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ABSTRACT

Momentum is known to accelerate the convergence of gradient descent in strongly
convex settings without stochastic gradient noise. In stochastic optimization,
such as training neural networks, folklore suggests that momentum may help
deep learning optimization by reducing the variance of the stochastic gradient
update, but previous theoretical analyses do not find momentum to offer any
provable acceleration. Theoretical results in this paper clarify the role of momentum
in stochastic settings where the learning rate is small and gradient noise is the
dominant source of instability, suggesting that SGD with and without momentum
behave similarly in the short and long time horizons. Experiments show that
momentum indeed has limited benefits for both optimization and generalization
in practical training regimes where the optimal learning rate is not very large,
including small- to medium-batch training from scratch on ImageNet and fine-
tuning language models on downstream tasks.

1 INTRODUCTION

In modern deep learning, it is standard to combine stochastic gradient methods with heavy-ball
momentum, or momentum for short, to enable a more stable and efficient training of neural net-
works (Sutskever et al., 2013). The simplest form is Stochastic Gradient Descent with Momentum
(SGDM). SGDM aims to minimize the training loss £(x) given a noisy gradient oracle G (), which
is usually realized by evaluating the gradient at a randomly sampled mini-batch from the training set.
Specifically, let ~, 3 be the learning rate and momentum coefficient, then SGDM can be stated as:

g ~G(Tk), My =Pmp+gr, Thpr = Tk — VM1, (1
where gy, my, xj, are the gradient, momentum buffer, and parameter vector at step k.

For typical choices of 8 € (0, 1), the momentum buffer can be interpreted as an exponential moving
average of past gradients, i.e., my = Z?:o pr=i g;. Based on this interpretation, Polyak (1964;
1987); Rumelhart et al. (1987) argued that momentum is able to cancel out oscillations along high-
curvature directions and add up contributions along low-curvature directions. More concretely, for
strongly convex functions without any noise in gradient estimates, Polyak (1964; 1987) showed that
adding momentum can stabilize the optimization process even when the learning rate is so large
that can make vanilla gradient descent diverge, and thus momentum accelerates the convergence to
minimizers by allowing using a larger learning rate.

In deep learning, however, the random sampling of mini-batches inevitably introduces a large amount
of stochastic gradient noise, which sometimes dominates the true gradient and may become the main
source of training instability. As the above convergence results solely analyze the noiseless case,
it remains unclear in theory whether momentum can likewise stabilize the stochastic optimization
process in deep learning.

To understand the benefit of momentum in stochastic optimization, several prior studies (Bottou et al.,
2018; Defazio, 2020; You et al., 2020) speculate that averaging past stochastic gradients through
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momentum may reduce the variance of the noise in the parameter update, thus making the loss
decrease faster. To approach this more rigorously, Cutkosky and Orabona (2019) proposed a variant
of SGDM that provably accelerates training by leveraging the reduced variance in the updates.

Nevertheless, for SGDM without any modifications, past theoretical analyses in the stochastic
optimization of convex and non-convex functions typically conclude with a convergence rate that is
comparable to that of vanilla SGD, but not faster (Yan et al., 2018; Yu et al., 2019; Liu et al., 2020;
Sebbouh et al., 2021; Li et al., 2022a). Besides, there also exist simple and concrete instances of
convex optimization where momentum does not speed up the convergence rate of SGD, even though
it is possible to optimize faster with some variants of SGDM (Kidambi et al., 2018). This naturally
raises the following question on the true role of momentum:

Does noise reduction in SGDM updates really benefit neural network training?

To address this question, this paper delves into the training regime where the learning rate is small
enough to prevent oscillations along high-curvature directions, yet the gradient noise is large enough
to induce instability. This setting enables us to concentrate exclusively on the interplay between
momentum and gradient noise. More importantly, this training regime is of practical significance as
in many situations, such as small-batch training from scratch or fine-tuning a pre-trained model, the
optimal learning rate is indeed relatively small (Liu et al., 2019; Malladi et al., 2023).

Main Contributions. In this paper, we present analyses of the training trajectories of SGD with
and without momentum, in the regime of small learning rate. We provide theoretical justifications
of a long-held belief that SGDM with learning rate v and momentum S performs comparably to
SGD with learning rate n = # (Tugay and Tanik, 1989; Orr, 1996; Qian, 1999; Yuan et al., 2016;
Smith et al., 2020). This finding offers negative evidence for the usefulness of noise reduction in
momentum. Additionally, this also motivates us to reformulate SGDM in Definition 2.3 so SGDM

and SGD perform comparably under the same learning rate 1, which in turn simplifies our analysis.

More specifically, given a run of SGDM, we show that vanilla SGD can closely track its trajectory in
the following two regimes with different time horizon:

Regime I. Training with SGD and SGDM for O(1/n) steps where the scaling of gradient noise
covariance can be as large as O(1/7n). Specifically, Theorem 3.5 shows that SGD and SGDM

are O(1/n/(1 — 3))-close to each other in the sense of weak approximation, where 7, 3
are the learning rate and momentum coefficient under the notation of Definition 2.3. Our
analysis not only includes the classical result that both SGD and SGDM converge to Gradient
Flow in O(1/7) steps where the stochastic gradient is sampled from a bounded distribution
independent of 7, but also covers the regime of applying Linear Scaling Rule (Goyal et al.,
2017), where one decreases the learning rate and batch size at the same rate, so the noise
covariance increases inversely proportional to 1, and in this case both SGD and SGDM
converge to a Stochastic Differential Equation (SDE). Our results improve over previous
analysis (Yuan et al., 2016; Liu et al., 2018) by avoiding underestimating the role of noise
when scaling down the learning rate, and provide rigorous theoretical supports to the scaling
claims in Smith et al. (2020); Cowsik et al. (2022). Technically we introduce an auxiliary
dynamics y;, (Equation (15)) that bridges SGDM and SGD.

Regime II. Training with SGD and SGDM for O(1/7?) steps for overparametrized models where
the minimizers of the loss connect as a manifold and after reaching such a manifold, the
gradient noise propels the iterates to move slowly along it. Theorem 4.5 shows that SGD and
SGDM follow the same dynamics along the manifold of minimizers and thus have the same
implicit bias. The implicit bias result of SGD is due to Katzenberger (1991); Li et al. (2021b)
whose analysis does not apply to SGDM because its dynamic depends non-homogeneously
on 7. Our proof of Theorem 4.5 is non-trivial in carefully decomposing the updates.

In Section 5, we further verify empirically that momentum indeed has limited benefits for both
optimization and generalization in several practical training regimes, including small- to medium-
batch training from scratch on ImageNet and fine-tuning RoBERTa-large on downstream tasks. For
large-batch training, we observe that SGDM allows training with a large learning rate, in which
regime vanilla SGD may exhibit instability that degrades the training speed and generalization. These
observations are also consistent with previous empirical studies on SGDM (Kidambi et al., 2018;
Shallue et al., 2019; Smith et al., 2020). We argue that it is the use of a large learning rate that makes
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the weak approximation bound (/7/(1 — /3)) becomes loose: running an SDE simulation method
for both methods, called SVAG (Li et al., 2021a), shrinks or even eliminates the performance gain of
momentum.

Finally, we highlight that our results can also have practical significance beyond just understanding
the role of momentum. In recent years, the GPU memory capacity sometimes becomes a bottleneck
in training large models. As the momentum buffer costs as expensive as storing the entire model,
it has raised much interest in when it is safe to remove momentum (Shazeer and Stern, 2018). Our
work sheds light on this question by formally proving that momentum only provides marginal values
in small learning rate SGD. Furthermore, our results imply that within reasonable range of scales the
final performance is insensitive to the momentum hyperparametrization, thereby provide support to
save the effort in the extensive hyperparameter grid search.

2 PRELIMINARIES

Consider optimizing a loss function £() = L13°7 £,(0) where £; : R? — R corre-
sponds to the loss on the i-th sample. We use 0 to indicate parameters along a general tra-
jectory. In each step, we sample a random minibatch 5 C [=Z], and compute the gradient of
the minibatch loss L£5(0) = ﬁ > icn Li(0) to get the following noisy estimate of VL(0), i.e.,
VLg(0) = I%\ > ien VLi(0). Ttis easy to check that the noise covariance matrix of V.L5(8),
namely Eg(VL5(0) — VL(0))(VLs(0) — VL(O)) ", scales proportionally to ﬁ. Motivated by
this, Malladi et al. (2022) abstracts VLz(0) as sampled from a noisy gradient oracle where the noise
covariance only depends on a scale parameter.

Definition 2.1 (NGOS, Malladi et al. (2022)). A Noisy Gradient Oracle with Scale Parameter
(NGOS) is characterized by a tuple G, = (£, 3, Z,). For a scale parameter o > 0, G,, takes as input
0 and returns g = VL(0) + ov, where VL(0) is the gradient of £ at € and v is the gradient noise
drawn from the probability distribution Z,(6) with mean zero and covariance matrix 3(6). 3(0)
is independent of the noise scale o. Slightly abusing the notation, we also use G, (8) to denote the
distribution of g given ¢ and 6.

In the above minibatch setting, we have noise scale o = ‘—él. Generally, we invoke NGOS with bigger

o for smaller magnitudes of the learning rates. Such scaling is in compliance with the Linear Scaling
Rule (Goyal et al., 2017) and is discussed further after Proposition 2.4. We now instantiate the SGD
and SGDM trajectories under this noise oracle.

Definition 2.2 (Vanilla SGD). Given a stochastic gradient oracle G, SGD with the learning rate
schedule {7, } updates the parameters 2z, € R from initialization zq, as

Zk+1 = Zk — NGk, gk ~ Go(2k). (2)
Definition 2.3 (SGD with Momentum/SGDM). Given oracle G,, SGDM with the hyperparameter
schedule {(nx, Bx)}, where S;. € (0, 1), updates the parameters z;, € R? from (my, zg), as

My 1 = Bemy + (1 — Br)gr, Tht1 = Tk — MMy, gk ~ Go(xp). (3)

Notice that the formulation of SGDM in Definition 2.3 is different from (1) that sometimes appear
in previous literature. In our results, Definition 2.3 offers a more natural parameterization for the
comparison between SGDM and SGD. An easy conversion is given by rewriting Equation (3) as:

k
1 =z — k(1 — Br)gr + ﬁani(wk —Tp_1).
1

Then setting 1, = ﬁ and 35, = 3 recovers the form of (1).

Modeling the gradient noise as an NGOS gives us the flexibility to scale the noise in our theoretical

setting to make the effect of noise non-vanishing in small learning rate training, as observed in
Proposition 2.4, a variant of the standard gradient descent lemma for SGD.

Proposition 2.4 (Descent Lemma for SGD). Given zj, the expected change of loss in the next step is
E[L(zr+1)|2k] = L(21) =

VLI + 5 (o) (VL) S () + 7 (VLT (VL)L z1)) ol (o)),
—_——

descent force

noise-induced curvature-induced
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Proposition 2.4 highlights noise-induced and curvature-induced factors that prevent the loss to
decrease. For regular loss functions and small learning rates, the following phenomenon are expected.

e In O(n_l) steps, foro < 1/ NGB the loss decreases, during which the curvature-induced
factor accumulates vanishing impact of order o(1). For o = 1/,/7, the noise-induced impact
is on the same order as the descent force, so noise affects the training curve similarly across
different learning rates. For o < 1/,/7, the noise-induced impact will also be vanishing.

o Assume tr((V2L£)X(zy)) is non-vanishing. The loss plateaus at value O(no?) when the
impacts balance each other, and noise-induced impact becomes significant until O((on)?)
steps of updates.

Inspired by these observations, we are interested in studying the behavior of SGDM in two regimes,
for O(n~") steps of update with o < 1/,/7, and for O(n~?) steps of update with o < 1. The two
regimes capture the common practices where people use noisy small-batch updates to train a model
from scratch and then reduce the noise-induced impact after the training loss plateaus (usually by
annealing the learning rate) in pursuit of a model that converges and generalizes better.

3  WEAK APPROXIMATION OF SGDM BY SGD IN O(1/n) STEPS

Next, we will present our main theoretical results on SGDM with small learning rates. In this section,
we show that in O(1/7) steps, SGD approximates SGDM in the sense of Definition 3.4 foro < 1/,/7.
The next section studies SGDM over a longer training horizon (O(1/n?) steps) to characterize the
coinciding implicit regularization effects of SGDM and SGD.

3.1 A WARM-UP EXAMPLE: THE VARIANCE REDUCTION EFFECT OF MOMENTUM

Intuitively, momentum makes the SGD update direction less noisy by averaging past stochastic
gradients, which seems at first glance to contradict our result that the distribution of SGD and SGDM
at any time point are approximately the same. However, the apparent discrepancy can be explained
by the following effect: by carrying the noise at a step to subsequent steps, the updates of SGDM
have long-range correlations.

For instance, we consider the case where the stochastic gradients are i.i.d. gaussian as g ~ N (¢, I)
for a constant vector c. We compare SGD and SGDM trajectories with hyperparameter 7, = 1 and
Br = B, and initialization zy = x¢ and Mg ~ N (c, 75 =y ). The single-step updates are

Zep1 — 2k = —ngr ~ N(—ne,n’I).

k
Thar — T =~y = —n(8" Mmoo + Y B (1 - B)gs) ~ N (- ¢ 7 +§ n°I).
s=0

Therefore, the variance of each single-step update is reduced by a factor of + T /3’ which implies larger

momentum generates a smoother trajectory. Furthermore, measuring the turbulence over a fixed
interval via the path length >, ||zk+1 — 2|/, or the loss variation ), |£(z+1) — £(2)| indeed
suggests that adding momentum smooths the path.

However, we are usually more interested in tracking the final loss distributions induced by each
trajectory. The distributions of after k steps are

Zy NN(ZO — kne, k’WZ );

mk—zo—nﬁ

k
mo - nz — B g ~ N(zo — kne, kn*T — 2577 :22 I>.

Notice that the variance of the final endpoint is only different by 2372 tg: | < %, which is
bounded regardless of k. The variance is increasing at rate n2 per step, which is significantly larger
than the per step update variance - 55 77 As such, the turbulence of the path may not faithfully reflect

the true stochasticity of the iterates.
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3.2 MAIN RESULTS ON WEAK APPROXIMATIONS OF SGDM

Given the above example, it is clear that aspects of SGDM and SGD trajectories may not all be alike.
We need to specify the correct metric to make the comparison in the general case, namely we compare
the distribution of endpoints of SGDM and SGD under the appropriate time scaling. In the small
learning rate cases, we use the big-O notations to specify the order of magnitudes as the learning rate
scale n — 0, but our results also extend to a quantitative error bound with finite 7 values.

Consider a SGDM run with hyperparameters {(7y, 8x) }x>0. Let the magnitudes of the learning rates
be controlled by a scalar i) as ), = O(n). Furthermore, we set an index « > 0 so that the decay rate
of the momentum is controlled as 1 — 3, = O(n®). o = 0 corresponds to a constant-scale decay
schedule while av > 0 corresponds to a schedule where Sy, is closer to 1 for smaller learning rates.
Formally, we introduce the following denotation.

Definition 3.1. A (family of) hyperparameter schedule {n, B }r>1 is scaled by n with index « if
there are constants Mmax, Amin and Apax, independent of 7, such that

0§77k/77<77max, 0<)\min < (1_Bk)/770( S)\max <1

We need the boundedness of the initial momentum for the SGDM trajectory to start safely.
Assumption 3.2. For each m > 1, there is constant C,,, > 0 that E(||m ||;n) < Cu;

Following Malladi et al. (2022), we further assume that the NGOS satisfies the below conditions,
which make the trajectory amenable to analysis. We say a function g(z) : R? — R™ has polynomial
growth if there are constants k1, ko > 0 such that ||g(x)||, < k(1 + ||ac||§2), Vz € RY and we say a

function g has all-order polynomial-growing derivatives if ¢ is C*° and V®g has polynomial growth
for all o > 0.

Assumption 3.3. The NGOS G, = (£, 3, Z,) satisfies the following conditions.

1. Well-Behaved: VL is Lipschitz and C*°-smooth; 31/2 is bounded, Lipschitz, and C*°-smooth;
all partial derivatives of V£ and X'/2 up to and including the third order have polynomial growth.

2. Bounded Moments: For all integers m > 1 and all noise scale parameters o, there exists a
constant Ca,,, (independent of &) such that (EUNZU(Q)[HUHng%m < Com(1+6],), VO € R

Besides, to rigorously discuss the closeness between dynamics of different algorithms, we introduce
the following notion of approximation between two discrete trajectories, inspired by (Li et al., 2019).

