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Abstract

The computation of pairwise inner products/
Euclidean distances between high-order tensor
data points is a fundamental subroutine in nu-
merous machine learning applications. How-
ever, the naive approach to these computa-
tions incurs exponential time complexity with
respect to the number of modes. The work of
[Rakhshan and Rabusseau, 2020] introduced
an extension of the random projection tailored
for tensor datasets, which compresses large
tensors into compact vectors (a.k.a sketches).
Their approach provides unbiased estimates
of the original pairwise Euclidean distance.
However, the variance of their estimates grows
exponentially with the number of modes, mak-
ing their estimates less reliable for small
sketch sizes. This work propose improved
sketching algorithms that provide unbiased
estimates for pairwise inner products, with
significantly lower variance - independent of
the number of modes—compared to that of
[Rakhshan and Rabusseau, 2020]. Moreover,
our approach offers asymptotically improved
time complexity. Our sketching algorithm
builds on the framework of [Ahle et al., 2020],
which proposed a sketching algorithm for high-
degree polynomial kernels.

1 INTRODUCTION

Many real-world datasets are inherently multi-
modal and can be naturally represented as higher-
order tensors X ∈ Rd1×d2×···×dp , capturing in-
teractions across p modes (e.g., time, space, fre-
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quency) [Kolda and Bader, 2009]. However, for nota-
tional simplicity and without loss of generality, we
assume throughout the paper that all mode dimensions
are equal, i.e., d1 = d2 = · · · = dp = d. The number of
parameters in an unconstrained tensor grows exponen-
tially with p due to the “curse of dimensionality”, lead-
ing to prohibitive storage and computation costs. Ten-
sor decomposition techniques alleviate this by approxi-
mating X in compact factorized forms. The CANDE-
COMP/PARAFAC (CP) decomposition expresses X
as a sum of R rank-1 outer products [Hitchcock, 1927],
while the Tucker decomposition generalizes this to a
core tensor multiplied along each mode by factor ma-
trices [Tucker, 1966]. More recently, the Tensor Train
(TT) format represents X as a chain of third-order
core tensors [Oseledets, 2011]. These low-rank models
facilitate time and space efficient training/algorithms
for large-scale tensor data.

The computation of pairwise inner product/Euclidean
distance is a core subroutine across multiple domains,
including collaborative filtering for recommendation
systems [Bachrach et al., 2014, Li et al., 2017], doc-
ument similarity and vector-based search in infor-
mation retrieval [Xiang et al., 2019, DataStax, 2025],
as well as similarity evaluation in clustering algo-
rithms and feature representation in neural net-
works [Memgraph Team, 2023, Luo et al., 2018]. Be-
yond these applications, inner products also play
a central role in tensor-based learning and analy-
sis [Kolda and Bader, 2009, Ballard and Kolda, 2025].
The time complexity of exact computation of these
quantities for mode-p tensors X ∈ Rd×···×d (p times)

grow exponentially in the number of modes
p. Dimensionality reduction techniques are well-
suited for addressing such scenarios. However,
a naive approach of applying random projec-
tion [Johnson and Lindenstrauss, 1984] requires gen-
erating a random tensor R ∈ Rd×···×d (p times) whose
each entries are from N (0, 1), which has time complex-
ity O(dp), making it impractical for large d, p.

∗ Equal Contribution



Efficient and Accurate Tensor Compression via Recursive Sketching

The work of [Rakhshan and Rabusseau, 2020] intro-
duces the notion of random projections in the con-
text of tensors, and provides significant improvements
over the naive approach. They propose two ran-
dom projection maps, namely fCP(R)(X ), fTT(R)(X )
by leveraging CP and TT decomposition (Defini-
tions 1, 2 of [Rakhshan and Rabusseau, 2020]), respec-
tively. The first map fTT(R) : Rd1×···×dp → Rm

with
[
fTT(R)(X )

]
i

:= 1√
m
⟨⟨⟨G1

i ,G2
i , . . . ,G

p
i ⟩⟩,X⟩ for

i ∈ [m], where G1
i ∈ R1×d1×R, G2

i ∈ RR×d2×R, . . .,
Gp−1
i ∈ RR×dp−1×R, Gp

i ∈ RR×dp×1, with entries drawn
independently from Gaussian distributions with mean
0 and variance 1√

R
if n ∈ {1, p} and variance 1

R if
1 < n < p. The second map fCP(R) : Rd1×···×dp → Rm

with
[
fCP(R)(X )

]
i
:= 1√

m
⟨[[A1

i ,A
2
i , . . . ,A

p
i ]],X⟩ for

i ∈ [m], where each An
i ∈ Rdn×R has entries drawn

independently from a Gaussian distribution with mean
0 and variance (1/R)

1
p . For both random projection

maps, the inner product between the input tensor and
random tensor provides an unbiased estimation of the
ℓ2 norm of the original tensor. However, variances of
their estimators grow exponentially with the number of
modes p [Rakhshan and Rabusseau, 2020], restricting
their applicability for tensors with large modes.

In this work, we address this challenge and propose
dimensionality reduction for the tensor datasets that
overcomes the above-mentioned limitations. Our
sketching methodology draws inspiration from the work
of [Ahle et al., 2020]∗, who introduced an efficient
method for sketching high-dimensional polynomial ker-
nels by combining CountSketch [Charikar et al., 2004]
with TensorSketch [Pham and Pagh, 2013].
Their sketching has shown a significant im-
pact in large-scale applications such as lever-
age score computation [Bharadwaj et al., 2023,
Woodruff and Zandieh, 2022], and efficient poly-
nomial kernel sketching for LLM optimiza-
tion [Kacham et al., 2024]. To the best of our
knowledge, while Recursive TensorSketch has been
explored for tensor compression (e.g., [Malik, 2022]),
our work is the first to employ a recursive sketch
specifically for oblivious random projection purposes.
Our key contribution is showing the adaptation of
the Recursive TensorSketch [Ahle et al., 2020] and
proposing compression algorithms for tensor datasets,
by exploiting the inherent Kronecker structure present
in both CP and TT decompositions. Through careful
theoretical analysis and algorithmic design, we show
that our proposals yield an asymptotically better time
complexity and variance bounds.

∗The construction presented in [Ahle et al., 2020] was
originally referred to as Oblivious Sketch, in our work, we
refer it as the Recursive TensorSketch.

Our Contributions. We propose two compression
techniques, stated in Definitions 4.1, 4.2, for ten-
sor datasets that take as input an mode p tensor
Z ∈ Rd×···×d (p times) and output a one-dimensional
vector Φ(Z) ∈ Rm satisfying E

[
∥Φ(Z)∥22

]
= ∥Z∥2F

and Var
(
∥Φ(Z)∥22

)
≤ 3

m∥Z∥4F . The first technique ap-
plies when Z is given in CP format of rank R, sketch-
ing it in low dimension with total time complexity of
O (Rp(∆CP +m logm)), where ∆CP denotes the max-
imum number of non-zero entries in any column across
all factor matrices (Definition 1). The second technique
applies when Z is given in Tensor-Train format with TT
rank (R0, R1, . . . , Rp), sketching it in low dimension
with total time complexity of O

(
R̃p(∆TT +m logm)

)
where R̃ =

∏p
k=0 Rk, and ∆TT stated in Definition 2.

Both methods require sketching dimension m ≥ 3ε−2/δ,
independent of p and R/R̃.

Compared to work of [Rakhshan and Rabusseau, 2020],
who embed Z in O(mpd max(R,R′)2) time
for CP and O(mpd max(R,R′)3) for TT, and
achieve variance bounds Var∥fCP (R′)(Z)∥2 ≤
m−1

(
3p−1(1+2/R′)−1

)
∥Z∥4F and Var∥fTT (R′)(Z)∥2 ≤

m−1
(
3(1 + 2/R′)p−1 − 1

)
∥Z∥4F . Our proposals re-

move the exponential dependence on mode p in the
variance expression and simultaneously provide faster
compression algorithms (Table 1, Theorem 4).

Organization of the paper: Section 2 reviews re-
lated work and positions our method relative to existing
baselines. Section 3 introduces the notation and back-
ground required for our analysis. In Section 4, we
present the proposed sketching algorithm and its the-
oretical guarantees, with proof sketches provided in
Section 5. Experimental results and comparisons are
reported in Section 6. Finally, we conclude and outline
open questions in the Section 7.

2 RELATED WORK

Classical dimensionality reduction for vectors re-
lies on the JL lemma (a.k.a. Random projec-
tion) [Johnson and Lindenstrauss, 1984], which guar-
antees that any set of n points in RD can be sketched
into Rk with distortion 1± ε provided k = O(ε−2 log n)
in O(kD) time. There are improved variants of ran-
dom projections, such as very sparse random projec-
tions [Achlioptas, 2003, Li et al., 2006], Fast JL Trans-
form [Ailon and Chazelle, 2009], and CountSketch al-
gorithm [Charikar et al., 2004]. However, for mode p
tensor X ∈ Rd×···×d (p times), the time complexity of
these approaches is O(dp) in the worst case, making
them computationally expensive for large p.

Kar and Karnick [Kar and Karnick, 2012] introduced
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Table 1: Comparison of algorithms in terms of variance and sketching time. Here, Z ∈ Rd×···×d (p times) denotes
a mode p tensor whose CP rank is R, and TT rank is (R0, R1, . . . , Rp), we denote R̃ =

∏p
k=0 Rk. m ∈ N is

the sketching dimension. The parameter R′ specifies the mappings fCP(R′)(Z) and fTT(R′)(Z). ∆CP ≤ d and
∆TT ≤ d are defined in Equation (1), and (2), respectively.

