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Abstract

Mean-field games have been used as a theoretical
tool to obtain an approximate Nash equilibrium
for symmetric and anonymous N -player games.
However, limiting applicability, existing theoret-
ical results assume variations of a “population
generative model”, which allows arbitrary modifi-
cations of the population distribution by the learn-
ing algorithm. Moreover, learning algorithms typ-
ically work on abstract simulators with popula-
tion instead of the /N-player game. Instead, we
show that IV agents running policy mirror ascent
converge to the Nash equilibrium of the regular-
ized game within O(¢~2) samples from a single
sample trajectory without a population generative
model, up to a standard (’)(ﬁ) error due to the
mean field. Taking a divergent approach from
the literature, instead of working with the best-
response map we first show that a policy mirror
ascent map can be used to construct a contrac-
tive operator having the Nash equilibrium as its
fixed point. We analyze single-path TD learning
for N-agent games, proving sample complexity
guarantees by only using a sample path from the
N-agent simulator without a population genera-
tive model. Furthermore, we demonstrate that our
methodology allows for independent learning by
N agents with finite sample guarantees.

1. Introduction

Multiagent reinforcement learning (MARL) is a fundamen-
tally challenging problem, despite this with a wide spectrum
of applications, for instance in finance (Shavandi & Khed/
matil [2022), civil engineering (Wiering}, 2000), multi-player
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games (Samvelyan et al.||2019), energy markets (Rashedi
et al., 2016)), robotic control (Matignon et al., [2007), and
cloud resource management (Mao et al., 2022).

The mean field game (MFG) framework, first proposed by
Lasry & Lions|(2007) and |[Huang et al.| (2006), is a useful
theoretical tool for analyzing a specific class of MARL prob-
lems for the N-player case when N is large. As its main
insight, MFG analyzes the limiting game when N — oo,
under the condition that the rewards and transition dynam-
ics of the game are symmetric for each agent and depend
only on the distribution of agents’ states (i.e., the agents
are anonymous). Conceptually, MFG formulates a represen-
tative agent playing against a distribution of agents. This
abstract framework makes it tractable to theoretically char-
acterize an approximate Nash equilibrium for the [NV-agent
MARL, coinciding with the true Nash equilibrium as N
grows (Anahtarci et al., 2022} [Saldi et al., 2018)). Moreover,
one can efficiently learn such “MFG Nash equilibria” from
repeated plays (for instance, see Perrin et al., [ 2020). The
MFG formalism is useful in analyzing for instance financial
systems, auctions, and city planning.

While sharing similar ideas in principle, there have been
various mathematical formalizations of MFGs. In the finite
horizon case, the Lasry-Lions conditions have been ana-
lyzed to obtain Nash equilibria with time-dependent policies
(Perrin et al., 20205 2021). In the infinite horizon setting, the
time-dependent evolution of the population becomes a chal-
lenge. One can either consider policies depending on the
population distribution (Yang et al., | 2018}; |(Carmona et al.,
2019), or consider Nash equilibria induced by stationary
population distributions (Anahtarci et al., [2022} [Xie et al.
2021; Zaman et al.,2022). This paper studies this “station-
ary MFG” problem, formalized in the following section.
The results of our work are juxtaposed with existing theory
in Table

In parallel to MFG literature, there exists a plethora of
results regarding policy gradient (PG) methods in single
agent RL (Agarwal et al.| 2021} Lan, [2022; (Cen et al.,|2022;
Mei et al., 20205 [L1 et al., [2022;  Tomar et al., 2021)). Such
methods are typically on-policy algorithms, as opposed
to Q-learning which has been employed in MFG literature
(for instance in |[Anahtarci et al., [2022; Zaman et al.,
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2022). One recent result in single-agent RL suggests that
using a mirror descent style operator can achieve O(e 1)
sample complexity in regularized MDPs (Lan| 2022)). The
algorithm builds on conditional TD learning (Kotsalis
et al, 2022), which establishes that the value estimation
problem can be solved with samples from a single trajectory
from the Markov chain. In the context of linear quadratic
MFGs (LQ-MFG), policy gradient methods with entropy
regularization (Guo et al., 2022b) as well as actor-critic
methods |[Fu et al.| (2019) have been analyzed. For general
MFGs, policy-based methods combined with TD learning
have been also analyzed as a method for approximating
the optimal Q-value (Guo et al.,|2022a)). A similar mirror
descent operator to ours was considered for finite horizon
MFGs with continuous time analysis in the exact case
by [Pérolat et al. (2022), with a heuristic extension to
deep learning by |[Lauriere et al.| (2022). We use insights
from MFG and PG theory to obtain a O(¢~2) time step
complexity in the infinite horizon, stationary MFG setting.

Moreover, existing methods for solving stationary MFGs
have strong oracle assumptions regarding the population
distribution. For instance, [Anahtarci et al.| (2022) assume a
generative model oracle that can produce samples from the
game dynamics for any population distribution. Similarly,
the N-player weak simulator oracle proposed by (Guo
et al.| (2022a) can produce samples of state transitions and
rewards for any population distribution. The oracle-free
Sandbox Learning algorithm by [Zaman et al| (2022) (as
well as the actor-critic method of Mao et al.| (2022)) uses
a two-timescale update of the population distribution based
on model-based estimates of the state dynamics. However,
this result still requires that the population distribution at
each time step can be manipulated by the algorithm. In real-
world problems, however, the INV-player simulator might not
allow the algorithm to modify or control the population of
agents explicitly. For example, when learning to control a
transportation infrastructure with a large number of drivers,
it might be challenging and costly to force the drivers into
a particular configuration before simulating the system.
Or it might be impossible to run simulations starting from
arbitrary population configurations, as is typical in strategic
video games with unknown/complicated dynamics. One
of our main goals is to propose an algorithm that interacts
with the simulator only by controlling the policies of the
agents, as done in the single-agent RL literature.

Finally, in this paper, we tackle the question of independent
learning. Existing algorithms for MFGs rely on a centralized
controller running simulations and coordinating the policies
of agents. However, we show that our policy mirror ascent
based algorithm can be extended to an independent learning
algorithm run by IV agents without additional knowledge of
the population and environment, only observing their own
actions, state transitions, and rewards. Independent learn-

ing in N-player mean-field games have been studied by
Yongacoglu et al.| (2022), although they analyze asymptotic
convergence to subjective (rather than objective) equilibria
without finite sample bounds. A similar idea of indepen-
dent learning has been analyzed in the two agent setting
by Daskalakis et al.| (2020)) and [Sayin et al.|(2021). In the
more restrictive context of localized learning on graphs,
Gu et al.[(2021)) analyze independent learning where agent
states are only affected by neighboring nodes on an undi-
rected graph. Independent learning in the case of large-scale
Markov potential games has been analyzed by |Ding et al.
(2022)). For two-player zero-sum games, independent learn-
ing algorithms have been reviewed under various settings
by |Ozdaglar et al.|(2021).

To summarize, our contributions are the following ones.

Policy mirror ascent operators. To the best of our knowl-
edge, practically all results in the stationary MFG literature
with finite state-action spaces rely on the conditions devel-
oped by |Anahtarci et al.| (2022) or|Cui & Koeppl| (2021) for
the best response map (from the set of populations to the
set of policies) to be Lipschitz continuous or take it as a
blanket assumption, yielding an operator contracting to the
Nash equilibrium. We take a different approach and prove
that policy mirror ascent (PMA) can yield a contraction
under comparable conditions on the strong concavity of the
regularizer. This difference in the operators allows us to
develop an algorithm that does not need to compute the best
response at each step.

No population manipulation. In this work, we only
assume that we can simulate a single episode of [NV agents
playing a symmetric and anonymous game. The proposed
algorithm can only interact with the environment by
manipulating the policies of agents and can not directly
manipulate the states of each agent. This is in contrast with
past work where the empirical state distribution of agents
can be arbitrarily set (Anahtarci et al., [2022; |Guo et al.,
2019), mixed (Zaman et al., [2022; [Mao et al., [2022) or
projected (Zaman et al.| [2022; |Guo et al.|[2019).

TD learning with population. We show that by extending
the single-agent conditional TD learning results of Kotsalis
et al.| (2022), one can efficiently perform TD learning in
N-player games without a generative model. In the absence
of a population oracle, TD learning is conducted by simu-
lating IV agents, introducing several complexities including
a population bias and non-homogeneous dynamics due to
the evolving population. We establish that TD learning
can be performed with single path simulations with O(e~2)
samples, up to a standard O(ﬁ) error.

Sample efficiency. Our algorithms differ from several past
works in that the best response does not need to be recom-
puted for each population distribution (unlike for instance
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No  population Single path N-agent Independent
manipulation simulator learning

(Guo et all]2019) No No No No
(Anahtarci et al., 2022) No No No No
(Subramanian & Mahajan,[2019) No No No No
(Xie et al., 2021) No Yes No No
(Zaman et al., 2022 No Yes No No
This work-1 Yes Yes Yes No
This work-2 Yes Yes Yes Yes

Table 1. Theoretical results in the literature for computing stationary MFG-NE in discrete state-action spaces and their requirements.

(Guo et al.; 2019} |Anahtarci et al.} 2022))), and only a value
function estimation is necessary for policy mirror ascent at
each iteration. This approach yields a time step complexity
of O(¢~2) as opposed to for example O(¢~*) in (Zaman
et al., 2022) and (9(5’4“”) in (Anahtarci et al.| 2022)).

Independent learning. A fundamental question in com-
petitive multi-agent learning is whether independent learn-
ing can be achieved as opposed to learning in the presence
of a centralized controller. This question is especially sig-
nificant for mean-field games, where the added complexity
of having a very large number of agents might not allow
centralized learning in practice. To the best of our knowl-
edge, we establish the first MFG algorithm for independent
learning with [NV agents with finite sample bounds.

2. Mean Field Game Formalization

Firstly, we introduce the (stationary) MFG problem. We
assume S is a finite state space and A is a finite action
space. We denote the set of probability measures on a fi-
nite set X by Ay. We denote the set of policies as I :=
{m:8 = Aa}. Leth: Ay — R>q be a given function.

We formally define the symmetric anonymous game with
states (SAGS) with N players, which is the main object
of interest of this work. In SAGS, the state and reward
dynamics depend only on the empirical distribution of states
among agents (hence anonymity) and are the same for each
agent (hence the symmetry).

Definition 2.1 (Symmetric anonymous games). A [N-player
symmetric anonymous game is a tuple (N, S, A, P, R,~)
for which any initial states of players {s{}~; € SV and
policies {7*}¥, € TI"V induce a random sequence of states
and rewards {si};+, {ri}i . so that at each timestep ¢ >
0,¥i=1,...,N,

a’i ~ ﬂ’i(si)’ T; = R(Sivai>ﬁt)7 Si«kl ~ P('|si7ai7ﬁt)7
where P : SXAXxAs — Asand R : Sx AxAgs — [0, 1]

map state, action and population distribution tuples to
transition probabilities and (bounded) rewards, and

~ 1 N . 1

e = N Zi:l Zses nsi:ses € Ag is the ]:({S%}Z)_
measurable random vector of the empirical state distribution
at time ¢ of the agents.

With SAGS dynamics induced by sampling initial states
from an initial distribution uy € Ag and policies
m = (r!,...,7N) € IV, we can formalize the expected
discounted returns of each agent.

Definition 2.2 (/N-player discounted reward). For the N-
player SAGS (N, S, A, P, R, ), we define the (regularized)
discounted return of player ¢ for initial state distribution
po € As and Markov policies w7 € TIV as J} (m, o) =

B[S0 7" (R(sh, b, i) + h(x'(s9)) |5 ~ po,al ~
7 (1), 5,1 ~ P(lstad, i), ¥t = 0,5 € 1,...., N].

Based on the above definition, we introduce the notion of
a Nash equilibrium (NE) to the N-player SAGS. The NE
is the natural solution concept for an N-player competitive
game, therefore our main objective will be to compute an
approximate NE for the SAGS.

Definition 2.3 (§-Nash equilibrium). For § > 0, an N-
tuple of policies 7 = (x!,...,7%) € MY and ini-
tial distribution pg € Ag constitute a J-Nash equi-
librium (m,p) if for all 4 = 1,...,N we have
Ji(m, o) > maxqen Jj ((m,m7%), po) — 6, where

(=) = (ab, . w T m pttw ) e TV,

As a useful theoretical analysis tool one can approximate
the N player game with the infinite agent limit (N — o0).
This is the main insight of MFG: At the limit, one observes
a single representative agent’s policy playing against a pop-
ulation of infinitely many infinitesimal opponents character-
ized with a fixed distribution ¢ € Ag. Observing the limit
N — o0, one can define the discounted expected reward
with respect to the single-agent MDP parameterized (or in-
duced) by the population. We next define the discounted
expected reward of a representative agent against such a
population. We use the letter V' to distinguish the expected
“infinite-agent” reward from the expected rewards of the
N-agent SAGS, denoted with the letter .J.

Definition 2.4 (Mean-field discounted reward). We de-
fine the expected mean-field reward for a population-
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policy pair (m,u) € II x Ag as Vp(m,u) =
E[>207 (R(st,ar, p) + h(n(se)) [so ~ poae ~
7(8¢), St41 ~ P('|3t»at»/1')]-

A Nash equilibrium concept can be also introduced at the
MEFG limit. The so-called stationary MFG-NE is formulated
with an optimality condition and a stability condition on
m, p. Intuitively, the stability condition ensures that the pop-
ulation distribution remains consistent, removing the need
to consider time-varying distributions (see|Guo et al.,|2019).