Definition 3.4 (Order-y Weak Approximation). Two families of discrete trajectories @ and y;! are
weak approximations of each other, if there is 7, > 0 that for any 7" > 0, any function h of all-order
polynomial-growing derivatives, and any 1 < 7, there is a constant C}, 7 independent of 1 such
that,

Eh(z}) — Eh(y)| < Chr 1.
%, [Bh(@y) —Eh(ye)l < Cpr -

Weak approximation implies that «; and ;' have similar distributions at any step k < T'/n even
when k — oo as 7 — 0, and specifically in the deep learning setting it implies that the two training
(testing) curves are similar. Given the above definitions, we are ready to establish our main result.

Theorem 3.5 (Weak Approximation of SGDM by SGD). Fix the initial point o, o € [0, 1), and an
NGOS satisfying Assumption 3.3. Consider the SGDM update x] with schedule {(ny, Bx)}k>1 scaled
by n with index o, noise scaling o < 1~/ and initialization (Mg, xo) satisfying Assumption 3.2,
then x] is an order-(1 — «) /2 weak approximation (Definition 3.4) of the SGD trajectory z; with
initialization 2 = w, noise scaling o and learning rates iy, = .~ s [ 17— 41 B (1 — Br).

Specifically, for a constant schedule where (n, = 1, B, = ), Tix = 0. In this case, SGD and SGDM
with the same learning rate weakly approximate each other at distance O(\/n/(1 — 3)).

The theorem shows that when the learning rates has a small scale 7, under reasonable momentum
decay and reasonable gradient noise amplification, the outcomes obtained by SGDM and SGD are
close in distribution over O(1/7) steps. Specifically at the limit  — 0, the outcomes will have the
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same distribution. Following Li et al. (2019), if 0 = 1/ /7, then the limiting distribution can be

described by the law of the solution X to an SDE dX; = —\;VL(X;)dt 4+ \;X/?(X;)dW; under
brownian motion W; and some rescaled learning rate schedule A;. If o0 < 1/ /1, however, the limit
will in general be the solution to the gradient flow ODE dX; = —A\;VL(X)dt and the impact of
gradient noises will be vanishing.

The theorem is built upon an infinite learning rate schedule £k = 1,2 - - - co. In the case where we wish
to consider a finite schedule, we can apply the theorem after schedule extension by infinitely copying
the hyperparameters at the last step. Besides, the theorem requires @ € [0, 1), and the approximation
grows weaker as « approaches 1. At a = 1, the two trajectories are no longer weak approximations
of each other and have different limiting distributions. o > 1 yields undesirable hyperparameter
schedules where excessively heavy momentum usually slows down or even messes up optimization.
Further details are discussed in Appendix C.2.

4 THE LIMIT OF SGDM AND SGD ARE IDENTICAL IN O(1/n?) STEPS

In this section, we follow the framework from Li et al. (2021b) to study the dynamics of SGDM when
the iterates are close to some manifold of local minimizers of £. Former analyses (e.g., Yan et al.
(2018)) suggest that SGDM and SGD will get close to a local minimizer in o(1/1?) steps, at which
point the loss function plateaus and the trajectory random walks near the local minimizer. If the local
minimizers connect an manifold in the parameter space, then the updates accumulate into a drift
inside the manifold over O(1/n?) steps. Li et al. (2021b) shows that under certain circumstances,
the drift induces favorable generalization properties after the training loss reaches its minimum, by
leading to minima with smaller local sharpness.

Therefore, by investigating this regime, we hope to detect the value of momentum in late-phase
training, especially that concerning extra generalization benefits. Yet in this section, we show that
when 77 — 0, the limiting dynamic of SGDM admits the same form as that of SGD, suggesting that
momentum provides no extra generalization benefits over at least O(n~?2) steps of updates.

4.1 PRELIMINARIES ON MANIFOLD OF LOCAL MINIMIZERS

We consider the case of optimizing an over-parameterized neural network, where usually the minimiz-
ers of the loss £ form manifolds. Let I" be a region of local minimizers that SGD can reach, and we
will work mathematically in I to see whether adding momentum changes the dynamical behaviors.

Assumption 4.1. £ is smooth. T'is a (d — M )-dimensional submanifold of R for some integer 0 <
M < d. Moreover, every x € I is alocal minimizer of £ with VL (z) = 0 and rank(V2L(z)) = M.

We consider a neighborhood Or of I that I" is an attraction set of Or under VL. Specifically, we
define the gradient flow under VL by ¢(x,t) = x — fof VL(¢(x,s))ds for any x € R% and t > 0.
We further define gradient projection map associated with VL as ®(x) := lim;_, o, ¢(,t) when the
limit exists.

Assumption 4.2. From any point € Or, the gradient flow governed by V£ converges to some
pointin T, i.e., ®(x) is well-defined and ®(x) € T

It can be shown that for every « € T", 9®(x) is the orthogonal projection onto the tangent space of
I" at . Moreover, Li et al. (2021b) proved that for any initialization ¢y € Or, a fixed learning rate
schedule n;, = n, and any t > 0, time-rescaled SGD iterates z|;/,2| converges in distribution to Z;,
the solution to the following SDE. We will refer to Z; as the slow SDE.

Z, = ®(xp) + /Ot OB(Z)BY2(Z)dW, + /Ot %82@(Z5)[E(ZS)]ds. )

Notice that Z, always stays in I" with Zy = ®(xg). Though zg = x¢ is not in T, for any ¢ > 0 the
limit of z 4,2 will fall onto I'.

4.2 ANALYSIS OF SGDM VIA THE SLOW SDE

As the limiting dynamics of SGD iterates is known as above, we are curious about whether adding
momentum modifies this limit. It turns out that within a fairly free range of hyperparameters, SGDM



Published as a conference paper at ICLR 2024

also has the same limiting dynamics. Specifically, for a family of hyperparameters {(77,(;1)7 zgn))}kzl
scaled by a series of scalars 77(”) with index « (Definition 3.1, lim,, o n(”) = 0), we will show that
if the hyperparameter schedules converge as n — oo, then SGDM iterates will also converge into the
limiting dynamics of SGD with the limiting learning rates, irrelevant of the momentum decay factors.

Similar to the setting in Li et al. (2021b), we consider a fixed time rescaling t = k(n("))Q. We

stipulate that the schedule n,(fn) — (™ . X\, as n — oo for a rescaled schedule in continuous time

A @ [0,7] — R*. In the special case n,(cn) = n(™, it is clear that A, = 1, and the setting of

Equation (4) is recovered. Formally we introduce

Assumption 4.3. \; : [0,7] — R™ has finite variation, and

L7/ (n)?) -
30 =0 Mol =0
=0

Assumption 4.4 (Bounded variation). There is a constant () independent of n such that for all n,

LT/ (n™)?] ( LT/ (n™)?] |
S a8 = < Q™)
k=1 k=1

In this general regime, we define the slow SDE on I to admit the following description:

t t 2
thé(xo)—l—/ At6¢(Xs)El/2(Xs)dWs+/ %62@()(8)[2(&)](15. (5)
0

0
Both SGDM and SGD converge to the above slow SDE on I, as summarized in the following theorem.

Theorem 4.5. Fix the initialization xy = zo € Or and any a € (0, 1), and suppose the initial
momentum my satisfies Assumption 3.2. Forn > 1, let {(n,gn) ](Cn))}kZI be any hyperparameter
schedule scaled by 77(") with index o, satisfying Assumptions 4.3 and 4.4. Fix the noise scale o™ = 1.
Under Assumptions 4.1 and 4.2, consider the SGDM trajectory {a:gl)} with schedule {(17](:), gb))},
initialization (xo, myg), and the SGD trajectory {z,gn)} with schedule {n,(cn)}, initialization zy = x.
Suppose the slow SDE defined in (5) has a global solution { X },>0, then as n — oo with n(™ — 0,

both a:(n)

)2y and 2)

Lt/ (n(m2) COMVerge in distribution to X.

The proof of Theorem 4.5 is inspired by Calzolari and Marchetti (1997). Similarly in this regime, the
momentum process m;") behaves like an Uhlenbeck-Ornstein process with O(n®) mixing variance,
so the per-step variance will be significantly smaller than that of SGD as is in Section 3.1. To prove
the result, a more careful expansion of the per-step change ®(xy1) — ®(x) is needed. Tools from

the semi-martingale analysis and weak limit results of stochastic integrals are borrowed for our proof.

5 EXPERIMENTS

In the previous sections, we conclude in theory that SGDM and SGD have similar performances
within noisy short-horizon or general long-horizon training. While our theoretical results mostly
work for learning rates that are asymptotically small, in this section, we verify that momentum indeed
has limited benefits in practical training regimes where the optimal learning rate is finite but not very
large. We defer some of the additional details of this section to the appendix. To keep track of the
notations in previous literature, we use (v, 3) to denote hyperparameters in Equation (1) and (n, 3)

to denote the hyperparameters in Definition 2.3 with translation n = ﬁ

5.1 MOMENTUM MAY INDEED HAVE MARGINAL VALUE IN PRACTICE

ImageNet Experiments. First, we train ResNet-50 on ImageNet across batch sizes. Following the
experimental setup in Goyal et al. (2017), we use a learning rate schedule that starts with a 5-epoch
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Figure 1: SGDM performs comparably to SGD in training ResNet-50 on ImageNet with smaller
batch sizes (e.g., 1024), and outperforms SGD significantly at larger batch sizes.

linear warmup to the peak learning rate and decays it at epoch #30, #60, #80. For SGDM (1), we use
the default value of 5 = 0.9, and grid search for the best learning rate « over 0.1 x 2* (k € Z). Then
we check whether vanilla SGD with learning rate ﬁ can achieve the same performance as SGDM.
Consistent with previous empirical studies (Shallue et al., 2019; Smith et al., 2020), we observed that
for training with smaller batch sizes, the optimal learning rate of SGDM is small enough so that SGD
can perform comparably, though SGDM can indeed outperform SGD at larger batch sizes.

Language Model Experiments. In fine-tuning a pre-trained model, a small learning rate is also
preferable to retain the model’s knowledge learned during pre-training. Indeed, we observe that
SGD and SGDM behave similarly in this case. We fine-tune RoBERTa-large (Liu et al., 2019) on 5
diverse tasks (SST-2 (Socher et al., 2013), SST-5 (Socher et al., 2013), SNLI (Bowman et al., 2015),
TREC (Voorhees and Tice, 2000), and MNLI (Williams et al., 2018)) using SGD and SGDM. We
follow the few shot setting described in (Gao et al., 2021; Malladi et al., 2023), using a grid for SGD
based on (Malladi et al., 2023) and sampling 512 examples per class (Table 1). Additional settings
and trajectories are in Appendix E.

Table 1: SGD and SGDM for fine-tuning RoBERTa-large on 5 tasks using 512 examples from each
class (Gao et al., 2021; Malladi et al., 2023). Results are averaged over 5 random subsets of the full
dataset. These findings confirm that SGD and SGDM approximate each other in noisy settings.

Task SST-2 SST-5 SNLI TREC MNLI
Zero-shot 79.0 355 50.2 514 48.8
SGD 94.0(0.4) 552(1.1) 87.7(0.3) 97.2(0.2) 84.0(0.3)

SGDM 94.0(0.5) 55.0(1.0) 88.4(0.6) 97.2(04) 83.7(0.8)

5.2 INVESTIGATING THE BENEFIT OF MOMENTUM IN LARGE-BATCH TRAINING

The ImageNet experiments demonstrate that momentum indeed offers benefits in large-batch training
when the optimal learning rate is relatively large. We now use large-batch experiments on CIFAR-10
to provide empirical evidence that this benefit is not due to the noise reduction effect and is marginal
when SGD is well-approximated by its SDE. To do this we apply SVAG (Li et al., 2021a) to control
the noise scale in the gradient oracle in both SGDM and SGD updates.

Definition 5.1 (SVAG). With any ¢ > 0, SVAG transforms the NGOS G, = (f, 3, Z,) (Defini-

~

tion 2.1) into another NGOS é Vie = (f, %, z \/Za) with scale v/¢o. For an input 8, Gy, returns
g =r1(0)g1 + r2(f)g2 where g1, g2 ~ Go(0) and r;(¢) = 3(1 4 (=1)"V/20 - 1). ZA\/ZU is defined
to ensure g has the same distribution as V f(8) + v/¢oz when z ~ Z, Vi (0).

In our experiments, given an original SGD run with learning rate n for K steps, we perform a new

SGD run with learning rate /¢, SVAG(?) as the gradient oracle, for K¢ steps. The new SGD
trajectory will be closer to its SDE approximation as ¢ gets larger, and converge to its SDE as
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SGDM and SGD for ResNet-32 on CIFAR-10
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Figure 2: Standard SGDM achieves higher test performance than SGD (see ¢ = 1), but the two
trajectories get closer when reducing the curvature-induced term with SVAG (i.e., increasing the value
of ¢, see Definition 5.1 and Lemma 2.4). These experiments confirm our theoretical findings that
SGD and SGDM approximate each other when the gradient noise is the primary source of instability.
We use batch size B = 512 with two learning rate decays by a factor of 0.1 at epochs 80 and 120.
We grid search to find the best learning rate for SGDM (1 = 0.2) and then use it to run SGD and
SGDM with SVAG. We use 5 = 0.9 for SGDM. Additional experimental details are in the appendix.

¢ — 400 (Liet al., 2021a). We also apply the same modifications to SGDM runs (3 the momentum
decay factor is unmodified), which can be shown to be an O(y/n/(1 — )) weak approximation to
the SGD run with SVAG (Theorem 3.5). In another view, applying this modification makes the total
accumulated noise-induced impact and descent force (Proposition 2.4) qualitatively stay on the same
scale, while the accumulated curvature-induced impact is reduced by a factor of /.

We train a ResNet-32 (He et al., 2016) on CIFAR-10 (Krizhevsky et al.) with batch size B = 512.
We first grid search to find the best learning rate for the standard SGDM (¢ = 1), and then we perform
SGD and SGDM with that same learning rate. Then we modify both processes with different ¢ values.
The results are summarized in Figure 2.

We observe that while standard SGDM outperforms standard SGD, when we increase the value
of ¢, the two trajectories become closer until SGDM has no evident edge over SGD. The finding
corroborates that the benefit of adding momentum is mostly due to the alleviation of curvature-
induced impacts, but will be marginal in general small-batch or small learning-rate settings when
SGD is well-approximated by SDE.

6 CONCLUSIONS

This work provides theoretical characterizations of the role of momentum in stochastic gradient
methods. We formally show that momentum does not introduce optimization and generalization
benefits when the learning rates are small, and we further exhibit empirically that the value of
momentum is marginal for gradient-noise-dominated learning settings with practical learning rate
scales. Hence we conclude that momentum does not provide a significant performance boost in
the above cases. Our results further suggest that model performance is agnostic to the choice of
momentum parameters over a range of hyperparameter scales.

REFERENCES

Sébastien Arnold, Pierre-Antoine Manzagol, Reza Babanezhad Harikandeh, Ioannis Mitliagkas, and
Nicolas Le Roux. Reducing the variance in online optimization by transporting past gradients.
In H. Wallach, H. Larochelle, A. Beygelzimer, F. d'Alché-Buc, E. Fox, and R. Garnett, editors,
Advances in Neural Information Processing Systems, volume 32. Curran Associates, Inc., 2019.

Sanjeev Arora, Zhiyuan Li, and Abhishek Panigrahi. Understanding gradient descent on the edge of
stability in deep learning. In International Conference on Machine Learning, pages 948—1024.



Published as a conference paper at ICLR 2024

PMLR, 2022.

Guy Blanc, Neha Gupta, Gregory Valiant, and Paul Valiant. Implicit regularization for deep neural
networks driven by an ornstein-uhlenbeck like process. In Jacob Abernethy and Shivani Agarwal,
editors, Proceedings of Thirty Third Conference on Learning Theory, volume 125 of Proceedings
of Machine Learning Research, pages 483-513. PMLR, 09-12 Jul 2020.

Léon Bottou, Frank E. Curtis, and Jorge Nocedal. Optimization methods for large-scale machine
learning. SIAM Review, 60(2):223-311, 2018. doi: 10.1137/16M1080173.

Samuel R. Bowman, Gabor Angeli, Christopher Potts, and Christopher D. Manning. A large
annotated corpus for learning natural language inference. In Proceedings of the 2015 Conference on
Empirical Methods in Natural Language Processing, pages 632—642, Lisbon, Portugal, September
2015. Association for Computational Linguistics. doi: 10.18653/v1/D15-1075. URL https:
//aclanthology.org/D15-1075.

Antonella Calzolari and Federico Marchetti. Limit motion of an ornstein—uhlenbeck particle on the
equilibrium manifold of a force field. Journal of Applied Probability, 34(4):924-938, 1997.

