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ABSTRACT

In this paper, we investigate the behaviours of reflected gradient (RG), accelerated
reflected gradient (ARG), and optimistic gradient (OG) algorithms in multi-player
games modelled as variational inequalities with L-smooth continuous monotone
limits in convergent time-varying cases and with L-smooth continuous and mono-
tone games at each time in periodic cases, both in convex action sets. The RG,
ARG, and OG algorithms require fewer complex calculations, i.e., on the gradients
and projections per iteration. We prove that a convergence rate of O(1/+/T) and
O(1/T) can be reached by the RG and ARG algorithms with bounded action sets
for convergent perturbed monotone games, respectively, if the sequence of time-
varying games converges to the limit fast enough, without additional assumptions
like strong monotonicity, and such a result matches and improves the existing
results on similar algorithms requiring calculations on two gradients with different
actions. Besides, a surprising result is also shown that the standard OG algorithm
in time-varying games behaves dramatically differently from its variant and other
similar algorithms: the standard OG algorithm converges in any sequences of time-
varying monotone L-smooth games with a common Nash equilibrium, including
some periodic games, while at the same time, its variant with a slight difference
diverges exponentially even in periodic games. We also show that the RG and ARG
algorithms diverge exponentially in some periodic games.

1 INTRODUCTION

This paper discusses machine learning algorithms applied to a type of repeated multi-player game.
In this type of game, each player selects an action from a continuous closed convex action set, and
pays a certain cost depending on all players’ actions. The relationship between these actions and
costs is determined by any one game of this type evolving over time and is unknown to any player a
priori. As the game evolves, each player changes their action according to their cost and other known
information, followed by the game repeating.

We seek to address the following open questions: Do improved versions of the extra gradient (EG)
algorithm with only one calculation on the gradient or the projection, such as the reflected gradient
(RG) algorithm, the accelerated reflected gradient (ARG) algorithm and the optimistic gradient (OG)
algorithm, converge in time-varying monotone games with constant step sizes? If so, how fast do
these algorithms converge?

1.1 BACKGROUND

Machine learning and game theory problems have intrinsic connections (Zhu et al.|(2023); [Lv et al.
(2023)). Monotone games, a class of multi-player games introduced by (Rosen| (1965))), include
extensively discussed games such as two-player zero-sum games, convex-concave games (both
including two-player bilinear games (Feng et al. (2023} 2024)), A-cocoercive games (Lin et al.
(2020)), zero-sum polymatrix games (Daskalakis & Papadimitriou| (2009); |Cai & Daskalakis|(2011)),
and zero-sum socially-concave games (Even-dar et al.| (2009)).
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The problem of finding a Nash equilibrium in a smooth monotone game is equivalent to solving a
Lipschitz and monotone variational inequality (MVI). Many gradient-based algorithms have been
proposed to solve game problems modelled as monotone variational inequality problems. A well-
known result on the optimal convergence rate of such algorithms in general MVI problems is O(1/T)
achieved by the EG algorithm (Korpelevich|(1976))) and its Bregman variant, the Mirror-Prox (MP)
algorithm (Nemirovski| (2004)).

A major disadvantage of the EG algorithm is the requirement of two calculations on projections and
gradients per iteration, which means it requires more computation than the gradient descent (GD)
algorithm due to the significant computational cost on gradients and on projections in constrained
games. Hence, its improvements, avoiding calculating the gradient and projection a second time
like in the EG algorithm while retaining the algorithm’s “predictive” properties, have attracted much
interest from the machine learning community. There are two complementary approaches to reduce
the costly calculations on reducing the number of calculations of projections and gradients per
iteration. The OG algorithm (T'seng| (2000)) applies the former approach, and the PEG algorithm
(Popov| (1980)) focusing on gradient extrapolation mechanisms applies the latter. The RG (Malitsky
(2015)) and the newly proposed ARG (Cai & Zheng| (2023))) algorithms combine both.

Unfortunately, in time-varying game problems, it is still inevitable to calculate each of the gradient
and the projection twice per iteration with the past extra gradient (PEG) algorithm (also known as
the optimistic gradient descent ascent (OGDA) algorithm in some papers |[Feng et al.|(2023))), which
increases the computational cost and makes the PEG algorithm as inefficient as the EG one. In
contrast, both the RG algorithm and the ARG algorithm developed from it require calculating each of
the gradient and the projection only once per iteration, and the OG algorithm requires calculating
gradients twice, but the projection only once, per iteration. Inspired by the advantages of the RG,
ARG, and OG algorithms, we investigate their convergence behaviors to analyze whether the three
algorithms perform satisfactorily for time-varying games, a complex problem.

1.2 RELATED WORKS

1.2.1 PREVIOUS RESEARCH ON THE EXTRA GRADIENT ALGORITHM AND ITS VARIANTS

Most known machine learning algorithms applied to game problems are based on gradients. The
simplest one of them is the GD algorithm. However, the GD algorithm diverges even for time-
invariant two-player zero-sum bilinear games (Daskalakis et al.|(2018))). To eliminate this limitation,
many improved learning algorithms have been proposed, including the EG algorithm (Korpelevich
(1976); |Cai et al.| (2022); |[Feng et al.| (2023)); Monteiro & Svaiter| (2010)) and its variants like the
PEG (Popov| (1980); (Cai et al.| (2022); |[Feng et al.| (2023))), OG (Daskalakis et al.| (2018)), and RG
(Chambolle & Pock!(2011);/d’ Angelo et al.|(2014); |Hsieh et al.|(2019)) algorithms. Other algorithms
like the negative momentum algorithm (Feng et al.[|(2023))) and weights update algorithms (Arora
et al.| (2012); Cai et al.[(2024a)) are also applied by some researchers.

For the two classical algorithms, the EG (Korpelevich|(1976)) and PEG (Popov| (1980)) algorithms,
their convergence rates in time-invariant games have been thoroughly investigated. The convergence
property of the EG algorithm has been investigated in both concave games (Monteiro & Svaiter (2010)
on last-iterate convergence and |Nemirovski| (2004)) and special non-concave games (Mertikopoulos
et al.| (2019)). The EG, PEG and other related algorithms in unconstrained strongly monotone games
and unconstrained bilinear games have also been proven to have linear convergence rates (Daskalakis
et al|(2018))). Later papers have proved their asymptotic convergence (Daskalakis & Panageas|(2019))
and last-iterate convergence for games with monotone gradients of the cost functions with the rate
O(l/\/T) (Golowich et al.| (2020); [Cai et al.|(2022)). A recent result (Wei et al.|(2021))) shows that
there exists even always an exponential convergence rate for the PEG algorithm in time-invariant
games. However, a surprising result, the separation of last-iterate convergence behaviors between the
EG and PEG algorithms in time-varying games (Feng et al.[(2023)), has also been shown recently.

Compared with the EG and PEG algorithms, investigations of the RG (Malitsky| (2015)), OG (Tseng
(2000)) and ARG (Cai & Zheng|(2023)) algorithms proposed more recently are less extensive. (Yang
& Liu| (2018)) shows weak convergence of the RG algorithm with general closed convex action sets
in monotone L-smooth games and its linear convergence with general closed convex action sets in
strongly monotone L-smooth games. The RG algorithm has also been applied in some works and
its performances have been shown to be satisfactory (Hsieh et al.[(2019)). (Cai & Zheng (2023) has
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showed convergence rate of the RG algorithm to be O(1/+/T) in time-invariant monotone games.
The OG algorithm has been shown to strongly converge (Yang & Liu| (2019)) in time-invariant
monotone games, and (Cai & Zheng| (2023) showed that its best-iterate convergence rate is O(1/ \/T )
with the same conditions. Dung et al.|(2024)) has proved the weak convergence of the OG algorithm
with conditions weaker than monotone games. The ARG algorithm has been proposed very recently
(Cai & Zheng| (2023))) and its last-iterate convergence rate in time-invariant monotone games is
proven to be O(1/T) together. So far, investigations of that algorithm are rare. However, the thought
applied to this algorithm, the Halpern iteration, is classical (Halpern|(1967)). Such a technique is
closely related to Nesterov’s accelerated method (Tran-Dinh| (2022))) and related methods have been
extensively researched. Other literature on similar algorithms has been summarized in (Cai et al.
(2024b)).

1.2.2 PREVIOUS RESEARCH ON TIME-VARYING GAMES

In recent years, works on time-varying games have been emerging. Most of them focused on time-
average convergence behaviors (Cardoso et al.| (2019); Zhang et al.| (2022); Yan et al.| (2023)). To
divert from the difficulties in calculating the Nash equilibrium (Daskalakis et al.|(2009); |Chen et al.
(2009); |Deligkas et al.|(2022))), some researchers turned to a weakened concept, correlated equilibrium
(Anagnostides et al.|(2023))), with limited usage within the machine learning community. An important
recent article by Duvocelle et al (Duvocelle et al.|(2023))) has discussed strictly monotone games with
decreasing step sizes and has shown that the probability of convergence is 1, despite not providing
a convergence rate, a key measure of a learning algorithm. Decreasing step sizes is also unnatural
since such a requirement considers new information decreasingly important instead of equally or
increasingly as expected (Lin et al.[(2020))). [Hadiji et al.|(2024) investigated strongly monotone games
with contractive algorithms thoroughly, showing that the total errors though time (called “tracking
errors”) of contractive algorithms are sublinear if their optimal solution has sublinear quadratic path
lengths and are logarithmic if they are periodic games with unique solutions with time-invariant step
sizes and the online gradient descent algorithm.

However, the above results are based on the strong or strict monotonicity of variational inequalities,
while simple games such as two-player zero-sum bilinear games are not even strictly monotone, with
(F(z1) — F(22), 21 — z2) = 0. For problems involving non-strictly monotone games, |[Feng et al.
(2023)) discussed unconstrained two-player zero-sum bilinear games without requiring decreasing
step sizes and obtained the first known result on the last-iterate convergence in time-varying games.
More recently, Feng et al.| (2024) discussed constrained two-player zero-sum bilinear periodic games,
and |Chen & Yu|(2025) has provided an important result that the EG and PEG algorithms are robust
to convergent perturbation under the BAP assumption (defined in Assumption[T] Section 2.2} which
means the time-varying game converges fast enough) for general convergent perturbed monotone
games. Other known results involving games which are not necessarily strictly monotone include
Zhang et al.| (2022) focused on regret bounds (two-player) in time-varying bilinear saddle-point
problems parameterized by the similarity of the payoff matrices and the equilibria of these games,
Cardoso et al|(2019) providing an optimal solution based on the Nash equilibrium regret, and
Duvocelle et al.[(2023) discussing a general algorithm based on mirror descent for non-converging
games and proved the convergence rate O (7~1=")/3) where r < 1.

Besides, for the algorithms requiring less computation per iteration like the OG, RG and ARG
algorithms, no known literature exists on whether they converge in the average sense or exhibit
last-iterate convergence in time-varying games, leaving a big gap.

1.3 OUR CONTRIBUTIONS

Even though time-varying games are more realistic than time-invariant ones, existing results on
convergence of machine learning algorithms in time-varying non-strong monotone games are limited.
To fill such gaps, we investigate the last-iterate behaviors of the RG, ARG and OG algorithms in
time-varying games. Our main results on their behaviors are summarized as follows.

