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Abstract: Physics-informed neural networks (PINNs) have emerged as a promising tool for simulating various phenomena.
However, their application in underwater acoustics remains challenging, primarily due to the need to sample large computa-
tional domains and to convergence to trivial solutions. This study presents a strategy to address these issues by combining
adaptive domain sampling with absorbing boundary conditions. The adaptive sampler dynamically focuses computational
effort on regions where the acoustic energy is localized, while the absorbing boundaries perform training stabilization.
Numerical experiments show that our method improves the stability and convergence of PINN training, leading to more accu-

rate and reliable wave propagation simulations. © 2025 Author(s). All article content, except where otherwise noted, is licensed under a
Creative Commons Attribution (CC BY) license (https://creativecommons.org/licenses/by/4.0/).

[Editor: Nickolas Vlahopoulos] https://doi.org/10.1121/10.0039767
Received: 26 August 2025 Accepted: 17 October 2025 Published Online: 6 November 2025

1. Introduction

Modeling sound propagation is a fundamental challenge in underwater acoustics. Over the past decades, several important
classes of methods have been developed and extensively used for various practical purposes (Jensen ef al., 2011; see also
numerous references therein). Despite the great progress in accuracy and efficiency, there is a persistent interest in the
development of new approaches to acoustic field modeling aiming at reaching new levels of performance and precision
that could meet new demands emerging in applications.

Physics-informed neural networks (PINNs) are currently attracting increasing interest due to their flexibility in
handling partial differential equations (PDEs), as well as in incorporating possibly sparse or noisy data both in direct and
inverse problems (Raissi ef al, 2019; Rasht-Behesht et al., 2022; Ito et al, 2025; Liu and Gerstoft, 2024). PINNs have
already been successfully applied to the solution of wave propagation problems in heterogeneous media, both in the time
(Moseley et al., 2023; Sethi et al, 2023; Zhang et al, 2023) and frequency domains (Song et al, 2021; Alkhalifah and
Huang, 2024; Li ef al., 2025), including applications to underwater acoustics (Yoon ef al, 2024; Xi et al., 2024). There also
exist neural network-based solutions for sound propagation problems where loss function is not related to a PDE residual
(Varon et al., 2023; Mallik et al., 2022).

For the acoustic wave equation, many challenges arise in time-domain formulations, particularly for complex
media. The spectral bias problem makes it hard to learn high-frequency components when using simple architectures
(Wang et al., 2021b; Rahaman et al., 2019) [note that the spectral bias is a common phenomenon for neural networks that
even manifests in frequency-domain approaches (Yoon ef al., 2024)]. Moreover, the multilayer perceptron (MLP)-based
architecture’s lack of causality combined with the strong spatiotemporal localization of wavefields makes the training
unbalanced and often causes it to converge to a trivial solution or fail to propagate the initial conditions (Penwarden ef al.,
2023). The combination of techniques such as Fourier features (Tancik ef al, 2020) and absorbing boundary conditions
(BCs) (Higdon, 1986) is now the state-of-the-art for propagating wavefields in complex media, such as the Marmousi
model. However, this approach, proposed by Ding et al. (2025), only works with time-domain decomposition strategies
and requires a very large number of collocation points and optimization steps to achieve reasonable accuracy, demanding
more memory and training time (TT).
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This work presents a streamlined framework that combines Fourier features and absorbing BCs with an adaptive
sampling strategy and adaptive weight balancing guided by the neural tangent kernel (NTK) method (Jacot et al., 2018).
Numerical experiments show that our approach yields highly accurate solutions for low-frequency sound wave propagation
in a sea with complex bottom structure, while achieving comparable or better accuracy with substantially fewer collocation
points and optimization steps than previous state-of-the-art methods.

The paper is organized as follows. In Sec. 2, we define the main equations and BCs for underwater sound propa-
gation. In Sec. 3, the neural network architecture is discussed, while sampling strategies for its training and for weight bal-
ancing are introduced in Sec. 4. The performance of the proposed method is illustrated in Sec. 5 through a numerical
example.