Aditya Cowsik, Tankut Can, and Paolo Glorioso. Flatter, faster: scaling momentum for optimal
speedup of sgd. arXiv preprint arXiv:2210.16400, 2022.

Ashok Cutkosky and Francesco Orabona. Momentum-based variance reduction in non-convex sgd.
In H. Wallach, H. Larochelle, A. Beygelzimer, F. d'Alché-Buc, E. Fox, and R. Garnett, editors,
Advances in Neural Information Processing Systems, volume 32. Curran Associates, Inc., 2019.

Alex Damian, Tengyu Ma, and Jason D. Lee. Label noise SGD provably prefers flat global minimizers.
In A. Beygelzimer, Y. Dauphin, P. Liang, and J. Wortman Vaughan, editors, Advances in Neural
Information Processing Systems, 2021.

Aaron Defazio. Momentum via primal averaging: theoretical insights and learning rate schedules for
non-convex optimization. arXiv preprint arXiv:2010.00406, 2020.

Jingwen Fu, Bohan Wang, Huishuai Zhang, Zhizheng Zhang, Wei Chen, and Nanning Zheng. When
and why momentum accelerates sgd: An empirical study. arXiv preprint arXiv:2306.09000, 2023.

Tianyu Gao, Adam Fisch, and Danqi Chen. Making pre-trained language models better few-shot
learners. In Proceedings of the 59th Annual Meeting of the Association for Computational
Linguistics and the 11th International Joint Conference on Natural Language Processing (Volume
1: Long Papers), pages 3816-3830, 2021. doi: 10.18653/v1/2021.acl-long.295. URL https:
//aclanthology.org/2021.acl-1long.295.

Avrajit Ghosh, He Lyu, Xitong Zhang, and Rongrong Wang. Implicit regularization in heavy-
ball momentum accelerated stochastic gradient descent. In The Eleventh International Confer-
ence on Learning Representations, 2023. URL https://openreview.net/forum?id=
7zdBhtEH9yB.

Igor Gitman, Hunter Lang, Pengchuan Zhang, and Lin Xiao. Understanding the role of momentum
in stochastic gradient methods. In H. Wallach, H. Larochelle, A. Beygelzimer, F. d'Alché-Buc,
E. Fox, and R. Garnett, editors, Advances in Neural Information Processing Systems, volume 32.
Curran Associates, Inc., 2019.

Priya Goyal, Piotr Dollér, Ross Girshick, Pieter Noordhuis, Lukasz Wesolowski, Aapo Kyrola,
Andrew Tulloch, Yangqing Jia, and Kaiming He. Accurate, large minibatch SGD: Training
imagenet in 1 hour. arXiv preprint arXiv:1706.02677, 2017.

Thomas Hakon Gronwall. Note on the derivatives with respect to a parameter of the solutions of a
system of differential equations. Annals of Mathematics, pages 292-296, 1919.

Xinran Gu, Kaifeng Lyu, Longbo Huang, and Sanjeev Arora. Why (and when) does local SGD gen-
eralize better than SGD? In The Eleventh International Conference on Learning Representations,
2023.

10


https://aclanthology.org/D15-1075
https://aclanthology.org/D15-1075
https://aclanthology.org/2021.acl-long.295
https://aclanthology.org/2021.acl-long.295
https://openreview.net/forum?id=ZzdBhtEH9yB
https://openreview.net/forum?id=ZzdBhtEH9yB

Published as a conference paper at ICLR 2024

Kaiming He, Xiangyu Zhang, Shaoqing Ren, and Jian Sun. Deep residual learning for image
recognition. In Proceedings of the IEEE conference on computer vision and pattern recognition,
pages 770-778, 2016.

Prateek Jain, Sham M. Kakade, Rahul Kidambi, Praneeth Netrapalli, and Aaron Sidford. Accelerating
stochastic gradient descent for least squares regression. In Sébastien Bubeck, Vianney Perchet, and
Philippe Rigollet, editors, Proceedings of the 31st Conference On Learning Theory, volume 75 of
Proceedings of Machine Learning Research, pages 545-604. PMLR, 06—09 Jul 2018.

Samy Jelassi and Yuanzhi Li. Towards understanding how momentum improves generalization in
deep learning. In Kamalika Chaudhuri, Stefanie Jegelka, Le Song, Csaba Szepesvari, Gang Niu,
and Sivan Sabato, editors, Proceedings of the 39th International Conference on Machine Learning,
volume 162 of Proceedings of Machine Learning Research, pages 9965-10040. PMLR, 17-23 Jul
2022.

Gary Shon Katzenberger. Solutions of a stochastic differential equation forced onto a manifold by a
large drift. The Annals of Probability, pages 1587-1628, 1991.

Rahul Kidambi, Praneeth Netrapalli, Prateek Jain, and Sham M. Kakade. On the insufficiency of
existing momentum schemes for stochastic optimization. In International Conference on Learning
Representations, 2018.

Alex Krizhevsky, Vinod Nair, and Geoffrey Hinton. CIFAR-10 (Canadian Institute for Advanced
Research). URL http://www.cs.toronto.edu/~kriz/cifar.html.

Thomas G Kurtz and Philip Protter. Weak limit theorems for stochastic integrals and stochastic
differential equations. The Annals of Probability, pages 1035-1070, 1991.

Qianxiao Li, Cheng Tai, and Weinan E. Stochastic modified equations and dynamics of stochastic
gradient algorithms i: Mathematical foundations. Journal of Machine Learning Research, 20(40):
1-47, 2019.

Xiaoyu Li, Mingrui Liu, and Francesco Orabona. On the last iterate convergence of momentum
methods. In Sanjoy Dasgupta and Nika Haghtalab, editors, Proceedings of The 33rd International
Conference on Algorithmic Learning Theory, volume 167 of Proceedings of Machine Learning
Research, pages 699-717. PMLR, 29 Mar—01 Apr 2022a.

Zhiyuan Li, Sadhika Malladi, and Sanjeev Arora. On the validity of modeling SGD with stochastic
differential equations (sdes). Advances in Neural Information Processing Systems, 34:12712—
12725, 2021a.

Zhiyuan Li, Tianhao Wang, and Sanjeev Arora. What happens after SGD reaches zero loss?-a
mathematical framework. In International Conference on Learning Representations, 2021b.

Zhiyuan Li, Tianhao Wang, and Dingli Yu. Fast mixing of stochastic gradient descent with normal-
ization and weight decay. Advances in Neural Information Processing Systems, 35:9233-9248,
2022b.

Hong Liu, Sang Michael Xie, Zhiyuan Li, and Tengyu Ma. Same pre-training loss, better downstream:
Implicit bias matters for language models. arXiv preprint arXiv:2210.14199, 2022.

Tianyi Liu, Zhehui Chen, Enlu Zhou, and Tuo Zhao. A diffusion approximation theory of momentum
sgd in nonconvex optimization. arXiv preprint arXiv:1802.05155, 2018.

Yanli Liu, Yuan Gao, and Wotao Yin. An improved analysis of stochastic gradient descent with
momentum. In H. Larochelle, M. Ranzato, R. Hadsell, M.F. Balcan, and H. Lin, editors, Advances
in Neural Information Processing Systems, volume 33, pages 18261-18271. Curran Associates,
Inc., 2020.

Yinhan Liu, Myle Ott, Naman Goyal, Jingfei Du, Mandar Joshi, Danqi Chen, Omer Levy, Mike
Lewis, Luke Zettlemoyer, and Veselin Stoyanov. Roberta: A robustly optimized bert pretraining
approach. arXiv preprint arXiv:1907.11692,2019. URL https://arxiv.org/pdf/1907.
11692.pdf.

11


http://www.cs.toronto.edu/~kriz/cifar.html
https://arxiv.org/pdf/1907.11692.pdf
https://arxiv.org/pdf/1907.11692.pdf

Published as a conference paper at ICLR 2024

Kaifeng Lyu, Zhiyuan Li, and Sanjeev Arora. Understanding the generalization benefit of nor-
malization layers: Sharpness reduction. In Alice H. Oh, Alekh Agarwal, Danielle Belgrave,
and Kyunghyun Cho, editors, Advances in Neural Information Processing Systems, 2022. URL
https://openreview.net/forum?id=xp5VOBXTxXZ.

Jerry Ma and Denis Yarats. Quasi-hyperbolic momentum and adam for deep learning. In International
Conference on Learning Representations, 2019.

Sadhika Malladi, Kaifeng Lyu, Abhishek Panigrahi, and Sanjeev Arora. On the SDEs and scaling
rules for adaptive gradient algorithms. In Alice H. Oh, Alekh Agarwal, Danielle Belgrave, and
Kyunghyun Cho, editors, Advances in Neural Information Processing Systems, 2022.

Sadhika Malladi, Alexander Wettig, Dingli Yu, Danqi Chen, and Sanjeev Arora. A kernel-based view
of language model fine-tuning, 2023.

Genevieve Beth Orr. Dynamics and Algorithms for Stochastic Search. PhD thesis, USA, 1996. UMI
Order No. GAX96-08998.

Adam Paszke, Sam Gross, Francisco Massa, Adam Lerer, James Bradbury, Gregory Chanan, Trevor
Killeen, Zeming Lin, Natalia Gimelshein, Luca Antiga, et al. Pytorch: An imperative style,
high-performance deep learning library. Advances in neural information processing systems, 32,
2019.

Maximilian Plattner. On sgd with momentum. page 60, 2022. URL http://infoscience.
epfl.ch/record/295398.

Boris T. Polyak. Introduction to Optimization. Optimization Software, Inc., 1987.

B.T. Polyak. Some methods of speeding up the convergence of iteration methods. USSR Computa-
tional Mathematics and Mathematical Physics, 4(5):1-17, 1964. ISSN 0041-5553.

Ning Qian. On the momentum term in gradient descent learning algorithms. Neural networks, 12(1):
145-151, 1999.

David E. Rumelhart, Geoffrey E. Hinton, and Ronald J. Williams. Learning Internal Representations
by Error Propagation, pages 318-362. 1987.

Othmane Sebbouh, Robert M Gower, and Aaron Defazio. Almost sure convergence rates for
stochastic gradient descent and stochastic heavy ball. In Mikhail Belkin and Samory Kpotufe,
editors, Proceedings of Thirty Fourth Conference on Learning Theory, volume 134 of Proceedings
of Machine Learning Research, pages 3935-3971. PMLR, 15-19 Aug 2021.

Christopher J. Shallue, Jachoon Lee, Joseph Antognini, Jascha Sohl-Dickstein, Roy Frostig, and
George E. Dahl. Measuring the effects of data parallelism on neural network training. Journal of
Machine Learning Research, 20(112):1-49, 2019.

Noam Shazeer and Mitchell Stern. Adafactor: Adaptive learning rates with sublinear memory cost.
In Jennifer Dy and Andreas Krause, editors, Proceedings of the 35th International Conference on
Machine Learning, volume 80 of Proceedings of Machine Learning Research, pages 4596—4604.
PMLR, 10-15 Jul 2018.

Leslie N Smith. A disciplined approach to neural network hyper-parameters: Part 1-learning rate,
batch size, momentum, and weight decay. arXiv preprint arXiv:1803.09820, 2018.

Samuel Smith, Erich Elsen, and Soham De. On the generalization benefit of noise in stochastic
gradient descent. In Hal Daumé III and Aarti Singh, editors, Proceedings of the 37th International
Conference on Machine Learning, volume 119 of Proceedings of Machine Learning Research,
pages 9058-9067. PMLR, 13-18 Jul 2020.

Richard Socher, Alex Perelygin, Jean Wu, Jason Chuang, Christopher D. Manning, Andrew Ng, and
Christopher Potts. Recursive deep models for semantic compositionality over a sentiment treebank.
2013. URL https://aclanthology.org/D13-1170.pdf.

12


https://openreview.net/forum?id=xp5VOBxTxZ
http://infoscience.epfl.ch/record/295398
http://infoscience.epfl.ch/record/295398
https://aclanthology.org/D13-1170.pdf

Published as a conference paper at ICLR 2024

Ilya Sutskever, James Martens, George Dahl, and Geoffrey Hinton. On the importance of initialization
and momentum in deep learning. In Sanjoy Dasgupta and David McAllester, editors, Proceedings
of the 30th International Conference on Machine Learning, volume 28 of Proceedings of Machine
Learning Research, pages 11391147, Atlanta, Georgia, USA, 17-19 Jun 2013. PMLR.

Lionel Tondji, Sergii Kashubin, and Moustapha Cisse. Variance reduction in deep learning: More
momentum is all you need. arXiv preprint arXiv:2111.11828, 2021.

Mehmet Ali Tugay and Yalgin Tanik. Properties of the momentum Ims algorithm. Signal Processing,
18(2):117-127, 1989. ISSN 0165-1684.

Ellen M Voorhees and Dawn M Tice. Building a question answering test collection. In the 23rd
annual international ACM SIGIR conference on Research and development in information retrieval,
2000.

Kaiyue Wen, Tengyu Ma, and Zhiyuan Li. How does sharpness-aware minimization minimize
sharpness? arXiv preprint arXiv:2211.05729, 2022.

Ward Whitt. Stochastic-process limits: an introduction to stochastic-process limits and their applica-
tion to queues. Space, 500:391-426, 2002.

Adina Williams, Nikita Nangia, and Samuel Bowman. A broad-coverage challenge corpus for
sentence understanding through inference. 2018. URL https://aclanthology.org/
N18-1101.pdf.

Zeke Xie, Li Yuan, Zhanxing Zhu, and Masashi Sugiyama. Positive-negative momentum: Manip-
ulating stochastic gradient noise to improve generalization. In Marina Meila and Tong Zhang,
editors, Proceedings of the 38th International Conference on Machine Learning, volume 139 of
Proceedings of Machine Learning Research, pages 11448-11458. PMLR, 18-24 Jul 2021.

Yan Yan, Tianbao Yang, Zhe Li, Qihang Lin, and Yi Yang. A unified analysis of stochastic momentum
methods for deep learning. In Proceedings of the Twenty-Seventh International Joint Conference
on Artificial Intelligence, IJCAI-18, pages 2955-2961. International Joint Conferences on Artificial
Intelligence Organization, 7 2018.

Yang You, Jing Li, Sashank Reddi, Jonathan Hseu, Sanjiv Kumar, Srinadh Bhojanapalli, Xiaodan
Song, James Demmel, Kurt Keutzer, and Cho-Jui Hsieh. Large batch optimization for deep
learning: Training BERT in 76 minutes. In International Conference on Learning Representations,
2020.

Hao Yu, Rong Jin, and Sen Yang. On the linear speedup analysis of communication efficient
momentum SGD for distributed non-convex optimization. In Kamalika Chaudhuri and Ruslan
Salakhutdinov, editors, Proceedings of the 36th International Conference on Machine Learning,
volume 97 of Proceedings of Machine Learning Research, pages 7184-7193. PMLR, 09-15 Jun
2019.

Kun Yuan, Bicheng Ying, and Ali H Sayed. On the influence of momentum acceleration on online
learning. The Journal of Machine Learning Research, 17(1):6602-6667, 2016.

13


https://aclanthology.org/N18-1101.pdf
https://aclanthology.org/N18-1101.pdf

Published as a conference paper at ICLR 2024

A RELATED WORKS

The role of momentum in optimization. The accelerating effect of some variants of momentum
has been observed in convex optimization (Kidambi et al., 2018) and linear regression (Jain et al.,
2018) with under specialized parametrizations. Smith (2018) pointed out that momentum can help
stabilize training, but the optimal choice of momentum is closely related to the choice of learning
rate. Plattner (2022) later empirically established that momentum enlarges the learning rate but does
not boost performance. Arnold et al. (2019) argued using a quadratic example that momentum might
not reduce variance as the gradient noise in each would actually be carried over to future iterates due
to momentum. Tondji et al. (2021) showed that the application of a multi-momentum strategy can
achieve variance reduction in deep learning.

Defazio (2020) proposed a stochastic primal averaging formulation for SGDM which facilitates a
Lyapunov analysis for SGDM, and one particular insight from their analysis is that momentum may
help reduce noise in the early stage of training but is no longer helpful when the iterates are close
to local minima. Xie et al. (2021) showed that under SDE approximation, the posterior of SGDM
is the same as that of SGD. Jelassi and Li (2022) proved the generalization benefit of momentum
in GD in a specific setting of binary classification, by showing that GD+M is able to learn small
margin data from the historical gradients in the momentum. A stronger implicit regularization effect
of momentum in GD is also proved in Ghosh et al. (2023). Fu et al. (2023) showed that momentum is
beneficial in deferring an "abrupt sharpening" phenomenon that slows down optimization when the
learning rate is large.

