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Abstract

Consider the communication-constrained prob-
lem of nonparametric function estimation, in
which each distributed terminal holds multiple
ii.d. samples. Under certain regularity assump-
tions, we characterize the minimax optimal rates
for all regimes, and identify phase transitions of
the optimal rates as the samples per terminal vary
from sparse to dense. This fully solves the prob-
lem left open by previous works, whose scopes
are limited to regimes with either dense sam-
ples or a single sample per terminal. To achieve
the optimal rates, we design a layered estima-
tion protocol by exploiting protocols for the para-
metric density estimation problem. We show
the optimality of the protocol using information-
theoretic methods and strong data processing in-
equalities, and incorporating the classic balls and
bins model. The optimal rates are immediate for
various special cases such as density estimation,
Gaussian, binary, Poisson and heteroskedastic re-
gression models.

1. Introduction

Distributed nonparametric estimation problems have at-
tracted wide attention, and related theoretical studies can
shed light on the understanding of modern applications
such as federated learning (McMabhan et al., 2017; Li et al.,
2020; P. Kairouz, et al., 2021). In this setting, multiple
distributed terminals cooperate to estimate a nonparamet-
ric function, while each of them can only observe part of
samples and use limited number of bits to describe the ob-
servation. The limitation of communication resources of-
ten leads to an increase in estimation error compared with
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the classic centralized settings where all the samples are
accessed directly.

In this work, we investigate the nonparametric function es-
timation problem, where each of the m terminals observes
n i.i.d. samples and has a communication budget of [ bits.
We consider all parameter regimes from sparse to dense
samples per terminal, i.e., there is no restriction on the rel-
ative value of n compared to m. Inspired by (Zaman & Sz-
abd, 2022), a unified nonparametric estimation model de-
scribing many ways of sample generation is adopted in this
work, so that many specific settings are subsumed.

1.1. Our Contributions

The main contribution of this work is that we obtain the
minimax optimal rates (up to logarithmic factors) for the
aforementioned estimation problem, under a few regular-
ity assumptions. The assumptions are satisfied in sev-
eral key estimation settings, including density estimation,
Gaussian, binary, Poisson and heteroskedastic regression
models. Hence, the optimal rates for these models follow
directly as corollaries of the main results.

Previous works focused on either the case m < n?,y < 2r
(r is the Sobolev regularity parameter) with dense sam-
ples (Szab6 & van Zanten, 2020; Zaman & Szabd, 2022)
or the specific density estimation problem with extremely
sparse n = 1 sample (Barnes et al., 2020; Acharya et al.,
2024). We fully solve the problem by characterizing the
optimal rates for all regimes from sparse to dense samples
per terminal classified by the relative size of n and m. As
aresult, We see that the dependence of the optimal rates on
the communication budget [ can be qualitatively different
for sparse and dense settings, where phase transitions are
clearly characterized.

To establish our results, we need to prove both the up-
per and lower bounds for the minimax rate. For the up-
per bound, we design a two-layer estimation protocol. The
outer layer transforms the original problem into a paramet-
ric density estimation problem, and the inner layer solves it
by exploiting the protocol developed in (Yuan et al., 2024).
The design of the outer layer employs wavelet-based es-
timator with sparsity properties, incorporating appropriate
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truncation and quantization. Moreover, parameters link-
ing two layers are tuned carefully to achieve optimality.
For the lower bound, we take advantage of information-
theoretic methods (Barnes et al., 2020; Acharya et al.,
2022; 2023). We prove and apply a generalized tensoriza-
tion of the strong data processing inequality, in which the
key step is to bound the strong data processing constant.
To establish this bound, we interpret the likelihood ratio by
drawing connections to the classic balls and bins model.

1.2. Comparisons with Related Works

As a theoretical framework for federated learning, dis-
tributed nonparametric estimation problems under commu-
nication constraints received wide attention (Zhu & Laf-
ferty, 2018; Barnes et al., 2020; Szab6 & van Zanten, 2020;
2022; Cai & Wei, 2022; Zaman & Szabd, 2022; Acharya
et al., 2024), as well as related problems under differen-
tial privacy constraints (Butucea et al., 2020; Kroll, 2021;
Sart, 2023; Lalanne et al., 2023; Cai et al., 2024). For the
problems under communication constraints, optimal rates
for certain special cases are obtained such as the nonpara-
metric density estimation (Barnes et al., 2020; Acharya
et al., 2024), nonparametric Gaussian regression (Szabd &
van Zanten, 2020), Gaussian sequence model with white
noise (Zhu & Lafferty, 2018; Szab6é & van Zanten, 2022;
Cai & Wei, 2022) and two-party joint distribution estima-
tion (Liu, 2022; 2023). In (Zaman & Szabd, 2022), a gen-
eral framework was developed and optimal rates were de-
rived for several special cases under specific assumptions.

In the setting where each terminal has n i.i.d. samples, pre-
vious works focused on either the regime m < n”,vy < 2r
(r is the Sobolev regularity parameter) with dense sam-
ples (Szab6é & van Zanten, 2020; Zaman & Szabd, 2022)
or the density estimation problem with extremely sparse
n = 1 sample (Barnes et al., 2020; Acharya et al., 2024).
However, the problem for other choices of n is more dif-
ficult, since the methods in (Barnes et al., 2020; Acharya
et al., 2024; Szabé & van Zanten, 2020; Zaman & Szabd,
2022) cannot be applied without substantial development.

In the current work we set no restrictions on the rela-
tive size of n and m and obtain the optimal rates for all
regimes, which fully solves the problem. To handle this
general case, our framework imposes assumptions which
are strengthened slightly from that in (Zaman & Szabé,
2022). All the special cases therein are still subsumed in
our setting. Moreover, different from (Zaman & Szabé,
2022), our assumptions are imposed on single random vari-
ables, making them easier to verify.

Specialized to regression problems like the nonparametric
Gaussian regression, our problem leads to a setting with
random design where the explanatory variable is randomly
generated. The resulting problem is substantially different
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Figure 1. Distributed interactive nonparametric estimation

and more difficult than the Gaussian sequence model stud-
ied by (Zhu & Lafferty, 2018; Szab6 & van Zanten, 2022;
Cai & Wei, 2022), and merits separate investigation. The
difference is reflected in the optimal rates, which depend
exponentially in [ for some regimes of our problem, but al-
ways polynomially for the Gaussian sequence model.

Moreover, it is interesting to see the similarities in the
phase transitions of the optimal rates between the nonpara-
metric estimation problem considered in this work and the
parametric distribution estimation problem (Acharya et al.,
2020; 2021; Yuan et al., 2024). The inherent connections
are partially revealed in this work.

1.3. Problem Formulation

We denote a discrete random variable by a capital letter
and use the superscript n to denote an n-sequence, e.g.,
X™ = (X;),. For any positive functions a(m,n,l,r)
and b(m, n,l,r), wesay a < bif a < ¢-b for some constant
¢ > 0 independent of parameters (m, n,[). The notation >
is defined similarly. Then we denote by a < bif botha < b
and a > b hold.

Let p; be an unknown distribution (assume p is the pmf or
pdf) parameterized by a function f belonging to a subset F
of the standard Sobolev ball H"([0,1],L), 7 > 1, L > 0.
See Section 3 for a brief introduction of Sobolev spaces
and wavelets. Assume that samples are generated at ran-
dom according to py. To be precise, let X;; ~ py(z),i =
1,2,--- ,m,j=1,2,--- ,nbei.i.d. random variables dis-
tributed over X. Denote the total sample size by N = mn.

Consider the distributed nonparametric minimax estima-
tion problem with communication constraints depicted in
Figure 1. Assume there are m encoders. For i = 1,...,m,
the i-th encoder observes the source message X' =
(Xij)}j—1 and the first i—1 coded messages (B ). Then
the coded binary message B; of length [ is transmitted to
the decoder and the remaining m — ¢ encoders. Upon re-
ceiving messages B = (B;),, the decoder needs to es-
tablish a reconstruction f € H7([0,1], L) of f. We assume
that [ > 4 in this work, which is reasonable for most cases.

An (m,n,l) sequentially interactive protocol P is defined
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by a series of random encoding functions
Enc; : X" x {0,1}0°V8 5 (0,1} Vi =1, ..., m,
and a random decoding function
Dec : {0,1}™ — H"([0,1], L).

Then we have B; = Enc; (X", By.;—1) and the reconstruc-
tion of the function is fp = Dec(B1, Ba, ..., Bi).

Define the minimax convergence rate as

: ; 2
R(m,n,l,r) = inf sup B[l f» — fll2]. (1)
(m, n, )-protocol P e F
The parameter L is omitted in (1), since we assume that
L is a constant and are only interested in the order of the
convergence rate R in this work.

2. Main Results

For the case | = oo, i.e. there are no communication con-
straints, it is well known that (cf. Section 6.3.3 in (Giné &
Nickl, 2015) and Section 15.3 in (Wainwright, 2019))

R(m,n,oc0,r) < N™=5

for specific settings like density estimation and Gaussian
regression. Recall that N = mmn is the total sample size.

To see the effect of communication constraints, first define
the effective sample size N,y as

{ [(2lmn)§:7j;é /\lm} v [(lm)%'|r1 /\(lmn)%} } A mn.

2)
It is easy to see that for [ = oo, we have N g3 = mn.
Further denote by Poly(log N) a polynomial of log N. In
the following, we show that the optimal rate for the prob-
lem in Section 1.3 with total sample size mn is roughly
the same as that for the problem without communication
constraints with total sample size N.44, wWhich is the main
theorem of this work.

Theorem 2.1. Under Assumptions 4.1, 5.1 and 5.2, we
have R(m,n,l,r) = (Ness)_#jrl/Poly(logN) and
R(m,n,1,7) < (Ness) 771 Poly(log N).

Theorem 2.1 shows that the minimax optimal rate
R(m,n,l,r) is approximately (Ness)_#l1 under a few
necessary assumptions 4.1, 5.1 and 5.2 on the sample dis-
tribution py. Details of assumptions are omitted here and
will be formulated in Sections 4 and 5. Assumption 4.1 is
for the upper bound, which requires the existence of good
estimators for f based on each sample X ~ p;. The re-
maining assumptions 5.1 and 5.2 are for the lower bound,
which reveals the difficulty of estimating f based on sam-
ples generated from ps. These assumptions are reasonable,
and can be verified for many common examples such as
those presented in Section 2.3.

Proof of Theorem 2.1. We collect different cases in (2)
based on the exact formula of N.s. Logarithmic factors in
some boundaries that do not affect the conclusion in Theo-
rem 2.1 are omitted. The proof of both lower and the upper
bounds needs to handle all the following cases respectively.

I. Ness = (21mn)% form > n¥tand1 <[ <

57 log 7% In this case n?™ ! < Nego < m.
2. News = Im form > n?" and 51 log 32 V L2
[ < n. In this case Nogs > n2" Tt v m.

<

m

1
3. Ness = (Im)**l forn > m»land 1 <1 < 222
In this case Negs < n.

4. Ness = (lmn) 2r+2 for m < n2r+1 and % V1 S

2041 1 .
[ < 2— A(mn)= . Inthis case n < Negg < n?" 1

5. Ness =mnforl >nA (mn)T{H

We formulate the assumptions and give the detailed proof
for upper and lower bounds in Sections 4 and 5 respec-
tively. Combining the results of Theorems 4.2 and 5.3 di-
rectly implies Theorem 2.1. O

2.1. Phase Transitions from Spase to Dense Samples
per Terminal

Within a logarithmic gap, the optimal rate R(m,n,l,r) is
fully characterized by N.ss, which can be written in the
following equivalent form.

