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Abstract

From molecular imaging to wireless communications, the ability to align and
reconstruct signals from multiple misaligned observations is crucial for system
performance. We study the problem of multi-reference alignment (MRA), which
arises in many real world problems, such as cryo-EM, computer vision and, in
particular, wireless communication systems. Using a probabilistic approach to
model MRA, we find a new algorithm that uses relative poses as nuisance variables
to marginalize out — thereby removing the global symmetries of the problem and
allowing for more direct solutions and improved convergence. The decentraliza-
tion of this approach enables significant computational savings by avoiding the
cubic scaling of centralized methods through cycle consistency. Both proposed
algorithms achieve lower reconstruction error across experimental settings.

1 Introduction

Multi-reference alignment (MRA) is a fundamental problem in signal processing and statistical infer-
ence that arises when reconstructing a signal from multiple noisy observations, and each observation
has been transformed by an unknown group action such as rotation, translation, or other geomet-
ric transformation. This problem appears in diverse applications across scientific domains, from
cryo-electron microscopy (Cryo-EM) [11,19] and cryo-electron tomography (Cryo-ET) for molecular
structure determination [[17, 16, [14], to computer vision applications like Structure-from-Motion
(SfM) and Simultaneous Localization and Mapping (SLAM), and even narrow-band 5G NR [13]].

A core challenge in MRA lies in the fact that unknown transformations of the signal create an
ambiguity. The signal could be recovered if the poses were known, and the unknown poses could be
recovered when the signal was known. Moreover, the original signal can only be recovered up to a
global transformation and, likewise, the observations’ misalignments (i.e., their absolute poses) are
only defined up to a joint transformation. In other words, any global transformation applied to all
observations’ poses yields an equally valid solution. Traditional approaches to MRA typically treat
the absolute poses of the observations as nuisance variables to be estimated or marginalized over in an
intermediate step before signal reconstruction. This includes various probabilistic approaches based
on variants of the expectation-maximization algorithm [[14] or other message-passing algorithms [12].
However, these methods can face challenges due to the inherent global symmetry of the problem.

Indeed, any disjoint estimate of the absolute poses necessarily breaks the global symmetry of the
problem, which can lead to optimization difficulties in expectation-maximization or maximization-
maximization algorithms. The fundamental issue is that global poses are not uniquely defined.
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Any global transformation of the poses leads to another equally valid assignment. This can create
convergence issues or trap optimization algorithms in local minima, e.g., due to subsets of observations
initially converging to different global alignments.

In this work, we propose a novel probabilistic approach to MRA that addresses these challenges
by reformulating the problem in terms of relative poses rather than absolute ones. Our key insight
is that relative poses, in contrast to absolute ones, are uniquely defined and do not suffer from the
global symmetries that can cause optimization difficulties. However, not all possible assignments
of relative poses correspond to a set of absolute ones. As we prove in Appendix [E] relative poses
that are cycle-consistent are in one-to-one correspondence with equivalence classes of absolute pose
assignments. Hence, to ensure that the relative poses represent valid configurations, we incorporate a
cycle consistency constraint into our probabilistic model, which enforces that walks along any cycle
in the relative-poses graph lead to identity transformations.

As a concrete example of the multi-reference alignment problem, we consider the problem of channel
estimation (CE) in narrow-band 5G NR wireless communication systems [[1,[13[]. In the multi-input
multi-output (MIMO) setting, the 5G NR specification allows channels to be precoded individually.
Still, signals in neighboring PRG blocks can be correlated (Orthogonal Frequency Modulation and
Demodulation). Current receivers do not utilize this correlation, resulting in suboptimal performance.
We are the first to combine the group-theoretic approaches from multi-reference alignment with the
application of 5G decoding using statistical methods, demonstrating how our relative pose framework
can be applied to real-world communication systems.

Finally, we propose different algorithms to efficiently perform inference on this graph and evaluate
them on multiple synthetic datasets, showing significant improvements over traditional approaches
that rely on absolute pose estimation. In summary, this paper makes the following key contributions:

* We present the first MIMO decoding framework that explicitly incorporates relative rotations,
addressing a fundamental limitation of existing methods.

* We develop both a direct method and an iterative refinement algorithm for joint denoising and
synchronization, grounded in a principled probabilistic model, also known as a structured
probabilistic graphical model.

* We provide theoretical insights and empirical evidence of the advantages of our approach in
5G-like MIMO scenarios.

The remainder of this paper is organized as follows: Section [2|formulates the problem, introduces
our probabilistic graphical model, and reviews related work on MIMO synchronization and pose
estimation. Section [3.2] details the proposed algorithms. Section ] presents experimental results, and
Section 5] concludes the paper with directions for future research.