Convergence of momentum methods. Momentum-based methods do not tend to yield faster
convergence rates in theory. Yu et al. (2019) showed that distributed SGDM can achieve the same
linear speedup as ditributed SGD in the non-convex setting. Also in the non-convex setting, Yan et al.
(2018) showed that the gradient norm converges at the same rate for SGD, SGDM and stochastic
Nestrov’s accelerated gradient descent, and they used stability analysis to argue that momentum
helps generalization when the loss function is Lipschitz. Under the formulation of quasi-hyperbolic
momentum (Ma and Yarats, 2019), Gitman et al. (2019) proposed another unified analysis for
momentum methods. Liu et al. (2020) proved that SGDM converges as fast as SGD for strongly
convex and non-convex objectives even without a bounded gradient assumption. Using a iterate-
averaging formulation, Sebbouh et al. (2021) proved last-iterate convergence of SGDM in both
convex and non-convex settings. Later, Li et al. (2022a) showed that constant momentum can lead to
suboptimal last-iterate convergence rate and increasing momentum resolves the issue. Smith (2018);
Liu et al. (2018) provided evidence that momentum helps escape saddle points.

Characterizing implicit bias near manifold of local minimizers A recent line of work has studied
the implicit bias induced by gradient noise in SGD-type algorithms, when iterates are close to some
manifold of local minimizers (Blanc et al., 2020; Damian et al., 2021; Li et al., 2021b). In particular,
Li et al. (2021b) developed a framework for describing the dynamics of SGD via a slow SDE on the
manifold of local minimizers in the regime of small learning rate (see Appendix D for an introduction).
Similar methodology has become a powerful tool for analyzing algorithmic implicit bias and has been
extended to many other settings, including SGD/GD for models with normalization layers (Lyu et al.,
2022; Li et al., 2022b), GD in the edge of stability regime (Arora et al., 2022), Local SGD (Gu et al.,
2023), sharpness-aware minimization (Wen et al., 2022), and pre-training for language models (Liu
et al., 2022). Notably, Cowsik et al. (2022) utilized the similar idea to study the slow SDE of SGDM
study the optimal scale of the momentum parameter with respect to the learning rate, which has a
focus different from our paper.

14



Published as a conference paper at ICLR 2024

B ADDITIONAL PRELIMINARIES

B.1 SGDM FORMULATIONS
Recall Definition 2.3 where we defined SGDM as following:

Mmyt1 = Bemg + (1 — Bi)gr, Tht1 = Th — NeMMk41.- (6)
Our formulation is different from various SGDM implementations (e.g. pytorch (Paszke et al., 2019))
which admit the following form:

Definition B.1 (Standard formulation of SGD with momentum). Given a stochastic gradient
gk ~ G, (Z1), SGD-Standard with the hyperparameter schedule (v, ik, 7, ) momentum updates the
parameters T, € R? from (myg, Zo) as

My1 = ppmy + (1 — 71) gk @)
Tpt1 = Tl — VeMht1 ()

where 7, € [0,1).

Notice that with 7, = 0, ux = B and ~; = -, the standard formulation recovers Equation (1) that

has commonly appeared in the literature. The standard formulation also recovers Equation (6) with

i = T = PBr and N, = k. Actually, as we will show in the following lemma, these formulations

are equivalent up to hyperparameter transformations.

Lemma B.2 (Equivalence of SGDM and SGD-Standard). Let o be the sequence that g = 1 and
o

Gt = ap(l—7) + e

Then 0 < ag4+1 < ﬁ For parameters schedules and initialization

Qe
Br

1 _ Ok - A
My NMe = —, MM = Mg, Ly = Lo
g Qpi1

then &, and xi, follow the same distribution. xy, is by Definition 2.3 and x;, by Definition B.1.

Proof. We shall prove that given x, = Tk, gr = g and my; = aymy, there is and my; =
Qg41Mp41 and &1 = @p1. This directly follows that a1 (1 — 7)) = 1 — S, and

M1 = pemy + (1 — 71) g

= ﬁmk + (1 —7)gk
ay

1
= (Bemy + o1 (1 — T1)gk)
A1
1
= mi+1.
Q41

Trt1 = T — VeMk41
=T — NeMit1-

Then we can prove the claim by induction that x; and x; are identical in distribution. More
specifically, we shall prove that the CDF for (xy, myg, gi) at (€, m, g) is the same as the CDF for
(Zk, My, gi) at (x, amk, g). For k = 0, the claim is trivial. If the induction premise holds for k, then
let (€x41, Mg+1, gr+1) be the one-step iterate in Equation (6) from (xy, my, gi) = (x, m,g) and
(Zgt1,MEk+1,Jr+1) be the one-step iterate in Definition B.1 from (zx, my, gi) = (x, aﬂkg), then
we know from above that a4 1M1 = M4 and 11 = Tg41, and therefore the conditional
distribution for (@11, Mkr1, gr+1) is the same as that for (Zx11, Qg+1Mrs1,Gr+1). Integration
proves the claim for k& + 1, and thereby the induction is complete. O

Therefore, in the rest part of the appendix, we will stick to the formulation of SGDM as Equation (6)
unless specified otherwise.
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B.2 DESCENT LEMMA FOR SGD AND SGDM

In Proposition 2.4, given the SGD updates {zj } with constant learning rate 7, we have the gradient
descent lemma

E[L(zk41)|2k] — L(z1) = ®
—n||VL(z)|I” + %(00)2 tr((V2L)S(zx)) + %?72(V5T(V25)V5(Zk)) +o(n?, (an)?).
—_——

descent force

noise-induced curvature-induced
(10)
We can get a similar result for the SGDM updates {x }, namely, when 1 — 8 < n,
EL(zk11) = EL(2k) — nE || VL (k)| (1)
+ SPEVET(VLVL () + 5 (on)? (VL)) (12
(S = 5+ 1 Blm] T2LVL(@)] + ol /(1 - 5), (on/(1 - B),
(13)

where S, = E[VL(zi)"my, — 2m] V2L(x;)my]. Notice that beside the terms in the SGD
updates, additions are an O(n)/(1 — ())-order telescoping term and an O(7?) extra impact term.
The impact of the telescoping term is large for per-step updates but is limited across the whole
trajectory, so the difference between SGDM and SGD trajectory is actually depicted by the extra term
n*E[m; V2LV L(x})]. In the settings where the extra term is bounded, we can bound the difference
between training curves of SGDM and SGD.

Brief Proof for proposition 2.4. We assume ||[V"L|| is bounded (|V"L|,, < C,) for any order
of derivatives n = 0,1,2,3--- and the trajectories are bounded (E ||z ||, E||zx||" < C),) to
simplify the reasoning. In the SGD case, zx+1 — 2 = —ngy, has moments

E|lzk41 — 26l*™ = 77" E [l gi|*™
<R R(|[VL(zk) [P + 02 (o ]*™)
=O0(n*™ + (on)*™).
Similarly,

E |zhi1 — 2> = 0?™E |[mgga |

2m

k
— PTE||85 mo+ 3 B4 (1 — B)g,

s=0

b 2m—1 k
S n2m22mE ﬂZm(kJrl) ||m0||2m, + <Z /8](,‘5) (Z 6k78(1 . B)Zm ||gg||2m>

s=0 s=0
= 0> + (on)*™).

Therefore E |zp41 — ze)> < \/Ellzes1r — 2l® = o2, (on)?) and E||lzppq —ail]® <

VE |z5s1 — 21| = o(n?, (om)?). Taylor expansion gives

1
EL(zk41) |2k = L(z1) + EVL(2k) " (2041 — 20) + SE(zk41 — 1) V2L (zk) (z1s1 — 21) + o(n?, (om)?).

Expansion yields Equation (9). Similarly,

—_

EL(x41) = E[L(x) + VL(2x) T (2rg1 — o) + 5 (@1 — 2n) TV L(w) (mrr1 — 2p)] + 0(n?, (o))

[\)

2
= E[L(x) — 1V L(ax) i + omi VL e mi] +o(n?, (on)?)

16
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Since mpy1 = gr + %(mk — Mp41),

BL(o1) = BlL(on) = 19 L(on) g0 = 19 L(on) 1 e — )

L VL) gk g e mea )]+ ol (o))

— B{L () — 19 £w0) 9~ 15 (VL) s = VEons) i)

]y VL) (o — 1) + O 0%)

+ DL VL) gk + g e~ mea )]+ ol (o))

— B{L () — 19 L) 90— 725 (VL) s = VE{ons) i)

L T e ) VL 0+ 1 mct )]+ 2,
Expansion yields Equation (11). 0
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C THE DYNAMICS OF SGDM IN O(1/7) TIME

In this section we will prove Theorem 3.5 as the first part of our main result. First we shall take
a closer examination at our update rule in Definition 2.3. Let 5. = Hi:s Br be the product of
consecutive momentum hyperparameters for s < ¢, and define 5., = 1 for s > ¢, we get the
following expansion forms.

Lemma C.1.
k—1
my = Bo.x—11M0 + Z Bsy1:k—1(1 — Bs)gs
s=0
k—1k—1
Ty, =T — Znsﬁosmo = e Berra(1 — B)gs
s=0 r=s
Proof. By expansion of Equation (3). O

Let the coefficients ¢, , = Zf;i NrBs+1.-(1— Bs) so that &y, = o — ’ﬁ"_‘%é‘ mgy— Z?;& Cs,k9gs- No-
tice that ¢, j, is increasing in £ but it is always upper-bounded as c5 1, < €500 = Zfis N Bst1r(1 —
Bs) < (supy me) D oo (sup, )% = %. Notice that when we have a finite schedule, we can
make any extension to infinity steps (e.g. infinitely copy the hyperparameters on the last step), and
the reasonings will work for the extended schedule. In this case, though the trajectory x; are not
affected by future hyperparameters, the coefficients ¢, o, will depend on our extension. Furthermore,
if for any ¢, 3; and 7, are about the same scale, then we should expect that the difference ¢, o — s
is exponentially small in k. Then we can hypothesize that the trajectory xj; should be close to a
trajectory of the following form:

~ ~ BOCO: — ~
Ty, = T — =M — Y Cs00ds
1— 5o =

which is exactly a SGD trajectory given the learning rate schedule ¢, .

To formalize the above thought, we define the averaged learning rate schedule

ﬁk = Ck,o0 = Znsﬁkr-i-l:s(l - ﬁk) (14)
s=k
And the coupled trajectory
Mk Bre
Y ‘= T — my (15)
1 — B
5 k—
=2y — 0770 Z (16)
=0
Then there is the following transition:
Yk = Yk—1 — Th—19k—1 a7
Yy, has an interesting geometrical interpretation as the endpoint of SGDM if we cut-off all the gradient
signal from step k. E.g., T if we set gx4+1 = gr+2 = --- = 0 for and update the SGDM from
(g, my).
C.l a€c]|0,1)

In this section we provide the proof for Theorem 3.5. Specifically, when « € [0, 1) is the index for
the control of the learning rate schedule (Definition 3.1), we hope to show that yy, is close to a SGD

18
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trajectory zj, defined by the following for k£ > 0:

Z0 = X9 (18)
hi ~ G, (z1) (19)
Zpt1 = 2k — Nrhe (20

Specifically, we use yy, as a bridge for connecting ; and zj. Our proof consists of two steps.

1. We show that @, and yy, are order-(1 — «)/2 weak approximations of each other.

2. We show that zj, and yy, are order-(1 — «) /2 weak approximations of each other.

Then we can conclude that @y, and zj, are order-(1 — «) /2 weak approximations of each other, which
states our main theorem Theorem 3.5.

First, we give a control of the averaged learning rate 7, (Equation (14)) with the following lemma.
Lemma C.2. Let (0, Bi) be a learning rate schedule scaled by ) (Definition 3.1) with index o, and
7 be the averaged learning rate (Equation (14)), there is
)\maxnmax

Amin
ﬁkﬁk < )\maxnmax 170"
1—08 — A2

min

Mk

IA

Proof. By Definition 3.1 we know 8y, € [1 — AMnax?®, 1 — Aminn®] and 1, < maxn. Therefore

M =Y NsBrirs(l = Br)

s=k
S Z nmaxn(l - Aminna)87k)\1nax77a
s=k

_ )\max nmax

B >\min
ﬁkﬂk < Amaxnmax 1

> mn-
1-— Bk Amin 1- /Bk
>\max77max 1—a

)\2

min

IN

C.1.1 STEP1

For the first step we are going to proof the following Theorem C.3. For notation simplicity we omit
the superscript 1) for the scaling when there is no ambiguity.

Theorem C.3 (Weak Approximation of Coupled Trajectory). With the learning rate schedule
(MK, Br) scaled by n with index o € [0, 1). Assume that the NGOS G, satisfy Assumption 3.3 and
the initialization T satisfy Assumption 3.2. For any noise scale ¢ < n~'/2, let (zk, my) be the
SGDM trajectory and yy, be the corresponding coupled trajectory (Equation (15)). Then, the coupled
trajectory yy, is an order-y weak approximation (Definition 3.4) to @y, withy = (1 — «) /2.

For notations, let Vi, = VL(xy) so gr = Vi + ovy is the stochastic gradient sampled from the

NGOS. Also by Assumption 3.3, as »1/2 g bounded, let C, > 0 be the constant that tr 3 (x) < Ct,
for all z € RY As VL is Lipschitz, let L > 0 be the constant that [|[VL(z) — VL(y)|| <

L|x — y| for all z,y € R? As X!/2 is Lipschitz and bounded, let Ly, > 0 be the constant
that | tr(X(z) — 2(y))| < Ly |[|& — y| forall z, y € R?.

To show the result, let i be a test function for the weak approximation, then for some z be-
tween @y and yg, [Eh(zy) — Eh(yr)| = E[(VA(2),zx — yi)l] < E[IVA(2)[llzr — yrl] =
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E[25% |V h(z) | || ] Thus it suffices to bound E |21, *™, E ||yx||*" and E ||| for any m > 0

Bk

and k = O(n!). As the gradient noises are scaled with variance O(c?) = O(n~!), there will be
E ||mg|| > 1, and we will show that E |[my|| = O(n(®~1)/2) is the correct scale so we still have
E|jz]|*™ = O(1) and |Eh(x)) — Eh(yi)| = O(n=*)/2). An useful inequality we will use often

in our proof is the Gronwall’s inequality.

Lemma C.4 (Gronwall’s Inequality (Gronwall, 1919)). For non-negative sequences { f;, gi, k; €

R}i>o, if forallt > 0

t—1

ft S gt+zksfs

s=0
then fy < g¢ + S0 ksgs exp(Xiit 1 kr).

Next follows the proofs.
Lemma C.5. We can bound the expected squared norm
2 A121'13‘)( 2 anax a—1
Ellmel|” < 12-5" sup kE(HVTII) + (448 =+ ") Ko
min 7=1,..., min

2
222

Amin

with constant Ky =

hl ; Amin tre
enough learning rate n < | z . .

Proof. To bound E ||my, ||2, we unroll the momentum by Lemma C.1 and write

k1
mi = Bok-1mo + Y Bayrh-1(1 — B)gs

s=0
Define
k—1
mk) = BO:k—lmO + Z 65-{-1:]@—1(1 - 65)vs-
s=0
Then Em;, = Emy, and
k—1
my — mk: = ZBS«Fl:kfl(l - 55)0"03
s=0

Let constant Ky = 2C%, + 3C5, we can write
2 —~ —~
E [m]|” < E([[m]| + [[my, — m))?

< 2E |[7ine | + 2E [}, — 70

k—1

= 2F ||| + 2 > (Berrik—1)*(1 = Bs)?0°E tr B(x,)
s=0
k—1

<2E ||mk”2 + 2 Z(l ~Amin®)2FTTUN 2902 tr B ()
s=0

N 2)2
< o1 [y | 4 g D

< 2 ||mg||” + 0t Ko.

On the other hand, we know

k—1
mk = ﬁO:k:flmO + Zﬂerl:kfl(l - /Bs)vs

s=0

20

21

ax Cy 4 3E ||myg H2 < 2)\/\‘2#0“ + 3C5 (Cy by Assumption 3.2), for a small

(22)

(23)
(24)

(25)

(26)

27)

(28)
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We use the Lipschitzness of V to write

k—1
IVs = Vill < Lllzs =@ < LY e [lmesall

T=s

then we can write

k-1 k—1 2
E[fm|* < E <5o:k1 lmoll + Y Berrk1(1 = BIUIVEll + LD ns mr+1ll)>

s=0 T=S8

k—1 2
Amax ark—1—7
<E <|m0” + N [Vl + Limmax Z(l — Amin?) )k ! mT+1||>
min =0
k—1

Am X a\k—1—7
< 3E([[mol))* + 355 =E((|Vil)* + 3L* 1 npax (Z(l = Aminn®) ! ) '

min

k—1
(Zu ™) T Emr ||2>

7=0

7=0
)‘?nax 3L2 12nax 22
< Ko+ 335 E(|Vil)? + 58— sup Elm. |

Then by Equation (28), we know

.....