Algorithm Variance Time Complexity
CountSketch [Charikar et al., 2004] 2

m

(
∥Z∥4F −

∑p
k=1

∑d
ik=1 Z4

i1,...,ip

)
O(nnz(Z))

fCP(R′)(Z) [Rakhshan and Rabusseau, 2020] 1
m

(
3p−1

(
1 + 2

R′

)
− 1
)
∥Z∥4F O(mpdmax(R,R′)2)

fTT(R′)(Z) [Rakhshan and Rabusseau, 2020] 1
m

(
3
(
1 + 2

R′

)p−1 − 1
)
∥Z∥4F O(mpdmax(R,R′)3)

Our work (CP) 3
m∥Z∥4F O

(
Rp
(
∆CP +m logm

))
Our work (TT) 3

m∥Z∥4F O
(
R̃p
(
∆TT +m logm

))

random feature mappings for dot-product kernels.
Building on this direction, Pham and Pagh proposed
TensorSketch [Pham and Pagh, 2013], a sketching
method for high-degree polynomial kernels, and demon-
strated its effectiveness in scaling kernel support vector
machines. Their construction extends Pagh’s com-
pressed matrix multiplication framework [Pagh, 2013].
Since then, TensorSketch has been employed in a va-
riety of linear-algebraic kernel approximation tasks,
including PCA, principal component regression, and
CCA [Avron et al., 2014]. Let xi,yi ∈ Rd, i ∈ [p],
and let us denote x := x1 ⊗ x2 ⊗ . . .xp and y :=
y1 ⊗ y2 ⊗ . . .yp. Then TensorSketch (stated in Al-
gorithm 1 of [Pham and Pagh, 2025]) TS : Rdp 7→ Rm

with the guarantee that inner product between TS(x)
and TS(y) gives an unbiased estimation to the inner
product between x and y. With appropriate reshaping,
the vector x ∈ Rdp

can be considered as a rank one ten-
sor (say) X ∈ Rd×···×d (p times). As TensorSketch is a
linear sketch, it can also be used for compressing a ten-
sor Z which is given as the sum of R rank-one tensors.
However, due to Theorem 9 of [Pham and Pagh, 2025],
the variance of the corresponding estimator obtained
from TensorSketch grows exponentially with the num-
ber of modes p, making them impractical for tensors
with large modes. Moreover, it remains unclear how
the TensorSketch can be used to give a sketch for
tensors given in TT decomposition format.

As mentioned above, Tensorized random projec-
tions [Rakhshan and Rabusseau, 2020] give compres-
sion algorithms that compress an input tensor Z ∈
Rd×···×d (p times) that closely approximates the ℓ2 norm
of the input tensor and the pairwise inner product.
However, to compute m-sized sketch of the input tensor,
the running of their algorithms fCP (R′) and fTT (R′) are
O(mpd max(R,R′)2) and O(mpd max(R,R′)3) when
input is given in CP and TT decomposition format,
respectively. Moreover, the variances of their estimates
grow exponentially in the number of modes p. In
contrast, the variances of our proposed methods are

asymptotically smaller and, importantly, independent
of p. For the CP case, our algorithm achieves an asymp-
totic improvement in time complexity, which is further
supported by our experimental results. For the TT
case, we achieve an asymptotic improvement in time
complexity under the condition R̃ = o(R3), where R
denotes the CP rank of input tensor X , which also has
TT rank (R0, R1, . . . , Rp), and R̃ :=

∏p
k=0 Rk. Fur-

thermore, the two rank formats are related by R ≤ R̃,
as established in Lemma 2. Empirically, we also ob-
served improvements in time complexity for the TT
case that are comparable to those in our CP setting.

Sun et al. [Sun et al., 2021] introduce Tensor Ran-
dom Projection (TRP), which constructs sketches
for mode-2 tensors (matrices) via row-wise Kro-
necker products of independent CountSketch matri-
ces. Their approach can be seen as a special case
of the proposal of [Rakhshan and Rabusseau, 2020]
for mode two tensors (i.e. matrices). Even for
the p = 2, their compression bounds are weaker
than that of [Rakhshan and Rabusseau, 2020]. Jin
et al. [Jin et al., 2019] extend the fast JL trans-
form [Ailon and Chazelle, 2009] to compress vectors
that have Kronecker structure (which can be viewed
as a rank one tensor). They show that their algorithm
requires m = Ω

(
ε−2 log2p−1 n log dp

)
to achieve (1± ε)

approximation to the ℓ2 norm of input (rank-one) ten-
sor. In contrast, our approach generalizes for rank R
tensors, and the compression bound is independent of
mode p. However, in terms of probability parameter δ,
our compression bound depends on 1/δ, whereas theirs
depends on log(1/δ). We summarize the comparison
between baselines and our work in Table 1.

3 PRELIMINARIES

Notations: We use the following notation through-
out the paper, vectors are represented by bold low-
ercase letters (e.g. x,y), matrices by bold uppercase
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letters (e.g. X,Y), and higher mode tensors by bold
calligraphic letters (e.g. A,B). For a positive integer
m, we denote by [m] := {1, 2, . . . ,m} the correspond-
ing index set. For any input vector x, we denote by
nnz(x) the number of its nonzero entries. The sym-
bol ⊗ denotes the Kronecker (tensor) product, while
the dot “·” indicates standard matrix multiplication.
The outer product of vectors is denoted by “◦”. We
use the shorthand notation ⟨⟨·⟩⟩ to represent a tensor
expressed in Tensor Train (TT) decomposition form,
and [[·]] to represent a tensor expressed in CANDE-
COMP/PARAFAC (CP) decomposition form. The
indicator function is denoted by 1[·].
Definition 3.1 (JL Transform
[Johnson and Lindenstrauss, 1984]). A JL trans-
form is a randomized linear map S : Rd → Rk

with k ≪ d such that, for any 0 < ε < 1 and any
finite set X ⊂ Rd, it holds with high probability that
(1− ε)∥x− y∥22 ≤ ∥Sx− Sy∥22 ≤ (1 + ε)∥x− y∥22 for
all x,y ∈ X , provided that k = O(ε−2 log |X |).
Definition 3.2 (CANDECOMP/PARAFAC
(CP) Decomposition [Ballard, 2025]). Let
Z ∈ Rd×d×···×d (p times) be a mode p tensor. A
rank-R CP decomposition of Z consists of p
factor matrices A(1),A(2), . . . ,A(p), where each
A(k) ∈ Rd×R, ∀ k ∈ [p]. The r-th column of A(k) is
denoted by a

(k)
:,r ∈ Rd. Using these factor matrices, the

tensor Z is expressed as a sum of R rank-one tensors

Z =

R∑
r=1

a(1):,r ◦ a(2):,r ◦ · · · ◦ a(p):,r ,

where ◦ denotes the outer product. In compact notation,
Z can be written as Z = [[A(1),A(2), . . . ,A(p)]].

Equivalently, each entry of Z can be written as

Z(i1, . . . , ip) =

R∑
r=1

p∏
k=1

a
(k)
ikr

, ∀ ik ∈ [d], k ∈ [p].

The smallest integer R for which such a decomposition
exists is called the CP rank of Z. We further denote

∆CP := max
k∈[p], r∈[R]

nnz
(
a(k):,r

)
≤ d, (1)

which denotes the maximum number of non-zero entries
in any column across all factor matrices.

Definition 3.3 (Tensor Train (TT) Decomposi-
tion [Oseledets, 2011]). Let Z ∈ Rd×d×···×d (p times)

be a mode p tensor. A Tensor Train (TT) decompo-
sition of Z represents it as a product of mode 3 core
tensors,

Z = ⟨⟨G(1),G(2), . . . ,G(p)⟩⟩,

where each core tensor is given by G(k) ∈
RRk−1×d×Rk ∀ k ∈ [p], and R0 = Rp = 1. The tu-
ple (R0, R1, . . . , Rp) is referred as TT rank of tensor
Z. Further, each entry of tensor Z is computed as

Z(i1, i2, . . . , ip) = G(1)(:, i1, :)G(2)(:, i2, :) · · · G(p)(:, ip, :)

where the product is a sequence of matrix multiplications
along the TT-rank dimensions. The term G(k)(:, ik, :
) ∈ RRk−1×Rk denotes the matrix obtained by fixing
the second mode of the k-th core tensor to index ik, and
slicing over the first and third modes. We also denote

∆TT := max
k∈[p], a∈[Rk−1],

b∈[Rk]

nnz
(
G(k)
a,:,b

)
≤ d, (2)

i.e., the maximum number of non-zero entries across all
G(k)
a,:,b vectors, which corresponds to the densest vector

among the core tensors. G(k)
a,:,b ∈ Rd denotes the corre-

sponding vector of G(k), where first and third indices
are fixed and take values a and b, respectively.
Definition 3.4 (CountSketch [Charikar et al., 2004]).
Given an input vector y ∈ Rd, the CountSketch is
a randomized linear map T ∈ Rm×d that maps y
to a lower-dimensional vector z = Ty ∈ Rm.The
CountSketch matrix T is constructed by two hash func-
tions: (a) h : [d] → [m] a 3-wise independent hash func-
tion, and (b) s : [d] → {1,−1} a 4-wise independent
random sign function. The jth entry of vector z ∈ Rm

is computed as, zj =
∑

h(i)=j s(i) yi, ∀j = {1, . . . ,m}.
The time complexity of computing the CountSketch is
O(nnz(y)), which in the worst case can be O(d).
Definition 3.5 (TensorSketch of Degree
Two [Pham and Pagh, 2013, Pham and Pagh, 2025]).
Let h1, h2 : [d] → [m] be 3-wise independent hash
functions, and σ1, σ2 : [d] → {−1,+1} be 4-wise
independent random sign functions. Then the
TensorSketch of degree two S ∈ Rm×d2

is defined
∀ r ∈ [m], i1, i2 ∈ [d], as follows

Sr,(i1,i2) = σ1(i1) · σ2(i2)

· 1 [h1(i1) + h2(i2) ≡ r (mod m)] . (3)

For all x ∈ Rd, Let S(x⊗x) can be computed in time
O(m logm+ nnz(x)) using the Fast Fourier Transform.
Definition 3.6 (Recursive
TensorSketch [Ahle et al., 2020]). Given a vec-
tor z ∈ Rdp

where p takes values that are powers of two,
then the Recursive TensorSketch is a randomized
linear map

Πp : Rdp

→ Rm, defined as, Πp := Qp · T p, where

• T p = T1⊗T2⊗· · ·⊗Tp, with each Ti ∈ Rm×d ∀i ∈
[p] a CountSketch matrix (Definition 3.4),
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• Qp = S2 ·S4 · · ·Sp/2 ·Sp, with each Sℓ ∈ Rmℓ/2×mℓ

a Kronecker product of matrices Sℓ
j ∈ Rm×m2

,

• Each Sℓ
j is a TensorSketch matrix of degree 2

(Definition 3.5), and Sℓ = Sℓ
1 ⊗ Sℓ

2 ⊗ · · · ⊗ Sℓ
ℓ/2.

The time complexity required to compute the Recursive
TensorSketch for z ∈ Rdp

is O(pm logm + p∆CP )
where ∆CP is stated in Equation (1).

4 SKETCHING ALGORITHMS FOR
CP AND TT TENSOR
DECOMPOSITIONS

In this section, we give sketching algorithms for tensor
datasets corresponding to CP and TT decompositions,
when p is a power of two. In Subsection 4.3, we state
the theoretical guarantee of the sketching algorithms,
and their proofs are discussed in Section 5.

