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Abstract

Learning a stationary diffusion amounts to
estimating the parameters of a stochastic dif-
ferential equation whose stationary distribu-
tion matches a target distribution. We build
on the recently introduced kernel deviation
from stationarity (KDS), which enforces sta-
tionarity by evaluating expectations of the
diffusion’s generator in a reproducing ker-
nel Hilbert space. Leveraging the connec-
tion between KDS and Stein discrepancies,
we introduce the Stein-type KDS (SKDS) as
an alternative formulation. We prove that
a vanishing SKDS guarantees alignment of
the learned diffusion’s stationary distribution
with the target. Furthermore, under broad
parametrizations, SKDS is convex with an
empirical version that is e-quasiconvex with
high probability. Empirically, learning with
SKDS attains comparable accuracy to KDS
while substantially reducing computational
cost, and yields improvements over the ma-
jority of competitive baselines.

1 Introduction

Understanding cause-and-effect relationships is fun-
damental across many scientific disciplines, from the
social sciences to natural sciences and engineering.
Causal modeling provides a principled framework for
reasoning about such relationships, enabling predic-
tions under interventions and guiding decision-making
in complex systems. Traditional approaches to causal
inference, often built on structural causal models
(SCMs), assume an underlying directed acyclic graph
(DAG) that encodes causal dependencies. While this
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assumption facilitates theoretical analysis and algo-
rithmic implementation, it poses challenges in systems
with cyclic dependencies [Pea09; SGS00].

A causal model is designed to represent observational,
interventional, and sometimes counterfactual distri-
butions. Stationary Itd diffusions, modeled through
stochastic differential equations (SDEs), provide a nat-
ural framework for representing causal relationships
in systems where cyclic dependencies arise [LKS24;
SH14; VH20]. Unlike traditional SCMs, this approach
inherently accommodates cyclic dependencies while
ensuring a well-defined stationary distribution that
characterizes long-term system behavior. In the causal
framework of stationary diffusions, the observational
distribution of a d-dimensional random variable X is
modeled as the stationary distribution P of a stochas-
tic process (X;);>0, defined by the following SDE

dXt = b(Xt)dt+U(Xt)dBt, (1)

with drift function b and diffusion function o. Intu-
itively, the drift term b describes the deterministic
tendency of the process, while the diffusion term o
models random fluctuations driven by Brownian mo-
tion. The distribution P is called stationary if (X;):>0
solves (1) with X; ~ P for every ¢ > 0. Under mild
conditions ensuring that the process is stable and does
not diverge, such a stationary solution exists and is
unique [Hua+15]. Interventions in this causal frame-
work are modeled by modifying the drift and diffusion
functions. The interventional distribution is then, as-
suming existence and uniqueness, the respective sta-
tionary distribution [LKS24; SH14]. In contrast to
traditional SCMs, which refer to structural equations
among the observed variables directly, the stationary
diffusion causal framework focuses on joint distribu-
tions that emerge from a (possibly intervened) sys-
tem’s equilibrium behavior.

Consider a model for the SDE in (1) that treats drift
and diffusion terms as unknown parameters. Learning
a stationary diffusion means adjusting its parameters
so that a stationary solution P exists and matches an
observed target distribution p. Lorch, Krause, and
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Scholkopf [LLKS24] propose a loss—Kernel Deviation
from Stationarity (KDS)—that measures the discrep-
ancy between p and P using only samples of u and
the parameters of b and o. This enables direct opti-
mization of the SDE parameters. This approach per-
forms well in small simulations but is computationally
expensive and, thus, not feasible for data of larger di-
mension. Our main contribution is a novel loss func-
tion for learning stationary SDEs—the Stein-type Ker-
nel Deviation from Stationarity (SKDS), which offers
significantly lower computational cost at similar esti-
mation performance. We motivate SKDS from Stein’s
method, inspired by the work on Stein discrepancies
[GM17; GM15; LLJ16], and show its practical and the-
oretical advantages over KDS in learning from inter-
ventional data. Before introducing SKDS, we review
relevant results from kernel theory, Stein discrepancies,
and the martingale characterization of stationarity.

2 Background

We denote the space of functions from a domain U to
a vector space V by I'(U,V); and we write T'(U) :=
I'(U,R) for real-valued functions. We define C™(U, V)
(respectively, C'(U,V')) as the set of n-times contin-
uously differentiable functions f € I'(U,V) (respec-
tively, n-times continuously differentiable with uni-
formly bounded differentials). If the target space is
clear, we write simply C"(U) and C(U). For a dif-
ferentiable f € T'(R™ R"), we write the divergence of

Kernel Theory. Throughout, let k : R x RY — R
be a positive definite kernel function, and let K :
R? x RY — R4 be a positive definite matrix-valued
kernel function. Let H be the reproducing kernel
Hilbert space (RKHS) defined by k, and let H¢ be
the respective RKHS defined by K. The reproducing
property in H? requires that for f € H? and = € R,
we have

<f(x)vv>Rd = <f7K<'7x)U>Hd

Specifically, we will be interested in the case when K =
kI;. Then, it holds that f € H? if and only if f; € H
for all ¢ € [d] (see Appendix A.2).

for all v € R (2)

Characterization of Stationarity. The generator
L of a stochastic process defined by (1) is a linear op-
erator describing the infinitesimal expected change of
functions f € Cy(RY) along the process. For a suffi-
ciently regular SDE (1), £ acts as a differential oper-
ator on f € C?(R%) and is given by

L) = (), V(@) + 5 (a(@) TV (@), (3)

where a(z) = o(x)o(z)T. A probability density u is

a stationary solution of the SDE (1) if and only if it
satisfies the martingale problem,

Exu [Lf(X)]=0 forall feC*R?Y). (4)

The class of p-targeted diffusions, i.e., diffusion pro-
cesses defined by (1) with stationary density u, admits
a full characterization: the drift decomposes as

5 (Vo (@) (a(z) + c(2))), (5)

with a skew-symmetric stream coefficient ¢ [Gor+19].
In this case, the generator can be written as

(Lf)(z) = %(Vyu(x)(a(x) +c(2))Vf(z)). (6)
A stationary diffusion process is called reversible if its
law is invariant under time reversal. This holds if and
only if detailed balance holds, i.e., p={V,uc) = 0
[Pav14, Prop. 4.5.]. This term is an additive part of the
drift in (5), and we refer to it as the non-reversible part
of the drift. We refer to the supplement Appendix A.4
for the derivation and technical conditions.

Having characterized stationarity in terms of the gen-
erator £, we now turn to how this condition can be
used as a learning criterion.

Identifiability. The parameters of a stationary dif-
fusion cannot be uniquely identified from its station-
ary density p alone. In particular, an SDE of the form
dX; = sb(Xy)dt++/so(X:)dB; has generator sL and, if
a stationary distribution exists, it coincides with that
of the original (unscaled) SDE. Hence, at best, £ is
identifiable from p up to a multiplicative constant, and
moreover, only through the product oo? [SH14, Ex-
ample 5.5]. To resolve this ambiguity in our setting,
we fix the speed parameter and model oo’ directly,
rather than o itself. For further results on identifi-
ability of SDE parameters we refer to the literature
[Det+23; SH14; Wan+23].

Kernel Deviation from Stationarity (KDS;
[LKS24]). The KDS is defined via the supremum in
the martingale problem (4) over the unit ball H<; of a
reproducing kernel Hilbert space (RKHS) #, yielding

KDS(L, p; F) = sup Ex~u[Lf(X)].  (7)
feH<

This expression is meaningful when H is chosen such
that core(A) C H C C?(R?), ensuring that the opera-
tor L acts appropriately on elements of H. The core is
an inclusion-minimal set of functions that guarantees
the equivalence between p being a stationary solution
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of (1) and of (4). For details we refer to the supplement
Appendix A 4.

The Stein-type kernel deviation from stationarity
(SKDS), introduced as our proposed loss function in
Section 3, builds on the same principles but replaces
Vf in (3) by a function g in some H?. This gener-
alization is inspired by the theory of Stein discrepan-
cies, in particular the diffusion kernel Stein discrep-
ancy (DKSD) introduced by Barp et al. [Bar+19].

Stein Discrepancy. A Stein discrepancy compares
two distributions @ and P by measuring deviations
that vanish under P. Concretely, given a Stein oper-
ator Tp such that Ex..p[(Tpg)(X)] = 0 for all g in a
suitable function class G, one defines

S(Q, P;G; Tp) = sup Ex~ol(Trg)(X)]]. (8)

This yields an integral probability metric (IPM) tai-
lored to P, often more tractable than generic IPMs
[Ana+23; GM15].

A particularly useful choice arises when P is the
stationary distribution of an SDE with generator
L. 1In this case, Tp = L, and the Stein identity
Ex~p[(Tpg)(X)] = 0 coincides with the martingale
problem in (4). This generator-based perspective
forms the foundation of kernel Stein discrepancies and
their diffusion variants, which we build on next.

3 Stein-Type Kernel Deviation from
Stationarity

Building on the generator approach, we obtain from
(6) the (first-order) diffusion Stein operator [Gor+19]

. 1
Dy := m (V, pmgy), (9)

where g € D(R?, R?), m € I'(R?, R¥*4) and p is a -
density of P. Together with a kernel K, this yields the
diffusion kernel Stein discrepancy [Bar+19].

In our setting, we have the matrix m = a + ¢, with a
and c as in Section 2. For g € C1(R? R?), we rewrite

Diteg = —(V,ula+c)g)

- 10)

(((V, pla + ©)), g) +tr((a+ ) Vg))

T TI—El~

b,g) +tr(aVyg) +tr (cVyg),

using standard vector calculus (see Appendix A.1).

Note that the additional term tr(cVg) sets (10)
apart from the diffusion generator Lf = (b,Vf) +

2tr(aV2f). Indeed, for any f € C?*(RY), one has
DatevV f = 2Lf, since tr(cVV f) =0.!

In contrast to b and o, the skew-symmetric component
¢ is not directly accessible during learning—similar to
how the stationary density of the diffusion specified by
b and o is unknown. Dropping tr(¢Vyg) from D‘;"‘cg,
or equivalently replacing V f by g in £, motivates the
following operator.

Definition 1 (SKDS Operator). Let b € C°(R¢,R4)
and o € C°(R4, R¥*9). For g € C*(R? R?) define

S(9)(@) := 2(b(x), g(x)) + tr(o(2)o(x) Vag(z)) .

For a matrix-valued function A € C!(R? R¥*4) we
extend column-wise,

(S(A)(2))i = S(Ai)(2),

where A; is the i-th column of A. We write Sp (respec-
tively, S,,) if the operator is associated with an SDE
inducing a stationary distribution P (respectively, sta-
tionary density p).