Definition 2.5 (MFG-NE). A policy 7* € II and population
distribution p* € Ag pair (7*, u*) is called an MFG-NE if
the following conditions are satisfied:

Stability: pu*(s) = Z w(Hm*(a'|s")P(s|s’,a’, u*),

s’ a’

Optimality: V3 (7", p*) = max Vj, (7, u*).

If the optimality condition is replaced with V3 (7%, u5) >
max, Vi (m, uy) — 6, we call (73, iu5) a 0-MFG-NE.

While the optimality condition above corresponds to the ob-
jective of single-agent RL, incorporating a mean field game
dynamic in Markov decision processes yields an evolving
MDP depending on the population distribution (in other
words, induces an infinite family of MDPs to be solved).
Conceptually this challenge in MFGs mirrors that in the
case of multi-agent MDPs, where each agent plays against
an evolving environment. We also comment on the effect of
regularization (due to h) on the MFG-NE in the appendix;
see Section

The main motivation to study the abstract MFG-NE concept
is that it corresponds to an approximate Nash equilibrium of
the NV-player SAGS. We re-iterate this well-known result.

Proposition 2.6 (MFG-NE and NE (Theorem 1 of|Anahtarci
et al.|(2022))). Assume that the pair (7*, u*) is an MFG-
NE. Under technical conditions, for each § > 0, there
exists an N = N(§) € Nsg such that (7*, u*) is a 6-Nash
equilibrium for the N -player SAGS.

In fact, it can be shown by standard techniques (used also in
our paper) that (7%, u*) is a O (\/iﬁ) -Nash equilibrium for
the N-player SAGS. With this reduction, the main objective
of this paper will be to learn the MFG-NE. Our goal is to
expand on (and relax) this existential result and show that
a similar bound on bias can be shown when also learning
completely occurs in the finite agent setting, removing the

abstract MFG formalism completely from the algorithm.

3. Operators and the Exact PMA Case

In this section, we show that finding the MFG-NE in the in-
finite agent limit can be formulated as a fixed point iteration

of an appropriately defined policy mirror ascent operator.
The results of this section will ultimately show convergence
in the so-called “exact” setting, where value functions can
be computed exactly. These results will also be instrumental
in establishing convergence later in the /N-agent stochastic
case. We state the operators and major ideas, postponing
the proofs to the appendices. Theorems with omitted con-
stants are restated in the appendix. This section can be
best compared to the work of |Anahtarci et al.|(2022). We
also compare in greater detail existing assumptions in the
literature to establish a contraction to the MFG-NE in the
appendix (Section[C.I).

Definitions. We equip sets S, .4 with the discrete met-
ric d(z,y) = 1,2,. We denote the set of state-action
value functions as Q@ := {¢ : § x A — R}. We
equip both of the spaces As C RS and Ay C RA
with the norm || - ||;. For m, 7" € II,q,¢' € Q we use
the norms || — 7[|y := sup,es l|7(s) — 7' (s)1, llg —
Il = suDsesacale(s,a) = d'(s,a)l,llg = ¢'ll2 =
\/Zs@ lg(s,a) — ¢'(s,a)|?. Finally, we assume that h :
A4 — R is a p-strongly concave function on A 4 with re-
spect to norm || - || (see Definition[B.4]in the appendix). We
define upq, = arg max,ca , M), Rmazr = MUmaz)s
Tmaz € 11 such that 4. (8) = Umas for all s € S and
Qmaz = th_ﬂ We further assume h is continuously
differentiable for simplicity, although the results yield a
straightforward generalization to the case h is not every-
where differentiable. Finally, for any Ah € R+ we define
the convex sets

Unp = {UEAAZh(U) thaw—Ah}, (1)
Iap :={m €Il : 7(s) € Uap, Vs € S}. )

As standard in previous work, we require the following
smoothness assumptions on P, R.

Assumption 1 (Lipschitz continuity of P, R). There ex-
ists constants K, K, Ko, L,,Ls, Ly, € Rx>q such that
Vs,s' € S,a,a € A, u, ' € As,
1P(ls,a, p) = P(|s',a', 1)1 <Kl — gl + Ksd(s, )
+ K.d(a,a"),
\R(s,a, “) - R(S/v a/v//)| SL#H:U‘ - ,U/Hl + Lsd(sv Sl)
+ Lod(a,a’).

Without loss of generality, we can assume K, K, <
2 and Lg,L, < 1 since it holds that |P(:|s,a,pn) —
P(:|s,a', 1))l < 2and |r(s,a,p) —r(s',a', 1) < 1.

3.1. Population Update Operators

One critical goal in the MFG framework is understanding
the evolution of the population. We define an operator to
characterize the single-step change of the population.
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Definition 3.1 (Population update). The population update
operator I'pop : As X II = Ag is defined as

=2 D uls)(d]s)

s’eSa’eA

FPOP M, T (5‘5l7al7ﬂ)a

for all s € S. We also introduce the shorthand notation
(1, 7) i = Tpop(. - . Tpop(Lpop (e, m), ), ... 7).

pop
n times

Re-iterating known results (for instance from|Anahtarci et al.
(2022)) or/Guo et al.|(2019)) in our notation and definition
of constants, we can show that I, is Lipschitz.

Lemma 3.2 (Lipschitz population updates). The popula-
tion update operator Iy, is Lipschitz with ||Tpop(p, m) —
oop (1, 7)1 < Lpop.pallir = [l + 55 [l — |1, where
= (B 4+ 82+ K,), forallm €11, pu € As.

Lpop,u :

In the stationary MFG framework, we would like to compute
a unique population distribution that is stable with respect
to a policy. This requires I',o, (-, ) to be contractive for
all 7. Hence, we state our second assumption, also implied
by assumptions in past work (see |Anahtarci et al.| (2022);
Zaman et al.|(2022);|Guo et al.| (2019)), also Section|C.T}).

Assumption 2 (Stable population). Population updates are
stable, i.e., Lpop,, < 1.

We can now formalize the operator that maps policies to
their stable distributions, which is well-defined under As-
sumption 2]

Definition 3.3 (Stable population operator I'77 ). Under
Assumption [2} the stable population operator I'72 ) : IT —
Ag is defined as the unique population distribution such
that T, (U0, (), ) = T'po, (), that is, the (unique) fixed
point of T'pop (-, ) 1 Ag = As.

It is straightforward to see that I'SC = lim,,,, [}, and

pop pop

that I")7, is Lipschitz with constant Lo o 1= =Ly
proven in the appendices (Lemma [C.10). The operators
Tpop, I'pop are sometimes called population oracles.

3.2. Policy Mirror Ascent Operator

For policy updates, we take a diverging approach
from literature and demonstrate that a policy mirror
ascent (PMA) operator is Lipschitz, similar to the best
response operator. We define the @, and ¢; func-
tions for each state-action pair as Qp(s,a|m,p) =

[Zt ()’Y ( (shatnu) +h(7r(8t))) ‘80 =
s, agp = a, Sg11 ~ P(:|st,as, p)asi1 ~

(\st“),w > 0] and qy(s,alm,p) = R(s,a,p) +
Y2 oow P8, a, p)m(a’|s)Qn(s’,a'|m, u).  We also
define Vj, (s|m, ) := > o m(als)Qn(s,alm, ). Note that
Qn(s,alm, 1) = qn(s,alm,u) + h(w(s)). With these
definitions in place, we analyze the operator that maps

population-policy pairs to Q-functions. This operator
is crucial for the online learning algorithm, as it can be
approximated purely from trajectories of the current policy.

Definition 3.4 (I'; operator). We define I'; : Il x Ag — Q
asTy(m, 1) = qn(-,-|mpu) € Q, Vrell,u€ As.

As expected, the map I'; is also Lipschitz continuous.
The Lipschitz properties of I'; are shown in the appendix,
Lemmal|C.9] Next, we define the policy improvement opera-
tor.

Definition 3.5 (Policy mirror ascent operator). Letn > 0
and L . We define the PMA operator

and.QxH%HasVseS,qGQ,weﬂ,

I74(q, )(s) = arg max(u, q(s, 5
UEMLh

We establish the Lipschitz continuity of and as a result of
Fenchel duality and the strong monotonicity of the gradi-
ent operator of a strongly convex function, the full proof
presented in Lemma

With the building blocks defined above, we now define the
main learning operator of interest. For a learning rate n > 0,
we define I';, : II — II as

Iy(m) =

Intuitively, the operator I';, takes a PMA step with respect
to the MDP induced by the stationary distribution I'D0 ().
This operator will be used in the fixed-point iteration pro-
cess, to find 7 such that I', (7) = 7. The main justification
for this is the following lemma, which demonstrates that the
fixed points of I';, are MFG-NE policies for any n > 0.

Lemma 3.6 (Fixed points of I, are MFG-NE). Letn > 0
be arbitrary. A pair (r*, u*) is a MFG-NE if and only if
7 =T, (7*) and p* =T (7*).

pop

L4 (Dy(m, Do, (1)), ) -

pop

Finally, we present the Lipschitz continuity result of I';, and
establish the conditions that make it contractive.

Lemma 3.7 (Lipschitz continuity of I';)). For any n > 0,
the operator I'y, : I1 — 1l is Lipschitz with constant Ly, on
(IL || - [|1), where

Ly 4n| Al 1 Lrg | 1
L+pnlAl A= +np — p o’

r, =

where Lt 4 is a problem-dependent constant.

Proof. See Lemmal|C.12] O
We point out that Ly, only depends on
Ly Lo, Ls, K, Ko, Ko,y While Lr, depends on

the dimensionality of the problem (namely |AJ), this
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dependence will disappear when the learning rate 7 is large
enough since at the limit 7 — oo we obtain Ly, — %.
Moreover, for any SAGS, if we take the regularizer to
be Ah(-), for sufficiently large A > 0 it will always be
possible to obtain Ly, < 1. We also point out that for
the contraction condition Lpn < 1 to hold, it must hold
that p > Lr ,. Conversely, whenever p > Lt , holds, a
contraction can be obtained by a sufficiently large learning
rate, for instance, n > (p — Lp’q)’l. These results mirror
the conditions for contraction developed for the best
response operator in (Anahtarci et al., [2022) without the
need of computing the best response at each stage.

It is worth noting that the mirror ascent operator F;nd only
considers the Bregman divergence induced by the squared ¢
norm. A natural alternative would be the divergence induced
by h, leading to closed form solutions for F:,"'d in certain
cases (e.g. when h is the entropy regularizer). However, it is
difficult to establish Lipschitz continuity for general diver-
gences with respect to 7 and we postpone this consideration
as future work. Finally, as expected, computing 1":7"‘1 in prac-
tice will require approximating the solution of a strongly
concave maximization problem, which can be solved effi-
ciently with linear convergence. The computational aspects
of I‘an are discussed further by |Lan| (2022).

3.3. Learning in the Exact Policy Mirror Ascent Case

Concluding this section, we prove the linear convergence to
the MFG-NE policy in the exact case, assuming that value
functions are known exactly (i.e., we can compute I').

Proposition 3.8 (Learning MFG-NE, exact case). Assume
that (m*, i*) is the MFG-NE and Ly, < 1 for the learning
rate n > 0. Assume my = Tyq, and consider the updates
i1 = Uy(me) for all t > 0. For any T > 1, we have
77 — 7*|ly < LE, [lmo — 7]y < 2L, .

In case we have access to generative-model based samples
of the SAGS as in literature (i.e., at any time ¢ we can
sample from P(-|s, at, pt) and R(s¢, at, p) for arbitrary p),
Proposition [3.8] readily implies a sample complexity by
plugging in a method to estimate value functions and the
mean field I'55 (+).

Remark 3.9. The contraction property of I';, requires the
MFG to be sufficiently regularized, as in the case for best-
response operators (Anahtarci et al., 2022). A natural ques-
tion is if learning of stationary MFG is possible for unreg-
ularized games. While we do not have a universal proof
of intractability, we show in the appendices (Section
that a large class of best response operators employed in
literature can not be continuous in p, unless they are trivial
(i-e., the same best-response for all 1). This result is similar
to (Cui & Koeppl, [2021) with a different characterization.
Remark 3.10. Since the results do not allow p — 0, the
regularized MFG-NE will have non-vanishing bias when

we are interested in the unregularized NE as discussed in
Section@] (see also (Geist et al.,[2019)). The idea of regu-
larization to obtain true NE has been used by (Perolat et al.|
2021) to obtain the unbiased NE of a two player imperfect
information game by updating a reference policy. We leave
it as an open question if unregularized stationary MFG-
NE can be computed by a similar scheme, for instance us-
ing a Bregman divergence regularizer —D_}, (7 (s)||mo1a($))
where 7,4 is periodically updated.

4. Sample-Based Learning with N Agents

After establishing the deterministic operator to be com-
puted, we now move to the case where we learn from sam-
ples/simulations. The main goal is to show that I';, can be
repeatedly estimated from the simulation of a single path
with NV agents. The difficulty will be establishing that the
map I', can be approximated by taking simulation steps in
a single trajectory and that the accumulation of error from
past iterations can be controlled.