4.1 Sketching algorithm for CP
Decomposition

Definition 4.1. Let Yr ∈ Rd×d×···×d (p times) be a CP-
rank-1 mode p tensor which is constructed such as

Yr = a(1):,r ◦ a(2):,r ◦ · · · ◦ a(p):,r ∈ Rd×d×···×d (p times),

where ◦ denotes the outer product and a
(i)
:,r ∈ Rd ∀i ∈ [p]

as stated in Definition 3.2. Let Z ∈ Rd×d×···×d (p times)

be a tensor of CP rank R. Suppose it is constructed as
a sum of R rank-one tensors Yr, i.e.,

vec(Z) =

R∑
r=1

yr, (4)

where yr := vec(Yr) denotes the vectorization of
the tensor Yr. Then we define the sketching map
Φ : Rd×d×···×d (p times) → Rm such that

Φ(Z) := Πp vec(Z), (5)

where, Πp ∈ Rm×dp

denote the Recursive
TensorSketch of order p as stated in Definition 3.6.
Remark 1. For a CP rank-1 tensor, the time com-
plexity of sketching map stated in Definition 4.1 is
O(pm logm+p∆CP) time, where ∆CP is stated in Equa-
tion (1). Extending to a CP rank-R tensor requires ap-
plying the sketch to each of the R components, resulting
in a total time complexity of O (Rp(∆CP +m logm)).

4.2 Sketching algorithm for TT
Decomposition

For a mode p tensor Z, the standard approach is to
represent its TT decomposition as a product of p core

tensors, each of mode 3 (Definition 3.3). The lemma
below facilitates expressing Z as a sum of Kronecker
products of p vectors. Each vector in the Kronecker
product is obtained by taking suitable fibres of the
mode 3 core tensors obtained in the TT composition
of Z. This result enables applying the Recursive
TensorSketch for the tensor represented in the TT
decomposition. See Appendix A.1 for the proof.

Lemma 2. Let Z ∈ Rd×d×···×d (p times) be a mode p
tensor, represented in the TT decomposition with TT-
rank (R0, R1, . . . , Rp), where R0 = Rp = 1. The decom-
position is given by core tensors G(k) ∈ RRk−1×d×Rk

for k = 1, . . . , p as stated in Definition 3.3. Then the
vectorized form z := vec(Z) ∈ Rdp

can be written as

z =

R̃∑
r=1

G(1)
1,:,r1

⊗ G(2)
r1,:,r2 ⊗ · · ·

· · · ⊗ G(p−1)
rp−2,:,rp−1

⊗ G(p)
rp−1,:,1

, (6)

where R̃ :=
∏p

k=0 Rk, G(k)
a,:,b ∈ Rd denotes the vector

obtained by fixing the first index to a and the third
index to b, and r = 1 +

∑p−1
k=1(rk − 1)

∏k−1
j=1 Rj .

Definition 4.2. Let Z ∈ Rd×d×···×d (p times) be
a mode p tensor represented in TT decomposition
rank (R0, R1, . . . , Rp) with TT core tensors G(k) ∈
RRk−1×d×Rk for k = 1, . . . , p, and R0 = Rp = 1. Let
yr ∈ Rdp

be a vector which is constructed such as

yr = G(1)
1,:,r1

⊗ G(2)
r1,:,r2 ⊗ · · ·

· · · ⊗ G(p−1)
rp−2,:,rp−1

⊗ G(p)
rp−1,:,1

∈ Rdp

, (7)

where G(k)
rk−1,:,rk ∈ Rd,∀ k ∈ [p] as stated in Lemma 2.

We construct vec(Z) using Lemma 2 as,

vec(Z) =
R̃∑

r=1

yr. (8)

where R̃ :=
∏p

k=0 Rk. Then we define the sketching
map Φ : Rd×d×···×d (p times) → Rm such that

Φ(Z) := Πp vec(Z), (9)

where, Πp ∈ Rm×dp

denote the Recursive
TensorSketch of mode p as stated in Definition 3.6.

Remark 3. For a vector yr ∈ Rdp

, the running
time of the sketching map stated in Definition 4.2
is O(pm logm + p∆TT) time, where ∆TT is stated
in Equation (2). For a tensor Z with TT rank
(R0, R1, . . . , Rp), it requires applying the sketch to each
of the R̃ components, resulting in a total time complex-
ity of O

(
R̃p(∆TT +m logm)

)
.
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4.3 Theoretical Guarantee

Theorem 4. Let tensor Z ∈ Rd×d×···×d (p times) be a
mode p tensor (in CP/TT Decomposition), then the
map Φ : Rd×d×···×d (p times) → Rm such that,

Φ(Z) = Πp vec(Z), (10)

where, Φ is stated in Definition 4.1, 4.2 for tensor
in CP and TT decomposition, respectively. Then, for
any tensor Z ∈ Rd×d×···×d (p times), its sketched vector
Φ(Z) ∈ Rm satisfies the following properties

E
[
∥Φ(Z)∥22

]
=∥Z∥2F , (11)

Var
[
∥Φ(Z)∥22

]
≤ 3

m
∥Z∥4F . (12)

Using these bounds, we establish concentration guar-
antees for Φ under CP and TT decompositions. See
Appendix A.2 for the proof.

Theorem 5. Let Z ∈ Rd×···×d (p times) be a mode p
tensor, and let Φ denote the sketching map stated in
Definitions 4.1 and 4.2 for the CP and TT decompo-
sitions, respectively. For any ε, δ ∈ (0, 1), if m ≥ 3

ε2 δ ,
then, with probability at least 1− δ, the following con-
centration guarantee holds∥∥Φ(Z)

∥∥2
2

= (1± ε) ∥Z∥2F ,

irrespective of whether Z is in CP or TT representation.

Remark 6. Our sketching algorithms described in Def-
initions 4.1, 4.2 remain applicable even when the input
tensor Z ∈ Rd×···×d (p times) is not given in CP/TT de-
composition form. In that case, to apply sketching map
Φ, we require explicitly constructing the mapping Πp

(Definition 3.6) as a matrix of size m×dp. Although the
guarantee stated in Theorem 4 still holds, the time com-
plexity of sketching becomes O(mdp). The advantage
in time complexity is achieved when the input tensor is
represented in CP or TT format (Remark 1, 3).

5 PROOFS OF THEORETICAL
GUARANTEES AND
SUPPORTING LEMMAS

We present the detailed proofs of the theoretical guaran-
tees stated in Section 4.3, together with the supporting
lemmas required for the analysis. Furthermore, we ex-
tend our sketching map Φ to arbitrary tensor of mode
p (including non-power-of-two cases) in Section 5.3.

5.1 Technical Lemmas

In this subsection, we present a set of auxiliary lem-
mas that formalize the moment properties of the

Recursive TensorSketch matrix as stated in Defini-
tion 3.6. Specifically, we establish bounds on its first,
second, and fourth moments and unbiased estimate of
the inner product. These results further allow us to
bound the covariance of sketched inner products, which
will be crucial for proving the main approximation guar-
antees in the subsequent sections. See Appendix B.1
for the proofs.

Lemma 7. [Moments of the Recursive
TensorSketch] Let Πp ∈ Rm×dp

denote the Recursive
TensorSketch matrix as stated in Definition 3.6.
Then, for all i ∈ [m] and j ∈ [dp],

E
[
Πp

ij

]
= 0, (13)

E
[(
Πp

ij

)2]
=

1

m
, (14)

E
[
(Πp

ij)
4
]
=

1

m
+

3

m2p

p/2∏
i=1

(m2i − 1)

 . (15)

We now show that Recursive TensorSketch pre-
serves inner products in expectation, and the subse-
quent lemma analyze the covariance between different
sketched inner products.

Lemma 8. Let x,y ∈ Rdp

and let Πp ∈ Rm×dp

de-
note the Recursive TensorSketch matrix as stated in
Definition 3.6 Then,

E [⟨Πpx,Πpy⟩] = ⟨x,y⟩ . (16)

Lemma 9. Let x,y,w, z ∈ Rdp

and let Πp ∈ Rm×dp

be Recursive TensorSketch as stated in Definition
3.6. Then,

Cov [⟨Πpx,Πpy⟩, ⟨Πpw,Πpz⟩]

=

 3

m2p−1

p/2∏
i=1

(m2i − 1)

− 2

m

 dp∑
j=1

xjyjwjzj+

+
1

m
[⟨x,w⟩⟨y, z⟩+ ⟨x, z⟩⟨y,w⟩] ,

≤ 1

m

⟨x,w⟩⟨y, z⟩+⟨x, z⟩⟨y,w⟩+
dp∑
j=1

xjyjwjzj

 . (17)

5.2 Proof of Theorem 4

Proof. We now derive bounds on the expectation and
variance of the squared ℓ2-norm of the sketched vector
Φ(Z), where Z ∈ Rd×···×d (p times) is a mode p tensor
(given in CP/TT Decomposition). The proof proceeds
by expanding the vec(Z) into its components yr as
stated in Definition 4.1, 4.2. Then by applying the un-
biasedness and covariance properties of the Recursive
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TensorSketch, using Lemma 8 and Lemma 9, respec-
tively. Applying the sketching map Φ on Z,

Φ(Z) := Πp vec(Z) (18)

The vectorization of Z can be written as vec(Z) =∑
r yr, with the parameters depending on the decom-

position: for CP, r ∈ [R] where R is the CP rank and
yr := vec(Yr) as in Definition 4.1; for TT, r ∈ [R̃]

where R̃ and yr are given in Definition 4.2.

To generalize both case suppose z := vec(Z) =∑R̄
r=1 yr,where R̄ = R for CP and R̄ = R̃ for TT.

