it has not been proven theoretically why only a certain part
of the networks should be tuned. Additionally, the layers of a DNN or a CNN are not interpretable, which
makes it challenging to prove the tuning part. Unlike DNNs/CNNs, unrolling (or unfolding)-based methods,
which are deep learning models that are derived by unfolding an iterative optimization algorithm into a finite
number of layers, are interpretable|Gregor & LeCun| (2010)); Monga et al.| (2021]). These networks incorporate
domain-specific knowledge from optimization techniques and leverage the power of deep learning for efficient
and interpretable learning. By noting that the parametric relationship between the domains stems from
physical models that generate data and unrolling networks are domain and model-specific, we show that
fine-tuning can be made interpretable and efficient.

To elaborate on the interpretable domain adaptation via unrolling framework, let fqo g(-) be the unfolded
network. Unlike standard DNNs/CNNs, the learnable parameters {a, 8} in this network are model-specific
and are interpretable. When the network is trained on parametric data Dg, the network’s parameters {a, 8}
are function of 8. In the following, we assume that among these, o changes negligibly with 8, whereas, 8
strongly depends on 6. Mathematically, there exist a function g(-) such that

B =9,(0), (4)

where ¢ are parameters of the function. The function g(-) can be either derived from the physics of the
generating model or learned from the available data. The assumption of the existence of g, is the same as
in the fine-tuning approach. However, the assumption holds in practice for many unrolling networks and
parametric data, as shown in the following sections. A P-TDA approach is used for known g and @, to learn
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the network as

J
mind Y d (%, a0, ¥n)) - (5)

J=1 (yn,xn)€EDo;

The resulting network fo 4., (6) () can then be adapted to test data coming from any domain by substituting
appropriate 8. When g, is unknown and 6 is known, it can be learned by solving the problem

J
wind> 3 A fasuiop¥a))- ©

j=1 (Yn 7x7z)eD8j

In practice, g, is realized using a neural network where the inputs are the domain information 8; as well as
the measurements y,s. In addition, the parameters to the forward model can be used. We observe that the
additional information of the measurements improves the performance of the overall tunable network.

In the case of unknown g and @, we propose the following DD-TDA approach. By noting that the data
is implicitly dependent on 6, we train a function h,(-) which is expected to estimate 8 from the data.
Specifically, we optimize the following problem

J
mind" D7 d (s fog v (¥a) - (™)

=1 (yn%n)EDo,

The proposed method results in a single tunable network fq 5,,(.) (). Note that during inference, for any test
input y, the network not only predicts the output but also tunes the network via the function h,. Asin the
previous model, the function h,, is realized using a neural network.

In the aforementioned formulation, the network fq 1, (.)() is trained over the domains {6;,j = 1,---,J}.
The network is expected to adapt well to any data from the trained domains. However, whether it will
perform well on an unseen domain 6 ¢ {6;,j = 1,---,J} depends on the generalization ability of the
function hy (). As we will show in the following sections, the generalization ability depends on the task and
how the domain parameter depends on the network parameter. In general, the generalization is good for
large J, as with any learned network, where the generalization typically improves with the data size.

In the following sections, we consider two practical scenarios of the aforementioned framework. In particular,
we discuss domain adaptation for compressive sensing in the next section, followed by adaptation for blind
calibration problems.

4 Noise-Adaptive Tunable LISTA

This section considers the first problem of domain adaptation through tunable unrolled networks. The
problem is to recover sparse vectors from their compressed measurements under different noise conditions.
Before detailing the problem and the proposed solution, we first give a quick background of the compressive
sensing problem, its solution, and LISTA.

