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Abstract

Plasticity Loss is an increasingly important phenomenon that refers to the empir-
ical observation that as a neural network is continually trained on a sequence of
changing tasks, its ability to adapt to a new task diminishes over time. We propose
Self-Normalized Resets (SNR), which resets a neuron’s weights when evidence in-
dicates its firing rate has collapsed. Across a battery of continual learning problems
and network architectures, we demonstrate that SNR consistently attains superior
performance compared to its competitor algorithms. We establish the necessity
of neuron-resets for mitigating plasticity loss by analyzing the task of learning a
single ReLU neuron with gradient descent. Under an adversarial-target regime,
an idealized SNR learns the target while regularization-based schemes can fail to
learn. SNR'’s reset-threshold is motivated by a simple hypothesis test for detecting
inactive neurons. Seen through the lens of this hypothesis test, competing reset
proposals yield suboptimal error rates in correctly detecting inactive neurons.

1 Introduction

Plasticity Loss is an increasingly important phenomenon studied broadly under the rubric of continual
learning [8]. This phenomenon refers to the empirical observation that as a neural network is
continually trained on a sequence of changing tasks, its ability to adapt to a new task diminishes over
time. While this is distinct from the problem of catastrophic forgetting (also studied under the rubric
of continual learning [[10}[13]]), it is of significant practical importance. In the context of pre-training
language models, an approach that continually trains models with newly collected data is preferable
to training from scratch [[L1} 24]. On the other hand, the plasticity loss phenomenon demonstrates
that such an approach will likely lead to models that are increasingly unable to adapt to new data.
Similarly, in the context of reinforcement learning using algorithms like TD, where the learning
tasks are inherently non-stationary, the plasticity loss phenomenon results in actor or critic networks
that are increasingly unable to adapt to new data [19]. Example and Figure|l|(in the appendix)
illustrate plasticity loss in the ‘Permuted MNIST’ problem introduced by [10]].

One formal definition of plasticity measures the ability of a network initialized at a specific set
of parameters to fit a random target function using some pre-specified optimization procedure. In
this sense, random parameter initializations (eg. [21]) are known to enjoy high plasticity. This
has motivated two related classes of algorithms that attempt to mitigate plasticity loss. The first
explicitly ‘resets’ neuron’s that are deemed to have low ‘utility’ [[7, 22]. A reset re-initializes the
neurons input weights and bias according to some suitable random initialization rule, and sets the
output weights to zero; algorithms vary in how the utility of a neuron is defined and estimated from
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Algorithm 1: SNR: Self-Normalized Resets

Input: Reset percentile threshold 7
Initialize: Initialize weights 6y randomly. Set inter-firing time a; = O for each neuron 4
for each training example z; do
Forward Pass: Evaluate f(x;;6,). Get neuron activations z; ; for each neuron %
Update inter-firing times: For each neuron 4, a; <— a; + 1 if 2, ; = 0. Otherwise, a; < 0
Optimize: 9t+1 «— Ot (Ht)
Resets: For each neuron i, reset if P(AL* > a;) <.

online data. A second class of algorithms perform this reset procedure implicitly via regularization
[, [15]. These latter algorithms differ in their choice of what to regularize towards, with choices
including the original network initialization; a new randomly drawn initialization; or even zero. The
aforementioned approaches to mitigating plasticity loss attempt to adjust the training process; other
research has studied the role of architectural and optimizer hyperparameter choices. Across all of the
approaches to mitigating plasticity loss described above, no single approach is yet to emerge as both
robust to hyperparameter choices, and simultaneously performant across benchmark problems. To
address this gap, we propose Self-Normalized Resets (SNR) and demonstrate its efficacy theoretically
and empirically.

To make ideas precise, consider a sequence of training examples (X;,Y;) € X x ), drawn from
some distribution j;. Denote the network by f : X x © — Y, and letl : ) x ) — R be our loss
function. Denote by H; € H;, the history of network weights and training examples up to time ¢,
and assume access to an optimization oracle O; : H;_1 — © that maps the history of weights and
training examples to a new set of network weights. As a concrete example, O, might correspond to
stochastic gradient descent.

Let 0; minimize E,,, [I(f(X¢;6),Y}:)], denote ©;, = Oy(H;—_1), and consider average expected regret
1 *
7 2 B 1 (X1:00), Y0)] = B 1(f(X1:67), Yo)]
¢

Plasticity loss describes the phenomenon where, for certain continual learning processes O, such as
those corresponding to SGD or Adam, average expected regret increases over time, even for benign
choices of HtEI

To motivate our algorithm, SNR, consider applying the network f(-; 6;) to a hypothetical sequence
of training examples drawn i.i.d. from y, indexed by s. Let Z 5 % indicate the sequence of activations

of neuron i, and let Ai-” be a random variable distributed as the random time between any two
consecutive activations over this hypothetical sequence of examples. Now turning to the actual
sequence of training examples, let a! count the time since the last firing of neuron ¢ prior to time ¢.
Our (idealized) proposal is then exceedingly simple: reset neuron ¢ at time ¢ iff P(A%* > al) <7
for some suitably small threshold 1. We dub this algorithm Self-Normalized Resets and present it as
Algorithm The algorithm requires a single hyper parameter, 7). In practice, the distribution of A%"*
is unknown, and so an implementable version of Algorithm [I]simply approximates this distribution
by the histogram of inter-firing times of neuron ¢ prior to time ¢ (over a fixed length trailing window).

In Section [2| we justify, theoretically, (1) the necessity of neuron-resets for mitigating plasticity loss
and (2) the optimality of SNR relative to other reset methods. In Section[3|we demonstrate the efficacy
of SNR relative to competitor algorithms across benchmark problems and network architectures.

2 Theoretical Analysis

Several correlates of plasticity loss have been identified such as neuron inactivity, feature/weight—rank
collapse, increasing weight norms, and loss of curvature in the loss surface [6, 20, 22| [17, [14].
However, the literature remains largly empirical, offering little theoretical insight into why plasticity
fades or how best to restore it. To address this gap, we analyze the simplest non-trivial continual
learning model: gradient descent for learning a single ReLU neuron, minimizing the loss in (T).

2Common in the literature: divide 7" into A-length intervals and set j; = u; on the ™ interval.



L(w) = E[(o(w ) — o (v 2))?], ey
where o(z) = max(0, z) is the ReLU activation function, v is the target neuron’s weight vector, and

the expectation is taken over € R4+, sampled from N (0, I;) x {1}, where I is the d-dimensional
identity matrix. We define the average regret in learning the target neuron’s weights as

1 T-1 1 T-1
Ry =7 ) (L(w) = L(w")) = 7 > L(w), ©)
t=0 t=0

Existing work assumes fixed v, then samples w, and then runs gradient descent; we call this the
non-adversarial target regime. In this regime, [23] prove that, under mild assumptions, gradient
descent converges linearly to the unique minimizer w* = v, yielding O(1/T) expected average
regret. We instead introduce the adversarial target regime: sample wy; after observing wy, an
adversary chooses v; then run gradient descent. This abstraction captures continual learning, with the
adversary’s choice of v modeling task transitions.

In this adversarial-target regime, we show that gradient descent with L2 regularization incurs (1)
expected average regret (Theorem [2.1)), formalizing neuron-level plasticity loss: weights learned for
earlier tasks induce poor initializations for later ones. In contrast, granting gradient descent access to
areset oracle yields O(d? In T//T') expected average regret (Theorem , demonstrating that neuron
resets are an effective mechanism for identifying poor initializations and thus remedying plasticity
loss. The reset oracle is Rs(w) = 1{E[o(w' )] < 6}; we reset wy iff Rs(w;) = 1.

Theorem 2.1. Let L(w) = L(w) + 3 |w||? (see Eq. (1)), and let wy € R+ be an initialization

satisfying (wg)qr1 < 0. Define the target weight vector v € R4+ so that v1.g = —(wg)1.q and

Va+1 < —(wo)a+1. Then, for any step size a < m and any regularization parameter A < 2d,

performing gradient descent on the L2-regularized objective ﬁ() from wy satisfies
vI'>0, Rp > L(0) > 0.

Theorem 2.2. Let wq be sampled from D,,, = Unif(l - S9! x {0}) for some positive constant
1 >0, where [ - S%~1 C R? is the [-radius sphere. Let v € R%*! (possibly chosen adversarially with
knowledge of wg) be the target neuron’s weights satisfying

—vatr1 < (2V2m) " Movall, vl =2al, ol > Cr, lovall = Colfoll,
3
(5
872 (\/5+cl1)

gradient descent with step size o < m, initialized at wg, and employing a reset oracle R yields

for some constants C7, Cy > 0, and suppose § < . Then, minimizing L(-) via

VT >0, E[Ry]< O<d2 IHT),

where the expectation is taken over the randomness of the the initialization of w and the resets.

The assumptions of Theorem 2.2} including the initialization distribution of wy, the bound on vg 1,
and the constraints on ||v|| and ||vy.4||, are identical, up to constants, to those in the analysis of [23],
the state-of-the-art work on learning a single ReLLU-activated neuron in the non-adversarial setting.

We motivate SNR, in relation to other reset-schemes, by casting dead-neuron detection as an optimal
hypothesis test (details in the appendix). Proposition[D.T]shows the optimal algorithm uses a reset
threshold proportional to a neuron’s nominal firing rate—exactly SNR. Proposition [D.2]shows fixed-
threshold or fixed-frequency resets (e.g., Continual Backprop, ReDO [8, 22]) can be arbitrarily worse
than SNR when neurons have different nominal firing rates.

3 Experiments

We evaluate the efficacy and robustness of SNR on a series of benchmark problems from the continual
learning literature, measuring regret with respect to prediction accuracy I(y,y’) = 1{y # y'}.