We first analyze the expectation of ∥Φ(Z)|22

E
[
∥Φ(Z)∥22

]
= E[⟨Φ(Z),Φ(Z)⟩] , (19)

=

R̄∑
r1,r2=1

E[⟨Πpyr1 ,Π
pyr2⟩] , (20)

=

R̄∑
r1,r2=1

⟨yr1 ,yr2⟩ = ∥z∥22 = ∥Z∥2F . (21)

Equation (19) expands Φ(Z) via Equation (18) and
z =

∑R̄
r=1 yr. Equation (20) follows from bilinearity

and linearity of expectation. Then by using Lemma 8
we get Equation (21).We now analyze the variance

Var
[
∥Φ(Z)∥22

]
= Var[⟨Φ(Z),Φ(Z)⟩] , (22)

= Var

 R̄∑
r1,r2=1

⟨Πpyr1 ,Π
pyr2⟩

 ,

=

R̄∑
r1,r2,

r3,r4=1

Cov
[
⟨Πpyr1 ,Π

pyr2⟩, ⟨Πpyr3 ,Π
pyr4⟩

]
. (23)

Applying Lemma 9 to Equation (23), and letting [yr]q

denote the q-th entry of yr, we obtain

≤ 1

m

R̄∑
r1,r2,

r3,r4=1

[
⟨yr1 ,yr2⟩⟨yr3 ,yr4⟩+⟨yr1 ,yr4⟩⟨yr3 ,yr2⟩

]

+
1

m

R̄∑
r1,r2,

r3,r4=1

dp∑
q=1

[yr1 ]q[yr2 ]q[yr3 ]q[yr4 ]q, (24)

=
2

m

 R̄∑
r1,r2=1

⟨yr1 ,yr2⟩

2

+
1

m

dp∑
q=1

 R̄∑
r=1

[yr]q

4

,

=
2

m

〈
R̄∑

r=1

yr,

R̄∑
r=1

yr

〉2

+
1

m

dp∑
q=1

(zq)
4, (25)

=
2

m
∥z∥42 +

1

m

dp∑
q=1

(zq)
4. (26)

≤ 3

m
∥z∥42 =

3

m
∥Z∥4F . (27)

Using
∑R̄

r=1[yr]q = zq gives Equation (25). Finally,
applying Cauchy–Schwarz to the second term in Equa-
tion (26) yields the bound in Equation (27).

5.3 Generalized sketching map Φ for any
mode p Tensor

For non-power-of-two p, below Equation (28) defines
the sketching map Φ, which is shown to satisfy both
unbiasedness and the covariance bound. The proof is
deferred to Appendix B.2.
Theorem 10. [Unbiasedness and Covariance for Non-
Power-of-Two p] Let Z ∈ Rd×···×d (p times) be a mode
p tensor with p ≥ 2, where p is not a power of two. Set
q := 2⌈log2 p⌉ and define

Φ(Z) := Πq
(
vec(Z)⊗ e

⊗(q−p)
1

)
, (28)

where e1 ∈ Rd is the first standard basis vector and
Πq is the power-of-two Recursive TensorSketch from
Definition 3.6.

Then, for all X ,Y ∈ Rd×···×d (p times),

E[⟨Φ(X ),Φ(Y)⟩] = ⟨X ,Y⟩,

and for all X ,Y,W,Z ∈ Rd×···×d (p times),

Cov(⟨Φ(X ),Φ(Y)⟩, ⟨Φ(W),Φ(Z)⟩)

≤ 1
m

(
⟨X ,W⟩⟨Y,Z⟩+ ⟨X ,Z⟩⟨Y,W⟩+ . . .

+

p∑
k=1

d∑
ik=1

Xi1,...,ipYi1,...,ipWi1,...,ipZi1,...,ip

)
. (29)
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Figure 1: Distortion ratio comparison between our work and baselines for varying tensor mode (p) in the CP
representation. CP(R′) refers to tensorized random projection, while CS refers to CountSketch. The tuple
(p,R, d) denote mode, CP rank, and dimension along each mode of the input tensor.

Figure 2: Sketching time comparison of our work with baselines for varying tensor mode (p) in CP representation.

6 EXPERIMENTS

We compare our map (Φ) with
TRP [Rakhshan and Rabusseau, 2020] (us-
ing the authors’ public implementation †),
JL [Johnson and Lindenstrauss, 1984], and
CountSketch [Charikar et al., 2004] (both re-
implemented by us following the original algorithmic
descriptions). We further study how the input
tensor’s rank (R) and mode (p) affect the results. All
experiments were performed on Ubuntu 22.04.4 with
an Intel® Core™ i9-14900K processor (24 cores, 32
threads) and 32GB RAM.

Datasets. We consider both synthetic and real-world
datasets. For the synthetic setting, we generate a ran-
dom p = 8, 12, 20, 25 mode, d = 3 dimensional tensor Z
(i.e., a vector of size dp) with CP-rank R, normalized
to have unit Frobenius norm. For real-world bench-
marks, we use: (i) CIFAR-10 [Krizhevsky, 2009], a
fourth-order image dataset of size (60000, 32, 32, 3); (ii)
COIL-100 [Nene et al., 1996], a fourth-order image
tensor of size (7200, 128, 128, 3).

Metrics. For a tensor Z and a sketching map f(), we
report the distortion ratio, D(f,Z) =

∥∥∥∥f(Z)∥2

∥Z∥2 − 1
∥∥∥,

measuring relative norm error. A smaller distortion ra-
tio indicates higher accuracy. We also capture sketch-
ing time, which denotes the time (in seconds) required

†https://github.com/brakhshan/Tensorized_
Random_Projection

to compute the sketch of the input tensor. All results
are averaged over 100 independent runs.

Insights. In the main paper, we present results for
input tensors provided in CP decomposition format.
We begin by analyzing the trade-off between distortion
ratio and sketching time across tensors with varying
modes, CP ranks, and dimensions. Figure 1 highlights
the robustness of our method: it consistently achieves
low distortion across different tensor modes (p). In
contrast, competing methods fail to maintain this sta-
bility. For instance, Tensorized projections show errors
that grow rapidly—exponentially with p and inversely
with the CP-rank (R′) of the auxiliary random tensor
used in sketching. Classical approaches such as JL and
CountSketch perform better for very low-mode tensors
(e.g., p = 8). However, since both require explicit con-
struction of the full tensor, they become infeasible for
larger modes (p = 12, 20, 25) and cannot be directly
applied to compress the input tensor. In contrast, our
compression algorithm is applicable to higher mode
tensors represented in CP decomposition form, while
simultaneously providing a desired accuracy.

The runtime analysis in Figure 2 demonstrates the
efficiency of our method. It delivers both lower distor-
tion ratio and fast sketching time scaling linearly in
mode p tensor and CP-rank R, and only superlinearly
in sketch dimension (m). No baseline achieves similar
scalability. Tensorized projections, in contrast, show
quadratic to cubic growth with their parameter R′ and
R, making them increasingly inefficient for larger ten-

https://github.com/brakhshan/Tensorized_Random_Projection
https://github.com/brakhshan/Tensorized_Random_Projection
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sor ranks. JL and CountSketch exhibit exponential
dependence on p (see Table 1). While they can handle
small tensor modes (e.g., p = 8), they fail for higher
modes (p = 12, 20, 25) because they require explicit
tensor materialization. Overall, these findings establish
our method as the most practical, offering the best
balance of distortion, runtime, and scalability, while
directly supporting high-order CP/TT tensor formats.
We obtained a similar performance on both metrics
- distortion ratio and sketching time for the tensors
given in TT decomposition format as well as real-world
datasets. We discuss these results in Appendix C .

7 CONCLUSION

We propose two sketching algorithms for tensors rep-
resented in CP and TT decomposition formats that
closely approximate the ℓ2 norm and pairwise inner
product of the input tensor. Our sketching algo-
rithms use techniques from [Ahle et al., 2020], which
proposed an efficient sketching algorithm for high-
dimensional polynomial kernels. The variance bounds
of existing baselines [Rakhshan and Rabusseau, 2020,
Pham and Pagh, 2025] grow exponentially with the
number of modes p, whereas the variance of our ap-
proach is independent of p. Further, our algorithm is
asymptotically faster than these baselines. This study
leaves several open questions for future research. To
achieve (1± ε) approximation, the dependency of our
approach on the probability parameter δ is proportional
to 1/δ. Improving this dependency δ by employing bet-
ter concentration analysis is a major open question of
this work. Further, integrating recent advances of im-
proved recursive sketching variants [Ahle et al., 2020],
particularly from [Song et al., 2021], could further re-
duce randomness and computational complexities of
the sketch, which could be another interesting direction
to pursue on.
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Checklist

1. For all models and algorithms presented, check if
you include:

(a) A clear description of the mathematical set-
ting, assumptions, algorithm, and/or model.
Yes. Please refer Subsections 4.1 and 4.2.

(b) An analysis of the properties and complexity
(time, space, sample size) of any algorithm.
Yes. Please refer Subsections 4.1, 4.2 and 4.3.

(c) (Optional) Anonymized source code, with
specification of all dependencies, including
external libraries.
Yes. A zip file containing anonymized source
code is included with the supplementary ma-
terial.

2. For any theoretical claim, check if you include:

(a) Statements of the full set of assumptions of
all theoretical results.
Yes. Please refer Section - 4

(b) Complete proofs of all theoretical results.
Yes. Please refer Section - 5

(c) Clear explanations of any assumptions.
Yes. We have stated our assumptions re-
garding the input tensor format, specifying it
should be either CP or TT, in Remark 6.

3. For all figures and tables that present empirical
results, check if you include:

(a) The code, data, and instructions needed to re-
produce the main experimental results (either
in the supplemental material or as a URL).
Yes. It is provided in the supplemental mate-
rial.

(b) All the training details (e.g., data splits, hy-
perparameters, how they were chosen).
Not Applicable. As our experiments involve
randomized sketching methods, not model
training.

(c) A clear definition of the specific measure or
statistics and error bars (e.g., with respect to
the random seed after running experiments
multiple times).
Yes. Evaluation metrics are defined in Sec-
tion 6 with results averaged over 100 runs and
error bars showing standard deviation.

(d) A description of the computing infrastructure
used. (e.g., type of GPUs, internal cluster, or
cloud provider).
Yes. It is mentioned in Section 6, experiments
ran on Ubuntu 22.04.4 with Intel® Core™
i9-14900K (24 cores, 32 threads) and 32GB
RAM.

4. If you are using existing assets (e.g., code, data,
models) or curating/releasing new assets, check if
you include:

(a) Citations of the creator If your work uses ex-
isting assets.
Yes. We cite the implementation of the base-
line [Rakhshan and Rabusseau, 2020], and
mention all dataset sources in Section 6.

(b) The license information of the assets, if appli-
cable.
Not Applicable. All assets are publicly
available for research without license restric-
tions.

(c) New assets either in the supplemental material
or as a URL, if applicable.
Not Applicable. We do not release new
assets beyond our implementation.
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(d) Information about consent from data
providers/curators.
Not Applicable. All datasets are public
benchmarks that do not require consent.

(e) Discussion of sensible content if applicable,
e.g., personally identifiable information or of-
fensive content.
No. The datasets used contain no sensitive
or offensive content.

5. If you used crowdsourcing or conducted research
with human subjects, check if you include:

(a) The full text of instructions given to partici-
pants and screenshots.
Not Applicable.

(b) Descriptions of potential participant risks,
with links to Institutional Review Board (IRB)
approvals if applicable.
Not Applicable.