The above operator gives rise to the Stein-type kernel
deviation from stationarity (SKDS).

Definition 2 (Stein-type KDS). Let (X:)i>0 be a
diffusion with drift b € T'(R4 R?) and diffusion term
o € T(RY,R¥?) and let S be the associated SKDS
operator. For a scalar-valued kernel £ with RKHS H,
let H¢ be the RKHS associated with K = kI; with
unit ball #%,. For a distribution x, the SKDS is de-
fined as

\/SKDS(S, i Hy) = sup Exou[Sg(X)). (1)

d
g€7—[§1

Following the approach of Lorch, Krause, and
Scholkopf [LKS24, Example Section 3.3], we provide
a simple illustration of how gradient descent on the
Stein-type KDS can be used to infer the correct model
parameters.

Example 3 (SKDS as a learning objective). Consider
the one-dimensional linear SDE dX; = b(z — o) dt +
o dBy, which has stationary distribution A (a,f‘;—Z)
whenever b < 0, o > 0 [Jac93]. Suppose the target
distribution is A/(1, %), corresponding to the station-
ary solution of the SDE dX, = —4(z — 1)dt + 2dB,.
For illustration, in Fig. 1, we compare to two alter-
natives: (red) a = 1, b = —4, ¢ = 2, and (blue)
a =1 b= —4, 0 = 1. Fig. 1 shows that SKDS
correctly identifies the true parameters by attaining
vanishing partial derivatives at the optimum.

n fact, tr(CB) = 0 for any symmetric matrix B and
skew-symmetric matrix C, because tr(CB) = tr((CB)T) =
—tr(BC) = —tr(CB).
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Figure 1: Stein-Type KDS for a stationary linear SDE: We applied SKDS to n = 5000 samples from the target
distribution p, using a one-dimensional Gaussian kernel with bandwidth 0.5. The models correspond to the SDE

dX; = —4(X; — a)dt + odB, for different values of @ and o. 1) PDFs of the stationary distributions.

2) An

SKDS contour plot in « and o. 3) and 4) Partial derivatives of the SKDS objective function for both model
alternatives, showing that the gradient vanishes at the parameter values of the ground-truth model.

3.1 Closed Form Representation

For sufficiently regular drift, diffusion, and kernel func-
tions, the function in (11) can be expressed as an inner
product in H? with a representer function 9gs.u € He.
To state the fact, we introduce some notation. For
a differentiable kernel k(z,y), we write d,,k(z,x) for
the derivative with respect to the j-th entry of both
arguments. We denote by S;k(z,y), i = {1,2}, the
SKDS operator applied to the i-th argument. Fi-
nally, L2 (R™,R") is the space of measurable functions
I Rm—>R" with Hf”Lg = [ f(z)]* dp(z) < oo, for

a probability measure p on R™.

Lemma 4 (Representer function gs,). Let u be a
probability density. Let b and o be p-square-integrable,
i.e., in LZ. Let k(x,x) be continuously differentiable
with k and Oy, k(x,x) p-integrable. Then there exists
a unique representer function gs,, € H? such that

EXN;J,[SQ(X)] = <g7gs,u>’Hd (12)

with explicit form gs ;. (-) = Ex~pu[S1K(X,)].

The proof of this and later results in this paper are in
the supplement (Appendix B). With the representer
function and assumptions on the regularity of the drift
and diffusion functions, SDKS admits a closed form.

Lemma 5 (SKDS Closed Form). We adopt the
assumptions of Lemma 4 and additionally assume
bounded b, o, k and O, y;k(x,y). Moreover, let k be
twice continuously differentiable. Then,

SKDS(S, i HE1) = 1984/l 340 - (13)

where the norm takes the following closed expression

||gsyu||§£d =Ex~py By~ [S1SK(X,Y)]].  (14)

For a matrix-valued kernel of the form K = kl;, we
can simplify (14) even further as

A(b(x), b(y)k(z,y))
2(b(w), ay)”
2(b(y), a(xz)"

tr (a(z)a(y)”

S$18:K (x,y) =

+

(x,v))
(2, 9))
Vyk(x,y)).

g 15
. (15)

+

Vy
Ve
Vaz

+

3.2 Properties

We define C™™ (respectively, C;"") to be the set of
functions k € T'(R™ x R™) with (x y) = VLVLk(z,y)
continuous (respectively, continuous and uniformly
bounded) for all I € [n]. The Wasserstein-2 distance is
defined as dyy, (i1, p) = infx w2z~ p E[|| X — Z||,].

The following result is inspired by the diffusion kernel
Stein discrepancy, which can be upper bounded by the
Wasserstein-2 distance [GM17, Proposition 9]. In the
respective result on the SKDS, an additional term de-
pendent on the stream-coefficient ¢ appears, which is
non-accessible during learning.

Proposition 6. Let S, be the SKDS operator asso-
ciated to an SDE, dX; = b(X:)dt + o(X:)dB;, with
stationary density p supported on all of RY. Assume
the following: (i) target probability density u € C*!
supported on all of RY; (ii) b € CLRY,RY), and a,
c € CHRL, R4 (iii) K = kI, with k € C>% (RY x
R4, R). Then

\/SKDS(SP, s HL) < Medooy(dw, (19))

+ [Ell [1eViogp + (V. ) 12 ma eay »
where y(z) = x + /x, and A, Ao are constants de-

pending on the regularity of k, b and o.
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The additional term ¢V logp + (V,c) arises from the
skew-symmetric stream coeflicient ¢ in the drift decom-
position (5). It captures precisely the non-reversible
part of the drift: when this term is zero, detailed bal-
ance holds and the diffusion is reversible (cf. (35)).

The following result shows that the SKDS vanishes if
and only if § is associated to a reversible diffusion with
stationary density p. In particular, vanishing SKDS
implies that the stationary density of the correspond-
ing diffusion matches the target density.

Theorem 7 (SKDS characterizes reversible diffu-
sions). Let S be the SKDS operator associated to SDE
dX; = b(Xy)dt + o(X;)dBy. Adopt the assumptions
(i), (i) and (iii) of Proposition 6. Moreover, assume
(iv) o(x)o(x)T is positive definite for all x € R%; (v)
C® CH. Then (Xi)e>0 is a stationary reversible dif-
fusion process with stationary density u if and only if

SKDS(S, u; HZ,) = 0.
4 Learning Stationary Diffusions

4.1 Parametrization

Consider a parametrized SDE of form (1) with drift
function by and diffusion function oy depending on
parameters #. Learning the parameters of a station-
ary diffusion in this setting means adjusting 6 so that
a stationary solution with distribution P exists and
matches an observed target distribution pu. The asso-
ciated SKDS operator is denoted by S?. The following
result and definition show the SKDS to be convex for
a rich modeling class of drift and diffusion functions
(for details see Appendix B).

Corollary 8 (Convexity of SKDS). Let T

CHRY,RY) — CORY,RY) be a linear operator inde-
pendent of the parametrization § € R!, | € N. Assume
that the parametrized SKDS operator S? takes the form

S =(0,T). (16)
Then SKDS(S?, u;?—l%l) is convex in 0.

The class of SDEs which admit a linear representation
of the SKDS operator is notably larger than affine lin-
ear SDEs (which define, e.g., Ornstein-Uhlenbeck pro-
cesses). We introduce a parameterized class of SDEs
for which the SKDS operator becomes linear in the
model parameters.

Example 9 (Linear SDE parametrization). Let
J = {ji ‘RY - R}ie[l] be a basis of a finite-
dimensional function space, e.g., a set of polyno-
mial basis functions. Define the feature map j(z) =
(j1(x),...,5(x))T € RY, and let B? € R¥*! be a pa-
rameter matrix. The drift is then modeled as

b(z) = BYj(x).

To preserve linearity in the parameters, we model
the diffusion via the symmetric positive semi-definite
(PSD) matrix function a(z) = o(x)o(z)? directly
(recall the identifiability remarks in Section 2). Let
V = {vitieim) C T(R,R?) be a set of vector-valued
functions, and consider the set of rank-one PSD ma-
trices {v;(z)vi(z)" }iepm). Then, write a(z) as a non-
negative combination with parameters A? >0 as

a(z) = Z Af vi(x)vi(x)T.

This ensures that a(z) is PSD by construction. The
SKDS operator takes then the form from (16) for

Tolx) = (;e(fr gfggg (%ZU))) € P(RLRIE™), (17)

where ® denotes the outer product, and V stacks
the vectorized basis diffusion matrices, i.e., V(z) =
(vec(vy (x)vy(2)T) | ... | vec(vm (2)vm(2)T))T. For the
calculations we refer to Appendix B.8.

The representational capacity of the above parameter-
ized class is governed by the choices of basis functions
in J and V, which define the model’s expressiveness.
The dimensions [ and m determine the number of pa-
rameters (dl +m).

4.2 Stein-Type KDS as a Learning Objective

As the exact SKDS requires evaluation over the full
support of u, in applications, we turn to an empirical
estimate from discrete samples. Let D = {z1,...,zn}
be an i.i.d. sample from the target distribution p. An
example for an unbiased empirical estimate of (14) is

[N/2]
R 1
SKDS(S?, D;HE)) = 73] § : SYSYK (29,1, 22,).
n=1

(18)
The computation of this estimator scales linearly with
N. It is unbiased by linearity of expectation and the
iid. sampling. We specifically consider this linear
statistic over the also possible U-statistic because its
independent summands enable the simple bounds in
Proposition 10. For benchmarking in Section 5, we
also employ this linear estimator in the KDS-based
approach proposed by Lorch.

By Corollary 8, the SKDS is convex in terms of a cer-
tain linear parametrization of the SDE. The following
result shows that the empirical estimate (18) itself is
‘almost convex’ with high probability, depending on
the regularity of the drift and diffusion function.

Proposition 10 (SKDS empirical estimate convex).
We build on the setup from Ezample 9 and continue
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under the assumptions of Proposition 6. In addition,
we assume that the basis functions are continuously
differentiable and uniformly bounded, i.e., j, v; € C}f
with

17 @), llvs(z)vi(@) oo < C Vi € [m],

for some constant C' € [1,00) and all i € [m]. This
ensures that the parametrized drift and diffusion sat-
isfy the conditions of Proposition 6. Under these as-
sumptions, the empirical estimate SKDS(S?, D; HE,)
defined as in (18) is e-strongly quasiconvex with high
probability. In other words,

SKDS(S?, D;HE ) + < |6, (19)

is convex in 0 with probability greater than

1 —2(dl +m)exp (—%) (20)

where L1 and Lo are constants depending on the
bounds on j, v and the kernel k.