2rf1 .
(2bmn) 22 A lm A mn, if m > n?
2r+1
[(lmn) R lm] Amn,
ifn? <m<n?>andn < mzrﬂ,

Ness =

2r+1 .
(Imn)2+2 Amn, if m < n?" andn < m?> 1,

(Im)?™ 1 A (lmn)% A mn,

27“+1.
3)

First, we see that the dependence of R(m,n,l,r) on the
communication budget [ is different for sparse and dense
regimes. For the sparsest regime, ie. m > n?"ti
R(m,n,l,r) first decays exponentially as [ increases, and
then the rate slows to a polynomial order. For other
regimes, R(m,n,l, r) always depends polynomially on [.

ifm <n® andn >m

Second, in order for the distributed system to achieve
roughly the same performance as the centralized one, the
minimum communication budget should be n for m > n?"
and (mn) =T form < n2".
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2.2. Comparisons with Related Previous Works

Remark 2.2. The work (Zaman & Szabé, 2022; Szabd &
van Zanten, 2020) only considered the case m < n” for
~v < 2r with an extra assumption N5 > n. Itis a special
case of the last two cases in (3) by imposing that N s > n.

In this case, Ness = (Imn) 572 Amn and Theorem 2.1 re-
covers the main results Theorems 1-2 of (Zaman & Szabd,
2022) under similar assumptions. Furthermore, our results
extend those in (Zaman & Szabd, 2022) in two directions.
First, we give the optimal rates for regimes m < n?", re-
vealing more complicated but interesting structures of the
problem. Second, we do not require N.ss > n. Although
restricting the scope to N5 > n suffices in certain situa-
tions, it is generally impractical in most others. Moreover,
investigating the problem without the restriction can give
more insights from a theoretical view.

Remark 2.3. The work (Acharya et al., 2024) considered
the density estimation problem with extremely sparse sam-
ples (i.e. n = 1), the L® norm and the Besov space
B(p,q,r). By letting p = ¢ = s = 2, the Besov space re-
duces to the Sobolev space H" ([0, 1], L) and the L® norm
becomes the L? norm. In this way, their problem reduces
to the special case of Example 2.6 with n = 1, in which
their conclusion coincides with the first case in (3), that is
Ness = (2'm) 57 Am. Ttis an interesting direction to gen-
eralize our results to the Besov space and L° norm, though
it is not the main goal of this work due to space limitation.

Remark 2.4. We find the exponential dependence of
R(m,n,l,r) in [ for m > n?*! and 1 < | <
2T1+1 log —. Itis different from the Gaussian sequence
model considered in (Zhu & Lafferty, 2018; Szabd & van
Zanten, 2022; Cai & Wei, 2022) where R(m,n,l,r) de-
pends on [ only polynomially, although there are phase
transitions in the polynomial order. This difference in min-
imax optimal rates is because the ways of generating sam-
ples are different, between the Gaussian sequence model
in (Zhu & Lafferty, 2018; Szab6 & van Zanten, 2022; Cai &
Wei, 2022) and the random design problem in Section 1.3.
For the former, the noisy versions of all the Fourier coef-
ficients are known, instead of the random samples them-
selves for the latter.

Remark 2.5. In (Acharya et al., 2021) and (Yuan et al.,
2024), the parametric distribution estimation problem was
considered. The optimal rates were shown to be expo-
nential in [ for some regimes, while polynomial for other
regimes, which is similar to the phenomena revealed in this
work. Deeper connections of these two problems are found
and discussed in Remark 4.5.

2.3. Examples

In this subsection, consider several important estimation
settings such as density estimation, Gaussian, binary, Pois-

son and heteroskedastic regression models. By directly ver-
ifying Assumption 4.1, 5.1 and 5.2 and specializing Theo-
rem 2.1, the minimax optimal rates for all these settings are
obtained in a unified manner.

2.3.1. NONPARAMETRIC DENSITY ESTIMATION

Example 2.6 (Density Estimation). Each of m distributed
terminals observes n i.i.d. random samples X", and each
sample X;; is generated from a density function f €
H"([0,1],L). We want to estimate f at the decoder side.
The problem is a special case of the framework in Sec-
tion 1.3 by letting

pi(x) = f(z),z €0, 1]. )

The optimal rate for the above density estimation problem
is shown as follows and proved in Appendix D.1.

Corollary 2.7. For the nonparametric denszty estimation
problem, we have R(m,n,l,r) =< NES?“Poly(log N)
and R(m,n,1,1) > (Ness)™ e /Poly(log N).

2.3.2. NONPARAMETRIC REGRESSION PROBLEMS

Consider nonparametric regression problems in the dis-
tributed setting. Each of m distributed terminals observes
n iid. pairs of random variables (73, Yi;)’—;, and each
pair (T;;,Y;;) is sampled under random design, where we
assume that the explanatory variable T;; ~ Unif([0, 1])
and the response Y;; follows some distribution parameter-
ized by f(7;;). We want to estimate f at the central de-
coder. Next we specify the conditional distribution Y;;|T;;
and consider the resulting regression problems.

Example 2.8 (Nonparametric Gaussian Regression). Let
Yi;|T;; ~ N(f(Ti;),1), and then the model is a special
case of that in Section 1.3 by letting

1 _w-ren?
e 2
V2T

Example 2.9 (Nonparametric Binary Regression (Classifi-
cation)). Let f(t) € [0,1] for any ¢ € [0,1] and Y;;|T;; ~
Bern(f(Ti;)). Then the model is a special case of that
in Section 1.3 by letting

,x = (t,y) €10,1] xR. (5)

pr(t,y) =

— f(t)Ly=o,
1] x {0,1}.
Example 2.10 (Nonparametric Poisson Regression). Let
f(t) > 0foranyt € [0,1] and Y;;|T;; ~ Poisson(f(T;;)).
Then the model is a special case of that in Section 1.3 by
letting

pf(tay):ft]l

(t)Ly=1+ (1
z:(t y) €0, ©

—ry (F(@)Y
yt

r=(ty) €0, xN. (@

pr(t,y) =e
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Example 2.11 (Nonparametric Heteroskedastic Regres-
sion). Let f(¢) > 0 for any ¢t € [0,1] and Y;;|T;; ~
N(0, f(T;5)). Then the model is a special case of that
in Section 1.3 by letting

2

pr(t,y) = e,z = (t,y) €[0,1] x R. (8)

b
2m f(t)

For each of the above regression problems, the optimal rate
is shown as follows and proved in Appendix D.2.

Corollary 2.12. For the nonparametric Gaussion, binary,
Poisson and heteroskedastic regression problems, we have

R(m,n,l,r) = Ne_sf.rﬁPoly(log N) and R(m,n,l,r) =
(Ness) 751 /Poly(log N).

3. Preliminary Results on Sobolev Spaces and
Wavelets

We want to find good approximation formulas for the
Sobolev space H" ([0, 1], L), , L > 0 in order to simplify
the L? estimation problem in the space. It turns out that
the wavelet construction is suitable, since it induces sparse
representations of randomly generated data, which is fully
exploited in the proof of the upper bound.

We follow the construction by (Daubechies, 1992), for
more details see (Giné & Nickl, 2015; Simon, 1990). Start
with two continuous father and mother wavelet functions
¢, 1 with S vanishing moments and bounded support on
[0,25 — 1] and [—S + 1, 5] respectively, where S > 7.
By linear scaling of ¢ and ) and correcting them near the
boundary, an orthonormal basis for L2[0, 1] is obtained.

We can construct an approximation f# € H7"([0,1], L) to
f in the L? norm with resolution H € N by

2H
=" fusdus, 9)
s=1

where {¢Hs}§i1 is an orthonormal system and fg, =
(f, dHs). Furthermore, for any function f in the smaller
space H"([0,1], L) C L?[0, 1], useful properties of the ap-
proximation f are summarized in the following lemma.
See Section 4.3 in (Giné & Nickl, 2015) and Corollary 26
in (Simon, 1990) for the proof.

Lemma 3.1. Let f € H"([0,1], L) Then the approxima-
tion fH by (9) satisfies the following.

L | ¢uslleo <27, forany s =1,...,2H.

2. Let Ngs = {s' : [32;1, s3] Nsupp(Pprs) # (A} for
s=1,...2". Then [Nys| < 25 + 2.

3. The L? convergence rate satisfies

If— 75 =272 (10)

4. Ifr > 1, then H"([0,1],L) C L*([0
some L'(L,r) > 0, where L*°([0,1],L’

L([0,1]) = I fllp~ < L'}

?1]7L/) fOr
) ={f €

4. Upper Bounds

The wavelet-based approximation formula (9) in Section 3
is useful for estimating the function f. Throughout this
section, let K = 2% to simplify the notations. In order
to exploit (9), we make the following assumption regard-
ing the existence of a good sample-wise estimator of each
wavelet coefficient fr,.

Assumption 4.1. Assume X = (7,Y), where T' € [0, 1]
and Y € Y. Forany H € Nand s = 1,..., K, there
exists an estimator fr(X) = h(Y)pus(T) of fr, that
is unbiased (E[ st (X)] = fus) and sub-exponential with
parameters (v/c1 K, coVEK).

The definitions and related properties of sub-exponential
random variables can be found in Appendix A.1. In many
estimation problems, such as the density estimation and re-
gression problems in Section 2.3, the construction of the
estimator fHS(X ) in Assumption 4.1 is easily seen.

Then we can obtain the upper bound in the following theo-
rem, which is the main goal of this section. The theorem is
proved by the estimation protocol and its error analysis in
the following two subsections respectively.

Theorem 4.2. Under Assumption 4.1, we have

R(m,n,l,r) < (Ness)_%Poly(log N).

4.1. The Layered Estimation Protocol

It suffices tolet! < nA(mn) 771, otherwise we can simply
discard the additional bits. That is, we consider Cases 1-4
in the proof of Theorem 2.1.

The main characteristic of our protocol is that it consists of
two layers. The outer layer converts the original nonpara-
metric distributed estimation problem into a distribution es-
timation problem. The inner layer estimates the parametric
distribution. This can be achieved by invoking the proto-
col in Lemma A.2 for the distribution estimation problem.
The resolution parameter H of the wavelet approximation
is carefully determined, so that the error induced by inner
and outer layers is balanced.

Preparation: Choose the resolution parameters (H, K =
2H) based on the parameters (m,n,[,r), where H is the
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smallest integer such that

(21mn)ﬁ, for Case 1,
(Im)2r+1 for Case 2,
l
225+ K > *27 for Case 3, (11)
2000log? N
1
l 72
%, for Case 4.
2000logZ N

Let Ko = 3K 3 log N, where cs is much larger than cy
(e.g. c3 > 400(r 4 1)ca, cf. Assumption 4.1). Define the
truncation function

Truncg, (w) = (w A Kp) V (= Kp). (12)

The truncation function and the sample-wise estimation
function f ¢ are known to all the encoders and the decoder.

Quantization: For ¢ = 1,...,m, upon observing X" =
(Tij,Yij)?:p the i-th encoder first computes S;; =
|KTi;] and determines Npyg,, based on S;;. Then

for each j = 1,...,n and s € J\/Hsij, the encoder
computes frrs(Xij), frs(Xij) = Truncr, (fus(Xi)),
and Qus(X;;) = %KJOHK" It is easily seen that
Qus(Xij) € [0,1]. Then it generates an ii.d. random
bit sequence (Vi;(s))senvys,, of length \WNus,, | =25+2,
and each bit follows the distribution Bern(Q zs(X;;)). The
sequence V;; is the quantization of (fHS(Xij))SENHSij .

