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Abstract

A common step in differentially private (DP) Riemannian optimization is sampling from
the (tangent) Gaussian distribution as noise needs to be generated in the tangent space to
perturb the gradient before taking the step. In this regard, existing works either use the
Markov chain Monte Carlo (MCMC) sampling or explicit basis construction based sampling
methods on the tangent space. This becomes a computational bottleneck in the practical use
of DP Riemannian optimization, especially when performing stochastic optimization. In this
paper, we discuss different sampling strategies and develop efficient sampling procedures by
exploiting linear isometry between tangent spaces and show them to be orders of magnitude
faster than standard sampling strategies like MCMC. We also improve utility bounds by
showing them to be metric-tensor independent. Furthermore, we develop the DP Rieman-
nian stochastic variance reduced gradient algorithm and compare it with DP Riemannian
gradient descent and stochastic gradient descent algorithms on various problems.

1 Introduction

Differential privacy (DP) provides a rigorous treatment for the notion of data privacy by precisely quantifying
the deviation in the model’s output distribution under modification of a small number of data points (Dwork
. Provable guarantees of DP coupled with properties like immunity to arbitrary post-processing,
and graceful composability have made it a de-facto standard of privacy with steadfast adoption in the real
world (Erlingsson et al., 2014; |Apple} 2017; Near} |2018} |[Abowd] [2018). Furthermore, it has been shown
empirically that DP models resist various kinds of leakage attacks that can cause privacy violations
let all [2018} |Carlini et al., 2019} |Sablayrolles et al., [2019 Zhu et al., 2019} Balle et al.| 2022)).

Various approaches have been explored in literature to ensure differential privacy in machine learning models.
These include output perturbation (Chaudhuri & Monteleoni, |2008; |Chaudhuri et al., |2011; [Zhang et al.
2017) and objective perturbation (Chaudhuri & Monteleoni, 2008; |(Chaudhuri et all 2011} Kifer et al.
2012} [Iyengar et al 2019; Bassily et al., [2021), in which a perturbation term is added to the output of
a non-DP algorithm or the optimization objective, respectively. Another approach, gradient perturbation,
involves perturbing the gradient information at every iteration of gradient based approaches and has received
significant interest in context of deep learning and stochastic optimization (Song et al., [2013; Bassily et al.,
[2014} [Abadi et al.| [2016; [Wang et al), 2017} Bassily et al.,2019; Wang et al.l |2019a} |Bassily et al., 2021]).

Recently, achieving differential privacy over Riemannian manifolds has also been explored in the context of
obtaining Fréchet mean (Reimherr et al.,|2021)) and, more generally, solving empirical risk minimization prob-
lems (Han et al.,[2022). Riemannian geometry is a generalization of the Euclidean geometry Absil
et al.,|2009) and includes several non-linear spaces such as set of positive definite matrices 2009), set
of orthogonal matrices (Edelman et al.\[1998; |Absil et al.,|2009), and hyperbolic space (Ungar, [2008} |Nickel &
KielaL , among others. Several machine learning problems such as principal component analysis (Absil
et al.l [2007), matrix completion (Boumal & Absil, 2011)), low-rank tensor learning (Nimishakavi et al., 2018),
metric learning (Bhutani et al.l 2018), covariance estimation, natural language processing (Jawanpuria et al.,
2019), learning embeddings (Nickel & Kielal [2017; [2018; [Suzuki et all 2019} [Qi et all [2021)), etc., may be
viewed as an instance of problems on Riemannian manifolds.

In differentially private Riemannian optimization (Han et al., [2022)), a key step is to use tangent Gaussian
sampling at every iteration to perturb the gradient direction in the tangent space. (2022) proposed
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to use the Markov Chain Monte Carlo (MCMC) method (Robert & Casellay, |1999)), which is computationally
expensive especially on matrix manifolds with large dimensions. When the underlying Riemannian metric is
induced from the Euclidean metric, such as for hypersphere, [Han et al.| (2022) showed one can avoid MCMC
via basis construction for the tangent space. For general manifolds of interest, however, a discussion on basis
construction and computationally efficient sampling is missing. The sampling step is computationally pro-
hibitive, especially when performing differential private stochastic optimization over Riemannian manifolds,
where the number of sampling calls is relatively high compared to the case of deterministic optimization.
It should also be noted that generalizing more sophisticated differentially private Euclidean stochastic al-
gorithms like differentially private stochastic variance reduced gradient (Wang et al.l 2017)) to Riemannian
geometry is non-trivial and is an active area of research. The benefits of (non-private) Riemannian stochastic
variance reduction gradient (RSVRG) methods over Riemannian stochastic gradient (Bonnabell 2013) has
been studied in existing works (Zhang et al., [2016; [Zhou et al., [2019; [Han & Gao, 2021} [Sato et al.; [2019).

In this work, we propose generic fast sampling methods on the tangent space for various matrix manifolds of
interest. This makes differentially private Riemannian optimization more practically appealing for real-world
applications. We also propose a differentially private Riemannian stochastic variance reduction gradient
(RSVRG) and illustrate its efficacy in different applications. Our main contributions are summarized below.

1. Sampling. We show that the computationally prohibitive MCMC sampling and explicit basis
construction can be avoided in differentially private Riemannian optimization. To this end, we
propose two novel sampling strategies: 1) implicit basis construction of the tangent space and
2) novel sampling procedure based on linear isometry between tangent spaces. We show that the
proposed sampling strategies are remarkably fast and improve sampling time by orders of magnitude.
As a side result, use of such sampling strategies improve upon the existing utility bounds (Han et al.,
2022) of differentially private Riemannian gradient descent methods by removing the dependence on
the Riemannian metric-tensor.

2. DP-SVRG. We propose a differentially private Riemannian stochastic variance reduced gradient
(DP-RSVRG), expanding suite of differentially private stochastic Riemannian optimization methods.
We empirically evaluate DP-RSVRG with existing differentially private Riemannian (stochastic)
gradient methods and study its benefits.

Organization. The rest of the paper is organized as follows. Section [2| gives background on Riemannian
geometry, Riemannian optimization, and differential privacy. We then derive various properties of tangent
Gaussian distributions in Section [3] and apply them to improve the existing utility bounds. Section [
presents different strategies for efficient sampling. In Section[5} we develop a differentially private Riemannian
stochastic variance reduction gradient algorithm (DP-RSVRG) and Section |§| discusses the empirical results.
Section [7] concludes the paper.

2 Preliminaries and related work

Riemannian Geometry. A Riemannian Manifold M of dimension d is smooth manifold with an inner
product structure (., .),, (i.e., having a Riemannian metric) on every tangent space T,,, M. Given a basis % =
(B1,-..,0Bq) for TyM at w € M, the Riemannian metric can be represented as a symmetric positive definite
matrix G, and the inner product can be written as (v, Vo), = 1/—1>TGw72>, where 171>, 75 are coordinates of the
tangent vectors vq,vs € T, M in the coordinate system. An induced norm is defined as ||v|,, = /(¥ V)w.
A geodesic v : [0,1] = M is a locally distance minimizing curve on the manifold with zero tangential
acceleration. For any & € T,,M, the the exponential map is defined as Exp,,(v) = v(1) where v(0) = w
and +/(0) = v. If; between any two points w,w’ € M there exists a unique geodesic connecting them,
the exponential map is invertible. Transporting the vectors on the manifold requires the notion of parallel
transport. In particular, parallel transport from w; € M to ws € M denoted as PT** 7% : T\, M — T,,, M
is a linear isometry (i.e., inner product preserving).

The Riemannian gradient of real valued function f : M — R denoted as grad f(w) is a tangent vector s.t for
any v € T,M, (grad f(w),v), = Df[w](v) = (Vf(w),v)s where Df[w](v) denotes directional derivative of
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f at w along v and V f(w) is the Euclidean gradient. (,)s denotes standard ¢ Euclidean inner product. We
refer the readers to (Do Carmo & Flaherty Francis, (1992} |Leel [2006) for a detailed exposition of Riemannian
geometry and (Absil et al., 2009; [Boumal, |2022) for Riemannian optimization.

Let W C M be a totally normal neighborhood and D)y denotes its diameter and ky,;y is the lower bound on
curvature of W. A function f is called geodesic Ly-Lipschitz and geodesic L-smooth if for any wy,ws € W,
|f(w1) = f(wz)| < Lodist(wy, wz) and [|grad f(w1) — PT"27"" grad f(ws)]l,,, < Ldist(w:,ws) respectively.
A function f is called geodesic p-strongly convex if w,w’ = Exp,, () € W, if it satisfies f(w') > f(w) +
(grad f(w),)w+ %distQ(w, w’). A function f is said to satisfy Riemannian Polyak-t.ojasiewicz (PL)condition
if there exists 7 > 0 f(w) — f(w*) < 7||grad f(w)||i) for any w € M (Zhang et al.l [2016; Han & Gaol, 2021)).
The Riemannian PL condition is strictly weaker notion than geodesic strong convexity, i.e., every geodesic
p-strongly convex satisfies Riemannian PL condition (with 7 = 1/(2u)) and there exists a function that
satisfies the Riemannian PL condition but not geodesic strong convexity. We also make use of the curvature
constant, defined as ¢ = % if Kmin <0 and ¢ = 1 if Ky > 0.