Note that as # — 0, the SKDS vanishes. This be-
havior is closely related to the speed scaling ambigu-
ity in stochastic differential equations (see Section 2).
To avoid this degeneracy and rule out the trivial min-
imizer & = 0, one can restrict the parameter space
to the convex set {# € R¥*™ | §; = a} for some fixed
constant «. The choice of a should be informed by do-
main knowledge: it must be non-zero and its sign must
be appropriate for the problem at hand. This type of
constraint is consistent with previous work, e.g., by
fixing the mean reversion [LKS24, p. D.4].

4.3 Comparison with KDS

We have Lu = 1S[Vu], which allows an analogous
line of reasoning for both objectives. A comparison
of their definitions in terms of operators, RKHSs, and
closed-form expressions is given in Table 1. Notably,
the KDS vanishes for It6 diffusions with stationary
density p, whereas the SKDS vanishes for those that
are additionally reversible (Theorem 7).

We note that the generator £ used in the KDS in-
volves an extra differentiation step compared to S, the
operator underlying the SKDS. This explains why, as
we demonstrate next, the SKDS is computationally
cheaper than the KDS. To benchmark computation
time, we randomly generate a linear drift b and linear
diffusion o, and mimic a gradient descent step by eval-
uating the KDS and SKDS with their respective ker-
nels and computing derivatives with respect to b and
o. We consider two kernels: an RBF kernel (RBF) and
a tilted RBF kernel (Tilted RBF); cf. Appendix C.1.
Results show that the SKDS achieves a speedup over
the KDS by a factor greater than 5 (Table 1).

5 Synthetic Experiments

A key objective of causal modeling is to predict the
effects of interventions, including those not observed
during training. To evaluate this capability, we assess
how well learned models generalize to unseen inter-
ventions by comparing their predicted interventional
distributions to ground truth. Models are trained on
interventional data with known targets and tested on
interventions affecting previously unaltered variables.

5.1 Setup

We follow the synthetic evaluation framework of Lorch,
Krause, and Scholkopf [LKS24]; see their Section 6,
Appendix, and codebase [Lor24] for details. The setup
involves simulating dynamical systems, applying both
training and test interventions, and evaluating predic-
tive accuracy. We use the KDS-based causal model of
[LKS24] and replace it with our SKDS variant. Our
implementation is available online [Aut25].

Data. We generate synthetic data from two sys-
tem types: (i) sparse cyclic linear models (SCMs and
stationary SDEs) and (ii) gene expression dynamics
simulated with SERGIO [DS20], a stationary nonlin-
ear stochastic process over sparse acyclic networks,
grounded in the chemical Langevin equation with Hill-
type nonlinearities. Causal structures G € {0, 1}9*4
are sampled from Erdds—Rényi (fixed edge probabil-
ity, expected degree 3) and scale-free (preferential at-
tachment, randomly directed) distributions. For each
system, we create 50 datasets with 10 training and 10
test interventions, each targeting a distinct variable
and containing 1000 samples. Interventions are addi-
tive shifts for both types of linear models and gene
overexpression for SERGIO. During learning, we al-
low the more general shift—scale framework, modifying
drift and diffusion (4, 8). All datasets are standardized
by the observational mean and variance.

Models and interventions. The Stein-type KDS
plugs naturally into the framework of [LKS24, Algo-
rithm 1]. We sketch the learning algorithm in Algo-
rithm 1 and give the python code lines in Appendix D.
The stationary diffusion processes are parameterized
by either linear or multi-layer perceptron (MLP) mech-
anisms. The drift function by (x) is defined component-
wise for each variable x; as follows:

Linear model:
MLP model:

fo,(2)j = bj +w; - x
fgj(.’b)j = bj —‘r—U)j . 'y(U]—m—i—vj) - l’j

where 7 denotes the sigmoid activation function. The
diffusion matrix is parameterized as a diagonal matrix
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KDS Stein-type KDS
Operator | Lh = (b, Vo h) + %tr (UUTvazh) : heD®RY |Sg=(bg)+ %tr (UUTVzg) . geDl(RYRY
RKHS R-valued kernel k£, RKHS H C T'(R%) R%valued kernel K, RKHS H* C I'(R%,R?)
Definition KDS(L, pi; H<1) = SUDp e, Ex~u[Lh] SKDS(S, pu; HE 1) = SUDgcga Ex~.[S9]

Closed form ExcuBy~p [L2L1k(X,Y))

Ex~uBy oy [S2S1K(X,Y)]

Time (ms)

(RBF) 117 + 22 / (Tilted RBF) 183 + 27

(RBF) 22 + 5 / (Tilted RBF) 30 & 1

Table 1: Structural and computational comparison of KDS and Stein-type KDS on n = 1000 random samples

in d = 20 dimensions, averaged over 50 repetitions.
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DCDI A b4 b 4 HI—
ucd —eeee——— o eSS 4
NODAGS {  +— 7z g e | | HIA—
KDS (Linear) - —NI——————— - — 1
KDS (MLP) - ————————— e -4
SKDS (Linear) 4 —IIEE—— I D — 4 o
SKDS (MLP) 4 —rereree———————| - —e———————— 4 HE—
T T T T T T T T T T T T T T
0 50 100 150 200 0 100 200 300 400 500 600 0 100 200 300 400
W, W, A

Model Assumptions ~ [ZZ1 Nonlinear Drift

[ Acyclic SCM

I CyclicSCM [ Stationary Diffusion

Figure 2: Benchmarking results for d = 20 variables with an Erdés—Rényi causal structure. The Wasserstein-2
distance (Ws) was computed from 10 test interventions on unseen target variables across 50 randomly generated
systems. Box plots depict the medians and interquartile ranges (IQR), with whiskers extending to the largest

value within 1.5 times the IQR from the boxes.

og(z) = diag(exp(o)), with learned log-standard devi-
ations. To remove the speed scaling invariance, we fix
w? = —1 in the linear and ug = 0 in the MLP model
(see Section 2 and the note after Proposition 10).

Interventions ¢ are modeled as shift-scale interven-
tions on the known targets. For a variable z;, the
intervention given by ¢ = (9, 8) modifies the drift and
diffusion as

bo,g(x); = fo(x); +9,  oco¢(x); =B 00(x);.

We benchmark SKDS against six established base-
lines. The graph discovery methods GIES [HB12]
and IGSP [Wan+17] assume linear-Gaussian SCMs.
They infer graph structure from interventional data,
after which parameters are estimated in closed form.
DCDI [Bro+20] extends this to nonlinear Gaussian
SCMs parameterized by neural networks, jointly learn-
ing functional relations and noise variances. NODAGS
[Set+23] relaxes acyclicity, modeling nonlinear cyclic
SCMs via residual normalizing flows. LLC [HEH12]
also addresses cyclic structures but in a linear-
Gaussian setting, with sparsity-regularized optimiza-

@A w N

Algorithm 1: Learning Causal Stationary Diffu-
sions via the Stein-type KDS

Input: Interventional datasets {D1,..., Dy},
kernel k, sparsity penalty A, regularizer R
Output: Learned parameters 6 and interventions
{¢17 ) (bM}
Initialize model # and interventions {¢, ...
while not converged do
Sample environment index ¢ ~ Unif([M]);
Sample batch D ~ Dy;
Update 6 and ¢; via gradient descent step

x ~Vas, (SKDS(5%Y, Dik) + AR(0,0)):
7¢M}

return 0, {¢1,...

tion. Interventions are simulated in all SCM-based
approaches by biasing the distribution of the target
variables. Finally, we include the KDS-based station-
ary diffusion model [LLKS24], which is based on the
same SDE framework as SKDS and serves as the clos-
est baseline. We refer to Lorch, Krause, and Scholkopf
[LKS24] for further implementation and tuning details.
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Metrics. We evaluate the learned causal models via
test interventions that shift the mean of the target
variables to match those observed in held-out inter-
ventional data. Performance is measured using the
Wasserstein-2 distance (W2) between samples gener-
ated by the models under these interventions and the
corresponding true interventional samples. This met-
ric allows comparison across methods with either ex-
plicit or implicit density representations. Additionally,
we report the mean squared error (MSE) between the
predicted and true empirical means of the interven-
tional distributions; compare [LKS24, p. D.2].

5.2 Results

In the main text, we report results for the Erdés—Rényi
(ER) setting with Wasserstein distance as the evalua-
tion metric; the full set of results and significance tests
is provided in Appendix C.4. This focus is justified
as the empirical behavior for ER and scale-free (SF)
graphs is qualitatively similar. Moreover, in cyclic lin-
ear SDEs or SCMs all methods achieve comparably low
MSE, while performance differences become apparent
only once nonlinearity is introduced in the data. In the
nonlinear case, MSE and Wasserstein distance lead to
consistent conclusions.

The cyclic linear SDE setup aligns naturally with our
stationary SDE formulation, and both SKDS vari-
ants perform competitively in this setting. In Fig. 2,
we observe that the acyclic method GIES remains
strong despite model misspecification, whereas cyclic
approaches such as LLC and NODAGS underperform.
SKDS (MLP) is outperformed by the other station-
ary diffusion models (see Table 2), which may reflect
suboptimal hyperparameters or the inherent tradeoff
between model complexity and optimization.

The results for the cyclic linear SCMs are largely simi-
lar to those for the cyclic linear SDEs, with stationary
diffusion models and GIES performing best. This is
particularly notable because the generated data satis-
fies the assumptions of LL.C and NODAGS, suggesting
that while these methods achieve reasonable MSE (see
Fig. 3 in Appendix C.4) — possibly capturing mean be-
havior of interventional distributions — they struggle
to accurately model full distributional properties, as
reflected in the Wasserstein distance.

On the SERGIO gene expression data, which intro-
duces realistic nonlinearities and model mismatch,
methods with nonlinear drift dominate. Here, SKDS
(MLP) is among the top performers, while SKDS (Lin-
ear) remains competitive despite its restricted func-
tional form.

SDE-ER SCM-ER SERGIO-ER

Baseline Lin MLP Lin MLP Lin MLP
GIES * * * *
IGSP * * * * * *
DCDI * * * * *
LLC * * * * * *
NODAGS * * * * * *
KDS (Linear) * * * * *
KDS (MLP) * *

Table 2: Significance tests for SKDS (Linear)

(Lin) and SKDS (MLP) (MLP) on ER graphs with
Wasserstein-2 distance. A black star indicates a sta-
tistically significant improvement of our method (mar-
gin > 5%) over the considered baseline method, while
a red star indicates the baseline significantly outper-
forming ours.