Extensive details of experimental setups and network architectures are in the appendix. We evaluate
on the following problems: Permuted MNIST (PM) [10} 16} [15], Random Label MNIST (RM) [I15, 20]],
Random Label CIFAR (RC) [[15} 20]], Continual Imagenet (CI) [7, [15], and Permuted Shakespeare
(PS) (introduced by us). Our experimental setup, for all but PS, follows that of [15]], with some minor
exceptions that we outline in the appendix.

Our baseline in all problems consist simply of using SGD or Adam as the optimizer with no further
intervention. We consider the following neuron-reset algorithms: SNR, Continual Backprop (CBP)
[6]], and ReDO [22]. We consider the following regualrization-based algorithms: L2 regularization,
L2 Init [15], and Shrink and Perturb (S&P) [1]]. As an architectural modification we consider Layer
Normalization [3]].

We utilize the following network architectures: MLP identical to that in [[15] (for PM and RM), CNN
identical to that in [15]] (for RC and CI), transformer decoder (for PS), and ViT identical to that in
[L6] and [18] (for CI, which we call CI-ViT to distinguish from the CNN experiments).

We report results in Tables E] and @ For the transformer-based PS and CI-ViT models, we also
evaluate SNR+L2 and SNR+L2*: SNR with L2-regularization on all weights or only on the attention
K/Q/V matrices, respectively, since self-attention lacks explicit neurons.

Optimizer SGD Adam

Algorithm PM RM RC CI |[PM RM RC (I
No Intv. 0.71 0.11 0.18 0.78 | 0.64 0.11 0.15 0.58
SNR 085 097 099 0.89 | 0.88 0.98 0.98 0.85
CBP 0.84 095 096 0.84|0.88 095 033 0.82
ReDO 0.83 0.72 098 0.87|0.85 0.67 074 0.80
L2 Reg. 0.82 080 095 0.83|0.88 095 097 0.80
L2 Init 0.83 091 097 083|088 096 098 0.83
S&P 0.83 092 097 0.85]0.88 09 097 0.81
Layer Norm. 0.69 0.14 096 0.82 | 0.66 0.11 096 0.58

Table 1: Average accuracy on the last 10% of tasks on the benchmark continual learning problems
over 5 seeds. Standard deviations are provided in the extended Table 5]

PS CI-ViT

Algorithm All Tasks First 50 Tasks Last 50 Tasks Train Acc. (Std.)
L2 0.2762 (0.0309)  0.1560 (0.0236)  0.3101 (0.0425) 0.8140 (0.0081)
SNR+L2 0.2177 (0.0196)  0.1370 (0.0169)  0.2551 (0.0454) 0.8733 (0.0071)
No Intv. 2.7397 (0.0140)  1.8164 (0.0295)  3.0147 (0.0250) 0.6432 (0.0140)
L2 Init 1.5052 (0.0437)  1.2931 (0.0486)  1.5262 (0.0420) 0.9196 (0.0039)
SNR 2.6872 (0.0222)  1.7338 (0.0295)  3.0242 (0.0408) 0.6555 (0.0242)
CBP 2.4922 (0.0171)  1.3732(0.0234)  2.9410 (0.0188) 0.7037 (0.0314)
L2* 0.1506 (0.0279)  0.1874 (0.0348)  0.1092 (0.0429) N/A

SNR+L2*  0.1402 (0.0246) 0.1549 (0.0107) 0.0909 (0. 0177) 0.9337 (0.0092)
ReDO 2.3258 (0.0356)  1.3689 (0.0686)  2.8119 (0.0373) 0.6380 (0.0189)
S&P N/A N/A N/A 0.5459 (0.0007)

Table 2: Combined results. PS: average loss on the final epoch of each task with standard deviations
over 9 seeds (Permuted Shakespeare). CI-ViT: average training accuracy on the last epoch of the
final 50 tasks with standard deviations over 5 seeds. L2* denotes L2 regularization applied only to
attention weights.

4 Conclusion

We introduce SNR, a reset-based method for mitigating plasticity loss in continual learning. Theoreti-
cally, we show (1) for a single ReLU-activated neuron resets mitigate plasticity loss, and, (2) SNR is
optimal relative to fixed-threshold/frequency reset-schemes. Empirically, SNR consistently yields
higher online accuracy and lower loss across benchmark problems and architectures. A limitation is
layers without explicit neurons (e.g., self-attention), for which we pair SNR with L2 regularization.
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A Experimental Setup

Each problem consists of tasks 71, 72, . . ., T, each of which contains training examples in X x ). A
network is trained for a fixed number of epochs per task to minimize cross-entropy loss. We perform
an initial hyperparameter sweep over 5 seeds to determine the optimal choice of hyperparameters
(see Appendix[A.2)). For each algorithm and problem, we select the hyperparameters that attain the
lowest average loss and repeat the experiment on 5 new random seeds. A random seed determines
the network’s parameter initialization, the generation of tasks, and any randomness in the algorithms
evaluated. We evaluate both SGD and Adam as the base optimization algorithm, as earlier literature
has argued that Adam can be less performant than SGD in some continual learning settings [[7, 2]].
We evaluate on the following problems:

Permuted MNIST (PM) [10,6,15]: A subset of 10000 image-label pairs from the MNIST dataset
are sampled for an experiment. A task consists of a random permutation applied to each of the 10000
images. The network is presented with 2400 tasks appearing in consecutive order. Each task consists
of a single epoch and the network receives data in batches of size 16.

Random Label MNIST (RM) [15, 20]: A subset of 1200 images from the MNIST dataset are
sampled for an experiment. An experiment consists of 100 tasks, where each tasks is a random
assignment of labels, consisting of 10 classes, to the 1200 images. A network is trained for 400
epochs on each task with a batch size 16.

Random Label CIFAR (RC) [15}, 20]: A subset of 128 images from the CIFAR-10 dataset are
sampled for an experiment. An experiment consists of 50 tasks, where each tasks is a random
assignment of labels, consisting of 10 classes, to the 128 images. An agent is trained for 400 epochs
on each task with a batch size 16.

Continual Imagenet (CI) [7,[15]: An experiment consists of all 1000 classes of images from the
ImageNet-32 dataset [5] containing 600 images from each class. Each task is a binary classification
problem between two of the 1000 classes, selected at random. The experiment consists of 500 tasks
and each class occurs in exactly one task. Each task consists of 1200 images, 600 from each class,
and the network is trained for 10 epochs with a batch size of 100.

Permuted Shakespeare (PS): We propose this problem to facilitate studying the transformer ar-
chitecture in analogy to the MNIST experiments. An experiment consists of 32768 tokens of text
from Shakespeare’s Tempest. For any task, we take a random permutation of the vocabulary of the
Tempest and apply it to the text. The network is presented with 500 tasks. Each task consists of 100
epochs and the network receives data in batches of size 8 with a context widow of width 128. We
evaluate over 9 seeds.

This experimental setup, for all but Permuted Shakespeare, follows that of [[15]], with the exceptions
of Permuted MNIST which has its task count increased from 500 to 2400, Random Label MNIST
which has its task count increased from 50 to 100, and Random Label CIFAR which has its dataset
reduced from 1200 to 128 images.

A.1 Algorithms and Architectures

Our baseline in all problems consist simply of using SGD or Adam as the optimizer with no further
intervention. We then consider several interventions to mitigate plasticity loss. First, we consider
algorithms that employ an explicit reset of neurons: these include SNR, Continual Backprop (CBP)
[6], and ReDO [22]. Among algorithms that attempt to use regularization, we consider vanilla



L2 regularization, L2 Init [15], and Shrink and Perturb [[1]. Finally, as a potential architectural
modification we consider the use of Layer Normalization [3]].

We utilize the following network architectures:

MLP: For Permuted MNIST and Random Label MNIST we use an MLP identical to that in Kumar
et al. [15]] which in turn is a slight modification to that in Dohare et al. [7]].

CNN: For Random Label CIFAR and Continual ImageNet we use a CNN architectures identical to
that in Kumar et al. [[15]] which in turn is a slight modification to that in Dohare et al. [7]].
Transformer: We use a decoder model with a single layer consisting of 2 heads, dimension 16 for
each head, and with 256 neurons in the feed forward layer with ReL.U activations. We deploy this
architecture on the Permuted Shakespeare problem using the GPT-2 BPE tokenizer (limited to the set
of unique tokens present in the sampled text).

ViT: In addition, we benchmark a Vision Transformer (ViT) on the Continual ImageNet problem.
Our ViT follows the specifications of Lee et al. [[16] and Lewandowski et al. [18]], using 4x4 input
patches, three attention heads, and 12 transformer layers with an embedding dimension dpege; = 192.
This architecture comprises approximately 5.3 million non-embedding parameters. We refer to this
variant as CI-ViT to distinguish it from the CNN-based experiments.

A.2 Hyperparameter Sweep

With SGD we train with learning rate 10~2 on all problems except Random Label MNIST, for which
we train with learning rate 10!, With Adam we train with learning rate 10~2 on all problems,
including Permuted Shakespeare and we use the standard parameters of 5; = 0.9, 82 = 0.999, and
€ = 107" For Permuted Shakespeare we train our networks solely with Adam. The learning rates
were selected after an initial hyperparameter sweep.

For each algorithm we vary its hyperparameter(s) by an appropriate constant over 7 choices, effec-
tively varying the hyperparameters over a log scale. With the exception of the Permuted Shakespeare
experiment, we limit over hyperparameter search to 5 choices. In Table [3| we provide the hyperpa-
rameter sweep for the 4 benchmark problems. CBP’s replacement rate r is to be interpreted as one
replacement per layer every ! training examples, as presented in Dohare et al. [§]]. ReDO’s reset
frequency r determines the frequency of resets in units of tasks, as implemented and evaluated in
Kumar et al. [[15].