Differential privacy. Let Z be an input data space and two datasets of size Z, Z' € Z™ of size n are called
adjacent if they differ by at most one element. We represent adjacent datasets Z, Z’ by notation Z ~ Z’. A
manifold-valued randomized mechanism R : Z — M is said to be (¢, §)-approximately differentially private
(ADP) (Dwork et al., [2006a)) if for any two adjacent datasets Z ~ Z’ and for all measurable sets S C M
we have P[R(Z) € S] < exp(e)P[R(Z’) € S] + 6. Rényi differenital privacy (RDP) (Mironov, 2017) is a
refinement of DP which gives tight privacy bounds under composition of mechanisms. A-th moment of a

mechanism R is defined as Kg(A) = supy,. logONR(Z)[(%))‘] and mechanism R is said to satisfy

(X, p)-RDP if T1-Kr (A — 1) < p. If mechanism R : Z — M is the (adaptive) composition of k& mechanism
{R}E_ | ie, R;: H;;ll M; x Z = M; then Kr(X) < Zle Kr,(A). Using moments accountant technique
Abadi et al.| (2016]), (A, p)-RDP mechanism can be given (e,)-ADP certificate. We refer the interested
readers to (Dwork et al., [2014; |Vadhan| |2017)) for more details.

Differential privacy on Riemannian manifolds. [Reimherr et al.| (2021)) is the first to consider differen-
tial privacy in the Riemannian setting and derived the Riemannian Laplace mechanism based on distribution
from (Hajri et al., [2016)). [Utpala et al.|(2022) derive output perturbation for manifold of symmetric positive
definite matrices (SPD) with the Log-Euclidean metric based on distribution from (Schwartzman| 2016).
While (Reimherr et al., 2021} [Utpala et al., [2022)) focus on output perturbation, [Han et al.| (2022) proposes
unified differentially private Riemannian optimization through gradient perturbation.

Han et al.| (2022)) considers the following problem where the parameter of interest lies on a Riemannian
manifold M and z;,7 =1, ...,n represent the set of data samples, i.e.,

min {F(w) = 3 ) = 23 fw )} . (1)
=1 i=1

The aim of differentially private Riemannian optimization is to privatize the solution from a Rieman-
nian optimization solver by injecting noise to the Riemannian gradient, similar as in the Euclidean case.
The Riemannian gradient however grad F(w) belongs to (T,,M, (,)w), and unlike in the Euclidean case,
both the underlying space and inner product varies with the base point w. Accordingly, to perturb the
Riemannian gradient, Han et al. (2022) define an intrinsic Gaussian distribution on T, M with density
p(v) x exp(— || — ﬂ”i; /202),v € TyM, and call it tangent Gaussian. They propose differentially private
Riemannian gradient and Riemannian stochastic gradient descent algorithms.

3 Properties of tangent Gaussian mechanism
In this section, we derive various properties of the tangent Gaussian distribution that are used for proposed
sampling and analysis later. Proofs of the results discussed in this section are provided in Appendix

We begin with the definitions of the Lebesgue measure on tangent space and the tangent Gaussian distribu-
tion. We then show that indeed the tangent Gaussian reduces to the multivariate Gaussian when appropriate
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basis is constructed. Furthermore, we show how the basis construction at one point on the manifold relates to
other points via the notion of isometric parallel transport. These properties allow efficient sampling without
the use of MCMC. Particularly, the reduction to a multivariate Gaussian distribution allows sampling to be
completed in coordinates and then transformed via a basis. The isometric transport further simplifies the
basis construction process as discussed in Section [4]

Definition 1 (Lebesgue measure on tangent space). Consider a Riemannian manifold M with intrinsic
dimension d. For w € M, let B = {b1,...,B4} be an orthonormal basis of T, M with respect to the
Riemannian metric. Define ¢z : R* — T,M as ¢z(cr,...,cq) = Zle c;B;. Let A denote the standard
Lebesque measure on R%. Then, we define the Lebesque measure on T,M as the pushforward measure e
given by (6ZX)(S) 2 X (61(9)).

Remark 1. Let %1, % be two orthonormal basis of T, M then ¢Z1\ = ¢Z2\ because Lebesgue measure is
invariant under orthogonal transformation (with respect to the Riemannian metric). Hence, in the rest of
this draft, we drop the superscript Z for clarity and denote the pushforward measure as ¢, \.

We now define the tangent space Gaussian distribution (Han et al. |2022)) under the measure in Deﬁnition

Definition 2 (Tangent Gaussian). Let w € M, a tangent vector & € T\, M follows a tangent space Gaussian
distribution at w, denoted as & ~ Ny, (1, 0?) with mean p € Ty M and standard deviation o > 0 if its density

2
is given by py(§) = Cy o €Xp (—%) under the pushforward measure given in Definition .

With the measure properly defined, we show in Claim [1| that the tangent Gaussian N, (u, 02) reduces to a
multivariate Gaussian in an orthonormal coordinate system, which is stated in (Han et al., 2022, Remark 1).
Claim 1. Let w € M and & be any orthonormal basis of T,M. A random tangent vector & € T,, M follows
the tangent Gaussian with mean p € T,M and standard deviation o if and only if its coordinates in X%
denoted as gfallows the d-dimensional Buclidean Gaussian distribution with mean ji € R? and covariance
matriz 021, i.e., & ~ Niy(p, 02) < & ~ N(ji,021;). Hence, the density of the tangent Gaussian is given

T
by pg(l/) = (27Ta-12)d/2 €Xp <_ ”VQUHQH“’ ) .

A direct consequence of Claim [1]is the following claim where we improve the bounds on the variance of a
tangent Gaussian sample (&).

Claim 2 (Metric independent utility bound). Suppose & ~ N,,(0,02). Then, E||£||2, < do?, where d is the
dimension of the manifold.

We notice in (Han et al.l [2022) that the bound is E||¢||2, < do?c, !, where ¢/ is the smallest eigenvalue of the
metric tensor G,,. Nevertheless, from Claim [T} we show under an orthonormal basis G,, = I, which allows
to improve on the variance bound and the subsequent utility bounds by removing the dependence on the
metric tensor.

Next, we show a result that relates the tangent Gaussian on different tangent spaces via linear isometry.

Claim 3. Let wi,wy € M and let "' 7% : T, M — Ty M be any linear isometry (i.e., inner product
preserving). If &1 ~ N, (i1, 03), then T"' 72 (&) ~ Ny, 172 (), 02).

Linear isometry, as defined above, is present in the form of parallel transport and more generally vector
transport (Absil et al., [2009; [Huang et all 2017). We discuss relevant examples of such isometry in the
context of various manifolds in Section [4 It should be noted Claim [3]is crucial to the design of efficient
sampling procedures, introduced in Section [

4 Scaling up sampling from tangent Gaussian

As discussed earlier, efficient sampling techniques are especially useful in stochastic optimization setting. In
this section, we propose novel and efficient sampling strategies from the tangent Gaussian distribution for
different manifolds and different Riemannian metrics. We then show concrete implementation of the proposed
sampling strategies for various manifolds of interest. We specifically discuss the SPD, Stiefel, Grassmann,
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Algorithm 1: Sampling using explicit basis construction

Input : Manifold M of dimension d, base point w € M, Riemannian metric (., .),,, mean p €
standard deviation o > 0.
Output: {&1,...,&}, st & ~ Ny, (0,02).
fort=1,...,sdo
construct orthonormal basis of Ty, M wrt inner product (., .}, and call it By, = {01,...,84}-
generate d dimensional coordinates a ~ N'(0,021,).
& = 25:1 a;fi.

end

Algorithm 2: Sampling using isometric transportation

Input : Manifold M of dimension d, base point w € M, Riemannian metric (.,.),, mean p € standard
deviation o > 0, reference point @, orthonormal basis & = {f1,..., 4} at TepM.
Output: {&1,...,&}, st & ~ Ny, (0,02).
fort=1,...,sdo
samples d coordinates a ~ N'(0,021,).
Generate tangent Gaussian sample at @ as ( = Z?:l a;f;.
Isometrically transport ¢ from T M to Ty, M : & = TP7™¢(().
end

and hypersphere manifolds. In addition, Appendix discusses sampling procedures for hyperbolic spaces
in the Poincaré Ball and the Lorentz Hyperboloid models.

Basis construction. We begin by noting that Claim [I] in Section [3| allows to avoid the computationally
expensive MCMC based sampling and and apply the (more efficient) basis construction approach for any
matrix manifold. Specifically, given an orthonormal basis & for T\, M at w € M, the sample is generated in
the basis Z with the coordinates following the standard Gaussian distribution. However, since the underlying
Riemannian metric varies from point to point, finding an orthonormal basis directly for the tangent space at
a point can be difficult. In many cases, a basis that is not orthonormal can be easily obtained, which we can
then orthogonalize by the Gram-Schmidt method. We term this explicit basis construction strategy for
sampling and summarize it in Algorithm |1} Please note that (Han et al., [2022) has proposed explicit basis
construction strategy limited to manifolds endowed with the Euclidean metric. On the other hand, Claim
allows generalizing this strategy to manifolds endowed with general Riemannian metric.

Even though the basis construction strategy is faster than MCMC, it is still computationally expensive as
we need to construct basis at every iteration. For certain manifolds, however, it is possible to avoid explicit
basis construction: instead of constructing {51,..., 54} (Step 2 of Algorithm [1) and then producing the
sample with coordinates a (Step 3 of Algorithm , we use the structure on the manifold and combine the
two steps into one step efficiently. We term this as implicit basis construction strategy for sampling. In
Sections we detail this implicit approach for various manifolds. As discussed later in Section [6] we
empirically observe that the proposed implicit strategy is much faster than the explicit strategy.