4.1 The Compressed Sensing Problem

Consider a set of noisy linear measurements as
y =Ax+m, (8)

where n € R™ is an additive Gaussian noise vector with zero mean and variance o2. Here, y € RMv

representing the measurement signal, x € RY* denoting the unknown signal to be estimated, and A €

RNv*Na gionifying the measurement matrix with N, < N,. The underdetermined system of equations can
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be solved with a sparsity assumption on x, that is, ||x||o < K where K < N,. A widely used approach to
solve the problem is to minimize the following ¢;-minimization problem:

. 2
m;n||y—AX||2+>\||xH1. 9)

The objective function encourages solutions that balance data fidelity, captured by the first term, and
sparsity, controlled by ||x||;. The balance can be achieved by choosing the hyperparameter A appropriately.
Several practical algorithms, such as the basis pursuit, iterative hard-thresholding, and ISTA [Daubechies
et al.| (2004)); Beck & Teboulle| (2009), have been developed to solve the optimization problem.

Most of the aforementioned algorithms are iterative and, starting from an initial estimate, refine the estimate
in each iteration. For example, let x* be the current estimate of the sparse signal at iteration k, x**1 is the
updated estimate for the next iteration. The update rule in ISTA is given as

xFtl = Sp (le + ngk) , (10)

with

1 1 A
W, =-AT, Wy,=Iy —-ATA, and B=72, (11)
K K K

where Iy, is the IV, X N, identity matrix and Sg is an elementwise soft-thresholding operation with threshold
parameter § = % where & is greater than the largest eigenvalue of AT A.

While ISTA and other algorithms work well in practice, their convergence is slow. In addition, the methods
are data-independent. On the other hand, given a set of data with some underlying structure (for example,
drawn from the same distribution), the algorithms should be able to be fine-tuned to improve the performance
and convergence. This is precisely the LISTA |Gregor & LeCun| (2010) algorithm where the matrices a =
{W1, Wy} together with the thresholding parameter 8 are learned from the data by keeping the number of
iterations fixed. The LISTA is shown to converge in fewer iterations than the original ISTA.

Before we discuss the proposed noise-adaptive LISTA, we quickly summarize a few results on adaptive LISTA
approaches and compare them with the current one.

4.2 Adaptive LISTA

In the original LISTA framework |Gregor & LeCun| (2010]), the network is trained to learn the parameters
{W1, Wy, 8} (cf. equation using data generated from a specific distribution and a known measurement
matrix A. Changes in A lead to changes in the distribution, affecting the measurements y,, and necessitating
network retraining. To address this, Aberdam et al. |Aberdam et al.| (2021)) introduced an adaptive LISTA
algorithm where matrices Wy o are decomposed into two parts: a fixed component dependent on A and
a learnable component similar to traditional LISTA. This enables training on data generated by multiple
choices of A, optimizing the network accordingly. At inference, the network adapts to new A before predic-
tion, demonstrating improved performance across varying A values with theoretical guarantees. However,
this method requires precise domain parameter knowledge (here A) during inference, and the matrix decom-
positions introducing domain dependence are less straightforward, leaving room for alternative approaches
Chen et al.| (2018); [Liu & Chen| (2019)); |Chen et al.| (2021)).

While our focus differs, our DD-TDA framework does not necessitate prior domain parameter knowledge.
In cases where it is known, we optimize its use akin to the P-TDA approach.

4.3 Noise-Level-Specific Domains

In this problem, noise variance parameterized the domains, and the domain-specific measurements are given
as

D@j:Uj = {Y1]7x7,}£\;1 v.] = {1727 SRR J}7 (12)
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Table 1: Test results of retrained DNNs for domain adaptation
Training approach D1(6 dB) D2(16 dB) D3(31 dB)

NMSE (in dB), ITR(%)

Joint train -6.60, 54.22  -12.34, 76.72  -13.33, 79.81
Retrain last layer -6.72, 53.73  -12.64, 77.87 -13.79, 81.17
Retrain last 3 layers -7.10, 53.93 -13.92, 83.40 -16.17, 89.24

where
yij = Ax; +m;, n; ~N(0,071y,), (13)

and Iy, is an identity matrix of dimension N, x N,

Specifically, for each domain, the noise levels are different while the rest of the measurement model remains
fixed. The measurement model is practically relevant, as the noise levels can vary significantly. As discussed
in Section [2] both the PT and JT approaches have limitations. Here, we consider the problem of fine-tuning
the LISTA model to adapt it to different noise domains.