* With methods inspired by (Yang & Liu| (2018); |Cat et al.| (2022)); Cai & Zheng| (2023));
Feng et al.| (2023)), we prove that a time-invariant step size 7 is sufficient for last-iterate

convergence at the rates of O(1/y/T) for the RG algorithm and O(1/T) for the ARG
algorithm in fast-converging perturbed time-varying monotone games under well-established
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measures of performance, like tangent residuals, which expands the results in (Cai & Zheng
(2023)). Note that the convergence rate O(1/T) for the ARG algorithm matches the optimal
convergence rate for all first-order methods for monotone inclusion problems (Diakonikolas
(2020); [Yoon & Ryu(2021);|Cai & Zheng| (2023))), which include the problems in this paper.

* We show that both the RG and ARG algorithms may diverge in a periodic monotone game
even with a common Nash equilibrium.

* With methods inspired by (Cai & Zheng (2023)); Feng et al.| (2023)), we show that the OG
algorithm and one of its variants behave surprisingly differently. Weak convergence of the
standard OG algorithm is robust to time-varying games being monotone at each time as long
as they share the same Nash equilibrium and they are all L-smooth. This is different from
another optimistic algorithm called the OGDA (i.e. PEG) algorithm, which may diverge in
periodic games (Feng et al.|(2023)). However, the variant of the OG (VOG) algorithm with
the first step of each iteration in the OG algorithm applying the gradient function used in the
second step of the previous iteration may diverge even if the game is periodic.

A comparison of the RG, ARG, OG and VOG algorithms with the PEG and EG algorithms is shown
in Table[I] where the results on convergent perturbed games are for games with bounded action sets
for PEG, EG, RG and ARG algorithms and games with common Nash equilibria for PEG, EG, RG
and OG algorithms, the results on periodic games are for games with common Nash equilibria for OG
algorithms, the convergence rates of PEG, EG, RG and ARG algorithms are last-iterate convergence
rates and the convergence rates of OG and VOG algorithms are best-iterate convergence rates.

Remark 1. We discuss the periodic and convergent games in our paper for the following reasons.
Both kinds of games have been discussed in previous literature as testing grounds for learning
algorithms in the machine learning community (Duvocelle et al.|(2023); |Fiez et al.|(2021)); |Feng
et al.| (2023} 12024); |Chen & Yu|(2025)), and last-iterate behaviours are well-defined in those kinds
of time-varying games. Besides, our paper focuses on convergence behaviors of algorithms with
less computational cost than those discussed in existing research, making it their natural extension.
Moreover, the periodic game and the convergent perturbed game are natural generalizations of
the time-invariant games in theoretical problems and in reality: a periodic game with the period
of 1 is a time-invariant game, and a convergent perturbed game with the perturbation of 0 is also
a time-invariant game. In theoretical problems, for the last iterate behaviours, the generalization
of convergent perturbed games has been demonstrated in (Feng et al.|(2023); |Chen & Yu|(2025)),
and the generalization of periodic games has been demonstrated in (Feng et al.|(2023). In reality,
the convergent perturbed game is a good model for the game affected by feedback progress, while
for the periodic games, since seasonal changes or daily changes affect many ecological or market
competitions in reality, such examples can be modelled as periodic games, and frameworks of
multi-agent contextual games in (Sessa et al.|(2020)) can also be modelled as periodic games.

Our remaining paper is organized as follows. Section [2]defines the game problems, describes the
main definitions and lemmas involved in these problems and introduces the model of machine
learning in our game problems. Sections [3] and [4] show last-iterate convergence of the RG and
ARG algorithms defined with tangent residuals in both periodic and BAP cases. Section [5] show
best-iterate convergence of the standard OG algorithm and its variant. Section[6]concludes the paper
with proposals on future directions.

2 PRELIMINARIES

In this section, we introduce the machine learning dynamics of time-varying games, which involves
the RG, ARG and OG algorithms.

2.1 NOTATIONS

In this paper, the Euclidean space (R™, || - ||) is considered, where || - || is the 2-norm. (-, -) denotes a
inner product on R™. For simplicity, {1,2,--- , N} is denoted as [[IV]]. The time-varying game is
denoted as G; := {N, Z, f;(z)} where N := [[IV]] denotes the set of players, Z is the set of actions
and also a closed convex set, and f;(2) is the vector of cost functions of the players at time ¢.
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Table 1: Comparison of convergence rates of several algorithms in time-invariant and two types of
time-varying games. Alg stands for Algorithm.

ALG TIME-INVARIANT FAST CONVERGENT PERTURBED PERIODIC

PEG O(1/V/T) (CATET AL, (2022))  O(1/+/T) (CHEN & YU|(2025)) NONE (FENG ET AL.[(2023))
EG O(1/V/T) (CALET AL[(2022))  O(1/V/T) (CHEN & YU (2025)) OPEN

RG O(1/v/T) (CAI & ZHENG|(2023)) O(1/+/T) (THEOREM ) NONE (THEOREM1])
ARG O(1/T) (CAl & ZHENG|(2023))) O(1/T) (THEOREM (4] NONE (THEOREM [3)

0G  O(1/V/T) (CAl & ZHENG|(2023)) O(1/V'T) (THEOREM6) O(1/VT) (THEOREM@)
VOG O(1/V/T) (SAME AS OG) OPEN NONE (THEOREM

2.2 MODEL OF TIME-VARYING GAMES

In this part, we establish the time-varying game model, in which each player faces different cost
functions at different times. With such a model, we can deal with the exogenous disturbance and
the endogenous varying property. To begin with, we construct the framework of cost functions.
For regularity, our paper only discusses continuously differentiable cost functions. For any time-

varying game involved, the cost function of such a game at time ¢ is denoted as f;(z), and Ft(i) (2)
denotes its gradient for Player i, i.e., Ft(z) (2) =V ft(z) (z). By putting all players together, we define
Fi(z) = (Ft(l)(z)7 e ,Ft(N)(z)). Specifically, we study the following two kinds of time-varying
games: periodic games and convergent perturbed games.

Our time-varying games satisfy the following conditions:

1. Ateachtimet = 1,2, -- -, each player selects their action z(i), 1€ N.
2. Each player pays a cost associated with G; and selects their strategy based on the gradient of
the set of actions of all the players, i.e., with the RG algorithm introduced in this paper.

3. All players implement their strategies and the sequence of games continues.
The essential elements of the machine learning model for the time-varying games include:

1. the game G; played by all players at each time;

2. the gradients of time-varying cost functions of the players, Ft(l) (2),-++ Ft(N) (z), at each
time;
3. the algorithm for players to select their actions based on the gradients at each time.

The following parts present the properties of the elements above in detail.

Definition 1 (Periodic games). A periodic game with period T is an infinite sequence of games
{ft}?io - R”,and ft-‘rT = ft for all t Z 0.

Definition 2 (Convergent perturbed games). A convergent perturbed game is an infinite sequence
of games where lim;_, o, f; exists. For simplicity, lim;_, o, f; is denoted as foo and g; := fi — foo.
lim;_, o g = 0 by definition.

Throughout the paper, sequences of time-varying smooth and monotone games with their limits being
C? smooth cost functions are applied in our model. Besides, cost functions in time-invariant cases
and their limits in time-varying cases are required to have monotone gradients. Following is the
precise requirement of smoothness and monotonicity.

Definition 3. ((Rosen| (1965); |Cai et al|(2022); |Chen & Yu| (2025))) A game at a certain time
is C? smooth and monotone if its cost function is C* smooth and monotone at the time, i.e.,
F(z) is L-Lipschitz and monotone, which means that both |F(z) — F(2')|| < L||z — 2’| and
(F(z) — F(%'),z—2') > 0, where L > 0, holds.

A convergent perturbed game is C? smooth and monotone if the sequence of cost functions converges
fo a monotone function with Lipschitz gradient, i.e., Foo(2) := lim_, oo Fi(2) is monotone and



Under review as a conference paper at ICLR 2026

L-Lipschitz, and a periodic game is C? smooth and monotone if the cost function Fy(z) at each time
t is a monotone function with Lipschitz gradient.

In the convergent perturbed games, another important assumption is that the difference between
the time-varying cost function and its limit f; — f.o =: g; satisfies the well-known assumption of
bounded accumulated perturbations (BAP) (Benzaid & Lutz (1987); [Saber Elaydi & Kamiyama
(1999)); Elaydi & Gyori| (1995)). Following are our settings for the BAP assumption.

Assumption 1 (BAP assumption). Denote Gy := Vg;. Z is bounded and Y~y max ||Gy|| < oc.

2.3 NASH EQUILIBRIA IN TIME-VARYING GAMES

The most prevalent concept of solutions in game theory is the Nash equilibrium. The general
definition of Nash equilibrium of a game G is an action z* € Z such that for each player 4, it holds
that £ (2*) < £ (20), 2*(=)) for any (") € Z(), where Z(") means the action set of Player i. By
the general definition of Nash equilibrium, we obtain the following sufficient and necessary condition
for an action to be a Nash equilibrium in our problems.

Lemma 1. (Facchinei & Pang|(2007)) For a time-invariant game G with monotone F(z), an action
z* is a Nash equilibrium if and only if (F(z*),z* — z) <0, Vz € 2.

Lemma I above means that solving the Nash equilibrium of a game in our paper requires solving
the variational inequality in this lemma. Based on Lemmal[I] for periodic games with common Nash
equilibria and convergent perturbed games, we define the Nash equilibrium as follows.

Definition 4. For a periodic game G with monotone F;(z) and an action z* satisfying (Fy(z*), z* —
z) <0, Vz € Z, its Nash equilibrium is defined as such z*.

Definition 5. For a convergent perturbed game G with monotone Fy.(2), its Nash equilibrium is
defined as an action z* satisfying (Foo(2*),2* — 2) <0,Vz € Z.

2.4 TANGENT RESIDUAL

We apply the tangent residual proposed in (Cai et al.|(2022))) as the measure of error in our paper. For
time-varying games, we modify the definition of the tangent residual as follows.

Definition 6. Denote the tangent residual of f(z) involved in the game G as 74", and denote Nz(z)

as the normal cone of z for the set Z (for simplicity Z may be omitted). The tangent residual of

a periodic game with a common Nash equilibrium is defined as rfg’mz = minge (2 [|Fi(2) + ¢,

where i € [[T]] is the iteration number and T is the period in Deﬁnition while the tangent residual
z

of a convergent perturbed game is defined as r§"% = mincen 2y | Foo(2) + .

2.5 MACHINE LEARNING ALGORITHMS IN GAMES

We introduce the following algorithms for our game problems: reflected gradient (RG) algorithm,
accelerated reflected gradient (ARG) algorithm and optimistic gradient (OG) algorithm. Their pseudo-
code implementations are shown in Algorithms and 3| All those three algorithms are variants
of inexact proximal point algorithms (He & Yuan| (2012); |Zhang et al|(2025)), like EG and PEG
discussed in existing results.

Remark 2. In all three following learning algorithms, we do not limit the relationship between two
initial points (Hsieh et al.|(2019); |Feng et al.|(12023))) to avoid reducing generality of our results.