Hyperparameter Strength

Algorithm 0 1 2 3 4 5 6

L2Reg. (\) 10 105 10°% 1073 102 10! 10°

L2Init(\) 10°° 10°° 10°* 107% 1072 10°' 10°

S&P (1-p) 108 1007 10°° 107° 10°%* 1073 1072

S&P (o) 1075 107° 107% 1073 1072 10T 10°

CBP (1) 107 107% 10 10°* 1073 107 1071

ReDO (7) 0 0.01 002 0.04 0.08 0.16 0.32

ReDO (r) 64 32 16 8 4 2 1

SNR (1) 0.08 004 0.02 0.01 0.005 0.0025 0.00125
Table 3: Hyperparameter sweep for the Permuted MNIST (PM), Random Label MNIST (RM),
Random Label CIFAR (RC), and Continual ImageNet (CI) problems.

Hyperparameter Strength

Algorithm 0 1 2 3 4

L2 Reg. (V) 10°¢ 107 107%* 1073 1072
L2 Init () 107 10° 100 1003 107
SNR (1) 0.1 0.05 0.03 0.01 0.001

SNR+L2Reg () 0.1 0.05 0.03 0.01 0.001
Table 4: Hyperparameter sweep for the Permuted Shakespeare problem. For the combination of SNR
and L2 regularization we use the regularization strength of 10~%, the best performing regularization
strength for L2 regularization, and vary the rejection percentile threshold n




B Additional Experimental Results

Example B.1 (The Permuted MNIST problem). Consider a sequence of ‘tasks’ presented sequentially
to SGD, wherein each task consists of 10000 images from the MNIST dataset with the pixels permuted.
SGD trains over a single epoch on each task before the subsequent task is presented. Figure[[|measures
average accuracy on each task; we see that average accuracy decreases over tasks. The figure also
shows a potential correlate of this phenomenon: the number of ‘dead’ or inactive neuronﬂ in the
network increases as training proceeds, diminishing the network’s effective capacity.
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Figure 1: Illustration of plasticity loss and its mitigation by SNR during training of a multilayer
perceptron on the Permuted MNIST problem for a single random seed. For this figure, a neuron is
declared dead if it has not fired for the last 1000 consecutive training examples.

B.1 Complete Results for Benchmark Problems

To maintain brevity in the main body of the paper, we include here the complete results for the
benchmark problems PM, RC, RM, and CI which include both the mean and standard deviation of
terminal task accuracies over random seeds.

Optimizer SGD

Algorithm PM RM RC CI

No Intv. 0.710 (0.007) 0.113(0.004) 0.180(0.011) 0.784 (0.019)
SNR 0.851(0.002) 0.975(0.001) 0.987 (0.002) 0.888 (0.010)
CBP 0.844(0.002)  0.951 (0.007) 0.961 (0.011)  0.840 (0.015)
ReDO 0.831 (0.013) 0.716 (0.024) 0.981 (0.003) 0.869 (0.038)
L2 Reg. 0.818 (0.001) 0.803 (0.011) 0.952 (0.006) 0.833 (0.011)
L2 Init 0.829 (0.001) 0.913 (0.001) 0.966 (0.002) 0.832(0.010)
S&P 0.826 (0.002)  0.920 (0.009) 0.971 (0.004) 0.853 (0.006)
Layer Norm. 0.687 (0.009) 0.143 (0.015) 0.959 (0.005) 0.819 (0.009)
Optimizer Adam

Algorithm PM RM RC CI

No Intv. 0.641 (0.007) 0.114 (0.005) 0.151 (0.005) 0.581 (0.081)
SNR 0.889(0.001)  0.982(0.001) 0.976 (0.002) 0.847 (0.005)
CBP 0.876 (0.001) 0.948 (0.003) 0.331(0.312) 0.818(0.005)
ReDO 0.846 (0.002) 0.671 (0.021) 0.744 (0.131)  0.803 (0.063)
L2 Reg. 0.876(0.002) 0.948 (0.002) 0.967 (0.011) 0.803 (0.009)
L2 Init 0.883 (0.002) 0.961 (0.003) 0.976 (0.002) 0.827 (0.008)
S&P 0.876 (0.002) 0.955 (0.006) 0.971 (0.005) 0.814 (0.005)
Layer Norm. 0.662 (0.001) 0.113 (0.005) 0.955 (0.005) 0.651 (0.053)

Table 5: Average accuracy on the last 10% of tasks on the benchmark continual learning problems
with standard deviations over 5 seeds.

3this notion is formalized in Section@



C Learning a Single ReLLU-Activated Neuron Under Adversarial Selection

We provide a two-fold theoretical analysis. We begin in Section [C.1| by analyzing the problem of
learning a single ReLU-activated neuron with gradient descent under an adversarial selection of the
target weights. This is the simplest possible (component of a) neural network and it captures the
essence of continual learning, whereby the adversarial selection of the target weights models task
transitions. We begin by showing that gradient descent with L2 regularization attains (1) expected
average regret. This analysis characterizes plasticity loss, at the neuron-level, as being a consequence
of network weights learned for previous tasks forming poor initializations for subsequent tasks.
Secondly, we provide a positive result demonstrating that gradient descent with access to a reset
oracle attains O(d? In T'/T) expected average regret, demonstrating that neuron resets are an effective
mechanism for identifying poor initializations and thus remedying plasticity loss.

Having characterized plasticity loss and shown that resets are an effective remedy in Section|[C.1} in
Section |D|we answer the question of what makes an effective reset oracle in practice when data is
arriving sequentially. To this end, we frame the problem of detecting an inactive neuron as that of an
optimal hypothesis test. We show that an optimal reset scheme must have a reset threshold that is
proportional to the neuron’s firing rate; this is precisely the SNR mechanism. In contrast, existing
competitor reset schemes define a fixed reset threshold or frequency. Our experiments in Section 3]
show that such reset schemes attain performance inferior to that of SNR. To shed intuition on this
observation, we show that under this optimal hypothesis test model, one can incur arbitrarily large
error relative to SNR if attempting to detect two dead neurons with distinct firing rates with a single
threshold.

C.1 Characterizing Plasticity Loss in a Single ReLU and the Promise of Resets

In this section, we provide a theoretical analysis of learning a single ReL.U-activated neuron with
gradient descent and with access to a reset oracle, where the target neuron’s weights are chosen
adversarially after the network’s weight initialization is fixed. This adversarial selection serves
as an abstraction of task transitions in a continual learning setting, allowing for scenarios where
successive tasks may be unrelated—or even deliberately chosen to be adversarial. In contrast, prior
work has solely considered settings where the target neuron’s weights are fixed before the network’s
initialization is sampled [23}[12}25]]. While such literature demonstrate the effectiveness of first-order
methods for learning a single neuron and the benefits of modern weight initializations, they do not
capture the challenges of task transitions, where the initialization for a new task may be influenced by
prior learning.

C.1.1 Preliminaries

To study the learning dynamics of a single ReLU-activated neuron, we consider the expected squared
error:

L(w) = E[(o(w" ) - o(v"2))?], 3
where o(z) = max(0, z) is the ReLU activation function, v is the target neuron’s weight vector, and
the expectation is taken over z € R4*1, sampled from A/ (0, I;) x {1}, where I is the d-dimensional
identity matrix. The gradient of the loss is then given by

VL(w)= E[Q(a(wa) — a(vTa:))a:]I{wTwZO}].
where we define the subgradient of o as 0/(z) = 1>}, which corresponds to a particular choice of
subgradient at z = 0. Next, we introduce the Lo-regularized loss function ﬁ(w), given by

Lw) = El(o(w™e) ~ olw )] + 5wl @

where A > 0 is the regularization parameter. Setting A = 0 recovers the original loss function L(w).
The additional L, regularization term contributes an additive term Aw to the gradient, yielding

VL(w) = VL(w) + w = E[Q(U(MTZ) — J(UT:L'));L']l{u;xZOﬂ + Aw.

For an iterate w;, step size «, and a general loss function £(w), which may represent either the
standard loss L(w) or the Lo-regularized loss L(w), the gradient descent update is defined as

W41 = Wy — aVE(wf)



Finally, we define the average regret in learning the target neuron’s weights as

Rr =23 (L(w) - L") = = 3 Lwy), )

where the second equality follows from the fact that the optimal weight vector for (3) is w* = v, and
thus

L(w*) = L(v) = 0.
We also define the expected average regret, E[Rr], which accounts for randomness in the learning
process. Specifically, the expectation is taken over any stochasticity introduced by the learning
algorithm, including the initialization of wq and any reinitializations of w; due to the reset oracle.
Thus, the goal of learning a ReL.U-activated neuron is to minimize (expected) average regret.

C.1.2 Non-Adversarial Target-Weights

Prior work on gradient-descent dynamics has almost exclusively considered the regime in which the
target weights v are fixed before the network weights wq are drawn from a prescribed initialization
distribution [23] 25| [12]]. For clarity, Algorithm E] formalizes gradient descent under this non-
adversarial setup.

Algorithm 2: Gradient Descent for Minimizing £(w) with Non-Adversarial Target Weights

Target Selection : Target weights v are fixed
Weight Initialization : Initialize wy from some distribution
fort <+ 0,1,2,... do
Compute gradient V.L(wy);
Update weights: wy11 < wy — a VL(wy);
end

Vardi et al. [23] show that gradient descent (Algorithm 2)) under mild distributional conditions which
capture our setting of z ~ N (0, I;) x {1}, converges linearly to the unique global minimizer w* = v:

Theorem C.1 (High-Probability Convergence, Corollary 5.5 of Vardi et al. [23]). Under the bound-
edness (Assumption 5.1) and spread (Assumption 5.3) conditions on the first d coordinates, initialize

M
wo = (o, 0), o ~ Uniform(8*~'(p)), p=—3.

Then for any step-size o < «y/c?, there exist constants M, ¢,y > 0 (depending on the distribution)
such that with probability at least 1 — e~ (),

t
e —ol? < (1=va)" fwo —v]%

The high-probability, linear-rate convergence established in Theoremimplies an O(1/T) expected
average regret when training a single ReLU neuron with non-adversarial targets. In contrast, we show
below that if the target weights can be chosen after the network is initialized, that is adversarially, the
average regret no longer vanishes, even under very mild conditions.