2. Wave equation and absorbing BCs

A non-stationary acoustic field p(t,x,z) generated by a point source located at (xp,zo) is usually described by the wave
equation of the form
2 2 2

%@f@fﬂzﬂt,x,z), (1)

o Ox* 0z
where c¢(x,z) is the sound velocity distribution, and S(t,x,z) is the source term. A common choice is
S =s(t) d(x — x0) 0(z — zp), where s(t) represents the waveform of a signal transmitted by a point source in plane geome-
try (Jensen et al, 2011). Equation (1) is typically complemented by suitable BCs, such as the pressure-release condition
p = 0 at the sea surface.

In this study, we intentionally avoid specifying the exact BCs considered. Instead, we solve the problem in a rect-
angular domain Q = {(x,z)|x € [-L,L],z € [0, H|}, assuming a propagation environment beyond the boundaries of this
domain. In practice, this is usually the case for both vertical boundaries x = *L and at least one horizontal boundary
z = H. Under the assumptions that c¢(x,z) = ¢(L,z) for x > L, ¢(x,z) = ¢(—L,z) for x < —L, and ¢(x,z) is constant for
z > H and for z < 0, we can impose so-called absorbing BCs (also called non-reflecting/artificial/radiation BCs) at these
boundaries. In particular, we employ high-order Higdon’s absorbing BCs (Higdon, 1986), which can be written as

No(o a)
E(at 7 on

where N is the order of the condition, and n is the outward-normal vector at the given point of the boundary. Hereafter,
we consider an initial-boundary value problem for Eq. (1) with absorbing BCs [Eq. (2)] and zero Cauchy data

G0:€¥:1Z 920z Asenuer /g
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3. PINNs

The PINNs framework, proposed by Raissi ef al. (2019), can integrate real data and physical laws by training a neural net-
work to fit the data, while minimizing a physics-informed loss that includes PDE residuals, initial conditions, and BCs.
This flexibility allows PINNs to be employed either as data-driven models or as physics-based solvers without data assimi-
lation. We will focus on the latter in this paper, as it serves as a strong starting point when data is available.

The architecture of these neural networks and the loss function has great influence in the training process
(Wang et al, 2021b). In this section, we will discuss some architectures and possible loss functions allowing us to effi-
ciently solve wave propagation problems in complex media.

3.1 Fourier feature networks

In this context, the solution of a PDE is approximated by a neural network py, whose parameters are optimized so that the
neural network closely matches the solution. In this work, acoustic pressure p(t, x, z) is represented by a MLP enhanced by
Fourier feature mapping (Tancik ef al., 2020). Specifically, a Fourier feature network of depth L € IN is defined by

p()(t’xv Z) = tz (fL+1 ch O Ofl © y(t,x,z)), (4)

where f;(y) = p(Wy +bY), for £ =1,..., L, denote the hidden layers, and f,,; = WDy 4+ pI+1 is the output layer.
Each layer is parametrized by trainable weights W) € R%*%t and biases b(") € R¥, with ¢ denoting a non-linear activa-
tion function. The Fourier feature encoder is defined by a vector of frequencies y € R* where v = (t,x,z)",

o) = ( cos(2nFv) >7 %)

sin(2nFv)

where Fourier basis frequencies F € R are sampled from a Gaussian distribution, and sine and cosine are
computed coordinate-wise. Theses architectures are based on the classic MLPs, which are universal function approximators

JASA Express Lett. 5 (11), 112401 (2025) 5,112401-2
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(Hornik et al., 1989) and are commonly used to represent PDE solutions. These are unfortunately also known to suffer from
spectral bias, where the network often fails to capture high-frequency components (Rahaman et al, 2019). The use of Fourier
feature mapping helps mitigate this issue (Tancik ef al, 2020; Wang ef al., 2022; Wang et al., 2021b).