2 Problem formulation

Background on Narrow-band 5G NR MIMO system The 5G NR communication system uses
an orthogonal-frequency division multiplexing (OFDM) scheme to communicate messages along
orthogonal subcarrier signals at each time step. As a result, the communication channel is divided
into a time-frequency grid, with each cell (or resource element, RE) carrying a single symbol. In
a multiple-input-multiple-output (MIMO) scheme, both the transmitter and receiver have multiple
antennas, which enables the transmission of multiple symbols on the same time-frequency location.
Formally, assuming d transmitting and receiving antennas, the transmission at a frequency f and time
step ¢ of a symbol vector z7, € C%is

yre = Hyp 1 Prixgp; + € (1)

where Hy; € C%*4 ig the MIMO channel matrix, y € C? the received signal, ¢ ~ N¢(0, 021) is
Gaussian noise and P € U(n) is a unitary matrix which defines the precoding. The transmitter
precodes the transmitted messages to help minimize interference and improve SNR, e.g., by aligning
the message along the singular vectors of the channel matrix. For practical reasons, in narrow-
band 5G NR, the precoding matrix is shared by multiple neighboring resource elements within
the same physical resource block group (PRG). The challenge for the receiver is estimating the
effective channel matrices (i.e., after precoding) from a few noisy observations obtained via some
pilot messages. We consider a multi-reference alignment problem inspired by this narrow-band 5G



NR channel estimation problem. Our problem formulation allows us to abstract away from many
technical details of the communication protocol, while preserving its relevant properties and the
underlying synchronization challenges. For more details, we refer to Chen et al. [3], Pratik et al. [13]
for a more precise description of the real channel estimation problem in narrow-band 5G NR.

Abstract formulation For ease of modelling, we model the channel matrix as real numbers and
the precoding matrices as real orthogonal matrices P € O(d) C R4*¢. We denote the channel in
the j-th PRG block by H; € RP*4, where the dimension D indexes all time-frequency positions
within the block and the output antennas. In a realistic 5G MIMO scenario, the receiver observes

the effective channels H ; = H, P,; via some pilot messages only at certain time-frequency positions
(demodulation reference signal, DMRS). This signal is then used to estimate the full channel via
linear predictors. We assume the receiver observes the full channeﬂ corrupted by real Gaussian noise,
ie. B, = H;P; +¢; € RP*? with g; ~ N(0,021).

Taken all random variables together, H, P, and B, the joint probability distribution is:
p(B,P,H)=p(B|H') p(H |H, P) p(P) p(H) 2)

where p(B|H') = N(B|H',02I), p(H'|H, P) = 6y _y p is a deterministic factor applying
the precoding to the channel. We assume the prior p(P) on the rotation precoding matrices is
uniform over the O(d) group. Finally, p(H ) specifies a rotation invarian{”|prior via a matrix normal
distribution over all underlying channel matrices M (0, U, I') with I the identity matrix and matrix
U modelling the row-covariance. Note the rotation invariance: if P € O(d) and X ~ MN(0,U, I)
then X P ~ MN(0,U, PTP = I). We also refer to this prior as ‘spatial correlation,” which is
shorthand for the correlation that occurs along the time and frequency axes among the PRG blocks
due to Rayleigh scattering [[18}15]. This spatial correlation enables the estimation of the channel in a
PRG block H, Z/ from its noisy observations B;. However, the unknown precoding matrices prevent
the receiver from leveraging the correlation between neighboring blocks. Our key insight is that by
modeling the relative rotations R;; = Pi_le between adjacent blocks in the time-frequency grid,
we can leverage the spatial and temporal correlations to achieve more robust channel estimation.

Absolute to relative poses Multi-reference alignment problems typically present a global symmetry,
which implies that absolute poses and the underlying signal are not uniquely defined. Indeed, the
set of channels H = {H,}; and precoding matrices P = {P;}; generate the same observations
B = {B;}; as the channels H = { H;Q}; and the precoding P = {Q ! P,}; for any transformation
Q € O(d). Any attempt to estimate these quantities requires some form of symmetry breaking.
However, this problem vanishes when taking a local viewpoint and, therefore, considering relative
poses; see Appendix For this reason, we develop our method to recover relative poses R =
{R;; = Pi_le }i,j» which are uniquely defined and suitable for an efficient distributed and local
computational scheme.

Relation to prior work in synchronization: synchronization over compact groups has been
approached with approximate message passing methods [12] or semi-definite programming [3].
Other works studied CryoEM [14] and stochastic block models [2]. The fundamental difference
in our work, though, is that we aim to estimate the signal itself. [[12] assume noisy observation of
the relative poses and strive to find an optimal representation of the absolute poses. In our case,
we have noisy observations of the underlying signal at each location. The goal is to efficiently and
effectively marginalize over the relative poses to obtain a better estimate of the channel. Although our
approach utilizes similar estimations of the relative poses, it does not synchronize the absolute poses.
Instead, it can be said informally that we ‘directly synchronize’ the underlying signal. [13]] first
describes the MRA of narrow-band 5G NR channel estimation, but adopted complex deep learning
architectures. Relation to wider related work Synchronization problems have been studied in a
more abstract context for their group-theoretic properties [[7,6]. Some works have studied pairwise
relative pose estimation by candidate elimination [19], but we are the first structured statistical model
to marginalize over the unknown poses to reconstruct the underlying signal effectively and efficiently.

'Note that pilot DMRS signals provide linear measurements of the channel, so our simplification reduces to
the use of a diagonal full rank covariance matrix between B; and H /, rather than a more generic one.