Algorithm 1 Reflected gradient algorithm (Malitsky| (2015))

Input: Step size: n > 0; gradient of cost function: F}(z);
1: initialize zg, 2_1
2: fort=0,1,2,3,--- do
3 play z; € Z

4 setzppi =22 — 211

5

6

set z¢41 = Iz (2t — nFy(2441/2))
: end for
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Algorithm 2 Accelerated reflected gradient algorithm (Cai & Zheng| (2023))

Input: Step size: n > 0; gradient of cost function: F}(z);
1: initialize 2o, 21 /2

2: fort =0,1,2,3,--- do

3: playzeZ

4 setzyiio =22 — 21+ ,54%1(20 —z) — %(zo —z1)ift#0
5 set z¢41 = Iz (2t — nFy(241/2) + H%(zo — zt))

6: end for

Algorithm 3 Optimistic gradient algorithm (Hsieh et al.|(2019); Mokhtari et al.|(2020afb); Daskalakis
et al.|(2018))
Input: Step size: 7 > 0; gradient of cost function: Fi(x);
1. initialize 2o, 2_1/2
2: fort=0,1,2,3,--- do
3 play z € Z
4: set Rt41/2 = HZ(Zt — ’I’]Ft(thl/Q))
5
6

set ze41 = Zey1/2 +NF(2e2172) — nFi(2e41/2)
: end for

3 CONVERGENCE RESULTS OF THE RG ALGORITHM

In this section, we prove that the RG algorithm does not necessarily converge for a periodic game

even if that game is a two-player zero-sum game, though it reaches a convergence result of O(1/ VT )
with a fast converging perturbation. To illustrate Theorem [I|and Theorem 2]in this section, numerical
examples based on examples of bilinear games in (Feng et al.| (2023))) are shown in Section[l]

3.1 PERIODIC CASE

In this section, we show a negative result: the RG algorithm does not necessarily converge in
monotone periodic games, even if the step size is small. To illustrate this negative result, we provide
a simple counterexample with a bilinear game inspired from (Feng et al.[(2023))).

Theorem 1. In the following two-player game G, no 1 > 0 guarantees that the RG algorithm
converges, since the RG algorithm diverges at an exponential rate in this example.

W =g eR 2? =yeR fO =374y, f® =—2T4,y,Z =R x R?

4 = 1 —1], tisodd (M
L= [—1 1],tiseven

Proof sketch. For the two-player bilinear game with the period of 2 above, we prove that A; satisfying
[T: Yy T yH_l}T = A [z—1 Y1 T yt]T has eigenvalues greater than 1 so that ||z ||
increases exponentially with 7 > 0 in certain cases. Then, with 7/ (z;) = ||z;|| in this game, we
conclude that 7" (z;) diverges with the RG algorithm in such cases, which results in the impossibility
of the RG algorithm converging to the Nash equilibrium in such cases.

The full proof of Theorem[I]is deferred to Section|C|

3.2 BAP CASE

In this part, we discuss the case of time-varying games for the RG algorithm under BAP assumption,
i.e., Assumption[I] We show that L,-smooth perturbation makes convergent perturbed games with
a common Nash equilibrium satisfy Assumption [T|naturally.

Lemma 2. [f there exists a common Nash equilibrium z* for each time of a sequence of convergent
perturbed monotone games and G(z) is L, -Lipschitz with Y2 ) L¢, < 0o and Gy(z*) = 0, then
there exists a bounded set Zj, satisfying z; € Z1. Consequently, Assumption|l|is satisfied.
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In the following theorem, we show that the RG algorithm is robust to perturbation satisfying Assump-
tion[Il

Theorem 2. For the convergent perturbed game with a bounded action set and its limit having a
L-Lipschitz gradient, ifn € (0, m) then the RG algorithm converges and the convergence rate

of the tangent residual is max {O(l/\/f)7 0 (\/ZfiTm max |Gy ||) } under Assumption

Proof sketch. We construct a potential function and show that it increases slowly or does not increase
between two consecutive iterates. We prove that the best-iterate convergence rate of the RG algorithm
is small, i.e., VT' > 1, there exists one iterate t* € [[T']] such that our potential function at ¢* is small.
We combine the above steps to show that the last iterate has the same convergence guarantee as the

best iterate and show that the last-iterate convergence rate is O(1/v/T) under Assumption

The full proof of Theorem 2]is deferred to Section|[D]and the proof of Lemma[2]is included there in
Section[D.3]

4 CONVERGENCE RESULTS OF THE ARG ALGORITHM

In this section, we prove the following results: the ARG algorithm does not necessarily converge for
a periodic game even if that game is a two-player zero-sum game. For completeness, we also show
the ARG algorithm reaches a convergence result of O(1/7") with a fast converging perturbation and
still converges with a perturbation converging slower. To illustrate Theorem 3|and Theorem []in this
section, numerical examples based on bilinear games in (Feng et al.|(2023)) are shown in Section

4.1 PERIODIC CASE

In this section, we show a negative result: the ARG algorithm does not necessarily converge in
monotone periodic games, even if the step size is small. To illustrate this negative result, we provide
a simple counterexample with a bilinear game inspired from (Feng et al.|(2023))).

Theorem 3. In the two-player game (1)) shown in Theorem[l| non) > 0 guarantees the ARG algorithm
converges, since the ARG algorithm diverges at an exponential rate in the example provided.

Proof sketch. For the two-player bilinear game with the period of 2 above, we prove that for a ¢ large

o T T
enough, A; satisfying [to %o % ¥t Ti+1 Yer1] = A[To Yo Te—1 Y1 Tr Ui
converges to a constant matrix with eigenvalues greater than 1, making ||z;4r| is approximately
equal to CT| 2| with 7 > 0 and C' > 1. Then, with %" (z;) = ||z in this game, we show that
rtan(z,) diverges with the ARG algorithm.

The full proof of Theorem [3]is deferred to Section[E]

4.2 BAP CASE

In this part, we show the ARG algorithm is robust to perturbation with a fast convergence rate.

Theorem 4. For the convergent perturbed game with a bounded action set and its limit hav-
ing a L-Lipschitz gradient, if n € (0, ﬁ) and Y12, t?||Gy|| < oo, the ARG algorithm con-
verges at the rate O(1/T). Under Assumption |l| the tangent residual with the ARG algorithm

is maX{O(l/\/T),O < 23:1 max Gt) } This result can be extended to p € [—g5,0] and

(Fy(2) + N(z) = Fy(2') = N(),2 = ') 2 p||Fu(2) + N(z) = Fy(2') = N(2)||* Vz,2' € Z if
3 (12— )22+ 22 >,

Proof sketch. We only need to prove the extended result. We first construct a potential function
and show that it is approximately non-increasing. Then, we prove that it is upper bounded by a
term independent of time and prove that the such function at step ¢ is O(¢2r*" (2)?) if >, t(t +
1)[|G¢|| < oo and is O(#r*@™(2;)?) under Assumption|[1} Then, we conclude that the convergence rate
of the ARG algorithm is O(1/T) if Y5 t(t + 1)||G¢|| < oo and is O(1/V/T) under Assumption

The full proof of Theorem @] is deferred to Section [F}
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5 CONVERGENCE RESULTS OF THE OG ALGORITHM

In this section, we show that the OG algorithm converges for any L-smooth game, including any
periodic game and convergent perturbed game, with a common Nash equilibrium, while surprisingly,
a variant of the OG algorithm may diverge exponentially even if that game is a periodic two-player
zero-sum game with a common Nash equilibrium. To illustrate Theorem [5|and Theorem [6in this
section, numerical examples based on bilinear games in (Feng et al.|(2023))) are shown in Section m

5.1 PERIODIC CASE OF A VARIANT OF THE OG ALGORITHM

In this part, we show a surprising fact that it is not necessarily possible for a natural variant of the OG
algorithm with still only one calculation on the gradient and the projection to converge with periodic
monotone games, since it is almost equivalent to the RG algorithm in two-player bilinear games.

Theorem 5. If F} in Line[5|of the OG algorithm (Algorithm3) is modified to F 1, then the modified
OG algorithm for z,, 1o is equivalent to the RG algorithm for z; in two-player bilinear games,
including (1) shown in Theorem[l} Alternatively, in periodic monotone games, no n > 0 guarantees
that the tangent residual converges with the modified OG algorithm, since the modified OG algorithm
diverges at an exponential rate in the example provided.

Proof sketch. We construct a two-player bilinear game with the period of 2 and prove that for
t = 2k — 1 there exists a initial point zo and z_1 /> making ||z¢|| > CA* withn,C' > 0 and A > 1.
Then, with 7'%"(2;) = ||¢|| in this game, we show that 7'"(z;) diverges with the variant of the OG
algorithm.

The full proof of Theorem [3]is deferred to Section

5.2 TIME-VARYING CASE OF THE STANDARD OG ALGORITHM APPLICABLE TO PERIODIC
CASE

In this part, we show that the weak convergence of the standard OG algorithm is highly robust to the
changing cost function as long as L, is bounded.

Theorem 6. If there exists a common Nash equilibrium z* and the game at each time t is monotone
and Ly-Lipschitz with the step size n satisfying 1 € (0, ﬁ) for the OG algorithm, then ¥T > 1,
under the Assumption

_ 1
min %% (z,,1) < min MzO() 2
i TRz () < min VT @

where Lo = maxeqry Ly and (N(z),z — z*) > p||[N(2)||*. This result can be extended
io (Fy(2) + N(z) — Fy(2') = N(2'),2 — 2') > p||Fy(2) + N(2) — Fy(2)) = N(2)|* V2,2 € Z
with p € (—m, 0] lf% + %p —2n?L2,. > 0. Note that L,y exists for periodic games since
there are at most T different games all the time so that Ly is in a limited set and there exists a greatest
Ly.

The proof of Theorem []is deferred to Section

6 CONCLUSION

In this paper, we provide a surprising result that the RG, ARG and even modified OG algorithms may
diverge at an exponential rate for periodic games even if only two players are involved where the
standard OG algorithm converges. We also prove that the RG and ARG algorithms with constant step
sizes converge to the Nash equilibrium in time-varying multi-player convergent perturbed monotone
games with bounded action sets at satisfactory rates. This is comparable to those algorithms and
related algorithms for both time-invariant and time-varying games.

There remain some interesting future research topics. One is whether a last-iterate convergence
rate can be established for the OG algorithm. Another is whether and when the RG, OG, and ARG
algorithms behave similarly for stochastic games no less general than those in this paper.
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A USAGE OF LARGE LANGUAGE MODELS (LLMS) IN THE PAPER

LLMs are applied to revise the potential grammatical mistakes and improve wording of sentences.
No significant contents are generated by LLMs.

B ADDITIONAL LEMMAS

In our proof, the following lemmas are necessary.
Lemma 3. (Cai & Zheng| (2023)) Vx;,y;,uz,us € R® withi = 0,1,2,3,4,j = 1,2,3,4 and
k>1,q€(0,1), ifxg = xo — y1 — ug and x4 = T — Y3 — Uy, then there exists

I

lyz +u2ll® + lly2 — yull® = llya + wall® = llya — ysll® — 2(ya — y2, ¥4 — 22)

1
—2(hea = ol = s = el ) = 20— a4~ 22) o

2
T3 — T4 T3 + T4

2 2
Lemma 4. (Cai & Zheng| (2023)) Vx;,y;,u2,us € R® withi = 0,1,2,3,4,5 = 1,2,3,4 and
k>1,q€(0,1), ifxs =22 — 1 —uQ—l-k%rl(xo—xg)andm :mg—yg—uél—&—k—il(xo—xg)
then there exists
k(k+1)
2

2
+

= + 11— Y2 — T + Y2 + U2

k+1)(k+2)

(lly2 + u2ll® + lly2 — 11ll®) + k(Y2 + uz, 22 — z0) — >

(Il + el + llys = oll?)

k(k + 1)

— (k+1)<y4+U4,174 —I0> —k(k+1)<y4—|—U4 — Y2 — U2, T4 —CC2> — 4q
k(k+1
Z%HM —uy +y1 — 2y2 + ysl|* + <

(qllws — zs)® = llya — ysl?)