(c) The estimated hourly wage paid to partici-
pants and the total amount spent on partici-
pant compensation.
Not Applicable.
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A Missing Proofs from Section 4

A.1 Missing proof of Subsection 4.2 (Proof of Lemma 2)

In this subsection, we present a detailed proof of characterization of the vectorization of a tensor represented in
TT Decomposition as a summation of Kronecker products of vectors derived from the TT cores. The following
lemma formalizes this representation.

Lemma 2. Let Z ∈ Rd×d×···×d (p times) be a mode p tensor, represented in the TT decomposition with TT-rank
(R0, R1, . . . , Rp), where R0 = Rp = 1. The decomposition is given by core tensors G(k) ∈ RRk−1×d×Rk for
k = 1, . . . , p as stated in Definition 3.3. Then the vectorized form z := vec(Z) ∈ Rdp

can be written as

z =

R̃∑
r=1

G(1)
1,:,r1

⊗ G(2)
r1,:,r2 ⊗ · · · · · · ⊗ G(p−1)

rp−2,:,rp−1
⊗ G(p)

rp−1,:,1
, (30)

where R̃ :=
∏p

k=0 Rk, G(k)
a,:,b ∈ Rd denotes the vector obtained by fixing the first index to a and the third index to b,

and r = 1 +
∑p−1

k=1(rk − 1)
∏k−1

j=1 Rj .

Proof. We first express the i-th entry of the vector z as

zi = Z(i1, i2, . . . , ip), (31)

where the linear index i corresponds to the multi-index (i1, . . . , ip) via the standard column-major mapping

i = 1 +

p∑
k=1

(ik − 1)dk−1. (32)

According to the TT decomposition, the entry Z(i1, i2, . . . , ip) can be expressed as

zi =

R1∑
r1=1

· · ·
Rp−1∑

rp−1=1

[
G(1)(1, i1, r1) · G(2)(r1, i2, r2) · · · · G(p)(rp−1, ip, 1)

]
. (33)

On the other hand, the ith element of the following Kronecker product

G(p)
rp−1,:,1

⊗ G(p−1)
rp−2,:,rp−1

⊗ · · · ⊗ G(2)
r1,:,r2 ⊗ G(1)

1,:,r1
,

is given by

G(p)(rp−1, ip, 1) · G(p−1)(rp−2, ip−1, rp−1) · · · · · G(2)(r1, i2, r2) · G(1)(1, i1, r1), (34)

Now take summation over all TT-rank indices then

R1∑
r1=1

· · ·
Rp−1∑

rp−1=1

[
G(p)(rp−1, ip, 1) · · · · G(k)(rk−1, ik, rk) · · · G(1)(1, i1, r1)

]
. (35)
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Comparing Equations (33) and (35), we conclude

z =

R1∑
r1=1

· · ·
Rp−1∑

rp−1=1

(
G(p)
rp−1,:,1

⊗ G(p−1)
rp−2,:,rp−1

⊗ · · · ⊗ G(2)
r1,:,r2 ⊗ G(1)

1,:,r1

)
. (36)

Above equation can also be expressed by combining the p− 1 index tuple as the single index r, then

z =

R̃∑
r=1

G(1)
1,:,r1

⊗ G(2)
r1,:,r2 ⊗ · · · ⊗ G(p−1)

rp−2,:,rp−1
⊗ G(p)

rp−1,:,1
, (37)

where,

r = 1 +

p−1∑
k=1

(rk − 1)

k−1∏
j=1

Rj .

A.2 Missing Proof from Subsection 4.3 (Proof of Theorem 5)

Building on the expectation and variance bounds of Φ(Z) established in Theorem 4, we derive concentration
guarantees for the Recursive TensorSketch (RTS). Our analysis applies to tensors represented in both CP and
TT decompositions.
Theorem 5. Let Z ∈ Rd×···×d (p times) be a mode p tensor, and let Φ denote the sketching map stated in
Definitions 4.1 and 4.2 for the CP and TT decompositions, respectively. For any ε, δ ∈ (0, 1), if m ≥ 3

ε2 δ , then,
with probability at least 1− δ, the following concentration guarantee holds∥∥Φ(Z)

∥∥2
2

= (1± ε) ∥Z∥2F ,

irrespective of whether Z is in CP or TT representation.

Proof. We first prove the result for Z represented in CP decomposition. From Theorem 4, we have

E
[
∥Φ(Z)∥22

]
= ∥Z∥2F , Var

(
∥Φ(Z)∥22

)
≤ 3

m
∥Z∥4F .

Applying Chebyshev’s inequality gives

Pr
[∣∣∥Φ(Z)∥22 − E[∥Φ(Z)∥22]

∣∣ ≥ t
]
≤ Var(∥Φ(Z)∥22)

t2
. (38)

Choosing t = ε ∥Z∥2F yields

Pr
[∣∣∥Φ(Z)∥22 − ∥Z∥2F

∣∣ ≥ ε ∥Z∥2F
]
≤

3
m ∥Z∥4F
ε2 ∥Z∥4F

=
3

mε2
. (39)

Requiring the above probability to be at most δ gives

3

mε2
≤ δ =⇒ m ≥ 3

ε2 δ
. (40)

Thus, with m ≥ 3/(ε2δ), we have

Pr
[∣∣∥Φ(Z)∥22 − ∥Z∥2F

∣∣ < ε ∥Z∥2F
]
≥ 1− δ. (41)

Equivalently,

Pr
[
(1− ε) ∥Z∥2F ≤ ∥Φ(Z)∥22 ≤ (1 + ε) ∥Z∥2F

]
≥ 1− δ. (42)

The proof for Z represented in TT decomposition follows analogously, since the same expectation and variance
bounds hold for TT representation as well.
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B Missing Proofs from Section 5

B.1 Missing Proof of Technical Lemmas from Subsection 5.1

In this section, we provide detailed proofs of the auxiliary lemmas stated in Subsection 5.1. These lemmas
characterize the moment properties of the Recursive TensorSketch matrix introduced in Definition 3.6. In
particular, we derive bounds on the first, second, and fourth moments, and establish that the sketch provides an
unbiased estimate of the inner product. These results are subsequently used to bound the covariance of sketched
inner products, which is a key step in proving the main approximation guarantees presented in Subsection 5.2.
We define the multi-index

l :=
(
l21, l

2
2, . . . , l

4
1, . . . , l

4
4, . . . , l

p/2
1 , . . . , l

p/2
p/2, . . . , l

p
1, . . . , l

p
p

)
∈ [m]p,

where m denotes the embedding dimension, p is the order of the Recursive TensorSketch, and [m]p denotes the
p-fold cartesian product of [m] := {1, 2, . . . ,m}. Thus, l represents a tuple enumerating all index combinations
appearing in the construction of the Recursive TensorSketch.

Using this notation, the summation over all index tuples can be written compactly as∑
l21,l

2
2

l41,...,l
4
4

...
l
p/2
1 ,...,l

p/2

p/2

lp1 ,...,l
p
p

=
∑

l∈[m]p

. (43)

This convention will be used throughout the subsequent lemmas to keep the notation concise.

Lemma 7. [Moments of the Recursive TensorSketch] Let Πp ∈ Rm×dp

denote the Recursive TensorSketch
matrix as stated in Definition 3.6. Then, for all i ∈ [m] and j ∈ [dp],

E
[
Πp

ij

]
= 0, (13)

E
[(
Πp

ij

)2]
=

1

m
, (14)

E
[
(Πp

ij)
4
]
=

1

m
+

3

m2p

p/2∏
i=1

(m2i − 1)

 . (15)

Proof. The entries of Recursive TensorSketch can be constructed as follows

Πp = Qp · T p (44)

By Definition 3.6 we can write

Πp = Qp/2
(
Sp
1 ⊗ Sp

2 ⊗ · · · ⊗ Sp
p/2−1 ⊗ Sp

p/2

)
(T1 ⊗ T2 ⊗ · · · ⊗ Tp−1 ⊗ Tp)

...

= S2
1

[
S4
1

(
· · ·Sp/2

1 (Sp
1 (T1 ⊗ T2)⊗ Sp

2 (T3 ⊗ T4))

)
⊗ · · ·

· · · ⊗ S4
2

(
· · ·Sp/2

p/4

(
Sp
p/2−1(Tp−3 ⊗ Tp−2)⊗ Sp

p/2(Tp−1 ⊗ Tp)
))]

(45)

We know that each Tp corresponds to a CountSketch matrix and each Sℓ
a represents a TensorSketch transfor-

mation. Consequently, we may express the entry as follows
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For each CountSketch matrix Tp, the j-th entry is

(Tp)j =

d∑
i=1

σTp
(i)zij (46)

Where, Let mapping h : [d] → [m] to map features into k buckets and also let mapping σTp
: [d] → {−1,+1} for

each feature. To capture feature contributions, we introduce an indicator random variable zij

zij =

{
1, if h(i) = j,

0, otherwise.

For each TensorSketch matrix Sℓ
a, the k-th entry is

(Sℓ
a)k =

m∑
i=1

m∑
j=1

ϕSℓ
a
(i, j)Υk

ij (47)

Where, Let mapping h1, h2 : [m] → [m] and also let mapping ϕ1, ϕ2 : [m] → {−1, 1}, so we can write

• H(i, j) = [h1(i) + h2(j)] mod m

• ϕSℓ
a
(i, j) = ϕ1(i)ϕ2(j)

we can define indicator variable Υk
ij as :-

Υk
ij =

{
1, if H(i, j) = k,

0, otherwise.

