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Abstract

In this work, we present an adjoint-based method for discovering the underlying governing
partial differential equations (PDEs) given data. The idea is to consider a parameterized
PDE in a general form and formulate a PDE-constrained optimization problem aimed at
minimizing the error of the PDE solution from data. Using variational calculus, we obtain an
evolution equation for the Lagrange multipliers (adjoint equations), allowing us to compute
the gradient of the objective function with respect to the parameters of PDEs given data in
a straightforward manner. In particular, we consider a family of temporal parameterized
PDEs that encompass linear, nonlinear, and spatial derivative candidate terms, and elegantly
derive the corresponding adjoint equations. We show the efficacy of the proposed approach
in identifying the form of the PDE up to machine accuracy, enabling the accurate discovery
of PDEs from data. We also compare its performance with the famous PDE Functional
Identification of Nonlinear Dynamics method known as PDE-FIND Rudy et al.| (2017 among
others, on both smooth and noisy data sets. Even though the proposed adjoint method
relies on forward/backward solvers, it outperforms PDE-FIND in the limit of large data sets
thanks to the analytic expressions for gradients of the cost function with respect to each
PDE parameter. Our implementation is publicly available on GitHubE]

1 Introduction

A significant body of literature on data-driven modeling of physical processes focuses on using neural
networks to achieve rapid predictions from training datasets. The data-driven estimation methods include
Physics-Informed Neural Networks |Raissi et al.| (2019)), Pseudo-Hamiltonian neural networks Eidnes and Lye
(2024), structure preserving [Matsubara et al.| (2020); Sawant et al.| (2023)), and reduced order modelling |Duan
and Hesthaven| (2024). These methods often provide efficient and somewhat "accurate" predictions when
tested as an interpolation method in the space of input or boundary parameters. Such fast estimators are
beneficial when many predictions of a dynamic system is needed, for example in the shape optimization task
in fluid dynamics.

However, the data-driven estimators often fail to provide accurate solution to the dynamical sys-
tem when tested outside the training space, i.e. for extrapolation. Furthermore, given the regression-based
nature of these predictors, often they do not offer any error estimator in prediction. Since a wide range of
numerical methods already exist for solving classical governing equations, a compelling alternative is to
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infer the underlying equations directly from data. Once the governing equation is found, one can either use
the standard numerical methods for prediction, or train a PINN-like surrogate model for fast evaluation.
This way we guarantee the consistency with observed data, estimator for the numerical approximation,
and interoperability. Hence, learning the underlying physics given data has motivated a new branch in the
scientific machine learning for discovering the mathematical expression as the governing equation given data.

The wide literature of data-driven discovery of dynamical systems includes equation-free modelling [Kevrekidis
et al.| (2003), artificial neural networks |Gonzalez-Garcia et al.| (1998), nonlinear regression [Voss et al.| (1999)),
empirical dynamic modeling |Sugihara et al.| (2012)); [Ye et al.|(2015), modeling emergent behavior [Roberts
(2014)), automated inference of dynamics |Schmidt et al.| (2011)); Daniels and Nemenman| (2015a3b)), normal
form identification in climate [Majda et al.| (2009), nonlinear Laplacian spectral analysis |Giannakis and Majda,
(2012)), modeling plasma physics |Alves and Fiuzal (2022)), and Koopman analysis Mezi¢| (2013) among others.
There has been a significant advancement in this field by combining symbolic regression with the evolutionary
algorithms [Bongard and Lipson! (2007)); Schmidt and Lipson| (2009); Tohme et al.| (2022)), which enable the
direct extraction of nonlinear dynamical system information from data. Furthermore, the concept of sparsity
Tibshirani| (1996)) has recently been employed to efficiently and robustly deduce the underlying principles of
dynamical systems Brunton et al.| (2016)); [Mangan et al.| (2016).

Related work. Next, we review several relevant works that have shaped the current landscape of discovering
PDEs from data:

PDE-FIND Rudy et al.| (2017). This method has been developed to discover underlying partial differential
equation by minimizing the L3-norm point-wise error of the parameterized forward model from the data
using sparse regression. Estimating all the possible derivatives using Finite Difference, PDE-FIND constructs
a dictionary of possible terms and finds the underlying PDE by performing a sparse search using ridge
regression problem with hard thresholding, also known as STRidge optimization method. Several further
developments in the literature has been carried out based on this idea |Champion et al.[(2019); Kaheman et al.
(2020) including Weak-SINDy Messenger and Bortz (2021). In these methods, as the size (or dimension) of
the data set increases, the PDE discovery optimization problem based on point-wise error becomes extremely
expensive, forcing the user to arbitrarily reduce the size of data by resampling, or compressing the data using
proper orthogonal decomposition. Needles to say, in case of non-linear dynamics, such truncation of data can
introduce bias in prediction leading to finding a wrong PDE.

PDE-Net, PINN-SR, and PDE-LEARN. One of the issues with the PDE-FIND is the use of Finite
Difference in estimating the derivatives. This has motivated the idea of combining the PDE discovery
task with the PDE estimator that avoids the use of Finite Difference. In methods such as PDE-Net [Long
et al.| (2018; [2019), PDE-LEARN |Stephany and Earls (2024]) or PINN-SR |Chen et al.| (2021)), the search for
weights/biases of a complicated neural network as a differentiable data-driven PDE estimator is combined
with the sparse search in the space of possible terms to find the coefficients of the underlying PDE. Combining
PDE discovery with data-driven estimation of PDEs makes these methods more expensive than PDE-FIND
in practice.

Hidden Physics Models|Raissi and Karniadakis| (2018]). This method assumes that the relevant terms of
the governing PDE are already identified and finds its unknown parameters using Gaussian process regression
(GPR). While GPR is an accurate interpolator which offers an estimate for the uncertainty in prediction, its
training scales poorly with the size of the training data set as it requires inversion of the covariance matrix.

Contributions. In this paper, we introduce a novel approach for discovering PDEs from data based on the
well-known adjoint method, i.e. PDE-constrained optimization method. The idea is to formulate the objective
(or cost) functional such that the estimate function f minimizes the L3-norm error from the data points f*
with the constraint that f is the solution to a parameterized PDE using the method of Lagrange multipliers.
Here, we consider a parameterized PDE in a general form and the task is to find all the parameters including
irrelevant ones. By finding the variational extremum of the cost functional with respect to the function f, we
obtain a backward-in-time evolution equation for the Lagrange multipliers (adjoint equations). Next, we
solve the forward parameterized PDE as well as the adjoint equations numerically. Having found estimates
of the Lagrange multipliers and solution to the forward model f, we can numerically compute the gradient
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of the objective function with respect to the parameters of PDEs given data in a straightforward manner.
In particular, for a family of parameterized and nonlinear PDEs, we show how the corresponding adjoint
equations can be elegantly derived. We note that the adjoint method has been successfully used before as an
efficient method for uncertainty quantification [Flath et al.| (2011]), shape optimization and sensitivity analysis
method in fluid mechanics [Hughes et al.| (1998)); |[Jameson| (2003)); |Caflisch et al.| (2021) and plasma physics
Antonsen et al.| (2019); (Geraldini et al.| (2021). Unlike the usual use of PDE-constrained adjoint optimization
where the governing equation is known, in this paper we are interested in finding the form along with the
coefficients of the PDE given data.