(A —4g)k —4q

DEZ2 1)) o = al? (5 )l = o + )

“
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Lemma 5. (Little et al|(2022)) If {a,} is a sequence of non-negative numbers, then the series

> =1 aj and the product [[;Z, (1 + a;) either both converge or both diverge.

j=1

C MISSING PROOFS OF THEOREM 1]

In periodic games, each period as a whole is time-invariant (Franke & Selgrade|(2003), Section 3).

We take advantage of this property in our analysis.

2 — wtl]

sar i 22— #-1 = [2% —Yt—1

Hence, we have

A2y — Yo
Zepr = 2 = NF(z41) = 20— ) [_/fgg(g;t _y;tl)l)]

_ | e 20 Ay + Ay
ye + 2nAl wy — Al e,

Then, there exists

Ty 0 0 1 0 Tt—1
Y| _ 0 0 0 U Yt-1
Ti41 0 ’I]At I —2’[7At Tt
Yer1 -nAf 0 2mAT 1 Yt
0 0 1 0
Denote 8 778% ? _2717 A, | 3 P;. We have
-nAT 0 2nAT 1
[0 0 0 1 0 0]
0 0 O 0 1 0
0 0 O 0 0 1 .
0 n —n 1 Loy 2 ,tis odd
-n 0 0 2n 1 0
n 0 0 —-2n O 1
P = = =
‘ 0 0 0 1 0 0
0 0 0 O 1 0
0 00 0 0 L t is even
0 - n 1 2n =2n|°
n 0 0 —2n 1 0
-n 0 0 2n O 1

Without loss of generality, assume ¢ is odd. Let A; ;11 = P;1 P;. Then,

det(A — A¢ 441)
=64\t — 960t A3 + 36nTA% — dnth — 160°)\°

+ 3602\ — 240223 + 4n? X2 4 X0 —3X\5 430t - 23
=2\ — 1)(A* — (1692 + 2)A% 4 (647 + 2012 + 1)\?

— (320" + 4n*)\ + 4nt)
=2\ —1D(A2 = (892 + D)X + 2p?)?

2
_(A (87}2—1—1—1—\/647744-8772—&-1))
7 2

2

<>\<8n2+1\/(m>>2>\()\1)
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. 802 +14+/64n4+8n2+1 . .
Then, A; ;11 has an eigenvalue A\; o = At 5 L > 1. Since step size n > 0, the spectral
radius of matrix A; ;41 is no less than \; 2, and then greater than 1. Denote the corresponding
eigenvector of \; o for A; ;41 as v. Then, we obtain

k
H (H A2i,2i+1> v
i=0

Since the action set is R3, we have

~ st (10

i) = 1 = || )| (i

Hence, Vt > 1,
I ()] = H { i } = l=I (12)
Since H/\’f72v|| = ||)\172||k ||v]| grows exponentially, ||z2x|| does not converge. This means that the

tangent residuals of G with the RG algorithm diverge exponentially. This completes the proof.

D MISSING PROOFS OF THEOREM [2]

To prove Theorem 2} we apply a potential function argument. We first show that the potential function
is approximately non-increasing and then prove that it is upper bounded by a term independent of
T. As the potential function at step ¢ is also O(t)r!%"(2;)?, we conclude that the RG algorithm

converges at the rate of max {O (%) ,O (\/ZiT/z max HGtH) }

D.1 APPROXIMATE MONOTONICITY OF THE POTENTIAL FUNCTION
To construct a potential function, we denote

2z —nF(z,,1) — 2
oy = :7+2> "0 (13)

Note that according to the update rules of RG, z;11 = I z[2; — 1F;(2441/2)]. This means ;41 €
Nz(2¢41). To our analysis on the RG algorithm, the potential function P; is applied, which is defined
as

2
P, = IIthl(zt)+ct||2+‘ V> 1 (14)

Fr1(ze) = Fioa(z 1)

Lemma 6. With the same settings as Theorem@ Vt>1, P, — Piyq > (—% —8L)Dz max ||G:|| —

%Dg max ||Gy_1| — 8 max ||G¢||%

Proof. We only need to prove that the sum of P, — Py1 + (% + 8L)Dzmax ||G¢]| +

%Dz max ||G;_1|| + 8max||G¢||?> and some non-positive terms is approximately non-negative.
Since F, is monotone, we have

—2<77Foo(2’t+1) - UFm(Zt)72t+1 - Zt> <0 (15)
which means
= 2(mF(241) — nFi-1(21), 241 — 20) + 200G (20401) — 1Ge-1(21), 2041 — 2) <0 (16)

Since F, is L-Lipschitzand 0 < n < < we have

i
4

(1+f)L 2L

>0 7)

2
Zt4+1 — Zt+% ‘

2
- HUFoo(2t+1) —nFs(z41)
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Since

2 2
’ - HnGt(th) - 77Gt(2t+§) ‘
-2 <77Foo(zt+1) — NFoo (24 1),Ge(2041) — nGt(Zt+%)> - HWFoo(ZtH) — NFo(2411)

)2 - (HnGt(2t+1) = 1Gi(z41)

)
2

‘ -2 <77Foo(2t+1) - 77Foo(zt+%)7 nGi(zi11) — nGt(Zt+§)> >
(19)

HnFt(ZtJrl) —nFy(211)
‘2

)

(18)

= HnFt(ZHl) —nFi(z41) ‘ + H”Fw(ztﬂ) — nFi(z14)

<0

we have
1
=
(3

< -2 ( HTIGt(Zt—&-l) - 77Gt(Zt+§)

2
Ze41 T Zpp L] T HnFt(ZtJrl) - nFt(ZtJr%)

so that
1 2
-2 <4Hzt+1 — Zpyl ’ ) —2H77Gt(2t+1)—77Gt(2t+%)

— 4 (NP (ee1) = oo (24 3):MGe(e1) = NGi(z))
<0
By the definition of ¢; and ¢;41, we have ¢;41 € Nz (2¢41) and ¢; € Nz(z;). Since the normal cone
operator Nz is maximally monotone, we have
—2(ncep1 — e, 241 — 2) <0 21
O

‘ 2

2
- HnFt(ZtH) —nF(z11)

(20)

We use the following equivalent formations of z; 1,3 and z¢1.

B4l = 2z — zp1 = 7 — (thl - Zt) =2t — 77th1(th%) — Nct
(22)
zt41 =1z {Zt - UFt(ZH%)] =z = NFi(z4 1) — e
According to Lemma by replacing xj with Zi1qks Yk with nF;_4 (zt71+§ ), ug with nc;, and uy
with nc;41, since both z3 = x2 — y; — ug and x4 = 2 — y3 — uyq hold true, we have
n?(P; — Piy1) + LHS of Inequality (T6) + LHS of Inequality (20) + LHS of Inequality (ZT)

2
Zipl t+ 24

2

ZtJr% — 241

B +

—ze +nEF_1(z) +nee

PP (isy) — 1P (2)

’ 2

+2(nGi(zt41) = nGr—1(2t), 2641 — 2¢) — 2 HTIGt(ZtH) = nGe(241)

— 4 (Fu(z141) = WP (511 4) 1Gi(z241) = G244 )

Since Z is bounded and zi, z:41 € Z there exists Dz > 0 so that ||z; — z¢41|| < Dz, we have @)

2nGi(ze41) = nGi-1(z1), 2041 — 2¢) — 2 HnGt(Ztﬂ) = nGi(z111) ‘2
— 4 (NP ee1) = Fox (24 ):MGi(eern) =Gl )

> — 2pDz(max |G| + max |Gy-1]]) — 87 max|[|G:|®
= 4n? || Foo(z11) = Foe (203 | | Gl = Gulerey)|

> — 2Dz (max ||Gy|| + max ||Gy_1]|) — 8n* max ||G¢||? — 8Ln? ‘ 41 — Zpp 1 || max |Gyl

> — 2Dz (max ||Gy|| + max ||G_1]]) — 8n% max ||G¢||*> — 8Ln* Dz max |G|

=(—2n — 8Ln?)Dz max ||Gy|| — 2nDz max ||G;_1 || — 8n* max |G ||? o
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Thus we conclude P; — Piy1 > (=2 — 8L)Dz max [|Gy|| — 2Dz max|[|Gy—1 || — 8 max||Gy||*.

D.2 BEST-ITERATE CONVERGENCE OF THE ERROR FROM THE OPTIMAL SOLUTION

In this section, we show that for any 7" > 1, there exists t* satisfying P~ = O(%) which is implied by
7, P = O(1). To prove this, we first prove 3, lze1/2 — 2e|I> = Sz = 22 = 0(1)
and then express Zthl P, with these two quantities.
Lemma 7. In the settings of Theorem[2) for any T > 1, we have
T 5 T 72
2

z l_th = 2 — || L ————— (25)

> e >l =l < e

Proof. By the update rules of the RG algorithm, we have 2; 1,5 = 22y — 2,1 so that 2, /0 — 2¢ =

24 — z_1. Therefore, it is only necessary to prove the inequality for ZZ;I | 2¢41/2 — 2z¢||*. With the
assistance of the proof of Lemma 2 in Hsieh et al.|(2019), V¢ > 1 and p € Z, we have

241 —PH2
<zt — P”2 + 2<77Ft(2t+§) — (2t—1 — 21), R4l — Zey1) — 2n<Ft(zt+%)a 24l -p) (26)

‘ 2 ‘ 2

According to the update rule of the RG algorithm, we have

B+l T Fed Zi4d T At

(2t = (-1 = nFi-1(z- 1)), 2t — 20-1) <0 (27)
(2t = (-1 = nFi—1(2-1)), 2t — 2141) <0 (28)

The sum of (27) and (Z8) is
(2t = 201, 201 = 2e41) < —(MF1(2-1)s 211 — 2e41) (29)

Hence, we have
1) = (B—1 = 20), 241 — Ze41)
1
2

Rty ) - nFt(Zt—%)a 24l — Zt+1>
:277 (<F°°(Zt+%) - FOO(Zt—%)VZt—i-% — Zt+1> + <Gt(zt+%) — Gt—l(zt—%)azt—i-% — Zt+1>)
<o (1 = s s = (G =Gt =)

(s u

Zerd T AL || At T Zt+1H + HGt('zH%) - thl(ztfé) Zepl ZtJrIH)

(30)
By combining (26) and (30), we have

2
|zt 41 — Pl

s = ] (6 )~ st )
2 2

<zt = pl* + 20 | 21py — 2oy

- 277<Ft(zt+%)» 4t —p) = ||2t+1 — “tyd iyl T A

< ||z — pl* + 21L

‘ZH% — %1 HZH% - Zt+1H + 27 HGt(thr%) - Gt—l(%-%) ’ HZH% - Zt+1H

2 2
_ 277(Ft(zt+%),zt+% —p)— Hth —zpy|| - HZH_% — th
(31)
Since
SR ("
1
Sﬁnzwé —Zt7%||2+\/§\lzt+% — zepa|? (32)