This is a reasonable assumption since it is equivalent to assuming zero mean and that the correlation
depends only on the frequency and time position and is the same among all the antennas, since the precoding
transformation only acts on the antennas’ dimension of the channels matrices.



3 Method

3.1 Direct estimation

A direct approach is to estimate the relative rotations R;; between adjacent nodes H in the time-
frequency grid. This is done by maximizing the likelihood of the data log p(B). Observations
B ¢ RP* i5 the matrix of D times a d dimensional observation. However, the direct approach has
two disadvantages: estimating in pairs does not enable global synchronization, and direct estimates
can be suboptimal as rotation and observation noise are confounded, where estimating one changes
the other. We address both properties in the next section.

Estimating the channel H " can be done by writing the posterior given the data B directly:

argmaxp(H'|B) = / p(H'|B, R)p(R|B)dR 3)
H' R

The posterior p(R|B) can be heuristically approximated with a delta distribution — meaning that we
can take a point estimate of the rotation. Assuming only two blocks { H;, H>}, if the covariance
matrix of the prior on the correlated channel is U, then one can find the relative rotation R;5 between
the two blocks from the following projection: arg maxp , (Ra1, H. éT U'H 1) F.

Likewise, for a triplet of three nodes Hy, H,, H3 and relative poses R12 and R;3 (note that
Ry3 .= RT,R;; and that R;; = R};), one can iterate the two updates below in Equation 4| until
convergence. Matrices U,, Uy, - - - are submatrices of the covariance matrix U, as described with
Equation [30]in the Appendix.

R13 = arg max <Rg1 s B_Z_U(TB| > r+ <R31, BgU3B1>F + <R31, BgUgB2R21>F

Ry = argmax (Ro1, BIUI'By)p + (R31. BIU! By + (Ro1, BIU.B3R31 ) r.
The derivation is outlined in Appendix [C} Crucially, the above solution arises from using properties
of the Matrix Normal distribution. Ending up with the above Frobenius inner-products is a result of
the Orthogonal Procrustes problem [} [15], which is a mean-square solution when optimizing over
the set of unitary matrices. The projection is a closed-form maximizer of the Procrustes problem.
Therefore, each step of the iteration is non-decreasing in the objective value, and we find that this
usually converges in three to five steps.

“

Secondly, obtaining the channel estimate from the observations and rotation matrices
arg max p(H | B, R) is a linear problem, which can be solved in O(D?) time:

Hi —1 B}
HyRy | = (UEQU_l + ISD) B> Ry 5)
H;R3 B3R,

The above solutions are worked out for a ‘triplet* of nodes, meaning that we consider three nodes and
derive the estimation equations. This could be worked out for an arbitrary number of nodes. However,
this has two downsides: (a) the computation scales cubically in the number of measurements and
thus cubically in the number of nodes. Hence, scaling this approach on the wide time-frequency
lattices of up to hundreds blocks per time slot is impractical, especially under the resource and power
constraints of modern 5G telecom modems [5]. The second downside (b) to including more nodes is
that synchronization becomes ‘harder.” After all, only noisy nodes are available, and harmonizing
among more noisy observations pertaining to random rotations has more numerical issues.

Therefore, we suggest decentralizing the estimation into triplets. A triplet of nodes is the smallest
subgraph in which a local synchronization can imply a global synchronization over the entire grid,
see Appendix [E] Meanwhile, a triplet of nodes is most economical with the local ‘spatial correlation’
that exists among the channels. Due to Rayleigh scattering [18]], only nearby PRG blocks will have
correlation, and denoising among local subgraphs most economically uses the compute resources.

3.2 Synchronization and denoising via iterative refinement

From the direct solution, we suggest an iterative refinement method that is loosely inspired by the
Expectation Maximization algorithm. The direct solution alternates between two maximizations,
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Figure 1: Iterative refinement achieves the lowest reconstruction error compared to signal denoising
only. This is a synthetic 6-by-6 grid of 12 measurements each. Error bars indicate standard error
among 25 random seeds. Additionally, the ‘synchronization base’ approach, by itself, achieves lower
reconstruction error than prior art for reasonable signal-to-noise ratios.

over p(H'|B, R) and over p(R|B). The latter maximization assumes that channel observations
B are made and the relative poses can be estimated from them. By extension, H " will serve as a
‘denoised version’ of the channel. As such, we will report the Mean-Square error between H "and B.
Then, as H' is a denoised version of B, we can refine the rotation estimate from p(RIH /) instead.
Continuing, the relative poses can be found from p(H'|B, R).