C.1.3 Adversarial Target-Weights

In continual learning, the weight initialization for a task can be those learned for a preceding task and
can yield a poor initialization or local minimum. We formalize this notion by introducing the setting
of adversarially selected target weights v. We formally define (Lo-regularized) gradient descent under
adversarial selection of target weights below in Algorithm 3]

Algorithm 3: Gradient Descent for Minimizing £(w) with Adversarial Target Weights

Weight Initialization : Initialize wy from some distribution
Target Selection : Target weights v chosen adversarially with knowledge of w
fort+ 0,1,2,... do
Compute gradient VL (wy);
Update weights: w1 + wy — a VL(wy);
end

10



Below in Theorem, we show that (Lo-regularized) gradient descent can attain €2(1) average regret
under this adversarial model.

Theorem C.2. Let L(-) be the objective function for learning a single neuron (see Eq. (3)), and let
wo € R be an initialization satisfying (wo)441 < 0. Define the target weight vector v € R+!

so that v1.,y = —(wp)1.q and vg11 < —(wp)g+1. Then, for any step size o < 2(#1) and any

regularization parameter A < 2d, performing gradient descent on the L2-regularized objective ﬁ()
from wy, i.e. Algorithm@ satisfies

VT >0, Ry > L(0) > 0.

We interpret this result as wg being the optimal solution for a preceding task and thereby the starting
point for the current task at time ¢ = 0. It is a priori unclear that there is an efficient way to detect
when network weights w; are in a poor local minimum, and moreover, how to remedy it. Fortunately,
weight-resets in conjunction with a reset-oracle solve this issue.

C.1.4 Adversarial Target Weights with a Reset Oracle

We define the reset oracle Rs(w) as

{1, ifE[o(w'z)] <4,
Rs(w) = {O, if Ejo(w' )] > 4.

The reset oracle Ry is parameterized by a threshold ¢ and returns 1 (True) if and only if the expected
activation of the neuron, defined by the weight vector w, falls below 4. This reset oracle is an
idealization of the reset-criteria of reset-algorithms like CBP, ReDO, and SNR.

Next, we introduce the gradient descent algorithm with the reset oracle R 5 for minimizing the loss
function L(w). The reset oracle monitors the neuron’s expected activation and determines whether
a reset is necessary. If the reset condition is met, the weights are reinitialized from the original
distribution; otherwise, the standard gradient descent update is applied to minimize L(w).

Algorithm 4: Gradient Descent with Reset Oracle for Minimizing L(w)

Weight Initialization : Initialize w, from some distribution
Target Selection : Target weights v chosen adversarially with knowledge of wq
fort <+ 0,1,2,... do
if Rs(w;) = 0 then
| Sample w;; from the initial distribution;
else
Compute gradient VL (w);
Update weights: w1 + wy — a VL(wy);
end
end

Below, we present our main theoretical contributions. When the target weights v are selected
adversarially with knowledge of the network initialization wy, Theorem [C.3|establishes that gradient
descent with the reset oracle (Algorithm[4) achieves vanishing expected average regret.

Theorem C.3. Let wy be sampled from D,,, = Unif(l - S~ x {0}) for some positive constant
1 >0, where [ - S%~1 C R? is the [-radius sphere. Let v € R**! (possibly chosen adversarially with
knowledge of wg) be the target neuron’s weights satisfying

I
D WOr

for some constants C, C; > 0, and suppose

[vrall = 27l, vl = Cr,  [lorall = Coflvll,

3
82 (\/3 + C%)

0 <

11



Then, minimizing L(-) via gradient descent with step size o < initialized at wq, and

employing a reset oracle R, i.e. Algorithmf] yields

_1
2(d+1)°

VT >0, E[Ry]< O(d2 IHT),

where the expectation is taken over the randomness of the the initialization of wg and the resets.

Remarks. For simplicity of exposition, Theorem assumes that wj.q is sampled uniformly
from the sphere of radius [ = w Alternatively, one may sample wy.q from N(0, 021,) with

2
2 = %, in which case standard concentration of measure arguments imply that

2 [[o1.all* [vr.all® —Q(de
]P’(Hw“ G[(l—e)Tﬁ,(lJre)WDZl—e (de*),

Additionally, the assumption —vg4; < % ensures that the bias term v4y; is not arbitrarily

g

negative relative to ||v;.4||. The assumptions of Theorem including the initialization distribution
of wy, the latter bound on v, 1, and the constraints on ||v|| and ||v;.4||, are identical, up to the choice
of constants, to those used in the gradient descent analysis of [23]], the most state-of-the-art work on
learning a single ReLU-activated neuron in the non-adversarial setting. While the assumptions of
Theorem [C.3]align with those in prior work, our analysis of gradient descent with resets takes an
independent approach.

C.2  Supporting Propositions

Proposition C.1. Let v € R%*! be a unit-norm vector and suppose that = ~ N(0, I;) x {1}. Then,
Elo(v'2)1] <3

Proof. First, we note that
Elo(v"2)"] < E[(v'x)"]
Then v" & = z + 8 where z ~ N(0, a2) such that a2 = ||v.4||* and o2 + 32 = 1 by the fact that
|[v]|* = 1. Furthermore,
E[(v'2)'] = E[(= + B)"]
=E[z* + 482 + 68222 + 482 + Y
By symmetry, E[452’3L = E[48332] = 0. For a zero-mean Gaussian with variance o, E[z4] = 3a*
and E[6322] = 63%a?. Therefore,
E[(v'z)*] = 3a* 4 65%a2 + *
We define a = a? and by 32 = 1 — o we have that
E[(v"2)*] = 3a® + 6a(1 — a) + (1 — a)?
= —2d%+4a +1
By standard analysis of quadratic functions, the maximum is attained at a = 1 with a value of 3.
Therefore, E[o(v )4 < 3 O
Proposition C.2. Let v € R%*! be a unit-norm vector and suppose that = ~ N'(0, I;) x {1}. Then,
Elo(v 2)] <1
Proof. First, we note that
Elo(v'z)?] <E[(v'2)?
Then v'x = z + 8 where z ~ N(0, a?) such that a? = ||1)1:d||2 and o + 32 = 1 by the fact that
Hv||2 = 1. We then observe that,

E[(v'2)?] = El(2 + 5)?]
= E[2? + 26z + 5%
=a?+ 32 by z ~ N(0,a?)
=1 bya?+ 4% =1
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Proposition C.3. If 2,y € Rsuch thaty < 0 then o(z + y) > o(x) + .

Proof. We consider two cases. If z > 0 then
o) +y=az+y<olz+y)
On the other hand, if x < 0 then

ox) +y=y<0<o(x+y)

C.3 Convergence in Norm

In the following lemma, we show that L is bounded above by a quadratic function, which in turn
guarantees the convergence of gradient descent when minimizing L.

Lemma C.1. For any w,u € R then
L(w) < L(u) + VL) " (w — u) + M ||w — ul? (6)
where M =d + 1.

Proof. We let x € R4t such that 2441 = 1 be arbitrary and we define
Ly(w) = (o(w'z) — (v 2))?

and -
Lo(w) = (w'z —o(v'z))?

such that L(w) = E[L,(w)] and VL(w) = E[V L, (w)]. In order to prove the desired result, (6}, by
the linearity of expectation it suffices to prove that

Lo(w) < La(u) + VIa(w) " (w = u) + |l w — ul|? ™
since E[||z]|?] = d + 1. We first prove that L, has a 2 ||z|*-Lipschitz continuous gradient.
IVLe(w) = VL ()l = 2||(w'z —o(v'2)) = (u"z — o(v'2)))z]|
=2z w2z —u' x|

<2 ||35H2 [|w — ull by Cauchy-Schwarz

Therefore, L, has a 2 ||||*-Lipschitz continuous gradient, and moreover, it follows by standard
analysis that L, has a quadratic upper bound of the form

Lo(w) < La(u) + VIa(w) " (w = u) + |l w — ul|? @)

We additionally observe that L (w) < L. (w) by the following argument. If w "z > 0 then clearly
L. (w) = L (w). Otherwise, if w " < 0 then we have that

Le(w) = (—o(v 2))> < (w'z —o(v'x))? = Ly (w)

where the inequality follows by the fact that w "z < 0 and —o(v'z) < 0. To establish (7), we
consider several cases. Firstly, if uw'x > 0 then

Ly(u) = Ly(u) and VLy (1) = VLy(u) ©)
Then it follows that
L. (w) < Ly(w) as shown above
< Ly (u) + VIo(u) " (w = u) + ||2]* [Jw - ul? by @)
= Lo(u) + VL ()" (w = u) + [l w - ul? by (@)
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Next, we consider the case where ' x < 0 and w 'z < 0. Then it follows that L, (w) = L, (u) =
o(vTx)? and VL, (u) = 0. Hence,

Ly(w) = Ly(u) < Ly(w) + VELe(w) T (w — ) + [|z]* w — ul®

Finally, we consider the case where u'z < 0and w'z > 0. Then, we let @ be the vector in the
convex combination of u and w such that w "= = 0. Then we have by the choice of w and u "z < 0

[w =@ < flw—wul (10)
Ly(u) = Ly (w) = o(v" 2)? (1n
VL (u) =0 (12)
and ~
VL, (%) =2(c(w" z) —a(vTx))m]l{sz>0} = 20(v' )z (13)
Then we argue as follows
L, (w) < Ly(w) as shown above
< Ly(@) + VEg(@) " (w — @) + ||| [lw — @] by (8)
2 2
= Ly (u) + VLy(0) " (w — @) + [|z[| [[w — @ by (1)
7 2 2
< Ly(u) + VLy(0) " (w — @) + |l w — u| by (10)
= Ly(w) = 20w ) (wz — @ 2) + |l |w - ul|* by ([3)
= Ly(u) = 20(v @) (w"z) + [|z|* [[w - ul® by 'z =0
< Ly(w) + Ja|* [lw = ul|? byw'z,0(v'z) >0
= Ly () + VL (u) " (w — ) + [|z]* o — u]|? by (12)
This completes the proof. O
Lemma C.2. Let wg,wy,...,wr be iterates of gradient descent applied to minimizing L, equa-
tion H with initialization at wy and step size a < m. Then there exists an iterate
wy € {wp, w1, ..., wr—1} such that
L(wo) lwol* + |lo|®
L(wy)|? < < 14
IVEGw)” < T(a—(d+1)a?) = T(a— (d+ 1)a?) (14)
and
L(U)t+1) S L(wt), Vvt 2 0 (15)

Proof. According to Lemma[C.]
L(wig1) < L(w) + VL(wy) " (wegr — we) + (d+ 1) [[wegr — wy
= L(w;) — a|VL(w,)|)* + (d 4 1)a? ||V L(w,)|? by GD update
= L(w) + ((d+ 1)a® — ) |V L(w,)|*

Then,
T—1
(= (d+1)a Z IVL(w) | < Liwy) — L(wegr)
t=0
= L(wo) — L(wr)
< L(wo) by L(wr) > 0
This implies that there exists some index ¢ € {0,1,...,7 — 1} such that

L(wo)
S Tla—(d+1)a?)