<A+ VD)zigy — 2ol + 21— 2 1P + V220 ) — 22
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we obtain

\|Zzt+1—p||2

<zt = plI* = 20{Fi (2,4 1) —p)+ (L + V2L = 1|21 — 2|
S|zt —p MLz 1), 243 — P n el T At

+0Lllze — 23|12 — (1= V2L)|lze41 — 2y 1|12 + 20 HGt(zH%) ~Gio1(z1)

ZH-% — Zt+1H

so that

(1 —(1+ ﬁ)nL)

2

Zt_,'_% — Z¢

2 2
<Nz = oI = N1 = I = 20 (F(eiyg), 2ag —2) + 0L (] 2=y = o = ey )
+2n HGt(ZtJr%) - thl(ztfé) ‘ Ze4l Zt+1H
(34)
: 1
Let p = 2™ in the inequality above. Since Fi,, is monotone and 2,1 /o = 22 — 21, we have
—217< Zt+ TN —z*>
277<Ft z1) — (2 ),zH%—z*>—2n<Ft(z*),zt+%—z*>
< - 277<2Gt zep1) — G(27), 241 —z*>—277<Foo(z*),zt+% —z*>
=~ 20(2Gu(ziy) — C("), 2y — )+ 2(Foa (), 211 — 27) = An(Faol(2”), 20 — 2°)

<= 202611 y) ~ Glz"), 7y — )+ P, 200 = 2°) = 20(Fo (), 20— )
(35)
Also, since z; € Z and z* is a Nash equilibrium, ¥¢ > 0, we have (Fo(2*), 2, — 2*) > 0. By
combining (34) and (33), telescoping the terms for ¢ = 1,2,---,T and dividing both sides by
1 — (14 +/2)nL > 0, we obtain
T

t=1

2

Zt-‘,—% — Zt

||21—z || +H21—21 + 2n(Foo(2%), 20 — 2*) 1

1—(1+v2)nL T vaL
T
> (277 HGt(ZtJr%) =Gl

t=1

1 ) 2
<———— | ]z = 2" +Hz —z1

2yl — zt+1H - 2n<2Gt(zt+%) = Gi(2"), 241 — z*>)

T
+ 2(Fo(27), 20 — 2°) + 87Dz > _max |Gy

t=1

T
+2nDz Y max ||GH||>

t=1
(36)
2
With the denotion H? := <||zl —z|* + Hzl -z + (Feo(2"),20 — 27) +
81Dz EtT:I max |G| +2nDg Zthl max ||Gy—1 |), the proof is completed. O
Lemma 8. In the settings of Theorem[2) VT > 1, there exists Cy > 0 satisfying
C
Preaeir) < = (37)

where Py i) := mingeqry) B
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Proof. We first show an upper bound for P;.

‘ 2

Py =|[Fra(ze) + ol + |

<3|

Fr1(ze) = Fio1(z1)

2
Zt—; — Zt—1

Fi_1(z) — thl(zt,%) +

Fr1(2) = Fio1(z_1)

2 2
+ Sllze — 21
’ n?

=3 HFOQ(Zt) - Foo(zt—%)

+3 ’Gt—l(zt) - Gt—l(zt—%)

2 2
+ Sllze — 2e-1?
‘ 72

) 2 9 2
<3L ‘zt —Z1 + ? Hzt_l — %1
+6 ’Foo(zt) —Fy Zt,, ‘Gt 1(z) = G- (

<3172 ‘zt—zt 1+ zi— 1= %1
‘2

+3 ’th(zt) - thl(ztf%)

<6L2

272
<2+677 L (‘
S/

Summing the above inequality of ¢ = 1,2, --- T ,we get

T
2P
t=1

24 62 L2 T 9 T T
2
<2TTEN (Hzt_; - z,HH Fllze — 2o | ) +120D2 Y max |Gy || + 12 max |Gy |

2
n t=1

o FACARSACARY

2
+—||zt—zt P +6LHzt—zt 1

‘ 2

‘ +6< so(2t) = Foo(2-1): Ge—1(2t) — Gt—l(zt—%)>

:

‘+3HGt 1(2) = Ge—1(z- 1)

HGt 1(2t) = Ge—1(z_1)

2 2
21— zt,lH + (172 + 6L2> |z — 2ze1||* + 120Dz max |Gy 1| + 12 max || G;_1]?

2
| I P zt1||2) +12LDz max |Gy | + 12 max|| Gy |

(38)

t=1 t=1

T
_2+6 2L? 2
24 6712 (Hz — 2ol + Z (Hz“ré - th 4|z — zt||2)> +120Dz Y max || Gy_i]|

T
+ 122max||Gt,1H2
t=1
T T
2 + 612L> ( , 2H? ,
<—————|lsi— 20|+ ————=— ) +12LDz » max|Gi_1]| +12 ) max|Gi_1||
G =+ VI 2 2
6(1+ 3n*L?)H? Nt =
5 ( L7 +12LD= Zmax |Ge—1]| + 122max G112
n?(1—(1+ \/E)UL) t=1 t=1

(39)

The second last inequality holds by Lemma l The last _inequality holds since ||z; — 20]|? <
5 ||F(20)||* < H?. Denote RHS of the last inequality in as Cp, and we have

Co
Preemy <

This completes the proof.
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D.3 PROOF OF LEMMA [2]

If G; is L¢,-Lipschitz and G1(z*) = 0, we have

2 2
<nLo, |seey = =) +4nLe o= 21 4 2P (), 51 = 2 = T (Pl 2= )
t @1)
so that
2
(1 —(1+vV2)nL —477LG1) Zipl 2
<(L+4nLe,) 2 — 2* |7 = 201 — 2°|° + 20(Foo(27), 2 —2*>—27W<F (2%), 2 — 27)
= Gy t t+1 [e'e] y ~“t—1 1+47]LGt [e%¢] y ~t
2 2
+nL <Hzt — 1| - Hzt_H — Z41 ) + 2 <Gt(zt+%) — Gt_l(zt_%),zH% - zt+1>
<@ +4nLa,) 2 — 21 = 2 — 2° [ + 2n(Fa (27), 2 *Z*>*27n<F (2%), 2 — 27)
> nLa, t t+1 L oo ) Zt—1 1+ 4nLc, 00 ) 2t
2 2 .
+nL (‘ A ‘ R4l T Ayl ) +2n <Gt(zt+%) -G (2 >7zt+% - Zt+1>
+2n <Gt71 (Z*> - thl(zt—%)azpr% - Zt+1>
<(L+4nLe,) 2 — 2717 = 201 — 27|° + 20(Foo(27), 2 —Z*>—27n<F (2%), 2 — 27)
= nLa, t t+1 UARES y Rt—1 1+ 49lg, 00 y At

2 1
C 1+4nLg,

(-
(42)

Zt41 — 2
3 LT St

2
+nL (Hzt—zt_l )—I—277HGt(zt+é)—Gt_1(zt_§)

Since

20 |[Grlz1s ) = Groa(ey)
<2n HGt(ZtJr%) -Gy (Z*)H
<2nLg, ’

<oLa, |z — 2l

[zers =22

Zt+% — Zt+1H

Zt+% — Zt+1H

|

ZH-% — Zt+1H

Zepl — 2t+1H +2n HGt’l (2°) = Ge-1(z_1)

* *
e+l T2 ||F+L T Zt—HH +2nLla,, ||z" — Z—1

*
25—z

2
gl Zt+1H +2nLg,_, gyl Zt+1H

Zppl — Zt+1H +2nLg,

1
2

2
firy — ||+ 20k, 2 -zl

<2nLg, |lzt+1 — 27| ‘ Zrpl — Zt+1H +2nLg,

+2nLla, , |2t — %1 ’ Zpl — Zt+1H
2 2
<nLe, ||2141 — 2°II° + (3nLa, + 2nLa, ) ‘ 21— Zt+1H +nLa, , 12* = z)* +nle, ., |2 — 21
(43)
we have
2
(1 — (1+V2)nL — 4nLGt> ‘ A
%112 %112 * * 277 * *

S +4nLe,) llze — 217 = lze41 — 2717 + 20(Foo (27), 20-1 — 27) = =7 (Fi(27), 2e — 27)

C 1+4nLg,
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1
 1+4nLg,

2 2
+nL (HZt - Zt—%” Zt41 T Zpqd ) +2n HGt(ZtJré) - Gt—l(zt—%) ‘ HZH% - Zt+1H

2n

<(L+4nLa,) |2t — 2°|° = 21 — 2°I° + 20(Fac (%), 2021 — 27) — T+ dnLg,

+nL <’

* 2
+77LGt71 ||Z _ZtH +77LG1,71

(Foo(2"),2¢ — 2%)

zZt — Zt—%

2 1 ‘

2
T 1+ ik, Ft+g T Zt“H

2
> + nLGt Hzt-‘rl - Z*||2 + (377LGf + QTILGt—l) ‘

Zt4+1 — Zt—&-%

2

Zt — Zt—%

= (1+4nLg, + 1L, ,) 2 — 2*|* = (1 =nLg,) 2001 — 2" + 20(Foo (%), 201 — 27)

217 * * 2
_ WQTOO(Z ),Zt -z > +n (L+ Lthl) ‘ 2t — thé
nL 2
_ (1-1-417Lc;t —3nLg, — 277LGt1) Hzt_H —Ziy (44)
Since
1+4nLq, +nlg, , . 77(L+LGt71)
1-— ’l’}LGt _nL 377LGf, o 277LGt_1

I+4nLc,
=((nL — (1 +4nL¢,)(3nLg, + 2nLg,_,))4nLe, + nLa,_, +1) —n(1 —nLg,)(1 +4nLg,)(L + La,_,))
(1-nLa,)”" (nL (1 +4nLe,) (~3nLa, — 2nLa, )"
=(—48n°LY, —400°LE, Le, , + (ALn® — 24n*)LE, — 8n’Le, L, | —220°Le,Le, , + (Ln* — 3n)Le,
—2°Lg,  + (Ln* =3n)Le,_,) (1 —nLg,)”" (nL (1 +4nLe,) (—3nLe, — 277Lct_1))(;5)

, there exists Ty and ¢ > 0 so that
1+4nLg,+nlc, ,
1-nLg,

1+4nLa,+nla, , 4L2th2+Lth+LGt71n
and —ite, (1+4nLg,) = =L,

¥t > Ty, it holds that Lg,,Lg, , < €, 1 — (1 + v2)nL — 4nLg, > 0,

<

n(L+La,_,) . 2 1+4nLg,+nLlg, , ]
%—%Lct—%Lct,l with Ln® — 3n < 0 and —inle, > 1+ 4nL¢g,. Since
n(L+La,_,) . AnL+6 9
Lo, ko, 1+ =52+ O(e?), we have
0 (o]
AnL + 6 4nL + 6
Z (77LLGt1 + O(Lé'1)> < Z <77LLGt1 + O(L2Gt1)> < 00
t=Tn+1 t=Tn+1
(46)
Hence,
- L+ Le,
II L 77( Gu) < 00 (47)
t=Tn+1 1+41Lg, 3nLg, —2nLq,_,
so that
- L+1L
E=]l—x (CRRISY < o0 (48)
i=3 T¥anLg, — onle, — 2nle,
Hence, Vt > T,
* (12
lze41 — 27|
* 12 277 " .
< — Fy 2 —
e R (o 77728 (72 R
nL + (3nLg, +2nLg, ,)(1 +41Lg,) Hz P
_ t+1 7 S g
(I+4nLe,)(1 —nlg,) “9)

2En
(I+4nLle,)(1 —nlc,)
EnL+ E(3nLg, +2nLg,)(1+4nLg,) HZ
(I+4nLc,)(1 —nlg,) ’

<E|lz — 2| + (Foo(2%), 21 — 2%)

2

— Z3
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%12 * *
Define (4 = max{EHfozH + (1+4nLc21]§(nl—nLc1)<F°°(z )21 — 2% +

EnL+E@B3nLg, +2nLg,)(1+4nLg,) %12
max Zr — 2 . We have that
(FnLey) (- nla,) o T o I =2

Izt — 2*|] < +/C1, t € N. Hence, there exists Z, satisfying z*,2; € Zr, ¢ € N and we
cantake Dz = Dz, = 2v/C}.