Loosely, this is inspired by the Expectation-Maximization algorithm [4} [10]. Analogous to the

M-step, we estimate the parameters of the channel using an estimate for the rotation random variable.
Analogous to the E-step, we find an estimate for the relative poses. In this case, however, we take

only a point estimate, ¢(R) = g in log p(B) > max,(r) Er~q(r)[log p(B, R, H;) —logq(R)].
The estimation for the relative poses can be done using similar Frobenius projections, starting from
arg max p p(R|H'). This time, however, the estimates for the channel are used:

Ri> = argmaxp , (Ra1, H;q;UZHit>F + (Rs1, H:;tlfUz;rHi./\) F+ (R, H;?;UcHé,tRM)F
Riz = argmaxp , (Ro H. U Hy ) r + (Ra1, Hsy Uy Hy ) p + (Rs1, H3,U Ho (Rov ) p
(6)
The channel estimation is derived in Appendix [D]and results in an estimator similar to Equation [5}

Hy iy [ Hu
Hy 1 Roy| = (U?U_l + ISD) H, Ry @)
H;,  Rs H; ,R3

Together, Equations [6] and [7] can be repeated to refine the channel estimate and the rotation esti-
mate. We typically find that this stabilizes after three or four iterations, which is illustrated in the
experimental results section.

4 Experimental results

Our experimental evaluation demonstrates the advantages of our proposed approach. We compare
three methods. Starting with the ‘pairwise alignment’ that operates on pairs of nodes in the time-
frequency grid. It serves as the baseline, and, while computationally efficient, it suffers from the
fundamental limitation that local synchronization in pairs does not guarantee global consistency
across the entire network. Addressing this limitation, our ‘synchronization base’ solution operates
on triplets of nodes, providing the crucial advantage that each local synchronization within a triplet
inherently implies global synchronization (Appendix[E] This triplet-based approach not only improves
synchronization accuracy but also maintains computational tractability with O(D?) complexity.
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Figure 2: The reconstruction error for varying  Figure 3: Numerical results along varying length
number of iterative refinement Steps. Most im- Scales’ which determine the correlation proper-
provement over the direct approach (blue shaded  ties. Our synchronization improves the channel
region) is achieved in two to five steps. reconstruction across these settings.

Building upon the triplet foundation, we then demonstrate the benefits of an ‘Iterative Refinement’
algorithm, which operates on the same triplet structure but leverages the denoised channel estimates

H' rather than the noisy observations B. This final experiment demonstrates how our method enables
more effective denoising strategies, resulting in superior overall performance in 5G-like scenarios.
Each plot includes both a ‘single channel” and an ‘ideal line.” These are theoretical results for either
not using synchronization at all or assuming perfect synchronization (explained in Appendix [F).

For the experiments, we sample from the ground-truth graphical model and use each method to
reconstruct the signal. The problem consists of 6 x 6 = 36 grids of PRG blocks, with D = 3 x4 =12
measurements made in each block. This means that each block is 3 by 4 measurement cells. The
spatial correlation has a length scale of five measurements and follows a squared-exponential decay,
which is a simplified model for the Rayleigh-fading scatter [18]]. Different values of the length scale
indicate varying amounts of scatter in the environment and a comparison for multiple values of the
length scale is shown in Figure 3]

Figure [T| shows the main experimental result. It compares all three methods on a 5G MIMO problem.
In general, for larger Signal-to-Noise (SNR) ratios, the channel reconstruction achieves lower decibels,
and this is reflected in the ‘ideal synchronization® and ‘single channel ideal* comparison lines. The
right figure redraws each line compared to the ‘single channel’ MSE and indicates the relative
improvement. Beyond 0 dB SNR, all three MRA methods exhibit improved performance, with
synchronization achieving a lower MSE than pairwise alignment, and Iterative Refinement achieving
the lowest MSE across experimental settings.

5 Conclusion

Our work presents a significant advancement in multi-reference alignment (MRA) by introducing a
novel structured probabilistic framework that addresses the fundamental challenges of MIMO channel
denoising. By reformulating the MRA problem in terms of relative poses within a principled statistical
model, we eliminate the global redundancies that hinder optimization. We use cycle consistency and
arrive at a computationally efficient method that can scale to realistic system sizes.

The iterative refinement algorithm consistently outperforms direct estimation methods and methods
that use only pairwise alignment. Across experimental settings, our approach that is decentralized
and refines relative pose and channel estimates achieves better reconstruction error consistently. The
success of our approach demonstrates the promise of iterative refinement techniques for MIMO
synchronization. It opens up new directions for developing more sophisticated denoising strategies
that can leverage the global synchronization achieved through our triplet-based cycle consistency.
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A Notation

An overview of the notation in this paper. Additionally, Figure ] presents a factor graph to illustrate
how the random variables relate to each other. That factor graph is for three PRG blocks.

Notation
D,d Number of measurements and number of dimensions
HWwW Number of rows and columns in the MIMO grid
N=H -W The number of blocks in the MIMO grid
P,P,P; ... Py Rotation matrix of size R4*¢
p(P;) Prior distribution of P;, uniform over the rotation angles, P; € SO(d)
R;; =P 'P; Relative rotation matrix of size R%*4

H17H23H37"' >HJ
H = [H,; H,y; Hs]
H; = HP,

BlaBQaB3;"' 7BJ
B = [By; By; B3]

Hidden matrices of size RP*4
Stacked hidden matrices of size R3P*d

H-accent is the channel matrix that has undergone an unknown rotation,
size RDPxd
Observed matrices of size RP*¢

Stacked observed matrices of size R3P >4

e ~N(0,02) Observation noise, shape clear from context
B, =H ; +e& Observation model with iid noise
MN(O,U,V) Matrix-normal distribution with mean 0, row covariance U, column

p(H) = MN(0,U,I)

covariance V'

Matrix normal distribution with mean O, row covariance U

A.1 Relative poses and channel prior

We model the channel with a Matrix-Normal distribution. The Matrix Normal has the following
properties: if X ~ MN(M,U, V) then vec (X) = N(vec (M) ,V ® U). Here, vec (X)) is the
Frobenius vectorization of a matrix X and ® is the Kronecker product.