For ease of discussion, the different domains, based on the noise levels, are also characterized by average
SNR levels defined as

N 1 2
1 WUHAXz‘”z
SNR; = N E 10log,, (02 . (14)

4.4 A Retraining Approach

Before introducing our noise-tunable LISTA framework, we first examine the effectiveness of a retraining-
based method that utilizes a DNN to address the noise-tunability challenge. The experiment is conducted on
a dataset with three domains with SNRs of 6 dB, 16 dB, and 32 dB. Data is generated following equation
and equation (see the data generation part of Section for details). We start by training a fully
connected neural network on a combined dataset containing samples from all domains. The network consists
of three hidden layers with 256, 512, and 256 neurons, respectively, each followed by ReLLU activations. For
domain-specific adaptation, we perform staged retraining by progressively unfreezing deeper layers of the
network on the target domain data. For retraining, we use domain-specific data that was previously included
in a mixed-domain dataset during the initial training phase. Initially, only the final layer is retrained; then,
we freeze the first hidden layer and fine-tune the remaining layers, including the output layer. Results in
Table [I] show that retraining just the final layer does not yield significant improvements across varying noise
levels. However, as more layers are made trainable, performance on the test data, measured in terms of
NMSE and HR (defined in equation [16|and equation , improves consistently. These findings suggest that
adapting only the final layer is insufficient for effective tunability. Instead, identifying the optimal subset of
layers to retrain may require a trial-and-error approach, which can be task-specific and assumes access to
domain-specific data for adaptation.

4.5 Proposed Noise-Adaptive LISTA (NA-LISTA)

Unlike the previous DNN-based methods, we show that LISTA is tunable to noise levels. Specifically, we note
that among the learnable parameters of LISTA, a = {W1, W3} and f3, the latter one is a strong function of
the noise variance o for a fixed A, that is, we have that 5 = g(o). There are several choices of g |Galatsanos
& Katsaggelos (1992)) and one of the widely used ones is given as |Donoho & Johnstone| (1994)

B =0c+2logN,/k. (15)
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(a) k-th layer of LISTA. (b) k-th layer of P-TDA model for NA-  (c) k-th layer of DD-TDA model for
LISTA. NA-LISTA.

Figure 1: Layers/iterations of different LISTA architectures: (a) Conventional LISTA, (b), (¢) NA-LISTA.
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Figure 2: The network architechture for g, with output dimensions of each layer in red. The h, network
architecture is same with only y and A as inputs. Here, BN stands for batch normalization.

The above formulation implies that the higher the noise variance, the larger the soft thresholding is. Since
soft-thresholding operation promotes sparsity, larger 5 generates sparser estimates. The choice in equation[I5]
requires precise knowledge of o, which may not be available in practice. An alternative approach is cross-
validation |Golub et al.| (1979) where § is learned from validation data. The learned parameter is not optimal
if the validation data consists of measurements with various noise levels.

To address the limitations mentioned above, we apply the proposed P-TDA (assuming a known o) and DD-
TDA methods. One iteration or layer of these two methods, including the conventional LISTA, are shown in
Fig.[l} In DD-TDA, {A,y, o} are used to tune the network by altering 8, whereas, in DD-TDA framework,
only {A,y} are given as input to h, to tune . In the following, we discuss the data generation and results.

Data Generation and Network Architecture: To evaluate the proposed NA-LISTA, we generated a
synthetic dataset as per equation [[2l-equation The matrix A was kept fixed in all the experiments, and
its entries were sampled from a standard normal distribution followed by columnwise normalization. Further,
we set N = 100, N, = 30, and K = 3. The entries of the noise vector were zero-mean Gaussian random
variables with domain-specific standard deviations. Specifically, noise variance o; simulates J distinct SNR
levels for robustness assessment. The total number of samples generated was split into train, validation, and
test sets in the ratio of 56%, 24%, and 20%, respectively.