6 Conclusion

We introduced the Stein-type KDS as a principled
framework for learning stationary diffusions. Theo-
retically, SKDS vanishes precisely for the class of sta-
tionary reversible diffusions whose stationary distri-
bution matches the target. Furthermore, for linear
parametrization (including expansions in nonlinear ba-
sis functions), the SKDS objective is convex with a
quasiconvex empirical estimator. Empirically, SKDS
matches or improves upon KDS and other competi-
tive baselines across linear and nonlinear, cyclic and
acyclic settings, while achieving a substantial reduc-
tion in computation time (Table 1). In summary, our
findings highlight the robustness and flexibility of sta-
tionary diffusions as a computationally efficient foun-
dation for causal modeling, providing a principled al-
ternative to existing approaches.
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1. For all models and algorithms presented, check if
you include:

(a)

(b)

A clear description of the mathematical set-
ting, assumptions, algorithm, and/or model.
Yes, in section Sections 2 to 5.

An analysis of the properties and complexity
(time, space, sample size) of any algorithm.
Important properties are stated in Sections 3
and 4. The complexity is highly dependent
on the SDE model employed.

(Optional) Anonymized source code, with
specification of all dependencies, including
external libraries.

Yes, see [Aut25]. Moreover, refer to [Lor24]
with the drop in replacement code given in
Appendix D.

2. For any theoretical claim, check if you include:

(a)

(b)
()

Statements of the full set of assumptions of
all theoretical results.

Yes, assumptions are given at the beginning
of each statement.

Complete proofs of all theoretical results.
Yes, see Appendix B.

Clear explanations of any assumptions.

Yes, we make clear in the proofs, where and
why the assumptions are needed.

3. For all figures and tables that present empirical
results, check if you include:

(a)

The code, data, and instructions needed to
reproduce the main experimental results (ei-
ther in the supplemental material or as a
URL).

Yes, we refer to our code [Aut25] and the the-
oretical setup described in detail by Lorch
[Lor24] and Lorch, Krause, and Scholkopf
[LKS24].

All the training details (e.g., data splits, hy-
perparameters, how they were chosen).

Yes, see above.

A clear definition of the specific measure or
statistics and error bars (e.g., with respect to
the random seed after running experiments
multiple times).

Yes, we sketch the metrics in Section 5 and
refer for definitions to Lorch, Krause, and
Scholkopf [LKS24].

A description of the computing infrastructure
used. (e.g., type of GPUs, internal cluster, or
cloud provider).

Yes, see Appendix C.2.

4. If you are using existing assets (e.g., code, data,
models) or curating/releasing new assets, check if
you include:

(a)

Citations of the creator If your work uses ex-
isting assets.

Yes, we list the assets with their respective
license under Appendix C.3.

The license information of the assets, if ap-
plicable.

See above.

New assets either in the supplemental mate-
rial or as a URL, if applicable.

Yes, this is addressed in Appendix D.
Information about consent from data
providers/curators.

We use synthetic data, hence, not applicable.
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(e) Discussion of sensible content if applicable,
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fensive content.
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(a) The full text of instructions given to partici-
pants and screenshots.
Not Applicable.

(b) Descriptions of potential participant risks,
with links to Institutional Review Board
(IRB) approvals if applicable.
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pants and the total amount spent on partic-
ipant compensation.

Not Applicable.
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Supplementary Materials

A ADDITIONAL BACKGROUND

A.1 Vector Calculus

We give notation and important identities from vector calculus (based upon [Bar+19, A.1]). For f € T'(R™,R"™),
we denote (Vy, f(z)) as the divergence of f, div f(z) = ;[ 0ifi(z). For a function g € I'(X), v € (X, RY)
and A € (X, R?) with components A;;, v;, g, we have (Vg); = 0;9, ((V, A)); = (V, A;), where 4; is the i-th
column of A. We define A7 as the j-th row of A respectively. Moreover, we have (Vv);; = 9;v;, V2f = V(Vf).
We have the following identities,

(V,gv) = 0i(gvi) = vi0;g + gdivi = (Vg,v) + g(V,v),
(V,gA) = 0i(gAij)e; = (AijOig + gdiAij)e; = (Vg, A) + g(V, A),
<V, A’U> = 8i(Aijvj) = ((V, A>, ’U> + TT(AV'U),

where we treat (V, A) and Vg as column vectors. For a matrix M € R™*"™ the column-wise vectorization of M
is obtained by stacking its columns on top of each other, i.e.,

My
M,
vee(M)=| . | e R™™.

M,
A.2 Kernel Theory

This section reviews key concepts from kernel theory [CDT06; SC08].

Definition 11 (Positive Semidefinite Kernel). Let X be an arbitrary set. A map k : X x X — R is called
positive semidefinite kernel (PSD kernel) if and only if for all n € N and all x € X™ the n x n matrix G with
entries G;; := k(z;,z;) is positive semidefinite, i.e., ¢ Ge > 0 for all ¢ € R™.

Theorem 12 (PSD Kernels and Feature Maps). Let X be any set, and let k: X x X — R.

(i) Then k is a PSD kernel, if there is an inner product space H and a map ¢ : X — H such that
k(z,y) = (d(x), o(x)) for all z,y € X. (21)

(i1) Conversely, if k is a PSD kernel, then there exists a Hilbert space H and a map ¢ : X — H such that (21)
holds.

For a given PSD kernel, the corresponding feature map ¢ and feature space H are not unique. However, there is
a canonical choice for the feature space, a so-called reproducing kernel Hilbert space.

Definition 13 (Reproducing Kernel Hilbert Space). Let X be a set, and let % C RX be an R-Hilbert space?
of functions on X with addition (f + g)(x) := f(z) + ¢g(z) and multiplication (Af)(z) := Af(x). H is called a

reproducing kernel Hilbert space (RKHS) on X if for all # € X the linear functional 6, : H — R, 6,(f) := f(x)

is bounded (i.e., sup feq\ {0} % < 00).

Note that since §, is linear, boundedness is equivalent to continuity. That is, the defining property of a RKHS is
that evaluation of its functions at arbitrary points is continuous with respect to varying the function. Moreover,
the RKHS 7 to a kernel k satisfies the reproducing property that f(z) = (f,k(-,z)) for all z € R%.

2i.e., inner-product space which is a complete metric space with its norm induced by the inner product.
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Definition 14 (Universal Kernel). A PSD kernel k£ : X x X — R on a metric space X is called universal if
E :=span{k, : X > R | ky(y) = k(z,y), z € X}
is dense in the set of continuous functions with compact support, C.(X,R), i.e., for any f € C.(X,R) and € > 0,
there exists g € E such that ||g — flle <e.
Note that if ¢ : X — H is a feature map corresponding to k, then for every g € E there exists w € H such that

g = (w, ().

This notion extends naturally to the vector-valued case. If K(x,y) = k(x,y)lq with k universal, then the
associated RKHS is H¢ := H x --- x H, and finite linear combinations of kernel sections K, () are dense in
C.(X,R%). Hence K is universal in the vector-valued sense.

Definition 15 (Differentiability of a Kernel). Let & be a kernel on R™ with RKHS #H. We adopt the notation from
[SCO8] and regarding differentiability we interpret k as a function k : R2" — R. Then define 9; i 0itnk = 0; 6z+n

More generally, define 9% = 07" . 8%”83?{1. .02 where @ € N*. We say k is m-times continuously

differentiable, and write k € C’(mvm), if 0%k exists and is continuous for all Zie[n] a; < m.

The theory of kernels can be extended to the case where k maps to a Hilbert space K [CDT06]. The resulting
RKHS consists of functions from X to K. In particular, we are interested in the setting with R%valued functions.

Definition 16 (RKHS for Ré-valued functions). [CDT06, Def. 2.2] An R?-valued kernel of positive type on
X xXisamap K: X x X — R™?guch that forall N €N, z1,...,zxy € X and ¢1,...,cny € R, we have

Z cici (K (zj,2;)v,v)ge >0 for all v € R, (22)
i,5€[N]

or equivalently, K (z,y) is positive semi-definite for any z, y € X.

Consider the pre-Hilbert space
H3 =span {K(-,z)v |z € X,v € R}, (23)

with f =37 a; K (-, z;)v; € Hd for a; € R, z; € X, and v; € RY for all i € [n]. A sesquilinear form on Hg x H
is defined by

(o 9hwg =D > aiby (K (g, 2)vi, w;)ze; (24)
i

compare [CDT06, Proposition 2.3]. Then, the unique RKHS H¢ with reproducing kernel K is defined as the
completion of H¢ with respect to (-, ~>%g. This means

{ Zal x| a; ER, x; € X, andvzERdforallzeNsuchthat

(25)

n 2
Z aiK(-, xi)vi
%

My

2
1£15¢a = Jim

= Zaiaj<K(Ij,xi)Ui,’Uj>Rd < oo}.
,J

The reproducing property in an RKHS H? defined by an R%valued kernel K reads as follows. For f € H? and
xz e X,

(f(x),v)ga = (f, K(-,x)v)ga, forallve R%. (26)

We note that any R-valued kernel k of positive type on X x X defines an R%valued kernel of positive type on
X x X together with a symmetric positive definite matrix B by K = kB. We denote the RKHS of k with H.
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Specifically, we will be interested in the case when B = I;. Then, for f € H?, it holds that f; € H as

2
1130 =D aiay (K (w5, 25 vi, v;) g
i

= Zaiajk(mj7xi) Z (vi)k(vj)k

ke(d)

= Z Z a;a;k(x;, ;) (Vi) (v)k

kE(d] 4,3

= >l -
keld]

A.3 Stochastic Differential Equations

Next, we provide a short introduction to stochastic differential equations; for further details we refer to [Wks03].

Differential equations (DEs) are a natural choice to model deterministic processes and put (physical) quantities
and their rates of change in relation. This approach may fail to accurately model a process if its randomness
effects quantities too much. Discovered by the botanist Robert Brown, Brownian motion is the irregular thermal
movement of small particles in liquids and gases. The physical quantities of such particles like speed and position
were observed to be “too random” to be accurately modeled with DEs. A model that adjusts for randomness
in a differential equation is called a Stochastic Differential Equation (SDE), and a common class of SDEs-Itd
diffusions—extends ordinary differential equations by explicitly incorporating stochastic terms.

Definition 17 (It6 diffusion). An It6 diffusion is a stochastic process (X;); that can be written in the form of
dX; = b(Xy, t)dt + o(Xy,t)dBy, t€]0,T], Xo = Z, (27)

with (B;);>0 Brownian motion, T > 0, b,o : R™ x [0,T] — R" measurable, and Z € L*(Q) a square integrable
random variable independent of the driving noise process. Define an autonomous (or time-homogeneous) It
diffusion through

dXt = b(Xt)dt + O'(Xt)dBt, (28)
where the drift b and the diffusion (or noise) o only depend on X; and not on past values X, for s < t. This
ensures a strong solution (X;);>¢ of (27), if it exists, to be Markov.