We note that we have included a product by a > term to the output layer of the neural network in Eq. (4). This
term enforces a null wavefield and derivative at t = 0 (Ding ef al., 2025) and leads to a network that by construction satis-
fies the initial conditions in Eq. (3). An alternate way this is frequently done is to impose these initial conditions as a soft
constraint, by adding them as boundary constraints at t = 0 (Raissi et al, 2019; Hu et al., 2024). This approach, however,
may lead to unstable training due to unbalanced gradients and is not guaranteed to fit the initial conditions exactly (Wang
et al., 2021a).

3.2 Loss function

The loss function plays a central role in the training process. It is commonly defined as a weighted sum of constraints
accounting for the PDE, the initial and BCs, and, when available, observational data. The constraints for the wave equation
and the absorbing BC at each collocation point v; = (f;, x;,z;) can be expressed in terms of residuals

Repe(0,v;) = (ia—z T 8—2) (vi) = S(vi), Rapc(0,v;) = lN_[<2+ G 2) (vi) (6)
e\ Vi) =\ 252 ~ 92 822‘0’ i) ABC 71—j:1 ot Jaan
where Cj = ¢(v;) for all j. The corresponding loss terms to these residuals, evaluated over the sets of collocation points
Xppe and X pc with Nppg and Nype points, respectively, are defined as the empirical means

1 1
ﬁPDE(Q XPDE) = Nooe Z |RPDE(07V1')|2 s ﬁABc(a XABC) = Nasc Z |RABC (07Vi)|2- (7)
XppE Xarc

Additional loss terms for the initial condition are not required because it is automatically enforced [see Eq. (4)].

4. Sampling strategies and balancing

In Sec. 3, we discussed how a PINN is trained to minimize a loss function over a set of sample points distributed over its
domain. There are a few ways this set can be constructed. A relatively straightforward and canonical approach is to ran-
domly sample Ny points at each training step according to a uniform distribution over the domain (Raissi ef al., 2019).
Wave propagation problems in time domain, however, often have localized solutions, meaning the majority of these points
will be in regions where the solution is simple, or even zero, as can be seen in Fig. 1. In an attempt to improve training,
we implement residue-based adaptive distribution sampling similar to Wu ef al. (2023), in order to dynamically update the
sampling distribution during training to prioritize the domain regions where the loss function has larger values.

G0:€¥:1Z 920z Asenuer /g

4.1 Adaptive sampling

Our sampling strategy works as follows: at the end of each training epoch (corresponding to 100 steps of the gradient
descent algorithm), we split the domain into a regular grid of ngrid rectangular boxes and evaluate the wave equation resi-
due Rppg at the points v = (ti, %), zx) given by the center of each box Bjjt. The probability to sample from a box By is
defined to be proportional to the squared-loss at the center or

Padp(v S Bijk) X RPDE(Q,V,-jk)Z. (8)

A point is then selected uniformly from the randomly sampled box.
We then uniformly sample a set X'y of Ny points and a set X4 of N4 adaptive points according to P,qp at each
training step, calculating the loss function as a combination of both, plus the BCs

L(0) = Lppe(0, Xu) + BLppE(O, X4) + Lapc(0, Xapc), 9

where the weight parameter f§ can be set as a fixed hyperparameter or adjusted dynamically as described in Sec. 4.2.

Figure 1 shows collocation points sampled uniformly and adaptively during training of the PINN for the problem
described in Sec. 5. Uniformly sampled points are spread throughout the domain; therefore, a significant fraction of them
are in regions where the wavefield is null, as seen in Fig. 1(B). Adaptive points, however, concentrate near the region with
the largest velocity gradients, where the network must learn to reflect the wave, thus allowing the network to focus on the
more complex parts of the solution.

A similar form of adaptive sampling was introduced by Wu et al. (2023); however, our approach can be regarded
as a stratified and more efficient version. Another important difference is that we have a weight parameter f that allows
the weight of the adaptive points to be set independently of the number of points, allowing a dynamic adjustment during
training that leads to more stable results. A similar approach (albeit without the NTK) called retain-resample-release was
proposed in Daw ef al. (2022).