Next, the i-th encoder computes W;; = (5;;,Vi;) €
{1,..., K} x {0,1}2%2. Denote the alphabet of W;; by
W ={1,... K} x {0,1}25%2, then |W| = 22+2 K. Note
that (Wi;)ic[1:m],je[1:n] are i.i.d. random variables, and we
denote the distribution of each W;; by pw (w). The i-th
encoder holds 7 i.i.d. samples W* = (W;;)7_,.

Estimation of the Parametric Distribution py: The
encoders send messages to the decoder for estimation
of the parametric distribution py following the protocol
ASR(m,n,l,|W]) introduced in Lemma A.2 and (Yuan
etal., 2024). Let the estimate of the distribution be py (w).

Decoding and Reconstruction: Based on the estimate of
the parametric distribution of W;;, the decoder reconstructs
an estimate f7 of f as follows.

For any s,s’ = 1, ..., H, the decoder computes

. 1.
-, 2KO Z pW(s/a U) - §pW(8/) 3
(s") — viv(s)=1 (13)
if s € Ny,
Oa if S ¢ NHS’-

Then it computes
fue=Y_ 1. (14)

and finally the estimate

K
1= fusdn.. (15)
s=1

Remark 4.3. The idea of estimating sparse wavelet co-
efficients through estimating a parametric distribution in
nonparametric estimation problem is inspired by (Acharya
et al., 2024), while only the density estimation problem
with n = 1 was considered therein. The general estimation
problem defined in Section 1.3 with n > 1 is substantially
more difficult and require much more effort. There are two
major differences.

First, the estimator f 11s(X) is bounded for the density es-
timation problem. However, this is not the case for regres-
sion problems and the general estimation problem in Sec-
tion 1.3. To overcome the difficulty, we truncate fz,(X)
in the protocol and show the resulting error is negligible,
under a sub-exponential condition of f(X) satisfied by
most common problems.

Second, for the estimation of the parametric distribu-
tion, the work (Acharya et al., 2024) takes advantage of
the simulate-and-infer protocol in (Acharya et al., 2020),
which is optimal for n = 1 but not for n > 1. Unlike the
special case n = 1, we can see from (Yuan et al., 2024)
that the optimal protocols for the distribution estimation
problem in Lemma A.2 with n > 1 vary across different
parameter regimes. Hence there are many possible choices
of the parameter K and the protocol in the outer and inner
layers respectively, and finding the optimal one can be ob-
scure. The main work in this section is to determine the
optimal parameter and protocol for cases 1-4 in the proof
of Theorem 2.1, so that the optimal rate is always achieved.

4.2. Error Analysis

The following lemma describes the overall error bound in
terms of the inner layer error. See Appendix B.1 for the
proof.

Lemma 4.4. For the estimate f obtained by the protocol
in Section 4.1,

E[| % — f]13] = K~% + Klog® NE [||pw — pw]|3] -
(16)

Next we bound the inner layer error for cases 1-4
by Lemma A.2 and (11). Then the overall error bounds
are evaluated accordingly. We present the sketch here, and
detailed verification can be found in Appendix B.2.
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For Case 1, the condition of 3) in Lemma A.2 is satisfied
S
and we have E[||pw — pw ||3] =< 92542 f¢

o . Then
E[|lf7 = fII5] = (2'mn

)~ 7 log? N.

For Case 2, the condition of 2) in Lemma A.2 is satisfied
5 o1 L log(EE 41 g
and Eflpw — pwll3] = ——i—— V 5.;- Then

E[IF" = fII3] = (tm) =77 log” N.

For Case 3, the condition of 1) or 1’) in Lemma A.2 is
25+2

satisfied and roughly E[||pw — pw 2] = 22K v L

Then

mnl mn’

E[|F7 = £13] < (Im) ™ log™" N.

For Case 4, the condition of 1) in Lemma A.2 is satisfied,
2542

and we have E[||pw — pw [2] = =K v L Then

mnl mn

(Imn)~ 71 log*" ™2 N.

E[If* - flI3] <

Combining all cases completes the proof of Theorem 4.2.

Remark 4.5. From the construction of the protocol and its
error analysis, we find a clear correspondence between the
distribution estimation problem in Appendix A.3 and the
nonparametric estimation problem considered in this work
(cf. Section 1.3). With the help of the outer layer in our
protocol, the protocol for the parametric distribution esti-
mation can be used as an “oracle” prepared for the inner
layer. The optimal rate for each case of the nonparamtric
problem is implicitly achieved by a protocol for the distri-
bution estimation problem.

From a high level, we can imagine a “homomorphism”
from the distribution estimation problem to the nonpara-
metric estimation problem, and each case of the former is
mapped to one case of the latter. We hope this observation
can give more insights to investigate various distributed sta-
tistical problems as a whole.

5. Lower Bounds

In this section, we establish the lower bounds and show the
optimality of the estimation protocol.

Recall the wavelet construction in Section 3 and let
Uns(t) = 222" — s) for h € Nand s € Z.
By the construction of v in (Daubechies, 1992) we have
lnsll3 = 1. Let ho = [logy(2S + 2)] and b > hy.
Fors =1,--- ,Qh*ho, there exists s’ € Z such that the

support of ¥y,_p, s is contained in [22%,10, ﬁ] Let
h—hg

2
h—h h—h .
2" " = 4by_p, .« for such s’. Then {wQ O} isa

s=1

subset of {ty,_p, s } s’z such that the support of 1/}2

is contained in [2,L =5, 5 |-

Let k = 2/~ {y)F1F_ be a subset of {wh ho.s' }s'€Zs
where the support of wf is contained in [ k , ] discussed
above. To construct multiple hypotheses that are useful for
the proof, consider a finite sieve F (k, Cp, €) defined as

k
{fzk : fzk = CO + ekj_(r—i_%) Zzswgazk S {_1, 1}k}

s=1 (17)
The constant Cjy depends on the problem. Specifically, it is
1 for the density estimation problem, O for Gaussian re-
gression, % for classification and a positive real number
for Poisson and heteroskedastic regression in Section 2.3.
Let € € (0, 1) be small enough such that, i) F(k, Cp,€) C
H'([0,1], L); i) if Co > 0, then f, (t) € [S, 352], vt €
[0, 1]. This can be achieved since we have ||1/)§||Hr =< 2hr
and ||1* || < 2%. To simplify the notation, let p,x = p o
for any function f,» € F(k,Cy,€) and correspondingly,
P =Pxnopn, and E.x = Exnp» , where the meaning
will be clear in the context. ’

Then we make a few assumptions on the sample distribu-
tion p,x, which are essential to prove the lower bounds.

Assumption 5.1. Assume that X = (1Y), where T €
[0,1] and Y/ € Y. For any 2P e {£1}Fand s = 1,...,k,
par(w €[5, k] xY) = 1 and the conditional dlstrlbutlon
por(x|z € [ ., 2] x ) only depends on z,. Specifically,
the distribution p,» admits a decomposition

1
D2k ([IJ) = Eps,zs (x) (18)

for any z = (t,y) with t € [*F,

71, where p, . (x) is

a distribution on [#1,£] x Y for any s = 1,...,k and
zg = £1.

Assumption 5.2. Let the sample-wise log-likelihood ratio
be (@)
Ds,—z,\T

L R e 19

o (=) o8 < Ps,z, (CE) > (19

for any z = (t,y) with t € [=1, 5], s = 1,..,k

and z; = £1. We assume that for X ~ p, ., L, . (X)

=

is sub-exponential with parameters (v = /C; - k=27,
Cok™") and |E[L, .. (X)]| < C5 - k2",

Then we have the main theorem of this section, focusing
on the lower bound. It is proved in the rest of this section.

Theorem 5.3. Under Assumptions 5.1 and 5.2, we have
2r

R(m,n,l,1) = (Ness - Poly(log N)) ™ 2r+1,

5.1. Information-Theoretic Lower Bounding Methods

We define a prior distribution on H"([0,1], L) to be the
uniform distribution on the sieve F(k, Cy,¢). Let ZF =
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{Z,}F_, be a sequence of i.i.d. Rademacher random vari-
ables with mean 0. Then under the prior distribution, the
function and the sample distribution are f = f;+ and
Dy = Dgzr, respectively. Then we have the following
lemma proved in Appendix C.1.

Lemma 5.4. If% 25:1 I1(Zs; B™) < %for some k € N,
then R(m,n,l,r) = k=2".

With the help of Lemma 5.4, the proof of Theorem 5.3 is
reduced to choosing suitable k£ and showing the informa-
tion inequality ¢ Z 1 1(Zs; B™) < 5, and then we ob-
tain that R(m,n,l,r) t k=2 Methods to prove the in-
equality are different for Cases 1-5. The bounds for Case 5
and Case 3 are easy and shown in Appendices C.2 and C.3.
The proof for the other three cases need much more efforts,
which is the goal of the remaining parts of this section.

5.2. Proof for the Remaining Cases

First we define the terminal-wise likelihood ratio to be

A pgk@es (xn)

where 2 © 2% = (24 2L)F_ and eg = ((—1)Le=<)k, _ .
It plays a central role in the rest of the proof, since two
of its properties lead to different kinds of bounds for
3 Zle 1(Zs; B™). The following two lemmas describe
the bounds respectively, whose detailed proof can be found
in Appendix C.4.

Lemma 5.5. IfE_.[(L, .«(X™) — 1)?] < o for any s =

wkand 2% € {—1,1}*, then we have

ACS’Zk (33") 5 (20)

2lmoz2

k
m . 21
2:3 (25 B™) < = (21)

Lemma 5.6. If there exists a Boolean function E(x
that

)P [E(X™) =0] <0y < 3 forany zF € {—1,1}%;

i) |Lg r(x™)=1| < dp forany 2% € {—=1,1}F, s =1,..., k
and x™ with E(2™) = 1.

Then we have

?r\'—‘

™) such

k
1 m 1
EX;HZS;B ) < m((log2)67 +61) +

8ml (6% + 63)
3 .
(22)
Remark 5.7. The idea behind Lemma 5.6 and its proof is
similar to Theorem 2 in (Acharya et al., 2023), that is to
obtain a tight strong data processing constant. The major
improvements of Lemma 5.6 is that it admits an irregular
event {E(X™) = 0} with small probability, while such
an event is not included in Theorem 2 in (Acharya et al.,
2023). This makes Lemma 5.6 more flexible to use espe-
cially for various regression problems (e.g. the nonpara-
metric Gaussian regression problem in Example 2.8), since

in these problems sub-Gaussian or boundedness condition
of the terminal-wise likelihood ratio £ ,»(X™) is not sat-
isfied. To overcome the difficulty, we establish the bound
of L ,x(X™) on the regular event { E£(X™) = 1} and then
argue that the effect of the irregular event {E(X") = 1}
with small probability is limited in Lemma 5.5.

Remark 5.8. In the work (Cai & Wei, 2022), similar bound
(18) therein for information measures is simpler and makes
further analysis easier. However, the proof there depends
heavily on the symmetry of the Gaussian random variable,
which clearly does not hold for the general estimation prob-
lems in this work. Hence we have to handle the small error
probability more carefully. This also explains the reason
that the work (Cai & Wei, 2022) obtains a tight bound for
the Gaussian sequence model, but it is much harder to elim-
inate the polynomial factor of log IV for the problem here.