Let’s denote the prior as p(-), then the following equivalence holds for the MN (0, U, I') matrix
normal:

H, H P!
H, H,P!
(/| ) =r(|mpP|) ®)
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Figure 4: Structured Probabilistic Graphical Model to illustrate the joint distribution in Equation

This uses the rotated matrices:

H, H\P'P, H,
H, H,P 'P, H,Ry;
H,| = |H3P['Py| = | H3Ru3 ®

B Estimate channel using a rotation estimate

We first derive the estimation of the channel if the rotations were known. We present the case for
reconstructing four matrix-valued signals in the presence of relative rotation. The dots, - - -, will
indicate generality towards sets of more matrices. The variable J indicates the number of blocks
considered in the denoising. For this example, J = 4.

The derivation starts from log p(B, R H ). This assumes that one has an estimate of the Rotation
matrices, R, and the goal is to find the channel matrices H with the largest likelihood.

arg max log p(B, R, H) (10)
H
—argmaxlog [ - [ p(H Ho Ho Hop(HL|H) [T p(IH, Ruy)
H H Ha J€E[2,3,4]
p(Bi[H)( ] »(Bj|H,))dH\dH2dHsdH. (11)
j€[2,3,4]
= argmax = lo H,, Hy, Hs, Hy)6,, _ . Orr o1l 5
gH g/Hl /H4p( ! 2, Hs, Ha) Hi=H, j€[12—,£,4] H;=H;R;j,
(T[] »(B)|H;)dH1dHdHsdH, (12)

We integrate over the delta distributions and introduce a change of variables Hé = H2R12 and
Hy = HsRys and Hy = H,Ry,.

argmaxlogp(H,, HyRo1, HyRs1, HyRy) || p(B;|H)) (13)
H je[la"'=4]

=argglaxlogp(ﬂi,H27H3,H4)p(Bl\Hi) I »B;H;R.;) (14)
j€[2,3,4]



Next, we write down the actual likelihoods that are Matrix Normal distribution by M and align the
H,

writing of said distributions gi ~ MN(0,U,I).

H,
The operation vec (-) indicates the “Frobenius vectorization” of matrix X, which concatenates all
columns from left to right in one long column vector. This means that we can conveniently write

down the Matrix Normal distribution. If X has a matrix normal distribution X ~ MN(0,U, I),

then vec (X') has Normal distribution vec (X)) ~ N (0,I ® U) where ® indicates the Kronecker
product.

arg max log N (vec (H;7 H,, H3, H4) 0, I, @U) + logJ\/(Hi\Bl, afIdD)
H

+ Z log./\/(Hj|BjRj1,ofIdD) (15)

JE[2,3,4]

= argmaxlog/\/(vec (H17H27H37H4) 0, I; ® U)
H

B

, B:R
+ logN<veC (Hl, Ho, Hs, H4) | vec lei%i L ® afIw) (16)

BiRy
= argmaxlogN(vec (H;,H27H37H4) | X g vec (0:231,0‘:2B2R21,0‘:2B3R31,0':2B4R41) , EH)
H
an
We use shorthand for the denoising correlation matrix:
-1
XH = ((Id [24) U)71 + (Id (024] O'?I(]D)il)
= ((Id & U)il + U;zI(]Dd)
(Ut +021;p) ! 0 0
0 (U—l +JE_2IJD)_1 0 e =
( 0 0 (U71+U:2IJD)71 )

— L, (U +0 ) (18)

The argmax of a Gaussian likelihood is the mean parameter of the said Gaussian distribution.
Therefore, we find the mean parameter of H from:

H o ’By

H2 t+1R21 1 _9 -1 0'72B2R21
Pt 2 = (1@ (U + 0% ) Coph (19)
g,t+11?31 Ta®( w) ) o 2331?31

H, ;R 0. “ByRy;

The general equation for general J would be:

Hi,t+1 0;231

Hé,t+1R21 . 0';2321%21

Hy o1 Bo| = (Lo (U +02Lp) ) |9 BsBa | (20)

-2 -
O B.Ry,;
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C Directly estimate rotations

For the direct approach, we estimate the rotation matrices within each subgraph. This step occurs
even before iterative refinement and provides the first estimate of the rotation matrices based on the
noisy observations.

C.1 MLE, three obs, directly from B

The comments prefixed with ‘... in blue are comments to explain the derivation steps.