The remainder of the paper is organized as follows. First in Section [2] we introduce and derive the proposed
adjoint-based method of finding the underlying system of PDEs given data. Next in Section [3| we present
our results on a wide variety of PDEs and compare the solution with the celebrated PDE-FIND in terms of
error and computational/training time. In Section 4] we discuss the limitations for the current version of our
approach and provide concluding remarks in Section

2 Adjoint method for finding PDEs

In this section, we introduce the problem and derive the proposed adjoint method for finding governing
equations given data.

Problem setup. Assume we are given a data set on a spatial/temporal grid G = U;,\':to G with gU) =

{(x®,t0)) | k =1,...,Ng} for the vector of functions f* where k is the spatial index and j the time index
with t(N*) = T being the final time. Here, (*) € Q C R” is spatial position inside the solution domain €, t(7)
denotes the j-th time that data is available, and output is a discrete map f* : G — RY. The goal is to find
the governing equations that accurately estimates f* at all points on G. In order to achieve this goal, we
formulate the problem using the method of Lagrange multipliers.

Adjoint method. For simplicity, let us first consider only the time interval ¢ € [t(j ), t(j+1)]. Consider a
general a forward model £]-] that evolves an N-dimensional vector of sufficiently differentiable functions
Fflx,t =tU)) in t € (tVW),tU+D] and € Q where the i-th PDE is given by

Lilf] =0 fi + Zai,dmvﬁf) [fP]=0 (1)

d,p

for i =1,..., N, resulting in a system of N-PDEs, i.e. the i-th PDE £; predicts f;. Here, @ = [z1, z2a, ..., zy]
is an n-dimensional (spatial) input vector, and f = [f1, f2,..., fn] is an N-dimensional vector of functions.
We use the shorthand f; = f;(x,t) and f = f(«,t). Furthermore, p = [p1,...,pny] and d = [d1,ds, . .., d,] are
non-negative index vectors such that fP = f{* f2> ... fR¥ where p; for i = 1, ..., N denotes the power of f; and

VPP = VIV - VI AR (2)
is an iterated differential operator acting on fP where vé‘jf ) for j =1,...,n indicates d;-th derivative in z;
dimension, and 0, f; denotes the time derivative of the i-th function. We denote the vector of unknown
parameters by o = [ d.p)(i,d,p)eD, Where D represents the domain of all valid combinations of i, d, and p.

Having written the forward model [l as general as possible, the goal is to find the parameters « such that
f approximates the data points of f* at t = tU+1) given the solution f = f* at t = t(). To this end, we
formulate a semi-discrete objective (or cost) functional that minimizes the L3-norm error between what the
model predicts and the data f* on GUTY | with the constraint that f solves the forward model in Eq. , ie.

N 2
=1 k

where ||.||2 denotes Lo-norm, and € is the regularization factor. We note that PDE discovery task is ill-posed
since the underlying PDE is not unique and the regularization term helps us find the PDE with the least
possible coefficients.
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Clearly, given estimates of f and Lagrange multipliers A = (A1, A, ..., Ay ), the gradient of the cost function
with respect to model parameters can be simply computed via

oc

= (—1)l / P VDN |dedt + 2€00;.4,p (4)
aai,d,p

where i = 1,..., N and |d| = dy + ... + d,,, where |.| denotes Li-norm. Here, we used integration by parts and
imposed the condition that A — 0 on the boundaries of Q at all time ¢ € [0,T]. The compact support of A
is motivated by the fact that we consider boundary conditions as known. In case boundary conditions are
parameterized, we need to add another constraint to find its parameters.

The analytical expression [ can be used for finding the parameters of PDE using in the gradient descent
method with update rule

ac
Qidp < QXidp — ﬁm (5)
i,d,p
fori=1,...,N, where = S min(Ax)!#~%mex is the learning rate which includes a free parameter 8 and

scaling coefficient for each term of the PDE, and dy.x = max(|d|) for all considered d. Let us also define
Pmax = max(|p|) as the highest order in the forward PDE model. We note that since the terms of the PDEs
may have different scaling, the step size for the corresponding coefficient must be adjusted accordingly. Based
on our simulation studies, the gradient of the cost function is most sensitive to the highest order terms of the
PDE. In Appendix |D| we give a justification for our choice of the learning rate 7.

However, before we can use Eq. and , we need to find A, hence the adjoint equation. This can be
achieved by finding the functional extremum of the cost functional C with respect to f. First, we note that
the semi-discrete total variation of C can be derived as

N
=" (Z Ai(@® tTNS f; o oen = Y 2(f7 (@), 19FD) — (@) TN o0 e
k

i=1 k

+/ (_%): +) (=)0 a,Vy, [f”]v;@[xi])(sfidxdt)
d,p

where § f; denotes variation with respect to f;(z,t) in t € (t0) tG+D) and 0 fi @t 4G+1) variation with respect
to fi(x = x®) ¢ = t(j+1)). In this derivation, we discretized the last integral resulting from integration by
parts in time using the same mesh as the one of data GU+1) . Here again, we used integration by parts and
imposed the condition that A — 0 on the boundaries of  at all time t € [t0),tU+V)] for i = 1,..., N. Note
that f;(zx,t) is the output of i-th PDE.

Next, we find the optimums of C (and hence the adjoint equations) by taking the variational derivatives with
respect to f; and f; po 1640, 1.

5C O\
o _ PN (L)l Py
5fi 0 = 8t Z( 1) a11d1pvfi[f ]Vm [)‘z] (6)
d.p
and
0 a(@®, 0Dy = o (@) 4GD) (), D)) )
O fi () 1G4+

fori=1,..,N and j =0,..., Ny — 1. We note that the adjoint equation [f] for the system of PDEs is backward
in time with the final condition at the time ¢ = ¢tU*1) given by Eq. @ In Appendices |A|and Bl we provide a
detailed derivation of adjoint equation and its gradient. In order to make the notation clear, we also present
examples for adjoint equations in Appendix [G] The adjoint equation is in the continuous form, while the final
condition is on the discrete points, i.e. on the grid G+, In order to obtain the Lagrange multipliers in
te [t(j + 0 )), a numerical method appropriate for the forward [1f and adjoint equation% should be deployed.
Furthermore, the adjoint equation should have the same or coarser spatial discretization as GU1) to enforce
the final condition [@
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Training with smooth data set. The training procedure follows the standard gradient descent method.
We start by taking an initial guess for parameters «, e.g. here we take o = 0 initially. For each time interval
t € [t tU+D] first we solve the forward model |1| numerically to estimate f(z*),t+1) given the initial
condition

f(w(k)J(j)) — f*(w(k),t(j)) ) (8)

Then, the adjoint Eq. [f] is solved backwards in time with the final time condition [7] Finally, the estimate for
parameters of the model is updated using Eq. [5)] We repeat this for all time intervals j = 0, ..., Ny — 1 until
convergence.

In order to improve the search for coefficients and enforce the PDE identification, we also deploy
thresholding [Blumensath and Davies| (2009), i.e. set o qp = 0 if |;,q.p| < 0 where ¢ is a user-defined
threshold, during and at the end of training, respectively. Thresholding improves the regression by reducing
PDE space into smaller intermediate PDEs by dropping out irrelevant terms during training. At the end of
the process, the terms whose coefficients survive thresholding form the identified PDE.