Then we specialize Lemmas 5.5 and 5.6 to Cases 1, 2 and
4 and derive the corresponding bounds. The goal is to
bound L, . (X™) — 1 itself or its second moment. To
achieve the goal, the underlying intuition is described as
follows. By Assumption 5.1, the terminal-wise likelihood
ratio £ .« (z") is related to the sample-wise one in (19) by

L@ = [ ep@ez(z)), (23)
]tje[kﬂz]

Hence £, .« (X™) is a product of many independent factors
exp(Ls ., (X)), if (T3)}_, is given and X; = (T;,Y;). By
Assumption 5.2, each of these factors has a small ampli-
tude. If the number of these factors is bounded, then both
L, .x+(X™) — 1 and its second moment can be bounded.
The number has a clear meaning by Assumption 5.1. It
is the number of balls in the s-th bin (denoted by V) in
the classic balls and bins model where n balls are thrown
into k bins at random (see Appendix A.4 for details). By
bounding V, the goal can be achieved and the whole proof
is completed. We sketch the proof for each case in the fol-
lowing, and details can be found in Appendices C.5, C.6
and C.7 respectively.

5.2.1. PROOF FOR CASE 1

The goal is to show R(m,n,l,r) > (2'mn)” 71 for
Case 1. Note that the expectation of each exp(2L, ., (X))
is roughly exp(2v?) ~ 1 + 2v2 by Assumption 5.2 and
the number Vs is 7 on average. Then by (23), for k =<
(mn2) 77, we can show that

E[(Ly 0 (X™) = 1)2 = O (%zﬂ) .

Hence Lemma 5.5 implies that

m 2'mn
kZI ZiB™) =0 <k2r+2)

Finally, by Lemma 5.4 we complete the proof.
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5.2.2. PROOF FOR CASE 2

We need to show R(m,n,l,7) = (Imlog> m)ffi1 for
Case 2. With the choice k = (ml log? m)271+1 , we want to
obtain a bound for £, .« (X™) — 1 with a large probability.
Instead, we turn to bound log £; .« (X™). By Lemma A.3,
we obtain a uniform bound for all these numbers V5,

max V; <logm
1<s<k

with probability 1 — m~1%°, Based on this event, by (23)
and Assumption 5.2 we can further show that

[log £, .+(X™)| = Blogm

with probability 1 — m =%, Thus we can choose §; =
O(m~1%9) and 6, = O(Blogm) in Lemma 5.6, which im-

plies that

x| =

b mllog®m
s=1
Finally, by Lemma 5.4 we complete the proof.

5.2.3. PROOF FOR CASE 4

We need to show R(m, n,l,7) = (Imn)~ 71 log~?"+3) p

for Case 4. With the choice k& =< (mnl)TlJr2 loggiiﬁ n,
we aim at bounding log £ .~ (X™) similar to the previous
case. By Lemma A.3, we have

with probability 1 — n~1%°, Based on this event, by (23)
and Assumption 5.2 we can further show that

21 log?
[log £, (X™)] = =2

with probability 1 — =19, Thus we can choose §; =

O(n=1900+1)) and 6, = O <W) in Lemma 5.6,

which implies that

b mnllog* n
s=1

Finally, by Lemma 5.4 we complete the proof.

T =

6. Conclusion and Discussions

In this work, we considered the distributed nonparametric
function estimation problems under communication con-
straints. Specifically, we quantitatively characterized the

optimal rates as the number of samples per terminal varies
from sparse to dense, finding interesting phase transitions.

Our work motivates several future directions. First, our
framework focused on the estimation of functions in
Sobolev type spaces with L? norm. Considering general
Besov spaces and the L? norm may lead to further findings.
Second, the differential privacy is another important con-
sideration in distributed estimation or federated learning.
How the optimal rates depend on the sample size per ter-
minal under privacy constraints is also an interesting prob-
lem, dual to the problem under communication constraints
explored in this work. Third, in many practical settings the
Sobelov regularity parameter  may be unknown. Adaptive
estimation protocols for r has been considered for several
specific settings (e.g. (Szab6é & van Zanten, 2020; Cai &
Wei, 2022)), and may be useful for our problem. More-
over, it is interesting to develop adaptive protocols for other
parameters like (m,n), which is studied in the distributed
kernel ridge problem by (Zhang et al., 2015; Xu et al,,
2018; 2019). Finally, we remark that problems with dif-
ferent ways of sample generation may need separate study.
We concentrate on the random design setting in this work.
Our methods may be useful for the analysis of the fixed de-
sign setting (Li et al., 2024), while the optimal rates may be
different. In Remark 2.4 we compared the difference of our
problem with the Gaussian sequence model. More gener-
ally, heterogeneous or non i.i.d. data for different terminals
raise more interesting problems that have both theoretical
and practical meaning.
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A. Preliminary Definitions and Results
A.1. Sub-Gaussian and Sub-Exponential Random Variables

We give definitions and properties of sub-Gaussian and sub-exponential random variables that are useful for this work.
More details can be found in (Wainwright, 2019).

A random variable X with mean p = E[X] is sub-exponential with parameters (v, 3) if

222 1
2 VA < 5

]E[e’\(X‘“)] <e

Note that a sub-exponemtial random has finite moments of any order.

A random variable X is sub-Gaussian with parameter o if it is subexponential with parameter (o, 0), where % is interpreted
as 0o. Then a random vector X™ is called sub-Gaussian with parameter o if for any unit vector v", 22‘;1 v; X is sub-
Gaussian with parameter o.

If X € [a,b], then it is sub-Gaussian with parameter b_T“ See the discussion after Proposition 2.5 in (Wainwright, 2019)
for the proof. Let X™ be a random vector, if X; for j = 1,...,n are independent and each X is a sub-Gaussian random
variable with parameter o, then it is easy to verify that X™ is a sub-Gaussian random vector with parameter o.

Let X;, j = 1,...,n be i.i.d. random variables and X is sub-exponential with parameters (v;,b;). Then we can verify

J=1"3"3
the tail bound for a sub-exponential random variable, which is by Proposition 2.9 in (Wainwright, 2019).

that 37 a;X; is sub-exponential with parameters (/> "_; a5V}, maxi<;<n b;). The following lemma characterizes

Lemma A.1. Let X be a sub-exponential random variable with mean p and parameters (v, 3). Then

12 V2
2exp| —=—= ), 0<t< —,
202 B
PIX — p| > 1] < t e 24)
2exp (—), t> —.
2 B
A.2. Preliminaries on divergences between distributions
Let p1 (u) and pa(u) be two distributions over U, the KL divergence is defined by
pi(U)
Dpupu:]E[log }
u(p1(u)|lp2(u) = Ep, o)
The x? divergence is defined by
Gl =5, | (2 )’
u\r1 2 D2 pQ(U) :
By the convexity of the logarithm function, it is easy to see that
Dy(p1(w)[[p2 () < X3 (p1(w)|lp2(u)). (25)

A.3. Protocols for Estimating a Parametric Distribution

Suppose that we want to estimate a parametric distribution pyy over a finite set VV with size £ = |WW|. The setting is the
same as Section 1.3, except that the task is different. To be precise, there are m encoders and the i-th encoder holds 7 i.i.d.
samples (Wij)?zl. Each encoder can send a length [ message to help the decoder establish an estimate py (w), such that
the L? loss E[|[pw — pw ||3] is minimized.

The following lemma is essential, which characterizes the optimal error rates (up to logarithmic factors, cf. (Yuan et al.,
2024)) for the above distribution estimation problem.

Lemma A.2. For the above distribution estimation problem, there exists an interactive protocol ASR(m,n, [, k) such that
Sfor any pw € Ay, the protocol outputs an estimate pyy satisfying,

12
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1) ifk <n, m(I A k) > 1000k log® N, then E[||pw — pw 3] = O (52 v 1),

mnl mn

I’) ifk <mn, 1 >lognand m| -t | >k, then E[||pw — pw||3] :O<m\/ L )

[log n| mnl mn

. 1 2 ~ 21 log(%Jrl) 1 ).
2) ifn<k<(2"—=1)-n,1>2and m(l An) > 2000nlog” N, then E[||pw — pw|3] = O | —2—V ;

ml mn

3) ifk> (2" —1)-n, 1 >4and m(l An) > 4000nlog® N, then E[||pw — pw 3] = O (5.

2lmn

The cases in 1-3) are achieved by (Yuan et al., 2024), see Theorem 1 therein for the proof. The proof of 1°) can be found
in Appendix A.3.1.

A.3.1. PROOF OF LEMMA A.2
It remains to show the case 1°).
The Estimation Protocol

Let! = I-ﬂoiTvﬂ-J Ak andm’ = LmTl/J Each encoder divides its [ bits into !’ frames, and there are [logn] bits in each
frame. Then for each w € W, each frame is sufficient for encoding the number of w among the n samples at each encoder.
We can allocate m’k frames to all the w € W, such that the frames held by the same encoder are allocated to different w,
and exactly m’ frames are allocated to each w € W.

Each encoder then encodes the number of w among its n samples to each frame, where the frame is allocated to w € W.
Then it connects all its frames and sends them to the decoder. For each w € W, the decoder computes num(w) by
summing up the number of w, where each number is encoded in one of the m’ frames allocated to w. Then it computes

pw(w) = %,S”) and outputs the estimate pyy .

Error Analysis
For each w € W it is easy to see that num(w) is the sum of m'n i.i.d. random variables, and each of them follows the

distribution Bern(py (w)). So we have E[|pyw (w) — pw (w)|?] = O(2A20Zpw )y anq B[||pyy (w) — pw (w)|3] =
O(:1-) = O(Eer v -L) completing the proof.

m’'n mnl

A.4. Analysis of the Balls and Bins Model

Suppose there are n balls and k& bins and each ball is independently put into a bin at random. Let V; be the number of balls

in the s-th bin. Then it is a sum of 7 i.i.d. Bern(%) random variables. We are interested in the maximal number of balls

over all k£ bins, namely max; <<y V5, which is related to the strong data processing constant in Section 5. We can obtain
the following inequalities characterizing cases k > n and n > k respectively.

Lemma A.3. [. Letk > nand c € N be sufficiently large, then

C
;> < —= .
P Vo2 41| < ke (<) @0

2. Letn > k and c € N be sufficiently large, then

cn cn
> — =1,... < —— .
P Lrélga%(k Vv, > - Vs =1, ,k} < k‘exp( Sk) 27

Proof. By the Chernoff’s bound, we have

?n

) Ve > 0. (28)

Then we can derive the desired inequalities as follows.

13
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Proof of Case 1: By letting ¢’ = £(1 + ¢) — 1 in (28), we have

T

o ()~ ().

By applying the union bound, we complete the proof.

Proof of Case 2: By letting ¢’ = ¢ — 1 in (28), we have

The conclusion is then implied by the union bound.

B. Error Analysis for the Protocol in Section 4
B.1. Proof of Lemma 4.4

The overall error can be bounded as follows.

E[IF7 — fI3] <2 (B[S = F713 +ElLF7 — F13])

Ell fus — fus|’] + 27207

Mwﬁ

@
I
—

[|st st|2]+K_2r7

i1 11

S

where the second inequality is because (¢Hs)f:1 is an orthonormal system and (10) in Lemma 3.1 holds, and the last

equality is by K = 2. Then it suffices to bound the first term Zle E[|fzrs — f#s|?]. By the bias-variance decomposition,

we have
K

> Ellfus = s’ <Z\fHS—E[fHS ][ +ZEUfHS—E[fHS( )HQ] (29)

It suffices to bound two terms on the right hand side of (29) respectively.
The first term in (29): Note that

e = E [Fus (0] | = [B [ (X) = Fure(20)|
<E []l|st(X)|>Ko ( st(X)’ - KO)}

:/OO]P’[\fHS(Xﬂ >K0—|—a] da
0

By Assumption 4.1, f5,(X) is sub-exponential with parameters (v/c1 K, cov/K ). Hence fr4(X) has finite second mo-
ment, i.e., for some X > 0,

E[| fas(X)[?] < %2 (30)
Note that
aK
02\/7(

Ko=c3K2logN < K2logN = K? =

14
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and by (30),

E[| fus(X)|] < VE[lfus(X)]?) < £ = O(1).