If o(x) = o then the noise is called additive, otherwise multiplicative. In the modeling of physical systems using
SDEs, additive noise is usually due to thermal fluctuations, whereas multiplicative noise is due to noise in some
control parameter.

Example 18 (Ornstein-Uhlenbeck Process). An Ornstein-Uhlenbeck process is defined by the SDE
dX; = M(X; — a)dt + DdB; (29)

with invertible drift matrix M € R™ ™ and diffusion matrix D € R"*"™, If the matrix M is stable, i.e., its
eigenvalues have negative real parts, the affine linear drift introduces a restoring force towards the mean a € R”.

For stable M and positive definite DD”, the Ornstein-Uhlenbeck process has a unique stationary solution
N(a,X), where ¥ solves MY + XMT = —DDT [Arn74, Theorem (8.2.12)].

A.4 Generator and the Martingale Problem

The generator A of a stochastic process defined by (1) = (28) is a linear operator that acts on a function
f € Cp(R™) describing the infinitesimal expected change when it is applied to the stochastic process. For
f € C?(R") and sufficiently regular b and o, the generator takes the form of a differential operator,

L(F)() = (0(2), V() + 5 tx () VI (2) (30)

where a(z) = o(z)o(xz)” is called the covariance coefficient function. The martingale problem (see [EKS86])
connects the generator A of an SDE (1) with its stationary solution P. In specific, by the arguments in [EK86,
chapter 4], if (1) has a unique strong solution then p is a stationary solution if and only if

Ex~u[Af(X)] =0 forall f € D. (31)
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Importantly, the domain D of A can be replaced by a smaller subset, called the core of A, without affecting
the result. For sufficiently regular drift b and diffusion o such a core can be shown to be the space of smooth
functions with compact support C° (see [LKS24, Appendix B.3]). As C> C C?, it follows that A takes the
form of £ in (31), which further simplifies the characterization.

The family of SDEs that admit a stationary solution with density p are referred to as p-targeted diffu-
sions. Notably, the class of u-targeted diffusions can be characterized: for continuously differentiable drift
and diffusion functions, p is a stationary density of a process solving (1) if and only if b takes the form
b(x) = %(V,u(x)a(x)) + h(z) for a non-reversible component h € C! satisfying (V, u(x)h(x)) = 0 for all
x € R?. Moreover, if h is pu-integrable, then there exists a differentiable, p-integrable, and skew-symmetric d x d
matrix-valued function ¢, called stream coefficient, such that the differential operator £ takes the form

(£0)(@) = 35 (V- ala) + () T (2) (32

on f € C?Ndom(L). The drift then has the form

b(z) = 5——(V, p(z)(a(z) + c(2)))

- (V. ula)el@)) (33)

The non-reversible i can be related to the stationary probability flux J = ph = 3(V,u(x)c(z)), which — in
stationarity — is the divergence-free part of the drift. The condition that the stationary probability flux vanishes,
ie.,

J=0 (34)

is called detailed balance condition. The detailed balance condition holds if and only if the diffusion is reversible
[Pav14, Prop. 4.5.].

For later use, we can write h also in the form

h= % (Vg + (V. ¢)). (35)

We refer to [Gor+19; Pav14] for the details.

A.5 Stein Discrepancy

Comparing probability distributions is essential for tasks like model evaluation, data generation, and hypothesis
testing. A natural starting point is the maximum deviation between their expectations over a class of real-valued
test functions F [GM15], given by

dr(Q, P):= ?ggl]Exw[f(X)] —Ex~p[f(X)]]. (36)

Stein discrepancies are a family of statistical divergences, defined as maximal deviations arising from Stein’s
method [Ste72], that are particularly useful due to their computability. The following definition makes precise
the notion of Stein discrepancy alluded to in Section 2.

Definition 19 (Stein Discrepancy [GM15]). Let P, @ be probability distributions on a set X. A Stein discrep-
ancy is defined via a real-valued operator 7p, which acts on a set G of R%valued functions with domain X, such
that we have a Stein identity:

Ex~pl(Trg)(X)] =0 forallg € G. (37)
The Stein discrepancy is then defined as

S(Q. P;G;Tp) := sup [Ex~q[(Tpg)(X)]|- (38)
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Stein discrepancies take the form as in (36), where F is designed to “zero out” any discrepancy under P, i.e.,
Ex~p[f(X)] =0 for all f € F. We see that by using (37) and calculate

Zleug) Ex~q[(Tpg)(X)]|

= sup [Ex~o[(Trg) (X)] ~ Ex~r[(Trg)(X)] (39)

= dTPQ(Q? P),

where TpG = {Tpg € I'(X) | g € G}. The operator Tp is called the Stein operator, while G is referred to as
the Stein set. The Stein discrepancy is an integral probability metric (IPM) if and only if 7pG forms a valid
class of test functions for an IPM. Stein discrepancies are particularly attractive because they are often more
computationally tractable than general integral probability metrics. One of their key advantages is flexibility: the
choice of Stein operator Tp can be tailored to the specific problem at hand. For instance, in many applications,
Tp can be defined in terms of the score function of P, which is especially useful when only an unnormalized
density of P is available. Additionally, unlike some statistical divergences that require explicit density estimates,
the Stein discrepancy depends on ) only through expectations, allowing it to be computed even when @ is
represented by an empirical sample. Stein’s method has led to significant advances in computational statistics
in recent years. For a review of applications we refer to [Ana+23].

B PROOFS

B.1 Proof of Lemma 4

Proof. We first show that if Ex~,[Sg(X)] is a continuous linear functional on H<, then, by the Riesz represen-
tation theorem, there exists a unique gg, € H? such that (12) holds for all g € H?. An explicit form of gs,, is
obtained by using the reproducing property,

<gS,u(y)> €i> = <93,#ﬂ K(7 y)€i>7{d = EXN/J[Sl(K(X7 y)ei)], (40)

where e; is the i-th unit vector of R. Hence, by the definition of the SKDS operator,

9s,u(y) = Expu[S1 K (X, y)]. (41)

We verify that Ex~,[Sg(X)] is a continuous linear functional. As it is the concatenation of an expectation
and S, which are both linear, it remains to show that Exy.,[Sg(X)] is continuous on H¢. This is the case if
Ex~,[Sg(X)] is bounded on the unit ball of H?. By Jensen’s inequality and Cauchy-Schwarz,

[Ex~pu[Sg(X)]| = [Ex~pa[2(6(X), 9(X)) + tr (0(X)o(X) T Vag(X))]]
< Exeu 216Xl 19O, + |0 (X))o (X) ]| 1 IVag (Xl £]-

We leverage the reproducing property (26) and bound

llg(x ”2 Z (g, k(- )e; 7—Ld|

i€[d]

(42)
< llgll3a Z k(- @)eill5a = d gl k(. o).
Moreover, we use [SC08, Cor. 4.36] to upper bound [|V,g(X)||z, as
IVag@l = 3 i0c
i,j€[d] ) (43)
< Z Hgl”’H azyk(xax) = ngHHd Z 817k(:c,x)
i,j€[d] j€ld]
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Then the boundedness of Ex.,[Sg(X)] on the unit ball of H? follows from plugging in the bounds and using
the assumptions on the integrands being square integrable with respect to p,

Ex ey [Sg(X)]| < Vallgllyge Exmp | 210X, VEX, X) + [|o(X)a(X)T || o[> O k(x, 2)
J€ld]

We verify that the expectation is indeed finite under the integrability assumptions. Using Cauchy-Schwarz
inequality, we get

Exevs |2 16(X)]ly VEC, X)| < 2Bxnye |[BX)]3] Bxne [6(X, X)),

which is finite as b € Li and k € LZ. In the same way we calculate

Exap | [loX)o(X) o [ 00, k(@,2) | < Exa [[o(X)o(O)T 3] Bxe | 3 02 k(z.2)
jeld] Jjeld]

The term on the RHS is again finite, because o € Li and 0., k(x, x) € LL. O

B.2 Proof of Lemma 5

Proof. The supremum of Ex ., [Sg(X)] over the unit ball ’H%l can be expressed in terms of the representer
function gs,, as
gs,u

sup Ex, [Sg(X)] = sup (9,95 u)pt = (7> 98 u)md = HgS,uHHd'
geHL, geHL, ||gS,/t ‘7—[‘1

Using the representer property of gs ,, from (12) and plugging in the explicit form of gs , given in (41), we obtain

195,130 = (951> 98 ) 2
= ]EXNH [SQS,M(X)]
- EXNM [81 [EYNM [SZK(X7 Y)H] .

Here, the subscript in &7 indicates that the operator is applied to the first and Ss to the second argument.
We seek to interchange the expectation Ey ., and application of &;. By [Cohl3] and the p-integrability of
S K(X,Y), the integration and the application of §; may be interchanged if S; is a continuous linear operator
on the unit ball B of C}{(R?,R?) with respect to the norm |||, = sup,cpa |||y + SuPyera || Va+|| - Linearity is
clearly satisfied, so we only need to show continuity.

Let f € C}(R?,R?). The boundedness of S on B follows by the boundedness of b and o as
(S < 20b@)5 1/ @)l + [|o@)o @) || o IVaf @)lp < £l 210, + [[o(@)e @) ) -

Hence, we can write
195,01l 500 = Extop [Ey oy [S1S K (X, V)]

B.3 Proof of (15)

(SKy(2))i = (2b(x), Ky(2):) + tr (0(2)o(2)" VI, (2);)

(
(x)
= (2b(x), e;k(z,y)) + tr (U(x)a(m)TV(eik(m,y))))
= 2b;(z)ky(2) + tr (a(z) (e;Vy(z)"))
= 2b;(2)ky(2) + tr (a;(2) Viy(z)")
= 2b;(x)ky () + (ai(x), VEy(2)),
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where a; is the i-th column of a(x) = o(z)o(x)?. Thus, we can express the full operator as
SK,(z) = 2b(2)k,(x) + a(x)" Vi, (z). (44)

With this, $1S2K (x,y) takes the closed form

S185:K (z,y) = &1 [Qb(y k(x (y)TVyk(x,y)}
= 4(b(z), b(y)k ( )> (45)
+2(b(x), a(y)" Vyk(z,y)) + 2 tr (a(m)b(y)ka(a:,y))
+t (a(x)a(y)TVIVyk(m,y)).
By the trace rules we have
tr (a(2)b(y) V3 k(z,y)) = tr (b(y)Va k(z,y)a(x)) = (b(y), a(2)" Vaik(z,y)),
and the statement follows. O

B.4 Proof of Proposition 6

Proof. In the first part of the proof, we verify the Stein identity for the diffusion Stein operator D from (9), i.e.,
EZNP[DZ+CQ(Z)] = 0, (46)

for all g € H%, [GM17, Prop. 3]. First, we establish that properties of the kernel K, or k, are inherited by
functions in their respective RKH spaces. Specifically, by [SC08, Cor. 4.23 and Cor. 4.36], h € H is bounded
and twice continuously differentiable with bounded derivatives, and hence, in specific, h has Lipschitz continuous
gradients. These bounds depend only on & and ||h||,, as