SO
)‘max 6L2 12nax 1_a
swp Bl < Ko+ 33 s B(IVA)+ 2,
T=1 Amln T=1,....,k Amm
6L a2 —
e
min T=1,---,k
h 11 6L%n2, 2" 1 k
Choose 1 small enough so that SRt F— < 5, we know
A%ﬂax \/gL max
sup B |* < 655 sup E(|V-])* + + (24235 i
T=1,....k min 7=1,. )\min
So
E [lm]|* < 2E |[m|* + 5 Ko
A2 Lnmax
<1233 sw B[V, )2 + (4 + 8=mmax | pa—1y g

A2

min T=1,. )\min

Lemma C.6. There is a constant f that depends on T, irrelevant to 1, such that

sup  E|Vi|* < f(T)
k=0,...,|T/n]
1

. A3 R
when n < mln((ﬁ) , 1)

Proof. By the Lipschitzness of V£, we know

IVl < IVoll + L[k — o
< IVoll + Lllyx — yoll + Lllzo = yoll + L 2k — yxl

21

(29)

(30)

€1V

(32)

(33)

(34)
(35)
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Observe that ||z — yi | = 225 ||| < Amegmespl=c|my||. Let dy = Elyx — yol|>. As aresult,

we can write

L)\max max —Q 2 L>\max max — 2
E(|Vi|?* < 3E <|Vo| % ||m0||) +3 (”nl ) E([|[ma|?) + 3L%dy.

A2 A2
(36)
Choose 7 such that n' = < ﬁ and let the constant
Ami 2
Ky = 3E  [VL(zo)|| + —o3— mol (37)
12 ax
>\min 2 anax anax
3+6 K K 38
N (6)\max> ( i Amin ) 0 i (4)\111111) 0 ( )
where recall K is the constant from Lemma C.5. Plug Equation (21) into Equation (36) gives
1
E||Vi]? < K; + 5 sup E(|V.[)? + 3L%dy,. (39)
7=1,....k
therefore
E|[Vi|? < 2K) +6L2 sup d,. (40)
T=1,...,k
Now we need to bound dj, by iteration.
i1 = di + Ellyrr1 — yel® + 2E(Wrsr — vk) " (g — o) 41
= di + RE | Vi | + 7202 E tr(S(zr)) + 2E(Vi) T (yr — yo) (42)
)‘rznax 2 2 2 )‘gnax 2 Amax 2
<dp+ N2 Nnax! E [ Ve[ + 2. Minax1Ctr + QTUmaxn deE [Vl (43)
Let function Ks(my, zo) = i‘\%ﬁx N2axCor + Q%UIQMXKl(mO, xo) + 2 i‘::: nmaX%, and

d = Sup,_i .y d-. We know

K
VARE | Vel < V6L2d), + ———, 44
RE[Ve|™ < k NG (44)

7 7 A 7| olmax -
dk:+1 S dk: + KQTI + 6L2)\12%7712nax772dk + 2ﬁnmaxn(\/6[/dk) (45)
)\max max )\2 2 7
< (1 Loy 4 2 Smeline2) g, 4K, (46)

2 2
Letk =1+ GL%U +6L? Am;’g%nz, then by the Gronwall’s inequality (Lemma D.10),

k—1
d < nKy(1+ Z K exp™) (47)
s=0
1+6L Amax Mmax T+6L2 >‘12uax"12nax T
< Ky + KyT exp Pmin ML (48)
Plugging into Equation (40) finished the proof. O

Lemma C.7. There is a constant f that depends on T, irrelevant to v, such that
2 a—
E |lmy||* <n*~ ' £(T)

forall k < %

Proof. The result directly follows from Lemma C.5 and Lemma C.6. [
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Lemma C.8. There exists function g(m,T) that, for all k <

E[(1+ [l ]*)™

E[(1+ [lyxl*)™
E[n™||gx|I*™

E[(1+ lyel*)™n" = lm|

and that g is irrelevant to k and n.

Proof. We use the fact that (a + b)™ < 2™~1(a™ + b™) from the Jensen inequality for a,b > 0 and
m > 1. Furthermore by Young’s inequality a®b® < %ﬂgbw < a®tP + b8 fora, B > 0.

2m

(IVEll + allokl)*™

22 (V2™ 4 ™ okl *™)

(IVoll + Lljacs, — axol)*™

22" ([ Vol + Lilmoll)*™ + L™ || ]*™)

gl

<
<
IVk[*™ <
<

As I ||ug||*™ is bounded by Assumption 3.3, for some constant R there is
Ellg™" < ROL+u~")E(1 + ™). (49)

Now we need to show the bounds on E[(1 + ||z%]|>)™] and E[(1 + |y&]|>)™]. Specif-
ically we shall prove E[(1 + |lyx|? + n*72¥||my||*)™] < g(m,T) and E[(1 + |lyx|* +
7272 [ mg||2)™n' = |ms||*] < g(m,T) for some function g.

Let
e = 77 lgll* = 27 (gr, yi) + 0?2 (|Beme + (1 = Br)gill® — [mal®),

then there is

E[(1+ lyesal® + 222 mps 1) [yr, m]
E[(1+ lye — Tegrll® + 7> 72 || Beme + (1 — Br)gill*)™ lyw, mur]
E[(1 + llyll® 4+ 272 (|mel|* + 6k) ™ [yk, mer]
< (1 2 2—2a 2\m 1 2 2—2a 2 mflE 5
< @+ Nywll” + 077 [m]|7)™ + m(L + [lywl|” + 07>l |%) [0k |Yr, mi]

m—2
m i 2 2—2a 2\m—2—3i
E[5} 51
BIE 3 (T )OO Bl o P
< (U gl 22 27 (0 P 2 o 2
F2PBIE(8 " 4+ (1 i 2 a2

Then there exists constant K3 independent of 7 such that

E[0y |y, mi) = 72 | Vi|* + M0 E gy my tr (@) — 2006 (Vi yi) + 072 (|| Berm + (1 — Brgel” = [lm]?)

A2 o Pax
< By, 25 (2 (9 | + Lo )? + 20 L2 + )
>\m xTImax
A I 1 L) ]
1 _
e (2092 4 (1 B0 E e B(a))]
1+ »Bk

< (1 + EfJ@x]” [y, mu] + [lyel*)nKs
as (1 — Be)n*2* = O(n*~*) = O(n) and (1 — Bi)?0n* 2% = O(n**~1+272%) = O(n).
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Note that

| * = [Jyx + 7eBe(1 — 5k)_lmkH2
2 2 )\2
nn;\ai( maxn2—2a

max

2 2
< 2|Jyl]” + [l |

Then we can write E[8;|yx, m4] < Kan(1 + |Jyxl|” + 7?2 |/my|*) for some constant K4 inde-
pendent of 7. Futhermore, as E,, (vk, yr) = Ejy, (v, mi) = Ejy, (v, 1) = 0, expansion gives
for some constant K4, K5, K¢, K7,

E[5|yx] < KaB(nllzel* +n okll* + 0 lysll® + 0" vk, i) + 072 (mg, op) + 0%~ (@y, i)
< Ksn(L+ [lyl® + 0> my]|*).
E(I0k™ [yx] = KeB(n [xl* +n loe ] +nllysll® + 0" (v, yr) +0*2 = (mg, vp) + 17/ (@, o)™
< Ko™ (L+ el + 0?2 fmy ).
Therefore taking expecation with respect to all, we know
E[(IHlyres o [IP+0* 7> fmira[*)™] < (LtmEan+2™ (Ks+Kr)n) B+ ye|* 0272 e 2)™
Therefore by the Gronwall’s inequality (Lemma D.10),

E(L + [lyull? + 1272 [y ||?)™ < et 2T FHEODIE(1 4 g2 4 0772 mo|1*)™

< emK4T+2"”(K5+K7)T3m(1 +E||y0||2m +772_2aE||m0||2m)~

And clearly Efyol>™ < 2ME[aol*™ + (Pmeglmesympm=maR|m,|?™,  Therefore we

finished bounding the moments of . Similar induction arguments on (1 + ||yx|/®> +
7272 lmy ||2)™n' = ||my||® offer the last equation in the lemma. Then for @, we can write

m m m 2)\max77max m, m—mao m
ol < 2 (e P (2R e 27

min

And for g5, with Equation (49) we are able to finish the proof. O

Proof for Theorem C.3. We expand the weak approximation error for a single k. There is 6 € [0, 1]
and z = Oz + (1 — 0)yy, such that

[Eh(zx) — Eh(yr)| = E[(VA(2), 2 — y)]]
<E[[|[Vh(z)[[[lex — yxl]

< VEIVR(2)PIE[r — yi 1]

As Vh(z) have polynomial growth, there is k1, k2 such that

IVA)I® < R (L +112)1%) < ka1 + e + [yl ™)

Combined with Lemma C.8, we see 1/E[||Vh(z)]|? is bounded by some constant 2k; g(k2,T"). From
the definition of the coupled trajectory, we can write

)\2 772
Bl — yu|? < Sy 208 o |2

Then as Lemma C.7, there is constant f that E ||my||> < n®~1f(T), therefore
—a >\m x!Imax
[Eh(a) — Bh(ys)| < 2y =)/2 20 (T gk, T).

Thus by definition, xy, and yy, are order-(1 — «) /2 weak approximations of each other. O
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C.1.2 STEP2

In this section we are comparing the trajectory y; with a SGD trajectory z;. To avoid notation
ambiguity, denote g(x) ~ G, (x) to be the stochastic gradient sampled at . Recall that (with

_ Mo B _
Yo = Tg — fﬂ—ﬁ%mo and zg = x()

Yk = Yk—1 — Th—19(Tx—1)
Zk = Zp—1 — Me—19(Zk—1)

The only difference in the iterate is that the stochastic gradients are taken at close but different
locations of the trajectory. Therefore to study the trajectory difference, we adopt the method of
moments proposed in Li et al. (2019).

We start by defining the one-step updates for the coupled trajectory and for SGD.

Definition C.9 (One-Step Update of Coupled Trajectory). The one-step update for the coupled
trajectory A can be written as

Aly,m,C) = —ng (y + Cn'~"m)
Definition C.10 (One-Step Update of SGD). The one-step update for SGD A can be written as

Aly) = —ng(y)

Lemma C.11. Let A be the one-step update for the coupled trajectory and 5 be the one-step update
for SGD. Let xy, my, be the k-th step of an SGDM run and y;, = x) — %mk be the coupled

trajectory in our consideration. Then for any C € |0, %] there is function J(T') independent

of m, such that for all vector entries (i, j),

[EIA ) () — Aoy (s m, Ol | < 02T (T)E ]| ]

’E[ﬁ(i)&ﬂ(w) — A AG) Yk, s C)ka}‘
<P J(T) (0 + Ellma] lyel (1 +n lyell) + 0~ Elllm | [ya])

and
33—«

‘E[K(i) (yr) — A (yr, my, C)]‘ <n=z J(T)

3—«a

‘E[z(i)z(j)(yk) — A A (Y, My, 0)]’ <n =z J(T)
forallk € [0,T/n).

Proof. Recall that we use L to denote the Lipschitz constant of V£ and Ly, to denote the Lipschitz
constant of the 3 in the Frobenius norm. We can write

‘E[ﬁ(i) (Yr) — Agi) (Yr, mu, C)|yk]‘ =n|E[0u)L(yr) — Oy L (yx + Cn' ) |ys]|
< LOW* ™ E[||m]|ys]

where the second step uses the Lipschitzness of the loss gradient. The proof can be completed by
noting E|/my|| < \/E[my[? = O(n®~Y/2) (Lemma C.7).

‘E[A(OA@)(@/}«) — Am Ay (Y mu, C)ka]‘
=E[n*0:L0; L(y) + n° 0T (yr)lyr) — B [°0:LO; L (yx + Cn'~“my) + n°0° T (yr + Cn'~*m) [y
<n*~*C(LsE[[|mullys] + nL(IVLO)| + L |y || B[l mell[yx] + LOn' ~“E[[lm]*yx])).-

Again by Lemma C.7, E|m|| = O(n®~Y/2), so we obtain the desired result. O
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Lemma C.12. Foranym > 1, C € |0, %], there is function g independent of n and k, such
Tt
E[[|A(yx, mx, O)|*™] < n™g(m, T)

E(|A(yn)II™] < n™g(m,T)

Sforallk <T/n.

Proof. The second line directly follows from Lemma C.8. For the first line,
—a 2
E[| A(yr, mu, O)[*™] = n*"E |VL(yy, + Cn'~*my) + gog||™"
meo2m —« m m,.m 2m
< P22 (E[[VLO)| + L lywll + LO7 ™ mye[[])*™ + 22 9™ E [|vg |

=0(0™)
by Lemma C.8. O

C.1.3 MAIN RESULT

Below we state an intermediate theorem for proving the weak approximation.

Theorem C.13. Let T > 0 and N = |T/n|. Let (x,my) be the states of an SGDM run with the
coupled trajectory y;. defined in Equation (15), and let Zy, be an SGD run with start zZg = yg. Then
Yy, is a weak approximation of zj,.

Notice that the only difference between Theorem C.13 and our final result Theorem 3.5 is that zj, is
an SGD process starting from xo while Zj, is an SGD process starting from yq.

Before proving Theorem C.13, we introduce the following lemma, which is an analog to Lemma 27
of Li et al. (2019), Lemma C.2 of Li et al. (2021a), and Lemma B.6 of Malladi et al. (2022). It shows
that if the update rules for the two trajectories are close in all of their moments, then the test function
value will also not change much after a single update from the same initial condition. Let G* be the
set of functions that are k-times continuously differentiable and all its derivatives up to and including
order k has polynomial growth, and let G = G° be the set of functions with polynomial growth.

Lemma C.14. Suppose u € G3. Then, there exists a constant K, (T) independent of 1, such that for
allk <T/n,
Mk B

Elu(yr + A(yg, mg,
[u(yr + A(yr Sy

N] — Elu(yr + ﬁ(yk))}‘ < KU(T)n(3—(x)/2

Proof. Since u € G3, we can find Ko(z) = k(1 + ||]|**) € G such that u(z) is bounded
by Ko(x) and so are all the partial derivatives of u up to order 3. For notation simplicity let

A = A(yg, my, ?ﬁ? ) and A= ﬁ(yk) By Taylor’s Theorem with Lagrange Remainder, we have

u(yr + A) — u(yy + A) = Z ulyr) (Ai *£z>

- Ox;
1<i<d

By

iy Dl (5 A, -&,K,)

0x;, 0x;
1<iyip<d ‘177"

Bs
+ R3 — Eg
The remainders R3, Rg are

1 Z Pu(yr + al)

RS = 6 6$116$128I13 AilAiQAiS’

1<i1,42,i3<d

~ 1 Pulyp +ald) ~ ~ ~
Rs:= ¢ Y T ALALA,

Ox;. Owy, Oxy, 1 2T
1<iy ig,ig<d 't 2T
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for some a, a € [0, 1]. We know from Lemma C.11 that

Ou(yy) <
EB, = E Z He E[A; — As|yg]
| 1<i<d

0
<B |3 P (1 | ]
| 1<i<d

_a k
< E(n?*dky J(T) (|||l + llmee]| lye]™))
=0(n° 7).

The last step is due to Lemma C.8. Also,

K2

1 &u(yx) XX
EB; = E 5 Z m (E[AilAiz - Ai1Aiz|ykD
1S11712§d
< E(d?k1 J(T)n* (1 + lyel|™) (0 + [lmll (1 + 0 llywll) + 0>~ [mal*)))
=0(n=).

For R3, by Cauchy-Schwarz inequality we have

E[R3] < % ZE

vj

(BPEEZ (yy + al)) 2 - n2g"/2(m, T)

1/2
3 2
u(yr + al) . (EHA||6)1/2

Bxil 8$i2 8.171'3

A

IN

by Lemma C.12. For KZ(yy. + aA), we can bound its expectation by
E[KG (yx +al)] < KTE(L+ [lye +alr]|*)?
< 2kF (1 + 2% E[lye* + E||AJ*))
=0(1).

Therefore E[Rs] = O(1*/2). An analogous argument bounds E[Rs] = O(1%/2) as well. Thus, the
entire Taylor expansion and remainders are bounded as desired.