Isometric transportation. We now discuss another novel sampling strategy, which altogether avoids basis
construction at every iteration and is more amenable to stochastic optimization settings. In such settings,
we cannot perform Steps 2 and 3 of Algorithm [1] (either explicitly or implicitly) with batch operations. To
mitigate the issue, we use Claim [3] in Section [3] In particular, Claim [3] suggests that to sample from the
tangent Gaussian on T, M for some w € M, one can simply sample from the tangent Gaussian from any
other base point w’ and then transport the sample using a linear isometry from w’ to w.

The proposed isometric transportation based sampling approach avoids repeated basis construction and
possibly orthogonalization process, when sampling from different base points. Furthermore, reference point
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Table 1: Reference points @ for Algorithm [2l T € R™*™ denotes the identity matrix. (ey,...,e;) denotes
the standard basis vectors of R™ and &; the first standard basis vector of R™~1. o € R™ denotes zero vector.
(,)r, (,)2 denote the standard Euclidean inner product on matrices and vectors respectively. We observe
that at specific reference points, both the Riemannian metrics and tangent spaces can be simplified.

Manifold Metric Reference point @ Tangent space T; M Metric (,)y Parallel transport
Affine-Invariant metric IeR™*™ SYM(m) (w Closed form
SPD Bures-Wasserstein metric Ie R™*™ SYM(m) (,)r/4 No closed form
Log-Euclidean metric IeRmx™ SYM(m) ()F Closed form
Grassmann  Grassman canonical metric le1,...,e.] € R™MXT  {Q}rxT x ROM—T)x7 (¥ Closed form
Stiefel Stiefel canonical metric le1,...,e,] e R™*™  SKEW(r) x RP=mxr (Vg /2 No closed form
Hypersphere Hypersphere canonical metric e; € R™ {0} x R™~! (,)2 Closed form
Hyvperoblic Poincaré ball metric ocR™ R™ (,)2 Closed form
P Lorentz hyperboloid metric (0,61) e R™ {0} x R™~! ()2 Closed from

w’ can be chosen such that tangent space and/or metric has simple form that is amenable to sampling.
Algorithm [2| summarizes the proposed sampling procedure. Algorithm [2| achieves significant improvement
in efficiency and renders computational cost of privatizing the training process negligible, especially for high
dimensional matrix manifolds. Please refer to Tables [I] and [3] for a summary of reference points and other
details useful for implementing Algorithm [2] on various manifolds.

4.1 SPD manifold

Let SPD(m) denote the set of symmetric positive definite matrices of size m x m and for X € SPD(m), the
tangent space at X is Tx SPD(m) = SYM(m), where SYM(m) denotes the set of symmetric matrices of size
m X m. We start with the standard basis for SYM(m), given by & = {eief ci=1...m,j=i+1,...,m}.
It can be shown that under the Euclidean metric, i.e., (U, V)% = Tr [UV], £ forms an orthogonal basis

f (SYM(k), (,)%) and can be transformed into an orthonormal basis by scaling. U and V belong to the
tangent space Tx SPD(m). However, the (fixed) Euclidean metric fails to capture the geometric properties
of the underlying space and alternative (varying) Riemannian metrics are usually preferred. To this end, we
consider three Riemannian metrics:

o Affine-Invariant (AI) metric (Pennecl [2006; Bhatia, 2009), defined as (U, V)& = Tr [X_lUX_1V].

o Bures-Wasserstein (BW) metric (Bhatia et al., [2019), defined as (U, V)§W := Tr[Lx[U]V], where
Lx[U] is the solution to the matrix equation Lx[U]U + ULx[U] = U.

o Log-Euclidean (LE) metric (Arsigny et all [2007), defined as (U, V)LE =
Tr [DLogm[X](U).DLogm[X](V)], where DLogm[X](U) is directional derivative of matrix
logarithm at X evaluated at U.

For all the three metrics, 4, the standard basis of SYM(m) is no longer an orthogonal basis for each point.
So, we use the Gram-Schmidt process on % to get an orthonormal basis for Algorithm [T}

For implementing Algorithm l I is used as the reference point for all the three metrics because {, )f‘l =

(OFE = ()p and (,)BW = (,)r/4 and hence # can be turned into orthonormal basis without the Gram-
Schmidt process at I. For the AT and LE metrics, the parallel transport expression is available in closed-form,
but for BW it can be obtained by numerically solving a first-order ODE.

4.2 Stiefel manifold

The Stiefel manifold is the set of column orthonormal matrices, i.e., St(m,r) = {X € R™*"|X"X = I} and
its tangent space is TxSt(m,r) = {U € R™*"|U"X 4+ X" U = O}. The canonical Riemannian metric is
defined as (U, V)x = Tr[U” (I - 1XX")V] (Edelman et al., [1998; Absil et al., 2007; 2009).
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For a point X € St(m,r), an explicit orthonormal basis of Tx St(m,r) with respect to the canonical metric
is B = {X(eie;f —ejel):ii=1...rj=i+1,...,r}U {Xj_éie?}, where (er,...,e.),(€1,...,6p_,) are
the standard basis of R” and R™" respectively and X | € R™* (™) whose columns form an orthonormal
basis of the orthogonal complement of column space of X (Huang et al.| 2017, Proposition 41). |Huang et al.
(2017) show how to avoid explicit basis construction by representing X, X in terms of Householder matrices

(see Appendix for more details). This can be beneficial especially when r < m.

We remark that there is no closed-form expression for parallel transport under the canonical metric (for
r > 1). However, we can construct an isometric vector transport by using the orthonormal basis, a strategy
known as transportation by parallelization (Huang et al., 2015, Section 7.2).

For the Stiefel manifold with r > 1, Algorithm [I| with implicit basis construction and Algorithm [2| coincide.
We discuss the case 7 = 1 separately below in Section [4.4]

4.3 Grassmann manifold

The Grassmann manifold Gr(m,r) consists of r dimensional linear subspaces of R™ (r < m) and is usually
represented as Gr(m,r) = {colspan(X)|X € R™*" XTX = 1,}, where colspan denotes the column space.
The tangent space is Tx Gr(m,r) = {U € R™*"|U € R™*", XTu = O, } (Edelman et al., |1998; |Absil et al.l
2007;/2009). The Grassmann canonical metric coincides with the Euclidean metric, i.e., (U, V)x = Tr [U" V],
for U,V € TxGr(m,r) (Edelman et al., [1998).

An explicit orthonormal basis for Tx Gr(m, r) is the second part of the basis for Stiefel manifold, which is
B = {XLéief ci=1...r,j=1i+1,...,r}. Similar to the Stiefel manifold, one can also perform the implicit
basis construction (see Appendix. For Algorithmwe use the reference point as X = [eq,...,e,] € R™*"
where its tangent space reduces to Tx Gr(m,r) = {0}"*" x R™~". The parallel transport is also available in
closed-form.

4.4 Hypersphere

The hypersphere is S™ = {x € R™| ||x||, = 1} and tangent space is given by T5S™ = {u € R™|(x, v), = 0}.
The Riemannian metric is the induced Euclidean metric, i.e., (u, v)x = (u, v)3. This coincides with the Stiefel
manifold case for r = 1. We follow the strategies mentiond in Section with the additional information
that the parallel transport expression is available in closed-form for the hypersphere.

Specifically, for implementing Algorithm [1} the orthonormal basis for T,S™ ! is 8 = {{0} x &,...,{0} x
€,_1}, where (&1,...,&,,_1) is the standard orthonormal basis for R™~!. For implementing Algorithm
we select the reference point as x = (1,...,0) because T:,S™ = {0} x R™~1.

5 Private Riemannian variance reduced stochastic optimization

Variance reduced stochastic optimization methods (Roux et all 2012 |Johnson & Zhang, [2013; Defazio
et al.l |2014; [Reddi et al., |2016) employ a hybrid update rule that uses both full gradient and stochastic
gradient simultaneously. By doing so, variance reduced methods improve the gradient complexity compared
to stochastic and full gradient descent by requiring less gradient calls to achieve the same convergence rates
than full gradient descent. Many variance reduction strategies that work in the Euclidean space have also
been generalized to manifolds (Zhang et al., 2016} |Sato et al.l |2019; |Zhou et al., 2019; [Han & Gaol 2021)).

In this section, we privatize the Riemannian stochastic variance reduced gradient (RSVRG) algorithm (Zhang
et al.l |2016; |Sato et al.l [2019)) for solving and develop differentially private RSVRG, henceforth denoted
by DP-RSVRG. Our proposed DP-RSVRG is summarized in Algorithm DP-RSVRG with restarts is
presented as Algorithm [4]

DP-RSVRG takes two loops where in each inner loop, an unbiased, variance reduced stochastic gradient is
constructed by correcting the Riemannian stochastic gradient with the full gradient calculated at the outer
loop. We add noise from the tangent Gaussian distribution to the variance reduced gradient. The clipping
operation clip, : Ty, M — Ty, M is defined as clip,. (v) = max{m, 1}v and it ensures norm of v is at most
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Algorithm 3: DP-RSVRG

Input : update frequency m, learning rate n, number of epochs S, clipping parameters Cy,C;, and
initial iterate w®.
initialize w = w°.
for s=0,1,...,5—1do
wy = w’.
g°tt = £ 2oL, clipg, (grad f(@*; 2)).
fort=0,1,...,m—1do
Randomly pick i; € {1,...,n}
vith = clipc, (grad flwi™ z,)) — pTo 2wl (Clipc1 (grad f(w®; 2;,)) — gS“) + 5 where
€f+1 ~ wa+1 (0, 0'2).

s+1 _ s+1
wily = Expee (=nvi ™).

end

Set W, = w
end

Output I : wP™ = .