. HZ2 T
2

D.4 FINAL PROOF
With the definition of Pr, we have

Ttan(ZT)Q
<|Fr-1(2r) = Groa(2r) + er|?
<[ Foo(zr) + er|?
<N\ Fr-i(zr) + er|® + 2 (Fr_1(27) + er, —Gr—1(27)) + || — Gr-1(27)|?
<|\Fr-1(zr) + erl? + 2| Fr-1(zr) + e[| [|Gr—1(z0)[| + [|Gr—1(21)|* + HFT—l(ZT) —Fra(zp_1)
<Pr+2||Pr_i(zr)| max |Gr—i || + max||Gr_, |

(50)
Under the BAP assumption, max ||G7_1|| = O (% ). Hence, according to Lemma@ we have

5 [5]-1 5 [5]-1 [5]-1
Pryy <P+ <n+8L) Dz Y max|\Gt|\+5DZ D> max |Gl +8 ) max |Gyl
t=1 t=1 t=1
2 [%.'_1 9 o) 00
<P + (n + SL) Dz Y max||G + EDZ > max |G|l +8)  max ||Gyl|* =: P,
t=1

t=1 t=1
(51
9 T 9 T T
Pr SP*,te[(%],T]JF <n+8L> Dz Z maxHGtH+5Dg Z max ||Gi—1]| + 8 Z max || Gy|?
=11 - (E] - (E]
2 o0 2 oo oo
SPt*vtE”%]vT] + (77 + SL) Dz Z max ||G¢|| + =Dz Z max || Gy—1]| + 8 Z max || Gy|?
SHE SHE =51
(52)
Hence,
,rtan(ZT)Q
9 T 9 T
SPt*7te”%17T] + (77 + SL) Dg Z max ||Gy|| + HDZ Z max ||Gy_1]|
t=t*te[[ T],7] t=t~te[[Z],T)

T
8 S max||Gul? + 2| Proy (o) | max |Gy | + max||Groy 2
t=t*te[[ T],7]

2 oo 2 (oo} (oo}
SPt*temTﬁ(wL)Dz Y max|Gil+ =Dz Y max|[Ge||+8 Y max|Gi|’
' 2h n T T T
t=[Z]-1 t=[Z]-1 t=[Z7]-1

+ 2| Fr_1 (27)|| max | Gr 1 || + max |G |?
(53)

If Y0 rmax |G| = O(Zz[%]_lmaXHGtH), Zz[%-‘_lmaxHGtH = O(%) Since
max [Gra|? = O (L2 rry max|Gl?), max|Grall = O (312 max||Gull),

2
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ZZ[%}A max ||G¢||> = O (Zi(%]fl max ||Gt||) and Pt*,te[[%}T] = O (4), we have

oo

1
Ttan(ZT)2 =max<{ O <T> ,O Z max ||Gt|| (54)

t=T/2

Hence,

(55)

E MISSING PROOFS OF THEOREM [3]

In periodic games, each period as a whole is time-invariant (Franke & Selgrade|(2003), Section 3).
We take advantage of this property in our analysis.

With the ARG algorithm, we have

X0 Zo
o I3 Osx3 Osxz s
Tt Ti—1
= |O3x3 Oszxz I3 (56)
Yt Qt Rt St Yt—1
Ti41 Tt
Yt+1 Yt
where
N 77At1
1 it
Qi = [ O >] (57)
BEICES)) tTlI
0 n(1-13) At]
Ry = t 58
N .
. (1 . ﬁl) J— (2 - H%) A, 0
t p—
n(2- k) af (1= )1
I3 Osx3 Osxs
Denote |Osx3 Osxs Is | as P;. We have
Q1 Ry Sy
I3 Osxs Osxs
A — lim Pt+1Pt =\ — O3x3 03><3 I3 (60)
t—o0 03><3 Ré Sé
where ) )
0 n —n
-7 0 0 |,tisodd
0 nA; n 0 O
R, = =< = - 61
t LHA? 0 0 —n 1 ©b
n 0 O0f,tiseven
-7 0 0]
1 —2n 27n]
2n 1 0|,tisodd
) I —2mA, o 0 1
= = - Z 62
St {277,4{ I 1 —2p (62)
—2n 1 0 |,tiseven
L 2n 0 1 ]
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Hence,
det ()\I — lim Pt+1Pt> = A = DA(872A — 22 — A2 + )2 (63)

. \/64n4 480241481241 . . . .-
which means that et 77; 5+ s an eigenvalue of lim;_, , P;11P; and it is greater than 1.

64774+8772+1+877 +1

Since an eigenvalue of lim;_, o Pi41 P 18 > 1, denote this eigenvalue as po,
and the corresponding eigenvector of lim;_ ., Pt+1Pt as v. Then, we obtain

k k
(hm HPt+22+1Pt+2Z> v = <H lim Pt+1Pt> v = p];;rl (64)

which means that Ve > 0, there exists M > 0 so that V¢ > M, there exists

H (H Pt+zz+1Pt+zz) =[5t < e (65)
Since the action set is R3, we have
Pt (2) = F(z) = [_i?%x] (66)
Hence,
[rten(2)]| = H {_ﬁ%x} = |z (67)
Since ||pk || = || pos||” ||v|| grows exponentially, ||z;42x| does not converge. With the ARG

algorithm, Vv, corresponding 2o and zy /3 exist for z; = v. This means that the tangent residual with
the ARG algorithm diverges exponentially if such 2 and z; 5 are the initial actions. This completes
the proof.

F  MISSING PROOFS OF THEOREM [4]

To prove Theorem[d] we apply a potential function argument. We first show the potential function is
approximately non-increasing and then prove that it is upper bounded by a term independent of 7". As
the potential function at step  is also at least (#2)7!"(z;)?2, we conclude that the ARG algorithm
has a O(#:) convergence rate.

F.1 POTENTIAL FUNCTION

With the update rules of the ARG algorithm, i.e., 29, 21,2 € R™ being initial points, for ¢ > 1,

1 1
Zt+% = 22,’75 — 211+ 715 n 1(20 — Zt) — ;(ZO - thl)
(68)
zep1 =1z |2 = nFi(z 1) + m(zo — 2)

Since Nz is the normal cone of a closed convex set Z and Il z is the projection to set Z, if we apply
the ARG algorithm to solve time-varying game problems, the algorithm calculates gradient function
F(z) once and a projection to Z once per iteration. Next, we specify the potential function. Define

2t —nFy(zp1) + 2 (20 — ) — 2
Ciq1 = + — nF H;) t+1( 0= #) tH, vt >0 (69)
n
By update rule we have ¢; € Nz for all ¢ > 1. The potential function at ¢ > 1 is defined as
¢t + 1) t(t+1)
2

2
Vi = HnFt—l(Zt) —nFi-1(z-1) ‘

(70)

nFe—1(z¢) + neel|? + t(nFi—1(2¢) + mee, 20 — 20) +
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F.2 APPROXIMATE MONOTONICITY OF THE POTENTIAL FUNCTION

Lemma9. VL > 0and p > —ﬁ, There exists 1 > 0 such that
1 4 2
5 - (12— Py + 2L >0 (71)

n n

Moreover, every 1 > 0 satisfies also satisfies % > —i.

Proof. Equation (71)) means that
nL(24n2L% — 1) 1

4+82L2 L 72)
Letz = nL and h(x) = %. Since h(15) = — 505 < — a5 there exists = 37 satisfying
@D.
Besides, with nL > 0 and (71)), we obtain
79272
£>_1 2n°L 1 73)
n—  44+8p?L? — 4
O
We show in the following lemma that V; is approximately non-increasing.
Lemma 10. With the settings in Theorem YVt > 1, we have
Vi— Vi1
1
< = glnFi(zea) +nees 12+ ¢t + 1) (nGi(ze41) = nGio1(20), 241 — 2t)
t(t+1 2 74
t(t+1
+ (2p) (1 - ;;7> <77Ft(2t+1) —nF(ze4 1), =G (z41) + UGt(Zt+%)>

Proof. We show that V; — Vy41 plus a few non-positive terms is still > — 2 ||nF (2¢41) + negya||* +
t(t + 1) (nGe(ze41)
t(t+1)

= nGi-1(z1), 2001 - )+ S (1 - ﬁ) H—UGt(ZtH) + 77Gt(zt+%)

4p

2
T+

1
t(t;; ) (1 - %) <77Ft(2t+1) —nFi(z41),
—nGi(z441) + nGt(zt+%)>, where p > 0.
With the settings of Fi5, in Theorem[d] we have

(MFoo(2041) + MCr41 — NFoo(21) — ety 201 — 21) — gunmm) 4 meen — nFso(z) — ned|? > 0

(75)
which means

NF(ze41) +meepr — nF—1(2e) — nee, 2041 — 2e) — §||77Foo(2’t+1) + ey — NFoo(2e) — 770t||2

— NGe(zt41) = NGi-1(2t), 241 — 21)
>0

(76)
Since F,, is L-Lipschitz, we have

7]2L2

>0 (77)

2
Zt_._l*Zt_’_% 7‘

‘ 2

[P (ze1) = P ()
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which means

2 2 2
n’L? ‘ Zeyl = 2y 1| — HUFt(ZtH) —nFi(z4 1) ’ - H—WGt(ZtH) +nGe(z41) ’
-2 <77Ft(2t+1) = nFi(z41), —nGi(zi41) + nGt(Zt+%)> 78
>0

By multiplying the above inequality by 1 — ﬁ > 0, we get

(-8

’2 - (1 - 3p77> H—nGt(th) +1nGe(241)

2

2
- HnFt(ZtJrl) - nFt(Zt+%)

p‘ Zt41 T Zpqd A+l T Zpyl

‘ 2

+ % HUFt(ZtH) —nFi(z41)

-9 (1 — 3’;7) <nFt(zt+1) - nFt(ZH-%): fnGt(th) + UGt(Zt+%)>

>0
(79)

We show the following two equations involving 2; 1 /2 and 2,1 with the update rules of the ARG
algorithm.