Then by Lemma A.1 we have

/OO]P’ {|fHS(X)| > Ko—i—a] da
0

> K K
§/ 2exp<— 0+a>daxK§exp<— 01>j\/KN1007
0

402K% 4o K2

where the last step is by the choice of ¢ with ¢5 > 400(r+1)c, and then Ko = ¢3K 2 log N > 100(r+1) log N-(4co K ).
Then we have

EK: ‘st —E [fHS(X)] ’2 < K3 N-1000+1) g pe—2r, 1)

s=1

since we have K < N by the choice of K in (11).

The second term in (29): Since V (s)|X ~ Bern(Qps(X)) and Qs(X) = fffs(%}gj%, then

1 1
> 2Ko| Y. pw(sv) - Fpw(s’) | = > 2K |E|ls—y | Y PV =0[X]- 3
s":8EN o viv(s)=1 s":8€EN viv(s)=1
= ) 2K (E {]15_5, (IP’[V(S) =1|X] - 1)])
2
s :SEN g o1
1
)
s":8€EN
= E ]lS:s/.st(X)
s/:sEZJ\/HS/ ( |: i|)
~E | Loentys fins(X))]
where the last equality is because fHS(X) = fHS(X) = 0 for s ¢ Nys. Then by (13) and (14), we have
_ ~ 2
2
1 1
=1 D 2o | X dww) —ghw(s) | = D 2Ko | Y pw(shv) - oow(s)

s/ :SEN o viv(s)=1 s":8€EN viv(s)=1
2

:Kg Z Z (ﬁW(S/ﬂU)_pW(SI7U))+ Z (pW(SI,’U)—ﬁW(S/,U))

s':s€ENg o \wviv(s)=1 v (s)=0

<K2(28+2)22572 > S (s, v) — pw (s, 0)7,

s':sENys v

15
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where the last step is by the Cauchy-Schwarz inequality and [Ny, | < 25 + 2. By taking the summation, we have
L _ 2
Z ‘st —E [st(X)} ’
s=1

K
<K2(28+2)22723 " S N pw(s’ ) — pw (s, v)[

s'=1s:s€ENy v
K
<K§(25+ 227 3 3 " lpw (s, v) = pw (s 0
s’'=1 v

Taking the expectation, we have
K 2
>E []st —E [fu(x))| } = K log N[pw — pw 3. (32)
s=1
Completing the proof: Combining (29), (31) and (32), we have
K
> Ellfus — fusl’) 2 K7 + Klog® NE [|lpw — pw 3] -

s=1

B.2. Detailed Error Analysis for Theorem 4.2

B.2.1. ERROR ANALYSIS FOR CASE 1

L) 22 Ly TP )
Recall that % <K < %, m>ntland1 <1< ﬁlog —#%r. Then we can verify that [W| =

22542 | > (2lmn)77 > (2 — 1) -nand m(l An) > m > 4000n log® N. Hence the condition of 3) in Lemma A.2 is

satisfied, and we have E[|pw — pw|3] < 22;;25[(-
Then by (16) in Lemma 4.4 we have
_ 225+2 | | .
B[S = FI3) = K72+ Klog? N=——— = (2'mn) 777 log” N.
mn

B.2.2. ERROR ANALYSIS FOR CASE 2

1 1
2r 2r . . 2741
Recall that % <K< % and it suffices to consider the case for 27"24_1 log 4 V —— < 1 < n. Then

we can verify that (2! — 1) - n > |[W| = 225%2. K > (Im)71 > nand m(l An) = ml > 2000nlog? N. Hence the

22542 p¢

condition of 2) in Lemma A.2 is satisfied, and we have E[||pw — pw||3] = w VL.
Then by (16) in Lemma 4.4 we have
_ , log(Z22K gy g .
B[l f" = fl3] = K" + Klog® N (g( VI (Im)~ =7 log® N.
ml mn
B.2.3. ERROR ANALYSIS FOR CASE 3
1
First let m > 22S+2 -2000 10g2 N. Recall that M)% S K< MW, n > m2T+1 and 1 S l S %

Then we can verify that [W| = 225+2. K < Im < nand m(I A [W|) = ml > 1000|W|log® N. Hence the condition of 1)

in Lemma A2 is satisfied, and we have E[||pw — pw ||3] = 225t2. K\, 1

mnl mn*
By (16) in Lemma 4.4 and n > (ml)?"*1, then we have
rH 2 —2r 2 223+2 K 1 —2r 4r
E[lf” = flls] R K=" + Klog" N [ ————V — ] < (Im)"""log™" N.
mnl mn

16
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1
2 1 1 2r+1

Then let [ > 225+2 - 2000 log N. Recall that m S K< m, n > m27’+1 and 1 S l S nT

In this case we can verify that | > logn, [W| = 229t2. K < Im < n and mLﬂoiﬁj > % > |W|. Hence the

22542 1og(225+2. K) v 1
mnl mn*

condition of 1) in Lemma A.2 is satisfied, and we have E[||pw — pw|3] <

By (16) in Lemma 4.4 and n > (ml)?"*1, then we have

223+2 K1 225+2 K 1
og( ) Y ) < (Im)~?"log™" N.
mnl mn

E[IFY — fI2] < K~ + Klog? N (

If m < 225%2.20001og? N and [ < 225%2.20001og® N, then ml < log* N and the desired bound is vacuous.

B.2.4. ERROR ANALYSIS FOR CASE 4

2r41

1 1 1
1 212 1 2712 . pr=ay
Recall that MW <K< %, and it suffices to let —— Vv 1 <[ < % A (2000”110’;2 N)
1 1
Then we can verify that [W| = 2252 . K < (Imn)=+2 < nand m(l A |W|) = ml > (Imn)=+2 > 1000|W|log® N.
22S+2'K 1
mnl mn*

1
291,
m

Hence the condition of 1) in Lemma A.2 is satisfied, and we have E[||pw — pw 3] =<

By (16) in Lemma 4.4, then we have

rH 2 —2r 2 2QS+2 K 1 - 4r+2
E[l /7 = fl5] 2 K™+ Klog" N { ————V — ) < (lmn)” =T log" ™" N.
mnl mn

This completes the proof of Theorem 4.2.

C. Proof of the Lower Bounds in Section 5
C.1. Proof of Lemma 5.4

Let P be an (m, n,l)-protocol defined in Section 1.3, then we have
. 1 .
sup B[l fp — f13] > D =+ Elllfp — fur 3
sup 17 = fII2] ;2;@ [l f» 2]
=E[||fp — fzx 3]

First, we convert the estimation problem into a testing problem by the following procedure. Let

7* = axgmin | f.x = fpllo

z

Then we have
1fzx — Fzrllz <|fp — Farlle + |1 fp — fzel2
<2l fp — fzrll2.

Hence we have 4E[|| fp — f2+[13] > E[| fzx — fz+ 3]

Next we establish lower bound for the average testing error. for any z*, 2’* € {—1,1}*, since (¢¥)%_; have pairwise
disjoint supports, we have

k
1for = o3 =€k~ Cr DS k3 1z ey

s=1

k
— 2@t Z 1e,per.

s=1

17
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Hence we have i
E[|fp — fz 3] ZZ]E[Hka — fzI3]
) k (33)
_ L2 —(2r41) 5
=1k > P(Z. # Z).

s=1

Since ZF — X™n — Bm _ 7ZF is a Markov chain, similar to Lemma 10 in (Acharya et al., 2022), we have

k k
m 1 7
§= (Zy;B™) > 1 — <k S§:1IP[ZS # Zs]> ; (34)

where h(p) = —plog, p— (1—p) log,(1—p) is the binary entropy function. By the assumption that £ Z 1 1(Zs;B™) <
%, then by (34) we have

w \

w\'—

- 1
ZZ;AZ =

Thus by (33), R
Ellfp — f2-lI3] = k2"

Then we have R(m,n,[,r) = k=2, completing the proof.

C.2. Proof of the Centralized Bound for Case 5

Consider the centralized bound R(m,n,l,r) = (mn)‘?fﬁ for Case 5. Note that the bound and the following proof
is still valid for all the other cases, though it is not tight except in Case 5. It can be immediately obtained by letting

k = (100mnCs) 777 in the following lemma.

Lemma C.1. Under Assumption 5.1 and 5.2, we have Zle 1(Z,,B™) < "];Qrcﬁ

Lemma C.1 is derived from Assumption 5.1 and 5.2 as follows.

Proof. Letes, = {(—1)%s}%,_,, s =1,..., k, where §y/ is equal to 1 if s’ = s and 0 otherwise. Let ® be the element-wise
pfcoduct of sequences, i.e., {zs}¥_; © {20}*_, = {2,2.}%_,. Then 2* ® e, is obtained by only flipping the sign of z, in
z".

By the Markov chain Z — X™" — B™ and the data processing inequality, we have

I(Zs; B™) <I(Zg; X™™)

1 1
<E [D)cm" (pzk (xmn)\|§sz($mn) + 5Pzroe, (l"mn))}

—_

<SE [Dxmn (pzr(™")||pzege, (2™"))]
=5 E [Dxmn (pzrae, (@™")|[p2e (2™"))]

:@E [DX (pzk@es () | |pZ"‘ (x))]

MH[\D

mn
2k ok {D[é 21xy (Ps.—z.(2)||ps,2. (x))}
Qk > E []Eps,fzs [~Ls,—z. (X)|Z3H
mnCl
ST

where the second and the third inequality is due to the convexity of KL divergence, the last equality is due to Assumption 5.1
and the last inequality is due to Assumption 5.2. Then we have % Z];:l I(Z;,B™) < Q"ZZ =%, completing the proof. [

18
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C.3. Proof for Case 3

We show that R(m,n,l,7) =< (Im)~2" for the case 3. Since Zs,s = 1,...,k are i.i.d. random variables, we have
I(Zs; Z1.5—1) = 0. Then by the chain rule, we have

k k
S 1(ZiB™) <Y 1(Z B™, Z1s-1)
s=1

s=1

I(Zsa Bm|lesfl)

M-

Il
-

s
<H(B™) < ml.

By letting k = 100ml, we have ¢ Zle I(Zs; B™) < <. This combined with Lemma 5.4 completes the proof.

1
5
C.4. Technical Bounds by the Terminal-Wise Likelihood Ratio

We establish two technical lemmas to prove the remaining bounds. Recall that the terminal-wise likelihood ratio (for
testing z;) is defined to be

ng@e (xn)
L x(a")=—"—""—— (35)
' =) Pl (z™)
Then by Assumption 5.1, the terminal-wise likelihood ratio £, ,»(x™) can be written as
n s pz’”‘@e.(xj) Ps,—z, (I])
L, .x(z") = Hib - H D=2 (%)
o1 P () jtyeliat, ] ps,zs(xj)
and hence

log(Lyax(™) = D Las(y). (36)

gt €[5 7]
In the following two sections, we recall Lemmas 5.5 and 5.6 and give their proof respectively.