[h(@)] < [|Pllo 15l - (47)
|0°h(@)| < ||l VO ik (2, ), (48)
09051 ()| < |[Bl], /OGP GR k(z, z). (49)

We define A\y; = max; ; <||hHH VO ik (z, ), /0GR, GR | (x, x)) As g € H? if and only if g; € H for all i € [d],

the preceding arguments apply to any g € H?. We conclude that ’H<17 the unit ball of H?, subsets the (scaled)
classical Stein-Set

Glllyrn = {9 ‘R 5 R?|  sup  max (Ilg(rr)llg Vag(@)ll, [Vagle) = ng(y)||2> = AH} . (50)

z,yER* Ay ||31‘ - y||2

Then, using [GM17, Prop. 3], it holds that IEZNP[Dg“g(Z)] =0 for all g € 7-[%1. The assumption that p is
supported on all of R¢ implicitly enters the proof in [GM17, Prop. 3] in an application of the divergence theorem
when integrating over boundaries. 3

Fix a joint distribution Px z on (X, Z) such that the marginals are distributed as X ~ p and Z ~ p. We then
use the prior reasoning for a zero addition

ExulSpg(X)] = E(x,2)~ Py, , [Sp9(X) = Dp*9(Z)). (51)

3 Alternatively to the full-support assumption, one could use the setting used in [Bar+19, Proposition 1], where both
p and p are continuously differentiable, and the kernel K is assumed to be strictly integrally positive definite (IPD).
The IPD condition ensures that Ex~q,z~q[K (X, Z)] > 0 for any non-zero measure g. In this setting one can weaken
supp(p) = R? to > 0 implies p > 0.
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By the definitions, and using the triangle inequality, Jensen’s inequality and Cauchy-Schwarz, we get

|Ex~u[Spg (X < E[12(6(X), 9(X)) + tr(a(X)Vag(X)) = 2(0(2), 9(2)) — tr(a(2)V29(2))]
+ [E[tr(c(2)V.g(2))]]
<E[2[(0(X), 9(X) — g(2))| + 2 |(0(X) — b(2), 9(2))]|
+ [{vec(a(X)T), vee(Vag(X) = Vag(2)))] + [{vec(a(X)T) = vec(a(Z2)T), vec(Vag(2)))]]
+ [E[tr(c(2)V.9(2))]]
< 2E[[[6(X)l; l9(X) = 9(2)]l,] +2E[||b( ) = ()2 l9(2) 5]
+E[|lvec(a(X))ll; [vec(Vag(X) = Vag(2)) ] + Elllvec(a(X)) — vec(a(Z)) |, [[vec(V2g(2))ll,]
+Eftx(e(2)Vag(2))]],
(52)
where we write the trace as a vector product, i.e., tr(AB) = (vec(AT), vec(B)).
Building on the notation in [GM17], we define for any function g € I'(R% R?) the constants My(g) =
sup,era [|9(7)l5 and Mi(g) = sup,, l9(x) — 9(W)lly / [l = yll,-

The individual terms in (52) can be bounded as follows. By Cauchy-Schwarz and the definition of My(g) and
M (g), we obtain

E[[o(X) |5 l9(X) — 9(2)l5] < E[2M0(b) Mo(9)]
and
E[[[(X)l5 l9(X) — g(2) ] < E[Mo(b)Mi(g) [| X — Z][,]-

We combine these two upper bounds and use the fact that min(a,b) < v/ab for a,b > 0. Then,

E{b(X)]l [9(X) — 9(2)]l,) < Mo(0)Efmin(2Mo(g), Mi(g) | X — Z]],)]
< Mo(b)E[y/2Mo(9)Mi(9) [|X — Z]),]

< Mo(b)\/2Mo(g)Mi1(g)\/E[IX — Z||,].

Similarly, we have

E[vec(a(X)T), [vee(Vag(X) — V2g(2),] < Mo(vec(a))y/2Mo{g) Mx (vee( Vg JE[I X — 21,

as well as
E[[[b(X) = 0(Z)]l5 l9(2)]l5]) < M1 (b)Mo(9)E[|X — Z][,],
and
Ef[[vec(a(X)) — vec(a(Z))|, [Ivec(Vag(2))llo) < Mi(vec(a)) Mo(vec(Vag))E[[| X — Z||,].
We denote

Py sug max(Mo(g), Mi1(g), Mo(vec(Vrg), M1 (vec(V,g))), and
gE”HSl

Xpo = 23 max(My(b), M;(b), My(vec(a)), M1 (vec(a))).
The finiteness of Ay follows from the arguments in the proof of [GM17, Prop. 9]. The finiteness of A\, , follows

from the boundedness assumptions on the respective functions and their derivatives. As the inequalities hold for
any g € H%l, we take the supremum over H%l on both sides to receive

V/SKDS(, 15 HL,) < 2040 (EIX — Z1) + EIIX — Z15]) + sup Blir(e()Vag(2)) (3

The stated inequality now follows by taking the infimum of these bounds over all joint distributions (X, Z) with
X ~ pand Z ~ p, and by the definition of the Wasserstein-2 distance dyy, (1, P) = infzop x~pu E[[| X — Z||,).
The supremum involving the stream-coefficient ¢ is upper bounded in Lemma 21. O
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The second term on the right-hand side of (53) admits a closed form similarly to the SKDS due to the linearity in g.
This can be seen by following the steps of Lemma 4, Lemma 5 and (15). In specific, Riesz’ representation theorem
is applicable due to the boundedness of k and c¢. However, as shown in the following lemma, under the assumption
of a sufficiently rich RKHS, there is another, more interpretable, closed form of sup,cqa Eltr(c(Z2)V.9(Z))].
The following Lemma combines several properties of RKHS from [SC08, Chapter 4.3].

Lemma 20. Let H¢ be the RKHS with kernel K = kI, for an universal kernel k € Cp(R? x R?). Moreover, let
p be a probability density on R with respect to the Lebesque measure. Then

1. H? is dense in Lg(Rd,Rd) with H C Lg(Rd,Rd).
2. The inclusion operator id : H* — L2(R%,R?), id(g) = g, is bounded, i.e., ||g||L§(Rd’Rd) < Cllgllya for all

g€ H
The adjoint operator of the inclusion id : H* — Lf,(Rd,Rd) is defined by

S;: LARLRY 5 3 (S{o)(@) = [ Ko@) p(e') do'

From the boundedness and linearity of id it follows that S} is linear and bounded as well.
3. Fiz f € L2(RY,RY). Then

sup <g,f>L%(Rd,Rd) =0« f=0 p—a.e. (54)
geH%l

In specific, S} 1is injective.

Proof. 1. By assumption, k is universal, which implies that K is universal (see Definition 14 and the comment
below). Hence, H? is dense in C.(R%). As p is a finite Borel measure on R?, it holds that C.(R% R?) is
dense in Lj(R? R?) with respect to ||-[| ;2 (ga gay- This gives the result. By assumption k is bounded, then

2 (R4,

[SCO8, Theorem 4.23] gives that any g € H¢ is bounded with |g(z)| < ||gl,. k|- Hence, the inclusion
operator id : H* — L2(R%, R?), id(g) = g is well-defined.
2. By the previous arguments, it follows ||g ;2 ga ga) < l|gll34a [[k[|«, and hence id is bounded.

3. “=7” For a fixed f € Lf,(Rd,Rd) and using the adjoint, we can write

sup <g7f>L§(Rd,Rd) = sup (9,55 f)pe = H51:f||7.¢7
gEHil gE?—l%l

where the last step follows by the Cauchy—Schwarz inequality in H¢. So the supremum is exactly the RKHS
norm of S} f.

Now use the relationship between the kernel of the adjoint and the range of the forward operator: for
any bounded operator between Hilbert spaces we have ker(S}) = (range id)J'. Because H? is dense in
L2(R*,RY), rangeid is dense in L2(R?,R?), hence (range id)l = {0}. Therefore ker(Sy) = {0}, s0 S5 f =0
implies f = 0 p-a.e. Moreover, |k f|l,, = 0 implies Sj f = 0 and the statement follows.

“<” If f =0 p-a.e. then trivially (g, f)2 = 0 for all g, so the supremum is 0.
O

Lemma 21. Let P be a probability distribution with continuously differentiable density p. Let Z ~ P, and let
c € CLRY, R x RY) be P-integrable. Let K = kIl with k € C,gl’l)(Rd x R? R). Then

0< sup E[tr(c(Z2)Vag(2))] < [kl €V Iogp + (V. )l 2 (ga ) -
QEHSI

If k is universal, then
sup Eltr(c(Z)Vag(2))] = S (cViogp +(V, )l , (55)

d
geEHZ,
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with
sup E[tr(c(2)V,.9(Z))] =0 <= cVlogp+ (V,c) = u~*(V, uc) = 0. (56)

d
ge?—lgl

Proof. Let Z ~ P with density p and let ¢ € HZ,. We apply integration by parts (IbP) on the term
E[tr(c(Z)V.9(Z))]. To verify that IbP can be applied, it suffices to show that ge € L} and (V,gc) € L)
[PS14]. This becomes clear by the following arguments. For g € ’H‘il, it follows that g € C} by the boundedness
and differentiability of k (as before, e.g., (42) and (43)). Moreover it holds ¢ € C} by assumption.

We use the notation defined in Appendix A.1 when we denote the j-th row of ¢ by ¢/ and the j-th column of ¢
by c;. Calculate

Banrltr(e(2)V,0(2) = 3 | Vg (s

—- % [ 0 evpl s (1p)
J
=Y [ 0T plees(2))ds
j R (57)
= Z/ g9; ((Vp,c;) +p(V,¢;)) dz (Vector Calculus Appendix A.1)
~ JRd
J
= Z/Rd 9; ((Vlogp,c;) +(V,¢;)) pdz
J
= (g,cVlogp +(V, ) 12 (e ra)-
As g e 'H%l is bounded, we have g € Lf,(Rd, R%). Hence,
sup E[tr(c(Z)Vag(Z))] = sup (g,cViogp +(V,¢))r2(re ra)
geEHL, geHL,
< sup HQHLg(Rd,Rd) |cVlogp + <Vac>||L}%(Rd,Rd)
9€HL, (58)
< sup ||gllya 1kl €V 1ogp +(V, ) L2 (ga ray
ge?—[%l P
= [I*ll oo lcV1ogp + (V, )l 12 (ma a) -
If k is universal, then, using the adjoint as in Lemma 20, we calculate
sup E[tr(c(Z)V.g(Z))] = sup (id(g),cViogp +(V,0))rz2(ra ra)
gEHT, geHL,
= sup (id(g),cVlogp + (V,¢)) 12 (ra re)
9eEH, (59)
= sup (g, Sp(cVlogp+(V,c)))pa
ge?—l%l
=[5k (cVlogp+ (V. c))lly -
An application of the previously obtained result Lemma 20 concludes the proof. O

Interestingly, the term ¢V logp + (V,¢) is (up to a constant factor) the non-reversible component mentioned in
Appendix A.4, and, when multiplied with p, resolves to the stationary probability flux [Pav14].