JASA Express Lett. 5 (11), 112401 (2025) 5,112401-3
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Fig. 1. Representation of the points picked by the adaptive and uniform samplers at t = 0.2s and t = 0.4 s, superposed with the PINN solution
in Pa, for the model trained on the Marmousi domain after 100 training epochs. (A) and (D) show the reference solution obtained through
the finite difference method, which mostly occupies a fraction of the domain. In the background, the Marmousi velocity field is shown in gray-
scale. As can be seen in (C) and (F), adaptive sampling uses more points where the function is non-zero.

4.2 NTK and weight balancing

Minimizing all loss terms in Eq. (9) is a multi-objective optimization problem, in which each and every loss term should
be simultaneously minimized. PINNs can run into difficulties balancing these terms, which may lead to a training dynamic
where only one component of the loss actually reaches an optimum (Wang ef al., 2022; Wang et al., 2021b). This is exac-
erbated in problems where the different losses have different convergence speeds, expressed in terms of the eigenvalues of
the NTK matrix (Jacot ef al, 2018). The analysis of the training dynamics using the NTK method suggests a weight bal-
ancing technique as proposed by (Wang ef al., 2022), which is now widely used in modern PINNs frameworks (Wu ef al.,
2024; Zhongkai et al., 2024; Wang et al., 2024).

Wang et al. (2022) derives the NTK in the context of PINNs containing multiple loss terms, given by differential
forms Ry, R,, sampled on a set of points X', X. In our application, Ry and R, are the PDE residual Rppg on the uni-
form and adaptive points, respectively. The residuals evolve with the training step 7 as a dynamical system as follows:

G0:€¥:1Z 920z Asenuer /g

d | Ra(0(z), &) K1) Ri(0(x), X1) 7 (10a)
dt | Ry(6(x), X») R,(0(1), X2)
| Ku(r) Kp(r) 2 [dRi(0. X)) dRi(0,X)
K(r) = Ky (1) Kxn(r) where (K -_N’< o - >00(r)7 o

where X% is the ith element of the set X%, and (-,-) is the inner product. In practical terms, we expect training to occur
along K’s eigenvectors proportionally to the magnitude of its eigenvalues, i.e., the residuals will decay primarily in the
direction of the largest eigenvalues.

In the acoustic problems studied, however, the NTK eigenvalues for the adaptive sampler’s loss are more than 3
orders of magnitude larger than those of the uniformly sampled points, as observed in preliminary studies. This means
that learning on these points tends to be much more aggressive, thus effectively dominating the training and preventing
the network from properly learning the wave equation on the uniform points and the BCs, which can make learning
unstable.

With this in mind, one can employ a dynamic weighting algorithm based on Wang ef al. (2022) to ensure that
both uniform and adaptive sampled points are being learned with similar rates at each step of the training process. During
training, one updates the value of f according to the trace of the components of K related to the uniform and adaptive
loss Kuni := Ki; and Kagp := Ky, respectively,

JASA Express Lett. 5 (11), 112401 (2025) 5,112401-4
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(i+1) _ tT(Kunim)

© =103 = :
ﬁ ) B tr(Kadp(i))

(11)

By setting the weights as a function of the trace, which equals the sum of the eigenvalues, we ensure that, even if
the eigenvalues of Kaqp are significantly larger than those of Kypi, which would imply a greater effective learning rate for
this loss, the weight balancing strategy described here will scale down f so as to keep the evolution of different losses com-
parable and prevent over-prioritizing one loss term over the other. The weight definition described here is made more
computationally efficient by the fact that only the diagonal of K needs to be computed for updating the weights in Eq.
(11). We also note that our experiments have indicated that including the weight of absorbing boundary conditions
(ABCs) into NTK does not help to further stabilize training.