IVL(w,)|*
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Then we bound L(wy) as follows.
L(wo) = E[(0(wg x) — o(v'2))?]
= Elo(wg )’ + o(v'2)* = 20(wg 2)o (v )]
< Elo(wg 2)*] + Elo (v 2)’]

wOT

=||wo||21E[0(m )L {woz0) + [0]* Elo (” H )]1{v¢0}

< [lwoll* + [lv]® by Proposition[C.2]

Fina]ly, follows by (d+ 1)a? —a < O forall a € [0
a < we have that (d + 1)a® — o < 0 and so

' g +1] Therefore, by the choice of step size

(d+1)

L(wis1) < L(wy) + ((d + 1)a® = @) [ VL(w,)[|* < L(w,)

O
C.4 Convergence in Iterates
We define the directional derivative of L(w) as
DyL(w) = VL(w)"d = 2E[(c(w ' z) — o(v" )z " dl {720} (16)

For any set A C R%*!, we define the restricted “OLS” objective to be
Liy(w) =E[(w'z — v 2)*1{zea)) (17)
Lemma C.3. Let A = {z: w'z,v"x > 0}. Then
Dy L(w) =2L% (w) + ¢

where ¢ > 0 is some nonnegative value.

Proof. Let x € Rt be arbitrary. We break the proof into several cases. If w "z, v 2 > 0 then
2c(w'z)—ow z))z" (w— V) Ly Te>0y = 2wz —v'x)?

=2(w'z — v 2)?Lzeny

Ifw'z >0and vz < 0 then
2(0’(wa) — a(vTx))xT(w — ’U)]l{uﬁ:czo}
=2(w ' z)(wx + v z|) byw'z>0andv'z <0
>0
For brevity, we define B = {x : w2 > 0,v" 2 < 0}. The preceding case analysis implies that
Dy—y L(w) = 2E[(o(
=2E[(oc(w z) — o' x))z" (w—v)(Lzeay + Lizeny)]
= 2E[(w 'z — vTx)Q]l{zeA}] 4+ 2E[w z(w 'z + |UT.’1?|)]1{160}]
=2L%(w) +c

w'z)—ow z))z" (w— V) Ly o>0})

where we let ¢ = 2E[w " @(w "z + |[v" 2[)1{zecy]. Then ¢ > 0 by the preceding cases analysis. This
completes the proof. O

Proposition C.4. D,,_,(w) < [|[VL(w)]| [Jw — v||

Proof. By Cauchy-Schwarz we have that
Dy—y(w) = VL(w) " (w —v) < [[VL(w)|| |w — ]
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Proposition C.5. Let A C Rt then
Ly (w) > [w = vl* Ain(E[z2 " Lize a3])

where Ay (+) is the minimum eigenvalue of a matrix.

Proof.
w(w) =E[(w'z —v'2)*Lizea)]
= (w—v) Elzz" Lizea](w —v)
> |lw - U||2 Amin(E[ch]l{meA}])
where the last line holds by the fact that E[zx " I{zeay] is a real symmetric matrix. O

Lemma C.4. Let x be sampled from N(0, ;) x {1}. Suppose A = {z : w'z > 0,v"x > 0}
satisfies P(A) > p for some p > 0. Then it follows that

3
)\min E Z‘Z‘T]l T > L
( [ { GA}]) = 4\/%
Proof. We begin by noting that
Amin (E[xxT]l{meA}]) = min E[(uTx)2IL{IGA}]

usfjul|=1

We proceed by showing that for any u such that ||ul| = 1 then E[(u" #)?1{,e43] > 4\5% We let

e’
u be an arbitrary vector such that ||u|| = 1. We have that Z, = u"  ~ N (ugs1, |[u1.a]?). Then
E[Z21 4] is minimized when the measure of A contains as much of u{;, as possible, where

ut = {z € R : 2T upy = 0}
Therefore, we suppose that
AD (uy+{Zu: Zy € [a,b]}) x {1} (18)

for some a < b. The set above takes its particular form since A = {z : wla > 0, vle > 0} is
a closed convex set, and hence, among all convex sets of measure P(A), the one that minimizes
[E[Z21 4] is necessarily a slab of the form (18)). Then,

E[Z:14) > E[Z]1{4<z<)]
We can furthermore minimize the above expectation by considering the interval [a, b] = [—r, 7] for
any r > 0 such that P(—r < Z,, < r) < P(A).
Hence,

E[Z1{a<z,<t}] > E[Z21(_r<z,<r}]

Furthermore, the above expectation is minimized when Z?2 is concentrated as much as possible around
zero, which occurs precisely when ug 1 = 0 and Z, = Z ~ N'(0, ||u1.4]|*) = N(0, 1), where we
recall that ||u|| = 1. Therefore,

E[ZZ ]]'{—7'§Zu ST‘}} 2 E[Z2 ]]-{—T'ngT}]
Then we make the following lower bound

T2

E[Z*1{_,<z<r}] > ZP (|Z‘ € [%77"]) (19)
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We return to the choice of r, recalling that » can be as large as possible provided that P(—r

r) < P(A). We therefore, choose r = p and verify that this inequality holds.

Pl—r<Z<r)= e 2 dx
(-r<Z<r) -
(|
< ——dx
- /;r V2
\/5
=4/=r
T
2 .
=4/—p by choice of
T
<p by2<m
<P(4) by assumption
Hence, we return to (T9)
Rzl € [Z,0]) = E Rzl € 2] by =
4 27 - 4 2 7p y - p
2 D 1 2
= p—/ e 2 dx
2 2z 2T
2 rp
p 1
> e 2dx b <1
>3 ) Vo y [p| <
4v/2me
Hence, we have our desired result
T p3
Amin (Elzz ' 1 >
(Bl 14]) 4/2re
Lemma C.5. If |[VL(w)||* < ¢, then
2V 2me
||U_) - U” S \/g T T 3
PlwTz > 0,07z > 0)
Proof Welet A= {z:w'z >0,v x>0} x {1} then
2
Velw =] > [[VL(w)]| [fw — v]] by [[VL(w)[" <€
< Dy L(w) by Proposition[C.4]
> 2L"% (w) by Lemma|C.J3|
> 2w —v|? Amin(Elzz " 1zeay]) by Proposition [C.3]
P(w'z > 0,0z > 0)3
> |lw — v|)? = = by Lemma
> Jw =l Nors y Lemma[C
Then the desired result follows
2V 2me
||w - 1)” < \/g T T 3
PlwTz > 0,07z > 0)
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C.5 Resets and The Reset Oracle

Lemma C.6. If |[VL(w)||* < 62, and P(w 2 > 0,07z > 0) < 4” ”2 then
Rs(w) =1
Proof. By |[VL(w)||* < 62 we have that
2E[(0(w @) = o (vT @) LiyTasq]l = [VL(w)as1| <6 (20
Then,
Elo(w' )]
= E[(U(le") - U(UTm))ﬂ{mezo}] + E[U(UTx)]l{szzo}]
= E[(J(U}TI) - O’(UT:L'))]]_{waZO}] + E[U(UTI)]]-{wa,vTxEO}]
]
< 5 + E[U(UTx)l{wa,vT;EZO}] by @
]
< 5 z)?P(wTx,vTz > 0) by Cauchy-Schwarz
0
=3 + ||v|| ” H IP(wTz, 0Tz > 0)1 (.0
0 .
< 5t vl \/IP’(wa,sz > 0)1 g0y by Proposition[C.2]
<d by assumption on
IP’(wa >0,0 x> 0)
Therefore, the condition of the reset oracle Rs(w) is satisfied and so Rs(w) = 1. O

Lemma C.7. If E[o(w"x)] < § then for any € > 0

QNS

Plo(w'z) > €) <

_\@m—zem

Proof. The first inequality follows immediately by Markov’s inequality
Elo(w' )] < g

and

Plo(w'z) > €) < (1)

€ €
As for the second inequality, we proceed as follows.

L(w) = E[(o(w"z) — o(vT2))?
2 E[( (U} .13) - U(UTx))21{o(me)§e}}
> E[CT(”U $) ]]-{U(wa)Se}] - QE[J(wa)J(vTx)]]-{a(wTac)ﬁe}]
> E[O’(’UTI)QI{U(WTJ.)SE}] - 26\/E[a(vTx)2]IP’(cr(wTo:) <€) by Cauchy Schwarz

> E[0(v'2)* Lo <e] — 2¢\/Elo(vT2)?]