Output IT : wP' is choosen uniformly randomly from {{w;*}™

s+1
m -

1\5-1
s=0"

Algorithm 4: DP-RSVRG with restarts
0

Input : update frequency m, learning rate n, number of epochs S, and initial iterate w".

1 for k=0,1,..., K—1do

wh*! = DP-RSVRG (m, n, S, w"*) with output option II.

3 end

7. The norm of gradients in full gradient are clipped with parameter Cy and in variance reduced gradient
with parameter Cq, respectively. PT refers to the parallel transport operation.

5.1 Privacy guarantee

In this section, we analyze the privacy guarantees of DP-RSVRG. We begin by noting that variance reduced
stochastic gradient has a deterministic and a subsampled component. Hence, Step 7 of Algorithm [3] can be
equivalently re-written as

s . s @5 —wT! . ~5 s s s
vt = clipe, (grad f(w; ™' 2;,)) = PT® 7% (clipe, (grad f(0°%;2;,)) — (¢°T' +&0)) + &5, (2)

where &) ~ Ng=(0,0}) and &, ~ N, s+1(0,0%). Specifically, the noise variance o?
t

is split into into o?
for the full gradient query and o3 for the variance reduced stochastic gradient query such that o? + 03 =
-~ s+1

2. Claim [3| ensures that PT® %" g+ & =€t ~ J\/'wf+1(0,a2). Hence, can be viewed as a
composition of a full gradient tangent Gaussian mechanism R*(Z) = r**! = L 5% clip, (grad f(@°; 2)) +
1€, ~ Nig=(0,07) and a variance reduced Gaussian mechanism R{T'(Z) = clipe, (grad f(wit'; 2;,)) —
pre el (clipe, (grad f(@%; 2;,)) — 1) +&5T 650 ~ Noys+1(0, 03). We now prove the moments bounds
on the full gradient mechanism Krs and variance reduced mechanism ICR:H in the following claims and the
proofs are given in Section

Claim 4. The moments bounds satisfy Krs(\) < DOHNE g ICR:H()\) < SAALLCL

= 252
n<oy o5

Now we derive the moments bound on subsampled version of R using the results given in (Wang et al.|
2019b;c) and the proof is given in Section



Under review as submission to TMLR

Claim 5. Define subsample : Z" — Z as the process of sampling a single data point from n data points
sub

R = R o subsample. Suppose
28A(A\+1)C3
() < 7220_; L

uniformly randomly. Define the subsampled mechanism for Rf“ as
oy > 12CF and X < 2/303 log (n(A + 1)(1 + (05/16C}))), we have K yoin
The full mechanism R can be seen as an adaptive composition of {{/Ceub .41 oY) and {{Kgrs F ot oo

Since 03403 = 02, we can rewrite 07 = ao?, 03 = (1—a)o? for some a € (0, 1). Using this claim, minimizing

over «, and setting C = max{Cy,C; }, we have

m S—1 m S—1
2mSAA +1)C2  28mSA(\ + 1)C3?
Kr(A) <) Ko g (A) + DD Kren(M) < n3o? + 207
t=0 s=0 t=0 s=0
mSA\+1)C? [2 28
A < — .
= Kr(X) = aIeI%g,ll) n2o2 1o + 11—« (3)

It should be noted that for a given A, the minimization over a has a closed-form solution.

The moments bound Kx given in can be converted to (e, ) guarantee using conversion rules, e.g., based
on (Mironov}, 2017, Proposition 3): Given 0 < ¢ < 1, € = miny> M. Recently, however, the
optimal conversion rule has been given in (Asoodeh et al.| 2020, Theorem 3) for which there exists no closed-
form expression but can be solved numerically to get e. The solver is available in the autodp library (Wang
et al., 2019c). The above result connecting the moment bound K with « in implies that tighter (e, d)
guarantees can be obtained by optimizing over «, i.e., by exploiting the inter-play between the the noise

added to the full gradient and that to the variance reduced gradient.

It should be emphasized that in the Euclidean setting, [Wang et al.| (2017)) have not considered optimization
of a as in . We empirically show such optimization of « obtains significant improvement in privacy in
Section [6.2] We end this section with the following privacy result for Algorithms [3] and [4

Claim 6. Algorithms @ and are (¢, 0)-differentially private.

5.2 Utility guarantee

In this section, we prove the utility guarantees of DP-RSVRG under various function classes on manifolds
including geodesic strong convex functions, general nonconvex functions, and functions that satisfy the
Riemannian Polyak-Fojasiewicz (PL) condition. In particular, geodesic (strong) convexity and Riemannian
PL condition generalize the notion of (strong) convexity and PL condition (Polyak, 1963) to manifolds,
allowing fast convergence (for problems satisfying these conditions) to the global optimality when optimizing
on manifolds. The proofs of the results discussed in this section are discussed in Sections

Let W C M be a totally normal neighborhood and Dy denotes its diameter and K, is the lower bound
on curvature of W. For more detailed introduction, please see Sections [2| and [A] Following (Zhang & Sra,
2016; [Han & Gaol, 2021; |[Han et al., 2022)), we make the below standard assumption.

Assumption 1. Fach f; in is L-geodesically smooth and Lg-geodesically Lipschitz over W.

Theorem 7 (Utility under geodesic strong convexity). Suppose that Assumption (1| holds and each f;
is p-strongly geodesic convexr over W. If we run the Algorithm @ with learning rate n = O(C%),

frequency m = (’)(CML;) for S = O(log(%)) outer loops with output I, then E[F(wP'V) —
0

2
F(w*)] = O(%ELy loig”‘” log(spzgitrizsy ). Furthermore, the gradient complexity is given by O((n +
CLgdlog(1/6)

n2n?

CLQ ne
7) log( Clog (1/%)Lgd))'

Theorem 8 (Utility under nonconvex functions). Suppose that Assumption |1 holds. If we run the
Algorithm @with output IL, learning rate n = O(m), frequency m = O(n) and for S =

,/#5/5)% outer loops, then E|| grad F(wP™)||? < Loy dl log(1/9) ”dLnl:M. The gradient complexity is given by

LC n5/36
O(\/ dlog(1/6) Lo )
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Figure 1: Benchmarking of explicit basis construction, implicit basis construction, and isometric transporta-
tion sampling strategies for the SPD, Stiefel, Grassmann, and hypersphere manifolds. It should be mentioned
that implicit basis construction strategy is unavailable for the SPD manifold, while implicit basis construc-
tion and isometric transportation sampling strategy coincide for the Stiefel manifold. We consistently see
the good performance of the proposed sampling strategies based on isometric transportation and implicit
basis construction over the explicit basis construction sampling strategy across different manifolds.

We now use Algorithm [4] obtaining utility guarantee under the Riemannian PL condition.

Theorem 9 (Utility under Riemannian PL condition). Suppose that Assumption |1 holds and F =
%2?21 fi(w) satisfies the Riemannian PL condition with parameter 7. If we run Algorithm |4| with

learning rate n = O(W), frequency m = O(n), S = O(1), and K = log( then
E[F(wP) — F(w*)] < 4Lr1os0/0L8 1o
O(L7¢Y?n2/3 log(

n“e )
dL72log(1/86)LZ/’
n?e?
dL72log(1/8)LZ

). Furthermore, the gradient complexity is given by
7L262
dLT? log(l/ﬁ)Lg))'

In the above results, the gradient complexity is measured in the number of incremental first-order ora-
cle (IFO) calls needed. An IFO (Agarwal & Bottou, 2015) takes an index ¢ € [n], w € W and returns
(fi(w), grad f;(w)) € R x T, M.

Discussion. For pu-strongly geodesic convex functions, one gets better gradient complexity by viewing
it as satisfying the Riemannian PL condition with parameter 7 = 1/(2u). The differentially private
Riemannian gradient descent (DP-RGD) and stochastic gradient descent (DP-RSGD) obtain excess risk

O( dlogn¢LZlog(1/6)

e ) with gradient compelxity in nlog(ﬁg(l/é)) and log(ﬁg(l/é)) iterations, respectively
0 0

(Han et al 2022, Theorem 4). Hence, for functions satisfying the strongly geodesic convex and Rieman-
nian PL conditions, DP-RSVRG has higher gradient complexity than DP-RSGD and has lower gradient
complexity than DP-RGD.

10
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Table 2: Overhead of privatizations for DP-RSGD (with 3 x 10° epochs) for the SPD Fréchet mean and the
principal eigenvector problems. Our proposed isometric sampling based sampling strategy lead to orders of
magnitude improvements than those of |[Han et al.| (2022]).

Manifold Size Han et al.|(2022) This work
SPD 11 x 11 660 hrs 41 seconds (~ 10* improvement)
Hypersphere 786 668 seconds 24 seconds (~ 10 improvement)

In the nonconvex setting, only a bound on the gradient norm can be obtained instead of a bound on the excess

risk. Both DP-RGD and DP-RSGD obtain bound on gradient norm as O(Loi VdL;:g(l/é)) in O(L\/%)
0 og

and (’)(dfli"(el/&)) iterations, respectively (Han et all) 2022, Theorem 5). Hence, DP-RSVRG has lower
og

gradient complexity than DP-RGD and has higher gradient complexity than DP-RSGD.