5. Experiments and results
5.1 Experiment setup

We consider the case of sound propagation in the ocean with water depth h =500m and constant sound velocity
1500 m/s within the water column and fluid bottom with strongly inhomogeneous sound velocity distribution according to
the Marmousi model (Martin ef al., 2006) [as shown in Fig. 2(A)]. We apply a Gaussian filter with ¢ = 10m to the lower
half of the domain, which has little effect on the solution, given that the wavelengths are on the order of magnitude of
200 m, but helps with training stabilization. The physical domain is considered to extend infinitely beyond the four borders
of the area in which the PINN is to be trained as defined in Sec. 2.

Due to the modus operandi of PINNs, they naturally tend to produce a solution assuming that propagation
medium extends infinitely beyond the boundaries of the computational domain. In some recent research (Rasht-Behesht et
al., 2022), this property is used to train PINNs without explicitly specifying BCs. As claimed by Ding et al. (2025) and
shown in the following experiments, the use of BCs [Eq. (2)] offers a much better alternative both in the accuracy and the
stability of training, especially in the case of adaptive sampling. In our experiments we used second-order Higdon’s
conditions.

In each experiment, we use the input term in Eq. (1) defined as the product S(¢,x,z) = G(x,z)s(t) of a Gaussian
G(x,z) = e~ ((r=x)* +(z-2)")/(2#) approximating the point source, and a Ricker wavelet representing its waveform

2
s(t) = My <1 —21’f] (t ,fl) )enlfgm/foy. (12)

0
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The source position is (xp,%p) = (0m,250m), and its width, magnitude, and central frequency are o = 25m,
My = 1072Pa- m~2, f; = 10 Hz, respectively. We train the PINN and evaluate the solution on the time interval from t = 0
tot=1s.

Using the PyTorch open-source library, we trained a neural network with five hidden layers and 150 neurons per
layer and activation function given by the Swish function (Ramachandran et al, 2017) with the input Fourier features layer
having 180 frequencies randomly distributed with ¢ = 1.0. The starting learning rate was set to Ir =3 x 1073, and an
exponential decay schedule of 1% every 100 steps was added. The PDE loss was sampled on 10000 collocation points.
When using the adaptive sampler, they were split into 9000 points uniformly sampled and 1000 points sampled adaptively,
while, for the absorbing BCs, 1000 points were sampled in each boundary segment. Each network was trained for 300
epochs of 100 Adam steps each. Experiments were repeated ten times with different random seeds, and the mean and stan-
dard deviation of the metrics are reported here in order to investigate the effect of stochasticity in initialization and
sampling.

In the adaptive experiments, the NTK dynamic weighting strategy was used to balance the weight f of the adap-
tively sampled points relative to the uniformly sampled ones. For computational performance, the NTK was calculated on
a subsample of Ny7x = 2000 collocation points, and at every ten training epochs, after a warm-up period of 30 epochs
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(A) Velocity field (B) Reference (C) PINN solution (D) Residual

Fig. 2. (A) Sound velocity distribution (in m/s). Source position is marked by red star. (B) Reference solution (acoustic pressure in Pa) at
t = 0.5s. (C) Wavefield predicted by our model at t = 0.5s. (D) Error between the predicted pressure field and the reference.
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Table 1. Relative L1 and L2 loss and TT for the wave propagation in the Marmousi domain. The best value obtained for each metric is marked

in bold.

No BC Higdon order-2 BC
Sampler LIRE | L2RE | TT (s) LIRE | L2RE | TT (s)
Uniform 1.032 = 1.532 0.589 £0.787 5783 *7.0 0.516 = 0.405 0.39 £0.367 1271.6 = 21.8
Adaptive 0.2 +0.092 0.119 £0.039 1189.3 £ 6.0 0.086 = 0.024 0.05 £ 0.012 1954.8 = 19.3

during which the weight § was kept fixed. As the absorbing BCs are being used as a regularization, rather than a hard con-
straint, we keep their weight fixed and adjust only the value of f.
Experiments were run on a computer with a GeForce RTX 4090 GPU, i9-13900K CPU, and 128 GB RAM.