C.4.1. EXPONENTIAL BOUND

IfE,«[(L, .+ (X™) — 1)?] has an upper bound, then we can get an bound for ; Zle I(Zs; B™) that is exponential in [ as
follows.

Lemma C.2. IfE_«[(L, .«(X") — 1)?] < a? forany s = 1,....,k and z* € {—1,1}*, then we have

k
2l 2

SN 1(z;B™) < T (37)

2 2k

el

Proof. Similar to the proof of the centralized bound in Appendix C.2, we start by observing that
I1(Zs; B™)

1 1
<E [D{0,1}ml (pzk (bm)Hﬁpzk(bm) + 2pzk®es(bm)>]

1 m m 38
<zE [Do,13mt (Pzree, 0™ )Ipzx (6™))] (38)
1

T2

m

Z E [Dyo1y (pzree, (bi| Brio1)|lpze (b Bi:i-1))]

i=1

19
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Note that
pzr(bi| Biiim1) = Ezi [p(bi| X", Brii—1)] = Ezx[p(bs| X™, B1.i—1)]
and
Pzroe, (0i|Bii—1) = Ezree, [P(0i| X™, B1ii—1)] = Ezu[Lg 1 (X™)p(bi| X™, Brii—1)].
Then by (25) in Appendix A.2, we have

Doyt (Pzroe, (bi] Briim1)|[pzx (bi| Br:i-1))
<Xfoay (Pzroe, (b3 Bri1)|[pz+ (bi| Bi:i-1))

n n 2 39
_ Z (EZk[(ﬁs,zk(X ) —1) - p(bi| X 731:1—1)])
b;€{0,1}! IEZI“ [p(bL|Xn? Bl:i—l)]
Note that £, .« (X™), s = 1, ..., k are independent, and
Ezk [‘Cs zk (Xn) - 1] =0,
’ (40)

Ee[(Lyor (X™) = 1)(L ot (X™) = 1)] = 0,5 £ o',

By (40), {1, £y .+ (X™) — 1, Lo »(X™) — 1,..., Ly .+ (X™) — 1} is an orthogonal system. Then by the Bessel inequality
and E_« [(L, .« (X™) —1)!] < a?forany s = 1, ..., k,

k
n n 2
Z (Ezn[(Lg o6 (X™) = 1) - p(bs| X™, B1:i1)]) Al
s=1 ( )
<@®Eze[p(bi| X", Br:i-1)*] < @®Ege[p(bs| X", B1:i-1)],
where the last inequality is since p(b;| X™, By.;—1) € [0, 1].
Combining Equations (38), (39) and (41), we have
k
1 m) 2lmoz2
E g Z57 B 2](1 )
completing the proof. O

C.4.2. POLYNOMIAL BOUND

if £, ,»(X™) is bounded with large probability, then we can get a bound which is a polynomial of /, summarized as the
following lemma.

Lemma C.3. If there exists some Boolean function E(x™) such that,

1. P [E(X™) =0] <61 < § forany zF € {—1,1}*;

2. |Ls ok (a™) — 1| < 0o for any 2k e {~1,1}F, s =1,....k and 2" with E(z") = 1.
Then we have

8ml (6% + 63)

3 (42)

N\H

k
EZ (Z; B™) < m((log 2)5F + 61) +

The nature of Lemma 5.6 is a strong data processing inequality with the strong data processing constant 8(6% + §3). To
give a tight bound of the constant sufficient for deriving the bound for % Zle 1(Z; B™), we need to bound d; and dy
simultaneously. The task can be paraphrased as finding a tight bound of £, .« (X™) — 1 that holds with sufficiently large
probability. Such a problem is solved by relating it to the balls and bins model, detailed in the next subsection.
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Proof. By the chain rule of the mutual information, we have

m

I(Zs; Bm) = ZI(Zs; Bi|Blzi—1)~

i=1
For each term, by the assumption 1), we have

(stB |Br.i—1) < I(Zs; Bi, E(X{")|Bi:i-1)
=1(Zs; E(X]")|Br:i—1) + I(Zs; Bi| Bi.i—1, E(X]"))

H(E ( i)+ 1(Zs; Bi| By.i—1, E(X]"))
H(E(X]")) +PE(X]") = 0] - [(Zs; Bi|B1:i—1, E(X]") = 0) + PIE(X]") = 1] - I(Zs; Bi| Br:i—1, E(X}") = 1)
h(01) + 01+ I(Zs; Bi|B1.i—1, E(X]') = 1).

| /\

IA

It suffices to bound the last term above. Before doing that, we first define the conditional terminal-wise likelihood ratio for
any ™ with E(2") = 1 to be
Pk, (z™|E(z™) =1)

Lo k(@ E(E")=1)= ; 43)
) =0 = 2 B = 1)
Then we can derive the following useful bound for £; .« (™| E(2™). By the assumptions 1) and 2),
sz[E(Xn) = ] pner (
Ly k(" E(")=1)—-1 = s
Lo r (2" |E(2") = 1) = 1 Poroe [B(X™) = 1] pk(xn
P [E(X") = 1] BT = 1]
< —1 . n 1
S Pace B =1 |7 Pk@egm =g @
1 1
<|l——-1 .
“1-6 '+‘1—51 02
<2(01 + d2).

Now consider the term I(Z,; B;|B1.i—1, E(X"), note that
I(Zs; Bi|B1.i-1, E(X]') = 1)

<3E [Dio 1y (0zce, (i Bria, BX) = Dllpze (1] Bus 1, BXT) = 1)

:%E [Dio.1yt (Pzroe, (bi| Brii1, E(X™) = 1)||pzs (bi| Brio1, B(X™) = 1))] .
In the above equation, further note that

pze(bi|Bri—1, E(X") =1) =E,_, (|B@m=1)[pbi| X", B1:i-1)]
and
Pzroe, (bi|Bri—1, E(X") =1) = E,_, (|B@n)=1)[Ls (X" |E(X") = 1)p(bs| X", B1:i—1)]-

Then by (25) in Appendix Appendix A.2, we have

Doy (pzx e, (bl Brimr, E(X™) = 1)||pz (b:| Bri—1, E(X™) = 1))
SX%OJ}Z (kaQES (bi|Blii—laE(Xn) = l)szk (bi‘Bl:i—lgE(Xn) = 1))
2
= > (Bp, (18 =0 [(£q o (XME(X") = 1) = Dp(bi| X", Bri1)])
bie{0,1}! Ep,, (1B@m)=1)[p(bi| X", B1:i-1)]
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Combining these results, we can obtain that

2
- Ey o CB@m)=1)[(Ls 6 (X" |E(X™) = 1) — 1)p(bs| X", B1.i1)]

1 A (|E($ ) 1) 8,2 s
<m(h(61)+51)+2k§ El > }:(“ s _ )
D C1E@)=1) [P(0i| X™, Br.i—1)]

i=1 |b;e{0,1}! s=1

(45)

The following transportation lemma is useful for bounding the last term. It can be proved by well-known arguments (cf.
Remark 4.25 in (van Handel, 2016) and Lemma 3 in (Acharya et al., 2023)). The definition and related properties of
sub-Gaussian random variables can be found in Appendix A.1.

Lemma C.4 (Transportation Lemma). Let P and Q) be two measures on a probability space U and P < Q. U is a
sub-Gaussian random vector with parameter o under the measure P. Then we have

|Eq[U]|I3 < 20°D(Q||P). (46)

Now let X™ be i.i.d. random variables and each X is generated following the distribution pzi (-|E(z™) = 1). Then
we have £, .« (X"|E(X™) = 1) for s = 1,...,k are independent. By the discussion in Appendix A.l, since each
L, x(X"E(X™) = 1) — 1is bounded by 0 = 2(6; + d2) in (44), it is sub-Gaussian with parameter o. Then we
have (£, .«(X"|E(X™) = 1) — 1)k_, is a sub-Gaussian random vector with parameter o. Applying the transportation

lemmato U = (L, »(X"|E(X") =1)—1)*_, P=py(:|E(z") = 1) and dQ = M“l))], then we have

s=1> = Eplp(0il. B

(Epsz(w):l)[(ﬁs,zk(X"\E(X") =1) - 1)p(bi|Xanlzi71)])2

ZS:1 Ep, . (1B@m)=1)[p(bi| X, B1:i—1)]
n p(bi| X™, B1.i—1)
<831 +02)" By (15em=) lp(bilX »Bri-a) log <Ep L (1B@m)=1)[P(bi] X", Br.i1)] | |
z = ) g—

This combined with (45) imply that

?v\*—‘

k
Z 57 Bm

m(h(51) + (51) + M 3

k Z BHX |Bll 17E(Xn):1)
i=

<m((log2)67 + ) + LS gy

8mi(6? + 62)

m((log2)3} + 1) + A2,

completing the proof.

C.5. Detailed Proof for Case 1
By Assumption 5.2, since 5 = O(k") > 2 we have

Eps,zs [eXp(QLS,ZS (X))] < eXp(2V2)~
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Thenby 23)and 1 +z <e* <1+ 2zxfor0 <z <1,

Ezk [(‘Cs,zk (Xn))2

=E._. |exp > 2L, (X))

JTE[EFE 3]

:Eﬂ%mkmN%wJXM)Lﬂ%W?%q

<E |exp 2V2'Z]lT7~€[S;1,%]

Then by (40), we have

Eo[(Lozt(X) = 1)) = Exe (L, (X")?] 1 < exp (4’;” ) ~1s 2

2 1 2 . .

as long as 2%~ = ICan < 1 Let k = (Cymn2')72 and o? = 82° = BCun where Cy is a big constant. Then by
1 1 2 . .

m > n?*1 we have k > (Cymn)> > (C4)7+2n and hence 4%~ < 1 is satisfied. By Lemma 5.5, we have

k

ey 2%2mn 1
D (ZiB™) S S < 5
s=1

=

Then by Lemma 5.4, we obtain that R(m, n,1,r) = (mn2!) =71,

C.6. Detailed Proof for Case 2

Recall that

2r+1
n
1v

<l<n. (47)
m

Let k = (1000C2C3ml log? m)rlﬂ, where Cj is a large constant to be determined, and then we have

n\VmIT < k< mr. (48)

Let

B 1, if ’Esyzk(x") — 1| < 2C5Blogm,Vz* € {—1,1}*, s =1,...,k,
€T =
0, otherwise.

Then we have d2 < 2C5( log m immediately. To use Lemma 5.6, we need to bound the quantity P, [E(X™) = 0] for any
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z¥. Note that by (23) and 2C53logm =< k" logm — 0, we have

(B(X™) = 0} = {|£on(X™) — 1| < 205Blogm, V2~ € {~1,1}*,s =1, k}°
C {[log £y .+ (X™)] < CsBlogm, V2" € {~1,1}* s =1, k}

L. (X;)| < CsBlogm,¥s=1,....k,z, € {—1,1}

1]

(49)

S LX) < CBlogm

L [smel2t, 2]

|
)=

c-
N

L;.,(X;)| > CsBlogm

Define the event &, ., = {‘Zj:Tje[s;l 2 L.z, (Xj)‘ > CsBlog m} For any =™ where z; = (t;,y;), define the empiri-
cal distribution for (|kt;])’_; to be

n
Va(@™) =3 Myyepzt o, (50)
j=1

for any s = 1, ..., k. Then define E’(z") based on (V,(2™))*_, by

E' (2™ 1, if Vi(z™) < 2001logm,Vs =1, ..., k,
€T =
0, otherwise.