In Algorithm [I] we present a pseudocode for finding the parameters of the system of PDEs using
the Adjoint method (a flowchart is also shown in Fig.[18|of Appendix |E]). For the introduced hyperparameters,
we note that 8 in the learning rate needs to be small enough to avoid unstable intermediate guessed PDEs,
€p must be large enough to ensure uniqueness in cases where more than one solution may exist, and the
thresholding should be applied only when solution to the optimization is not improving anymore up to a
user-defined tolerance ~,,. For suggested default values, please see the description of the algorithm. For
experimental investigation on impact of these parameters for a few examples, see Appendix [F]

We note that the type of guessed PDE may change during the training, which adds numerical
complexity to the optimization and motivates the use of an appropriate solver for each type of guessed PDE,
e.g. Finite Volume method for hyperbolic and Finite Element method for Elliptic PDEs. For simplicity, in
this work we use the second-order Finite Difference method across the board to estimate the spatial and
Euler for the time derivative with small enough time step sizes in solving the forward/backward equations to
avoid blow-ups due to possible instabilities. See appendix [C] for the analysis on the numerical error for the
estimated adjoint gradient. We note that the adjoint method is most effective when there is some prior
knowledge of the underlying PDE type, and a suitable numerical method is deployed.

Algorithm 1 Finding system of PDEs using Adjoint method. Default threshold o = 1072 applied after
Ny = 100 iterations, with tolerances v = 10~? and 74, = 1079, and regularization factor g = 10712.

Input: data f*, learning rate 7, tolerance -y, threshold o applied after Niy,, and €q.
Initialize the parameters o = 0
repeat
for 7=0,...,N; —1do
Estimate f in t € (t(j), t(jH)] by solving forward model given initial condition
Solve for A in t € [t9),¢tU+1)) given the backward adjoint Eq. @ and final condition Eq. [7|from data.
Compute the gradient using Eq. (4)
Update parameters a using Eq.
end for
if Epochs > Ny, or convergence in o with v, then
Thresholding: set a; = 0 for all ¢ such that |o;| < o
end if
until Convergence in a with tolerance =
Output: o
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Training with noisy data set. Often the data set comes with some noise. There are several pre-processing
steps that can be done to reduce the noise at the expense of introducing bias, for example removing high
frequencies using Fast Fourier Transform or removing small singular values from data set using Singular
Value Decomposition.

However, we can also reduce the sensitivity of the training algorithm to the noise by averaging the
gradients before updating the parameters. Assuming that the noise is martingale, the Monte Carlo averaging
gives us the unbiased estimator for the expected value of the gradient over all the data set. We adapt the
training procedure by averaging gradients over all available data points and then updating the parameters
(see Algorithm [2| and the flowchart in Fig. |18 of Appendix [E| for more details). Clearly, this will make the
algorithm more robust at higher cost since the update happens only after seeing all the data.

Algorithm 2 Finding a system of PDEs using the Adjoint method with averaging for the computation of
gradients over the data set. Default threshold o = 10~ applied after Ny, = 100 iterations, with tolerances
v =102 and 4, = 1079, and regularization factor ey = 10712,

Input: data f*, learning rate 7, tolerance -y, threshold o applied after Niy,, and €q.
Initialize the parameters a = 0
repeat
for =0,...,N, —1do
Estimate f in t € (t(j ), t(j+1)] by solving forward model given initial condition
Solve for A in ¢ € [t4)¢tU+1)) given the backward adjoint Eq. @ and final condition Eq.|7|from data.
Compute the gradient g\¥) = 9C¥) /9o using Eq.
end for
Average the gradient E[0C/0a] =}, g /N,
Update parameters a using Eq. and E[0C/0a]
if Epochs > Ny, or convergence in v with ¢, then
Thresholding: set «; = 0 for all i such that |o;| < &
end if
until Convergence in o with tolerance ~y
Output: o

3 Results

We demonstrate the validity of our proposed adjoint-based method in discovering PDEs given measurements
on a spatial-temporal grid. We have compared our approach to PDE-FIND in terms of error and time to
convergence. All the results are obtained using a single core-thread of a 2.3 GHz Quad-Core Intel Core i7
CPU. In this paper, we report the execution time 7 obtained with averaging over 10 independent runs and
we use error bars to show the standard deviation of the expected time, i.e. derror—bar = VE[(T — E[7])2].
Furthermore, we also report the true positivity ratio |Lagergren et al.|(2020) defined by

TP

TPR = —/———F——=
R TP +FN + FP

(9)
where TP denotes the number of correctly identified non-zero coefficients, FN the number of coefficients

falsely identified as zero, and FP is the number of coefficients falsely identified as non-zero. Identification of
the true PDE form results in TPR = 1.

3.1 Considered PDEs

In this section, we consider the PDE discovery task given data from numerical solutions to a variety of
problems, including the Heat, Burgers’, Kuramoto Sivashinsky, Random Walk, and Reaction Diffusion
equations, summarized in Table
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Table 1: A summary of recovered PDEs from dataset using Adjoint and PDE-FIND method.

Problem
(N¢, Ny, Ny s o) Method Ex. Time [s] Recovered PDE
Heat eq. (1D) Adjoint 2.144+0.01 fi = fex +0O(10712)
(128,128) PDE-FIND 2.66 & 0.02 Jt = faa +O(1075)
Heat eq. (2D) Adjoint 44.87 +1.63 Fi = Forms + Foams + O(1076)
(100,100,100) PDE-FIND  796.01 +11.94 fe = [z + foows + 0(1079)
Burgers’ eq. (1D) Adjoint 3.374+0.24 fir=(f*z +0(10712)
(128,128) PDE-FIND 2.56 & 0.01 fi = —0.036f 4 0.094f3 + 2f f, + 0.002f3 f, + O(10~%)
Burgers’ eq. (2D) Adjoint 250.4 + 6.6 fe = (Farey (F)age, + 01074
(100,100,100) PDE-FIND  914.93 + 8.32 fo = 1.998F fur 0, + 1.998f foowy + O(10~4)
KS eq. (1D) Adjoint 9.34+1.2 ft = =05 fre + 0.5 fowee + (f2)z +O(107°)
(64,256) PDE-FIND 1.1240.11 fi = —0.5fus 4 0.5 fupan + 1.972f f +0.042f + O(1073)
Random Walk (1D) Adjoint 1.253 £ 0.38 fi 4 1.025f, — 0,465 frp + O(1072) = 0
(50,100) PDE-FIND 0.17 4+ 0.09 fi +0.798f, — 0.454f,, + O(1072) = 0
Reaction Diffusion egs. (2D) Adjoint 998.32 £14.66  us = 0.1y, + 0.2uy, + 0.3u — 0.3v3 — 0.1uv? — 0.2u%v + 0.4u® + O(10711),
(200,70,70) v = 0.4, + 0.3v,, + 0.20 + 0.10% — 0.2uv? — 0.3u?v — 0.1u® + O(10710)

PDE-FIND 2234.54+31.52  w; = 0.1ty + 0.2u, + 0.3u — 0.30% — 0.1uv? — 0.202v + 0.4u3 + O(1079),
v = 0.4v,5 + 0.3vy, + 0.20 + 0.103 — 0.2uv? — 0.3u?v — 0.1u3 + O(1078)

3.1.1 Heat equation

As a first example, let us consider measured data collected from the solution to the heat equation, i.e.

of 0?f

i pZL—

o " a2
with D = —1. The data is constructed using the Finite Difference method with initial condition f(z,0) =
5sin(27x)z(x — L) and a mesh with N, = 100 nodes in z covering the domain Q = [0, L] with L = 1 and
N; = 100 steps in ¢ with final time T' = N;At where At = 0.05Ax2/|D| is the step size and Az = L/N,, is
the mesh size in x.