6 Experiments

In this section, we illustrate the efficacy of the proposed sampling procedures and the proposed DP-RSVRG
algorithm. We also show the benefit of o optimization (Section|5.1]) in terms of the gain in privacy guarantee.

6.1 Benchmarking of different sampling procedures

We compare the three different sampling procedures discussed in Section[d} sampling based on explicit basis
construction, implicit basis construction, and isometric transportation. We pick s = 1000 samples under the
differentially private optimization setting (i.e., one can only see one base point at a time).

We benchmark the sampling time on various manifolds: SPD, Stiefel St(m,r), Grassmann Gr(m,r), and
hypersphere S™. We consider m = {5, 10, 20,30,50} for SPD(m) and m € {100,300, 500, 1000, 3000, 5000}
for S™. For Gr(m,r) and St(m,r), we consider m € {100, 300, 500, 1000, 3000, 5000} and r € {10, 100}.

We present the sampling time plots for different manifolds (of varying dimensions) in Figure [Il We observe
that the proposed isometric transportation based sampling approach significantly outperforms explicit basis
construction approach in every case, especially at higher dimensions. For the Stiefel manifold, as discussed in
Section [4:2] the isometric approach coincides with implicit basis construction approach and hence we show
only one of them. We also observe that the performance of the proposed isometric transportation based
approach is similar to that of the proposed implicit transportation based approach.

We study the benefits of the proposed sampling procedures in two problems: private estimation of SPD
Fréchet mean and the principal eigenvector (discussed in Section . We use DP-RSGD algorithm for both
problems and compare our sampling strategy with those developed in (Han et al.,|2022)). We observe that the
proposed sampling strategy offers significant improvement leading to minimal overhead due to privatization.

6.2 Optimizing « in moments bound for better (¢, §) guarantees
06 .,.—.— opt(c=0.1) o

=&~ half(0=0.1)

We now show better privacy guarantees can be empirically achieved by optimizing o5 opt(o =0.05)
« in moments bound (Section[5.1)). We use the autodp library (Wang et al.,[2019¢]) ' o helfto=0.05)
and set o1 = \Jao,09 = /(1 — a)o instead of the standard setting o1 = g2 = o4

o/v2. We fix C; = 0.1,C = 0.01 and frequency to m = 10000 and n = 100000. 03
The results are shown in Figure [2| for epochs S = {1, 5, 10, 25, 50,100} and noise 02
o = {0.1,0.05}. We observe that the proposed optimization over « significantly 0.1

Ak b &

improves the privacy guarantees than the standard setting. For noise level ¢ = 0 20 40
0.05, we obtain € = 0.47 while the standard setting achieves ¢ = 0.64, a 1.6x ) E""Chs‘s’. .
improvement in privacy guarantee. Figure 2: Improving pri-

vacy with a.
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(a) Private Fréchet mean on medical imaging data. (b) Private principal eigenvector on MNIST dataset.

Figure 3: Comparison between DP-RGD, DP-RSGD and DP-RSVRG. Each row in (a), (b) corresponds to
a set consisting of images from a particular class. We see the proposed DP-SVRG achieves a comparable
excess risk compared to the baselines with lower number of IFO calls.

6.3 Benchmarking DP-RSVRG

In this section, we compare our proposed DP-SVRG with DP-RGD and DP-RSGD (Han et al., [2022)) for the
task of computing the Fréchet mean and leading eigenvector with privacy configuration e = {0.1,0.3,0.5}
and 6 = 1076, The parameter details for all the algorithms are in Section @

Private Fréchet mean on SPD manifold. We consider the problem of privately estimating the Fréchet
mean of SPD matrices under the Affine-Invariant metric. We select images from PATHMNIST medical
imaging dataset (Yang et al., 2021) and pass them through the covariance descriptor pipeline to generate
images, each represented as a SPD matrix of size 11 x 11. Please refer to Section [D.I] for more details
on the problem formulation and covariance descriptors. We consider the two sets consisting of 10704 and
10356 images from two different classes. For each set, we compute the optimal Fréchet mean by running
the (non-private) RGD for 1000 epochs with learning rate set to 0.5. For both the sets, we plot excess risk
against the IFO calls in Figure [3a] averaged over five randomized runs.

Private principal eigenvector computation on hypersphere. We also consider the problem of com-
puting the leading eigenvector a symmetric matrix, details in Section [D.2] We take images from two classes
of MNIST and generate 784 vectors to form two sets of 6903 and 7877 images. For each set, we compute the
covariance matrix and compute its leading eigenvector by using eigen-decomposition of matrix 1/n """, 72}
to find the optimal solution. We plot the excess risk against the IFO calls in Figure [Bb| averaged over five
randomized runs.

Experiment results. For both the applications, we observe that the proposed DP-RSVRG obtains better
or comparable excess risk against DP-GD and DP-SGD with generally fewer IFO calls. This is particularly
for larger €, where the level of noise injected is small.

7 Conclusion

In this work, we have improved the framework of differentially private Riemannian optimization via effi-
cient sampling and variance reduction. We have proposed various efficient sampling procedures for tangent
Gaussian distribution in order to avoid MCMC. This largely reduces the cost of privatizing Riemannian op-
timization. In addition, we have shown how variance reduction improves the utility and gradient complexity
in practice. We believe this work allows Riemannian optimization to be privatized efficiently for large-scale
applications.

12
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A Function classes on manifolds

Definition 3 (Geodesic Lipschitz). A function f: M — R is called Lo- geodesically Lipschitz continuous if
for any w1, wy € M |f(w1) — f(ws)| < Lodist(wy, ws). Under assumption of continuous gradient, function
f is Lo geodesically Lipschitz continuous if and only if ||grad f(w)|| < Lo for all w € M.

Definition 4 (Geodesic smoothness). A differentiable function f : M — R geodesically L-smooth it’s
gradient is L-lipschitz i.e., ||grad f(w;) — PT*27"" grad f(w2)||w1 < Ldist(wq,ws). Additionally, it can be
shown that if f is geodesically L-smooth following holds , f(wy) < f(ws) + (grad F(wg),Exp;zl(wl»w2 +
L/2||Exp;21(w1)||w2 for all wi,wy € M.

Definition 5 (Geodesic convexity). A set W C M is called geodesically convez if for any wy,ws € X, there
is geodesic v with v(0) =1, v(1) =y and y(t) € X fort € [0,1]

Definition 6 (Strong Geodesic Convexity). A function [ is called geodesic p-strongly convex if w,w’ =
Exp,,(¢) € W, if it satisfies f(w') > f(w) + (grad f(w), () + 4dist? (w, w’).

Definition 7 (Riemannian Polyak-F.ojasiewicz (PL)condition). A function f is said to satisfy the Rie-

mannian Polyak-Lojasiewicz (PL)condition if there exists 7 > 0 f(w) — f(w*) < 7|/grad f(w)||i) for any
w e M.

B Missing details about sampling

Table 3: Isometric transportation expressions useful for implementing Algorithm

Manifold Metric Isometric transportation for Algorithm
Affine-Invariant metirc PTX=Y(U) = (YX )2 U(X 1Y)

SPD Bures-Wasserstein metric We use the implementation in Geomstats (Miolane et al.||2020) that solves using the method given in (Thanwerdas & Pennec||2021).
Log-Euclidean metric PT*>Y(U) = (DLogm[Y])~ ! (DLogm[X](U))

PTX*>Y(U) = [-XQsin TP 4+ Pcos SPT + (1- QQT)|U

Grasssmann  Canonical metric _
PXQ = V is the compact SVD of V = Expx'Y = Warctan ©2Z” where WOZ" = [X"Y]'[X" - XTYY"]
Stiefel Canonical metric Isometric transportation through parallelization given in (Huang et al.||2015). This approach coincides with the basis construction approach.
T T
vv XV
PT* ¥ (u) = <I+ (cos ||y = 1)—— — sinHvH2—) u
Ivll, v

Hypersphere = Canonical metric (I-xxT)(y - x)

v = Expy 'y = arccos (X, y)g o0
D ¥ = e YRyl

—1v2
P ) = 1 Y arly, (), byl = (00 (x© ) © (x5 (y &)

[+ 205, y)2 + [lyll3)x + (1= [x]3)y]

Hyperbolic Poincaré ball metric

and x®y = 3 3 ,XOy=x®-y.
[1+2(x,y)2 + [Ix[l2 [I¥[l3]
Lorentz hyperboloid metric PT*7Y(u) =u— Y, We (x+y)-
1-(xy)

B.1 Sampling on hyperbolic spaces

Poincaré ball model. The Poincaré ball model consists of B(k) = {x € R¥ : |x|, < 1} with metric
given by (u, v)EB = 4(u,v)5/(1 — ||x]||3). tangent space for x € PB(k), TxPB(n) = R¥. Since Poincaré ball
metric is scaled standard Euclidean inner product, standard basis & = {ey,...,e,} is orthogonal basis of
(TxPB(n), (u, v)¥®) . An Orthonormal basis at point x can simply be obtained by scaling (1 — ||x||§)/4 and

% = {erl(1— |Ix[3)]/4, - erl(1 = [Ix[3)]/4}.

Hence, for Algorithm [I] one can avoid the Gram-Schmidt orthogonalization process for the Poincaré ball

metric . For Algorithm [2| we choose reference point as o = (0,...,0) because (u,v)EB = (u,v)s. The

o
parallel transport from o has expression PT°7*(v) = (1 — ||x||§)v Hence for the Poincaré ball metric,

Algorithms [T] and [2] coincide.