= E[J(UTx)Q] - E[J(UTI) ]]-{o(u)Tx)>s} UTSE

> Elo \/IE (vTx)4P(o(wTx) > €) — 2¢ o(vTx)?] by Cauchy Schwarz
> Elo(v' z)?] - \/:\/E[a(v—rx)‘l] —2e\/E[o(vTz)?] by 1)
=Elo(v'z)?] - \/f\/E[J(UT:L‘)ﬂ — 2e+/L(0)
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Corollary C.1. If E[o(w ' z)] < J then

P(o(w z) > §3) < 63
and
L(w) > L(0) — &3 (\/E[O’(’UTJJ)ﬂ + 2\/L(0))
Proof. The proof follows immediately by Lemma and setting € = 5. 3 O

C.6 Convergence with High Probability

Lemma C.8. Let v € R4 be the target neuron’s weights such that —vg,; < Wi}i” Let w be

sampled such that wg, 1 = 0 almost surely and w1 .q is sampled from 7S%~!, the sphere with radius
r= Hvl <l Then with probability at least 1
L(w) < L(0) — ol
82
Proof.

L(w) =El(o(w'z) - o' 2))?)
=E[o(v"z)? ]—|—IE[0( T2)?] = 2B[o(w " z)o (v z)]
L(0) ”f’v—”f z)%] - 2E[o(w  z)o(v )]

T, — d  wz; T3
Since wg4+1 = 0, then (H H) T =, o and so (Ilw\l) x is a zero-mean normal random
w;

variable with variance Zl L Twl? = 1. Hence, (”w”) x =7 ~ N(0,1) and we have that

AN

w
E[J((W)Tif)z] =E[Z°1{z>0}]
1
§IE[Z 2 by symmetery
1
2
Thus, we have that
2
_ [[wl] _ T T
L(w) = L(0) + 5 2E[o(w ' z)o(v' )]
||w||2 _ T T
= L(0) + 5 2E[o(w ' 2)o(vy.qT1:d + Vd+1)]
2
w
< 200) + 10 3o (T ) (o v + 01Ty <01)]
2
w
< L(O) + % — 2]E[J(wa)(U(vIdl'1¢d) + Ud+1]l{vd+1§0})]

= L(0) + S QE[J(wa)o(vIdxlzd)] —2E[o (w z)vay1 v, <o}
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where the second-last line above follows by Proposition[C.3] Then, we bound the fourth term above
as follows

— 2E[o(w' 2)]vas11{v,,, <0}

= =2 ||wl| E[Z1{z>0}]va+11 (v, <0} where Z ~ N(0,1)
= — |wl E[|Z|Jva+11{v,,, <0y by symmetry
=~ ol Zoaia1 oz by B2 = |2
< o |wll [|v1:all T{v,., <o} by assumption —vg; 1 |21i}£i7r|
< o el ol

With this upper bound, we continue our proof

[w
pw) < 20) + P4 Ll oval - 2Bfo(w o0
In order to bound —2E[o(w ' ) (v, ;2)] we note the following closed form solution due to [4]]
1
Elo(w'2)o(viq2)] = 5 [w] [viall (sim6 + (x — ) cos 6)

where § = arccos (H;UIITH%) Defining f(f) = sinf + (m — 6) cosd, we briefly argue that
f(8) > 1,¥0 € [0, T]. First we note that f'(#) = —(m — ) sin ¢ and thus f'(6) < 0,V0 € [0, 7].

Since f(%) = 1 then it follows that f(¢) > 1,6 € [0, Z]. Then with probability 3, w v > 0 and
hence (siné + (7 — 6) cos @) > 1. Thus,

2
w 1 1 .
£w) < 20) + 1205 & L forall = L o ol (sin6 + (x — ) cos)
w 1 1
<20+ P Ll vl - £ i o byw'v> 0
w 1
<20+ 25— L o

Then by the assumption that w4 is sampled from rS%~1 where r = ””1 4l we have our desired
result, with probability at least 1
Ly < £(0) + Ml Mevall” _ ) - Mol
- 82 472 82

O

Remarks. For simplicity of exposition, in Lemma[C.8|we assume that w4 is sampled uniformly from

the sphere of radius “”21—‘1” alternatively, one may sample wy.q from A/ (0, 0'2Id) with o2 HZ;SQ s
in which case standard concentration of measure arguments imply that
2 2
V1: d” llv1:4l] —Q(de?
IF’(wQE[ e” 1+€7:|)>1—€ (de”)
We note that the —vg4; < % in Lemma ensures that the bias v41 is not arbitrarily negative
[23]].

Lemma C.9. Suppose that C; < ||v|| and Cs ||[v|| < ||v1.4]| for some constants Cq,C> > 0. Let
3

§< (M%iZJ and let w € R¥*! such that E[o(w " x)] < § then
i [eF}

v.al®

L(w) > L(0) - 154
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Proof. According to Corollary E[o(w™x)] < § implies that

L(w) > L(0) — 63 <, [Elo(vTx)4] + 2@)

Then the desired result holds if

5 (BT + 2 E) < Il

By the assumption that Cs ||v]| < ||v1.4]|, the above holds if

53 <\/]E (0T )4 4 2¢/L( > || 12
We then observe that

= o]

WJ&F
\/ T+ mry/E

z?

2
> —2 by Propositions [C.Tand [C2]
w2 (V3+ )
C3
> by C1 < ||lv
e y C1 < vl
> 53 by choice of §
Therefore, we have our desired result,
los:all”
O
Lemma C.10. If | VL(w)||* < € then
8me(d+ 1)
L <
(w) = eIED(wTac > vlz >0)5
Proof.
L(w) =E[(o(w" ) — o (v 2))?]
<E[(w'z—v"x)?
< flw = o] E[|||*] by Cauchy-Schwarz
= (d+1) w ol
8me(d+ 1)
PlwTz > 0,072 > 0)0 by Lemma[C.J
O

Lemma C.11. Suppose that C; < ||v|| and Cs ||v|| < ||v1.4]| for some constants Cq,Cy > 0. Let
3

c3
o< (W) . We define
t, = max lwoll® + [[v]* 2 47me([lwol|” + [Jol|*) [lv]|* (d + 1)
62(a — (d+1)a2)’ (L(0) — Hv1 al|? )812(a — (d + 1)a2)

Then the maximum number of gradient descent steps, with step size o <
initialized at wy, until a reset is triggered by the reset oracle R is at most .

(22)

m and weights
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Proof. By Lemmal|C.2] there exists a time step ¢ € {0, 1,...,¢,_1} such that
2 2
+ ]l
|
” (wt)H *tr(a—(d—i— 1)@2)

Then by the choice of ¢,., we have that ||V L(w,)||*> < 62. If P(w; z > 0,072 > 0) < ﬁ then

according to Lemma we have that R5(w;) = 1 and a reset of the weights is triggered at time .
As for the case where

2

2
gl
we argue that Rs(wy ) = 0 for all ¢’ > ¢, or in other words, no resets are triggered by the reset oracle
Rs beyond time ¢. By taking the contrapositive of Lemma[C.9] we have that

P(w,z > 0,0 2z >0) > (23)

||U1:d||2
82
implies that E[o(w, z)] > §, or equivalently, Rs(w;) = 0. Furthermore, Lemmaensures that

L(wy) < L(wy) for all ¢ > ¢, and so it suffices to establish for iterate w;. Then according to
Lemma[C.10l we have that

lwol® + [fo]f* 8me(d +1)

L(w) < L(0) — (24)

L <
(we) < tr(a— (d+1)a?) P(w, x > 0,072 > 0)°
2 - d7me(||wol|* + [[o[|*) [|v]|"* (4 + 1) by @3)
t-012(a — (d + 1)a?)
2
< L(0) — lv1.al by chocie of ¢,
82

C.7 Regret Guarantees

Theorem C.4. Let wy be sampled from D,,, = Unif(l - S~ x {0}) for some positive constant
1 >0, where [ - S~1 C R is the r-radius sphere. Let v € R+ (possibly chosen adversarially with
knowledge of wg) be the target neuron’s weights satisfying

[vi:all
-, < ;o vl =27 ||lv]| = Cr, ||veal] = Col|v]|,
a1 S [v:all vl = Cr,  lvrall = Coflvfl
for some constants C, Cy > 0, and suppose
3
C2
5 < 72
sn2(V3+ &)

Then, minimizing L(-) via gradient descent with step size a@ < m, initialized at wg, and
employing a reset oracle R, yields

d*InT
VT >0, E[Rr]< O( - )7
where the expectation is taken over the randomness of the the initialization of w and the resets.