0, (10)

EEm Adjoint EEE PDE-FIND EEm Adjoint  EEE PDE-FIND
.019 -5
0.0 1 —— Qy-2p-1 —o— (D) 10
-0.2 4 ---D - |le(a)|h 102
g 1077 3%
.g -0.4 5 5 &
% -0.6 @ @ g
o . £ 10!
o 10-9 =
-0.8
—1.0«3333?33333 10°
0 20 40 S S =) S =) =) ) 5
Epochs S g =2 8 g 2 S 8
=3 o o - o o =3 -
o o o o o o o o
o n o S o n o S
j= < = S = - = =}
=) =)
(Ng, Ny) (Ne, Nx)
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Figure 1: The estimated coefficient corresponding to D in heat equation (a) and the L;-norm error of all
considered coefficients (b) using the proposed Adjoint method with N; = 100 and N, = 100. Also, we
show Li-norm error of the estimated coefficients (¢) and the execution time (d) using the proposed Adjoint
method (blue) and PDE-FIND method (red), given data on a grid with N; € {100, 500, 1000} steps in ¢, and
N, € {100, 1000} nodes in x.

We consider a system consisting of a single PDE (i.e. N =1, f = f, and p = p) with one-dimensional input,
ie.n=1and x =x CR, and d = d € N. In order to construct a general forward model, here we consider
derivatives and polynomials with indices d,p € {1,2,3} as the initial guess for the forward model. This leads
to 9 terms with unknown coefficients a that we find using the proposed adjoint method (an illustrative
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derivation of the candidate terms can be found in Appendix |G.1]). While we expect to recover the coefficient
that corresponds to D, we expect all the other coefficients (denoted by a*) to become negligible. That is
what we indeed observe in Fig. [I| where the error of the coefficient for each term is plotted against the number
of epochs.

Table 2: Comparison between Adjoint, PDE-FIND, WSINDy, and PDE-LEARN in recovering 1D Heat
equation from noise-free data.

(N¢, Ny) Method Ex. Time s] Recovered PDE TPR
(128,128) Adjoint 2.14 4 0.01 ft = fow + O(10712) 1
PDE-FIND 2.66 + 0.02 fi = fox +O(1079) 1

WSINDy 0.20 £ 0.01 fi =10.777f, — 20.701 f3 0.25

PDE-LEARN  941.01 £2.13  f, = —0.004f, + 0.002f,; + 0.009f,00 — 0.006f f,, — 0.007f fre  0.22
—0.003(f,)? — 0.004f2f, — 0.004f2 f1p

Next, we compare the solution obtained via the adjoint method against PDE-FIND with STRidge
optimization method. Here, we test both methods in recovering the heat equation given data on the grid
with discretization (N, N). As shown in Fig. [1} the proposed adjoint method provides more accurate results
across all data sizes.

We also point out that as the size of the data set increases, PDE-FIND with STRidge regression
method becomes more expensive, e.g. one order of magnitude more expensive than the adjoint method for
the data on a grid size (N, N;) = (1000, 1000). In Table[2] we also compare the adjoint method with more
recent methods such as WeakSINDy and PDE-LEARN, where, to our surprise, PDE-FIND remains the
strongest alternative that justifies its use as the baseline method here.

Next, we consider the Heat equation in 2D, i.e.

of O%f  92f\
8t+D< >_o (11)

ox3  Ox3
with the initial condition

f(zx,0) = exp(—b(x — x.)?) cos(2cm(x — x.)?) (12)
where x, = (0.5,0.5)7 and coefficients b = ¢ = 20, inside the domain x € [0, 1]?, as depicted in Fig. |2l Again,
we have tested the adjoint method against other methods for a variety of mesh sizes in Table [3] Overall, the

adjoint method seems to provide a more efficient solution at larger data sets and higher dimensions.

£0) (20 40 £(60)

.0
00 02 04 06 08 1.0
x1[-] x1[-]

() (d)

Figure 2: The initial condition described in Eq. |12/ on 100 x 100 grid (a) and the evolution of the solution to
the 2D heat equation after 20, 40, and 60 time steps (b)-(d).




Published in Transactions on Machine Learning Research (09/2025)

Table 3: Recovering 2D Heat equation using the Adjoint and PDE-FIND method given noise-free dataset for
a range of discretizations. *The method failed in providing any solutions.

(Nt, Ngyy Nyy) Method Ex. Time [s] Recovered PDE TPR
(20,50,50) Adjoint 11.4 ft = feiay + frowy +O(107°) 1
PDE-FIND 15.31 fi = foyay + Foowy + O(1073) 1

WSINDy - _* —*
(20,100,100) Adjoint 21.96 [t = forzr + foows + O(1079) 1
PDE-FIND 75.27 Jt = forey + Frgan +O(107%) 1

WSINDy 0.139 ft = —0.0009 f, 212, + O(1076)  0.25
(100,100,100) Adjoint 44.87 ft = forzr + froms + O(1079) 1
PDE-FIND 796.83 ft = forzr + foows + O(107) 1

WSINDy 0.152 fi = —0.02116 f1y4pu, + O(1076)  0.25

3.1.2 Burgers’ equation

As a nonlinear test case, let us consider the data from Burgers’ equation given by
of | 0(AP)
ot oz

where A = —1. The data is obtained with similar simulation setup as for heat equation (Section [3.1.1]) except
for the time step, i.e. At = 0.05Az/|A|.

=0

(13)

Similar to Section [3.1.1] we adopt a system of one PDE with one-dimensional input. We also consider
derivatives and polynomials with indices d,p € {1,2,3} in the construction of the forward model. This leads
to 9 terms whose coefficients we find using the proposed adjoint method. As shown in Fig. [3] the proposed
adjoint method finds the correct coefficients, i.e. ag—1 p—2 that corresponds to D as well as all the irrelevant
ones denoted by a*, up to machine accuracy in O(10) epochs.

0.0 {e
W —@— Qy=1,p=2 10-3 —o— e(A)
-0.2 --- A - |le(a’)|]1
-
=4 -6
9 —0.4 . 10
S S
S 0.6 w109
&)
—0.8 A 10-12
—1.0-—Lmoomm
0 20 40 60 20 40 60

Epochs

Epochs

Figure 3: The estimated coefficient corresponding to A (left) and the Li-norm error of all considered
coefficients (right) given the discretized data of 1D Burgers’ equation during training.