Lorentz hyperboloid model. The Lorentizian inner product for u,v € R" is given by (u,v), = —ujv; +
Zf:z u;v;. The Loretnz hyperboloid model is defined as H(k) = {x € R¥|(x,x), = —1} with the Lorentizian
inner product as Riemannian metric. Its tangent space at point x € LH(k) is given by TxLH(k) = {u €
R*|(x,u), = 0}. Now given a point x € LH(k), we find basis of solution space of (x,u); = 0 and use
the Gram-Schmidit orthogonalization process to construct orthonormal basis. Now for Algorithm [2] we pick
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Figure 4: Hyperbolic space. For the Poincaré ball metric, the sampling strategies based on explicit and
isometric transportation coincide. For the Lorentz model, we see a clear benefit of the proposed isometric
transportation approach over the basis construction approach.

reference point as o because T,LH(k) = {0} x R*~1 and u € T,LH(k) = |lu||z = |lul|2. This implies
that orthonormal basis at o is # = {{0} x eq,...,{0} x ex_1} where e}, e;_1 are standard orthnormal basis
vectors of R¥~! and parallel transport from o is given by PT°7*(u) = u + (u,x)X.

B.2 Implicit basis construction for tangent space of Stiefel, Grassmann, and hypersphere
Stiefel. Let SKEW(r) denotes set of r x r skew-symmetric matrices and X; € R™*("=P) whose columns

form an orthonormal basis of the orthogonal complement of column space of X. For any tangent vector
U € TxSt(m,7), there exists a unique A € SKEW(r), B € R(™=7)x7 gt

U=XA+X,B.

Note that explicitly constructing X ;| B would take O(m(m —r)?), when r < m this would be too expensive.
Huang et al.| (2017) suggested a procedure that would take O(mr?) using Householder transformations.

First given a base point X € St(m, ), vectors corresponding to the Householder matrices (v1,...,v,) and
sign scalars (s1,...,s,) are constructed as in (Huang et all|2017, Algorithm 3).
Now using (v1,...,v,) and (s1,...,s,) and matrices A, B, tangent vector U can be constructed given in

(Huang et al., 2017, Algorithm 5) as follows,

I_ 0 I_ 0 A
— _ T r—2 r—1 .
U= Im 2V1V1 e 0 Im_7«+2 _ 2VT_1V77:1:| |: 0 Im_r_;’_l . 2VTVZ dlag(sla 82,...,8p, Inf’l“) |:B:| .

This procedure can be shown to take O(mr?).

Grassmann. It can be seen as special case of Stiefel, as any tangent U € TxGr(m,r), there exists a
B € ROn—1*" gt

U=X,B.
Hence, the rest of the procedure is similar.

Hypersphere. It can be seen as a special case of Stiefel with » = 1.

18
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C Proofs

C.1 Proofs of Section 3]
C.1.1 Proof of Claim 1

Theorem 10 (Change of variable formula). Let X,Y be measurable space and ¢ : X - Y and f: Y — R
is measurable mapping and let A be measure on X and ¢\ denote the pushforward measure of X through ¢

on'Y then [, fd(¢\) = [ fopdA.

Proof. Let ji € R? denote coordinates of y and consider normalizing constant,

Cw,o’ = /
T,

r

¢ ¢ Ci — _; iy \Cj — _; j/w *k 1_17 Ci—_‘iQ
_ / o (zi_lzj_l« )P (e — 17)5) )dw (=) / oxo (w ) IAQ)
R4 Rd

2
w | dr(c)

—ul? Z?: Ciﬂi—zzc‘l: i Bi
exp (—“”w) N 2 [ exp = :
, M Rd

202 202

202 202

D (2ro2)i/2, (4)

where we used change of variable rule (Theorem under transformation ¢ in () and that (8,..., 84) is or-

d o ‘,i 2
thonormal tangent vectors in (+x) and that [, exp(fz:”’ﬂ;#)d)\ is normalizing constant of N (fi;, 0%.1)

in (1)
Now, let & ~ N,y (11, 02) , we will show that € ~ N (ji,021,). Let A C R? be measurable set, then consider

Pie Al =P coa(d) = [ o tew (”‘”'w) Ao N)()

¢%(A) (27T0'2)d/2 20‘2

1 dfl C; — _’i 2
:/A (2mo2)d/2 oxp <_ 2 <202 < ) dX(e).

The last equality is obtained similarly as in . Since the last expression is exactly probability that a random
vector distributed as N (ji,0%I,) belongs to set A, we are done. The converse is shown in similar way. [

C.2 Proof of Claim

Proof. This simply follows from Claim [I]and the variance bound from the standard Gaussian distribution.

We notice that (Han et al., 2022, Remark 1) claims that 5 ~ N (ji,c*G,'), while not considering the fact
that under an orthonormal basis, G,, = I;. This implies that the normalizing constant is independent of the
base point, which is (2r0?)%? unlike the case in (Han et all, [2022). O

C.2.1 Proof of Claim 3

Proof. Given that I**7"? is linear isometric mapping, one can show that it is invertible and its inverse is
again isometry, which we will denote by 127", If ¢, \ is Lebesuge measure on T,, M then I**7"2, (4. \)
is Lebesgue measure on T,,, M. This can be seen by observation that, if & = {f1,..., 4} is orthonormal
basis for T,,, M then {I** 728y, ... 1" 7"23,} is orthonormal basis for Ty, M. Let & ~ Ny, (1, 02), we will
show that I 7"2¢ ~ N, (I"* 7"2 u, 02). consider measurable set S C T, M
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w1 —>wWo o wo —>w1 o 1 ”V - :u||121)1
Prl (1) € S]=Pr[& el (S) = /IWWWI(S) WGXP o2 d(¢«\)(v)

§ Iwgﬁwl V) — 2
2 e (‘ o mHm) A1 (9.) (v)

2

(%) 1 HV - le_ﬂvz (:u)”w2 w1 —wo
== /S W exXp <_ 20_2 ) d (I* ((b*A)) (l/)7

where we used change of variables formula Theorem [10] (with X = I*27"1(S)Y = S and ¢ = ["17"2)

and that T is isometry in (*) . Since I**7%2, (¢,A) is the Lebesuge measure on T, M, we have that
I’LU1—>’UJ2£ ~ Nw (Iw1—>’u}2M 0_2)
2 ’ N

O

C.3 Proofs of Section
C.3.1 Proof of Claim [4]

Proof. Let Q! denote full gradient query given by Q**1(Z) = 13" orad f(@% ). Let Z,2' € Z"
denote adjacent datasets, consider it’s sensitivity denoted at A®,

5 5 5 / 1 =S ~S. !
AT = sup [[Q77(2) = @2 < — [l grad £(@%; 20) @ + || grad £(@%; 2}) | ae] < (5)

2Co
Zmi n

Following (Han et al., [2022) Lemma 2), the moments bound of the full gradient mechanism R? is given by,

A+ 1)

Eq |§| 20\ +1)C3
20% '

Kr:(\) < (A%)? < o

Let Qf“ denote variance reduced stochastic gradient query given by Qi*1(Z) = grad f(wi™h;2) —

pre ol (grad f(@%;2) — g5*1). Let Z,Z' € Z denote adjacent datasets, consider it’s sensitivity denoted
at Af, g,

ATt

~ sup [ Q5(2) - Q)| o
Z~Z7 t

(%)

< sup [ngadf (wt; 2) — grad f(wit; 2 )|wb+1+HPT“} —w (grad f(@°; z) — grad f(w*; z))‘ e+1}
Z~Z' wy

) Sup [ngadf (with; 2) — grad f(with; 2)|

wpt + llgrad f(@%52) — grad f(u?S;z’)st}

< sup [
Z~Z!

.
®

< 4Cy. (6)

|grad flw S“, )’

s+l + ||gradf S+1a ){

woir + llaxad f(%; 2)|

o+ + llgrad f (% 2')]

where we used linearity of parallel transport and triangle’s inequality in (x) and that parallel transport is
isometric in (1) and triangle inequality and assumption of lipschitz in (). Now moments bound of R is
given by,

AAN+1) Eqaff] SA(A + 1)C?
ICR;:H()\) < %(A%+1)2 < %. (7)
2 2
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C.3.2 Proof of Claim

Proof. By using (Wang et all [2019bl Lemma 3.7) and by choice of parameters o2, A we have

3.5 Eq[7 28\(\ + 1)C?
ICsubR:+1()\) S ﬁ’CRerl ()\) S W
O
C.3.3 Proof of Claim
Proof. For R can be show (¢, §)-differentially private by solving for € and ¢ as follows,
mSA\ +1)C? [2 28 mSA\+1)C? [ 2 28 Ae e
- = — < — —— ) <4 8
€(0,1) n2o2 o + 1—a n2o2 o* + 1—a| = 2P 2 )= (8)

2
where where o* = (v/14 — 1)/13 and there exists constant ¢; > 0 s.t o2 > W satisfies . Hence,

Algorithm (3| satisfies (e,0)-DP. For Algorithm [4| using similar arguments there exists constant co > 0 s.t

2
o? > 02% guarantees (e,8)-DP . O

C.4 Proofs of Section

Lemma 11 (Trigonometric distance bound (Zhang & Sral, 2016)). Let wo,wi,wa € W C M lie in
totally mormal neighborhood of Riemannian manifold with curvature lower bounded by Kpin and fy =
dist(wg,w1) and €1 = dist(w1,w2) and ¢y = dist(wg,ws2). Denote 6 as the angle on Ty, M s.t cos(f) =

1 <Exp;3 (wl),EXp;j (w2))w,- Let Dyy be the diameter of W i.e., Dyy 1= maxy, . dist(w, w’). Define cur-

egél
vature constant ¢ = —22n_ if g 0 < 0 and ¢ =1 if Kmin > 0. Then, we have that é? < C€%+8372£0€2 cos .

tanh \/Kmin

Lemma 12.

