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1 Introduction

Gaussian Processes (GPs)[1] are flexible non-parametric models that have shown promising results
across many applications, such as molecule optimization [2, 3] or uncertainty estimation in DNNs
[4, 5]. They are used as prior distributions over some target function f, i.e., f ~ GP(u(-), K, (-, ),
where () and K(-,-) are, respectively, the mean and covariance functions of the GP. Deep
Gaussian Processes (DGPs) [6] concatenate several GPs across a layered network, defining a
hierarchical structure that leads to a more flexible probabilistic model. This concatenation enlarges
the class of functions that can be modeled, allowing to capture complex patterns within the data.

Bayesian inference in DGPs is intractable. Thus, approximations using variational inducing points
such as Double Stochastic Variational Inference (DSVI) [7] must be employed. To alleviate optimiza-
tion difficulties, two main tools are often used: (i) a whitened representation of the process values at
the inducing points [8] to enhance the numerical stability of the model [9-11], and (ii) an identity
mean function in the inner layers of the model [7]. In [7], it is claimed that the identity mean function
is needed to avoid the pathologies outlined in [12]. However, the reality is that, in practice, this mean
function is used even in 2-layer DGPs, which are far from being similar models to those in [12].

Here, we show, via experiments in a toy dataset and a dataset from the UCI repository, that the need
for the identity mean function in DGPs is linked to the initial variational parameters and the usage
of the whitened representation. Specifically, we found that a zero mean DGP, with the variational
initialization used in [7, 9—11], can lead to mode collapse during the optimization process, which
is undesirable. Namely, the algorithm sets the variational mean and covariance to those of the GP
prior (a standard Gaussian in the whitened case). Then, a huge noise variance is set in the observation
model to explain the observed data, which is considered pure noise. This is not a desirable behavior.

Our main contributions are: 1) we explain why the whitened representation, beyond being designed to
enhance mixing in MCMC algorithms [8], provides numerical stability in the Variational’s Inference
optimization process; 2) we highlight why the identity mean function in DGPs avoids the mode
collapse effect that occurs when the zero mean function is used; 3) we provide a theoretical explanation
of the effect of whitening in the optimization process; and, 4) we propose a new initialization of the
variational parameters of the zero mean DGP that alleviates the mode collapse problem.

2 Mode collapse in variational DGPs

Consider the observed data D = {(x;,;) | x; € RP, y; € R, i = 1,..., N} which is grouped
into a matrix X = (xi,---,xy) and a vector y = (y1,---,yn)’. Consider a single GP. The
process values at the training points are denoted by f = (f(x1), -, f(xn))T. The set of M
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Figure 1: Example of a three laypiGP, with three units per layer.

inducing location& = ( zy; :zm ), with zi 2 RP, have their corresponding inducing values
f(z)=(u'; ;uM)T. The posterior distribution is approximated using a variational distribution
q(f;u) = p(f ju)g(u), withg(u) = N (u j m;S) wherem andS are thevariational parameters
[13]. The prior overu isN ( z;Kzz ). Inthe whitened representation, we rewrite= Lzz v+
whereKzz = Lzz LT, andp(v) = N (0;1). Then, we make inference abautnstead ou and
learng(v) = N (m,;S,). Variational parameters are initializedms= m, =0,S='S, =10 5I.

DGPs concatenate layers 6fPs as observed in Fig. 1. Adding the supersdrifat denote thé-th
layer, the training objective for thesvi algorithm, described in [7], is theLBO:

P N i fL P L | l.=l .
L= o Eqery logp(yn jfy) =1 KL q(u’) kp(u';Z7) 1)
Non-whitenedGPs:  In classicSVGPs, the mean of the marginal variational distributig(f'=* ) is':
of = Kxz Kygm+ x Kxz Kyt 7 )

TheKL between prior and posterior is given by:
KL (q(u) k p(u)) = % log(iKzz jiSj *) M+ Tr K7 (S+(m  z)m 2)T) : ()
Whitened GPs: In the whitened representation we have:

o = Kxz [L7z] 'my + x; (4)

KL (q(v) k p(v))

2 logis, M+ mim,+TH(S,) : (5)

KL at initialization and mode collapse: In the whitened case, at initialization, the marginal
distribution's variational mean for a zero meagPis zero and th&L is very close to zero . Thus,

the minimization of the objective will likely forcen,, = 0 andS,, = | (since it is thekL minimizer),

and will minimize theELL, i.e, the data-dependent term in (1), by learning a huge observation
noise. However, when using an identity mean function it is simpler to optimizeithgesince the
posterior mean at initialization bs;, the optimization forcem,, to move away from its initial value