Ri2, Ry

= arg max lng(Bl,Bz,Bg‘R12,R13) (21)
Ri2.R13

... Introduce and marginalize over H1, Ho, and H3

’ ’ ’
= arg max log/ / / p(Hl,Hz,Hg)/l/l//p(B1|H1)p(Bz|H2)p(Bg|H3)
Ri2,R13 H, JHy JH3 Hy JHy JHy

!’ ! ’7 ’ /7 4
p(H,|Hy) p(H,|H2, R12) p(H;|H3, R13) dH,dH,dH; dH,dH>dHg (22)
’ ’ ’
—argmax tog [ [ [ penmam [ ] (B H (B HYp(Ba H)
Ri5,Ri3 Hy JHy JH, oy JH, JH,
’ ’ ’
Oty 1t Dstyert my Ostyer myy VN AHodHy A dHdHy 23)
... Integrate against delta distributions
’ ’ ’ ’ ’ ’ ’ ’ ’
= ;rgn}lzax log /H/ /H’ /H’ p(H,, HyRz1, HyR3:1) p(B1|H,)p(B2|H,)p(B3|H;) dH,dH,dH, (24)
12,:R13 1 /Hy JHg
... Make Matrix Normal explicit
’
{_Il / 2
= arg max log//////MN( H,R>|;0,U,Is) MN (H,|B1,0"Ip, Ia)
R13,R;: H; JH, JH 7
12,R13 1 2 3 H,Rj
’ - ’ ’ ’ ’
MN (HyRo1; BaRo1,0°Ip, I;) MN (H;Ra1; BsRa1,0°Ip, 1) dH, dH,dH, 25)
... Fuse Matrix normals
’ ’
{{1 ‘/[_Il B, ) .,
—argmax tog [ [ [ MN(| By Ra | 10U 1) MN (| H)Roy | || BaRas | (0 Lap 1) dH, dH dH,
Ri5,R13 H, JH, JH] H;,R31 H;R31 B3R5,
(26)
B,
= argmax log MN (| B2R21 ;0,U+U2I,Id) 27)
Riz,R13 B3R3;

The simplification from two to one Matrix Normal uses some tricks: the multiplication of two normal
distributions yields a normal distribution, and the integral will not change under rotation. Therefore,
we can use standard properties of the Matrix Normal product. The argmax over the matrix normal
can be obtained by writing out the Trace and removing scalar constants:

R127 R13
-1 _ B1 T Bl
= argmax — Tr BsRo; (U+021)_1 BsRo;
Ri2,Ry3 2 - [ B3R31 B3R
B B, 1"
-1 - 1 1
=argmax — Tr | | BoRa1 | | B2Ra1 (UJFUZI)A] (28)
Ri2,R13 2 - [ B3R31 B3R,
B,BT B1Ry»,BT B1Ry;BT
= arg max — Tr |: B2R21B? Bng B2R21R13B§ (U +0‘2I)—1:| (29)
Riz,Ris | BsR31B]  B3Rs3 Ri1:B] B;Bj

Equation[29]considers the matrix as composed of submatrices. Since the U matrix is always composed
of J- Dby J - D elements, we can always split it in .J by J submatrices of size D x D:
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u U, U

~-U+oD'=|UF U, U, (30)
Ul Ul U
A A B, BY BR;BY B R3BT u U, U,
R127R13 :argmaxTr[ BQ.R21.B¥1 Bng B2R21R13Bg Ug U2 Uc :|
Ri2,R13 _BgRngiF B3R31R123§ BSBg UI;T UCT Us;
(€29)

...Split to individual traces

= arg max 2 Tr _BlngB;‘FUaT] + 2Ty [BlngBgTUﬂ F2Tr [BQRlegB?,TUCT}
Ri2,R13 -

(32)

The argument in Equation |32]is linear in both rotation matrices. In each argument, there is a closed-
form expression for the optimum over the set of orthogonal matrices. Therefore, we suggest to
iteratively determine this optimum. With each closed form solution, each step is guaranteed to
non-decrease the objective value and we find that this usually converges to machine precision in less
than eight steps.

terate {R13 = argmax(Ry1, BJU! B1)r + (R31, BjU] B1)r + (R31, B U BoRo1) p
Ry = argmax(Ry1, BJU! B1)r + (Rs1, Bj U] B1)r + (Ry1, B U.B3Rs1)
(33)

The closed-form solution is known as the Orthogonal Procrustes problem [[8,[15]. The projection is
achieved by removing the singular values from the Singular-Value Decomposition:

argmax(R, X)p = ALVT 34)
R

from Singular Value Decomposition X = AXVT and with L = I if det(X) > O or L =
diag(1,1,1,...,—1) otherwise (assuming the smallest singular-value of X is at the bottom of ¥).

D Iterative refinement 3

Deriving the iterative refinement looks much like Equation 21} However, it crucially starts from
optimizing the rotation matrices given the channel estimates H, instead of the noisy estimates B.

The comments prefixed with ‘... are comments to explain the derivation steps.