1
Zyy1 =22 —Z1 + P (20 — 2t) — ;(Zo — zt-1)
1
=2+ (2t — ze-1) + t+1(20_2t)_;(20_zt71) (80)
=z —nFi1(z_1) - t+1(zo*2t)
41 = 2 = NF (24 4) = nCer1 + 5 n 7o (0~ ) (81
Hence, we have
Z41 = 2yt = 0Fa(z 1) +Fnec = nF(z1) — neea (82)
Next, we simplify
tt+1) .
Vi = Vig1 — t(t + 1) - LHS of Inequality (76) — ™ - LHS of Inequality (83)

using the second identity in Lemma 4t replace zo with zo; for k € [[4]], replace x, with z,_, | x and
replace yx, with nF'(z,_ E ); replace ug with ney; replace uy with 7c;41; replace k with ¢; replace p
with . Note that x5 = 29 — 3, — ug + %H(xo —x9)and 74 = To— Y3 — Uy + k%rl(aco — 22) hold
due to the above equivalent formations of z; 1,7 and z¢1.

tt+1
Vi — Vig1 — t(t + 1) - LHS of Inequality (76) — % - LHS of Inequality (79)
P
t+1) 2
X 4 ant+1 —nee+nFio1(z 1) — 2nFi1(z) + nF (24 1) ’

— 4p) 2
p (t +1 ) HﬂFt (Z41) — nFt(th)H +(t+1) <77Ft(zt+%) —nF(ze41),0F (2041) + 770t+1>

)

+t(t + )*||77F (2e41) + neit1 — nFoo(2) — nee?

D ()

2

241 T Zpyl JF%HnFt(Zt—H)*UFt(ZH%)

t(t+1 2
+t(t + 1) (nGe(2t41) — NGr1(2t), 2041 — 2¢) + ( p ) (1 - ?ﬁ;) H_nGt(ZtH) +nGi(241) ‘
tt + 1 0
+ (2p ) (1 377) <77Ft(2t+1) nFt(thr%)’_nGt(thrl)+77Gt(zt+%)>

(84)
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HbH

Since [|a]|? + (a,b) = [la+ 5||> — , with p = 2L, we have

24’

<(1_4§2M(t + 1)) HnFt(zt-i-%) - nFt(Zt—i-l)HQ +(t+1) <17Ft(zt+%) — 0Fy(2e11),nF(ze41) + n6t+1>
B H\/W(t 0 (0 rry) )+ g (PG + nec)

B mllnﬂ(%ﬂ) + nct+1||2
= (1(t+1))||77Ft(Zt+1) + nct+1\| (t>1)

t+1
L<2)

2p
>_ " |InF, 2
_SpHn t(2t41) + ncea| ( S

-1

1
= glnFe(ze) + nee ||
(85)
Then, we get

4
tt+1)
+t(t + 1)5||77Foo(2t+1) + N1 — NFs(2¢) — ney||?

t(t+1) p
e (-5 e o) e

= ant+1 —nece + 77th1(th%) —2nF (%) + ﬁFt(thr%)

’ 2

(t+1)
( H770t+1 nee +nk1(z_1) = 2nFe-1(2) + nFi(z41)

2

)
2 8
‘ T <1— <24— 77”) 772L2> Hth —Z41

2

+ o ) — nFiey)

2

4 8
P InFo i)+ meces = nFo(z) = nell® = S [[0Fu(ze1) = nFi(ersy)

(86)
When there exists
By =nciy1 —neg + nFt—1(Zt_1) —2mF_1(z) + nFt(zt+%)
By =241 — 21 = nFi1(z 1) +nee = nF(z4 1) — nee &7)
Bs = nF(zi41) + ey — 77Ft—1( zt) — ney
B4 = nFt(Zt+1) — nFt(ZjH_%)
we have
By — By =2n¢i41 — 2ney — 2nF_q(2:) + 277Ft(zt+%) = 2(B3 — By) (88)

Note that p is non-positive and we have

4
t(t+
+t(t+1) gnnF (2001) + 1C141 — NFa(20) — ne|?

S (o g) )

’ 2

t+1)
0 ( ( HUCtH nee +nk—1(z_1) = 2nFi-1(z) + nFi(z41)

Zt4+1 — Zt+%

)

2
p
+ 3 HﬂFt(ZtH) —nF(z41)
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8 2
P+ (1 (20 2) 222 ) 1Bl? + Zl20 - 26uCea0) + 261 ()P - 2Bl

1 4 2
Z (2 - (12 — :) 7’]2L2) HBI - B2||2 + §H2Bg — 2Gt(zt+1) + 2Gt71(2t)”2 - ;/)||2B4||2

1
(lalP + 1 > 3lla 1P and (24— %) 222 > 0)
1 4 2
> (2 - (12 - :) 772L2) |1B1 — Ba||* + FPHQB?, — 2By — 2G(2141) 4 2Ge-1(2)|?

(—|lal® + 2[|b||> > —2[|a — b||* and 75 > 0)

1 4 2 4
= (2 — (12 — T]p) 772L2 —|— 7]p) HBl — 32”2 + ?p <2(Bg — B4), _2Gt(2t+1) + QGt_l(Zt)>

2
+ ;’”n —2G(2041) + 2Gi1 ()|

>0
(n is chosen as shown in Lemma 9}
(89)
Hence, we have
Vi = Vi
1
> = glnFizen) + e[|+ 1t + 1) (G (2e41) = 1Gio1(20), 2041 — 1)
t(t+1) P 2 90
P (- 2) st .
t(t+1) p
+ % <1 - 377> <77Ft(2t+1) = nF(z41), —1Ge(2e41) + UGt(Zt+%)>
O
F.3 FINAL PROOF
We first show that the potential function V; = O(t? - 7197 (2,)?).
Lemma 11. With the settings of Theorem[) Vt > 1, we have
tt+ %
AR AR
x t t *
Vit |12 = 2l + JInGea (2017 + 5 Fra (20) + mew, =nGra () = tnGioa(21), 20 = 27)
oD
Proof. Since Fi(2*) + Nz(2*) = 0, by the settings in Theorem[4]and Lemma 9} we have
N 1
(1Fec (1) + 160,20 = 27) 2 IFse (20) 0P 2 = [0F () + e ©2)

With definition of V; in Equation (70), V¢t > 1, we obtain

Vi

t(t+1 t(t+1 2
= ( 5 )HUFt—l(Zt) + neel|? + t(nF_1(ze) + nee, 20 — 20) + ( 5 ) HUFt—l(Zt) —nFi-1(z_1) ‘
_THW t—1(2ze) +meel|” +tF—1(20) +meg, 20 — 27°) +F tF—1(2) + nee, 27 — 20)
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tt+1 t * *
> D By ) el = SlnFuc() el 4 HnGos (20, 2 = 2%+ HFs () + e, = — )
tt+1 t t ¢
> ( 5 )Hﬁthl(Zt) +nee|? — ZHnthl(Zt) + nee||* - ZH —nG1(z)|* - 5 (Fr—1(zt) +nee, —nGi1(2t))
tt+3)

2% = 20|* + t(nGe—1(z1), 2 — =)

2
- IR el

t(t+3) 2 * 2t 2 1
2 4 InFe—1(z¢) + neel|” = [|2" — 2o = EHUGt—l(Zt)H D) (nFi—1(zt) + nee, —nGi1(zt))
+t(nGe-1(z1), 2e — 27)
93)
where in the second last inequality we apply (a,b) > —%|la[|? — L||b]|? with a = VE(nF,(2) +
ne),b=Vt(z* — z),and v = t + 1. O
Proof of Theorem] There exists H > 0 satisfying
InFo(21) +ner||* < H? (94)

So the theorem holds for T = 1. VT' > 2, with Lemma we have

T(T+1%)
4

t t
<Vt a0 = 271 = (=5GP = § O0Frma () + ek =G (o) + s () 2~ 1)

InF(zr) + ner|)?

. t t .
<Vr+ ||lz0 — 2*||* + 1||77G1t—1(2’t)||2 + 3 (NFt—1(2¢) +nce, —nGe1(2t)) — tNGi-1(2t), 20 — 27)

* t t *
<Vi+ |20 — 2% + Z||77Gt—1(zt)H2 + B MFr—1(zt) +nee, —nGi1(2t)) — tNGr—1(zt), 2¢ — 27)
T T-1

1
+3 ; InF (z0) +med)® =Yt + 1) (0Gi(zi11) = nGroa(2), 21 — 20)

t=1

‘ 2

) <1 - 3p77> H—nGt(zt+1) + nGt(Zt-i-%)

=t +1
_ Z ( 2_; ) ( 32) <77Ft(Zt+1) - 77Ft(2’t+ 1), —NGe(zi41) +T]Gt(zt+%)>

t=1
(95)

By subtracting %HnF (27) + ner||? from both sides of the above inequality, we get

T2
*||77FT—1(ZT) + ner||?

T—1
1
<3 InFi—1(ze) + necl” + llzo — 2*|° + *HUGt 1z P + 5 <77Ft 1(2¢) +nee, —mGi_1(21))
t=2
T—1
—tGi-1(zt), 20 — 2%) — Y _t(t + 1) (nG(z041) — nGr-1(21), 2041 — 21)

t

1
) <1 - ?57) H—nGt(th) + nGt(ZtJr%)

1

‘ 2

1) ( 32) <77Ft(2t+1) nFt(Zt+%)7_77Gt(Zt+1) +77Gt(zt+%)>

(96)
Since Assumptionholds, we have max ||G|| = O(3).
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We show that there exists Dy, Dy > 0 satisfying

T
1 = InFr-a(er) +verl < 7+ D 3 ma |Gl o)
as follows. There exists Dy, Dy > 0 satisfying
Sy <+ Dymax i | ©8)
1 T-1 T-1
St <5 Z Si—1+ Dy Y max |G| (99)

t=2

If Dy > 0and Dy > Dy Zt:Z max ||Gt,1 I, with the assumption that Inequality holds true
when 7' is replaced by 2, 3, - - - — 1, we have
T-1 ¢

1
ST*QTQ Zi ZZHI&XHGS 1H+D2Zmax||Gt 1l
t=2 s=2
Di(T—2)  Dy(T-2)
= 2772 272 Z max [|Gs—1[| + D2 tz; max ||Gy_1]|
(100)
Dy(T —2) =
< + D2 ) max |G|
t=2
D T-1
<7+ Dy Yy max||Go |
t=2

Since there exists D1 > Dy Y .~ , max ||G;_1 || satisfying , Inequality holds true.

Fianlly, we show that there exists D3, Dy > 0 satisfying
D3
St = |InFr—1(er) + ner|| < 7 (101)

as follows. With the assumption that Inequality (I0T) holds true when 7" is replaced by 2,3, - - - ,T'—1,
we have

D, I- T-1 t
1
St <org 2. ;Sz;maxn@ 1H—|—D22max||Gt 1l
Di{(T—2) Dy(T-2) =
1(T — 2
<—573 R ZmaXHGS 1[I+ D2 tz_;maxHGt 1l
7o) o (102)
Dy(T — 2
S T2 +D2 ZmaX”Gt,1||
t=2
T-1
Do Z max ||Gy—1]|
t=2
If 372 ) t2]|Ge]| < oo, there exists Dy > 0 satisfying
=
St <—= S D 103
T_2T2<§t1+ 4) (103)
If Inequality (I0T) holds when 7' is replaced by 2,3, --- , T — 1, then
T-1
D4 1 Dy Dy Dy 1 Ds
St <—= —— 4+ Dy | < — < = 104
T =or2 <tz;t1+ 4>_2T+2T2D4 T +2D4T T (109

When D3 = 25, Inequality (I0I) holds with 7" replaced by 2. Hence, Inequality (I0I) holds with
D3 = 285,.