Definitions. We provide the probabilistic setup for single-
path learning with N-agents. Let {s{}Y; < SV be arbi-
trary initial states. At each timestep ¢, we denote the policy
followed by agent i as 7} for i = 1,..., N, yielding the
transitions aj ~ mj(s}),si 1 ~ P(:|s}, af, i), for i =
1,..., N, where fi; is the F({si}} ,)-measurable empiri-
cal state distribution as before. For any T > 0, we denote by
Fr the sigma algebra Fr := F({s, ai,r,’ﬁ}f—v:{t:o). We
note that any learning algorithm in our context can only
specify 7} at time ¢ for any agent 4, and only using past
observations (i.e., ¢ must be F;_;-measurable). We define
Z:=8xAx[0,1] xS x A, and set (! to be the ran-
dom transition observations of agent ¢ at time ¢, given by
CZ = (S%’ CL%, 7“1’ SiJrlv aiJrl) in set Z.

In general, a mixing assumption is required for online learn-
ing on a single trajectory. The mixing condition can be
reduced to a persistence of excitation condition coupled
with technical conditions on the probability transition func-
tion. Rather than a blanket assumption, we formalize this
as a “persistence of excitation” and “sufficient mixing” as-
sumption. The first assumption imposes that the policies
throughout the entire training process take each action in
each state with probability bounded away from zero.

Assumption 3 (Persistence of excitation). Assume there
exists P > 0 such that

l. Tmaz(als) > piny forany s € S,a € A,

2. Forany w € II, ¢ € Q satisfying 7(a|s) > pinys,0 <
q(s,a) < Qmaz,¥(s,a) € S x A, it holds that
I(g, m)(als) = ping,¥(s,a) € S x A.

Assumption [3]is a property of the policy update operator
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F%”d and therefore of the regularizer h. That is, the regular-
izer h must ensure that all actions at all states are explored
with non-zero probability.

Equivalent conditions on . The persistence of excitation
(PE) assumption above is in fact achieved for a large class of
strongly concave h, for instance with entropy regularization.
Sufficient conditions on the gradient V1 at the boundary of
A 4 for PE to hold are characterized in Section[D.I]

Assumption 4 (Sufficient mixing). For any m € II satis-
fying w(a|s) > piny > 0,Vs € S,a € A, and any initial
states {sf}; € SV, there exists Tyniz > 0, 0pmiz > 0 such
that P(s7, = s'|{s(}i) > Omin, Vs €S,j € [N].

Assumptions [3|and 4| are equivalent to Assumption 2 of (Za-
man et al., 2022)), where a policy is mixed with a uniform
policy to achieve PE. However, since we employ a strongly
concave regularizer h, we would not typically need to explic-
itly mix policies, under certain conditions on h. The mixing
condition is implied by aperiodicity and irreducability, and
have also been explored outside of MFG, for instance by
Lan|(2022); |Tsitsiklis & Van Roy|(1996).

4.1. TD Learning Under Population Dynamics

One of the main results of this paper is that a variant of
TD learning has a O(¢~2) sample complexity in SAGS.
Specifically, we extend the results of conditional TD learn-
ing (CTD) (Kotsalis et al., 2022), where the learner waits
several time steps between TD learning updates to ensure
sufficient convergence to the steady state. Following the
variational inequality approach of (Kotsalis et al., [2022), we
introduce the relevant operators.

Definition 4.1 (Operators for CTD). Let 7 € II and
pr = DI'po,(m). We define the Bellman operator 7™ :
0 — Q'as (I7Q)(s,a) == R(s,a,p1x) + h(s)) +
Y> o w P (| s,a, )7 (a | 5)Q(s,a’) for each Q €
Q. We also define the corresponding TD learning op-
erator as F™(Q) = M™(Q —T7™Q), where M™ :=
diag({pr (s)m(a|8)}s.a) € RISIAXISIAL g the state-
action distribution matrix induced by 7 at the limiting mean
field distributi~0n. Finally, we define the stochastic TD learn-
ing operator F'™ : Q x Z — Q with

F(Q.0) = (Qs.0) = r = h (w(s)) = 1Q(5' @) ) esas
forany Q € Q,¢ := (s,a,r,s',d') € Z.

To keep the notation clean, we omit the dependence of
T7™ F7™, FT™ on the regularizer h. Intuitively, Definition
defines F'™ with respect to the abstract (i.e., non-observable)
MDP induced by the limiting stable distribution I'SS_(7);

pop
however, at time ¢ we can only observe F™ (Q, (;_,) for
i € 1,..., N from simulations with [V agents. The main

challenge is establishing that F™ can estimate F'™ well after
waiting for the population and the (population-dependent)
Markov chain to mix between each evaluation of ™. CTD
(presented in Algorithm[T)) waits several time steps between
each TD step to utilize this mixing. Note that the algorithm
performs TD learning for the first agent (z = 1).

Algorithm 1 Conditional TD learning with population

Require: M, M,,, learning rates {[3,, }m, policies {7},
initial states {s} };.
Set ¢t + 0 and @O(S,a) = Qmaz, Vs € S,a € A
forme0,1,...,M — 1do
for M, iterations do
Take simulation step (Vi): ai ~ n'(st), ri =
R(Siv CL%, ﬁt)’ 5%-&-1 ~ P('|5115’ arlta ﬁt)
t—t+1
end for
Set G} o = (8{_2, 42, Tt—955t_1,0{_1)-
CTD Update: Q77L+1 = Qm - 6mFTr1 (Qma Ctl_Q) .
end for
Return Q ;.

It is known that T'™ is contractive with v and F'™ is Lipschitz
with Lr := (1 4 ) with respect to the || - |2 norm on Q
for any m € II. F'™ is also generalized strongly monotone
(Kotsalis et al.,[2022) with modulus ptp := (1—%)0mizDinf-
that is, V@) € Q, it holds that

<FW(Q)7 Q - Qh('7 '|7Ta ,U'Tr)> > ,LLFHQ - Qh('v '|7T,/L,.—)H§,

where Qp, (-, |7, 1) is the true value function of the policy
m at the mean-field pu, = T'SS (7) as defined in Section

pop
Our analysis consists of two steps: (1) we prove that the
CTD algorithm of (Kotsalis et al.,2022) can be used when
the samples are biased and state the explicit bound (see The-
orem [D.2]in the appendices), and (2) quantify the bias and
mixing rate to the limiting distribution in N-player SAGS
(in Section to prove the main result, Theorem

Theorem 4.2 (CTD learning with population). Assume As-
sumption || holds and let policies {r'}; be given so that
wi(als) > ping for all i. Assume Algorithm is run with
policies {n'};, arbitrary initial agent states {s};, learning
rates B, = W,Vm > 0and M > O(e72),
Mg > O(loge™t). If # € 1l is an arbitrary policy,
Ay = % Y llmt = 7|1 and Q* = Qn(-, |7, uz), then
the (random) output @ M of Algorithmsatisﬁes

BlI0 - @'llu] <6+ 0 (= + Ac 4 I~ ).

Proof. See Theorem O
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If the policies of all agents are equal (i.e., 7 = 7 for all
i), then Theorem [4.2] suggests an expected {, accuracy of
€ > 0 can be achieved with respect to the “limiting mean
field” T'29 () in O(e~2loge ') time steps, up to a finite

population bias O (TIN) as expected.

4.2. Main Results: Learning MFG-NE from Samples

In this section, we analyze two algorithms to estimate MFG-
NE from a single sample path using N agents. In the first
(Algorithm 2)), the policies are synchronized by a centralized
controller, allowing each agent to follow the same policy
yielding a superior sampling complexity. In the second (Al-
gorithm [3)), learning is performed completely independently
by each agent utilizing their local observations only. The
algorithms are based on repeating the following iteration:

1. Estimate values: Each agent, keeping their policies
constant, performs CTD learning for M, > 0 steps,
each time waiting M4 steps between TD updates,

2. Policy update: Afterwards, agents simultaneously per-
form one policy mirror ascent update using -value
estimates (the same update in the centralized case).

Both algorithms use samples from the SAGS in the form
st 1 ~ P(-|si, af, fiy), and r; = R(s}, a}, [i), where [i; is
the empirical state distribution of the N agents at time ¢
which the algorithm can not control, hence they are single-
path and generative-model-free algorithms.

Algorithm 2 Centralized MFG-PMA
Require: parameters K, M4, Mg, 1, {Bm }m.
Require: initial states {s}};.
Set mg = Tmae and t < 0.
forke€0,..., K —1do
Vs,a: Qo(s,a) = Qmaz
formcO0,...,M,;, —1do
for M, iterations do
Take step Vi: ai ~ mi(st), vt = R(si, al,fir),
S%Jrl ~ P("s%va%vﬁt)'
t—t+1
end for
Set (f_g = (S{_2,A4_2,7} 2, 8{_1,a}_1).
CTD step: Qi1 = Qo — B F™ (O Gl )
end for R
PMA step: miq1 = IpY(Qu,,, » k)
end for
Return policy 7 g

We first present the main result for centralized learning. The
centralized algorithm uses samples from the path of a single
agent among N (for the first agent ¢ = 1) and updates the

Algorithm 3 Independent MFG-PMA

Require: parameters K, M4, Mg, 1, {Bm }m-
Require: initial states {s}};.
Set 7r6 = Tmaz, Vi and t < 0.
forke€0,..., K —1do
Vs, a,i: Qh(s,a) = Qmax
forme0,...,M,;, —1do
for M, iterations do
Take step Vi: a} ~ mi(si), ri = R(si,al,[iy),
Siix ~ P(lshabs o).
t—t+1
end for
SetVi: iy = (Sj_a, a{_p, {9, Si_1,aj_1)-

CTD step Vi: Q\Znﬂ = @in — 5mﬁﬂz (Aim CLQ)
end for R
PMA step Vi : mj, = )" Y(Qhy, » 7))
end for

Return policies {m% };

policies of all agents accordingly. For simplicity, algorithms
are presented in a form that requires the number of iterations
to be set beforehand but can be trivially converted into
algorithms that take the sample budget as input.

Theorem 4.3 (Centralized learning). Assume that n > 0 an
arbitrary learning rate which satisfies Ly, < 1, Assump-
tions [1| 2] 3] and H] hold and ©* is the unique MFG-NE.
Let € > 0 be arbitrary. If the learning rates {f,,} are
as defined in Lemma and K > O(loge™'), Myq >
O(loge™1), M,y > O(e~?) then the (random) output 7k

ofAlgorithmsatisﬁes Ellrg —7* 1] <e+ O (T%) .

Proof. (sketch) The proof builds up on Theorem[4.2]to build
estimates of the true Q-values Q(-, -|m, T'p5, (7x)) at each
outer loop. The estimates allow the approximate evaluation
of the I';, operator which was shown to contract to the MFG-
NE. See Theorem [D.8]for the full statement and proof. [J

Remark 4.4. In Algorithm[2] the total number of time steps
simulated from the SAGS is equal to K x M,,, x Myq4; hence,
Theorem [4.3|implies a O (¢ 2 log? £ 1) sample complexity.
In fact, since MFG-NE are O ( \;ﬁ -NE of the N-agent
SAGS, Theorem [4.3] shows that a Algorithm P finds a & +

0 (ﬁ)-NE of the SAGS in O(¢~2) time steps.

Finally, we present the case where each agent learns separate
policies only by observing their own state-action transitions,
presented in Algorithm It only uses the observations
of agent i to update policy 7}, hence learning is indepen-
dent. Moreover, the algorithm does not employ multiple
timescales and it has the desirable symmetry property that
each learner follows the same protocol, meaning no hand-
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shake procedure between learners is required before learning
starts (other than agreement on the number of epochs, K).
The proof utilizes the bounds in Theorem .2]in terms of
policy deviations Az of agents.

Theorem 4.5 (Independent learning). Assume thatn > 0
satisfies Ly, < 1, Assumptions Bland [ hold and 7*
is the unique MFG-NE. Let ¢ > 0 be arbitrary. Let the
learning rates {B,,} for CTD be as defined in Lemma
There exists a problem dependent constant a € [0, 00) such

that if K = [*8517 My > O(log®e~1), and M,, >

log L;;
O(e7279), then the (random) output {m’.}; ofAlgorithm
satisfies for all agents i = 1,...,N, E [||7r}( — 7r*||1] <

5+(’)(\/—lﬁ>.

Proof. (sketch) The proof in the independent learning case
also builds up on Theorem .2} however, as the policies of
agents diverge due to stochasticity, the terms A~ become
significant as they do not vanish. Therefore, the choice of K
and consequently M, ensure the final error can be made to
be less than ¢ up to finite population bias, which disappears
as N — oo. See Theorem for the full statement and
proof. O

Remark 4.6. The constant a in Theorem H.3]is 0 for smooth
enough problems. Hence the theorem implies a sample
complexity of O(¢~2) for SAGS with sufficiently smooth
dynamics (e.g., large enough p, small enough constants
K., L,), even though these smoothness conditions might
be too restrictive. In the general case however, the sampling
complexity will be O(727%), where a is affected by the
learning rate ) and has a logarithmic dependency in general
on the parameters T}, 5;;, and pfnlf

Concluding this section, we comment on the differences in
sample complexity upper bounds between the centralized
and independent learning cases. In the independent learning
case, the worse O(s~27%) sample complexity arises due to
the fact that the MFG-NE formalism requires the policies
of all NV agents to be exactly the same. As variances in
the agents’ updates accumulate a non-vanishing bias in the
later stages of the outer loop (due to the terms Az), the
CTD learning loop must be executed for a long time to keep
the variance sufficiently low. It is possible that this is an
artifact of the analysis technique, and we leave possible
improvements as future work.