Next, we compare the solution obtained from the adjoint method to the one from PDE-FIND using
STRidge optimization method. Here, we compare the error on coefficients and computational time between
the adjoint and PDE-FIND by repeating the task for the data set with increasing size, i.e. (Ng, N;) €
{(100,100), (1000,100), (1000, 1000)}. As depicted in Fig. 4] the adjoint method provides us with more
accurate solution across the different mesh sizes. Regarding the computational cost, while PDE-FIND seems
faster on smaller data sets, as the size of the data grows, it becomes increasingly more expensive than the
adjoint method. Similar to the heat equation, for the mesh size (¢, N;) = (1000, 1000) we obtain one order
of magnitude speed-up compared to PDE-FIND. Again, we compare the adjoint method to WeakSINDy and
PDE-LEARN as more recent alternative methods. As shown in Table[d to our surprise, PDE-FIND remains
the strongest alternative that justifies its use as the baseline method here.
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Figure 4: Li-norm error of the estimated coefficients (left) and the execution time (right) for discovering the
Burgers’ equation equation using the Adjoint method (blue) and PDE-FIND method (red), given data on a
grid with Ny € {100, 1000} steps in ¢, and N, € {100,1000} nodes in .

Table 4: Comparison between the Adjoint, PDE-FIND, WSINDy, and PDE-LEARN in recovering the 1D
Burgers’ equation from noise-free data.

(N¢, Ny) Method Ex. Time s] Recovered PDE TPR
(128,128) Adjoint 3.37+0.15 fie=(f?)s+0(10712) 1
PDE-FIND 2.56 + 0.02 fi=2ff: —0.03f +0.09f3 + O(107%) 0.5
WSINDy 0.21 +0.05 fr=—0.003f2,, +0.016f3, + O(10~%) 0.25

PDE-LEARN  889.15+6.23  f; = 0.08f, 4+ 0.10fuy + 0.01 fyuy + 0.03f f1 + 0.06f2f, +0.034f frw 0.2

Next, we consider the Burgers’ equation in 2D, i.e.

af of2  0f? B

ot T4 <3x1 T 0w ) =0 (1)
with A = —1 and the initial condition

f(2,0) = exp(—b(z — x.)?) (15)

with x. = (0.5,0.5)T and coefficients b = 30, inside the domain = € [0,1]2, as depicted in Fig. |5l Again, we
have tested the adjoint method against the PDE-FIND method in variety of mesh sizes as shown in Table
We observe that the adjoint method remains computationally advantageous at larger data sets.

t=0 t=T

1.0 1.0

0.8
0.8 0.8 0.8
0.6 0.6 0.6 0.6
0.4 0.4

0.4 0.4
0.2 0.2

0.2 0.2
0.0 0.0

0 0

0.0 0.2 0.4 0.6 0.8 1. 0.0 0.2 0.4 0.6 0.8 1.
x1 [-] x1[-]

xz2 [-]
xz [-]

Figure 5: Initial condition (left) described in Eq. [L5|and the solution of 2D Burgers’ equation at final time
(right).
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Table 5: Recovering 2D Burgers’ equation using the Adjoint method without averaging Algorithm [I] and
PDE-FIND method given noise-free dataset for a range of discretizations. *The WSINDy method failed in
providing any solutions.

(Nty Nuyy Nuy) Method Ex. Time [s] Recovered PDE TPR
(20,50,50) Adjoint 148.4 fi = 0.979(f%) s, + 0.988(f2),, + O(107%) 1
PDE-FIND 15.23 fi = 2.03f fu, — 2.02f fu, — 0.027£3 f1r, — 0.029£2 fo., 0.37
—0.035£3 f,, — 0.002f,, —0.002f,, + O(10~%)
WSINDy —* o
(20,100,100) Adjoint 145.6 fi = 0.989(f%)s, + 0.989(f%)4, + 0.004f, + 0.007(f3)4, 0.42
+0.004f,, — 0.007(f3)4, + O(107%)
PDE-FIND 85.34 fe =2.01ffo, +2.01ffr, —0.027f3 fo, —0.012f2f,, —0.012f2f,, 0.3
—0.004 2 f,, +0.008f3 — 0.002f,, — 0.002f,, + O(10~*)
WSINDy 0.1346 fi = —0.001722(f3) 2papzy + O(1076) 0.25
(100,100,100) Adjoint 250.4 o= (e + ([P + O(107%) 1
PDE-FIND 914.93 fe = 1.998f fu, + 1.998f f.., + O(10~%) 1
WSINDy 0.156 fe = —0.0106277(f3) 2, 2y2, + O(1076) 0.25

3.1.3 Kuramoto Sivashinsky equation

As a more challenging test case, let us consider the recovery of the Kuramoto-Sivashinsky (KS) equation
given by

af of? 0 f o*f

—4+A——+B—=S+C—=0 16

ot T TP T Vo (16)
where A = —1, B = 0.5 and C' = —0.5. The data is generated in a similar way to previous sections except for
the grid (N;, N,) = (64,256) and the time step size At = 0.01Az*/|C|.

Here again, we adopt a system of one PDE with one-dimensional input. As a guess for the forward model, we
consider terms consisting of derivatives with indices d € {1,2, 3,4} and polynomials with indices b € {1, 2},
leading to 8 terms whose coefficients we find using the proposed adjoint method. As shown in Fig. [6] the
adjoint method finds the coefficient with error of O(10~?), yet achieving machine accuracy seems not possible.

—»— QAg=1,p=2 -—-A —»— Ag=1,p=2 -—-A
—@— QAg=2p-1 ~—=- B —>— e(Ad) —4— e(0) —®— QAg=2p-1 ~—=- B —»>— e(Ad) —4— e
= Qg-4p-1 —° C —- e(B) @ |le(a’)]x = A-4p-1r ~ C —0- e(B) @ |le(a’)])x
1.0 10-2 1.0 10-2
0.5 10-5 £ o5 107
g 2 S s
© -
0.0 4 T £ 0.0 5 10
8 11
10-
-0.5 H 1o-11 -0.5 H
1071
-1.0 -1.0 —
T T T T T T T T T T t T
0 100 200 0 100 200 0 100 200 0 100 200
Epochs Epochs Epochs Epochs

(2) (b) () (d)

Figure 6: The estimated coefficients corresponding to A, B,C' and the Li-norm error of all considered
coefficients given the discretized data of the KS equation during training without (a-b) and with (c-d) active
thresholding for Epochs > Ny, = 100.
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Figure 7: Li-norm error of the estimated coefficients (left) and the execution time (right) for discovering
the KS equation using the Adjoint method (blue) and PDE-FIND method (red), given data on a grid with
N; € {64,128,256} steps in t, N,, € {256,512,1024} nodes in x.

Table 6: Comparison between Adjoint, PDE-FIND, WSINDy, and PDE-LEARN method in recovering the
Kuramoto Sivashinsky equation from data.

(N¢, Ny) Method Ex. Time [s] Recovered PDE TPR
(64,256) Adjoint 79.14 4+ 2.31 fr = —0.5fpe + 0.5 frzze + (f?)e + O(1078) 1
PDE-FIND  26.2043.11 fi = =0.5f0s + 0.5 fupae + 1.972f £, + 0.042f + O(107%) 0.8
WSINDy 0.20 £ 0.01 fi = —0.255(f?) pun 0.2

PDE-LEARN  892.08 +7.72 f, = 0.04f — 0.03f2 — 0.05f, 4+ 0.02f5z + 0.05f120 + 0.04 100z 0.26
—0.07f f 4+ 0.03f% fo — 0.04f foe — 0.05f2 foi + 0.08f frae

Again, in Fig. [[] we make a comparison between the predicted PDE using the adjoint method
against PDE-FIND. In particular, we consider a data set on a temporal/spatial mesh of size
(Ny, N,) = {(64,256), (128,512), (256,1024)} and compare how the error and computational cost
vary.