O

Proof for Theorem C.13. Let y;, be the trajectory defined by following the coupled trajectory
for j steps and then do k£ — j steps SGD updates. So, ¥; j+1 = y; + A(y;) and Y4141 =

y; + Ay;, mj, fi%] ). Let h be the test function with at most polynomial growth. Then, we can
write

k—

[E(h(2k) — E[a(y)l| = Y (E[A(Gs+1.6)] — Elh(5;4)]) (50)

j=0

Define u(y, s,t) = Egp(y,s,+)[1(Y:)], where P(y, s,t) is the distribution induced by starting from
y at time s and following the SGD updates until time ¢. Then,

Ju

k—1

E[h(zr) = Elh(yo)]l < Y [Elu(@jsr5+1,5 + LK) = Ew(@jge1,4 + LR D
j=0

Define u;11 = u(y,j + 1, k). Then,

k—1 _
E[h(zx) — ER(yi)]l < Y IEluj41(y; + A;))] — Elujia (y; + Aly;, m;, 1771%_ NI (52)
J=0 J
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We will show that uj 1 € G, so by Lemma C.14,

Efuj1(y; + A;))] = Bluj 1 (y; + Aly;,my, 17715;. NI < Koy (T)n@=072 0 (53)
J

Then,

E[h(z1) — Elh(ys)]| <> Ky, (T)n@=)/?

< ksup K, (T)n=)/?
J

E
—

o

< Tsup Ky, (T)nt=)/2,
J
We will show that we can choose K,,; so that sup; K, (T') is bounded by some universal constant
K(T), and by definition zj, and yy, are order-y weak approximations of each other.

Finally, we show that uj; € G®, and there is an universal function K, € G that || 0™u;41(z)| <
K, (x) forall j <T/nand m = 0,1,2,3. Then from the proof of Lemma C.14 we know that there
is an universal constant K (7") that upper bounds all K, (7).

Notice that w1 () = Eyp(a,j+1,k)h(y) is the expected h value after running SGD from z for
k — j — 1 steps. Let {s;} be such a process with 5,1 = @.

First we show that s; have bounded moments, and the bound is universal for all i« < T'/n with
polynomial growth with respect to the initial point . For any m, we know

E(L+ [[sipa]*)™|ss = B(1+ |55 — m(VL(ss) + ov:) [*)" s
=E(1 + [|sil* + 77 [|IVL(s:) + ovi|® = 2058, (VL(s:) + 00;))™ s
From the Lipschitzness we know [|VL(s;)|| < |[VL(0)|| + L ||s;| and ||X(s:) || < [|2(0)]  +
Ly, ||s:]|. Let 6; = 72 | VL(s;) + owvi||> — 27387 (VL(s;) + ov;), so there is constant C' such that

Ed;|s; < nC(1 + ||si]|*), E62|s; < nC(1+ ||s:]/*)? and E6™ < nC(1 + ||s;]|*)™. Then, similar
to the SGDM case,

E(L+ [|si|®)™]si = E(1L + [|sil|* + 6:)™ s
< L+ [Isill*)™ + mES; (1 + [|sl|*)™ s
+2MTTEST (14 [1sill®)™ 2 + 16: )]s
< (14 [Isal*)™ (1 + nClm +2™))

SOE(L+ [l )™ < E(L+ |51 )™ (1 +nC(m +27))"7 < (14 [l|*)meT 2" for
all i, 7 < T/n. Thus we proved that the moments of s; are bounded by a universal polynomial of
the initial point . Hence, as h is bounded by a polynomial, u;1(z) = Eg, |5, ,=2h(8k) is also
uniformly bounded by a polynomial of & independent of 7.

Now we consider the derivatives of u;1. We use the notion of derivatives of a random variable in

the £2 sense as in Li et al. (2019), e.g. 9, v; is defined in the sense that E [|8,v;]|> = 8, tr 3(s;).
Taking derivatives,

B(1+ |[0p851]%)™ |8 = E(1+ ||008i — (V2L (8:)Drsi + 00,0,)||*)™ s
=E(1+ | 0usil* + &)™ s
where & = 7?7 || V2L(s:)x i + o@xviH2 —2m;8] (V2L (8;)0r8; + 00,v;). Lipschitzness dictates
that |[V2L(s;)|| < L and [[VE(s;)|| < Ly, so again there is constant D such that E¢;|s; <
nD(1+ ||0.8i(|*), E€2|s; < nD(1 + [|9.s:]*)? and E€? < nD(1 + [|0y5:]|*)™. Similarly,
E(1+ [|0psi1]1)™ = E(1 + [|0a8:])* + &)™
SE(1 A+ [|0esi])*)™ + mé (1 + [|0psa]?)™
+ 2 (14 |02 + 16| 2)
< (14 [|0sil|))™ (1 + nD(m +2™))
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So E(L + 08 < E( + [[0ss;maH™(L + nD(m + 2m)~ < (1 +

|0p||?)meTPm+2") — (1 4 d)ymeTP(m+2™) for all 4,5 < T/n. Thus we proved that
the moments of 0,s; are also bounded by a universal polynomial of the initial point .
Hence, as h has polynomial-growing derivatives, ||0pujt1(x)|| = Eg,|s;, =2 Vh(8k)  Ozsp <

([E [V A(si)|*][E || 0z sk]|*])1/2 is also uniformly bounded by a polynomial of @ independent of 7.

Notice that the higher order derivatives of s; have similar forms of iterates, e.g.

8b8i+1 = 8281‘ + qbi’ — ﬁz(VQL'(sl)aZsz + 0'82’01')
where ¢® only relates with VZ £, VA3 and 97 s; for 8 < b. Notice that by assuming £ and 3 have
polynomial-growing derivates up to and including the third order (Assumption 3.3), by induction we
can prove that the process ¢! is universally bounded as a polynomial of derivates of order < b, so
similarly by the Gronwall inequality we can obtain an universal bound for 9” ujy1 for 5 =0,1,2,3.

As the proof here is nearly identical to the proof in Li et al. (2019) for Proposition 25, we omit the
fine details. O

Proof for Theorem 3.5. From Theorem C.3, we know @, and yy, are order-(1 — «/) /2-weak approx-
imations of each other, and from Theorem C.13 we know 2z, and yy, are order-(1 — «)/2-weak
approximations of each other. Furthermore, in the above proof we can see that [E[h(zx) — h(Zk)]| =
[E[uo(yo) — uo(x0)]| = [Euo(xo — 1”3%% mg) — ug(xp)], so by the similar Taylor expansion as in
Lemma C.14, as m has bounded moments (Assumption 3.2), we can see that |E[h(z) — h(Z})]| =
O(n'~®). This shows that z;, and 2}, are order-(1 — «)-weak approximations of each other, and
naturally they are order-(1 — «) /2-weak approximations.

Then we conclude that xj, and zj, are order-(1 — «)/2-weak approximations of each other. O

C2 a>1

Following the idea of Stochastic Modified Equations (Li et al., 2019), the limiting distribution can be
described by the law of the solution X; to an SDE under brownian motion W,

dX; = —\VL(X,)dt + M ZV2(X,)dW, (54)
for some rescaled learning rate schedule \; that 7, — Mg, in the limit.

When o = 1, the limit distribution of SGDM becomes
dX; = M\ /7 dM, — N VL(X,)dt + A\ ZY2(X,)dW, (55)

dM; = —y Mydt + % VL(X,)dt — 72 (X,)dW, (56)
with similarly ~; being the limit (1 — 34)/n — ~ky. Here M, is the rescaled momentum process
that induces a non-negligible impact on the original trajectory Xj.

Furthermore, when o > 1, if we still stick to following O(1/n) steps for any 7, then the dynamics
of trajectory will become trivial. In the limit  — 0, as my — mg = O(kn®) = O(Tn*~1) — 0,
the trajectory has limit x, = xo — Zj:ol 1n;my for all k = O(1/7n). This is different from the case
a < 1 where there is always a non-trivial dynamics in x;, for the same time scale k¥ = O(1/7),
regardless of the a index. We can think of the phenomenon by considering the trajectory of SGDM
on a quadratic loss landscape, and in this case the SGDM behaves like a Uhlenbeck-Ornstein process.
When « < 1, the direction of @ has a mixing time of O(1/n) while the direction of m has a shorter
mixing time of O(1/n®), while when @ > 1, both mixing time of & and m mixes at a time scale of
O(1/n%), soin O(1/n) steps the trajectory is far from any stationary states.

Therefore in this regime we should only consider the case where my = 0 to avoid the trajectory

moving too far. By rescaling m and considering O(n_HTa) steps, we would spot non-trivial
behaviours of the SGDM trajectory. In this case the SGDM have a different tolerance on the noise
scale o.

D THE DYNAMICS OF SGDM IN O(1/n?) TIME

In this section we will present results that characterizes the behaviour of SGD and SGDM in O(1/7?)
time. We call this setting the slow SDE regime in accordance with previous works (Gu et al., 2023).
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D.1 SLow SDE INTRODUCTION

There are a line of works that discusses the slow SDE regime that emerges when SGD is trapped
in the manifold of local minimizers. The phenomenon was introduced in Blanc et al. (2020) and
studied more generally in Li et al. (2021b). In these works, the behavior of the trajectory near the
manifold, found to be a sharpness minimization process for SGD, is thought to be responsible for the
generalization behavior of the trajectory.

The observations in these works is that SGD should mimic a Uhlenbeck-Ornstein process along
the normal direction of the manifold of minimizers. Each stochastic step in the normal direction
contributes a very small movement in the tangent space. Over a long range of time, these small
contributions accumulate into a drift.

To overcome the theoretical difficulties in analyzing these small contributions, Li et al. (2021b)
analyzed a projection ® applied to the iterate that maps a point near the manifold to a point on the
manifold. ®(X) is chosen to be the limit of gradient flow when starting from X . Then it is observed
that when the learning rate is small enough, ®(X) ~ X, and the dynamics of ®(X') provides an SDE
on the manifold that marks the behaviour of SGD in this regime.

D.2 SLow SDE PRELIMINARIES
D.2.1 THE PROJECTION MAP

We consider the case where the local minimizers of the loss £ form a manifold I that satisfy certain
regularity conditions as Assumption 4.1. In this section, we fix a neighborhood Or of I that is an

attraction set under V£, and define ¢(x,t) = « — fot VL(p(x,s))ds and () := lims—, 00 P(, T).
() is well-defined for all € Or as indicated by Assumption 4.2. We call ® the gradient projection
map.

The most important property of the projection map is that its gradient is always orthogonal to the
direction of gradient. We ultilize the following lemma from previous works.

Lemma D.1 (Li et al. (2021b) Lemma C.2). For all € Or there is 0®(x)VL(x) = 0.

For technical simplicity, we choose compact set X C Or and only consider the dynamics of xj,

within the set K. Formally, for any dynamics x;, with o € K, define the exiting stopping time
7 = ming{k > 0: @41 ¢ K}, and the truncated process Zj = Tyin(k,r); for any dynamics X in

continuous time with X € K, define the exiting stopping time 7 = inf{t > 0: X, & K }, and the
truncated process Xy = Xpin(t,7)-
There are a few regularity conditions Katzenberger proved in the paper Katzenberger (1991):

Lemma D.2. There are the following facts.

1. If the loss L is smooth, then ® is third-order continuously differentiable on Or-.

2. For the distance function d(x,I") = mingern x ||y — @
Ck that

, there exists a positive constant
[®(X) - X[ < Crd(X,T)
forany X € K.
3. There exists a Lyaponuv function h(X) on K that

* h: K — [0,00) is third-order continuously differentiable and h(X) = 0 iff X € T.
s Forall X € K, h(X) < ¢(Vh(X),VL(X)) for some constant ¢ > 0.
s d*(X,T) < h(X) for some constant ¢’ > 0.

D.2.2 THE KATZENBERGER PROCESS

We recap the notion of Katzenberger processes in Li et al. (2021b) and the characterization of the
corresponding limiting diffusion based on Katzenberger’s theorems (Katzenberger, 1991).
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Definition D.3 (Uniform metric). The uniform metric between two functions £, g : [0, 00) — R is
defined to be dy/(f, 9) = > 7, 2= T min{1, SUPyeo,7) Il (&) = g(®)]l2}

Foreachn € N, let A, : R, — R be a non-decreasing functions with A4,,(0) = 0, and {Z,,(¢) }+>0
be a R=-valued stochastic process. In our context of SGD, given loss function L : RP — R, noise
function o : RP — RP*E and initialization xi,y; € U, we call the following stochastic process (57)
a Katzenberger process

t t
Xo() = i + / 0 (X (5))dZ0(s) — / VL(Xn(5))dAn(s) (57)
0 0
if as n — oo the following conditions are satisfied:

1. A, increases infinitely fast, i.e., Ve > 0, inf;>0(An(t +€) — A (t)) — 003
2. Z, converges in distribution to Z in uniform metric.

Theorem D.4 (Adapted from Theorem B.7 in Li et al. (2021b)). Given a Katzenberger process
{X () }nen, if SDE (58) has a global solution Y in U with Y (0) = ®(Xinit), then for any t > 0,
X, (t) converges in distribution to Y (t) as n — oo.

/ Z S BBV ()oulY (oY (DdZals). 59
i,7€[D) k,LE[E]

We note that the global solution always exists if the manifold I" is compact. For the case where I is
not compact, we introduce a compact neighbourhood of I' and a stopping time later for our result.Our
formulation is under the original framework of Katzenberger (1991) and the proof in Li et al. (2021b)
can be easily adapted to Theorem D.4.

D.2.3 THE CADLAG PROCESS

A cadlag process is a right continuous process that has a left limit everwhere. For real-value cadlag
semimartingale processes X; and Y, define X;_ = lim,_,;— X, and fab X,dY; to be the process

b . . . .
IXS_dYS for interval @ < b. That is in the integral we do not count the jump of process Y at
s = a but we count the jump at s = b. Then it’s easy to see that

o [PXAY, + [ XY, = [ XY fora < b < e
* 7y = fo X,dY; is a cadlag semimartingale if both X, and Y; are cadlag semimartingales.
By a extension to higher dimensions, let
dX]; = d(X,X,") — X (dXy) " — (X)X,

and
dX, Y], = d(X,Y,") — X (dYy) " — (dX,)Y,"

)

we know [X]; and [ X, Y]; are actually matrix-valued processes with A[X]; = (AX;)(AX;)" and
A[X, Y], = (AX;)(AY:) .

The generalized Ito’s formula applies to a cadlag semimartingale process (let 92 f(X)[M] =
>i.; Mij0;; f(X) for any matrix M) is given as

4 (X)) = {05 (X),4X0) 450" FX) XTI+ AF(X)—(OF (Xo ), AX) 302 F (X, AKX AX] ]

And integration by part
d(XY), = Xi(dYy) + (dX0)Ye + d[X, Y],

These formulas will be useful in our proof of the main theorem.
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D.2.4 WEAK LIMIT FOR CADLAG PROCESSES

As we are showing the weak limit for a cadlag process as the solution of an SDE, the following
theorem is useful. We use C([0, 7], R?) to denote the set of cadlag functions X : [0, 7] — R4,

Theorem D.5 (Theorem 2.2 in Kurtz and Protter (1991)). For each n, let Xt(") be a processes
with path in C([0, T}, R*™) and let Yt(n) be a semi-martingale with sample path in C([0,T], R™)
respectively. Define function hs(r) = (1 —§/r)" and f’t(n) = Y;(n) — D <t h5(|AYs(n) |)AYS(n)
be the process with reduced jumps. Then f’t(") is also a semi-martingale. If the expected quadratic

variation of f’t(n) is bounded uniformly in n, and (X,,,Y,) — (X,Y) in distribution under the
uniform metric (Definition D.3) of C([0, T], R¥*™ x R™), then

(X, Yo, [ XuaVs) > (XY, [ xav)
in distribution under the uniform metric of C([0, T], R¥*™ x R™ x R9).

Therefore if X (") is the solution of an SDE Xt(n) = Xo + Zt(") + fot F™) (XLgTL))dYS(n), and if
the tuple (F("™ (X,), VARE Zt(”)) converges for all X to the process (F(X;), Y5, 0), by the above
theorem we know the solution to the SDE X; = X + fot F(X,)dYs is the limit of Xt("), as stated

rigorously in Theorem 5.4, Kurtz and Protter (1991). This will be the main tool in finding the limiting
dynamics of SGDM.

D.3 THE MAIN RESULTS

We provide a more formal version of Theorem 4.5.