5. Discussion

We prove that policy mirror ascent can achieve an improved
sample complexity for computing the approximate Nash
equilibrium of an N-player SAGS. Our approach is
complementary to existing MFG literature in that we
analyze mirror ascent type operators allowing us to remove

strong generative model assumptions to obtain an algorithm
for the truly N-player game. Future work could involve a
finer (e.g., potential-based) analysis using results in policy
mirror descent literature.
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A. Clarification on Notation and Constants

The topological interior and boundary of a set X C RP are denoted by X° and X respectively. We define the point-set
distance d(z, X) = infpex ||z — 2'|]2. X™*™ denotes the set of m X n matrices with entries from the set X. For
A € X™*" the i-th row vector is denoted as A;. and the j-th column vector as A.;. Stochastic matrices are defined
as matrices with positive entries and with row sums equal to 1. e, € Ay for x € X is the vector with only the entry
corresponding to x set to 1. || - || denotes the dual of a norm || - ||, given by the standard definition

I« := sup{yTx cy e RP, llyl| <1},vx e RP.

A note on notation for functions on 4. In certain cases, it will be useful to alternate between (equivalent) definitions of
certain functions on A 4 and A (see [Anahtarci et al.|[2022). For instance, one can define state transition probabilities as
functions P : S x A x Ag — Ag taking state-action pairs as input, or equivalently, as a function P : S x A4 x Ag — Ag
taking state-probability distribution of actions with the relation P(s'|s,u, p) := Y, 4 u(a)P(s'|s, a, 1). To ease reading
we follow the convention that for a function on f on A, we denote the equivalent function on A 4 with f.

Notation for constants. Our analysis will involve multiple Lipschitz constants. For simplicity and readability, we use the
convention that for a function of multiple variables say f(x,y, i), the Lipschitz constant of f with respect to z, y, y are
denoted by Ly ., Ly, Ly, respectively.

B. Basic Lemmas

In this section, we present several general lemmas re-used throughout the paper.

Lemma B.1 (p. 141, (Georgii, [2011). Assume E a finite set, F' : E — R a real valued function, and v, i two probability
measures on E. Then,

S FEnte) - Y F<e>u<e>| e e

We provide two generalizations of this lemma, the first one adapted from [Kontorovich & Ramanan| (2008, Lemma A2).
Lemma B.2. Assume E a finite set, g : E — RP a vector value function, and v, u two probability measures on E. Then,

> gleule) =Y gley(e)

A
< 29y —
— 2 ||l’[’ V||17

1

where Ag := sup, ./ [|g(€) — g(€') 1-

Proof. We use the fact that [July = supy,| <, u"v by duality of the norms. ~Applying this on the vector
Y. 9(e) (u(e) — v(e)), we obtain

= sup 3" (u(e) — vle)) gle) Tw.

lvlloo<17¢

> 9(e) (ule) —v(e))

1

Take any v € R¢ such that ||v||. < 1 and apply Lemrna

sup, g(e) "v — inf, g(e) Tv
> (ule) = v(e)) gle) To| <[l — ]|y =L 3
sup, . [lg(e’) — g(e)lx
< — vl =P “)
where the last line follows from the fact that F is finite and for any ¢, ¢’ € E,
lg(e) "o —g(e) Mol < [lg(¢) — g(e)ll[[v]loe = llg(e’) = g(e)1,
by an application of Holder’s inequality. Then taking the supremum of the left hand side in (3)), the result follows. O

12
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We further generalize this lemma below.

Lemma B.3. Assume vi,vo € Apand A®) ... A BL  BE ¢ ]RQOXD are stochastic matrices. Then, it holds
that -

K
IV ADA® AT TBOBE B < vy — voll + > sup||AY — B
k=1 7
Proof. We prove by induction on k. For k£ = 1, we have

ViAW —viBW |y < [[(vi = v2) TAW | + [lvg (AY =By

Lemmal[B2]
< lvi = vl + [lvs (A —BW)|y
Jensen’s i 1 1 .
< vi = valli + Y AT = B iva(j)

j=1

< [lvi —va|i +sup A —BY,.
J

Assuming it holds for some K > 1, the statement also holds for K + 1 since

[vi AWA® AEFD _yITBOBE BEH || <|v] AV AT _vIBWL | BE)|,
K+1) B§{<+1)||1.

+ sup HA§
J
Hence the general statement follows. O

Finally, we use the widely known Fenchel duality to establish certain Lipschitz regularity results. We re-iterate the following
definition of strong convexity and strong concavity with respect to arbitrary norms.

Definition B.4 (Strong convexity). Let f : R? — R U {oc} be a convex differentiable function with domain S := {x €
R?: f(z) € R} andlet || - || : R? — R>q be an arbitrary norm on R<. If for any =,y € S it holds that

1
F) = f(2) + (VF(2)y — @) + 5plly — =],
then f is called a strongly convex function with modulus p with respect to norm || - ||.

As expected, if — f is a strongly convex function, f is called a strongly concave function with respect to norm || - ||. We list
standard properties of strong convexity, which hold with respect to arbitrary norms. If f1, f5 are py, p2 strongly convex with
respect to || - || and o, ap > 0, then oy f1 + aa fa is a1 p1 + agps strongly convex with respect to || - ||. If ||-]| and || - ||
are equivalent norms so that ||-|| > ¢|| - || for some constant ¢, and if f is p-strongly convex with respect to |||, then it is
c? p-strongly convex with respect to || - ||. Finally, p-strong convexity of f with respect to || - || implies that for all 27, x5 in
the domain of f:

[Vf(@1) = Vf(@2)] (21— 22) > pllas — a2

We will also need the following standard concept of a Fenchel conjugate.

Definition B.5 (Fenchel conjugate). Assume that f : RY — R U {oco} is a convex function, with domain S C R?. The
Fenchel conjugate f* : R? — R U {oo} is defined as

[ (y) = sup(z,y) — f(z).

zeS

For further details regarding the Fenchel conjugate, see Nesterov et al.|(2018)). The Fenchel conjugate is useful due to the
following well-known duality result.

Lemma B.6. Assume that f : R? — R U {00} is differentiable and T-strongly convex with respect to a norm || - || and has
domain S C R%. Then,

13
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1. f* is differentiable on R4,

2. V f*(y) = arg max,g{(z,y) — f(x),

3. f*is L-smooth with respect to || - ||+, i.e., ||V f*(y) = V f*@) < Ly — /|, Vy,y' € R%

Proof. See Lemma 15 of (Shalev-Shwartz & Singer, |2007) or Lemma 6.1.2 of (Nesterov et al., 2018). O

C. Operators and Lipschitz Continuity

In this section, we provide the proofs regarding the Lipschitz continuity of operators mentioned in the main text. Some of
these results are organized and generalized from (Anahtarci et al.||2022) to our setting, while others relevant to mirror ascent
are unique to our case.

C.1. Discussion of Assumptions for Contractivity

The construction or assumption of an operator that contracts to the MFG-NE is a common strategy in stationary MFG
literature. Before we move on to presenting our results and proofs for obtaining a contractive operator, we compare our
assumptions with several other relevant works in literature. We present Table 2] as a summary.

| Contractivity assumption | Additional/implied assumption on I, | Works \

Blanket contractivity T'pop(-, ) contraction (Assumption Guo et al.| (2019), |Guo
et al.| (2022a), [Zaman
et al. (2022), Xie et al.
(2021)

Lipschitz continuous P, R | Access to mean-field oracle I')7 , + Lipschitz | |Cui & Koeppl| (2021)
(Assumption [T)) + regulariza- | continuous I'09

pop

tion

Lipschitz continuous P, R | I'pp (-, 7) contraction (Assumption Our work, [Anahtarci
(Assumptionﬂ]) + regulariza- et al.[|(2022)

tion

Table 2. A summary of existing assumptions in stationary MFGs in literature for obtaining a contraction. We note that the works by |Xie
et al.|(2021) and Zaman et al.| (2022)) refer to past works for justification of the contraction assumption.

A note on assumptions on I',,,. The assumption on the population distribution Iy, (-, 7) being a contraction for all 7
is implicit in most past works as shown in Table[2] For instance the assumption in Theorem 4 of in|Guo et al| (2019) and
Theorem 4 of |Guo et al.[(2022a) that d1ds + ds < 1 for positive Lipschitz constants d, ds, d3 implies dg < 1, where d3
satisfies (in the notation of the mentioned paper)

Wl (PQ (71—7 ‘Cl) 7F2 (7‘_7'62)) < d3W1 ('Clv £2> )

where I' is equivalent to I, in our notation, LY, L% € Ag and W is the £; Wasserstein distance. Likewise, Assumption 2
of [Xie et al.|(2021) imposes that there exists d3 satisfying ||T'a(m, ) — I (7, ') |4, < d3||pp — p'||4, for all 7, p with the
additional restriction dyds + d3 < 1, where || - || is norm associated with the RHKS of a bounded and universal kernel .
Similarly, Assumption 1 of Zaman et al.[(2022) states that (once again, I'; being equivalent to I, in our notation):

[To(m, ) = Lo (m, )y < ds = w'lly

with the additional restriction d1ds + d3 < 1 for positive d1, d2, d3 also implying d3 < 1. In the case of |Anahtarci et al.
(2022), it is implied that ', (-, 7) is a contraction for all 7 € II' C II, where II’ is a set of possible best response policies
which satisfy a smoothness condition as their Lemma 3 suggests. This is not immediate since they do not define I';,,
explicitly, but a careful analysis of their proof of Proposition 3, their assumption that K5y < 1 and their population update
operator Hy : Ag x @ — Ag defined on value functions rather than policies yields this result. Finally,/Cui & Koeppl| (2021
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assume instead access to the mean-field population oracle I')0  (in the notation of their paper, V). This is in general different
from assuming I',,, (-, ) is contractive for all 7, as this instead implies that the fixed point equation I'p,, (1, ) = p can be
solved for p with a solution Lipschitz continuous in 7.

In fact, we point out that it is not granted (to the best of our knowledge) that the infinite agent game is a good approximation
for the N-agent game when I'y,, (-, 7) is not a contraction in some metric space for all 7, for instance, Theorem 1 of
Anahtarci et al.| (2022) (summarized in Proposition [2.6]in our paper) requires a similar contraction constraint (in the notation
of the paper) that C; < 1. This might be intuitive: if I',,, (-, 7) is not a contraction, in general, the finite population bias
might be amplified between time steps of the N-agent SAGS. This would make the stationarity condition of the population
in the definition of MFG-NE irrelevant in the case of NV agents and when there is stochasticity in the transition dynamics: the
empirical distributions ji; will not be close to p* for the MFG-NE population distribution p*. We leave it as an interesting
question for future work if the finite agent SAGS is well approximated by the MFG without explicitly assuming contraction
of I'pop (-, m) (for instance, when I'0p (-, ) is only non-expansive).

C.2. Lipschitz Continuity in (A 4, || - ||1) of P, R

Firstly, we define R : S x Ay x Ag — [0,1] and P : S x A4 x As — Ag as the rewards and action probabilities on
probability distributions over actions as R(s,u, p) := >, 4 u(a)R(s,a, ) and P(:|s,u, ) := >, 4 u(a)P(-|s,a, p)
forall s € S,u € Ay, u € Ag. These alternative definitions will be practical when establishing certain Lipschitz identities
later. As expected, P, R are Lipschitz in their arguments.

Lemma C.1 (Lipschitz continuity of P, R). Forall s,s' € S,u,u’ € A, p, 1’ € As,

Lq
[B(s,u, ) = R(s"s ' p)] SLylli = w'lla + Lid(s, ") + - [lu = /s

_ _ K,
||P('|S7U7M) - P('|8/7UI7M/)||1 SKMHM - /J'/”l + st(s, 8/) + 7”” - uIHI
Proof. The lemma simply follows from the Lemma [B.T] with the inequalities,

‘R(S’ u, :U’> - R(Sl7 ul, /’Ll>| < Z u(a>R(S7 a, M) - Z U(G)R(S/, a, :ul)

acA acA
+ Z uw(a)R(s',a, 1) — Z u'(a)R(s',a, u')
acA acA

<Y " u(a)|R(s,a,p) — R(s',a, 1)
acA

+ (> w@R(s'a,1) = D W (@)R(s a, 1)

acA acA

where the last line follows from Jensen’s inequality. Using Lemma B.T|on the second summand we obtain the statement of
the lemma.

Similarly for P, we have

||P('|S,U,/},) _P("3/71L/7/’Ll)||1 < ZU(G)P("S’G7U) - Z u(a)P<'|S/7a7:u/)

acA acA

1

Z u(a>P('|Sl>a’M/) - Z u’(a)P(~|s’,a7u’)

acA acA

+

1

Using Jensen’s inequality for the first term and Lemma [B.2]for the second, we conclude. [

C.3. Lipschitz Continuity of Policy Mirror Ascent

As opposed to (Anahtarci et al.,|2022), in this work we focus on a policy mirror ascent scheme, instead of a best response
operator. This section includes relevant proofs for the continuity of the policy mirror descent response. Firstly, we prove
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the following useful lemma.