By substituting the expressions from Equations (46) and (47) into the recursive formulation (45), the (i, j)-th
entry of Πp can be written explicitly as follows

Πp
ij =

m∑
l∈[m]p

(
σT1(j1) · · ·σTp(jp)

p∏
k=1

zjklpk

)( ∏
q=4,8,...,p

q/2∏
a=1

ϕSq
a

(
lq2a−1, l

q
2a

)
Υ

lq/2a

lq2a−1l
q
2a

)
ϕS2

1
(l21, l

2
2)Υ

i
l21l

2
2
, (48)

where the lexicographic index j is given by

j = 1 +

p∑
i=1

(ji − 1)di−1,

First Moment:

E
[
Πp

ij

]
= E

[ ∑
l∈[m]p

(
σT1(j1) · · ·σTp(jp)

p∏
k=1

zjklpk

) ∏
q=4,8,...,p

q/2∏
a=1

ϕSq
a

(
lq2a−1, l

q
2a

)
Υ

lq/2a

lq2a−1l
q
2a

ϕS2
1
(l21, l

2
2)Υ

i
l21l

2
2

]
, (49)

We observe that for every term in the sum, the product σT1
(j1) · · ·σTp

(p) involves the random signs generated
independently with E[σTi

(i)] = 0 for each i ∈ [p]. Therefore, we can write

E
[
Πp

ij

]
= 0. (50)

Second Moment:

Let Z =
(
Πp

ij

)2. We can decompose Z as Z = Z1 + Z2, where Z1 is the diagonal part and Z2 is the cross
(non-diagonal) part, as detailed below:

Z=
(
Πp

ij

)2 (51)

=

 ∑
l∈[m]p

(
σT1(j1)· · ·σTp(jp)

p∏
k=1

zjklpk

) ∏
q=4,8,...,p

q/2∏
a=1

ϕSq
a
(lq2a−1, l

q
2a)Υ

lq/2a

lq2a−1l
q
2a

ϕS2
1
(l21, l

2
2)Υ

i
l21l

2
2

2

(52)

= Z1 + Z2, (53)
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where

Z1 =
∑

l∈[m]p

(
σT1(j1) · · ·σTp(jp)

p∏
k=1

zjklpk

)2( ∏
q=4,8,...,p

q/2∏
a=1

ϕSq
a

(
lq2a−1, l

q
2a

)
Υ

lq/2a

lq2a−1l
q
2a

)2

ϕS2
1
(l21, l

2
2)

2(Υi
l21l

2
2
)2, (54)

Z2 =
∑
l̸=l′

( p∏
k=1

zjklpk

)( p∏
k=1

zjkl′pk

)( ∏
q=4,8,...,p

q/2∏
a=1

ϕSq
a

(
lq2a−1, l

q
2a

)
Υ

lq/2a

lq2a−1l
q
2a

)
× · · ·

· · · ×
( ∏

q=4,8,...,p

q/2∏
a=1

ϕSq
a

(
l′q2a−1, l

′q
2a

)
Υ

l′q/2a

l′q2a−1l
′q
2a

)
ϕS2

1
(l21, l

2
2)ϕS2

1
(l′21 , l

′2
2 )(Υ

i
l21l

2
2
)(Υi

l′21 l′22
). (55)

Applying expectation, we have,

E[Z1] = E

[ ∑
l∈[m]p

( p∏
k=1

(zjklpk)
2

)( ∏
q=4,8,...,p

q/2∏
a=1

(Υ
lq/2a

lq2a−1l
q
2a
)2
)
(Υi

l21l
2
2
)2

]
, (56)

=
∑

l∈[m]p

1

mp
× 1

mp−2
× 1

m
, (57)

=
1

m
. (58)

and

E[Z2] = E

[∑
l̸=l′

( p∏
k=1

zjklpk

)( p∏
k=1

zjkl′pk

)( ∏
q=4,8,...,p

q/2∏
a=1

ϕSq
a

(
lq2a−1, l

q
2a

)
Υ

lq/2a

lq2a−1l
q
2a

)
× · · ·

· · · ×
( ∏

q=4,8,...,p

q/2∏
a=1

ϕSq
a

(
l′q2a−1, l

′q
2a

)
Υ

l′q/2a

l′q2a−1l
′q
2a

)
ϕS2

1
(l21, l

2
2)ϕS2

1
(l′21 , l

′2
2 )(Υ

i
l21l

2
2
)(Υi

l′21 l′22
)

]
, (59)

= 0
(
∵ E[ϕSℓ

a
(i, j)] = E[ϕ1(i)ϕ2(j)] = 0 ∀i, j ∈ [p]

)
. (60)

Therefore, using Equation (58) for Z1 and (60) for Z2,

E
[(
Πp

ij

)2]
= E[Z] = E[Z1] + E[Z2] =

1

m
. (61)

Fourth Moment:

Calculating expectation of 4th moment of Πp
ij ,

(
Πp

ij

)4
=

( ∑
l∈[m]p

(
σT1

(j1) · · ·σTp
(jp)

p∏
k=1

zjklpk

)( ∏
q=4,8,...,p

q/2∏
a=1

ϕSq
a

(
lq2a−1, l

q
2a

)
Υ

lq/2a

lq2a−1l
q
2a

)
ϕS2

1
(l21, l

2
2)Υ

i
l21l

2
2

)4

,

(62)

=

( ∑
l∈[m]p

( p∏
k=1

zjklpk

)( ∏
q=4,8,...,p

q/2∏
a=1

ϕSq
a

(
lq2a−1, l

q
2a

)
Υ

lq/2a

lq2a−1l
q
2a

)
ϕS2

1
(l21, l

2
2)Υ

i
l21l

2
2

)4

, (63)

We know that(∑
n

Xn

)4

=
∑
n

X4
n + 4

∑
n ̸=n1

X3
nXn1

+ 3
∑
n ̸=n1

X2
nX

2
n1

+ 6
∑

n ̸=n1 ̸=n2

X2
nXn1

Xn2
+

∑
n̸=n1 ̸=n2 ̸=n3

XnXn1
Xn2

Xn3
. (64)
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Here, we have

Xn =
∑

l∈[m]p

(
p∏

k=1

zjklpk

) ∏
q=4,8,...,p

q/2∏
a=1

ϕSq
a

(
lq2a−1, l

q
2a

)
Υ

lq/2a

lq2a−1l
q
2a

ϕS2
1
(l21, l

2
2)Υ

i
l21l

2
2
, (65)

Xn1 =
∑

l′∈[m]p

(
p∏

k=1

zjkl′pk

) ∏
q=4,8,...,p

q/2∏
a=1

ϕSq
a

(
l′q2a−1, l

′q
2a

)
Υ

l′q/2a

l′q2a−1l
′q
2a

ϕS2
1
(l′21 , l

′2
2 )Υ

i
l′21 l′22

, (66)

Xn2
=

∑
l′′∈[m]p

(
p∏

k=1

zjkl′′pk

) ∏
q=4,8,...,p

q/2∏
a=1

ϕSq
a

(
l′′q2a−1, l

′′q
2a

)
Υ

l′′q/2a

l′′q2a−1l
′′q
2a

ϕS2
1
(l′′21 , l′′22 )Υi

l′′21 l′′22
, (67)

Xn3
=

∑
l′′′∈[m]p

(
p∏

k=1

zjkl′′′pk

) ∏
q=4,8,...,p

q/2∏
a=1

ϕSq
a

(
l′′′q2a−1, l

′′′q
2a

)
Υ

l′′′q/2a

l′′′q2a−1l
′′′q
2a

ϕS2
1
(l′′′21 , l′′′22 )Υi

l′′′21 l′′′22
. (68)

Therefore,

E
[
(Πp

ij)
4
]
= E

∑
n

X4
n + 4

∑
n̸=n1

X3
nXn1 + 3

∑
n ̸=n1

X2
nX

2
n1

+ 6
∑

n ̸=n1 ̸=n2

X2
nXn1

Xn2
+

∑
n̸=n1 ̸=n2 ̸=n3

XnXn1
Xn2

Xn2

 , (69)

=
∑
n

E[X4
n] + 4

∑
n ̸=n1

E[X3
n]E[Xn1

] + 3
∑
n ̸=n1

E[X2
n]E[X2

n1
] + 6

∑
n ̸=n1 ̸=n2

E[X2
n]E[Xn1

]E[Xn2
] + · · ·

· · ·+
∑

n ̸=n1 ̸=n2 ̸=n3

E[Xn]E[Xn1
]E[Xn2

]E[Xn2
], (70)

Odd power Xn has expectation zero because E[σTi
(ji)] = 0, then we get

= E

[∑
n

X4
n

]
+ 3E

∑
n ̸=n1

X2
nX

2
n1

 . (71)

We analyze each term separately as follows:

E

[∑
n

X4
n

]
= E

[( ∑
l∈[m]p

(
p∏

k=1

zjklpk

) ∏
q=4,8,...,p

q/2∏
a=1

ϕSq
a

(
lq2a−1, l

q
2a

)
Υ

lq/2a

lq2a−1l
q
2a

ϕS2
1
(l21, l

2
2)Υ

i
l21l

2
2

)4
]
, (72)

= E

[ ∑
l∈[m]p

(
p∏

k=1

(zjklpk)
4

) ∏
q=4,8,...,p

q/2∏
a=1

ϕSq
a

(
lq2a−1, l

q
2a

)4
(Υ

lq/2a

lq2a−1l
q
2a
)4

ϕS2
1
(l21, l

2
2)

4(Υi
l21l

2
2
)4

]
,

(73)

=
∑

l∈[m]p

(
p∏

k=1

E[zjklpk ]

) ∏
q=4,8,...,p

q/2∏
a=1

E[Υlq/2a

lq2a−1l
q
2a
]

E[Υi
l21l

2
2
], (74)

=
∑

l∈[m]p

1

mp
× 1

mp−2
× 1

m
, (75)

=
1

m
. (76)

3E

∑
n ̸=n1

X2
nX

2
n1

 = 3E

[∑
l̸=l′

( p∏
k=1

zjklpk

)2( p∏
k=1

zjkl′pk

)2( ∏
q=4,8,...,p

q/2∏
a=1

ϕSq
a

(
lq2a−1, l

q
2a

)
Υ

lq/2a

lq2a−1l
q
2a

)2

× · · ·

· · · ×
( ∏

q=4,8,...,p

q/2∏
a=1

ϕSq
a

(
l′q2a−1, l

′q
2a

)
Υ

l′q/2a

l′q2a−1l
′q
2a

)2

ϕS2
1
(l21, l

2
2)

2ϕS2
1
(l′21 , l

′2
2 )

2(Υi
l21l

2
2
)2(Υi

l′21 l′22
)2

]
,

(77)
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= 3E

[∑
l̸=l′

( p∏
k=1

(zjklpk)
2

)( p∏
k=1

(zjkl′pk
)2
)( ∏

q=4,8,...,p

q/2∏
a=1

(Υ
lq/2a

lq2a−1l
q
2a
)2
)
× · · ·

· · · ×
( ∏

q=4,8,...,p

q/2∏
a=1

(Υ
l′q/2a

l′q2a−1l
′q
2a

)2
)
(Υi

l21l
2
2
)2(Υi

l′21 l′22
)2

]
, (78)

= 3
∑
l̸=l′

( p∏
k=1

E[zjklpk ]
)( p∏

k=1

E[zjkl′pk ]

)( ∏
q=4,8,...,p

q/2∏
a=1

E[Υlq/2a

lq2a−1l
q
2a
]

)
× · · ·

· · · ×
( ∏

q=4,8,...,p

q/2∏
a=1

E[Υl′q/2a

l′q2a−1l
′q
2a

]

)
E[Υi

l21l
2
2
]E[Υi

l′21 l′22
], (79)

= 3
∑
l̸=l′

1

m2p
× 1

m2(p−1)
, (80)

= 3

p/2∏
i=1

m2i(m2i − 1)

× 1

m4p−2
, (81)

=
3

m2p

p/2∏
i=1

(m2i − 1)

 . (82)

Therefore,

E
[
(Πp

ij)
4
]
=

1

m
+

3

m2p

p/2∏
i=1

(m2i − 1)

 . (83)

After analyzing the moment properties of the Recursive TensorSketch, we now show that it preserves inner
products in expectation.