Theorem D.6. Fix a compact set k C Or, an initialization ¢ € K and o € (0,1). Consider the

(n) p(n)
k

SGDM trajectory (m,g")) with hyperparameter schedule (1, ) scaled by "), noise scaling

o) = 1 and initialization (o, my) satisfy Assumption 3.2; SGD trajectory (z,in)) with learning

rate schedule (n,(cn)), noise scaling 1 and initialization zq = x(. Furthermore the hyperparameter

schedules satisfy Assumptions 4.3 and 4.4. Define the process Xt(n) =T|1/(nm)2] — Pz, /M) +
O(xg) and Zt(n) = Z|t)(nm)2] — b(z0,t/n\™) + ®(20), and stopping time 1, = inf{t > 0 :
Xt(n) & K}, ¢y, =1inf{t > 0: Zt(") ¢ K}. Then the processes (Xt(xq),n,Tn) and (Zt(/yf,?%, Wy are
relative compact in C([0, T],R%) x [0, T] with the uniform metric and they have the same unique
limit point (Xp-, ) such that Xy n, € T almost surely for everyt > 0, 7 = inf{t > 0: X; ¢ K},

and
t t\2
A
X, = ®(xg) + / MOP(X)ZV2(X,)dW, + / éa%(xs)[z(xs)]ds.

0 0
Note that for a sequence x;, we are considering the sequence X; = x| /(;,tm)2| — ¢(o, t/nm) +
®(x) after rescaling time k = [¢/(n(™))2]. This adaptation is due to technical difficulty that the
limit of ac,(cn) will lie on the manifold I" for any ¢ > 0, but wg") = xg € T, so the limiting process
will be continuous anywhere but zero. For the process Xt(") =Ty (nm)2) — P(To, t/n™) + ®(xq)

however, we know Xt(n) = Z|4/(y(my2) forany ¢ > 0 and Xé") = ®(xp) € T, thereby we make
the limit a continuous process while preseving the same limit for all ¢ > 0.

D.3.1 THE LIMIT OF SGD

(n)
/’7 n
Let us reparametrize the SGD process z. Define the learning rate )\E") = % and the SGD
iterates is given by

gk = VL(x) + 32 (k) &k, (59)
Zp41 = 2k — U;(cn)gk- (60)
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Here we reparameterize the noise vy = »t/ Q(mk)gk so that & are independent, E§; = 0 and
E&€,] = I. We also assume that the constants Cy,, in Assumption 3.3 are defined here as E [|€;,[|™ <

me

then Equation (60) can be written as a stochastic integral as

2| _ (2|
Now define the stochastic process A, (t) = Z,Et/én i 7],2") and Z,(t) = Z,L::/((Jn -t 77;(:)&-,

t
Z" =z - / VL(Z{)dA () + SY2(Z")dZA (1). (61)
0

with Zt(") = Z|1/(n(m)2)- Then we can characterize its limiting dynamics.

Theorem D.7. The process Zt(n) is a Katzenberger process, and for any t > 0, Zt(n) converges in
distribution to Z; as n — oo that

Z, = ®(z0) + /Ot \OB(Z,) SV (Z,)dW, + /Ot %fa%b(zs)[z(zs)]ds.

Proof. First we show that Zt(”) is a Katzenberger process. Note that

» A, increases infinitely fast: by Assumption 4.3, for all s < ¢,
Lt/(n™)?] -1 Lt/ (™)) -1
A (t) — An(s) = Z 77,5,") — Z 7)("))\k(n(n>)z,
k=[s/(nt™)?] k=[s/(n")?]
Lt/(n)?] -1 —
(n) N () AR
S ey 2 (g =™ M) = o0
k=[s/(n()?]

as (™) — 0.

» Z,(t) converges to Z(t) that there is a brownian motion W; and

t
Z(t) = / AsdWs.
0
This is shown with the standard central limit theorem. Let W, () = Ot %(t) be the
normalized martingale. By the standard central limit theorem (for instance Theorem
4.3.2 Whitt (2002)), W,,(t) — W,,(s) has a limit as a gaussian distribution with variance
(n)\2 | _ (n)
SoLE/ )(nj) ) (+=2——)2 - (t — s) by Assumption 4.3. Then W,,(t) converges to a
k=[s/(m™)2 XAy (n)y2
bronwian motion W; by Levy’s characterization.

Therefore Zt(n) is a Katzenberger process, and by Theorem D.4 its limit is given by

Z; = D(zp) + /Ot /\ta‘I’(Zs)El/Q(Zs)dWs + /Ot %gaz(b(zs)[z(zsnds'

D.3.2 SGDM WHEN a < 1

For the SGDM setting, we wish to extract the scale from the hyperparameters to make notations clear.
Therefore we define

()

n Mk
AP = ——

t 77(")

o 18"
7T )

k= 1t/(n™)?].
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Then the original process

m{), =B my” + (1 - B{")g" (62)
2" =2 —p"mY, (63)

can be rewritten into a SDE formulation. Similarly, we reparameterize the noise vy = »1/ 2(mk)£ k
so that & are independent, E¢, = 0 and E€,€,] = I. Let the processes Z;' = n?*|t/n*], and

2
Y =n Z}i/ 1" / &;. By the previous convention, the process can be rewritten as (let 7 = 1(™))

dXy = =S (MpdZy +Pd M)
= =21 (1= yen®) MPAZP + 4 VL(X]))AZ) = v Aep® B2 (XP)AY (64)
dMp = — 2o (Mp — VL(XP)AZ] + s SV (XP)dyy

and M = m'™)

Then X' == Lt/n2)"

[t/n?]
Rewriting the second line gives

MPAZP = =y ' dM] + VL(X)AZ] + =2 (X7)dY" (65)
So

dX] = —Nnd M + (\e/v)n' " dM — A\ ' VL(X)AZ]E — NEVA(X)AY (66)

Now consider the Ito’s formula applied to the gradient projected process ®(X;"). Fix K C Or
be a compact neighbourhood of the manifold I'. Since ®(X) is only defined for X € Or, we
take an arbitrary regular extension of ® to the whole space. Fix time horizon 7' > 0, and let
7o = min(inf{t > 0 : X" ¢ K},T) to be the exiting time for the compact set Kk C Op we
have chosen earlier. Since X§ € K, we know 7, > n%. We use x?' = 1[t < 7,] to denote the
indicator process of the stopping time 7,,. For any cadlag semi-martingale X;, X;r., is a cadlag
semi-martingale that d X, = x7dX;.

For simplicity we omit the superscript n unless necessary. Ito’s formula on ®(X;) gives

dd(X,) = 09 (X,)dX, + %a%(xt)[d[x}t} +do
= 0B(X) (= A+ Mm% /v ) AM, — A\ 'V L(X)dZy — MY (X,)dY)
+ %32@(Xt)[d[X]t] +dd

where 0 are error terms as 6(0) = 0 and

ds = AD(X,) — 0P(X; )AX; — %82<I>(Xt_)[AXt(AXt)T]

For X; € K, there is always 0®(X;)VL(X;) = 0 by Lemma D.1, so consider the following process
(I)tl (I)O = (I)(Xo) and

1
AP, = 0P (Xy) (=M + A~ /7e)dM; — A B2 (X,)dY;) + 552@(Xt)[d[X]t] +dd  (67)
Then (I)t/\Tn = (b(Xt/\‘rn)-

34



Published as a conference paper at ICLR 2024

In addition, direct calculations gives
[Z]t = nQZta
Lt/n*]
Y] = n? Z §i€;r7E[Y]t =Zd

i=1
Y, Z); = Y3,
d[M]; = 770> (M — VLX) (My = VL(X,)) TdZ, + 470> 282 (X)d[Y], B2 (Xy)
— T (M — VL(X))dY, B2 (Xy) — A7n* T BV (X)dY (M — VL(X) T,
d[M, 2], = —yn®(M, — VL(X,))dZ, + vt 2Y2(X,)dY,
d[X]); = N (M M," dZ; + n?d[M); + M,d[Z, M), + d[M, Z];M,")
d[M, X]t = —/\t(—%??a_l(Mt - VC(Xt))MtTdZt + %Tlazl/z(xt)dYZMtT) + nd[M]t)

D.3.3 CONTROL OF THE VELOCITY PROCESSES

Notice that our process X' € K is bounded for ¢ < 7,. Therefore following regularies, for any
continuous function f : K — R, f(X}") is bounded ¢ < 7,,. Also, notice that M}, has bounded
moments:

Lemma D.8. There exists constants C}, such that E HMt"Mn Hm <Cp.

Proof. This follows trivially from the iterate mé’jr)l = ,(C")mén) +(1- [3,(6"))91(@"),

(n)
E Hmk+1

m

s

<o

Hm

o

" | VL)

m m
The term HVE(:BE:’)) H < supgei [[VL(x)||™ is bounded and Hv,(c") H is bounded by Assump-
tion 3.3. Therefore the lemma follows from the Gronwall inequality Lemma C.4.

Lemma D.9. For all stopping time t and function f > 0, fg f(Mg, X5)dZ, < fot f(Mg, X4)ds,
and fot f(MsaXs)dZs > f(f f(M:HXs)dS - an(MtaXt)-

Proof. Note that the processes M, and X, only changes at jumps at s = kn?, the result followed
directly from the definition of Z,. O

Next follows some facts are are useful in proving the theorems.

Lemma D.10 (Katzenberger (1991) lemma 2.1 ). Let f,g : R — [0,00) be functions that g is
non-decreasing and g(0) = 0. Assume for constant C > 0 and all t > 0

¢
0< )<+ [ Fs-dg(o).
Then f(t) < Ce9™ forall t > 0.

Proof. In this case g(t) > 0. Expansion gives
o0 t S1— So—
focard [ [ [T dgtsagtsndgisn)
—Jo Jo 0
oo 1 .
<CO+Y 1g"()
n=1

= CeI®.
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We may also encounter the case where ¢ is negative. Another form of Gronwall inequality is useful
here.

Lemma D.11 (Gronwall). Ler f,g : R — [0, 00) be functions that g(0) = 0. Assume for constant
C>0andall0<s<t<T

1) < f(s) - C / Fr=)dr + g(t) — gs).

Then f(t) < e~ Ct(f(0) + g(t)) + C'fg e~ Ct=5)(g(t) — g(s))ds forall0 < s < T.

We need a form of Gronwall’s inequality with our uncountinuous process Z;

Lemma D.12. Ler f : R — [0,00) be a non-decreasing function and g : R x R — [0, 00) be
non-negative. Assume for constant C > O and all0 < s <t <T

1) < f(s) - C / Fr—)AZn + g(t,5).

Then f(t) < e~ C"Z' (f(0) + ¢(t,0)) + Cfot e~ =20 g(t, 5)dZD for all 0 < s < T with
C' =n"?log(1+ Cn?).

t czr - _ czy
Lemma D.13. [ % dZ} = —h—(e“?r —1).
. . ; _entl
Proof. Directly calculation that " | ¢' = 35— forc = e, O

Proof of Lemma D.12. multiplying both sides with e~C (%' ~Z%) and integration yields the result.

O

Specifically for g(t, s) = Z* — Z, the bound can be further simlified.

Lemma D.14. [ e CZ =20 (Zp — 77)dZr < C~2

Proof.

¢ n n o
/ e O =2 (zn — ZM)dZr < / e % 2dz = 072
0 0

O

Another useful theorem is the Doob’s martingale inequality.

Lemma D.15. Ler X; be a martingale for t € [0,T] whose sample path is almost surely right-
continuous. Then for any C > 0, andp > 1,

E| XT+|P
Prl sup [, > €] < 2l
te[0,7) C

Furthermore, integration with p = 2 gives

E sup |X,| < 2/EX7P,
]

tel0,T

Lemma D.16. Forallt > 0and o € [0,1),

o lim, o 7°E SUP4e0,7] HMt”ATn Hz =0forany f >1— o
=0

moreover, lim,,_, o n°/?E SUPye(0,7] | M

AT Mg ||PdZe = 0 forany B> 0.

tAT 2
moreover, sup, B [["™ || M ||”dZ < occ.

. hmn*)oo T}B]E ft/\Tn

Fora € (0,1),
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o limy, oo 7°E [ | M2 (> dZ7 = 0 for any 8 > 0.

Proof. Tto’s formula on ||Mt”||2 gives
d|MP|)? = 2(M}, dM]) + tr d[M™);
= =29 (M7 |* = (M) TVL(XP))AZE + 2y (M) TRV (X AY”
AR MY = VLX) P AZp 4 iR e (S(X])d[Y )
— 297 (M = VLX) TEVA(X[)aYy)
= PR AW — 2 R (| M |F = (M) VL(XP))AZ)
AP MY = VLX) AZ) 4+ iR e (B(XT))d 2y
Let W* be the martingale that W* = 0 and
AW = 29 (M) TEV2(XP)AY," + A2 tr(S(X) AV "], — TdZ))
= 297n(M{ — VL(X[) TSY2(Xp)dyy
When o > 0, take the constant C7 = 2supycx [|VL(X)| (2 + |[VL(X)|) and C; =
supye g tr 2(X) + Cy. Since = || M| < (= + 02 | M||*)/2, for any t > s > 0 there is

775 HMtT;\Tn

tATR
2 _ _ _
</ (=272 M| + Cun® o2 | M| + Cin® P22 (| M2+ 1))d 27
s

NTn

tAT,
n 2 a— n n oa— n n
+ 7],8 HMS/\Tn H + 77ﬁ+2 2 / )‘72“ tr(E(Xr ))er + 775+2 Q(Wt/\‘rn - Ws/\‘rn)

SATp,

< 776 HM:/\‘rn

tAT,
n 1
4 / (=2Amin® 2 + 50177_1 + O %) HM;LH2 dz;

SATn

+ 772a+ﬂ_302(ZZ')\T,L - Z;L/\T,,L) + n2a+ﬂ_2(Wt7}\Tn - Wsn/\‘rn)

By the Doob’s inequality Lemma D.15,
Wts,n = W;}\TH - Wsn/\rn
tATh
- / 2y, (M) TEVA(X)AY + 2 te(S(X)(AY"), — 1dZ7))
S

NTn,
—2y2p(M] — VLX) TSVA(X )Y

is a martingale, so there is a universal constant A that

<2\ EWTP

tATn
S 2A\/ZZL/\T7L - Z;l/\‘rn + 772_20‘/ ”‘]\47””2 dZ:L

E sup |[W2"
r€ls,t]

NTn
tATH 5
<2572, - L, bt [P aZ)
SATh
2

b}

Therefore let K = n°E SUPe[0,4] HMS"/\T
¢
K <K!+ / kn KMAZM 4 (2A + Co)?tP=3(z0 — Zm)

Here k, = —2Aminn® 2 + %Cmfl + C1n**~2 4 2An~!, then when 1 — 0 eventually x,, < 0.
Then by the Gronwall inequality Lemma D.12, with !, = n~2? log(1 + |k, |n?),

t
K < n?otB=3(24 + Cy)[e "m0 21 + / ke n (2020 (Zn — Z™Yd 2T
0
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By Lemma D.14,
K <P 073(2A + Co) (e H 27 + [hon (7,) %)
Taking the limit gives lim,,_,o, K7 = O(n?*+8-1) = 0.
For o« = 0, there is
d ([ M7 ]* = AW} = 2 (M7 ° = (M) TV L(X]))dZy
7 1M = VLX) 27 + 47 te(S(XF))dZp
SAWP =y | MP|*dZ7 + (IVL(XD) 1 dZ7 + tr(S(X])dZ]

For K' = °E SUD e (0,4 | Mz % lete, = —Amin? 2 + 2An~" and some constant Cs, there is

SATp

t
KP < K™+ / W KPAZT + Canf=3(2p — Z7)

Similarly by Lemma D.12 and Lemma D.14, lim,, o, KJ* = O(n®~!) = 0.
For any jump AM, and f(M[") = | M?||® there is 0 € [0, 1] that M = M + (1 — )M and

Af(M;) = (Of (ML), M) — %Bzf(M?_)[AM?(AMZL)T]

1.
=0 F(M)[AM', AM;', AM]'
_ L(MAMP)® 3 (M, AMY)

2 M3 2 ||[M]|
<z amy|?.

Ito’s formula on || M| gives

n||e n n n 3 n n n||— n n n n
d |\ MPIPP < 3|MP| (M, dM]) + o (1M dex[M] + [ ] Per(Mp (M) TdIMP)) + 2 || AMT P

At t = kn?, there is a jump for the process M]* as AM = ~n*(—M + VL(X) +
SU/2(XP_)€), so for constant Cy = 12supxe i (VLX) + 1+ || ZV2(X)]])?

E[ang,, ||° < CoPe (|0, |P + 1)z,

When a > 0, let J* = nPE ||M||°, as nPto=2 | M| < n3B/2+a=2 || M| + nB/2+e=2 there is
t
Ji < J¢ _/ (Bmintf® ™2 =0 HHO2Cs) JAZ) + O 202 (2 — 27)

where Cs = 3C4 + 3(sup,<p | A¢|) (1 + sup y ¢ max(||VL(X)]|)) is some universal constant. By
Lemma D.12 and Lemma D.14, there is

I < CsZPO(n°7?).
And the conclusion follows. O

A simpler proof may be given by consider the process (M;*)®? instead of || M||*, and the proof idea
is similar using the Gronwall’s inequality.