Lemma C.2 (Lipschitz continuity of mirror ascent). Assume that ug € A4,q € RA, >0, K C A4 a convex closed set
and define gy, ‘RAX AL — Kas

1
9n(a o) = arg maxq " u+ h(u) = o fu = uol3.
ueK n

Then, g is Lipschitz in both q, ug, that is,

194(2,10) = gn(d’s uo) 1t < Lg,qllg = d'lloc + Lyg,ulluo — g,

n| Al Ly = 1

where Lo = Tpnap Lo = A

Proof. The Lipschitz continuity with respect to ¢ simply follows from Lemma and the fact that —h(u) + %Hu — ugl|3

isp+ ﬁ strongly convex in u with respect to the norm || - ||;. For the continuity with respect to ug, we first define the

function
T 1 2
flw) =q u+th(u) = o llu—uollz.
n
Computing the gradient, we obtain:
1
V f(u) =q+ Vh(u) — ;(u — up).

By strong concavity of h, — V & is a strongly monotone operator with parameter p. Define by N the normal cone operator
corresponding to the set K. Then Ng is (maximal) monotone since K is closed and convex. By first order optimality
conditions, we have

u* = gy(q,up) <= 0€V f(u") — Ng(u")

1
— 0€q+Vhu") - ;(u* —ug) — Ng(u*)

1 1
= 0€q+5u0— <nI—Vh+NK) (u*)

—1
1 1
< u*:(nI—Vh+NK> (q—i—;uo),

—1
where the last line follows since the resolvent (%I —Vh+ N, K) is a function. Since Ny is monotone, %I is m—

strongly monotone in || - ||; and — V h is p-strongly monotone in || -
1

[Aln

1,G = (%I —Vh+ NK) is a (set-valued) strongly

monotone operator with parameter + p. Hence by definition, it holds that for any y; € G(x1),y2 € G(x2)

lyr — y2ll1llzr — 22/l > |ly1 — v2llcollzr — 22]l1

> (y1 — y2)T(331 )

>< L )n 12
Z\ T TP Tr1 — T2
|Aln !

Then, G~ is a Lipschitz function with constant A (between normed spaces (R4, [| - [|1) — (R4, [| - [|1)), hence

U]
[~ +np
G g+ %uo) is m Lipschitz continuous in ug. It follows that g is Lipschitz continuous in ug with respect to norm

I - |lx with constant L, ,, defined in the theorem. O

With the above, we can prove Lemma [C.3|below that states Lipschitz continuity in terms of the norms defined on II, Q in
the main text.
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Lemma C.3 (Lipschitz continuity of F;”d). FZ"I is Lipschitz continuous in both of its arguments, so that for all q,q' €
Q,m,w € 11, it holds that ||FTd(q, ) — and(q’, 7)1 < Liax||m — 7'|l1 + Linagllg — ¢'|lco, where Ly q = 1;]72“;[4'
and Ly,q »

-1
A=t +np

Proof. For each state s € S, we have I'"(q, 7)(s) = gn(q(-|s), w(s)) with the set K := Uy, in Lemma By the
Lipschitz continuity of g,, shown in Lemma|C.2} we can write

I (@, m)(1s) = T(d’, 7)) (1)l <Lg,gllals,) = d'(s,)llo + Ly,ullm(-]s) = 7' (1)1
So taking the supremum of both sides with respect to s and using the definition of norms on II, we obtain
I3 (g, m) = T3, 7)1 <Lggllg = ¢'lloe + Lg,ullm — 7|11

So the desired Lipschitz constants are given by Ly,q.q = Lg.q, Limd,x = Lg.u. O

C.4. Definitions of Value Functions

In this section, we define various value functions that depend on the population distribution. The definitions are standard
from single-agent RL literature.

Definition C.4 (V3 (-|m, i), Qn(-|7, 1), qn(:|m, ). The value function V' and the Q-functions @, g are respectively defined

as
e Sp=s8
Vi (s|m, ) g Rty e, 1) + h((s:))) [sr+~F Clscomi o) u)]
s Sp=s8,ap=a
s, alm R(sg,az, 1) + h(mw(sg)))|ser1~PClsemi(se).n) |
Onls,alm, ) z:: £ty ) A (se))) | e PO TS ]

qn(s,alm, p) == R(s,a,p) + Z Z P(s'|s,a, p)m(a’|s")Qn(s, d'|m, p).

s’eSa’eA

Similarly, Q functions with argument in u € Ag in are defined as for all s € S, Qp (s, u|m, 1) :== >, Qn(s, a|r, p)u(a)
and gn (s, ulm, p) := 32, qn(s, alm, pyu(a).
Likewise, we define the standard optimal value functions for the MDP as follows.

Definition C.5 (V;*(-|p), Q% (-|1t), g5 (-|p¢)). The optimal value function V" and the Q-functions @, ¢ are respectively defined
as

Vi (slia) = max Vi (sl ), @ (s, alps) = macx Qu (s, al, ),
mwell mell

q;(& CL|/J,) = max Qh(& a‘ﬂ—7 /J“)
mell

Similarly, Q functions with argument in u € Ag are defined as for all s € S, Q}(s,ulu) == Y., Q}(s,alu)u(a) and
@ (s, ulm, 1) == 32, qi (s, alp)u(a).

Finally, we state the very useful characterization of value functions as the fixed points of a certain Bellman operator. The
next lemma states this standard result without proof.

Lemma C.6 (Value functions as fixed points). For any w € II, u € Ag, the value functions Vi, Qy, qn (uniquely) satisfy

a

Vi(slm, ) = ) m(als) <R(sva,u) +h(n(s)) +7 Y P(s|s,a, p)Vaslm, u)) ,

s'eS

Qn(s, alm, p) = R(s,a,p) + h(x(s)) +v > > P(s'|s,a,p)m(a’|s)Qn(s’, /|, ),

s’eSa’ceA

gn(s, alm, p) == R(s,a, 1) +7 > Y P('|s,a, ) (a’|s') (qn(s’, @', ) + h(m(s")))

s’eESa’eA
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Likewise, the optimal value functions are uniquely defined as the fixed points satisfying

Vi (slp) = max [Zu(a) (R(S a, i) +h(u) +7 ) P(s']s,a, m) Vi (s Iu)ﬂ

ueA
A s'eS

+Z Nah (s, a|u)]

i ali) = R(s.) +7 Y P(1s,0,5) mie
s'eS

C.S. Lipschitz Continuity of Value Functions

In this section, we establish that I, is Lipschitz continuous on a well-defined convex subset of II. The main difficulty will
be avoiding dependence on the Lipschitz continuity of h. We first prove two technical lemmas.

Lemma C.7. Assume that ™ € Iy, and p € Ag arbitrary. Then, for any s1,$2 € S,

L+ L, + Ah

1 — ymin{l, LS;KQ }

[Vi(s1|m, ) — Vi(se|m, p)| < Ly,s =

Proof. Using the fixed point definition of V3, Lemma[B.T] and the definition of IIa in Eq. [T}

Vi(s1lm, 1) = Va(salm, )|
<|R(s1,7 (81),/~L) — R(s2,m(s2), )| + |R(m(s1)) — h(7(s2))]

+’YZ (s'[s1,m(51), 1) — P(8'|s2,7(52), 1)) Via(sl, ),

<L, +La + Ah

’Ysups,s’ |Vh(8|71’,u) - Vh(8/|71',u)|
+ ||P(S/|S,7T(81),ILL) - P(8/|3277T(52)7/L)H17

2
min{2, K, + K,
<L+ Lyt Ah s TR G 1 o, ) — Vi ),
which yields the lemma by taking the supremum of the left hand side over sy, s5. O

Lemma C.8 (Lipschitz continuity of V},). Assume that Ah > 0 arbitrary. For any 7, 7' € llap, and p, i/ € Ag,

Vil ) = Vil 1) oo <

4Lo+vKaoLv,s _

_ a a , 2Lu+'YKpLV.3 . .
for Ly . = i Ly, = o=y and Ly is as defined in Lemmal|C.

Proof. Similar to previous computations,

Vi (slm, ) = Va(sln', u)| <[R(s, 7 (s), ) — R(s,7'(s), 1)

+7 (D (P, (), ) Vs, 1) = P(s 5,7 (), 1 Vi (s ", 1)

ry

V,s Ka
Ve (Rl — s+ 2~ )

+ ysup | Vi (s|m, p) — Vi (s|7’, 1),

SLQ\|7T—7r/||1 +L

where the last line follows from an application of the triangle inequality and the previous lemma. O

The key result is that I, is Lipschitz on a subset of policies given by ITas (Eq. (1)).
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Lemma C.9 (Lipschitz continuity of I'y). Let Ah > 0 be arbitrary. There exists Lq r, L, ,, depending on Ah such that for
all 7,7 € Uap and p, 1’ € As,

ITq (7, 1) = To (', 1) lloe <Lyl =7l + Lo ulle = #'ll1-

Proof. The result follows from the definition of ¢y, in terms of V}, since the Lipschitz continuity of V}, has been shown in
Lemma|[C.8] Specifically, we have

Ly K
Lq,,u = L,Ll. + ’YLV,;L + V’2 #7 Lq,7r = ’YLVJT + PyLV,sKw
O
C.6. Lipschitz Continuity of Population Update
Proof of Lemma The proof relies on Lemma|B.2]
ITpop (14: ™) = Tpop (1, 7)1, = s)P(-[s, 7( Zu P(|s,x'(s), 1)
1
Plls, (9,1 = D )Pl ().
1
A
P(|s,7'( Z W (5)P(:|s, 7 (s), 1)
1
B
The first term can be bounded by using the Jensen’s inequality:
D D, / / Ka / li
AT () [PCls, w(s), ) = PCLs, (), )]y < 552 i = 7'l + Kl = 1.
For the second term, using Lemma[B.2] we obtain
sup, yes | P([s, 7' (s), 1) = P(-|s's7'(s"), 1) |11
B <|lu— : 5 :
To bound the supremum, we use Lipschitz continuity of P, to obtain for s,8' €8,
[P(ls,7'(s), ") = PC|s", 7' (s"), 1) Iy <EKsd(s,s") + Kalln'(s) — 7' (s") 11
<(Ks +2K,)d(s,s"),
from which the lemma follows. O

Finally, we characterize the Lipschitz continuity of I')0 , as mentioned in the main text.

Lemma C.10 (Lipschitz continuity of I')0 ). Assume that Assumption EI holds, that is, Lyop, < 1. The mapping

Ioop 11— Ag is then Lipschitz with constant Lpop o0 1= %
pop,

Proof. Let 7,7’ € Iy, then by definition
ITop (M) = Toou (M)t =T pop(Tpop (1), 1) — Tpop(Lpop ('), 7)1y
o0 KCL
< Lpop ulT35y(m) = T35y ()l + 2 I = |1,

hence the result follows. O
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C.7. Fixed Points and Continuity of I,

Lemma [C.9]proves the Lipschitz continuity of T'; only on a restricted subclass of policies. However, the next result shows
that the MFG-NE policy can be contained in a subset 1o} for some well-defined Ah > 0.

Lemma C.11. Let p € Ag arbitrary, and ©* € 11 the optimal response such that for all s € S, Vi(s|7*,n) =

maxyen Vi (s|m, ). Then, 7 € I, where Ly, := L, + 72%5% .

Proof. Firstly, using the fixed point definition of the optimal value function, we have for all s1, s2 € S:

Vi (s1lp) = Vi (s2|p)]

<| sup (R(Shu ) + h(u +VZP sls1,u, ) Vi (s Iu)>
UEA A
~ sup (R(82,u p) + hiu +72P sls2,u, ) Vi (s Iu)> ‘
UECA 4
< sup |Rst,u, 1) = Rlsz,u, 1) +’YZ sls1,u, 1) — P(s|sa,u, 1)) Vi (s])
UEA A

YK % *
<Ly + = sup Vi (slu) = Vy (s'|m)l,

hence |V;*(s1|p) — Vi (s2)p)| < 1—VL71§/2 Since ¢; (s,alp) = R(s,a,p) + v P(s'|s,a, )V (s'|ie), we can also
conclude that for any s € S that

K, Ly

S i (s, alp) = g (s ') < La + 757 775 VK2

Finally, by optimality conditions of the policy 7*, for any s € S we have

max (g, (s, 1), u) + h(w) = (g5 (s, 1), 7 (5)) + 17" (5)) = {ar (s, [4), tmaz) + Pma-

UEA A

This implies that Ay, — h(7*(3)) < (g5 (s, -|1t), 7(S) — Umag)- O

We note that the constant Lj, obtained above is comparable to the constant K p, of|Anahtarci et al.[(2022). Hence the results
above generalize the known Lipschitz continuity of optimal Q-values to general Q-values with respect to a policy m without
introducing stringent assumptions.