Lemma 8. Let x,y ∈ Rdp

and let Πp ∈ Rm×dp

denote the Recursive TensorSketch matrix as stated in
Definition 3.6 Then,

E [⟨Πpx,Πpy⟩] = ⟨x,y⟩ . (16)

Proof. Let x,y ∈ Rdp

and compute the inner product of Πpx and Πpy,

⟨Πpx,Πpy⟩ =
m∑
i=1

dp∑
j=1

dp∑
k=1

(Πp
ijxj)(Π

p
ikyk), (84)

=

m∑
i=1

dp∑
j=1

(Πp
ij)

2xjyj +

m∑
i=1

dp∑
j ̸=k

Πp
ijxjΠ

p
ikyk, (85)

Taking the expectation on the both sides,

E [⟨Πpx,Πpy⟩] =
m∑
i=1

dp∑
j=1

E
[
(Πp

ij)
2
]
xjyj +

m∑
i=1

dp∑
j ̸=k

E[Πp
ij ]E[Π

p
ik]xjyk, (86)
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Using Equation (13), (14) we have E
[
Πp

ij

]
= 0, E

[
(Πp

ij)
2
]
= 1

m respectively,

E [⟨Πpx,Πpy⟩] =
m∑
i=1

1

m

dp∑
j=1

xjyj , (87)

=

dp∑
j=1

xjyj , (88)

= ⟨x,y⟩. (89)

While Lemma 8 shows that the Recursive TensorSketch preserves inner products in expectation, the following
result analyze the covariance between different sketched inner products.
Lemma 9. Let x,y,w, z ∈ Rdp

and let Πp ∈ Rm×dp

be Recursive TensorSketch as stated in Definition 3.6.
Then,

Cov [⟨Πpx,Πpy⟩, ⟨Πpw,Πpz⟩] =

 3

m2p−1

p/2∏
i=1

(m2i − 1)

− 2

m

 dp∑
j=1

xjyjwjzj (90)

+
1

m
[⟨x,w⟩⟨y, z⟩+ ⟨x, z⟩⟨y,w⟩] , (91)

≤ 1

m

⟨x,w⟩⟨y, z⟩+⟨x, z⟩⟨y,w⟩+
dp∑
j=1

xjyjwjzj

 . (92)

Proof. Let Πp ∈ Rm×dp

be Recursive TensorSketch , and let x,y,w, z ∈ Rdp

be fixed vectors. Define

Z1 := ⟨Πpx,Πpy⟩, (93)
Z2 := ⟨Πpw,Πpz⟩. (94)

We aim to compute

Cov [Z1, Z2] = E[Z1Z2]− E[Z1]E[Z2]. (95)
(96)

We expand Z1 and Z2 as,

Z1 =

m∑
i=1

 dp∑
j=1

Πp
ijxj

( dp∑
k=1

Πp
ikyk

)
, (97)

=

m∑
i=1

dp∑
j,k=1

Πp
ijΠ

p
ikxjyk. (98)

Similarly,

Z2 =

m∑
i=1

dp∑
j′,k′=1

Πp
ij′Π

p
ik′wj′zk′ . (99)

Thus,

E[Z1Z2] =

m∑
i,i′=1

dp∑
j,k,j′,k′=1

E[Πp
ijΠ

p
ikΠ

p
i′j′Π

p
i′k′ ]xjykwj′zk′ . (100)
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The non-diagonal term of E[Z1Z2] from Equation (100), corresponding to i ̸= i′, is non-zero when j = k, j′ = k′,
and j ̸= j′, then,

E[Πp
ijΠ

p
ikΠ

p
i′j′Π

p
i′k′ ] = E[(Πp

ij)
2] · E[(Πp

i′j′)
2], (101)

=
1

m2
. (102)

So, contribution of non-diagonal part is given by,

m∑
i̸=i′

∑
j=k,j′=k′,j ̸=j′

E[Πp
ijΠ

p
ikΠ

p
i′j′Π

p
i′k′ ]xjykwj′zk′ =

1

m2

∑
i ̸=i′

∑
j ̸=j′

xjyjwj′zj′ , (103)

=
m(m− 1)

m2

∑
j ̸=j′

xjyjwj′zj′ . (104)

Now for diagonal term of E[Z1Z2] from Equation (100), corresponding to i = i′ is given by,

m∑
i=1

dp∑
j,k,j′,k′=1

E[Πp
ijΠ

p
ikΠ

p
ij′Π

p
ik′ ]xjykwj′zk′ . (105)

Non-zero contributions occur when

(i) j = k = j′ = k′ : E[(Πp
ij)

4]xjyjwjzj , (106)

(ii) j = j′, k = k′, j ̸= k : E[(Πp
ij)

2]E[(Πp
ik)

2]xjwjykzk, (107)

(iii) j = k, j′ = k′, j ̸= j′ : E[(Πp
ij)

2]E[(Πp
ij′)

2]xjyjwj′zj′ , (108)

(iv) j = k′, j′ = k, j ̸= j′ : E[(Πp
ij)

2]E[(Πp
ij′)

2]xjzjwj′yj′ . (109)

By using Equation (13) & (14) we have contributions by diagonal term of E[Z1Z2] as,

m∑
i=1

[[
1

m
+

3

m2p

( p/2∏
i=1

(m2i − 1)

)] dp∑
j=1

xjyjwjzj +
1

m2

[∑
j ̸=k

xjykwjzk +
∑
j ̸=j′

(xjyjwj′zj′ + xjyj′wj′zj)

]]
, (110)

=

1 + 3

m2p−1

p/2∏
i=1

(m2i − 1)

 dp∑
j=1

xjyjwjzj +
1

m

∑
j ̸=k

xjykwjzk +
∑
j ̸=j′

(xjyjwj′zj′ + xjyj′wj′zj)

 . (111)

By combining the diagonal and non-diagonal terms using Equation (111) and Equation (104), respectively, we
obtain

E[Z1Z2] = ⟨x,y⟩⟨w, z⟩+

 3

m2p−1

p/2∏
i=1

(m2i − 1)

 dp∑
j=1

xjyjwjzj

+
1

m

∑
j ̸=k

xjykwjzk +
∑
j ̸=j′

xjyj′wj′zj

 . (112)

Now by using Lemma 8, we get

E[Z1]E[Z2] = E[⟨Πpx,Πpy⟩] · E[⟨Πpw,Πpz⟩], (113)
= ⟨x,y⟩⟨w, z⟩ . (114)

Now substitute expressions of E[Z1Z2] and E[Z1]E[Z2] using Equation (112) and Equation (114) respectively in
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Equation (95), we get

Cov [Z1, Z2] = E[Z1Z2]− E[Z1]E[Z2], (115)

=

 3

m2p−1

p/2∏
i=1

(m2i − 1)

− 2

m

 dp∑
j=1

xjyjwjzj +
1

m
[⟨x,w⟩⟨y, z⟩+ ⟨x, z⟩⟨y,w⟩] , (116)

≤

 3

m2p−1

p/2∏
i=1

(m2i)

− 2

m

 dp∑
j=1

xjyjwjzj +
1

m
[⟨x,w⟩⟨y, z⟩+ ⟨x, z⟩⟨y,w⟩] , (117)

≤
(

3

m
− 2

m

) dp∑
j=1

xjyjwjzj +
1

m
[⟨x,w⟩⟨y, z⟩+ ⟨x, z⟩⟨y,w⟩] , (118)

=
1

m

⟨x,w⟩⟨y, z⟩+ ⟨x, z⟩⟨y,w⟩+
dp∑
j=1

xjyjwjzj

 . (119)

B.2 Missing Proofs from Subsection 5.3

In this subsection, we present the proofs of Theorem 10 together with the auxiliary lemmas required for its
derivation. These results establish that our sketch Φ remains unbiased and satisfies the covariance bound for
arbitrary tensor modes p, not just powers of two. Here, Lemma 10 shows that padding by e1 does not alter the
inner products, allowing the unbiasedness of the power-of-two sketch Πq transfer directly to Πp after padding.And,
Lemma 11 characterizes the coordinate mapping under padding, ensuring that sums over dq entries collapse to
the original dp entries, which is essential to translate the covariance bound from the padded to the unpadded
vectors.

Lemma 10. Let x,y ∈ Rdp

for some positive integers d ≥ 1 and p ≥ 2. Let e1 ∈ Rd be the first standard basis
column vector, i.e.,

e1 = (1, 0, . . . , 0)⊤.

Set
q =

⌈
2log2 p

⌉
,

and note that q ≥ p. Then

⟨x⊗ e1
⊗(q−p), y ⊗ e1

⊗(q−p)⟩ = ⟨x,y⟩. (120)

Proof. We use the standard property of the Kronecker product, for any vectors a,b, c,d of compatible dimensions,

⟨a⊗ b, c⊗ d⟩ = ⟨a, c⟩ ⟨b,d⟩. (121)

Applying this iteratively, we get

⟨x⊗ e1
⊗(q−p), y ⊗ e1

⊗(q−p)⟩ = ⟨x,y⟩
〈
e1

⊗(q−p), e1
⊗(q−p)

〉
. (122)

Since e1 is a unit vector, ⟨e1, e1⟩ = 1, and by the tensor product norm property,〈
e1

⊗(q−p), e1
⊗(q−p)

〉
= (⟨e1, e1⟩)q−p = 1 q−p = 1. (123)

Therefore,

⟨x⊗ e1
⊗(q−p), y ⊗ e1

⊗(q−p)⟩ = ⟨x,y⟩ · 1 = ⟨x,y⟩. (124)
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Lemma 11 (Index Relation under Padding using e1). Let x ∈ Rdp

for integers d ≥ 1, p ≥ 2. Let q =
⌈
2log2 p

⌉
and e1 ∈ Rd the first standard basis vector. Consider the padded vector

x̃ := x⊗ e
⊗(q−p)
1 ∈ Rdq

. (125)

Let the j′-th coordinate of x̃ be indexed in lexicographic form via

j′ = 1 +

q∑
t=1

(j′t − 1) d t−1, with j′t ∈ [d].