Riz, Ry
= arg max log p(R12, R13|H,) 69
R12,R13
’ ’ ’
= argmax logp(H,, H,, H;|R12, R13) (36)
Ri2,R13

... Introduce and marginalize over Hq, Hy, and H3

’ ’ U
= arg max 10%/ / / p(H1, Ha, H3) p(H,||H1) p(Hy|H2, R12) p(H3|H3, R13) dHy dH2 dH3 (37)
oy JH, JH]S

Ri2.R13
= 1 Hy, Hs, H3) § 5 s dH, dH> dH. 38
R A e L
’ ’
= argmax log p(H,, HyRo1, Hy Ra1) (39)
Ri2,R13
H,
We’ll write down the matrix-normal form of the channel prior: |Hy| ~ MN(0,U, I):
Hj
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Ry3, Ry3
— / - T /

-1 H, H,
= arg max — Tr [ HéRQl U! HéRgl ]
Rz Ria 2 |H3Rs, | H,R3,
H [ H 1"
= arg max _7 Tr [ H,R, | |H,Ry, U_l] (40)
Rz, Faa |H.R3, | |H R
H H" H,R,H," H R3H,”
— arg max — Tr { H,Ry H,” H,H," H,Ro\Ri:H." U—l} 41
fuz, fs H;R; H\" HyR3 R, H,T HiH"
u, U, U,
...Consider —U ~! a block matrix UaT U, U,| withU € R*’*3P and U, € RP*P
Ul Ul U;
H HT H,R,H," H R3H,” U, U, U,
— arg maxTr [ H,R H," H,H," H,RnR:HS| |UT U, U. }
Rax R H,Rs H," H;Rs3 R, H," H,H,T Ul Ul U

...3plit to individual traces

— argmax 2T [HiRmH;TUaT } YT [H;ng,H;TUbT } LT [H;RglRBH;TUCT }
R12,R13
(43)

The optimization argument in Equation 43| is linear in both rotation matrices. In each argument,
there is a closed-form expression for the optimum over the set of orthogonal matrices. Therefore, we
suggest to iteratively determine this optimum. With each closed form solution, each step is guaranteed
to non-decrease the objective value and we find that this usually converges to machine precision in
less than eight steps.

iterate until convergence

Ry» = argmaxp,, (Ro1, H'UTH, ) p + (Ryy H U H )y + (Roy, HY" U HyR31) p
R13 — arg maleS <R21 N H.Z']‘U{;IXH| > 4+ <R31, H3TUbTH1>F + <R31, HSTUCTHQR21>F

The closed-form solution to the latter argmax is the same as the Procrustes problem in Section [C|
Each step is a closed-form maximizer, so the iteration is guaranteed to converge.

E Local to Global synchronization

This section includes the theoretical proofs behind our main arguments for reducing the absolute pose
estimation problem to a relative pose synchronization problem. In particular, we will show

1. that the set of absolute poses and the set of cycle-consistent relative poses are in one-to-one
correspondence (up to a global transformation of the absolute poses) and that

2. if all 3-cycles (triplets) in a surface mesh (e.g., the physical resource blocks in the frequency-
time lattice in the 5G NR channel) are cycle-consistent, then the whole mesh is cycle
consistent.

First, we define the notion of cycle consistency precisely. Consider a connected graph G = (V| E)
witha set V of N nodes and a set E of edges. Then, an assignment of relative poses R = {R;; } (i j)eE
is cycle consistent along a k-cycle v = [y1,7v2, - . ., Yk, v1] (Withy; € V and (v;,7,41) € E) if

R% Y2 R”fzﬁa T R“/k,’n =1 44)
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An assignment of relative poses {R;;}(; jycr is cycle consistent if it is cycle-consistent over all
cycles in the graph G.

E.1 Absolute to relative poses

We need to prove two directions. First, any set of absolute poses P = { P}, is associated with
one unique set of cycle-consistent relative poses R = {R;; }1<; j<n. This true by definition, since

R’LJ = Piilpj and for any CyCIe Y= [’717723 - Yk ’Vl]:

R, R R P 'P,P'P, ---P, P, =P 'P, =1 (45)

V1,72t ty2,y3 Veov1 — Ly el

Second, we show that any set of cycle-consistent relative poses corresponds to an equivalence class
of absolute poses (defined up to a global transformation). First, we note that cycle-consistency
implies that, for any pair of nodes ¢, j, walking along any path connecting them generates the same
transformation, i.e., the relative pose R;; is well defined (even if edge (¢, j) ¢ E). For any pair of

paths «, 5 of length a and b connecting i to j, i.e. &1 = f; = 4 and oy = B = j, concatenating «

and §3 reversed form a cycle v = [a1 = i, a0, Q3,..., 0 = J = Bb, - .., B3, B2, 51 = i]. Since the
relative poses R are cycle-consistent, it follows that
Ralzi,azRa'z,Oés T Raa—l,aa,:jRﬁb:j»ﬁb—l e Rf}zﬁl:i =1 (46)
-1 -1
Roy=iiao Rasas+ Rag_r00=j = By g,—i Rg s, 47)

ROLl:LOQRDQ,OQ T ROéa,—l,Oca:j = Rﬁlzi,ﬁz T Rﬁb—l»ﬁb:j = Rivj (48)

Hence, one can construct a set of absolute poses P by choosing an arbitrary pose for the first node
Py and then defining P; := FyRy ;. Note that any choice of Fy is valid, but leads to a different
set of absolute poses. In particular, any two such equivalent sets of absolute poses P and P’ differ
precisely by a global transformation, i.e., 3T : Vi, P/ = T P;. Moreover, picking a different starting
node j rather than 0 results in the equivalent solution one would have obtained by instead picking
Py =TR;).