Lemma D.17. There exist a universal constant C such that

[AM- | < O (|, |+ 1)

 Naxi, | < Cnlpg, | + )

Proof. Direct from the iterations Equation (64). [
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Lemma D.18. When n — oo (orn — 0), §(t A 7,) — 0 weakly for all o« € (0,1) and t € [0, T).

We wish to generalize the result a little bit.

Lemma D.19. For any function f € C3(K), asn — 0,

E  sup AF(X™) — OF (X" )AX™ — La2 f(x™ )[AX™, AX"]| = 0
S S S 2 S S S

t€[0,7, AT s€[0,¢]

Proof. AX™ and Af(X™) are non-zero at times s = kn? for k € ZT. By the mean value theorem,
there is 6 € [0, 1] that

IAFXD) — OF(XILAXT — S0 f(XI)[AXT, AX]]
=S FOXT -+ (11— 0)XD)AXT, AXT, AXY)
JIAxy’.

1 3
<g (s |07 F(X)]| -

Here the norm is defined for tensors as ||83f(X)||F = \/Zijk(aiajakf()())? The first term

SUPx ek H83 f(X) H - 1s a constant independent of n (as K is compact). Notice that

AXT = —A\n(M? + AM") = —AnM?.

Therefore there exists a constant C' = % (supx ¢ ||0° f(X H (supyefo, 7y (Ae)?) that
1
E sup ) JAf(XY) - Of (X[ )AXT — S0 f(XI)[AXY, AX]]
tel0. T AT) S50y 2
<C-E sup 7° M? 3
X

s=kn?€[0,t]

TNATn 3
sc~En/’ |z azy.
0

From Lemma D.16 we know 7 fOTAT"’ E || M?||* dZ! — 0, so the proof is done. O

Proof for Lemma D.18. The result follows by applying Lemma D.19 to every coordinate of ®(X]").
O

tATH

Lemma D.20. For a € (0,1), lim, . n°E [;

tAT,
— n n n
moreover, SUp,, 1 Ef HMt/\TnH dZ} < oo

M., ||2 dZ? =0 forany f > —a.

Proof. Consider the energy function G(X, My) = 258 L(Xy) + nt = || My||?, there is

t
BG(X0, My) = EG(Xo, My) + E | 20°VL(X)dX, + 24(J)(£(X:) + AL(X)
0 t t

+ zt V2L(X,)d[X], + db
t

= 2y (1M P = (M) VLX) A2+
AP IME = VLX) AZ) + 7 e (B(X])d[Y ")

t
=ﬂ&w@+&—/2m“MMH%W
0

t
4 [ R TRME — VECE)|®AZ) e e (RO
0
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Here A; is some uniformly bounded process. Multiply both sides by '~ gives
t
/ 2y B ||M])* dZp < n'"*EG(Xo, M) +n' A,
0

t
4 / V2R M — VLX) AZD + A2 tr(S(XP)AY "),
0

From Lemma D.16 we know the right-hand-side is uniformly bounded in n, and the conclusion
follows. O

D.3.4 CONVERGENCE TO THE MANIFOLD

We wish to show that the process Xy, — ®{,, asmn — oo forany ¢ > 0. First we need to show
that as the learning rate 77 — 0, there is a distance function d that d (®;,I') — 0 weakly as a stochastic
process.

Lemma D.21. As n — oo, d(®4,T") — 0 weakly for all o € (0, 1).

Proof. By Lemma D.2, we need to prove that for all ' > 0, sup, <7 h(X¢ar,) — 0 in probability.

Ito’s formula on h(X;a -, ) gives for some process § — 0 (n — 00)

dh(X;) = (Vh(X}),dX;) + v%( )d[X]; + d§

(Vh(Xy), */\mth” + (Ae/yon' T AMP = AT VL(XP)AZE — BV (XY
1
+ 5 VZh(X)d[X], + do

Let the process
1
dSt = <Vh(Xt), —AtT]thn + (At/’)/t)'f]liathn — )\t21/2(Xt")dY;"> + §V2h(Xt)d[X}t + d6,

there is
dh(X;) =dS; — Atnﬂ(Vh(Xt), VL(X:))dZ;
S dSt — )\mincil’l’}ilh(Xt)dZt

Therefore by Lemma D.12, for & = 72 log(1 + Aminc™'n), there is
t
h(Xe) < e S + (Aminc 07" / e M7 2)(5, - S,)dZ,
0
Clearly e~ "%+ S, — 0. Furthermore we have for

tATH
A= / (=Xt + e/ (VR(X), AMP)
0
tATH
Bi= [ (VACX) A
0

t/\Tnl
ct:/ S VAR(X)d[X]; + db
0
we know S; = Ay + By + C; .

First, we show 77~ [\ e (%= 2:) (A, —A)dZs — 0. as Ay~ A, < [1 K[~ (|| M, || +1)dZ,+dY,]
for some constant K, we know by Lemma D.14 and Lemma D.16,

“sup|M, ||/ WZ~22) (7, — 7.)dZ, < 522 sup | M| < n?sup | M| — 0
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and since Esup, ||V; —Ys|| < 2 IEI||Y,;H2 < Kt, there is Esup, n—l‘fot e~ Zi=2:)(y, —
Y,)dZs| < % — 0.

Next, we show 5! fot e *%=2:)(B, — B,)dZ, — 0. B, — B, is a martingale so by
Doob’s inequality, Esup,. |B; — B,| < 2+/E|B;|? < Kt for some constants K. Therefore
Esup,, ™} fot e *Z=2:)(B, — B,)dZ,| < % — 0.

Finally, there exists constant K such that 7! fot e rlZi=2) (0, — C,)dZ, <
! fot e MG 2IK(Z, — Z,)dZs < n% — 0 by Lemma D.14. Therefore we concludes
the proof by showing that h(X;) — 0. O

D.4 AVERAGING
Lemma D.22. lim,, o0 7°Esup,<p | [3"7" 92®(X) VLX) (M) T]dZ?2| = 0 forany f > —1.

To prove the result we need another lemma.
Lemma D.23. lim,, o n°Esup,r | [ VLX) dZ7| = 0 for any 8 > —1.

Proof. Use Ito on (VL(X,), M,), there is
d(VL(X,), M) = =\O?L(X,)[n~ ' M, M," dZ; + nMdM,"] + (AVL(X,), AM,)
+ VLX) [~ Y(VL(X,) — My)dZ, +n~ 1 To2Y2(X,)dY).

Therefore we know there exists constant & such that
tATH
E/ IVL(X,)|? dZs < Kn* *E(VL(Xinr,)s Minr,) — (VL(X0), Mo))
0
tATh 5 9
b oKE [ Az KPR Y
0 AM,#0
tATn
+E/ (VL(Xy), My)dZ,.
0

The first four terms vanishes when multiplied n” for 3 > —1 by Lemma D.20. Note the last term

/ Mm<vc(Xt)7 M)dZ; = / mec(xt), —nA; tdX; — n*dM,)
0 0
A HVL(Xy), dXe) = d(Ny T L(Xr)) = (AN (AL(X:) + L£(Xy)) — %A;IaZZ:(Xt)[d[X]t] — do.

A\ YV L(X,),dX,) is clearly a bounded process given the bounded variation of A; * and boundedness
of Xar,. Thereby we finished the proof. O
Proof of Lemma D.22. Let f(X,) = 0*®(X)VL(X,).
Ito’s formula on 92® (X, )[VL(X,)(M,) "] = f(Xs) M, gives
d(f(Xs)Ms) = df(Xs.')Ms + f(Xs)dMs =+ Af(Xs)AMs
= df (X )M + Af(Xs)AM,
— Y™ f(X) (Mg — VL(X,))dZs + 70 f(X) B2 (X)dY.

Therefore there is constant /& such that

/ ' F(X)Mdz, < / CHX)VE(X)dZ
0 0

+ K ( /O 7P (X )My + nf (X) 2V (Xo)dYs + 0> Y Af(X)AM)
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We know that 772~ 3" A f(X,)AM, = O(n) and sup, [ nf(Xs)E?(X,)dY, = O(n). Expan-

sion gives fot n?~*df (Xs)M,; = O(n) by Lemma D.20. Finally by Lemma D.23 we obtain the
desired result. O

Let ¢y = A¢/v: — 0% s
Lemma D.24. fccf 1= 2p 0P (X )dM; + e A (™ — M) O*®(Xy)[MM,']dZ; — 0 asn — 0.
Proof. Tto’s formula on ' ~“¢,0®(X;)M; gives

d(¢r0P(X¢)Me) = d()0P(Xe) My + (A ) A(OP(X¢— ) My) + $r0P(Xy)d M,
+ 010 ®(X;)[Md X, | + ¢ AOD(X,)AM; + db

where
dé = ¢ (AD(X,) — O?P(X,_)AX,) M,

We know for o € (0, 1), by Lemma D.16

« 7 = Oas o] < C [ | M,|*dZ,.

o [nt=d(¢)0P(X;) My — 0as [d(¢:) < co by Assumption 4.4 and sup, n* = || My|| —
0.

o St (Ag)A(OP(Xe—)M;) — 0 as Y, A¢y < oo by Assumption 4.4 and
St M| — 0.

o [T 0?0 (X,)[Mpd X, ] + [ MO*®(Xy) [ M M, ]dZ;, — 0

i an_a¢tA6¢)(Xt)AMt — f¢t)\t'7t32¢‘(Xt)[Mt’ Mt — VC(Xt)]dZt — 0

o N2 0P(X )My — 0
Therefore adding them up we obtain the result. O

Lemma D.25. | [/ 92®(X,)[d[X],] — [ N20%®(X,)[M, M, ]dZ,| — 0.

Proof. This follows directly by the expansion of [X]; and Lemma D.16. O

S22 AL 02D(X,) My, MiJdZ, — [ 30%®(X,)[S(X))dt| — 0 as

Lemma D.26. sup., ., |/, Y

n — 0.

Proof. let Ay = ¢;0°®(X;)[M;, M;] for some schedule ¢;, then for some uniformly bounded
process By,

dA; = d(¢:)(0*®(X,)[My, My] + AD*B(X,)[My, My]) + 1>~ 2dB,

DL (X, (X) 2] (X))
220 t t t t

204

,,72—a

A
- %63@(&)[%, My, M})dZ, +

B 2¢t%

772—(1

+ 2¢t%
n

0?0 (X,)[ My, My)dZ, + O*®(X,)[VL(X,), M,)dZ,

0% 0(X,) (B2 (X,)dY;, My

2¢t’7t2
,'71—2a

+ T2 g0 D(X)[(My = VLX) (M — VL(Xy)) T]dZe.

O*D(X,)[(My — VL(X,))dY, BY2(X,)]
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Multiply both sides by n?*~2, by Lemmas D.22 and D.23 we know [ 02®(X,)[VL(X;)M,']dZ,
and [ 0?®(X;)[VL(X,)VL(X;)]dZ, converges to 0. Bound the Martingale W, that

AWy = 2¢yy,m' ~0?®(X,)[ZY2(X,)dYy, My —207200°®(X,)[(M,—V L(X,))dY," =Y2(X,)],

Doob’s inequality alongside with Lemma D.16 shows W; — 0. Then we know with ¢; = \? /42 that

sup
C1,C2

(o3

2N 2N
O (X¢)[ My, My]dZ, — 78 (Xy)[B(Xy)ldt] — 0

1 Cc1

Finally we are ready to show the limiting dynamics as

Theorem D.27. Foranyt > 0, (X{,, ,7,) converges in distribution to (X, T) that T = inf{t >
0: X & K}, and that

X, = ®(zo) + /0 t AP (X )T (X,)dW, + /0 t %332@(;(5)[2(;(5)]@.

Proof. Recall the process ®; as
1
d®; = 0B(Xy)((= e+ A~ /7 )dM, — \BY2(X,)dY;) + 562<1>(Xt)[c1[x]t] +do
Therefore we know

Xinr, = ®(x0) + (Xtar, — Piar,) + 0t

+ /MT% OR(X4)((—Aem + A"~ fy)dMy — A SY2(Xy)dYs) + %GQ‘P(XO[C‘[XM'
0

By Lemma D.21 we know the process X; — ®; weakly converges to zero. By Lemma D.18 we know
0 — 0. By Lemmas D.24 to D.26 we know

|/0 B 3@(Xt)((—)\t77+)\t771_a/%)th'F%BQ(I)(Xt)[d[XM_/O : %aQ(I)(XS)[E(XS)]d[Y]S‘

We know the process Y,* and Z;' are of bounded quadratic variation. Furthermore by the central
limit theorem Y;* — W, where W, is a Brownian motion, and Z}* — t. By the law of large numbers
we know [Y"]; — t. Additionally, the process X[, Z and Y;" always share jumps at the same
locations. This implies we can write

t
X!'=Xo+P'+ / Fo (X)HdY] + G (XH)d[Y"]s + Ho (X)dZ2.
0
Notice that the tuple (P, ", [Y"]:, Z1', Fi(Xt), Gn(Xt), Ho(Xt), 7)) converges in the uniform

Z
metric to (0, Wy, t,t, F(Xy), G(X¢), H(X:), 7(X;)) for any process X;, then by Theorem D.5, the
limit of X" can be denoted by

t
X, = Xo + / F(X,)dW, + G(X.)ds + H(X,)ds.
0

Plugging in the above results gives the limit

tAQ

Xt - ¢>(:Bo) + /Ot )\ta(b(Xs)El/Q(Xs)dWs +/ ?taQ(I)(X-S)[E(Xb)]dS

0
O

Proof for Theorem D.6. The result is a natural corollary of Theorem D.7 and Theorem D.27. [
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Figure 3: SGD and SGDM trajectories when fine-tuning RoOBERTa-large on five downstream tasks.
We ensure the effective learning rate is fixed in both cases, so SGDM trajectories are with learning
rate 0.001 and SGD trajectories are with learning rate 0.01. We fix the data seed and fine-tune using
five different optimization seeds. The results show that SGD and SGDM track each other closely on
average over the course of language model fine-tuning.

E EXPERIMENTAL DETAILS

E.1 LANGUAGE MODEL FINE-TUNING

We fine-tune RoBERTa-large (Liu et al., 2019) on several tasks using the code provided by Malladi
et al. (2023). We are interested in comparing SGD and SGDM, so we use a coarser version of the
learning rate grid proposed for fine-tuning masked langauge models with SGD in (Malladi et al.,
2023). We randomly sample 512 examples per class using 5 seeds, following the many shot setting
in Gao et al. (2021). Then, we fine-tune for 4 epochs with batch sizes 2,4, and 8 and learning rates
le — 4, 1e — 3, and 1le — 2. We select the setting with the best dev set performance and report its
performance on a fixed 1000 test examples subsampled from the full test set, which follows (Malladi
et al., 2023). We also compare the trajectories of SGDM and SGD when fixing the data seed and see
that the two closely track each other (see Figure 3) on five different tasks.

Past work (Malladi et al., 2023) has suggested that using a suitable prompt can fundamentally modify
the dynamics of fine-tuning, so we also report results when using a suitable prompt. Prompts are
taken from Gao et al. (2021). Results in Table 2 demonstrate that SGD and SGDM track each other
closely in the prompt-based fine-tuning setting as well.

Task SST-2 SST-5 SNLI TREC MNLI
Zero-shot 79.0 355 50.2 51.4 48.8
SGD 93.1(09) 549(0.7) 879(0.8) 97.0(0.2) 824(14)

SGDM 93.1(0.4) 553(09) 873(0.5) 96.8(0.7) 82814

Table 2: SGD and SGDM for fine-tuning RoOBERTa-large on 5 tasks using 512 examples from each
class (Gao et al., 2021; Malladi et al., 2023). We use the simple task-specific prompt introduced
in Gao et al. (2021). Results are averaged over 5 random subsets of the full dataset. These findings
confirm that SGD and SGDM approximate each other in noisy settings.
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E.2 CIFAR-10 EXPERIMENTS

We report the results of training ResNet-32 on CIFAR-10 with and without momentum. First, we grid
search over learning rates between 0.1 and 12.8, multiplying by factors of 2, to find the best learning
rate for SGD with momentum. We find this to be = 0.2. Then, we run SGD and SGDM with
SVAG to produce the figure. We adopt the SGDM formulation Definition 2.3 by setting v = -

-3
with 3 = 0.9.

Standard SGD and SGDM exhibit different test accuracies (89.35% vs 92.68%), suggesting that
momentum exhibits a different implicit regularization than SGD. However, as we increase the gradient
noise by increasing £ in SVAG (Definition 5.1), we see that the two trajectories get closer. At £ = 4,
the final test accuracies for SGD and SGDM are 91.96% and 91.94%, respectively, verifying our
theoretical analysis.
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