Proof. We let A, be the event that exactly r resets occur while minimizing the objective L(-) with
gradient descent using step size « and employing a reset oracle R 5. Therefore, we have that

T
E[Rr] = 7= 3 E[Rr | AJB(A,)
r=0

We begin by bounding P(A,.). We let p be the probability that a reset does not ever occur when
(re)initializing w; from D,,,. We proceed to show that p > % To this end, we suppose that
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w; is sampled from D,,,, and according to Lemma with probability at least % we have that
L(w) < L(O) - % Then for any iterate wy, where t’ > t, we have that L(wy ) < L(w;) due
to Lemma By the contrapositive of Lemma | we have that E[o(w, )] > 6, or equivalently,

Rs(wy) = O Hence, (re)samphng w; from D,,,, ensures that no resets occur for w; and any future
iterates with probability p > > =

We return to bounding IP’(AT). In the worst case, if v is chosen adversarially with the knowledge of
wp such that a reset occurs then P(Ag) = 0 and Vr > 1,P(4,) = p(1 —p)" ! < Hence,

[RT TZ2T‘1 RT‘A]

Next, we bound E[Ry | A,]. We let E[Ry | A,] = My, + My ,, where M, is the total loss of
all iterates preceding the final (r™) reset, and where M, . is the total loss of all iterates after the
final reset. We begin by bounding M ,.. We let w; be an arbitrary (re)initialization. Then for any
subsequent iterate w,- that precedes the next reset, we have that

27‘1

L(wy) < L(wy) by Lemma|[C.2]
< Elo(v'x)?] + E[o(w] )]
< Jlolf* + e by Proposition[C:2]
= [lol® + 22 by w; ~ Dug
According to Lemma [C.T1]

e |* + [lol* 2 47me((fwel|” + |Joll*) [[o]** (d + 1) } (25)

treset = Ma, )

' {(52(0z— (d+1)a?) (L(0) — Ivl d” )612(a — (d + 1)a2)

is the maximum number of gradient descent updates before a reset occurs. Therefore,
My < rheser(|[0]|* +17) (26)

As for M ,., we have the following upper bound
T—1-—r

My, < > L(w)
t=0

where we suppose that wg, w1, . .., wr_1—, are arbitrary iterates that do not trigger the reset oracle
Rs and wy is sampled from D,,,. We proceed to bound L(wy). To this end, we let

2 2 2
2(a—(d+1)a?) 0% (a— (d+1)a?)
For ¢ <t we crudely bound L(w;) < ||vH + 12, as argued earlier in the proof. For t > £ we have,

according to Lemmam IC.2]and the choice of 7, that for some ¢’ < ¢,
+ Jlol? Jlwoll” + Jlo]1”
Lo < ol . g
VL)l < fo = @+ Da?) = Ta— (@t Da?) =
By the fact that Rs(wy ) = 0 and the contrapositive of Lemma it follows that

f= 27)

(28)

52
Plwjz > 0,0z >0) > —7
4o
Then we have that
L(wy) < L{wy) by Lemma|[C.2]
5 8me(d + 1) C.10
< ’
< [VL(wp)| P(w:/x N RAFEY by Lemma
12 47me(|lwoll* + [lv]|*) lv]| " (d+ 1)
< - b d
=3 52(a— (d+ 1)a?) y 27) and (28)
2 12
_ 1 2-4Tme(P + |jv]°) ol (d+ 1) by wo ~ D,
7 512(@ _ (d + 1)&2) 0 wo
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Therefore,

My, < (E+1)(|Jo)* +12) +

S50 24Tl 4 ) ol 1)

: 52(a — (d+ 1)a?)

2 et 4 o) ol (d + 1)
02(a— (d+ 1)a?)

where the last line follows by the standard upper bound on the Harmonic sum. Putting everything
together,

<@E+D)([ol* + %) +InT

1
RT S Z 91— 1 Ml,r +M2,r)

r:l
and proceed by bounding each term separately.

1<~ 1 )
EDIPSITRRRS i
r=1 r=1

< 4treset(||”H + 12)
- T

Lreset ”v” +l2)

where the last line above follows by upper bounding Z? 1
arithmetico-geometric series. Similarly, we upper bound

57—t < 4 by a standard analysis of the

li Lo 20 D([lol* + 1) JFIJLT_487Te(l2+||v||2)||v||12 (d+1)
Ly gro1Rn = T T 512(a — (d + 1)a?)

where we bound Z
average regret is

,1 2r 57— < 2 by a standard analysis of a geometric series. Then the expected

Atreser([J0]|° + 12) n 2A(|[of|* +12)  WT 4me(® + |lof|*) [|v]"* (d+ 1)
T T T 02(a — (d + 1)a?)

for some constant ¢ € (0, 1] we have that

E[Rr] <

Then taking o = Q(T?H)

C 62 c

2d+1) Ad+1) - Ad+1)

Furthermore, if we take ||v||, [|wol|| = I, and & as constants bounded according to the assumptions of
the theorem statement, we have that teseq < O(d?) and t < O(d) and, moreover,

> d d*InT d*InT

B[Rr] < O(% + 5+ ) = O(2—)

a—(d+1)a?

O

Corollary C.2. Let L(-) be the objective function for learning a single neuron (see Eq. (3)), and let
wo € R be an initialization satisfying (wg)q41 < 0. Define the target weight vector v € R9+1

so that v1.4 = —(wp)1.q4 and vg41 < —(wp)a4+1. Then, for any step size o < m and any
regularization parameter A < 2d, performing gradient descent on the L2-regularized objective ﬁ()
from wy satisfies

VT >0, R > L(0) > 0.

Proof. The result follows immediately by Theorem [C.5]and noting that

= LN L = £ Y 10) = L)
t=0

t=0
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C.8 Negative Results

Theorem C.5. Let L(-) be the objective function for learning a single neuron (see Eq. ), and
let wy € R4*! be an initialization satisfying (wg)q+1 < 0. Define the target weight vector v €
R+ such that vy.y = —(wo)1.q and vgy1 < —(wp)4r1. For any step size a < m and
any regularization parameter A < 2d, every iterate w, of gradient descent (starting from wy) that
minimizes the L2-regularized objective L(-) satisfies

L(wy) > L(0) > 0.

Proof. We first prove that for any iterate wy,
{zeRIx {1} :w/z>0)N{z e R x {1} :v 2 > 0} = P and (w;)gr1 <O (29)

We prove this claim by induction. For the base case of wy, we let z € R? x {1} be any vector such
that wy x > 0, then

vz = vIdﬂcl;d + Va41
= *(wt)IdILd + Vd+1 by choice of v
< —(wt)IdZUl:d — W41 by choice of v
= —ona:
<0 by choice of x

By assumption (wp)g+1 < 0, and therefore, holds for the initialization wg. Next, we consider an
arbitrary iterate w; and suppose that (2Z9) holds for w; and we proceed to show that (Z9) holds for
wiyr. Welety € RY x {1} be an arbitrary vector such that vy > 0. Then,
w1y =wy—aVL(w) 'y — alwy by gradient descent update
— (1- aNw] y — 2aE[(0(w] 2) — 0 (0T 2) Ly asop] Ty
= (1 — aNwy — 20E[o(w/ z)z] Ty
where the last line follows by the fact (29) implies that (o' (w; y) o (v ")) 1,7 4501 = o(w] ). We

let x = x4, +x,, where x,, = (2, 1) such that . is the projection of z1.4 onto the subspace spanned
by (w¢)1.q and x,, = (24, 0) such that z; is the orthogonal complement and hence w, x,, = 0. Then

E[o(wjx)x] E[U(th(xw + 7)) (Tw + Tu)]
Elo(w] ) (2w + 2] by w, 2, =0
E

[U(w;rxw)ww] + E[U(w;rxw)wu]

Because z1.q4 ~ N (0, I4) is rotationally symmetric, its projections onto orthogonal subspaces are
independent; consequently x5 and z; are independent. Moreover, th Ty = (wf)lT 4T + Wa41 18
independent of x| y = z] y1.4. Therefore,
]E[O’(w;r.rw)xu]Ty = E[o(w;xw)xzy]
= Elo(w, z)|E[z, 9] by independence
=0

where the last line follows by the fact that ) y = x y1.4 is a zero-mean normal random variable.
Therefore,

wliy =1 - awy — 20E[o(w/ z)z,,y]
= (1= al)(wi)gr1 — 20E[o(w] 20)] + (1 — @A) (we){qy1:a — 20E[0(w] 22) 25 y1:4]
< (1= aA)(wi)as1 + (1 — aX)(we){.qy1:a — 20E[0(w) 2)2 5 y1:d]
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where the last line above follows by 2aE[o(w, x,,)] > 0. Since 4 is the projection of 1.4 onto the

subspace spanned by (w;)1.q then

T
w .a%1:d
%Tuyhd = (t)li'dQ(wt)Idylzd
[ (we)1:dll
Hence,
T T T (wt)Idxl:d T
20E[0(w, Tw)Tgy1:a] = 20E[0(w, T) y 2 J(wi)1.qY1:d
[ (we)1.all
Next, we argue that
(wt)Idxlid 1

0 < 20E[o(w, x,) (30)

l(we)ral®  d+1

Since (w¢)gy1 < 0 then w2 > 0 implies that (U/t);r 4%1:4 > 0. Therefore the nonnegativity of
follows immediately. Moreover, this also implies that

o(w) @) (wi){ gr1:a < o (i) {.g1:0) (W) g1 < (Wi)],g21:0)°
By the fact that z1.4 ~ N(0, I;) we have
(wt)Idxlzd
WilraTid _ 7 Ar(o, 1) 31)
[ (we)1:all
Hence
)(wt)irzdmlid] <

20E [0 (w, 4 [M}

21 = 2
([ (we)1:all [[(we)1:all
= 20E[2?] by (31)
=2«
< L by choi f
i1 y choice of «

Hence, 1| holds and therefore there exists some D € [0, ﬁ) such that

(1= aX)(we){.qy1.a — 20E[0(w; @) gy1:a] = (1 — @ — D)(we){.g¥1:a

Continuing from earlier

U’;ﬂ/
< (1= aA)(wi)ars + (1 = aX)(we){qy1a — 20E[o(w] 20) 5y1.4]
= (1= aX)(we)ap1 + (1 = aX = D)(we)1.q¥1a
< (1 =X = D)(wi)asr + (1 = aX = D)(wi)] g1 by (wi)ar1 <0< D
= (1 —a\—D)w/y

Given that o < 51—, A < 2d,and D € [0

SaTT) ) then

_1
) d1
0<l—-aX-D<1

and therefore
w1y < (1—aX—D)w/y <0

where the final inequality above follows by the inductive hypothesis and the fact that v "y > 0.
We additionally note that

(wig1)ars = (1= aA)(w)apr — 20E[o(w/ )] < (1 = aX)(wi)arr <0
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where the finally inequality holds by (w;)44+1 < 0 due to the inductive hypothesis and the fact
that 1 — a\ € (ﬁ, 1]. Hence holds for the iterate w; . Finally, we show that if holds
then

We first note that implies

Vo e RY x {1}, o(w z)o(v"z) =0 (32)
and so
L(w;) = E[(o(w/ z) — o(v"x))’]
= Elo(w, z)?] + E[o(v'z)?] — 2E[o(w, z)o (v z)]
= Elo(w] 2)?] + Elo(v"2)?] by (32
> Elo(v'z)?)
= L(0)
>0 byv #0

D Motivating SNR and Comparison to Other Reset Schemes

Here we motivate the SNR heuristic and compare it to other proposed reset schemes. Consider the
following simple hypothesis test: we observe a discrete time process Z; € {0, 1} which under the
null hypothesis Hy is a Bernoulli process with mean p > 0. The alternative hypothesis H; is that the
mean of the process is identically zero. A hypothesis test must, at some stopping time 7, either reject
(X = 1) or accept (X = 0) the null; an optimal such test would choose to minimize the sum of
type-1 and type-2 errors (the ‘error rate’) and a penalty for delays:

P(X7 = 1[Ho) + P(X; = O0[H1) + A (E[7|Ho] + E[r|H)])

Here the multiplier A > 0 penalizes the delay in a decision. If A < p/2, the optimal test takes a
simple form: for some suitable threshold 7', reject the null iff Z, = 0 for all times s up to 7"

Proposition D.1. Let 7 be the 1 — A(p — A) ! percentile of a Geometric(p) distribution. Then the
optimal hypothesis test takes the form X, = 1{Z, = 0} where 7 = min(s: Z, = 1) A T.