Note that by the union bound and (49),

k
Pu[B(X") =0 S P.[E'(X") =0+ > Pl |E(X")=1]. (51)
s=1zs=%1

The first term can be bounded by letting ¢ = Cg log m in (26) where Cj is a large constant to be determined, which yields
’ n CG _ %

E_«[E'(X™) =0] < kexp —7logm =km~ 2. (52)

Now consider each term in the latter summation. Conditioned on |k7}|,j = 1,...,n, (X;)7_; are independent. Further-

more, on the event { E'(X™) = 1}, V5(X™) < Cglogm for any s = 1, ..., k. So we have

Vs(X™)

P, [5 KTy, =1,....n, E'(X") = 1} =P || Y L,..(X)|>CsBlogm|,
j=1

J

where (X7)"_; are i.i.d. random variables generated from the distribution p; .. By Assumption 5.2, Zyi(lxn) Ls...(X3)

j=1
is sub-exponential with parameters (y/Csv? logm, 3) and E szi(lxn) Ls...(X7) } < CGCS#. By (48), we have

Csr? logm B CsC1k™2" logm

5 Gk = OsCeh T logm = Csflogm

CsCh

ert and

as long as C'5 >

CsCs3logm

CsBlogm = k~"logm > k™" logm =< T
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Then Hoeffding’s inequality (Lemma A.1 in Appendix A.l) implies that

e 2!
P {55’25 |kT;],5 =1, o, EN(XT) = 1} < 2exp (_25,(2350ng> = 2m—%.
Thus we have
sz [53725 ‘E/(Xn) = 1]
—E.. [sz [58,25 |kT;],j=1,..,n,E'"(X") = 1” (53)

Cs
<2m~ % .

Combining the bound (51), (52) and (53), we have
n —Ss -Ss —100
Px[E(X")=0] <km™ 7= 4+4km~7 <m
—100_

where the last inequality is by (48), as long as C'5 and Cjg are both big enough. Then we can choose §; = m

By Lemma 5.6, the inequality (47) and (48), we finally have

k

1 m 1 8ml (6% + 632)

- ;I(ZS;B ) <m((log2)df + 1) + = ——="
<dp—50+1 8m =200+ 32C2miB? log® m
- k k

8m~199n  32C2C2mllog® m
—49 503
<dm™ + —* ot T
1

<7a
-2

where the last inequality is by the choice of & = (1000C2C5ml log? m) 771, Then by Lemma 5.4, we complete the proof.

C.7. Detailed Proof for Case 4

Recall that r» > % and
nTlJrl n2r+1
vi<i<

A (mn)ﬁ <n. (54
Let &k = (1000C; Cymnl) P log% n, where C' is a large constant to be determined, and then we have
k < nlog®n < n? (55)

and
k2l - (mnl)g”%é log® ™ n = nlog® ™ n > nlog n. (56)

. n Crv2nlog*n
B(z") = L, if [Lg e (") — 1] <24/ T,vz’“ e{-1,1}* s=1,.. k,

0, otherwise.

Let

Then we have 3 < 24/ %log“n immediately. To use Lemma 5.6, we first bound the quantity P, [E(X™) = 0] for any
2*. Note that by (56), \/ 07”2’21%4 2 o= \/ "klfﬁfln — 0. Then by (23) and similar to (49) we have

k 2 4
B =0nclU U Y L (|2 TR (57
s=1z,==+1 s—

FTElE ]
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Let &, = {’zj:Tje[s_l L, (Xj)} > ,/W;clog“"}. Define E/(z™) based on (Vs (z™))*_, (cf. (50)) by

k

Csnlog?
< BB T gy

E/(ifn) — 17 lf‘/s(l' ) ]{3 ) - 17 '7k7
0, otherwise.
Then by Equation (27), we have
log® 1
E.«[E'(X™) = 0] < kexp <—08”82g”) < kexp (—Osgog"> = kn~F. (58)

j=1

™. are independent given |kT;|,7 = 1,...,n. And on the event {E’(X") = 1}, V(X)) < M for an
( j) p g J )] ’ ) k y
s=1,...,k. So we have

Vs(X™)
T35 =1 em, B(X") =1] =P || 37 Lo (X])] 2

Jj=1

P [5

where (X7)7_; are i.i.d. copies of X". By Assumption 5.2, Z;/;(IXH) L., (X}) is sub-exponential with parameters

(y/ C2nmn g) and B |20 L., (X)) < ©G472. By (55), we have

Csv’nlogn _ nlog®n \/nlog4n _ \/C7V2nlog4n

kﬂ - fr+1 fe2r+1 k

and by (56), we have

\/071/211 log*n \/n log*n  nlog’n  C3Csnlog®n
= = - =
L E2r+1 = T p2rtd L2r+1

Then Lemma A.1 in Appendix A.1 implies that

7071/2”1@1%4 n Crlogn o7
. / ny __ 4 _ _ _ -Yory
|kT;],7=1,..,n,E'(X") = 1} < 2exp ~Seniod®n | = 2 exp ( SCs ) — 9n 8C% .

P, [5

Thus we have o
E'(X™) =1] < 2n~ 5. (59)

P« [Es. 2.
Combining the bounds (57), (58) and (59), we have

k
P[B(X") =0] <P [E'(X") =01+ > > Pt

s=1zs=%1

B/(X") = 1]

gkn_% + 4k:n780T78 < 1000+
where the last inequality is by (55), as long as g—; and Cj are both big enough. Then we can choose §; = n~100("+1),

By Lemma 5.6, (54) and (56), we finally have

k
1 1 2 2
- ZI(ZS;Bm) §n27"+1((10g2)612 +81) + M
s=1

k

<450+ 8n2rt1p—2000r+1)) 1 39Cmnly? log4 n

n
- k k2

8n=199y,  32C,Crmnllog*n
—49 1L7 g

<4n=* + g 123

1
<77
-2

where the last inequality is by the choice of £ = (1000C, C7mnl)T1+2 logg:iﬁ nand r > % By Lemma 5.4, we complete
the proof.
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D. Proof for the Specific Cases in Section 2.3
D.1. Proof of Corollary 2.7
LetT = X andY = 1, then X = (T,Y).

D.1.1. VERIFICATION OF ASSUMPTION 4.1

Let h(y) = y. then fr4(X) = ¢p(X). By 1) in Lemma 3.1, we have | fu4(X)| < C-2% = CVK for some C > 0,
hence fr5(X) is sub-exponential with parameters (vVC2 K, 0). Moreover, we have

1
Blfn (0] = [ 1@)om(@)de = fi,
hence f 11s(X) is an unbiased estimator of fs.

D.1.2. VERIFICATION OF ASSUMPTION 5.1

Forany s =1,...,k, 2z, = *landz € [5;1 , 7], we have

-k (1 + ekf(ﬂr%)zswf(x)) .

T =

k
D2k (.13) = ka (-T) =1+ €k7(r+%) Z stf’ (x) =

s'=1

Note that
s
[ k(D) e -,
s—1
k

and by 1) in Lemma 3.1, 1 + ek~ +2) 29k (2) > 1 — ||ek~+2) 298| = 1 — k=" > 0. Hence p, ., () =

k (1 + ek*(’”Jr%)zswf(x)) is a distribution function on [$72, £].

D.1.3. VERIFICATION OF ASSUMPTION 5.2

JE— P V_l J
Forany s =1,...,k, z, = £land x € [*=, ],

1— ek:_(r“‘%)zswf(x) I ) 2€k_(r+%)zsw§(a:)
T = 10 — .
L+ ek Dz gh(e) ) 0\ 14 ek Dz uh(a)

L .. (x) =1log (

Then for X ~ ps .., by 1) in Lemma 3.1, |L; . (X)| < C'k~" for some C’ > 0, hence L, . (X) is sub-exponential with
parameters (v C2k—2",0). Moreover, by the inequality —z — 2 < log(1 — ) < —a for |z| < 1, then

1 1 2
26k7(r+§)zsflp§(X) ]‘+E < 2€k7(T+§)st§(X) >

ElL.... (X)] < et I
14 ek mta)zpk(X) 14 ek mta)zpk(X)

E

<0+ k—(2r+l) . 2h = k—2r7

completing the proof.

D.2. Proof of Corollary 2.12
In all these cases, X = (7,Y) with T € [0, 1].

1. Nonparametric Gaussian Regression Problem in Example 2.8
D.2.1. VERIFICATION OF ASSUMPTION 4.1

Let h(y) = y, then fr4(X) = ¢us(T)Y. Note that

Elfir2(X)] = Elpna(DEY|T]) = Elén. (T)/(T)] = / () brra(t)dt = frra,
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hence f 1s(X) is an unbiased estimator of fg.

By 1) in Lemma 3.1, we have |¢ x4 (T)| < C - 2% = Cv/K for some C > 0. Then by 4) in Lemma 3.1, |¢ 5 (T) f(T)| <
CL'VK almost surely, hence ¢, (T) f(T) is sub-Gaussian with parameter C'L’v/K. Since Y|T ~ N (f(T), 1), we have

E |erus(DY =f(T)) ’T} = e%()“z’HS(T))Q,VA € R. Then for any A € R, we have

E {erHs(XHHs)} ) [E [6/\¢H3(T)(Yff(T))‘T] 6A<¢H5<T>f(T>fst>}
) [eawmmf8A<¢H5<T>f<T>—st>}
<e3CENR {eAwHS(T)f(T)—fH&)}
SQ%CQK(HL”)/\Q’
implying that f,(X) is sub-exponential with parameters (1/C2K (1 + L2),0).

D.2.2. VERIFICATION OF ASSUMPTION 5.1

Forany s =1,...,k, zs = £l and z = (t,y) with ¢t € [51, £], we have
1 =tz )2 1 k <y—ek*("‘+%)zsw§<t>>2
por(x) = \/ﬂe 2 =% me z
Note that
& B e ) gk 2
/521 /R \/%e 2 dydt =1,
ook D)2 gk ()2
Hence p; ,_(z) = \/%e’ T > 0 is a distribution function on [£1, £] x R.

D.2.3. VERIFICATION OF ASSUMPTION 5.2

s—1

Forany s = 1,...,k, z, = £l and x = (t,y) with t € [*=, 7],

2 2
Loz (2) = (y+ ek H208 (1) = (y— e D208 0)) = ek Dz gk (0.

Then for X = (T,Y) ~ ps.... L. (X) = 4ek~(+2) 2, Y (T). Similar to the verification of Assumption 4.1, Y'¢¥(T)
is sub-exponential with parameters (1/C2k(1 + L'2),0) for some C' > 0. Thus L ., (X) is sub-exponential with param-
eters (1/C2?k=27(1+ L'?),0).
Moreover, by 3) in Lemma 3.1 we have

[E[Ls <, (X)]| =dek™ 2 B [EY|T]05(T)]]
—ack~ T [ [F(T)0k(D)]|
:4€k_(T+%)fh7ho,s
ek~ R f — frohot
jkf(r+%)\/ﬁ < k72r’

completing the proof.

2. Nonparametric Binary Regression Problem in Example 2.9
D.2.1. VERIFICATION OF ASSUMPTION 4.1

Let A(y) =y, then fr4(X) = ¢s(T)Y. Note that

E[fir2(X)] = Elpna(DEY|T]) = Elén. (T)/(T)] = / () brra(t)dt = frra,
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hence fr5(X) is an unbiased estimator of fz,. Moreover, by 1) in Lemma 3.1 and Y € {0, 1}, we have | fi,(X)| <
C-2% = CVK for some C > 0, hence fr7,(X) is sub-exponential with parameters (vVC2K, 0).