Since samples from all the domains were used to train and test the JT, P-TDA. and DD-TDA methods,
in order to maintain dataset size uniformity, we used the same number of samples for each PT model. For
example, for the J domains used for training, we generated N4, (training set slice of N) examples from
each domain, and used Ny.qin X J training samples for JT, P-TDA, and DD-TDA methods. Whereas, we
generated Nipqin X J examples for training each domain-specific PT model. In the following experiments,
we consider J = 3 and N = 43, 000.

Fig. [2] depicts the network architecture used to realize the functions g, and h, for P-TDA and DD-TDA
methods. The dimensions of the outputs of each layer are marked.

LISTA networks with the proposed g, and h, networks were jointly trained in an end-to-end fashion using
backpropagation, and the mean-squared error (MSE) loss was used as the cost function. The MSE was
measured by averaging the Euclidean distance ||x* — %X||3 over the training batch, where x* and % denote
the ground truth and predicted sparse signals, respectively. The network parameters were initialized as
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dB), D2 (0 = 0.03, SNR = 16 dB), and D3(c = 0.005, SNR = 4 dB), D2 (¢ = 0.06, SNR = 10 dB), and D3(c = 0.035, SNR
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Figure 3: Comparison of the proposed methods with the JT and PT methods for NA-LISTA for different SNR
ranges. PT’s performances are better than JT’s for each domain. The P-TDA/DD-TDA has comparable
performance to PT, demonstrating the noise-tunability aspect.

mentioned in equation where A was initialized to 0.1 and x was 1.001 times the maximum absolute
eigenvalue of ATA.

Performance Metrics: Model performance was evaluated using Normalized Mean Squared Error (NMSE)
and Hit Rate (HR). Let x* be the ground truth signal and % be the predicted sparse signal. The NMSE
contribution by each test sample is given by

a2
[|x* _XHZ

NMSE =
13

(16)

For our experiments, the average NMSE over the entire test set was computed and reported in decibels.
The HR, with a relative error tolerance t, is defined as

S0 16 (1) # 0)1(x" (1) — K(n)| < 5 (n) )

HR =
K

Here, n indexes the elements of the vectors x* and X. HR measures the fraction of nonzero entries in X
whose estimates fall within a relative error tolerance of ¢, set to 0.3 in our experiments. For our experiments,
the average HR (in %) over the entire test set is reported.

Experiments: We conducted three evaluations. The first one focused on a broad range of SNRs, another
covers a lower SNR range, and a third for testing generalization by evaluating on unseen SNR levels. In
each of these, our proposed DD-TDA and P-TDA methods were compared with the baseline JT and PT
methods. For both JT and PT, conventional LISTA networks were trained.

Comparison with the existing methods: For the broad range we considered three noise levels as D1
(o0 =0.1, SNR = 6 dB), D2 (¢ = 0.03, SNR = 16 dB), and D3(c = 0.005, SNR = 32 dB). For the narrow
range, the SNRs are given as D1 (o = 0.12, SNR = 4 dB), D2 (¢ = 0.06, SNR = 10 dB), and D3 (¢ = 0.035,
SNR = 15 dB). For these two scenarios, the NMSEs and HRs of the methods when tested for each domain
are shown in Figs. and Here, PT-D1, PT-D2, and PT-D3, refers to PT methods trained for
domains D1, D2, and D3, respectively. We observe that PT methods trained for a specific domain perform
well when tested on the same domain. The performance deteriorates when trained and tested on different
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Table 2: S(W) and S values for PT models

Domains (SNR) | D1 (6 dB) | D2 (16 dB) | D3 (32 dB)
S(W1) 16.35 16.1 15.55
S(Wy) 15.07 17.77 15.62

Jé] 0.088 0.048 0.037
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Figure 4: Results for generalization experiment. Like before, we can see that DDTDA and PTDA perform
much better than JT and as well as PT in the hit rate (HR) metric.

domains. Further, PT gives lower error (better HR) than JT for all the domains, and this observation is
more evident in the HRs, where PT shows a performance improvement of 6 — 12% over the JT for D2 and
D3. We note that the JT and PT perform similarly on D1, likely because PT-D1 was trained only on highly
noisy samples, unlike JT, which saw both clean and noisy data, leading to PT-D1 underperforming relative
to expectations.