This completes the proof. U
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G MISSING PROOFS OF THEOREM 3]

We apply the modified OG algorithm to the two-player bilinear game (T)) shown in Theorem ]

For the general two-player bilinear game
2 =g eR™,

22 = y € R",
f(l)(z) =T Ay, (105)
f(2) (Z) = _:ETAtya
Z=R"xR"
with the RG algorithm, there exists
Tt 0 0 I 0 Tt—1
Yt _ 0 0 0 I Yt—1
Ti41 B 0 ’f]At I —2771415 Tt (106)
Yit+1 -nAl 0 2pAT I Yt
With the modified OG algorithm, there exists
Tyl 0 0 I 0 T4
yt+% _ 0 0 0 I yt—%
.I‘t+% - OT ’I]AtJrl IT —2’]7At+1 J,‘H_% (107)
Yiq3 —nAip 0 2nAi I Yol

The equivalence of the RG and the variant of the OG algorithm algorithms is proven.

In the settings provided in Theorem [5] with the modified OG algorithm, as the relation shown in

(T07), we have

Typl 0 0 I 0 Ty 1
Yepdl | _ 0 0 0 I Yi—1
$t+% B OT T]At+1 IT 727]At+1 $t+% (108)
Y3 _77At+1 0 2nAltJrl I Yl

Hence, with the notation in the proof of Theorem|[I] we have

Ty_ 1 X

w
s

i
SN
<
T

(109)

)
o~
+
[N
)
o~
|
W= e Il

Yl Yi—
Under the modified OG algorithm, there exists zop, z_1 /2 satisfying

VNI

(110)

——
N
Nl |
M
||
I
< 8
[T |
I
o

< R

where c is defined in Theorem[I] Without loss of generality, assume ¢ is odd. Then, we have

[Z”%} =P P, [Zt] (111)

Zt+% Zy_ 1

2

8n%+14+/64n14+8n2+1
2

Since P;11P; has an eigenvalue A\ o = > 1, there exists a corresponding

eigenvector
1612 —24/647n4+8n2+14+4

2872 +1)

£/ 64n*+8n2+1—1

4n(8n>+1)

_ Ganitsn2+1-1 (112)

4n(8n*+1)
1

0
0
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\/87]27 64n%+8n2+1+1
2n .

Since 872 — /64n* + 872 +1+1=8n + 1 — /64nt + 82 + 1 + 3 = /64n* + 82 + 1 —

64n* +8n2 +1 + % < %, Vn > 0, nllz—1/2]l < |lz1/2]]. With such zg and z_1 /2, ||2;—1/2/| and
l|z¢+1/2|| diverges exponentially. Since

Ty Loyl Ay
— 2 2 113
[yt] [wa I {_Atht—l] ()

2

If ¢ is equal to this eigenvector, we have |z1/2| = 1 and ||z_1/2| =

we have
1zell = 1z 3 + Fe(zem ) 2 MMz 2 | = 1 e DN = Mlzeq 1 = nllze— 2 (114)
Since [|z1/2| — nllz—1/2| # 0in the c equal to (112), for t = 2k — 1, there exists

™ (zan—1)Il = 1 Fon—1(z21—1)|| = lz2n—1]l = Mllzanr 3 | = nllzan— 3 Il = AT 2llllz3 | = mllz_ 1]l > 0
(115)

tan(

which means ||r?®"(z9,—1)|| also diverges at an exponential rate. This completes the proof.

H MISSING PROOFS OF THEOREM [6]

We only need to prove the extended result. With the update rules of the OG algorithm, we have the
following identity (Hsieh et al.|(2019)): Vp € Z,
2 2

_ ‘ +2<zt—nFt(zt7%)—zt+%+77Ft(zt+%)7p—zt+%>

lzers =Bl =zt =PI+ ||zee1 =20y | = ||zey =20
(116)
Since Zt4+1/2 = HZ(Zt — nFt(thl/Q))s we have
2t —NFy(z,_1) — 2,01
t t( t 2) t+5 ENZ(Zt_A'_%) (117)
n
Then
2t — 2 Zt—TiFt(Z,L)—z 1
t nt+1 o 1;12 t+2 +Ft(zt+%)EFt(Zt+%)+NZ(Zt+%) (118)
which means
wa‘f%(zt+%) < M (119)

n
For p = z*, we have

N 2 — 2 N 2
2<zt—nFt(zt7%)—zt+%+77Ft(zt+%),z _Zt+;>:277<t77t+1,z _Zt+;> S—anzt—thH?

(120)
—2L%n?—2L? | n? . .
Define ¢ = 2(12L2$n5712L2§,1n§11) > 0. We have identity
1
(1—2c)n°L? | = 3¢~ (1+ 2c)n*L? (121)

Combining (116) and (120), since |la + b||* < 2||a|? + 2||b||?, we have

lzt+1 — Z*Hz
2 2 2
ey = s el = zal? = (e 2) hia = zeal?

2

<Jlze — 2" + Hzt+1 — Zql

2p

2
_(1—20)H2’t+%—2tH - <c+ » 2t — zeq1 ||

(122)

S”Zt — Z*HQ + (1 + 20) H2’t+1 - zt+%
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Using the update rules of OG and L;-Lipschitzness of F}, we have that for any ¢ > 0,

2 2
o T Y | HﬂFt(zt—%) - nFt(Zt+%) ‘ <L} Fepd T Al (123)

Moreover, using ||a + b||? < 2||al|? + 2||b||? and (123), we have that for any ¢ > 1,

2 2 2 2
‘2t+%—zt7% SQ‘zH%—zt +2‘zt—zt7% SQHZH%—th +2772Lt271‘2t7%—zt75
(124)
which means
2 1 5o 2
HZH% - ZtH 2 9 HZH% e 1 Li_y Hzt—% — %3 (125)

Hence,
lze1 — 2|
(12 2 2 2p 2
Sllze =27 + (U4 20) s = 27 = (1=26) gy =] = (o457 ) e = 20l

2
<zt = |2+ (L= 20)n°LE |20y — 2 g

2
2
- (C+ np) ll2¢ — ze41ll®

=|lz; — 2*||* + AL Li Hz L — 23
: SFP 2Lk P 1 P A

2 1
- (2 —c—(1+ 2c)n2L?> HZH% 2z

2

2

- “Zt+% — Rl
(126)

1-2Lin?—2L7_ n® L
2(211?71;71%?,271;11) , considering
L-Lipschitz means L4-Lipschitz if Ly < Ly, Ly witht = 1,2,--- T can be replaced by Lax.

Hence, we get

By summing the above inequality for¢t = 1,2,--- |7, with ¢ =

T
1 2 1
(3- 27t Z) Ella =zl < I == P g [y oy
=1
which means )
min (lzt“_zt”> —-0 (1> (128)
te[[T)) n T
Hence, we have
— 1
min r%9%(z,, 1) < min lzt41 = 20l =0 <> (129)
iy iz () < iy T T

This completes the proof.

I NUMERICAL EXAMPLES

Several visual representations are provided to illustrate and verify the theoretical results, i.e., Theo-
rem|[T} Theorem 2] Theorem [3] Theorem @] Theorem [5|and Theorem [6] These examples are based on
examples of bilinear games shown in |[Feng et al.|(2023)). Running all the programs for the following
experiments costs no more than dozens of minutes in total with the corresponding code and the
computer resources of an ordinary laptop.

I.1 EXPERIMENTS ON THEOREM/[I

We verify Theorem [I] by the example
M =zge R,z(g) =yecR?
O = 2T Ay, f@ = —2T Ay (130)
Z=RxR?
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where

4o 1 —1],tisodd (131)
L= [—1 1],tiseven

The step size 7 is chosen to be 0.005. The initial points are chosen to be g = 1,21 = 4 and
Yo = [2,3],y—1 = [5,6]. The experimental results are presented in Figure |1} where we can see
the RG algorithm makes 71" (z;) diverge. This result supports the exponential divergence result in
Theorem 11

1.2 EXPERIMENTS ON THEOREM 2|

We verify Theorem [2] by the example
2 =g € [-100,100]2, 2% =y € [~100, 100]

FDG) =T -2 3) [Z 2] (y _ [gD +100£' (=25 sin(21) + 30 sin(z2) + 60 sin(zs) + 50sin(z4))

fA)=-@" -2 3) ﬁ g] <y — ED + 100t* (=25 sin(z1) + 30sin(z;) 4 60sin(z3) + 50 sin(zy))

Z = [~100, 100]*

(132)
where ¢ = —1.1, —2, —9 in three cases. The step size is chosen to be 0.005. The initial points are
chosen to be ¢ = [15,40], 21 = [44,35] and yo = [3,51],y_1 = [3, 21]. The experimental results
are presented in Figure all of the three dynamics make 71" (z;) converge to 0, thus support the
convergence result in Theorem 2]

1.3 EXPERIMENTS ON THEOREM[3]

We verify Theorem 3] by the example
:V =z eR,2? =y ecR?

FO@) =T Ay, f@(2) = —aT Ay (133)
Z =R x R?
where
1 —1],tisodd
A= ’ 134
! {[—1 1], tiseven (134)

The step size 7 is chosen to be 0.005. The initial points are chosen to be zg = 1,z _ 1= 4 and
Yo = [2,3],y_1 = [5,6]. The experimental results are presented in Figure where we can see the

ARG algorithm makes 7'“"(z;) diverge. This result supports the exponentially divergence result in
Theorem 3]

1.4 EXPERIMENTS ON THEOREM [4]

We verify Theorem 4] by the example
2 = z € [-100,100)%, 2 =y € [-100, 100]?

YD) =@ -2 3) [i 2] (y — [gD + 100¢* (—25 sin(z1) + 30sin(z2) 4 60sin(z3) + 50sin(zy))

FO0) = -T2 3) E 2] (y - ED + 100£' (=25 sin(21) + 30sin(22) + 60 sin(z3) + 50sin(z4))

Z = [-100, 100]*

(135)
where ¢+ = —1.1, —2, —9 in three cases. The step size is chosen to be 0.005. The initial points are
chosen to be ¢ = [15,40], x_1 = [44, 35] and yo = [3,51],y_1 = [3, 21]. The experimental results
are presented in Figure all of the three dynamics make r**"(z;) converge to 0, thus support the
convergence result in Theorem 4]
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1.5 EXPERIMENTS ON THEOREM [3]

We verify Theorem [5]by the example
D =ze R, 2(? =ycR?
f(l)(z) = fCTAtyaf(Q) (2) = —z" Ay
Z=RxR?

where

4= 1 —1],tisodd
b [—1 1],tiseven

(136)

(137)

The step size 7 is chosen to be 0.005. The initial points are chosen to be o = 1,z 1= 4 and
Yo = [2,3], yi = [5, 6]. The experimental results are presented in Figure , where we can see the

variant of the OG algorithm makes r%?"(z,) diverge. This result supports the exponentially divergence

result in Theorem

1.6 EXPERIMENTS ON THEOREM [6]

We verify Theorem [ by examples with k£ € N*:
D=z eR? 2 =y ecR?
f(l)(Z) = xTAty,f(z)(Z) = —z" Ay

Z=R*xR?
where i
__24 _ﬂ,tz%
s [} Hmm
-2 ﬂ,t:3k+2

(138)

(139)

The step size 7 is chosen to be 0.005. The initial points are chosen to be zp = [4,5,2,3], 2z 1=
[5, 6,3, 1]. The experimental results are presented in Figure@ where we can see the OG algorithm

tan
7

makes r
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