Proof of Lemma[3.6] If ©*, pi* satisfy the MFG-NE conditions, the two equalities follow from MDP optimality and
Lemma |C.11} Conversely, assume 7* = I'; (7*) and p* = I'pg (7*). Note that this implies 7% = I (gp (-]7*, ), 7*).
By optimality conditions on MDPs, it follows that 7* is optimal with respect to the MDP induced by p*. [

Lemma C.12 (Lipschitz continuity of I';)). For any n > 0, the operator I’y : 11 — Il is Lipschitz with constant Ly, on
(IL, || - [|1), where

_ LrgnlAl 1 Lr, 1
r, ‘= 1 < + —
L+nplAl -~ A= +mp — p mp

)
with the constant Ly 4 defined as Lr g := Lpop,ccLg,u + Lg x-

Proof. The result follows from combining previously established Lipschitz continuity results of F,’;“d (Lemma | and I,
(Lemma |C.9) with the definition of I',,.

Proof of Theorem 7* is a fixed point of ', and I, is a contraction by Lemma 3.7} O
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C.8. Continuity and Best Response

In this self-contained section, we present a short proof that a large class of best response operators can not be continuous
and non-trivial in p if S, A are finite, despite what is typically assumed in stationary MFG literature. Firstly, we define the
unregularized optimal action values Q*(s, a|u) for each 1 € Ag as

so=s St4+1~P(:|s¢,ae,p)
aoa M vt > 0]

Q" (s, alu) = maxE ;fﬁf(sh at, )

For any s € S, we also define the set-valued optimal action map A : As — 24 as
Af(p) :=={a e A:Q*(s,alu) > Q*(s,d'|u) forall a’ € A} € 24,

for each u € As. We call amap I'y,. : Ag — II a “best-response operator” (BR) if

supp I (1) (s) C AS(p),Vs € S, € As.

We also denote by IT* (1) the set of optimal policies for population distribution y, hence a valid BR operator must satisfy
Tpr(p) € TI* () for all p. T'y, is not unique in general, since it can assign non-zero action probabilities arbitrarily on A* (u).
The question for this section is if there could be a I'y,. that assigns probabilities to optimal actions so that it is continuous on
(As, || - |l1) (or on any equivalent norm). We provide a negative answer for a fairly general subclass of operators between
Ag and II.

Definition C.13 (“Optimal action stable” policy map). Let I' : As — II be an arbitrary mapping. Let S := [S|,S =
{51, ,8s}. T'is called optimal action stable (OAS) if for any given subsets of actions A1,..., Ag C A, on the sets of the
form

WAy, As) = () (AL) 7 (A) € As

1<i<S

that are non-empty, I' takes a single value. Equivalently, for any Ay, -+, Ag C A, if w(A1, -+, Ag) # 0, the forward
image of w(Ay, -+, Ag) is a single policy: T'(w (A, ..., As)) = {ma, .. a5 }-

While being a technical condition, OAS is satisfied by practically all best response maps proposed by single-agent RL
literature. We clarify with examples.

Example C.14 (Pure best response). Fix an ordering ai,as,--- ,ax on A. Define I'ges : As — II so that

]-7 ifa17a27 crr k-1 ¢ A:(/j‘)?ak € A:(lj’)
0, otherwise

Laet (/L) (ak ‘3) = {

T4t assigns probability 1 to the first optimal action in the ordering. I'j.; is OAS since the the action probabilities are
completely determined by which actions are optimal.

Example C.15 (Uniform map to optimal actions). Define Iy, ¢ : As — IL so that 'y, 5 (1) (als) = ﬁ ifa € A%(p),
otherwise 0. That is, I',,,,; f assigns equal probability to all optimal actions at every state s. I'y,,; ¢ is OAS,S and is the limiting
operator of the Boltzman policy of (Guo et al., 2019).

Example C.16 (Limit of regularized BR). Take h strongly concave as before, and consider the regularization function 7h(-)
for 7 > 0. Consider I'?(11) := arg max, V4 (-|m, ). While for fixed 7 > 0 the T2 is not a valid (unregularized) best
response operator, one can take the limit 7 — 0 and show that

00 so="
rh -— lim I® — aro max E thim(s ag~m(st) WVE>0].
7'_>0('u) 7—0 T(/Jl) wEgH*(,u) ;7 ( ( t)) St+1"‘P(‘|5t,U«t7M) -

which implies I'?_,; is a best response operator. By above, it is also OAS, since it is the unique optimal policy that
maximizes the regularizer term on the restricted “sub”-MDP where at each state s the only available actions are A*(u).
That is, I'®_, (1) depends only on the optimal action sets A% ().

Finally, with this definition in place, we present the main result of this subsection.
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Lemma C.17 (Continuous, OAS T are constant). Let " : Ags — II be a continuous, OAS map such that Ty,.(1n) € I1* (1)
Sorall p € Ag. Then, T is constant on , i.e., for some mo € IL, T'(u) = m, Vi € As.

Proof. Ag is a connected set with the topology induced by || - ||1, hence by continuity of I', I'(As) must be a connected set

in I1. There are only finitely many subsets of actions Ay, Ao, -+ , Ay C A, hence there are only finitely many subsets of 2
of the form w(A;, Aa, -+ , Ay) and these form a partition of the domain 2. Hence by OAS, the image Im I is a discrete
set. A discrete connected set must be a singleton. O

The above lemma shows that blanket continuity assumptions of unregularized best response might be too strong in MFG,
reducing the MFG problem to the learning of a constant policy. The OAS assumption of Lemma [C.17]hints that simply
treating best response as a single-agent RL problem will lead to operators that are not continuous (or operators that have
exploding Lipschitz constants as smoothing is decreased to approximate the discontinuous best response, as in the case of
F}rlaol

C.9. Regularization and Bias

In this subsection, we define the unregularized Nash equilibrium and quantify the relationship between the unregularized
and regularized Nash equilibrium.

Lemma C.18 (Unregularized Value and MFG-NE). We define the expected unregularized mean-field reward for a population-
policy pair (7, ) € Il x Ag as

oo S0~
V(m,p) :=E | ' R(si, ar, 1) SMTSZT(SSJLW)] '
t=0

A pair (7%, 1u*) € I X Ag is called an unregularized MFG-NE if the following hold:
Stability: p*(s) = 3 u*(s')w* (a5 P(sls/ o', 1*),
Optimality: V(m*, p*) = max V(m, u*).

If the optimality condition is only satisfied with V (7§, u3) > max, V(m, us) — 3, we call (7}, u}) an unregularized
0-MFG-NE.

In general, the unregularized MFG-NE will not be unique. As expected, the regularized MFG-NE pair (7*, u*) also forms
an unregularized §-MFG-NE. We quantify the bias in a straightforward manner in the following lemma.

Lemma C.19 (Regularization Bias on NE). Let h : A g — [0, hynaz| for some hpqy > 0 and let (5, u}) be a regularized
d-MFG-NE with the regularizer h. Then, (75, (15) is an unregularized (6 + %“;)-MFG-NE.

Proof. The stability conditions for regularized and unregularized MFG-NE are identical. For the optimality condition, we
note that for any pair (7, 1) € I x Ag, |V (7, 1) — Vi, (7, p)| < Bmaz | Tt follows that for any p € A, | max, V(m, ) —

1=y
hmaa
max, Vp(m, p1)| < e O
For instance, using the scaled entropy regularizer Thep:(u) = —7 Y, u(a)logu(a) for 7 > 0, the bias will be bounded by
7 log | A|
1—y °

D. Sample Based Learning
D.1. Conditions on h for Persistence of Excitation

The learning algorithms presented in this paper assume that persistence of excitation holds throughout training. We show
that for many choices of h, the persistence of excitation (PE) assumption (Assumption |3)) is automatically satisfied.
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Lemma D.1 (PE conditions on h). Assume that h is strongly concave with modulus p, differentiable in A%, tmas € A%,
and define Us := {u € A% : d(u,0A 1) < 8}. Further assume that

4
i inf T _ =
b S, V) (tmar =) > Qs

Then, there exists pin s > 0 such that for all ¢ € Q,0 < q(-,-) < Quaz, ™ € IL, it holds that T}, ,(q,m)(als) > piny for all
seS,ae A

Proof. Uy, is a closed convex set (see Definition [3.5]and Eq. (I)). If Uz, N OA 4 = @, we are done, since the image of
I ,is acompact set and I}’ ,(s) is contained in A for all s € S. So we assume Uz, N OA 4 # @.

md

Denote Q' :={q € Q:0 < q(,) < Qmax}.- Leta € U, NOA 4 and g € Q', 7 € II arbitrary. Define the functions
f:Up, - Randg:[0,1] - Ras

F(w) = {u,q(s, ) + h(u) - %nu — w3 g(t) = F@+ Htmas — ).

Here % + t(umaz — @) € Uy, forall t € [0, 1] by convexity of Uy, and the fact that u,,q, € Uz, . We will show that f(@)
can not be a maximum in U{y,, by proving g(0) has a direction of increase. Since g is differentiable in (0, 1) and continuous

in [0, 1], for any £ > 0 by the mean value theorem there exists & € (0, ¢) such that ¢’ () = M. It is sufficient to show
that for small enough ¢, ¢’(£) > 0 for any £ € (0,¢). Computing the derivatives, we obtain

g () =V f(@+ e(tmaz — @) " (Umaz — )
:q(sa ')T(umaz - ﬂ) +V h(ﬂ + E(Umaac - a))T(Umam - ﬂ)

- %(ﬂ + 5(umax - ﬂ) - ’/T(S))T(Umax - 1_1,)

Note that the magnitudes of the first and last terms can be bounded by

|q(8, ')T(umax - ﬂ)’ S Qmaam %(ﬂ + g(umam - 77/) - W(S))T(umaz - ﬂ) S

|

Hence, choosing ¢ > 0 small enough so that V h( + &(tUmaz — @) " (Umaz — @) > Qmaz + % for all £ € (0,¢) shows

that g(e) > ¢(0), implying @ can not be a maximizer of f. This implies ' ,(¢,7)(als) > 0 forany s,a € S x A.

m

Since the domain set Q' x IT is compact and I}, is continuous (see Lemma|C.3), the image set I ,(Q’,II)(als) is compact
forall s,a € S x A and there exists p;, > O such thatI"! ,(g,7)(a|s) > pins forallg,m € Q' xands,a € Sx A [

md

The lemma above does not require differentiability of h at the boundary OA 4. For instance, for the entropy regu-
larizer hent(u) = — ), u(a)logu(a) the assumption of Lemma is satisfied for any learning rate 7 > 0, since
limgs o infuep; VA(u) T (Umar — 1) = 0.

D.2. Generalized Monotone Variational Inequalities under Biased Markovian Noise

In this section, we generalize the results from [Kotsalis et al.|(2022)) for conditional TD learning to incorporate non-vanishing
bias in estimates of the operator with possibly non-Markovian sequences. We refer the reader to their work for the full
presentation of their ideas, while we provide a self-contained proof incorporating bias.

Theorem D.2 (CTD under bias). Let F : X — R be an operator on some bounded set X C R%. Let {¢;:t € Zy} be a
random process on space (2, F,P) where §, € 2 C R™ with probability 1. Let F; = o (&1, ... ,&) and F:X xZ—RP,
Let || -|| be a norm on RP with dual | - ||+, and V' be a Bregman divergence satisfying V (z,y) > %||z — y||? forall z,y € X.
We assume the following hold.

Al. There exists (a unique) point ©* € X such that (F (z*),z — z*) >0, Vz e X.
A2. Fis “generalized” strongly monotone, hence for some 11 > 0,

(F(z),z — ") > 2uV (x,2"), Vxe X. Q)
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A3. Fis Lipschitz with constant L, so that |F (z1) — F (x2)||, < L||x1 — 2], V21,22 € X.

A4. There exists 0,5 > 0 such that for all iterates {x;} and t, 7 € 7,

~ ~ 2 o2 g2 w2
E [HF(%@HT) ~E [F (@1, &4) | Foa || ftl] <%+ 5w - ©)
A5. There exists § > 0,C > 0, p € (0,1) such that Vt, T € Z almost surely
|P@) ~E[F @) | Fa] | < Cp la—a"l + 6w e 2. ™
Then, for T > %#, to = max{%, 12’;‘2 } , Bk = m, the iterations given by arbitrary x1 € X and
Tk+1 = aIg minﬁk <ﬁ (xkagkr) ,JI> + V(.Tk,.%'),V]{J € Z-‘r: ®)
rzeX
satisfy
2(to + 1)(to + 2)V (21, 2%) 6k(0? 4 402) 10052

E[V(zpq1,27)] <

(k + to)(k + to + 1) 2+ to)(k+to+1) | 2

Proof. Firstly, we note that by the triangle inequality and application of Young’s inequality, for any sequence {x; }; we have
that

IF(e) = F2e, &ir)|I2 <20\ F () — E[F (24, &4r) | Fooa]ll?
+ 2|E[F (24, E4) | Fio1] — F(zg, Err) |12

By taking expectations, applying Equations [7]and [f]and Youngs inequality, we can conclude (similar to Lemma 2.1 of
Kotsalis et al.| (2022)) apart from the bias term) that

E(|F(z:) = F(ws, &4r) 2] < 0% + 467 + (4C%0° + P)E| [l — 2*|°]. ©

Now for the sequence of updates {x} defined by Equation as in Kotsalis et al.| (2022), we define

AFy = F (z) — F (zr-1) and 0, := F (g, &kr) — F (zr) -
Reiterating Proposition 3.7 of (Kotsalis et al,[2022), by optimality conditions of Equation §]it holds again that for all z € X,
B (F (wh41) , whgr — @) + (1= 2B2L%) V (xh41, @) + B (0F a5, — ) <V (wp,2) + BE |07 ]2 .
Fixing « = z* and using the strong generalized monotonicity condition of (3)), we obtain

(1+2pBk — 260 L*)E[V (2rr1,27)] SE[V (zx, )] + BRE[I67 I12] + BRE[(OF, zx — )]
<E[V(ar, 2")] + BRE[I6T 2] + BeE[IOF ||k — 2]
<E[V(ar, ")) + Bi(0® +40%) + 6BRE[ [z — =7]]
+ (0% B + B} + CBrpT) Elllr — 2|7,
where the last inequality holds by (9) and (7). Hence by the property of divergence V'

(14 2uBk — 267 L*)E[V (241, 2%)] <E[V (w, 2)](1 + 8C?p*" B + 2657 + 2CBxp”)
+ BE(0? + 46%) + BroE[||lzk — z*||].