Similar to previous sections, the error is reported by comparing the obtained coefficients against
the coefficients of the exact PDE in Lj-norm. Interestingly, the PDE-FIND method has 3 to 4 orders
of magnitude larger error compared to the adjoint method. Also, in terms of cost, the training time for
PDE-FIND seems to grow at a higher rate than the adjoint method as the (data) mesh size increases. Again,
we made further comparison with more recent methods such as WeakSINDy and PDE-LEARN. As shown in
Table [6] PDE-FIND remains the strongest alternative which justifies its use as the baseline method here.

3.1.4 Random Walk

Next, let us consider the recovery of the governing equation on probability density function (PDF) given
samples of its underlying stochastic process. As an example, we consider the It6 process

dX = Adt + V2DdW (17)

where A = 1 is drift and D = 0.5 is the diffusion coefficient, and W denotes the standard Wiener process
with Var(dW) = At. We generate the data set by simulating the random walk using Euler-Maruyama scheme
starting from X (¢ = 0) = 0 for N; = 50 steps with a time step size of At = 0.01. We estimate the PDF using
histogram with N, = 100 bins and Ny = 1000 samples.
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Figure 8: The estimated coefficients corresponding to A and D (left) and the L;-norm error of all considered
coefficients (right) of the Fokker-Planck equation as the governing law for the PDF associated with the
random walk during training.
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Figure 9: Li-norm error of the estimated coefficients (left) and the execution time (right) for discovering
the Fokker-Planck equation using the proposed Adjoint method (blue) and PDE-FIND method (red), given
samples of its underlying stochastic process with N; € {50, 100} steps in ¢, N, = 100 histogram bins, and
N; € {10%,10*} samples.

Let us denote the distribution of X by f. It6’s lemma gives us the Fokker-Planck equation

of , ,of [ O*f _
o TAZ ~Da5 =0, (18)

Given the data set for f on a mesh of size (NV;, N,.), we can use Finite Difference to compute the contributions
from derivatives of f in the governing law. Since this is one of the challenging test cases due to noise, here we
only consider three possible terms in the forward model, consisting of derivatives with indices d € {1,2,3}
and polynomial power p = 1. In Fig. [§] we show how the error of finding the correct coefficients evolves
during training for the adjoint method. Clearly, the adjoint method seems to recover the true PDE with L,
error of O(1072) in its coefficients.

In Fig. [0} we make a comparison with PDE-FIND for the same number and order of terms as the initial guess
for the PDE. We compare the two methods for a range of grid and sample sizes, i.e. N; € {50,100}, N,, = 100,
and N, € {103, 10*}. It turns out that the proposed adjoint method overall provides more accurate estimate
of the coefficients than PDE-FIND, though at a higher cost. In Table[7] we show the discovered PDEs for
both methods across the different discretizations, and Table [§ shows further comparison wtih WSINDy and
PDE-LEARN.
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Table 7: Recovery of the Fokker-Planck equation, i.e. fi 4+ fz — 0.5 = 0, using the proposed adjoint method
against PDE-FIND method given samples of the underlying stochastic process for various discretization
parameters.

N; ‘ N, ‘ Ny ‘ Method ‘ Recovered PDE ‘ TPR
50 | 100 | 1000 | Adjoint ft +1.025f, —0.465f,., =0 1
PDE-FIND | f; +0.798f, — 0.454f,, =0 1
10000 | Adjoint fi +1.022f, —0.495f,, =0 1
PDE-FIND | f; +0.818f, — 0.496f,, =0 1
100 | 100 | 1000 | Adjoint ft +1.010f, — 0.543f,., =0 1
PDE-FIND | f; +0.863f, — 0.560f,, =0 1
10000 | Adjoint ft +1.015f, — 0.589 f,. =0 1
PDE-FIND | f; +0.894f, —0.612f,, =0 1

Table 8: Comparison between Adjoint, PDE-FIND, WSINDy, and PDE-LEARN in recovering the Fokker-
Planck equation corresponding to the Random Walk from data.

(N¢, Ny) Method Ex. Time [s] Recovered PDE TPR
(50,100) Adjoint 1.25 +0.01 fi +1.025f, — 0.465 fry = 0 1
PDE-FIND 0.17+0.02 ft +0.798 f, — 0.454 f,, =0 1

WSINDy 0.19+0.01 fi = 7.8766 f 0.25

PDE-LEARN 69.10 £2.13 f, = 0.0479f, + 0.0228 f,5 — 0.0014f,pp  0.75

3.1.5 Reaction Diffusion System of Equations

In order to show scalability and accuracy of the adjoint method for a system of PDEs in a higher dimensional
space, let us consider a system of PDEs given by

ou

s + V2 [u] + V2 [u] + R*(u,v) =0, (19)
v v 72 V72 v
% + oV, [v] + ¢V, [v] + R (u,v) =0 (20)
where
R"(u,v) = ciu + cju® + cfuv? + ctu?v + chv® (21)
RY(u,v) = cv + c5v® + cjvu? + cv®u + cu® (22)

We construct the data set by solving the system of PDEs Eqs. [19420] using a 2nd order Finite Difference
scheme with initial values

Up = @ sin (42?) cos (323262) (Llacl — JJ%) (Lza:z — m%)

Vo = aCcos (47£:r1) sin (37;32) (L1:Jc1 - x?) (L2:v2 - :vg)

1 2

where a = 100, and the coefficients

c' =[Sy =[-0.1,-0.2,-0.3,-0.4,0.1,0.2,0.3]

c’ = [c¥%_, = [-0.4,-0.3,-0.2,-0.1,0.3,0.2,0.1].
We generate data by solving the system of PDEs Eqgs. — using the Finite Difference method and forward
Euler scheme for N; = 25 steps with a time step size of At = 107%, and in the domain Q = [0, L;] x [0, L]
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Figure 10: Solution to the reaction diffusion system of PDEs at time ¢t = T for u (left) and v (right).
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Figure 11: Lp-norm error in the estimated coefficients of the reaction diffusion system of PDEs during
training.

where L; = Lo = 1 which is discretized using a uniform grid with N,, x N,, = 502 nodes leading to mesh
size Ax1 = Axo = 0.02. In Fig. we show the solution to the system at time 7' = N;At for u and v.

We consider a system consisting of two PDEs, i.e. N = dim(f) = dim(p) = 2, with two-dimensional input,
i.e. n =dim(x) = dim(d) = 2. Here, dim(f) = dim(Ima(f)), where Ima(-) denotes the image (or output) of
a function.