~ S 541 -
Eit7€t||vf+1||12ﬂf+1 S Elf” gradf(wf_‘_l; Zit) - PT" T (gradf(ws, Zit) - gs+1)Hi,f+l + d0'2. (9)

Proof.

1
Eit,Etva—i_ | 121)f+1

~ 5 s+1
2o =By, |l grad f(wj Tl z;,) — PT™ 2" (grad f(@% 2;,) — ¢°*1) + e

w° —ws Tt ~s s
=Ei, . |lgrad f(w; ™ 2;,) — PTY 7" (grad f(@% 2;,) — g “)Hifﬂ +1EetH€t||fo+1
W°—ws Tt ~5 s
+ (Bi, grad f(w; ™5 2;,) — PTY 7" (grad f(@% 2;,) — g° 1), Ee, [€2]) g2
< By, |l grad f(w T 2;,) — PTO ™ (grad f(@%; 2i,) — g°*1))

2 2
w:+1 + do s

where we used that E, [¢;] = 0 and E, [[&]? .y1 < do? in last inequality. O
t

C.4.1 Proof of Theorem [7]

Proof. We bound first term B, || grad f(wi™; 2;,) — PT“jsﬁth“(grad f@0°;52i,) = ¢*T)|2 .41 as in (Zhang
et al.l |2016])
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2
s, [rad it 2) — PT 4 (grad (% 2,) — o),
~ s s ~s s ok s 2
<R, ||grad f(with; z;,) — PTY —wy ™ grad f(@°; z;,) + PTY —wy ™ (grad F(@®) —PT* 7" grad F(w*))‘ -
s+1 @°—wst! ~s 2 |
< 2E;, |lgrad f(w;"; 2,) — PT ¢ grad f(0°; z;,) -
~ s s _ s 2
+ 2E;, ||PTY -t (gradF(ws) o i gradF(w*)) .
. 2 . 2
= 2F;, ||grad f(wit!; z;,) — PT? —wi™ grad f(w®; z;,) ‘ . T 2E;, |lgrad F(w®) —PTY 7% grad F(w*) N
<AL?|[Exp i (w*)]2 o1 + 617 ||[Expgew®|| .
= 4L2dist?(wi™!, w*) + 6 LAdist? (@®, w™). (10)

+1 — 5t —
, W1 = Wiy, w2 = w*

)

Using the trignometric distance bound Lemma |11| with wy =

dist®(wy ], w*) < Cdist® (wify, wi ™) + dist? (wi ™, w*) — 2(Exp s+1(wfﬁ) Exp s+1( W)yt

_CHExp SHthlH - + dist? (wi T w*) — 2(—nuitt, Exp;sl+1(w*)>wf+1
t

s+1 + dist® (w S—Ha )+ 2n(v; st EXP a+1(w )>w3+1~

t

= ¢ [lo I,
Applying expectation we have
dist®(wy ], w*)
< CPEiy e, [0
= (n?L? [Adist? (w; ™, w*) + 6dist® (@, w*)] + 2n(grad F(w é+1) Exp, i (")), + drpo?
< (nPL? [Adist® (w; T, w*) + 6dist? (w°, w*)] + 2n[F(w*) — F(wj™) — dlst (wt w*)] + déno?
< (14 4¢n*L? — nu)dist® (wi ™, w*) + 6¢n* L2dist? (w*, w*) + d¢n’o?

Defining u; = dist (wfill, w*), g = (1 +4¢(n*L? —nu), p = 6(n*L?, c = d{n?c? we have following recurrence
Upr1 — puo < q(up — pug) + ¢ from which we have that u, < (p+ ¢™(1 —p))up + Zznzl ¢‘c. Now choosing
N = rtgz and m > “f—f. we get ¢ =1— 10@2 and p = 1/5. Note that 0 < 10;2 <1(L>p,¢>1)and
hence 0 < ¢ < 1 and from which we have that (p +¢™(1 —p)) = 1/2.

2 . _
wert st (Wi w) + 20(Bi, e v EXP s (07)) 0

m—1 ¢
E[d?(w i, w*)] < E[dist? (w?,, w*)] + dcﬁ Z 1= 9
< s 289¢2 L4 £ 10¢ L2

e w2\’
< Eldist* (wy,, w")] + d¢ oomsry 289@ I Z ( 1ogL2)

202 10 L? 1002
i C = E[dist?(ws,, w*)] + d 7

= E[dist?(w?,, w*)] + d{ ———

289<2L4 ,U,2 2892 ’
from which we have
s
_ B _ 1002 1 ., 10 mSlog(1/6)L3
2,8 s\ _ 5—8 20,0 . % s w* ! .
E[dist”(w;,,, w")] = 277 E[dist*(w,,,, w*)] + d289L2 2 5 <27 E[dlst (w2, w*)] + 2dc 9892 n2e2
B ) 200¢ Slog(l/(S)L2
S 2 0 * 0
< 27°E[dist*(w),, w*)] + d289ﬂ2 32 :
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a * 1 — C SlOg 1/6 L2
B(/() — ()] < 5B [L(e0,0)] < 2 SLBLE uh )] + LS 20D,
: — 100¢ log(1/8)L3 _ n2e2289,° _ new
Now, setting 275 = = dogge Sda = 2% = dc*HOOClog(ﬂl/é)Lg = 5= O<10g(log(1/6l)CLgd>)’
substituting this we have that, and now for S = O <log (W))
0
de *¢LL%log(1/6) nepL
E ay )] < 0 1 .
7= ) < 0 (S s (it ) )

Gradient complexity: S xn plus m x 2 IFO calls = 2nS +2mS = O ((2 + IOCL ) log ( nep ))

This completes the proof. O

C.4.2 Proof of Theorem [§

Before proving Theorem [8] we state and prove following lemma that we will be using later.

Lemma 13. Assume that each f; is L-g-smooth, the sectional curvature in X is lower bounded by Kyin and
we run Algorithm with Option II. For c,civ1,3,m > 0 and suppose we have ¢; = ciy1(1+pn+2¢L?n?)+ L3n?
and 6(t) =n — % — Ln? — 2¢41Cn? > 0 then the iterate wi™ satisfies the bound

R R (D enGar?)
0y 0t ’

E| grad f(wi™)|* <

where Ry = E[F(w; ™) + ¢, |[Expgew; T[] for 0< s < 5 — 1.

Proof. The proof is adapted from (Zhang et al.l 2016, Lemma 2). Denoting AT = grad f(w;™';2;,) —
~ s s+1 ~ 5 541
pr? e grad f(@%; 2, ) it can be seen that E; 7. =+ [AsH] = grad F(w; ') — PT? —wyt grad F'(w?)

Ei, e, ||vg E;, ||lgrad f(wit z;,) — PT 2" (grad f(a*; 2, ) — gs+1)‘if+l+d02
= E;, [|A5 — By, AT+ grad F(wit)|2 o+ +do?
oE, A~ EL AT 42 |lgrad F(wf | o1 + do
(<)2IE“ |ag et 2 [grad F( (wy ™| o1+ do®
(22L2||Exp w2, + 2 |lgrad F(wi™)|2 o1 +do?,

where [la+b|? < 2[a|® + 2[b]® in (+) and B, [|A7T =B, AP = B, (AT - |[EASTY

E,, HAfHH2 in (%) and assumption that f; is L-g-smooth in (). Taking full expectation we have

E [lo I,

o1 < 2L7 [[Bxpg: (w I,

+ 2||grad F( 5+1)|

s+ +d0 (11)
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For bounding the Lyapunov function R:jrrll =E [F (wtsjfll )+ cit1 HExpws wfjfll H ] we need to bound on
E[F(w 5111 ||EXpwb wfjfll || First consider

E [F(wii))]

%) E {F(wts“) <gradF( s, EXP;3+1(thi1l)> o1 + g HExp;tlﬂ(wal)’ is+1]

(*S*) E |:F(wf+1 0 ngadF s+1)| . + Lm” ” . }

D [ pwrt) - gerad Flup ™) g+l+L7"(2L2||Exp;3< #4124+ 2] grad Pl s+1>||2+02d)]

= (L — ) gmad P ™) [P+ Flag™) + L2 [ Bxpg (™) + LdLao (12

where we used assumption f; is L-g-smooth implies that F is L-g-smooth in (*) and Exp 1 = = o5 and

E [vf“] = grad F(w{™) in (*). Using trignometric distance bound on w;*!, wfill, w* we have7

s+1
wy

2
[Pxozt il < [Bsogt o) 5. + ¢ [Bxopton it

41 <EXP S+1(wt+1) Exp,, s+1(~5)>

= ||Expg:( S+1)|| + (n? va““ + 2n(grad F(wf+1),Exp;;+1(ws)>.

s
t

Taking expectation we have

E||Expg: ( w;ﬁ)

<E[|!Exp S“)H + Gl 2 + 2n(grad F(wi™), Exp, L ()