Applying Young’s inequality on the term Sy dE[||zx — x*||], we obtain:
(1+ 2uBk — 267 L*)E[V (241, 27)] <E[V (w, 2)](1+8C?p*" B + 2687 + 2CBrp”)

1062
+ 020”4 46%) + B = + By Ella — o)
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Hence, we conclude

(14 2B~ SRLDENV (pn, )] <EIV (s, 2)| (1 + 8O0 5] + 26° 87 + 20" + 240
2
1 BR(0® + 46%) + m% (10)

Finally, setting 6y, := (k + t9)(k + to + 1), we note that with the assumptions on T, ¢,

,Bk,u)

0k(1+8C*p*7 B7 + 26% B + 2CBkp” + 10

<Ok (14 2uPr—1 — 267 L?).
Multiplying both sides of by 6), and summing over k = 1, ..., K, we obtain

O (1 +2uBxk — 265 L*) E[V (2x11,2)] <91(1 +8C2p*T B} + 2681 + 20B1p")V (21, )
s 106>
+ Z&kb’k o +40%) + Zakﬁk

k=1 =

The result follows by computing the sums and Zszl OB < % (K +to)(K +to+1). O

D.3. Stochastic Population Update Bounds

We establish two useful results that (1) bound the expected deviation of the empirical population distribution from the
mean field and (2) characterize mixing in terms of the state visitation probabilities of each agent. Firstly, we show that the
empirical population distribution ji; approximates the mean field I'J; ,(7) in expectation up to a bias scaling with O(\/—lﬁ)

Lemma D.3 (Empirical population bound). Assume that at any time t > 0, each agent i follows a given (arbitrary) policy
7wt € 11 so that,

aj ~7'(s}),  siiq ~ P(lsi,ai, i), Vt>0,i=1,...,N.

Let 7@ € 1L be an arbitrary policy and Az := % >, ||& — 7'||1. For any 7,t > 0, it holds that

. op, it \/25
© [ - Tl 7] < e (V14 B ).

_1_Lp0pu \/N

Proof. For the bias term when 7 = 1, we compute:

E[fer1|Fe] = E

al 15
] = Z Z |Stv )ﬂﬁt)v

s'eS i=1

where we use the F;-measurability of 7i; and si. We then obtain

> eq Z ('|sy, 7 (s1), Fie) — P(s'|s8, 7(s2), ie))

s'eS i=1

||PPOP( ) [Mt+1‘]:t Hl =

1
) N~ KaAﬁ-
_NZH (lsi w5 ) = PClsi 7C1sh). A, < =5

We also compute the variance at timestep ¢ + 1. For 7 = 1, by independence, we can decompose the ¢5-variance:
—~ 2
Ell[fie41 — Elfie | Fo] |13 F:] = Nz ZE - LRI < N
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where we use the fact that ||esz-+1 - IE[esi+1 |F:]||3 < 2. In particular, we obtain

E i1 — E 1|7 117 = VE s — E s 5] 1F ]
< \/ISIE 41 — E [esa ] 1317

BVCE
=N

using Jensen’s inequality and the fact that ||v||; < v/d||v]|2 for any v € R%. Hence we have

Elllit+1 = Tpop (e, ™)1 F¢] <E

IIA — E [pea | Fol 11| F2] + BIE [Fega | Fo] = Tpop (i, T[] ]
LIy
2

ﬁ

+

For 7 > 1, we inductively generalize the result. By law of iterated expectations (and the fact that 7; C F;4,), we can derive

E[||ﬁt+7+1 Tyt (e, m) ||, ’Ft} <E [|fe+r41 = Dpop(Tirsr, 7)1 | Fi]
+E[HFpop it ™) = Tpgp (e )] ‘ft}
<E [E [||fit47+1 = Cpop(fsrs )|y | Forr ] [ Fe]
+E [L,,Op,u \|tr — Fgop(ﬁm)ﬂl‘ft}

VUS| ARK,

< \/]v 9 pop,;tE |:||ﬁt+7' - F;op(ﬁtvﬂ—)Hl‘ft} )

where the last inequality follows from what has been proven above for 7 = 1 and the Lipschitz continuity of the operator
Lpop(+, ).

Hence, we inductively obtain the bound for any 7 > 0,

N o~ 1-L7, 2|S A=K,
E [HM“‘T - Fpop(“t’ﬂ)Hl“Ft} <7 Lp - <\/\/p + > )

pop,p 2

O

The dependence on Az above indicates that if the policies of agents deviate from each other, an additional bias will be
incurred on the empirical population distribution. In the centralized learning case, we will have Az = 0, whereas the term
will be significant for the independent learning case due to the variance in agents’ policy updates. As corollaries, we have
the following bounds in terms of the limiting population distribution and the empirical population bound conditioned on the
state of a single agent.

Corollary D.4 (Convergence to stable distribution). Under the conditions of Lemma|D.3|for any t, T > 0, we have

. 1 V2|8 K.Ax .
A [H“H‘T o pop ” "Ft} = 1= Lyop ( VN + 9 2L, we
Proof. The proof follows from an application of triangle inequality and Lemma|[D.3] O

Corollary D.5. Assume the conditions of Lemma and Assumption Then, for any 5 € S, agent j € [N), and for
T > Thiz, we have

L;OPM ( 2|S| + Aﬂ'Ka>
Y 5|

~ 1T I J = 8
E |:HM75+T Fpop(ut’ 7T)H1‘St+‘r - 57ft:| < (1 — Lpop”u)amzz \/N
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Proof. The corollary follows from the law of total expectation and the fact that by mixing conditions, ]P’[Si +r =8| F] >

As a stronger result, we prove that any agent’s state visitation probabilities also converge to the mean field up to a population
bias term. This result generalizes similar mixing theorems for Markov chains to the case where there is time dependence
due to population dynamics and later facilitates proving learning bounds on a single sample path. The proof is loosely
based on the ideas from Theorem 4.9 of (Levin & Peres| 2017)), with the additional complication that the transitions are not
homogeneous due to population effects.

Proposition D.6 (Mean field MC convergence). Let {sh}; € SN be (arbitrary) initial states of each agent. Assume that
each player follows a policy w* € 11, that is,

ai Nﬂ'i(si)’ Si-&-l NP(‘|Siaaiaﬁt)7 VtZO,z: 17"'5N'

Let 7@ € I1 be an arbitrary policy and Az := 5 >, ||& — 7'||1. Forany T > 0 and forany i =1,..., N, it holds that

, 2K, Tia /215
i 00 T mix
H IP)[ST = ] Fpop( )1 <CmiaPmiz + 572mw VN
Tmm’K Kp, TmixKa i —
Az + 7" =7,
57271193( Lpoz),u) Omix

AT e max{K, 1}

— 1/ Tomi; o
where p,;, = max {Lpowu (1 = Gpmiz) "/ T} and Chig = — =
5WLZprnbr |Lpnp ;L_(l ‘571171‘) mzz‘

Proof. Denote fio, = I'55 (), and denote the transition matrix induced by the limiting population as [P]s s =
P(s'|s,7(8), ioo) and note that by definition, p, is the limiting distribution of the Markov chain induced by transi-
tion probabilities [P )5, . By the irreducability and aperiodicity implied by Assumption E], it is in fact the unique stationary
distribution of the stochastic matrix P .. Finally, by M, denote the (stochastic) matrix with all rows equal to pio,. Then
it holds that XM, = M, for any stochastic matrix X, and M P, = M. For a sequence of matrices {A;};, while

matrix multiplication is not commutative in general, in this proof we denote Hfil A; := A A5 ... A for simplicity.

We prove the result for the first agent (¢ = 1), from which the theorem will follow by symmetry. By P, denote the stochastic
transition matrix at time ¢ given by [Py]s o = P(sf = s'|s}_; = s). By AssumptionEI, there exists a 1},,;; > 0 such that
for some 6,n;: > 0, the matrix defined by PU) = T[Z¢=, ). Py satisfies for all j that [PW)], o > Gmigfies(s’) > 0.
Hence for each j, we define the stochastic matrices Q/) implicitly given by the equation P\Y) = (1 — §)M,, + #QW)
where 0 := 1 — §,,,;,.. The proof will follow in three steps.

Step 1: Induction on j. By induction, we will prove that for all J > 0, the following holds:

J J
[[PY =1 -0)M. +9JHQ<J>+Z — 010" M (PO~ PL) TT Q. (11)
j=1 j=1 =2 U'=I+1

The identity can be verified in a stra Jghtforward manner for J = 1, 2. Assuming the identity holds for J > 1, we show it
holds for J + 1. Denoting A := P(J) P+ and dlstrlbutlng over the equality for the inductive assumption on .J,
we obtain

J
A =(1-6") M PV 197 T QW) ((1 — )Mo + 9Q<J+1>)
j=1

+<z}:(1011)9”1\4m( pU) _ P ) H QU )(10)M00+0Q(”1>).

=2 U'=l+1
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We observe that H}]:1 Q(j ) is a stochastic matrix and that Mo, P, = M, to obtain:

J
=(1-67)M, (PUH) - PZO) + (1= 07 )M PLre 4+ 67 (1 - )Mo + 07 ] QY

j=1
J
+ (Z(l . gl—l)aJ—jMoc (P(j) _ Pgomim) H Q ({1 )> ( 0)M.o + 9Q(J~|-1))
1=2 U=l+1
J
—(1 = 07 )Muc (P — PLr ) 4 (1 07 )Mo + 077 TT QU
j=1
J J
+ (D (-6 M, (P(j) - Pfgm) IT @© ((1 — )M, + 9Q<=’+1>) .
j=2 U=i+1
The result follows by the identity
J J
S (=610 Mo (PP~ PL) TT Q)] (1 - )M =0
j=2 U=1+1
since both P(7) sz’zj-t,-l Q") and P, H21/=j+1 Q") are stochastic matrices.
Step 2: Quantifying convergence. Using the definition P(/) = Hj T’"j”” DT 41 P; we can rewrite ii equivalently as

JTmiz J
(o) -0 oo s 50 e (o0 2.) 1 @

j=1 j=2 I'=1+1
Multiplying both sides by E(™) := [[;_, Pr,,.. ++ from the right for 7 < T},;, and using Mo P%. = Mo, we obtain

Triztr

H P, Ma =07 [ [JQVE® - ML E® | + Mo (E© - PL)
j=1
J ) ) J
+3 (10197 M (PU) - POO> [T QVE™.
j=2 U=i+1

Let u € Ag be an arbitrary column vector. Multiplying each side by u' on the left, and taking the ¢; norm, we have for
|:| = HuT JTIYILI+T Pt

al (P(j) — Poo) QW

J
O<20” +> 67
j=2

J ‘ I Tmix JTmia+r
<207 +) 677 > swplPre —Pojllit Y, sup|[Pro— P,
J=2 t=(—1) T+l ° t=jTmia+1 °

where P ,., P ;. indicate s-th row vectors of matrices P, P, and t € Ags and QU is a stochastic matrix, using
Lemma [B.3]in the last line.

Step 3: Quantifying finite population bias. Finally, we will quantify the error due to the non-vanishing sup, ||P; . —
P s.|l1 terms. We denote by Ay s C Ag the (finite) set of possible empirical state distributions with N agents. Observe
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that for any s € S,

Pt75‘ - POO s ( % |St1 = S) - P("Saﬁ-(s)auoo)
= Z (P(ster = -\ = 5t = 5) = P(|s,7(s), p1oc)) P(ir = pils} = s)
NGEN,S
AN _ ~
= (P(|p, ' (5),8) = P(:s, T(5), poo)) (11 = pls; = s),
HEEN,S

where (x) follows from the law of total probability and (A) follows from the definition of SAGS dynamics. Assume
t > T,,:z. We then conclude

IPis = Pocslli < D [|PClum(s),8) = PCls,7(s), oo, P(Te = plst = s)

#GAN,S
Ko\ 1 S
< D (Kulloo = palls + St =7l ) BGe = plst = s)
;LE&N,S
K K ~
SJ' . E[Hﬂoo_ﬂtlll]v

where the last line is a consequence of Corollary Using Lemma fort > Tz,

K, K Ar K K 2|S] 2K
P s Poo S- < S = — 1_ 7 ® Bt .
IPon — Pl < (ot ) G+ Sl — e V2 ey
Placing this in the inequality we obtained from step 2, we obtain result. O

An intuitive detail above is that the mixing constant p,,;; is equal to the maximum of the Markov chain mixing constant
(1- 6mi$)1/ Tmiz and the population mixing (or contraction) constant L,,,, ,. Hence, the bound above suggests waiting for
both the Markov chain and the population is essential. We use these convergence results to prove finite sample bounds for
TD-learning in N-player SAGS in the next section.