In order to use the developed adjoint method, we construct a guess forward system of PDEs (or forward
model) using derivatives up to 2nd order and polynomials of up to 3rd order. That is, dpax = 2 and ppax = 3.
This leads to 90 terms whose coefficients we find using the proposed adjoint method (an illustrative derivation
of the candidate terms can be found in Appendix . The solution to the constructed model f = [u,v] as
well as the adjoint equation for A is found using the same discretization as the data set.
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107°
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Figure 12: Ly-norm error in the estimated coefficients of the irrelevant terms compared to the true reaction
diffusion system of PDEs during training, i.e. |le(a™)||1 = ||a*||1.
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As shown in Fig. the adjoint method finds the correct equations with error up to O(10~'2). Furthermore,
the coefficients corresponding to the irrelevant terms a* tend to zero with error of O(10711), see Fig.
Furthermore, we have compared the adjoint method against PDE-FIND for a range of grid sizes in Fig.
We observe that the cost of PDE-FIND grows with higher rate than adjoint method as the size of the data
set increases.
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Figure 13: Comparing the error and execution time of the adjoint method (blue) to PDE-FIND method (red)
against the size of the data set for the tolerance of 10~7 in the discovered coefficients.

3.1.6 Wave equation
Consider wave equation
f(z,t) =sin(x —t) (23)
which is a solution to infinite PDEs. For example, one class of PDEs with solution f is
fe+Efe+ (k= 1)foee + (faz + fooza) =0 VEEN and ceR, (24)

defined in a domain x € [0,27] and T' = 1. We create a data set using the exact f on a grid with N; = 10
time intervals and N, = 100 spatial discretization points.

Let us consider a similar setup as the heat equation example [3.1.1] with derivatives and polynomi-
als indices d € {1,...,6} and p = 1 as the initial guess for the forward model. This leads to 6 terms with
unknown coefficients a. Here, we enable averaging and use a finer discretization in time (100 steps for
forward and backward solvers in each time interval) to cope with the instabilities of the Finite Difference
solver due to the inclusion of the high-order derivatives. We also disable thresholding except at the end of
the algorithm.

As shown in Fig. the proposed Adjoint method returns the solution
fe +0.996f, =0 (25)

which is the PDE with the least number of terms compared to all possible PDEs. We note that for the same
problem setting, PDE-FIND identifies the same form of the PDE, i.e.

f: +0.9897f, =0 . (26)
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Figure 14: Profile of f at t =0 and ¢t = 1 (left) and the evolution of considered coefficients during adjoint
optimization (right)

3.2 Partial observations in time

Here, we investigate how the error of the discovery task increases when only a subset of the fine data set is
available. Consider the heat equation presented in section and consider a data set created by solving
the exact PDE using the Finite Difference method with A¢ = T/N; where N; = 1000 and Az = L/N, and
N, = 1000.

Let us assume that we are only provided with a subset of this data set. As a test, let us take every v
time step as the input for the PDE discovery task, where v € {1,2,4,8,16}. This corresponds to using
{100, 50, 25,12.5,6.25}% of the total data set. By doing so, the accuracy of the Finite Difference method in
estimating the time derivatives using the available data deteriorates, leading to large error in PDE discover
task for PDE-FIND method.

However, the adjoint method can use a finer mesh in time compared to the data set in computing
the forward and backward equations and only compare the solution to the data on the coarse mesh where
data is available. We use N; = 1000 for the forward and backward solvers in the adjoint method, and impose
the final time condition where data is available. As shown in Table [0 and Fig. the proposed adjoint
method is able to recover the exact PDE regardless of how sparse the data set is in time.

We emphasize that while adjoint method can use a finer discretization in time than the one for
data on G in solving forward and backward equations, it is bound to use similar or coarser spatial
discretization as G. This is due to the fact that the data points f* are used for the initial condition of the
forward model eq. [§] and the final condition of the backward adjoint equation eq. [7]
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—e— e(D) 103 —e— e(D) 10°
—a— |le(a’)lx —&— |le(a’)lx
- 3 —
5 5 10 5 § 10°
= = = -~
@ & 109 ERT g
£
10712 o
10
10!
0 25 50 75 R R ¥ X ¥ X R ¥ X ¥
Epochs Epochs e B8 8 : & S 3 & : ]
— 8 6 — ~ ©
%N¢ %N¢

(a) (b) (c) (d)

Figure 15: Evolution of the Li-norm error in coefficients of all considered terms using adjoint method when
only (a) 50% and (b) 6.25% (b) of the data set is available. Error and execution time of the adjoint method
(blue) and PDE-FIND method (red) in finding the coefficients of true heat equation given sparse data set in
time in (c) and (d).
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Table 9: Recovering the heat equation given sparse dataset in time. Here we rounded the coefficients up to
three decimals.

%Ny Method Recovered PDE TPR
100 Adjoint Ji—=fexe =0 1
PDE-FIND fir— foa =0 1
50 Adjoint ft—fax =0 1
PDE-FIND ft —0.999f,, +0.177f — 0.261f3 — 0.089f f., 0.25
—0.011f3 f — 0.003f2 foq — 0.001f foza =0
25 Adjoint fi—fze =0 1
PDE-FIND ft —0.999f,, +0.532f — 0.778f% — 0.268f f.. 0.25
—0.035f3 f, — 0.010f2 f1z — 0.003f fuze = 0
12.5 Adjoint ft— fee =0 1

PDE-FIND  f, — 0.999 f,, + 1.264f — 1.863f% — 0.638f f, — 0.081f3f, 0.22
—0.025f2 frz — 0.007f frzz — 0.001f3 frpe = 0O
6.25 Adjoint ft = fox =0 1
PDE-FIND  f, — 0.999 f,s + 2.769f — 4.051f3 — 1.398f f, — 0.185f3f,  0.22
—0.055f2 frz — 0.016f fugz — 0.0023 frze = 0.
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Figure 16: Error and execution time of the adjoint method with (green) and without averaging the gradients
(blue), along with the PDE-FIND method (red) in finding the coefficients of the true PDE, i.e. heat equation
(a)-(c) and Burgers’ equation (b)-(d), given noisy data.

3.3 Sensitivity to noise

Let us investigate how the error increases once noise is added to the data set. In particular, we add noise to
each point of the data set for f* via f*(1 + €), where the noise to signal ratio is (ef*)/f* = € ~ N(0,0?)
with M(0,0?) denoting a normal distribution with zero mean and standard deviation of o. As test cases,
we revisit the heat (section and Burgers’ equations (section with added noise of € with o €
{0.001, 0.005, 0.01, 0.1} %. Before searching for the PDE, we first denoise the data set using Singular Value
Decomposition and drop out terms with singular value below a threshold of O(10~*). Here, we report the
expected coefficients of discovered PDE and execution time by repeating the process 10 times.

As shown in Fig. adding noise to the dataset deteriorates the accuracy in finding the correct coefficients
of the underlying PDE for both the adjoint and PDE-FIND method. We observe that the adjoint method,
both with and without gradient averaging, is less susceptible to noise compared to PDE-FIND, albeit at a
higher computational cost. Additionally, averaging the gradients in the adjoint method improves the accuracy
around two orders of magnitude at higher computational cost.