Finally, any of these equivalent solutions generates the initial set of relative poses; hence, we have
proved the bi-directional correspondence.

E.2 Sufficiency of 3-cycles

Consider a graph G = (V, E) representing the edges of a triangulated planar mesh, i.e. each node in
V can be embedded in R? with no edges crossing. Given a certain assignment of relative poses R on
G, if all 3-cycles in G (i.e. all triangles in the mesh) are cycle-consistent, then any cycle «y in G is
also cycle-consistent, i.e.:

RW = R'Yl,72 R”/z,’Ys e R"/k;’Yl =1 (49)

To prove this, note that a cycle  is the boundary of an enclosed area &, C R? which includes a
subset V, C V of nodes and a subset I/, C E of edges (including those in ). We prove that R, = I
by induction on the size of E.,.

Base case |E.,| = 3: this implies the cycle +y contains a single triangle and, therefore, it’s already
cycle-consistent by assumption, i.e. R, = I.

Inductive case |E.| > 3: consider any edge (i, j) € 7. There exists a node k € V,, such that (¢, k)
and (j,k) € E,. Then, (i, j, k) for a cycle-consistent triangle. Now we consider three cases.

o If (j, k) € ~, we can define a new cycle v by replacing both edges (i, j) and (j, k) with the
edge (i, k). Note that R, = R since R;jR;; = R, but E = E, U{(4,j), (4, k)} and,
therefore, £,y = I, — 2.

o If (i, k) € v, one can apply a similar construction.

* Otherwise, we can define a new cycle 4/ by replacing the edge (i, j) with the two edge
(i,k) and (k, j). Note that R, = R since Ri; = Rix R}, but By = E, U{(i, )} and,
therefore, £,y = E, — 1.
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Thus, the relative poses R are cycle-consistent on 7.

More generally, the set of all sufficient cycles for a generic graph is the cycle basis for that graph.
When considering meshes over more general surfaces, the result proved above is not necessarily true,
i.e. even if all triangles are cycle consistent, there might exist cycles which are not. These cycles
can be precisely identified in the first homology group of the surface. For instance, a 2-torus has two
additional cycles, but a similar proof works for a spherical surface.

F Performance under ideal synchronization

For many of the results, we are seeking a comparison for the empirical results. Without the precoding,
the MIMO task would amount to reconstructing a signal under structured Gaussian noise. As such,
we can characterize the Mean-Squared Error under ‘ideal synchronization’ in closed form. This
Appendix section aims to characterize the MSE value so that we can plot it in the diagrams.

The ‘ideal synchronization’” MSE is instructive to have, but it is not a strict lower bound, however.
Due to finite sample sizes, some reconstructions could achieve lower MSE. Conversely, due to finite
sample sizes, the performance might not be attainable. Therefore, it shouldn’t be considered a ‘target
performance’ either. The latter is due to the interaction between rotation and signal noise: two signals
could be noised such that the optimal rotation on a finite sample under some probabilistic model
would not match the true rotation.

In general, the case where rotations are known could be modeled as the reconstruction of a correlated
Gaussian distribution. Consider the following system. Matrix X is drawn from a correlated Gaussian
distribution. After additive i.i.d. Gaussian noise on each of the elements in the matrix, a noisy matrix
Y is observed. Then, we aim to characterize the reconstruction error E[[| X — X (Y)|?].

X ~N(0,Zx);  e~N(OI); Y=X-+o¢ (50)

We are interested in the expected MSE of estimating X from Y, as a function of ¥ x and o.

L(Zx,0) =E[X - XY)|? =EXTX + X(V)TX(Y) - 2XTX(Y)] (51)

The covariance matrix X x is of size ND by N D elements, which is the covariance between all
measurements in all blocks. The optimal estimator is the MMSE estimator hat X (Y') = E[X|Y].
This follows from the conditional distribution: p(X|Y") o< p(Y|X)p(X) oc N (pe, X¢).

This follows from estimating X with the MMSE estimator:

1\ -
=, = (258 + 21> =o? (*Zy +1) (52)
o
1
he =3, (2y) (53)
g
1 N1 1
o -1 251—1 -
X(Y)= <2X + UQI) <02Y> = (0’2 +I) Y (54)
For the derivation, we will need the second moment matrices: E[ X XT] = Xy, E[YY?] =

Sx + 021, By XT] = 5x.

Linear MMSE The covariance of the linear MMSE estimator is given by X x — X xy 2{,123/ x.
This follows from searching over the space of linear estimators: X (Y) = WY + b. The minimal
error is achieved when W = Y v E;,l. Therefore, the MMSE is

L(Ex,0)=%x —Ex(Zx +02I) 'Sy (55)

Equation [55] can also be used to characterize the performance of the per-block MSE. That is, the
performance of considering any rotations at all and treating each PRG block in isolation. In that case,
Yy € RP*D i the correlated matrix of all measurements within one cell, instead of ¥ x € R/P*JD,
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