D.4. CTD with Population

For the purpose of having a clearer presentation and clarifying the dependence on problem parameters, we define the
problem-dependent constants (where Ly, such that 7w € Il ):

_ log1/pp +10g40Cyix _ 16(1+7)°

S 10g 1/ pmia ’ T

CfD :: (1+Lh)(t0+2)‘8||¢4‘ OQTD — 16(1+Lh)

1- (1 - 7)25mixpinf ’

o 200K+ Lo+ 1 (o 10K, + L)1+ L) T /215

P T iy T (= Lyop) A1 Bibing

5T miz(1 + L) (K, + Ly, + 8K, K,,) 40(1 + Lp) Ko Tz 20C + 10Ly,

Cpol 1= ) Cpol 2

(1- Lpozw)(l - ’7)253’nmpinf

where C}, is defined as the Lipschitz constant of / on the set {u € A4 : u(a) > piny, Va € A} with respect to the || - ||1,
which is guaranteed to exists since Vh is continuous on the compact set {u € A4 : u(a) > pin s, Va € A}. We provide the
full proof and restatement of Theorem

(]- - 7)253”Lp1nf (1 - 7)5m7.zpznf ,

Theorem D.7 (CTD learning with population). Assume Assumption I 4| holds and let policies {r'}; be given so that
7'(als) > pin f for alli. Assume Algorzthmlls run with policies {r'},, arbitrary initial agent states {so}z, learning rates
Bm = W,Vm > 0and any M > 0, Myq > M. If 7 € I is an arbitrary policy, Az == + >, | 7" — 7|1 and
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Q* := Qn(-, |7, uz), then the (random) output Qm ofAlgorithmsatisﬁes

ciP C3PvVM TD LMM

- * +C
VM +t) (M +to+1) /(M +to)(M +1to+1) pop,1-'pop,pu
TD

CPOP’
+W C'pollA +Col2||ﬂ— —’/T||1

E[[|@um — Q"] <

Proof. We verify the assumptions of Theorem Take the divergence V'(q,q') = 3 Llg — ¢'||3, and denote (™ :=
CmMug+as Fy' = FmM,g+a- Assumptions Al- A3 have been shown, with generahzed strong monotonicity modulus
pr = (1 —¥)0mizPins and Lipschitz constant Ly := (1 + ). For A4, we bound the variance of F' by (see Lan|(2022)):

4(1+ Ly)?
(1=

During CTD learning, the iterates Qm stay in the set [%ﬂ/, Qmaz] since @o(s, a) = Qma at initialization.

E [IF™ (Qm, €)= BIF™ (Qm, C)IFIBIFE] < 40 +7)2E[1Qm — Q"I3] +

Finally, we verify the (more challenging) mixing condition. As before, let i, := I‘g‘;p(_). For any @ € Q, we have

E[F™ (Q, Cir)|Fi) =EUQ(Sthrs @rr) = R(Stsry Qprs fin) — B(TL()) = YQ(St4r41, Apr41))€s, s s anss | Fi]
+ E[(R(StJr‘m Aty Mﬂ’) - R(StJr‘ra Q41 ﬁt+7))est+7,at+7 |]:t]

By Lemma|[D.3] the second term can be bounded by

~ L, V2SI ALK,
E[(R(St+r, Ottrs o) — B(St4r; Qtprs 7))€siir arsr | F < ! + +2LLTOL
| E[(R(st+r, atsr, ir) (Strs Qrger s Higr))€sirary, | Filll2 1= Lpops ( JN 9 pop, i
For the first term, abbreviating v5 ;%" := 7! (a|s) 7! (a’|s')(Q(s, a) — R(s, a, fix) — h(71(5)) —7Q(s", @))€, q and ¥V ;1=

7(als)7(a'|s")(Q(s,a) — R(s,a, ,u,T) — h(7(s)) —vQ(s',a’))es,q, and again denoting by KN,S C Ag the (finite) set of
possible empirical state distributions with /N agents,

E[(Q(St47) @tyr) — R(St4ry Qror fir) — h(Wl(S)) - ’YQ(St+T+17at+r+1))eSt+T,at+f|]:t]
> Plsipr = s|F)Pllisr = plsesr = 5, Fi|P(s']s, a, p)vi"

’ ’
s,s’ ,a,a
HEAN,s

= Z Plsiyr = 8|Ft) Pllisr = plstr = 5, F4] (P(5']s,a, ) — P(s'|s, a, i) Vi:&a

’ ’
s,s’,a,a
HEAN,s

/

(%)
+ Y Plsisr = s|RIP( s, a, ) (VI =)+ D Plsiar = s|FP(S|s, 0, pe) VI

s,s’,a,a’ s,s’,a,a’

@) (&)

We analyze the three terms above separately. For (x), observe the inequality using Corollary

R K 2|1S]  AzK,

Z ]P)[N“H-T = NlSH-T = 87}—15] ”P("Svamuf) - P('|87aa /U'ﬂ)Hl < k ( + ) +2K L,

— 1-L o 5mzx N 2 pop-1”
pehns ( pop,it) V

Here using Jensen’s inequality and Lemma[B.2]

K \/2|S‘ A-ﬁ—Ka . 1 +Lh
*1§<(1_L - < + >+2KLPOM> :

pop,,u)dmiar \/ﬁ 2 1- Y
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Similarly, the term ((J) can be bounded by [|(J||; < ||7! — 7|1 (2C), + Ly,).
We finally analyze the term (A) using Proposition We note that

(A) = FT(Q) = M, —M")(I-~7P)(Q - Q"),

where M, = diag({P[s},, = s|F]|7(als)}s,a) € RISIAIXISIAl and taking Q, Q™ as vectors in RISIMI. Utilizing
Proposition[D.6]to bound 0,4, (M, — M™), we conclude

AK, Toniw /218
A—F~ <[ 2Cinpt,, + —Lmie V21
H (Q)”2 —( C Pmiz T 572mT \/N

2Tmi7;Ka i — *
[[7* — 7T||1> 1Q — Q2.

2Tmn Ka K}L A~ +

53@13:( LPOPHM) " 5mm

Since we have ||Q — Q|2 < M and || - |]2 < || - ||1, the theorem follows. O

D.5. Main Results
We restate and prove Theorem {.3]and Theorem 4.5

Theorem D.8 (Centralized learning). Assume that 1 > 0 an arbitrary learning rate which satisfies Ly, < 1, Assumptions
and hold and ©* is the uniqgue MFG-NE. Let ¢ > 0 be arbitrary. If the learning rates {f3,,} are as defined in

Lemma

and

10g(Lpop.y:) log Ly’

My > max {4CTP Ly (1 = Lr,) e 16(CFP) L2, (1 — Lr,) %272},

log(4(1 = Lr,) "} Lyna g CED &~ log 8¢~
Mtd>max{ g4 r,) 4,9~ pop,1 ),Mtd K> og 8¢

then the (random) output 7y of Algorithm 2] satisfies

* Lina, qC pop,2

Ellrx =7 1] <e+ —F—~.
(1-Lr,)VN

Proof. Denote gy, := qn (-, |k, Loy, (k). Firstly, by Theorem[d.2] for any k € 0, ..., K — 1, it holds for all combinations

of states {5'}; € SV that with probability 1,

Cimle crr L arym,
B \/ (Mpg +to)(Mpg +to + 1) \/(Mpg +to)(Mpg +to+1)

CTD
+CTD Mg + pop,2

pop,1 POPHM /N ’

since the policies followed by each agent are the same. Hence by iterated expectations and placing the definitions of

M4, Mg, we obtain with probability 1,

E[llqr — Qk||oo|52>Mthpg

3(1 - Lr*n)é‘ + C op,2

p

4Lmd,q \/N

E[[[g — g loo|7*] <
Moreover, with probability 1,

Elllmh1 — 7|1 k] =BT @, mx) — 7|1 74]
<E[|IT5 (g, mk) — 7|1 ma] + BUTT (qry 1) = Ty (@ 7)1 |12
<E[ITy(m) — 7*[l1|mi] + BT (qr, 7)) — T (e, i) |2 178]
<Lr, |7k = 71 + Lina,q E[l@k — qklloo|mx],
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which implies by the law of iterated expectations:

pop,

4 VN

Inductively applying the inequality for k = 0, ..., K — 1 implies the statement of the theorem, noting ||mg — 7*||; < 2. O

_ ) . 3(1—Lp)e  Lpma,CID
Ell#0r1 — 7] < L, Eflfx — o] + 20202 | ImdaCropa

Finally, we restate Theorem [.3| with explicit constants and provide the proof.

Theorem D.9 (Independent learning). Assume that n > 0 satisfies Ly, < 1, Assumptions E|andhold and 7 is
the unique MFG-NE. Let € > 0 be arbitrary. Let the learning rates {8, } for CTD be as defined in Lemma and

1
K > logsf v For ¢ := Linag(Cloly + Chol's) + Linax = O(3):

— -1 —Cy, -1 m 2 ’T’D -t —
1 If e, < 1, let Myqg > max{log[4(1 Lr,)” @ 17;(L(*L1 d’)quL"Ld’qC"”"’l)E ],Mtd} and My, > 4(1 — ¢,)71(1 —
o pop,u

Lpn)*l(Lm(Lq + L?nd qC ) max {C;D5—17 (CTDPy2(1 — Lr, )1 —2}

pop,1

log[4(1—Lr, ) " Limd,qCien 16 M (1+CEE | Lina o K Lma oCTP
[ ( 1"1) d,q“p f,ll ( pol,1 d,q H,Mtd Cll’ld Mpg > 4maX d,qYq (1 +

2. If ¢y, = 1, let Mq > max g (L1 ) T-Lr,

_1 4CTP)L;

Cpol, =z et (L4 Gt L md,qK)%_Q}'

pol,ledaQK)E

C
log[4(1—Lr,) ™ Lima,(CLE 1+7”°“ mdg Ky —1

3.If ¢, > 1, let My; > max pop.1 G — ],Mtd} and My, > 4(1 —

IOg(vap,u)

Lr,

) 2 Linaqmax { CTPe ™ 4(CTP L) 2 (1 + Seblptacliy?

Then, the (random) output {% }; ofAlgorithmsatisﬁesfor allagentsi=1,...,N,E |7l —7*|1] <e+ O (ﬁ)

Proof. The proof again follows by using previous error propagation results for CTD learning with population and the
contractivity of I';. As the main difference from the centralized algorithm analysis, the constant c,, characterizes if
stochasticity will cause the policies of agents to diverge over PMA epochs.

By symmetry, we only prove the theorem for the first agent (i = 1). We will use the reference policy 7 := 7}, at each
iteration k. For all k = 0,1, ..., K define the random variable Ay, := Zfil |7i — mh||1. Clearly Ag = 0. We will prove a
bound for Ay, throughout training. Using Theorem[4.2]on the CTD iterations of agent i, we obtain

CTD CTD i
Hl qk”oo‘{'”k} < + 2 m
\/ g +10) (Mg +to+ 1) /(Mg + to) (Mpy + to + 1)
TD

C
+ ChopaLipfiy + 755 + Cpaba i+ Cplallmt = il

For simplicity, we denote the first four summands independent of k as e p, yielding

El1@, — @i lloo {mh }i] < €1 + Cpof1 Ak + Cpofallmh — mill1-
Using the iterative expectations used to prove Theorem [#.3] we have for all ¢ # 1 with probability 1:
E[|mhr1 — Tl i bi] =BT 4@ mh) — 0@ m) 1 Hmk bo)
<Lind.q Bl @ — G lloo {7k }i] + Lmaxllmy, — milln
<Lmaq€rp + Lmd,qc ol, 1Ak + (L md7qC ol,2 T Limd )l — WliHL

In this last inequality, dividing by IV, summing over all + = 1, ..., /N and taking the expectation of both sides we obtain:

E[Ak+1] S Lmd,q(C ol,1 + C pol, 2) [Ak] + Lmd,ﬂ' E[Ak] + Lmd,quD~ (12)
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Hence we obtain inductively the bound (for all k) and using the definition of ¢,, and Ay = 0,

E[A] < (Limd,g(CL7y + CLP5) + Lima.x)" — L I Al -1 .
T Linag(Chly + Clils) + Linax — 1 e o

if ¢, # 1, otherwise E[Ag] < kL,,q €7 p. Applying Theoremonce more on agent 1:
El|#y1 — 7] < Lr, E[I7% — 7* 1] + Lma,q€rp + Lmd,qCaor 1 E[A],

and summing over k iteratively and denoting ¢;, := Li,q,4(C TlD7 1+ C 7;? 9) + Lind,x:

po p
L ¢ K-1
-~ * md,q¢T D —k—
Ell7k — " lh] < 2L + =202+ LinaCpoty Y LT, F T E[A].
n 1— LFn ’ — n

The result follows by placing the defined constants in the theorem.
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