Notice that if A oc p, the percentile threshold above is independent of p. Applying this setup to
the setting where under the null, we observe the firing of neuron ¢ under i.i.d. training examples
from p; and a neuron is considered ‘dead’ or inactive if the alternate hypothesis is true, imagine that
D= IP’(Z“’ = 1). Further, we assume A = ap (a < 1/2); a reasonable assumption which models a
larger penalty for late detection of neurons that are highly active. It is then optimal to declare neuron ¢
‘inactive’ if the length of time it has not fired exceed the 1 — (1 — «) ~! percentile of the distribution
of A¥*. This is the underlying motivation for the SNR heuristic.

Comparison with Reset Schemes: Neuron reset heuristics such as Sokar et al. [22]] define (sometimes
complex) notions of neuron ‘utility’ to determine whether or not to re-initialize a neuron. The utility
of every neuron is computed over every consecutive (say) r minibatches, and neurons with utility
below a threshold are reset. To facilitate a comparison, consider the setting where neurons that do
not fire at all over the course of the » mini batches are estimated to have zero utility, and that only
neurons with zero utility are re-initialized.

This reveals an interesting comparison with SNR. The schemes above will re-initialize a neuron after
inactivity over a period of time that is uniform across all neurons. On the other hand, SNR will reset
a neuron after it is inactive for a period that corresponds to a fixed percentile of the inter-firing time
distribution of that neuron. Whereas this percentile is fixed across neurons, the corresponding period
of inactivity after which a neuron is reset will vary across neurons: shorter for neurons that tend to
fire frequently, and longer for neurons that fire less frequently.

We can make this comparison precise in the context of the hypothesis testing setup above: specifically,
consider two neurons with null firing rates p; and ps respectively (p1 < p2), and delay multipliers,
A, of ap; and ap, respectively. By Proposition under SNR, the first is reset if it is inactive
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for time at least log(a(1 — a)~1)/log(1 — p1) and the second if it is inactive for time at least
log(a(1 — a)71)/1log(1 — p2). In contrast, for a fixed threshold scheme such as Sokar et al. [22]],
either neuron would be reset after being inactive for some fixed threshold, say 7*. Assume r* is set to
minimize the sum of the error rates of the two neurons while keeping the total delay identical to that
for SNR. The proposition below compares the error rate between the two schemes:

Proposition D.2. The ratio of total error rate with a fixed threshold r* to that under SNR scales like

. 1 1llog(l—py)
¢ (exp <1°g(“(1 R < 2 " 2log(1 —m))))
Now recall that « < 1/2 and p; < py. The result above then shows that: (a) the error rate under an
(optimal) fixed threshold can grow arbitrarily larger than the error rate under SNR as the penalty for
delay shrinks to zero and (b) the rate at which this gap grows itself scales with the difference in the
nominal firing rates of the neurons under consideration. This provides insight into the relative merits
of using a scheme like SNR in lieu of existing reset proposals: resets under SNR detect changes in

the firing rate of a neuron faster and more accurately; this matters particularly in situations where
there is wide disparity in the nominal firing rates of neurons across the network.

D.1 Proofs of Proposition and

Proposition D.3 (Restatement of Proposition . Let T be the 1 — p_% percentile of a Geometric(p)

distribution. Then the optimal hypothesis test takes the form X, = 1{Z, = 0} where 7 = min(s :
Zs=1)AT.

Proof. We begin by assuming equal priors P(Hy) = P(H;) = 3. We note that for any time s, if
Zs = 1 then any optimal hypothesis test must declare X; = 0 as Z; = 1 is impossible under H; and
waiting to make a future declaration will incur additional cost of at least A. Therefore, it remains for

us to derive an optimal stopping time for the collection of states {7 = ... = Z;=0:s € Z, }.
Let V() be the expected total future cost at time s given that we have observed Z; = ... = Z, = 0.
We define
ms =P(Ho|Z1 = ... = Z; =0)
P(Hy,Zy=...=Zs;=0)
P(Z1=...=Z,=0)

(1 —p)*P(Ho) + P(H)

_ (1@ p)f)i 1 by P(Ho) = P(Hy)

If we stop at time s and make a declaration, we choose the hypothesis with higher positive probability
in order tom minimize the error probability
P(X, = 1|Hy) + P(X, = 0| H})
Thus, the expected cost of stopping is
C*P(s) = min{m,, 1 — 74}
We can simplify this further by noting that 74, < 1 — m5. We note that

1 1
Z(1=p) <=
51-p)° <3
by 1 — p € [0,1]. This is equivalent to
1 s
(1-p)" < 5(A=p)"+1)
by adding % (1 — p)*, which in turn, is equivalent to
S Gt O
AI—pyr+1-2
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Therefore, 75 < % < 1 — 74 and so we have that
C*P(s) = min{ms, 1 — 75} = 7

This also implies that if we are to stop at some state {Z; = ... = Z; = 0}, it is optimal to declare
Xs=1.

If we continue at time s to s 4+ 1, we incur an additional delay cost of A, and the expected future cost
depending on whether we see a Z,1 = 1 or Zs41 = 0.
* With probability pm; we obserbes Zs 1, under Hy, and we stop the process with X1 = 0,
incurring zero error cost since Zs1 = 1 cannot occur under ;.
* With probability (1 — p)ws + (1 — 7) = 1 — pms we observe Z,11 = 0 and the process
continues.
Therefore, the expected cost of continuing at time s is
CMs)= A+ (1 —prs)V(s+1)
Then the Bellman equation for the optimal cost-to-go function is
V(s) = min{C**(s),C*"(s)}
To determine an optimal stopping time, our goal is to find smallest 7" for which

CS[OP(T) S CCOnt(T) (33)

Assuming we stop at time 7',
V(T + 1) = CStOp(T + 1) = TT+1
Therefore,
COMNT)=A+ (1 —pr)V(T+1) =X+ (1 — prs)mr41
and to establish (33) it suffices to show that
mr <A+ (1= prr)mrys (34)

First, we write mr4; in terms of 7. Under the updating rule for the posterior probability, we have
that

mre1 —P(HolZy = ... = Zpy1 =0)
_ P(Zry1 = 0|Ho)P(Ho|Z1 = ... = Z1 = 0)
N P(Z711=0[Zy=...=Zp =0)
_ (1-p)mr
o IP(ZTJrl = O‘Ho)ﬂ'T + ]P)(ZT+1 = 0|H1)(1 - 7TT)
(1—p)mr
S (I-prr+ (1 —mp)
_ (A —p)mr
1—prp

Returning to (34), we need to show that

(1 =p)mr =A+(1—-p)rr

<A+(1-
mr <A+ (1 - prr) 1= prr

Simplifying the above inequality, we have that

7TT<*

Substituting in our formula for 77, the above is equivalent to
_ T
(1-p) < A
(I-p)T+1"p
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which after simplification is equivalent to

(1-p)' < =

Let F' be the CDF of the Geometric(p) distribution. Let T* be the 1 — p% percentile of the

Geometric(p) distribution. Note, since A < £ then 1 — ﬁ € (0,1) and is a valid percentile. Then
for any T' > T we have that

1-(1-p)T =F(T)

> F(T™) byT > T
A
>1—— by choice of T
p—A
which is equivalent to
A
1-p)' < —"—
(I-p) S
and therefore, the optimal hypothesis test is to declare X = 1forany T > T*if Z1 = ... = Zp = 0.

Hence, the optimal hypothesis takes the form of
X, =1{Z, =0} where 7 =min(s: Z, = 1) AT*
O

Proposition D.4 (Restatement of Proposition|[D.2)). The ratio of total error rate with a fixed threshold
r* to that under SNR scales like

_ 1 Tlog(l—p1)

Q 1 1-— Bl-+-———

(exp (tosta1 = o)1) (=5 + 520 =2
Proof. For notational convenience, define @ = «(1 — ) ~!. Notice that by Proposition under
SNR, neuron 4, (I = 1, 2), is reset if it inactive for any longer that time 7' = log(a))/ log(1 — p;).

Consequently, the expected delay penalty, E[r|Hg| 4+ E[7|H] for neuron 4, is simply

log(a) 1
log(1—pi) pi
Letting the optimal fixed threshold be r*, we must have that the expected total delay across both

neurons under this fixed threshold is at least 2r*. This total expected delay can be no larger than that
under SNR. Thus,

2r* < log(a@) (log(ll_ p1) + log(ll— p2)> i (pll ’ pl2>

But the sum of the error rates across the two neurons with the fixed threshold r* is at least (1 —
pl)"* + &, while the total error rate under SNR is precisely &. Dividing these two quantities and
employing the upper bound derived on r* then yields the result. O
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