5.2 Results and analysis

The solution obtained is evaluated on a regular grid of points in the solution domain by means of the L1 and L2 relative
errors (Zhongkai et al., 2024), denoted as L1RE and L2RE, respectively, and defined as

D 1po(vi) = prec(vi)l > (Po(vi) = prer ()
L1RE = and L[2RE= |- : (13)

Z |pret (vi)] Zpref (Vi)z

The reference solution p is obtained using an explicit finite difference solver with 8th-order central difference
schemes in space and a 2nd-order central difference scheme in time. The spatial and temporal step sizes are 5 x 107> km
and 5 x 10~*s, respectively. To simulate an infinite domain, the computational domain is extended sufficiently so that any
reflections do not return to the original region of interest.

The L1RE and L2RE error metrics, shown in Table 1, show a significantly greater accuracy of the model trained
with Higdon BCs and adaptive sampling when compared to all other configurations. Adaptive sampling also makes the
training outcome more stable, as evidenced by the smaller standard deviation in L1 and L2 error. Although the use of
adaptive sampling and Higdon BCs requires a longer TT than the baseline, it offers strong results in terms of accuracy and
training stability.

A state-of-the-art approach by Ding ef al (2025) that was used to handle problems of similar complexity
employs techniques such as Fourier features (Tancik ef al., 2020) and absorbing BCs (Higdon, 1986) to propagate through
complex media. However, it demands time-domain decomposition strategies and requires 80000 collocation points and
45000 optimization steps to achieve reasonable accuracy (on the order of 10%). To emphasize the advantages of our stable
adaptive framework, we show that it achieves similar results with only 10000 collocation points and 30000 optimization
steps, demanding much less memory and TT.

Figure 2 shows that the model trained with adaptive sampling and ABCs captures the qualitative behavior of the
solution with stunning fidelity, closely resembling the reference numerical solution (see also animation in Mm. 1). As can
be seen in Fig. 2(D), the most pronounced errors are associated with the treatment of corners in Higdon’s condition.
Similar results have been obtained in experiments with other environments.

G0:€¥:1Z 920z Asenuer /g

Mm. 1. Animation of the PINN solution for the smooth Marmousi domain. File of type “gif”

6. Conclusion and future work

In this study, we propose a new training strategy for PINNs that approximates the solution of non-stationary wave equa-
tions, specifically designed to handle the problems of acoustic wave propagation in complex media. The proposed PINN
structure is based on existing state-of-the-art concepts such as Fourier features, adaptive sampling, and ABCs, tailoring the
network to the typical structure of a non-stationary acoustic field due to an impulse point source, and on the NTK tech-
nique for balancing the weights of the multiple loss functions in the training process. We emphasize that although it is
widely accepted that PINNs produce solutions that implicitly satisfy ABCs, imposing them explicitly helps to stabilize the
training by removing ambiguity associated with the waves coming from outside the domain that still satisfy wave equation.

It is shown by the numerical experiments discussed that the accuracy of the solution of the wave equation
obtained by the proposed PINN reaches the limits imposed by the mathematical tools involved (in our case, the L*-error is
comparable to the error caused by approximate absorbing BCs). On the other hand, training our PINN requires substan-
tially less computational effort than for the existing state-of-the-art architectures.

It is important to stress that, however promising our results are, many issues still need to be addressed. In partic-
ular, it is important to include higher-order Higdon’s conditions to overcome accuracy limitations associated with the latter
(e.g., using the auxiliary variable approach). Ideally, it would be advantageous to train the neural network to automatically
adjust the coefficients C; in Eq. (2). The current implementation of our PINN does not take density jumps at media
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interfaces (or, more generally, density variations) into account. This could be resolved, e.g., by introducing a weak formula-
tion of the wave equation. Finally, attenuation and elasticity effects also need to be taken into account. Although this
would require a substantial complication of the presented model, there is also no simple way to handle these issues within
the traditional finite-difference or finite-elements models.
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