0to learn a map fronx; to the outputy . This often avoids mode collapse. For the non-whitened
case, at initialization, the variational mean is alsim the zero meamGP. However, we should
expect the model not to be so prone to mode collapse, since at initializatien tthepends oK 7z

via the prior, which can differ from the identity matrix (depending on the length-scale value). The
contrary may also be truee., one may also expect mode collapse, since now we can freely adapt
both the non-whitenedPp prior kernel hyper-parameters addand the variational parameters

andS to minimizekL. Therefore, in the non-whitened case, mode collapse depends not only on the
initialization of g, but on the initial kernel's hyper-parameter as well. In any case, this model usually
suffers from optimization dif culties, so even though mode collapse can be controlled, the model is
not useful in practice as it is complicated to optimize.

Optimization dif culties:  There is a different impact on the. divergence depending on whether
the whitened representation is used or not. In the whitened representation one often observes that:
1) thekL at initialization is close to zero, providing a small learning signal to the objective; and

Whenl > 2, X is replaced by points' * sampled frong(f' ) at the previous layer.



2) thekL only depends on the variational parametar&ndS. By contrast, in the non-whitened
representation, theL divergence at initialization is far from zero, both for the zero mean and even
more for the identity mean function (due to the tamm ;). Furthermore, th&L depends on

both the variational and the model parameterg, Z, length-scales, etc. These two differences
complicate optimization and we hypothesize they are the reason why one observes oscillations in
the objective during optimization, making the whitened representation the standard one used both in
variationalgps andbGPs [9-11], see Fig. 6 in the AppendiX.

2.1 Variational DGPs in practice

Understanding the implementation D& Ps is key to a comprehensive view of their optimization
process. InGPFLOW, the library used in our experiments, the whitened representation is imple-
mented as outlined above. However, the non-whitened representation is implemented using the
reparameterizatiom0 =m z » which changes the predictive mean anddivergence to:

— 1,..° .
gt = Kxz Kzzm + x;

1 s . . 1 o oT i (6)
KL (q(u) k p(u)) = > logiSj M +logjKzzj+ Tr K,;(S+mm )

This reparameterization simpli es the implementation since both whitened and non-whitened models
requireKL computation between g and a zero mean prior. Nevertheless, the optimization dif culties
outlined above persist due to the tekhzz in theKL. For the rest of the work, unless explicitly
mentioned, we will be using the aforementioned reparameterized version of the variational mean.

3 Avoiding mode collapse via data-driven initialization

We now present a novel initialization that mimics the effect of the identity mean functing i
but uses a zero mean function. We achieve this by selecting appropriate valoesnfigr andZ .

Inner layers:  Atinitialization, in the inner layerd (=1; ;L 1), when using the identity mean
function, the mean of the posterior distribution takes the vafie= 4 = x for any pointx 2 X.
We aim at selectingn andm,, (in the whitening case) such that, at initialization, we obtain the same
posterior meamvhile using a zero meanGP. Assuming a 1-dimensional input space (although this
can be generalized to arbitrary dimensions), this is achieved by solving the linear systems:
. 0 0

X = Kyxz Kzzlm+ X Kxz Kzzl Z and X = Kxz [L-Zrz] lmv+*x: (7)
These are linear equationsnm andm,,, that depend on three independent variabhesX ;Z.).
To solve themX ; Z must be given some value, requiridgn(X) = dim( Z) to yield a solvable
system. We x the inducing location to a subset of the train datee., Z X . This choice gives
the solutionsn = Z; andm,, = Lzzlz, and it guarantees that the initialization will predict identity

values at the inducing pointse., whenX = Z. In both cases, we initializ6 = 10 °| so that the
initial forwarded samples ipsvi do not differ from the mean.

Output layer: DGPs usually use a zero me&w in its output layer withm ; m,, initialized toO.

We propose to extend the idea of the inner layers to the output layer. However, in this case, we want
the posterior mean to resemble the tasgetlues. To this end, we replacé byy in both L.h.s. of

Eq. (7). This givesm = y, andm,, = Lzzly, when using whitening. By selecting the inducing
locationsZ as a subset of , we obtain precise posterior predictive means at those data points at
initialization. This leads to an initial good solution when using enough inducing points, see Fig. 2.

Let us remark the difference between our proposed initialization and that of stam@abn gura-
tions. Consider a non-whiteneds P with the aforementioned reparameterization of the variational

meanm . Assume an identity mean function in the inner layers, a zero mean function in the output

AWe have not explicitly found that these are the reasons why these libraries use whitening in practice, beyond
being recommended in its source code, as seen for example in [tHi$ icomment
3In classi cation we would use a one-hot encoding of the class labels.
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