[HExpws( S+1)H2 + ¢ vaHHQ +2n { grad f( Hl) 6 HEXP L (w%)

ol il

<E[(1+8n) [Bxpz (wi™)|* + n? 222 [Bxpg (wi ™) + 2 |grad F(wi™)|* + o%d]|

+E { lerad £ )| }
( +2(n*L? —l—nﬂ) ||Expwg S'H)H (2(7]2 ) ||gradF "'H)H2 + Cdn?o?. (13)

Putting (12) and (13) into R{F] we have
Ry = E[f(wfib + o ||Expge (wifl) H
= i1 (14 2¢n*L* +1B) ||Expg: ( 3+1)H2 + ci1 <2gn + ) || grad F'( é+1)y|2 + cip1Cdn?a?
+ (Ln® =) ||grad F(wi™)||* + F(wt) + L9 |[Expyt (w; )| +§dL77202
= F(w}™) + (copr (1+200°L% +nB) + L2?) ||Exppt (wi )|
+ (Ln2 — N+ 1 (2@ B)) [|grad F(w;™) || (;dLnQ + ct+1gdn2> o?
= rt = (< e (2074 ) ) lerad P )P + (AL + conaca?) o

Then rearranging that,

1
(1= 207 cunr (2002 + ) ) Bl gwea Pl )12 < B = Ritd + (a0 + conacar?)
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from which we have

R — Ry (3L + c41€) dn? 2

E|| grad F(w;*1)||* < +
(77 = Ln? — ¢4 (2072 + %)) (Ln2 =1 = Ct41 (2072 + %))

Now we give proof of Theorem

Proof. Proof is adapted from (Zhang et al., [2016, Theorem 2, 6 and Corollary 6) Let §, = min;d; and
T=mS

m—1

Z E ngad f(wf“)”2

t=

0
m—1 s+l +1 1 2
< Z Ry - Ry i (§L+Ct+1c) dn o2

t=0 Ot Ot

(;) Ryt — R+t N (3L + ct41€) mdn? 2
On On

E [F(wi™) = Flws) + co [Bxp, (w5 = en [Bxpu, wiDI*] (1L + oc) mdn?
B On On
(’2) E [F(0®) — F(w*™)] (3L + co¢) mdn?®

o

- On On ’

where §; > 0, ¢: < ¢g is used in (%) and that w3+1 =%, wi =@ and that ¢, = 0,c0 > 0 in ().

Now, summing the gradient norm square over all the epochs and using F(w*) < F(w™), we get

S—1m—1 S0y . 1 )
72 Z]Engadf s+1 H E [F(w%a F(w )} + (2L+6COC) dn o2,
s=0 t=0 n n

Choosing f = L¢'~2 /n®1/2 and solving recurrence relation ¢, using 7, m given by theorem as (Zhang et al.,
2016, Theorem 2) one can get ¢ = nfj%/lgc(e — 1) . Substituting that in 6,, > m and finally using this
we have

S—1m—1
72 3 B arad it
s=0 t=0
2
o o Lna1<a2 (lL + 501] (6 — 1)<> %
< ci“OLIj‘n Slc "B [F(a°) - F(w")] + — LT g,

Finally, putting the values of ay = 2/3, 0 = 1/2u9 = 1/10,v = 1/2 and 0% = ¢, mSIOngz(elz/é)LO =c3 Slog};éé)L%
one can get that

L'/ 1 1 | dSlog(1/6)L2
E |lgrad f(w")]* < ¢4 <nl</3SE [F(@°) — F(w")] + {n2/3C1/2 + nCl/J Oi(@/ : O)

. <L<1/z & [F(a) - Flw)] + ds 1og(1/6)L3>

nl/3g n5/3(1/2¢2

25



Under review as submission to TMLR

LCE[F (0°)— F(w*)] n2/3¢
Setting S = \/ Tlog(1/5) To- we have that,

Lo\/dL1og(1/0)E [F(@°) — F(w*)]

ne

E [lgrad f(w®)|? < e

Gradient Complexity is given by S(n 4 2m) = \/LCE[Z(IED;()J;(W*)] ”2/036 (n + %) = \/LCE[ZE?;()JS(WH nSL/:e‘

This completes the proof.

C.4.3 Proof of Theorem
Proof. With the values given in the theorem statement, o2 = %S/&)Lg
Kn[6+-18 ‘lLTCI/2 uo ~ log(1/5) L2 K[6+%1L7—(1/21°g(1<‘2”3 o '
3u0n2€2 = Ty R . This implies
18 1/2log(1/8)L3
a2 L o . 1 1 ] dK[6+ =5 LT¢H 2=
E[||grad f(w™*)["] < gE [F(@") - F(w)] + n2/3¢172 + N 3ne2
1 0 . 24dK Lt log(1/6)L3
SZE [F(w ) — F(w )]—i— 32c .
Using the Riemannian PL condition we have
1 24dK L7*log(1/6)LE
E [fh*1) - )] < r5{Jarad fu)|[Y) < 2B [Fub) - Fu)] + 2L 0e/OLG
n2e
Recursively applying the above for k =0 to K — 1, we have
. 1 oo 8dKL72log(1/6)L2 "= 1
E [f() = f(w")] < 5B [F(w’) = Fw")] + D %
=0
1 0 . 8dK L1?log(1/6)L3 <= 1
< 57 E [F(w’) — F(w*)] + —o %
=0
1 0 . 16dK L2 10g(1/(5)L2
—Q—KE[F(w)—F( )] 32
n2e? w®)—F(w*
Putting K = log ( di[fl(og()l/gig )]> there is a constant ¢ s.t
E [f(w") — f(w")] < c dL7?log(1/0) L2 o n?e’E [F(w®) — F(w*)]
- n2e? & dL72log(1/8) L2 '
Ignoring the log factors,
. dL7?log(1/58) L2
E [f(w") = f(w")] 20(712620 :
Finally, the gradient complexity is given by,
n?e?E [F(w®) — F(w*)] 18 n
KS(n+2m) =1 6+ —r 1/2 —
(n+2m) = log < dL72log(1/6) L2 <[ + n— 3W 7¢ 1/3 n L3,uJ
2¢%E [F(w) — F(w*)]
< Lrc1/2p2/3] ne .
< Lre e log | o 0g(1/8) 12
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D More experimental details for Section [0]

Details on the parameter configurations of DP-RSVRG, DP-RSGD, and DP-RGD. For DP-
RGD, we tune the clipping parameters from the set C = {1,0.1,0.01} and the number of epochs from
{10, 20,30}. For DP-RSGD, clipping parameter is chosen from C = {1,0.1,0.01} and number of epochs from
{100000, 200000, 300000}. For DP-RSVRG number of epochs is chosen from {5,10} and set the frequency
as m = 1000 and full gradient clipping parameter C is tuned from {1,0.1} and variance reduced gradient
clipping parameter Cy from {1,0.1,0.01}. For all three algorithms we tune the learning rate from n =
{5e75,1e ®be 4 le74, ... e L 1e71,1,2,...,5}.

D.1 Details on the the Fréchet mean of SPD matrices computation and the covariance descriptors

The Riemannian distance induced by the metric is given by dist(Z;,Zs) = ||Logm(Z271/2Z1Z;1/2)HF7
where Logm denotes matrix logarithm. Given points {Z,...,Z,} € SPD(m),
the Fréchet mean is defined as the solution to following optimization problem:

minwespogm { F(W) = £ 0 F(WiZs) = 230, logm(W™/2Z:W™3)[3} . Riemannian  gra-

dient of f is given in terms inverse Exponential map grad f(W,X;) = 72Exp§\}(X,;) =
— W 2Logm(W™2X, WY/ )W1/2 We take first two classes from PATHMNIST (Kather et al.,
2019) (ADI, adipose tissue; BACK, background).

Covariance descriptors. Let Z € R"*%*3 denote a RGB image with height h and width w. Let ¢ :
Rhxwx3 _ Rhwxk he g feature extractor of dimension k, i.e. ¢(Z)(x) is a k-dimensional vector at each

spatial coordinate x in the image’s domain S. Given a small 7 > 0, the covariance descriptor R, : RAxwx3 _y
SPD(k) associated with ¢ is defined as

+n.d,

é S (G@)(x) — )(ST)(x) — )T

where = |S|71 Y .5 ¢(Z)(x), and 7.1 ensures R, (Z) € SPD(k). Our experiments on the private Fréchet
mean computation problem (Section use the covariance descriptors with following feature vector:

11,
ST = | T Tl I s T T 2 2 anctan (57 )
y

where x = (,y), intensities derivatives are denoted by Z,, Z,, Z5, Zy, and n = 1076, Let + denote convolution
operation, then first and second order intensity derivatives are computed as below,

#1001 10 1
T,=Tx~|420 —2|. 7, =T+~ |42 0 -2,
4146 0 12 41456 0 —12

410 -2 01 1 44 +6 +4 +1

L lHa0 804 L1000 0 o0

Too =T [+6 0 —12 0 6| Ty =Tw— | -2 —8 —12 —§ —2

440 -8 04 00 0 0 0

410 -2 01 1 44 +6 +4 +1

For RGB images ¢(Z)(x) is a 11-dimensional vector that makes R, (Z) a 11 x 11 SPD matrix.

D.2 Details on the private leading eigenvector computation problem

The problem of computing the leading eigenvector of sample covariance matrix is

minwegm {F(w) =230 | f(wyz;) = —2>"  wl(z;z )w}. It has been shown that above problem
satisfies Riemannian PL condition (Zhang et all [2016|) while the problem is nonconvex in the Euclidean
setting. Riemannian gradient of f is given by grad f(w;z;) = —2(I411 — ww’)z;z7 w.
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