Comparing the proposed P-TDA and DD-TDA with the PT method, we observe that the proposed ap-
proaches are performing on par with the respective PT methods for each domain. Focusing on the DD-TDA
method, which does not consider the domain knowledge, and has comparable performance with the PT
methods. The only notable performance gain of PT over our methods is that in D3 during the broad SNR
range experiment, with an NMSE gain of around 5 dB, likely due to PT-D3 having access to significantly
more clean training examples than the DD-TDA method. The results show the tunability aspect of the
NA-LISTA for different noise levels.

Having assessed the fact that few network parameters are tunable with the domains, next, we show that the
remaining parameters are nearly invariant to the domains.

Invariance of o with 6: Here, we asses the variation of the network parameters a = {W1, W3} and
threshold 8 with the noise levels § = o. For NA-LISTA, it was assumed that a does not vary significantly
with o and § changes significantly with domains.

To assess the invariance of a across domains, we define the normalized Frobenius norm metric. To compare
the structure of learned weight matrices across trained models, we define a scale-invariant metric such that it
normalizes the Frobenius norm by the maximum absolute value in the matrix. Mathematically, we measured
the metric S(W) = % and the values are shown in Table |2l We note negligible changes in the metric
for both matrices when the networks are trained for different domains. On the other hand, the values of
8 have a significant change with domains, justifying the assumption. Next, we discuss the generalization

ability of the proposed approaches.

10



Under review as submission to TMLR

(a) k-th layer of modified LISTA for (b) k-th layer of the P-TDA-based (c) k-th layer of the DD-TDA-based
gain calibration. modified LISTA for gain calibration. modified LISTA for gain calibration.

Figure 5: Tunable model for blind calibration gain with B as a tuned parameter.

Generalization: Building on the previous experiments, which evaluated the model’s performance on do-
mains with known SNR levels, we now assess its ability to generalize to unseen domains. Unlike before, the
model is tested on SNR levels that were not part of the training set, allowing us to evaluate its adaptability
and robustness in entirely new noise conditions. We considered six domains, D1-D6, with average SNRs (in
dB) of {4, 10, 15, 20, 26, 32}. All the models, JT, PT, DD-TDA, and P-TDA, were trained on domains D1,
D3, and D5 while they were tested on D2, D4, and D6.

Since this experiment evaluates the ability to generalize to unseen domains, we compare our proposed
models specifically against the JT method, focusing on their respective generalization capabilities. The
results, presented in Fig. 4] demonstrate that our methods outperform the baseline JT approach, especially
in the HR metric by around 9-16%. On comparing the P-TDA and DD-TDA methods with PT methods, we
observe that PT methods result in a lower error of 3 — 5 dB for D4 and D6, which are high SNR domains.
Whereas, for D2, with SNR of 10 dB, the P-TDA and DD-TDA have comparable performance to the PT
approach.

In the following, we consider another application for the P-TDA and DD-TDA methods.

5 Domain-Adaptive Sparse Gain Calibration

Consider the measurements of the form
y = diag(c)Ax + 7, (18)

where, except ¢ € RVv, the rest of the parameters have the same dimensions and characteristics as in
equation Here c; is the gain of y;-th measurement. In particularly, x is K-sparse. The measurement
model is prevalent in several applications, such as time-of-flight imaging Steiger et al.| (2008); Mersmann
et al.| (2013]), direction of arrival estimation with unequal sensor gains Paulraj & Kailath| (1985), and more.
An unknown c¢ amounts to a sparse-blind calibration problem [Schulke et al.| (2013). In |Tolooshams et al.
(2023), a data-driven approach, based on LISTA, was proposed to solve for an unknown but fixed c. However,
the network has to vary as c varies, which is the practice case. Here, we consider the applicability of the
proposed tunability approach by considering the domain parameter as c. Specifically, the data for the
parametric domains are defined as

Do—c, = {yijsxi}ie, Vj={1,2,...,J}, (19)
where

vij = diag(c;)Ax; +n;, n~ N(0, 02IN?/). (20)

Note that the noise variance is constant across domains, unlike the parametric-domain model in equation
and equation However, this is not a limitation; noise (1) and gain (c) could be the domain parameters.
Since our objective is to show the tunability aspect of the network as c varies, o is kept fixed. Next, we
discuss the details of the data generation and network architecture, followed by the simulation results.