D.2.2. VERIFICATION OF ASSUMPTION 5.1

s—1

Forany s =1,...,k, z, = £1and z = (t,y) with t € [*3=, ], we have

1 1 1 o
pale) = -k |G+ b O + (5 (0o

Note that

i 1 1 ,

[ X k|G gt O + G - s ) e =1,
T ye(on)

Hence ps..(z) = k {(% ekt 2k () 1ymr + (3 — ek_(r‘"%)zsw?(t))]lyzo} > 0 is a distribution function on

(554 7] < {0, 1}

D.2.3. VERIFICATION OF ASSUMPTION 5.2

5;17%]’

Forany s =1,...,k, 2z, = £1and x = (t,y) with ¢ € |

Lo () =1og <<5 — ekt gk )+ (34 ek“*ﬂzsw?(t))ﬂy‘())

(3 + ek FD 2k (4)Tymy + (5 — ek~ 0+ D) 20k (8)) Ly—o

2ek—(r+2) 2k (£)(1 — 21—
=log 1+ — 2 ”S%(t)l( o ‘
(3 + ek D2k () Lymr + (5 — ek~ FD 2,05 () Ly

Then for X = (T,Y) ~ ps .., by 1) in Lemma 3.1, |L; ., (X)| < C'k~" for some C" > 0, hence L, . (X) is sub-
exponential with parameters (v C2k=2",0). Moreover, by the inequality —z — z? < log(1 — z) < —ux for |z| < 1,
then

[E[Ls,-. (X)]] < ‘IE

2k~ 2) Z Wk (T) (1 — 21y —1)
(3 + ek 0T 2) 2k (T)) Ly 1 + (3 — ek +32) 200k (T)) 1y —o

1 2
iR 2ek~ "2 2 )k (T) (1 - 21y —)
(3 + ek 2k (T)) Ly =y + (3 — k=2 2,0k (T)) 1y~

jo + k—(2r+1) X 2h = k—2T7
completing the proof.

3. Nonparametric Poisson Regression Problem in Example 2.10
D.2.1. VERIFICATION OF ASSUMPTION 4.1
Let h(y) = y, then fx4(X) = ¢rs(T)Y. Note that
1

Elfus(X)] = Elpus(T)E[Y|T]] = El¢n(T)f(T)] = i FO)dust)dt = fus,

hence f 1s(X) is an unbiased estimator of fg.

By 1) in Lemma 3.1, we have |¢ 5, (T)| < C - 2% = Cv/K for some C > 0. Then by 4) in Lemma 3.1, |¢ 5 (T) f(T)| <
CL'VK almost surely, hence ¢z 5(T)f(T) is sub-Gaussian with parameter C'L/\/K. Since Y|T ~ Poisson(f(T)), we
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have E [eM’Hs(T)(Y_f(T)) ‘T} = /MM =X¢n.(T)=1) Y\ € R. For any \ with || < C\l/?, we have [A\pg,(T)| <
1 and then e*®#+(T) — Xy (T) — 1 < (Adps(T))?. Then
E {erHs(X)fst)} —E [E [ewHS(T)(Yff(T))‘T] 6A<¢H3(T>f<T>fst>}
<E [e(/\dms(T))zeA(ms(T)f(T)fst)}
<eCPKNR {eMasHs(T)f(T)—st)}

<e%CQK(2+L’2)>\2’
implying that f,(X) is sub-exponential with parameters (1/C2K (2 + L), CVK).

D.2.2. VERIFICATION OF ASSUMPTION 5.1

Forany s =1,...,k, z; = +l and o = (t,y) with t € [£1, £], we have

L —Corer 2 (Co ek 3) z k(1))
- .

Note that

£ —(r+1 k
/k Zke*(Coﬂk*(’*%)zswf(t)) (Co + ck (+,2)Z8ws (t))ydt:L
s—1 y!

T yeN

gl .
= ke*(CoJrEk*("Jr%)stf(t)) (Cotek™ "V 2) 2 gk (1))¥
y!

> 0 is a distribution function on [531, £] x N.

Hence p; ., ()

D.2.3. VERIFICATION OF ASSUMPTION 5.2

s—1

Forany s = 1,...,k, z, = £l and x = (t,y) with t € [*=, 2],

— k*(’l"+l) o k t
Ls,zS (l‘) = 267€7(T+%)2s¢§(t) + ylog <OO € 2’z ’l,bg( )) )

Co + ek~ (r2) z qpk (1)
Now let X = (T,Y) ~ ps_».. then

2k H3) 2 B (T
Ly, (X) = 26k~ 2 pB(T) 4+ Vlog [ 1 - —= LAY
| Co+ ek~ 082y k(T)

By 1) in Lemma 3.1, we have

—(r+1) k
log (1 2¢ek 2 zl's¢s (T) <
Co + ek~ r+2) 2 gk (T)

46/4;_(7""%)2’57%C (T)
Co + ek~ (r+3) 2k (T)

< Cik™"

2ek™ " 3) 2 R (T)
Cotek™ "2 2,4k (T)
with parameters (/C2k—27(2+ L'2),C1k~"). By 1) in Lemma 3.1, |2¢k~("+2) 2,405 (T')| < Cok~" for some Cy > 0,
hence 2¢k~("2) z,40¥(T) is sub-exponential with parameters (1/C2k—2",0). Therefore L; ., (X) is sub-exponential with
parameters (1/[C?(2 + L'2) + C3]k—27,C1k~") (by the discussion in Appendix A.1).

for some C'; > 0. Then similar to the verification of Assumption 4.1, Y log <1 — > is sub-exponential

Moreover, note that

|E[Ly. -, (X)]| = |2k~ 8) 2, [F(T)] + E

Co + ek~ (r+3) 2 pk(T)

— k= (rE3) 4 ok
E[Y|T]log (CO ek ZS%G))

E

1+ Cy tek=(rt2) 2 bk (T))

(1) log (1 - Colek—<"+%>zsw§<T)>
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Since f(T') > 0, by the inequality —2z — 42 < log 7% < —2z + 4a” for |z| < 3,

[E[Ls.., (X)]| <2 |E [/(T)C7 ek 0+ D25 (T)] | + 4E [f(T) (calek“*bzswfa)ﬂ

2
<205 ek D) f o+ AL (Cglek—(”%)) -k

jk_(r+%) ||f _ fh—ho—l H2 4 k2 < k_2T,
where the second inequality is by 1) in Lemma 3.1 and the last inequality is by 3) in Lemma 3.1. This completes the proof.

4. Nonparametric Heteroskedastic Regression Problem in Example 2.11
D.2.1. VERIFICATION OF ASSUMPTION 4.1

Let h(y) = y% then fr(X) = ¢rs(T)Y2. Note that
E[fus(X)] = Elpws(T)E[Y*|T)] = E[¢u,(T) f(T)] = /0 f)ous(t)dt = fus,

hence fr,(X) is an unbiased estimator of fy7s.

By 1) in Lemma 3.1, we have |¢x,(T)| < C'- 2% = Cv/K for some C > 0. Then by 4) in Lemma 3.1, |¢5,(T) f(T)| <
CL'VK almost surely, hence ¢, (T)f(T) is sub-Gaussian with parameter CL'v/K. Since Y2|T ~ f(T)x?, we have

E eA¢HS(T)(Y2’f(T))’T] = eI 62(¢H5(T)f(T))‘)2,V|)\| < L where the last inequality is by

V1=226u:(T)F(T) — ACLVE’®
2 .
e 772" < /1 =2z for |z| < %. Forany A with || <

1
1CL'VK’
E {erHs(X)fst)} K [E [est(T)(Y%f(T))‘T} ek(¢>Hs(T)f(T)fst)}
<E [ezuasHs(T)f(T))?ewas(T)f(T)—fHS)}
<2C°KLAN g [ek(dJHs(T)f(T)—st)}

<3 BCPKL?\?

)

implying that fz,(X) is sub-exponential with parameters (V5C2K L2, 4CL'VK).
plying p p )

D.2.2. VERIFICATION OF ASSUMPTION 5.1

Forany s = 1,....k, z;, = +1 and z = (t,y) with ¢ € [, 2], we have

E 0k
_2 € -_(f"'l)z Y
por(z) = % ' i e ) .
\/271' (Co + ek_(r"'%)zsz/}f(t))
Note that
?/2
® B —+5), ke
/k / k . 2(Co+ek 27 2 guwk( )) dydt _,

TR \/27r (C’o + ek’(”%)zswéc(t))

y2

& 2(Co+ek‘“+%)zw§‘<t)>
€
1
\/27r (co+ek—(’“+§>zsw§(t))

Hence p; . (z) =

> 0 is a distribution function on [5:1, £] x R.
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D.2.3. VERIFICATION OF ASSUMPTION 5.2

Forany s =1,...k, z, = £l and x = (t,y) with t € [571, ],

Lon, (&) = L 10g [ =D l(t) +y2( : : )
2 8\ O+ eh B 2k (1) 2 \Cy— ek~ D z00k(t)  Co+ ek T3 20k (1)

Now let X = (T,Y) ~ ps_ ... then

—(r+3) y gk —(r+3), ok
L. (X) = 1log kT fsﬂ)s (7) +Y2?. ck— "7z leq/’s (1) '
4 2 Co + ek~ 2) 2k (T) C2 — (ek=(r+2) 2 pk(T))2

By 1) in Lemma 3.1, we have

1 2ek—(r+3) 2 k(T
—log|1-— ¢ i f v (D) <
2 Co + ek~ 32 2k (T)

2ek~ "2 2 R (T)
Cot+ek™(TH2) 2 ph(T)

26k_(r+%)2’51/}§(T)
Co + ek~ (r2) 2 .k (T)

< Cik7T

for some C; > 0. Hence %log (1 — ) is sub-exponential with parameters (,/C?k~27,0). By 1)

in Lemma 3.1, we have

—(r+3) 5 B (T
LA CY T D
C} — (ek=(r2) 20k (T))>2
.. . . . 2 ek;i(TuF%)szk(T) . .
Then similar to the verification of Assumption 4.1, Y~* - — ot is sub-exponential
CF—(ek™ "2z h(1))?
with parameters (\/5C3k—2" L2, ACoL'k™") Therefore L, . (X) is sub-exponential with parameters

(\/(C? +5C2L72)k=2" 4CyL'k™") (by the dlscussmn in Appendix A.1).

Moreover, note that

i Co — ek )2 k(1) o kT k()
[E[Ls 2, (X)]] = | 5B lg(cﬁek—(ﬂ)zs%(t) +E | E[Y7(T] O (T D D)
1 1 — Cy tek(r+3) .k (1) ek k(T
<5 [E log(1+c prpre; )quk()) + |E | £(T) 2 — (eh D) 2yph (1)

For the first term, by the inequality —2z — 422 < log —2 < 27 + 42 for |z| < 3

o=l (), ok
10g<1 C ek 2zs¢s(t)> |

1+ Oy tek(r+2) 2 0pk (t)
SQ’E[ Leg=(r+8) 5 k(T H+4E{(Colek*”%)zswf(cr)ﬂ

E

jo 4 k—QT‘ _ k_QT.

For the second term, since f(T") lz| < &,

ek " 2) 2 R (T)
C2 — (k=2 2pk(T))?

E|A(T)-

1 ) 2
<cqt ‘]E [f(T )O3 ek () 2 ”+c g {f(T) (Cglek_(’”rf)zsz/}?(T)) }
_ +%)||f_fh7h071||2+k72r j k72r7

where the second inequality is by 1) in Lemma 3.1 and the last inequality is by 3) in Lemma 3.1. Combining these two
parts yields [E[L, ., (X)]| < k=", which completes the proof.
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