B.5 Proof of Theorem 7

Proof. Before we start with the proof, note that assumption (v), C° C H implies the universality of k, because
C* is dense in C..
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“=": We assume that p is the stationary solution to the SDE. As the diffusion process is reversible, the detailed
balance condition holds (see (34)). In specific, it holds

1
0= Vome) (60)

=cViogu+ (V,c). (Vector Calculus Appendix A.1)

An application of Proposition 6 with dw, (u, 1) = 0 and [[cV1ogp + (V, ¢}|| 12 ga gay = 0, concludes the proof.
2(Rd,

“<": We first show that a vanishing SKDS implies that u is the stationary density of the diffusion process
(X¢)i>0. We therefore follow the arguments showing that the KDS characterizes stationary diffusions with their
stationary density matching the target density [LKS24, Theorem 3]. Note that (ii) and (iv) implies that C°(R?)
is a core of the generator A of the stochastic process (X;);>o [EK86, Theorem 1.6, p.370]. The generator takes
the form £- = (b, V) + 1 tr (607VV") on C*(R?), and in specific on C2°(R?). Hence a stationary solution y is
characterized by

sup  Exp[Lu] =0. (61)
ueCee (R4)

Now, we have that Lu = $S[Vu]. From SKDS(S, 1; H%,) = 0 it follows that Ex~,[Sg] = 0 for all g € HZ, since
the supremum is non-negative. This expands to any g € H, as

Ex~ulSgl = 9ll3a (9/ 9l s 95.) = llgllga - 0 =0,

where we used that g/ [|g||,,« € H%,. By the assumptions on the kernel, (iii) and (v), we have that C° (R4, R?) C
H?. Equation (61) then follows from the observation that {V,u | u € C2°(R%)} C C(R?, RY).
It remains to show that (X¢);>¢ is a reversible stationary diffusion. We use the Stein identity of the diffusion

Stein operator DZ"’C in the same way as before in Appendix B.4, i.e., EZNM[DZ"’Cg(Z)] =0 for all g € 7-[%1.
Then, we calculate

Exu[8.9(X)] = Ex~ulSug
=Ex [2(b(X

—Ez [2(b(2),9(2)) + tr(a(2)V29(2)) + tr(c(Z2)Vg(Z))]

= —Ez [tr(c(2)Va9(2))] .-

X)) = Ez~u[D;9(2)]

(
), 9(X)) + tr(a(X)Vag(X))]

This sets us up for

0= \/SKDS(S,u;H‘%l)

sup Exp[S,9(X)]
ge?—l‘él

= sup Ez [tr(c(2)V29(Z2))] (62)

5% (cVlogp + (V,¢))llya - (55)

We conclude p=1(V, uc) = 0 using Lemma 21 (specifically (56)), and hence (X;);>o is a reversible diffusion
process with stationary density u. O

B.6 Proof of Corollary 8
Proof. Assume that we have a linear parametrization S = (,7-). We aim to show that

SKDS(8, i HE,) = ( sup Exy [8%9(X)])?

geHL,

is convex in the parameters 6. This follows from standard results on convexity preserving functions as follows.
Firstly, due to the linearity of the expectation,

Ex~y [8°9(X)] = (6, Ex~p [Tg(X)])
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is linear in 6. Then it holds generally that a point wise supremum of linear (convex) functions is convex. In
other words, a function f(z) = sup,ec 4 h(z,y), which is convex in z for each y, is convex in z. Lastly, squaring
a non-negative convex function preserves convexity. Non-negativity follows by the linearity of the functional T
(and the linearity of S? respectively), as

Ex~p [8(=9)(X)] = —Ex~p [S79(X)] -

Since g € H‘él if and only if —g € ”H%l, the supremum over ’HdSl is non-negative. O

B.7 Calculations in Example 9

For b(x) = B?j(z), we calculate

(b(x),9(x)) = g(z)" B%j(x)
= tr (g(x)" B%j(x))
tr (B%j(z)g(z)")
vee ((BY)T)" vec (j(z)g(x)")
(vec ((BY)T) ,vee(j(x) ® g(a)),

where j(z) ® g(z) = j(z)g(x)T denotes the outer product. We defined V' to stack the vectorized basis diffusion
matrices, i.e., V(x) = (vec(vi(z)v1(x)T) | ... | vec(vm(2)vm(2)T))T. Then

tr(a(z)Vag(z)) = tr (Z A7 Ui(x)vi(x)TVw9($)>
=2 Al tr (0i(@)i(2) Vag(@))
=3 Al vec (vy(@)vi(@)T) " vee (Vag(x))
i=1
= (A7) iy » V(@) vee (Vg ().

B.8 Proof of Proposition 10

From Example 9 we have

Toto) = (oSl Qo)) ) e vt meem), (69)
where V stacks the vectorized basis diffusion matrices, i.e., V(z) = (vec(vi(z)vi(2)T) | ... | vec(vy, (2)v, (2)T))T.

We let 7 denote the projection onto the i-th entry and 7; indicate the application to the first argument. The
operator T, in an abuse of notation, is expanded to act on C'(R? R?*9) as in Definition 1 defined for the SKDS
operator S. We define the following square matrices for the scope of this section;

Re= (B (TR )] By [(ROKK ) s) (65)
7 m
and define .
M(z,y) = Ta ((TiK (,y)") (66)
as the consecutive application of 7 to both arguments of a matrix-valued kernel K. For notational convenience,

we sometimes omit the arguments of M (z,y) and only write M. The proof of Proposition 10 further requires the
following two lemmas. The next result shows that in R the expectation and the inner product of H?¢ commute.

Lemma 22. Let T be defined as in Ezample 9, and let the basis functions j, v;vl be bounded and continuous.
In specific, ||j]| o, ||viv]|| < C for alli € [m], and a C € [1,00). Moreover, let K = kI with k € Céz’z)(Rd X
R R). Then Ex~u[Ty] is a continuous linear functional on H?, and it holds that

T
R=Exuy [Byoy |To (MEXY))) || = Exep [By o [M(X,Y)]). (67)
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Proof. The linearity follows immediately from the linearity of both the expectation and 7. We further show
that the operator 7 is bounded on H<%, as follows. The first component vec (j(z) ® g(x)) is bounded due to
the boundedness assumptions on j and k(z, z) using (42) since ||j|| ||lg]l, < C sup,epa k(z, ). Boundedness of
the second component V (z) vec (Vg(x)) follows similarly from the boundedness of V and 9, k(x,x) using (43)
as [v]|>, [Vl < C?sup,cga Oz, k(z, 7). As |[Ex~n[Tglll, < (dl 4+ m)||Tgl., we obtain that Ex~,[Tg] is
bounded on H%,, and hence continuous.

oo?

By Riesz representation theorem, there exists (g, 7())ic[di+m] C H¢ such that EXN“[T(i)g] = (9,75 9) e
Following the same steps as in Appendix B.1 we conclude

o () = Ex [TV K (X, )T, (68)

Hence, R;j = Ex~, [’T(i) (IEX/N# [(’Tl(j)K(X’, ))TD} Since 7 is a continuous linear operator, E and 7 com-

mute, and the statement follows. O

The following lemma bounds the entries of M.

Lemma 23. Under the assumptions of Lemma 22, for all x,y € R? it holds that

|M(z,y)||p < L1 == (dl + m)2d*C?Cy, (69)
ma(M (z,y)) == max ([|[E[MM"]|| ., ||[EIMTM]||,.) < Ly := (dl + m)*(d*C*Cy)?, (70)

where mao(M (z,y)) denotes the per-sample second moment and Cy, is a constant dependent on k.
Proof. To bound ||M (x,y)|| p, we explicitly write down M (x,y) = Tz (('TlK(x, y))T> as

Tik(n.0) = (Tik(oen || Tibloglea) with Tab(eghes = (o5 U0 S Hepled) ),

The transpose of the full matrix is then

[ k(z,y)j(x)" 0 (v10])1.Vak(z,y) (Vmvy,)1-Vak(z,y)
p 0 k(x,y)j(x)" 0 (v1v] )2 Vik(z,y) (vm V)2 Vak(z,y)
(TiK ()" = |
i 0 k(z,y)j(x)" | (0iv])a Vak(a,y) (vmvT)a Vo k(z,y)
[ K(2,y)j(x)" ( ()J )7 0
0 k(x,y)j(z 0
= : y:] . : v1v] Vok(z,y) | ... | vmvl Vek(z,y)
I 0 0 o k(,y)j(@)"

When applying 72, there are two cases to distinguish. First, calculate

ei(eren — [ vee (i) ® (k(x, )i (x)ie;))
Ta(k(z,y)j(x)ie;) = <v(y).vec( Y, (k(z, y)j(x)se ))>

o (K ()0
=j(); (V(y) vec (ej ®V k(IE y))) 7

and for the second case

_( vec(i(y) @ (vi(z)v (CC)TV k(z,y))
To(vi(2)vi(z) " Vik(z,y)) = <V(y)(.jvfc( v, (vi(2)vi (2)TV k(x%y)))))

_ <V60(j(y)®( vi(@)vi(z ) Vzk(ﬂf»y)))>
V(y) - vec (vl(x) ()T mG($,y)) ’
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We bound every entry to obtain

4 (2)sk(z, y) vee (j(y) @ e;) || < Cszlé%dk(x,y), (71)
@)V () - vee (e; @ Vyk(z.p)l <dC* swp [Vyk(,9)lc (72)

[[vee (j(y) ® (vi(x)vi(2)" Vok(z,y))) ||, < dC? S, IVak(z, y)ll (73)
[V (y) - vec (vi(z)vi(2)TV, Vok(z,p)) | < d°C? Zl;%d IV Vak(z,y) (74)

We define Cj, = sup, ,cga max(k(z,y), [Vak(z,y)| o, IVyk(z,9)|l o, [Vy Vek(z,y)[| ) and bound the Frobe-
nius norm of M (x,y) with the entrywise bound for each of the (dl + m)? entries. Then, it holds that

1M (2, y) | p < (dI +m)*d*C*Cy, = Ly (75)

for all , y € R?. We further bound the per-sample second moment by
ma(M(z,y)) < (dl +m)*(d*C*Cy,)? = Lo. (76)
O

Proof of Proposition 10. By Lemma 5 and substituting the linear parametrization, we have
SKDS(S?, s HE ) = Exrop [Ey ey [SISTK(X,Y)]]
= Exp [Byey [0, T (0, T (K (X,Y))7))]]
= (0, Bxmp [Bvey [T (K (2 )")]] 0)
= (0, R).