Then

x̃j′ =

xj if j′p+1 = j′p+2 = · · · = j′q = 1,

0 otherwise,

where

j = 1 +

p∑
t=1

(j′t − 1) d t−1.

Proof. By definition of the Kronecker product between vectors, for any u ∈ Rda

and v ∈ Rdb

,

u⊗ v ∈ Rdab

,

is given entrywise by
(u⊗ v) (k,l) = uk · vl,

where (k, l) denotes the lexicographic pair of indices.

Apply this iteratively to,
x̃ = x⊗ e1 ⊗ · · · ⊗ e1︸ ︷︷ ︸

q−p times

.

If in the multi-index (j1, . . . , jq) any of the last (q − p) coordinates j′p+1, . . . , j
′
q is not 1, then at least one factor

from e1 will be zero (since e1 has 1 at position 1 and 0 elsewhere), and hence x̃j = 0.

If instead jp+1 = jp+2 = · · · = jq = 1, then each e1 factor contributes 1 in the product, so

x̃j′ = xj ,

with j as in the statement, corresponding to the first p indices of the q-tuple.

Theorem 10. [Unbiasedness and Covariance for Non-Power-of-Two p] Let Z ∈ Rd×···×d (p times) be a mode p
tensor with p ≥ 2, where p is not a power of two. Set q := 2⌈log2 p⌉ and define

Φ(Z) := Πq
(
vec(Z)⊗ e

⊗(q−p)
1

)
, (126)

where e1 ∈ Rd is the first standard basis vector and Πq is the power-of-two Recursive TensorSketch from
Definition 3.6.

Then, for all X ,Y,
E[⟨Φ(X ),Φ(Y)⟩] = ⟨X ,Y⟩,

and for all X ,Y,W,Z,

Cov(⟨Φ(X ),Φ(Y)⟩, ⟨Φ(W),Φ(Z)⟩)

≤ 1
m

(
⟨X ,W⟩⟨Y,Z⟩+ ⟨X ,Z⟩⟨Y,W⟩

+

p∑
k=1

d∑
ik=1

Xi1,...,ipYi1,...,ipWi1,...,ipZi1,...,ip

)
. (127)
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Proof. We analyze Recursive TensorSketch for sketch mode p ̸= 2t (t ≥ 0), proving unbiasedness and deriving
the covariance of the estimator. These results establish that our method provides a valid and efficient sketching
scheme for tensors beyond the powers-of-two case.
Let p ≥ 2 be an integer that is not a power of two, and set

q := 2⌈log2 p⌉.

We denote the vectorized forms

x := vec(X ), y := vec(Y), w := vec(W), z := vec(Z),

and introduce the corresponding padded vectors as

x̃ := x⊗ e
⊗(q−p)
1 , ỹ := y ⊗ e

⊗(q−p)
1 , w̃ := w ⊗ e

⊗(q−p)
1 , z̃ := z⊗ e

⊗(q−p)
1 . (128)

We then define their corresponding sketches via

Φ(X ) := Πqx̃, Φ(Y) := Πqỹ, Φ(W) := Πqw̃, Φ(Z) := Πqz̃. (129)

We first analyze unbiased estmation of inner product of sketched vectors,

E[⟨Φ(X ), Φ(Y)⟩] =E[⟨Πqx̃, Πqỹ⟩] , (130)

=E
[
⟨Πq(x⊗ e1

⊗(q−p)), Πq(y ⊗ e1
⊗(q−p))⟩

]
, (131)

=⟨x⊗ e1
⊗(q−p), y ⊗ e1

⊗(q−p)⟩, (132)
=⟨x,y⟩ = ⟨X ,Y⟩. (133)

Using the Equation (129) and (128) , we first get Equations (130) and (131). Then, by applying Lemma 8 for
q = 2t (t ≥ 0) and Lemma 10, we arrive at Equation (133). Next, we analyze covariance of inner product of
sketched vectors,

Cov[⟨Φ(X ),Φ(Y)⟩, ⟨Φ(W),Φ(Z)⟩] = Cov[⟨Πqx̃,Πqỹ⟩, ⟨Πqw̃,Πqz̃⟩] , (134)

≤ 1

m

⟨x̃, w̃⟩⟨ỹ, z̃⟩+ ⟨x̃, z̃⟩⟨ỹ, w̃⟩+
dq∑
j=1

x̃j ỹjw̃j z̃j

 , (135)

≤ 1

m

⟨x,w⟩⟨y, z⟩+ ⟨x, z⟩⟨y,w⟩+
dp∑
j=1

xjyjwjzj


≤ 1

m

[
⟨X ,W⟩⟨Y,Z⟩+ ⟨X ,Z⟩⟨Y,W⟩

+

p∑
k

d∑
ik

Xi1,...,ipYi1,...,ipWi1,...,ipZi1,...,ip

]
. (136)

Using the Equation (129) we get Equation (134). Then by Lemma 9 we arrived at Equation (135) and by
Lemma 10 and 11 we get expression for covariance in Equation (136).

Using Theorem 10, we establish that the sketching map Φ satisfies both unbiasedness and the covariance bound
for any p, not only when p = 2l ∀l ∈ N.

C Extended Experimental Results

C.1 Experimental Evaluation of Sketching Methods for Tensors in Tensor-Train (TT) Format

We also perform experiments to understand the tradeoff between distortion ratio and sketching time when the
input tensors are given in the TT format. The experimental setup and evaluation metric remain the same as
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Figure 3: Distortion ratio comparison between our work and baselines for varying tensor mode (p) in the TT
representation. TT(R′) refers to tensorized random projection, while CS refers to CountSketch. The tuple
(p,R, d) denote mode, TT rank, and dimension along each mode of the input tensor. In the plots, lines indicate
the mean distortion over multiple trials, and the shaded regions illustrate the variation across runs.

Figure 4: Sketching time comparison of our work with baselines for varying tensor mode (p) in TT representation.

in Section 6 of the main paper. We summarize our results in Figures 3 and 4. As illustrated in Figure 3, the
proposed method consistently achieves a lower distortion ratio across varying tensor modes (p). The shaded region
in the plots capture the standard deviation of the baseline methods. Further, as the value of p increases, the
variance among the baselines also increases, indicating reduced stability in their performance under higher tensor
modes. Specifically, the Tensorized Random Projection method shows distortion that worsens exponentially with
p and inversely with the CP-rank (R′) of the auxiliary random tensor used in its sketching process. Other classical
projection methods, such as Johnson–Lindenstrauss (JL) and CountSketch, necessitate explicit reconstruction
of the full tensor from its compact TT representation. Consequently, their total sketching time comprises
both (i) the cost of tensor reconstruction and (ii) the subsequent compression of the reconstructed tensor.
To ensure a fair comparison, we employed standard tensor toolboxes for converting TT/CP representations
into full tensors [Oseledets et al., 2014, Nickel and Rol, 2013]. Empirically, we found that while these methods
perform competitively for low-order tensors (e.g., p = 4, 6), their computational overhead becomes prohibitive
for higher-order cases (e.g., p = 8, 10), with the tensor reconstruction step failing to complete within 2 hours.
In contrast, our proposed approach operates directly on the TT representation, scales efficiently to high-order
tensors, and consistently achieves substantially lower distortion ratios.

Figure 4 presents the corresponding sketching time analysis. Our method achieves lower or comparable sketching
times relative to Tensorized Random Projection and JL across all tested tensor modes (p), while simultaneously
maintaining superior distortion performance. CountSketch demonstrates lower sketching time for small, low-order
tensors (e.g., p = 4, 6). However, it requires explicit construction of the input tensor, which becomes infeasible for
higher-order tensors (e.g., p = 8, 10) due to memory constraints. As a result, we could not run CountSketch in
these cases. In contrast, our method scales efficiently with tensor order, achieving a favourable trade-off between
sketching time and distortion quality.

As mentioned in Section 2, when input tensor is given in TT format, our proposal, achieve an asymptotic
improvement in time complexity w.r.t. fTT (R′) [Rakhshan and Rabusseau, 2020] under the condition R̃ = o(R3),
where R denotes the CP rank of the input tensor X , which also admits TT ranks (R0, R1, . . . , Rp) and R̃ :=∏p

k=0 Rk. As established in Lemma 2, the two rank formats satisfy R ≤ R̃. Our experiments established that
this condition is not restrictive in practice—most real-world tensor data exhibit moderate TT-ranks relative to
their CP-ranks, ensuring that the asymptotic advantage of our method over baselines.
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C.2 Pairwise Distance Estimation in real world datasets

Figure 5: Pairwise distance preservation and sketching time comparison between our proposed method and
baseline approaches on real-world datasets. CP(R′) and TT(R′) denote the tensorized random projection methods,
while CS represents CountSketch. In the plots, lines indicate the mean over trials and the shaded regions represent
one standard deviation. The first four sets of plots correspond to CP input tensors, and the subsequent four sets
correspond to TT input tensors.

We also perform experiments on some real-life datasets - CIFAR-10 and COIL-100. We compare our method
against tensorized random projections, the Johnson–Lindenstrauss (JL) sketch, and CountSketch. For the
CIFAR-10 dataset, we reshape the first n = 100 image vectors (originally of size 32 × 32 × 3) into 6th-order
tensors of size 4× 4× 4× 4× 4× 3. Similarly, for the COIL-100 dataset, we reshape the first n = 100 images (of
size 128× 128× 3) into 8th-order tensors of size 4× 4× 4× 4× 4× 4× 4× 3. All tensors are normalized prior to
projection.

To evaluate geometric consistency, we compute the mean pairwise distance preservation ratio

1

n(n− 1)

∑
1≤i ̸=j≤n

∥f(xi)− f(xj)∥2
∥xi − xj∥2

,

where xi and xj are the input tensors, along with its standard deviation over 100 independent trials for varying
projection dimensions k. As illustrated in Figure 5, the lines denote the mean pairwise distance ratios, while the
shaded regions represent the standard deviation.

For the CIFAR-10 dataset, our method consistently achieves superior distance preservation compared to tensorized
random projections, as indicated by the smaller shaded region representing standard deviation in the estimated
pairwise distances. While classical algorithms such as JL and CountSketch achieve comparable standard deviation
in pairwise distance estimation, they incur substantially higher sketching times due to the explicit construction of
large tensor representations.

For the COIL-100 dataset, both JL and CountSketch require explicit reconstruction of the full tensor from
its CP representation. As a result, sketching did not complete within 2 hours. Consequently, we focus our
comparison primarily against tensorized random projections for this dataset. As illustrated, the shaded region
denoting the standard deviation of the pairwise distance estimates is markedly larger for CP(5) than for our
approach, underscoring the superior robustness and efficiency of our method in preserving geometric structure
under compression.
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