11
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Figure 6: The network architechture for g, with output dimensions of each layer in red. The h, network
architecture is the same with only y as inputs.

5.1 The Proposed Approaches and Network Architecture

We first propose an approach that is applicable to both the PT and JT methods. Then, we suggest a
modification to make the method domain-adaptive.

There are several possible approaches to solving the sparse-gain calibration problem. For example, one could
treat diag(c)A as the measurement matrix and then apply the conventional LISTA algorithm. Alternatively,
one could learn the matrices diag(c) and A separately, as in [Tolooshams et al.| (2023). The former approach
lacks adaptability, as the matrix diag(c) is not learned independently. In contrast, the latter approach leads
to a more complex network, since the information in diag(c) is embedded within each layer of LISTA.

Another alternative, when c is known, is to solve the optimization problem in equation [§] using LISTA,
after normalizing the measurements via y = diag(c™!)y. However, this may significantly amplify noise in
measurements corresponding to small values of ¢ — a well-known issue in deconvolution problems. Moreover,
the exact values of ¢ may not be known in practice.

We address these issues by proposing an approach based on Wiener filtering for deconvolution, combined
with a learning strategy. Specifically, instead of using the normalized measurements diag(c™!)y, we learn
a vector b jointly with the LISTA parameters, such that diag(b)y is used as the input to LISTA. As in
Wiener filtering, the entries of the learned b are expected to be small when the SNR for the corresponding
measurement is low. This approach mitigates the problems associated with directly using ¢~!. Furthermore,
deconvolution is performed only once, after which the subsequent layers follow the conventional LISTA
structure (cf. Fig. [f(a)). The network can be trained either jointly across all domains or individually per
domain to learn the parameters b, W 5 and the soft-thresholding parameter A.

Since the domains are parameterized by the calibration vector c, enabling adaptability or tunability requires
identifying the parameters that vary significantly with c¢. In Fig. the matrix B is introduced to
compensate for the gain factor, while the rest of the network retains the structure of the traditional LISTA.
Moreover, in the noise-free case, if one were to solve the problem using conventional ISTA, B would act
as ¢~ '. Hence, the calibration gains 8 = B are expected to vary significantly with c, in contrast to the

parameters o = Wy o, A, which are relatively invariant.

Motivated by this insight, we propose the P-TDA and DD-TDA methods, as shown in Figs. [f[b) and (c),
respectively. In the P-TDA method, B is learned from both the known ¢ and the measurements using the
network g, (). In contrast, in the DD-TDA approach, B is inferred solely from the measurements using the
network Ay ().

Data Generation: For the experiment, we considered two sets of parametric domain datasets following
the model in equation The first set uses structured gains, where ¢ follows a sinusoidal distribution.
Specifically, the entries of ¢ for each domain were generated as

cj(n) = |a sin 27 fin + ¢;) + b]. (21)

The variation in c¢; across domains is governed by changes in {f;, ¢;} and can therefore be controlled. In
contrast, when c;(n) was randomly generated, the resulting measurements vary significantly across domains.

In the experiments, we fixed a = 0.5 and b = 0.6, and sampled f;, ¢; uniformly at random from the interval
(0, 1]. For the random gain scenario, each c;(n) was sampled independently from a uniform distribution over

12
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Figure 7: Comparison of the proposed methods with the JT and PT methods for the sparse gain calibration
problem. The P-TDA/DD-TDA has comparable performance to PT, demonstrating the domain-adaptability
aspect.