(77)

Note that R is a Gram-matrix, hence PSD. This is an alternative proof for the convexity of the SKDS, although
with stronger regularity assumptions.

Similarly, the empirical estimator in (18) can be written using the identity 67 M (z,y)8 = %HT(M(:r,y) +
M (z,y)T)0, which holds for any real vector § and square matrix, yielding
) L
SKDS(897D,H%1) = LN/2J Z SIGSQGK(x2n717$2n)
LN/QJ -
0 > T (TR (20-1,220))" ) 0)
(78)
1 LN/QJ 1 . AT
=0 v 2 3 <71 (TK @z ) ) + T (kS (s, 2))”) )0>
1 [N/2]
=: (0, R0
T & O

Note that R, are independent copies of £(M + MT). From Lemma 22, we know E[M] = R, and as R = RT, we
have E[MT] = E[M]T = R as well. We conclude
1

E[Rn} = E[i(M(I'anh xZn) + M(x2n717 xZn)T)] = Ra

with (Rp)ne|n/2) independent. Using Lemma 23, we apply the error estimation for matrix samples from [Tro15,
Cor 6.2.1] and get for any € > 0 that
1 [N/2]
ZRn—R > e SQ(dl—i—m)exp(—
F

|N/2]€?/2 ) (79)

LN/?J 1 LQ + 2L1€/3
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for constants L1 and Lo as specified in Lemma 23. The Frobenius norm can be lower bounded with basic linear
algebra and Weyl’s inequality for spectral stability, yielding

1 [N/2] 1 [N/2]
R, —R|| > R,—R
[V/2] ; [ N/2] ;
F op,2 (80)
1 [N/2]
> _ _
>, Do | g 2 B | A ()

where Ag)(-) denotes the k-th eigenvalue. Note that Weyl’s inequality is only applicable to symmetric (or
hermitian) matrices. We argued that R is PSD and, in specific, symmetric. The estimation matrix R, is
constructed to be symmetric as well. We conclude from (80) and the positive semi-definiteness of R that the
empirical estimator SKADS(SQ, D;H,) is e-strongly quasiconvex with high probability, In other words, it holds
that

SKDS(S?, D;H2,) + € 0], (81)
is convex in 6 with probability greater than 1 —2(dl+m) exp (—%) The result follows from rearranging

for N. ]

C EXPERIMENTS

C.1 Kernel Choices

In this work, we use the following kernels for model construction and benchmarking. Each kernel emphasizes
different properties of the input space or adjusts standard kernels to better suit our setting.

1. RBF Kernel:

202

2
1‘_
krpr(z,y) = exp (—HyH?)

This standard Gaussian (Radial Basis Function) kernel promotes smoothness by measuring similarity based
on the Euclidean distance between inputs. It is widely used for its universal approximation properties and
strong empirical performance.

2. Tilted RBF Kernel:

1 |z — yll3
FRBE, itted (¢, 4) = —————exp [ —T——2 ).
RBF, tilt alz,y) w1 (2w (y) exXp < 902

This variant of the RBF kernel downweights regions far from the origin using the weight function wq(x) =
(1 + ||=[|3)*/2. Tt effectively biases the kernel toward the origin and suppresses the influence of distant
samples, which can be beneficial in high-dimensional or heavy-tailed settings.

C.2 Compute Infrastructure

All experiments were conducted on a high-performance computing (HPC) cluster equipped with Intel(R) Xeon(R)
Platinum 8480+ (Sapphire Rapids) processors.

Jobs were scheduled using SLURM in combination with the jobfarm framework to parallelize and manage large
batches of experiments. A typical job allocation requested 2 nodes with 200 tasks (2 CPUs per task) and a
maximum runtime of 24 hours. The runtime environment was managed with Conda, and all dependencies were
contained in a dedicated environment to ensure reproducibility.

For transparency, the following example job script illustrates the scheduling setup:
#1/bin/bash
#SBATCH -J JobFarm
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#SBATCH --nodes=2

#SBATCH --ntasks=200
#SBATCH --cpus-per-task=2
#SBATCH --time=24:00:00

jobfarm start experiment/command_list.txt

This configuration enabled efficient distribution of workloads across multiple CPUs while maintaining consistent
software environments.

C.3 Baselines
We compare against several established methods for causal discovery:

e GIES [HB12], implemented via the Causal Discovery Toolbox (MIT License)*.
e IGSP [Wan+17], using the CausalDAG package (3-Clause BSD License)®.
DCDI [Bro+20], with the authors” Python implementation (MIT License).
NODAGS [Set+23], using the official implementation (Apache 2.0 License).

LLC [HEHI12], based on the NODAGS code (Apache 2.0 License) with extensions by Lorch, Krause, and
Scholkopf [LKS24] with code published under MIT License [Lor24].

e KDS ([Lor24]), using the official repository (MIT License)®.

C.4 Results

To evaluate whether our method is significantly better than a baseline method by a relative margin of 5%, we
perform a paired Wilcoxon signed-rank test on the log-transformed metric ratios. In specific, for any method
and data generation process we calculate the Wasserstein-2 distance and mean squared error (MSE) in every
dimension. For one of our methods and a baseline method we define a paired array (our;, baseline,-)ie[m*w] of
metric values, where 50 is the amount of generated datasets and 10 is the number of test interventions per dataset.
By using the log transform, multiplicative differences become additive. Let r; = log(our;) —log(baseline;). A 5%
improvement (ours is 5% smaller) means our; < 0.95-baseline;, which is equivalent to log(our;) —log(baseline;) <
log(0.95). So we test
Hy : median(r;) =0 vs Hj : median(r;) < log(0.95).

Equivalently, we can define

di =T, — lOg(095)
and run a Wilcoxon signed-rank test on d; versus 0 (i.e., test whether median(d;) < 0). We run this as well
with roles of our method and the baseline method switched. The results for both of our methods are reported
in Table 3 and Table 4.

As detailed in Table 3, SKDS (Linear) achieves statistically significant improvements (a relative margin of
at least 5%) over most baselines across all datasets, while performing on par with KDS. SKDS (MLP) also
performs strongly and is competitive with all baselines, but shows significant losses in purely linear settings, where
simpler models are inherently better suited. This reflects a natural trade-off between flexibility and inference
difficulty: more expressive models adapt well to nonlinear data but may underperform when the ground truth is
linear.

In the significance tests, the SKDS variants are only outperformed by the baseline KDS and only for one data-
generation setting (linear SDEs with Erdés—Rényi structure) when evaluated with the Wasserstein-2 distance.
This finding aligns with Proposition 6, which establishes that the SKDS objective can be upper bounded by
the Wasserstein-2 distance. In this sense, the observed gap may reflect the tighter sensitivity of Wasserstein-2
distance to distributional differences beyond the mean, whereas MSE primarily emphasizes mean accuracy.

4h’ctps ://github.com/FenTechSolutions/CausalDiscoveryToolbox
Shttps://github.com/uhlerlab/causaldag
Shttps://github.com/larslorch/stadion
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Baseline / Dataset SDE-ER SDE-SF  SCM-ER SCM-SF SERGIO-ER  SERGIO-SF

GIES / * / * / * / * [ * * [ %
IGSP * [ % / * * [ % * [ * * [ % * [ *
DCDI * [ % * [ % % / % * [ % x / /
LLC % / % / * * [ % * [ * * [ % * [ *
NODAGS % / % / * * [ % / * * ) * /
KDS (Linear) / / * [ % * [ x * [ * * [ %
KDS (MLP) * / * [ % * [ % / / /

Table 3: Significance tests for SKDS (Linear). Black star indicates our method significantly outperforms the
baseline; red star indicates baseline significantly outperforms ours. Each cell shows MSE / Wasserstein results.

Baseline / Dataset SDE-ER SDE-SF  SCM-ER SCM-SF SERGIO-ER SERGIO-SF

GIES * / / * * / * [ * e * [ x
IGSP * [ * / * * [ % / * * [ x * [ *
DCDI / * * [ % * [ % * [ x / * / *
LLC * [ % / * * [ % / * * [ % * [ %
NODAGS % [ % / * * [ % / * / * *
KDS (Linear) * [ % * / % [ % * [ * * [ * % [ %
KDS (MLP) % [ % / / / * / /

Table 4: Significance tests for SKDS (MLP). Black star indicates our method significantly significantly out-
performs the baseline by at least 5%; red star indicates baseline significantly outperforms ours. Each cell shows
MSE / Wasserstein results.

The results in Fig. 3 provide a complementary perspective on model performance. They show that the choice
of causal structure does not substantially affect the comparative behavior of the methods. In the linear setting,
all approaches achieve similar accuracy with respect to MSE. By contrast, in the gene expression experiments,
only SKDS (Linear) remains competitive as a linear model, whereas approaches with nonlinear drift functions
exhibit a clear advantage.

D Code

The Stein-type kernel deviation from stationarity can be used as a drop-in replacement for the framework by
Lorch [Lor24]. The critical code snippet is to be found in Listing 1.
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Figure 3: Benchmarking results for d = 20 variables. The MSE (left column) and the Wasserstein-2 distance
(right column) distance MSE were computed from 10 test interventions on unseen target variables across 50
randomly generated systems and 6 different data generating methods (rows). Box plots depict the medians and
interquartile ranges (IQR), with whiskers extending to the largest value within 1.5 times the IQR from the boxes.
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def stein_type_kds_operator(h, argnum, hdim):
def h_out(x, y, *args):
assert x.ndim == y.ndim ==
assert x.shape == y.shape
z = x if argnum == 0 else y
f_x = f(z, *args)
sigma_x = sigma(z, *args)
grad_h = jax.jacfwd(h, argnums=argnum)(x, y, *args)

© 0 N e W N

e e e e
D U e W N = O

if hdim ==
return h(x,y,*args) * f_x + 0.5 * sigma_x.T @ sigma_x @ grad_h
if hdim == 1:

return f_x @ h(x,y,*args) + 0.5 * jnp.trace(sigma_x @ sigma_x.T @ grad_h)
return h_out

def loss_term(x, y, *args):
return stein_type_kds_operator(stein_type_kds_operator(_kernel, @, 0), 1, 1)(x, y, *args)

Listing 1: Nested Stein-type KDS operator defining the custom objective function integrated into the stadion
framework [Lor24].
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