[0.1,1.3]. In both the structured and random gain cases, we considered three domains (J = 3) and generated
N = 43,000 examples per domain, following the procedure in Section

The training procedures for JT, PT, P-TDA, and DD-TDA were identical to those described in Section [4]
For the P-TDA and DD-TDA approaches, the network architectures of g, () and hy() are shown in Fig. @

Using the setup, we evaluated the methods in terms of NMSE and HR. The results are shown in Figs.
and The following observations can be made. For both gain models, the JT approach results in NMSEs
that are 5-10 dB higher than those achieved by the corresponding PT approach. In the PT method, training
and testing on different domains yields substantially higher errors (more than 20 dB NMSE) compared to
NA-LISTA (cf. Figs. and . These cross-domain errors are particularly severe when measurement
changes are significant across domains due to variations in the domain parameter.

To quantify domain similarity, we compute the cosine similarities among the vectors {c; }?:1. Let p; ; denote
the similarity between c; and c;. For the structured and random gain experiments, the similarity values are
{p1,2,p2,3,p3,1} = {0.73,0.76,0.99} and {0.59,0.78,0.82}, respectively. Due to the high similarity between
domains 1 and 3 in the structured gain case (p1,3 = 0.99), the NMSE degradation when testing PT-D1 on
D3 and vice versa is limited to around 5 dB. In contrast, for less similar pairs —for example, testing PT-D2
on D3— the NMSE degradation exceeds 20 dB.

Comparing the proposed P-TDA and DD-TDA methods to PT, we find that the NMSE and HR values
remain consistent across domains. These results demonstrate that a single network can adapt to multiple
domains, eliminating the need to train separate networks for each one.

Next, we examine the generalization capability of our proposed methods.

Generalization: To assess the domain generalization capability of the proposed approaches for the calibra-
tion problem, we trained the models on 45 different domains (D1-D45) and then tested them on five unseen
domains (D46-D50). For the JT, P-TDA, and DD-TDA methods, we generated N = 10,000 examples from
each domain, which amounts to a total of 500,000 examples for training and testing. Whereas, for the PT
models, we generated 50000 examples per domain. The datasets were divided into test, validation, and train
sets in proportions of 10%, 20%, and 70%, respectively. In all these cases, the gains were generated using

equation [21]

13
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Figure 8: Generalization performance of models, across domains with structured calibration gains. The JT,
P-TDA, and DD-TDA models were trained on 45 domains and tested on 5 unseen domains.

The NMSEs and HRs, for the JT and PT methods, together with P-TDA and DD-TDA, are shown in Fig.
We note that for all the unseen domains, the NMSEs in the PT approaches are 8-15 dB lower than the JT
methods. Both the P-TDA and DD-TDA methods result in 10-13 dB lower NMSEs compared to the JT
methods. Comparing the P-TDA and the PT methods, we note that the NMSEs of the P-TDA approach
are within a +3 dB range of the corresponding PT error for all the unseen domains. Similarly, the HRs of
P-TDAs are within £4% that of the PT. This shows the generalization ability of the proposed networks.

6 Conclusion

In this paper, we propose a systematic framework for interpretable, unrolled architecture-based domain-
adaptive sparse signal recovery with two tunability strategies: P-TDA, which uses known domain parameters,
and DD-TDA, which derives domain-relevant variations from the data itself. We concentrate on two realistic
and different types of domain variability: additive noise variance and sensor calibration gains across domains.

In the case of noise-varying domains, our approaches enable the sparse recovery network to adjust its thresh-
olding behavior without requiring domain-specific retraining. We show that P-TDA can successfully nor-
malize the input using known gains in the more difficult blind calibration scenario. When measurements are
affected by unknown gain vectors, DD-TDA learns to correct for gain distortions without explicit access to
the calibration parameters. The suggested approaches consistently exceed normal JT models and closely re-
semble or match the performance of domain-specific PT models. In the future, unsupervised domain learning
will be used to extend this framework to incorporate more complex models.
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