Let us again revisit the Heat and Burgers’ equation test cases in 2D, and compare the adjoint method
with averaging gradient algorithm [2| against PDE-FIND method without applying any noise reduction in
Table [I0} [[I] Although the accuracy of both methods deteriorates with noise, the adjoint method seems to
provide more reliable solution.
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Table 10: Recovering 2D Heat equation given noisy data on the grid (Ny, Ny, , Nu,) = (50,100, 100) using the
adjoint method with averaging and learning rate parameter § = 0.02 in Algorithm [2]and PDE-FIND. —*:
Given the raw noisy data, PDE-FIND was not able to find any PDE, as it lead to run-time errors. Here, we
also report the discovered PDE for denoised data with SVD.

o Denoised Method Time [s] Recovered PDE TPR
0.1 % no Adjoint 108.5 ft = forwy + fogas +0.00273 . +0.003f3 .+ O(107%) 0.6
yes 110.5 Jt = forzn + fraws +O(107%) 1
1o PDE-FIND  235.40 fo=1.003f5,0, + 1.02f1,0, + 14.44F + 37.70f2 + 0.05f2 f4, 0, 0.33
0143 fo 0y + 0.06£2 foyas + 0153 faran + O(1073)
yes 227.1 Jt = foroy + fogzy +O(1074) 1
1% 10 Adjoint 110.2 fo = 0.963f1,2, + 1.008f,, +0.147f3 0.5
+0.010fflzl + 0.002]‘311 +0(107%)
yes 109.19 ft = foray + fooms + 0.024f32 + 0.027]%2 + (J.O?»lf;‘jﬂ2 +0(1073) 0.5
no PDE-FIND —* —* —*
yes 245.3 fi=—0.36+1.01fs, ., + 1.01fp,z, +57.08f 4+ 110.54 2 + 32.68 f° 0.18

+1.78f2 fry +3.20f3 fr, — 1L.O6f frp, — 0.77f fuy +0.20f2 fr, 2,
+0.4413 frr ey — 0.10f2 fuyzp + 0242 friy + 0.6413 f1pe, + O(1072)

5% no Adjoint 105.43 ft =1.30fz,0, + 1.32f2,0, — 0.13fz, +0.50f2 +0.18f3 —0.23f2 0.3
—0.19f3 —0.22f2 , —0.20f2, +0O(1072)

yes 106.21  fi = 1.06 fo,0, + 1.07 fapa, +0.91f2 . +0.87f3  +0.12f2 —0.11f2 0.3
—0.15f3 +0.11f2 . —0.10f2,,. + O(1072)

no PDE-FIND —* —* —*

yes 248.53 fi = 1771.33f — 2369.49f2 + 3086.75f3 + 4.82f f,, + 11.41f2f,, 0.16

72646]‘.3]{11 - 440ff£2 + 777f3f¢2 - 1~47ff1:1w1 + 740f2f¢11,1
—0.81fz, +0.34fz, +1.45f3 5, + 1.46fr,0, +—1.99f f1,2,
7372 fryy + 2.81f frye, +O(1071)

Table 11: Recovering 2D Burgers’ equation given raw noisy data on the grid (N, N,,, N,,) = (50, 100, 100)
using the adjoint method with averaging and learning rate parameter § = 0.01 Algorithm [2]and PDE-FIND.
—*: Given the raw noisy data, PDE-FIND was not able to find any PDE, as it lead to run-time errors. Here,
we also report the discovered PDE given noisy dataset that is denoised using SVD.

o Denoised Method Time [s] Recovered PDE TPR
0.1% no Adjoint 210.2 fi =0.971(f?)., + 0.96{5(1‘2)1,2 + 0.02{11’31 + 0‘027]“;2 +0(107?) 0.6
yes 214.09 fr =0.995(f2),, +0.992(f?),, + O(107%) 1
no PDE-FIND  280.71 fi = 0.11f0,0, —42.29f 4+ 140.06 f2 — 65.64f% 4+ 0.21f o, + 4.51f% f,, — 2.01f3f,, 0.17

H0.17f foy +4.72f° foy = 214> fa, + 0.77f for0, — 0.94f far0) + 03113 [0,
+079ffzza:2 - 101f2f1212 + 0-38f3f1212 + 0(10_2)

yes 99.32 fe = 1.990f fr, + 1.990f f., + O(1073) 1
1% no Adjoint 220.2 Fi = 0.52(f2),, +0.51(f2)y, +0.09f2, +0.41(f3)s, — 0.09f2, +0.51(f3)., 0.27
+0'13f1212 - O'Ol(fs)zléh - 0'13f1212 - 0'02(f3)1212 + O<1073)
yes 231.0 fr = 0.965(f%)5, + 0.948(f2),, + 0.028(f%),, + 0.0118f, 0.42
—0.013f,, — 0.032(f3),, + O(1073)
no PDE-FIND  279.41 fi = 0.18Ffs,2, +0.19 0,0, — 53.15f + 171.85f2 — 83.15f3 + 3.22f2 f,, 0.06

+3.24f% fu, + 0.78f furwy — 1.22f oz, + 0573 foru, +0.75f fupas
—1.23f2 frpuy + 0.62f2 frp, + O(1072)

yes 290.01  fy = —14.53f + 32.98f2 + 17.51f% + 6.78 2 f1, + 6.51f3 f,, — L.51f fr, — 1.04f? f1 0, 0.14
F0.70f foray + 0.663 fo, 0, + 0.69f frgey — 0.92f2 faray + 0.52f3 frya, + O(1072)
5 % no Adjoint 240.9 fi = 0.515(f%) 2, +0.393(f2)z, + 1.193(f3),, — 0.788(f3),, — 0.142f,, 0.33
+0.788(f3)z, + 0.051(f3),, — 0.0569(f3),, + O(1073)
yes 242.90 fr = 0.678(f%) 4, + 0.509(f2)z, + 0.504(f3)4, + 0.445(f3),, + O(10~2) 0.6
no PDE-FIND —* —* —*
yes 288.91 fi =171.85f2 — 83.15f3 — 53.15f + 3.22f2 fu, + 3.24f% f0, — 1232 frrms 0.07

—1.22f2 frrwy +0.19f 10y + 018 fiyy + 0.78F frryay + 05713 e,
H0.75f frpus + 0.62f3 frpzy + O(1072)
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3.4 Addressing ill-posedness

There may exist more than one PDE that replicates the data set. Therefore, the PDE discovery task is
ill-posed due to the lack of uniqueness in the solution. This is an indication that further physically motivated
constraints are needed to narrow the search space to find the desired PDE. However, among all possible
PDEs, which PDE is found by the Adjoint method with the loss function defined as Eq. 3]

To answer this question, let us consider a simple example of the wave equation
f(z,t) = sin(z —¥) (27)
which is a solution to infinite PDEs. For example, one class of PDEs with solution f is
fe+kfe+ (k= 1) fazw + c(fox + fozee) =0 VEEN, c€R (28)

defined in a domain z € [0,2n] and T = 1. We create a data set using the exact f on a grid with Ny = 10
time intervals and N, = 100 spatial discretization points. Let us consider a similar setup as the heat equation
example with derivatives and polynomials indices d € {1,...,6} and p = 1 as the initial guess for the
forward model. This leads to 6 terms with unknown coefficients a. Here, we enable averaging and use a finer
discretization in time (100 steps for forward and backward solvers in each time interval) to cope with the
instabilities of the Finite Difference solver due to the inclusion of the high-order derivatives. We also disable
thresholding except at the end of the algorithm.

The proposed Adjoint method returns the solution
ft +0.996f, =0 (29)

which is the PDE with the least number of terms compared to all possible PDEs. We note that for the same
problem setting, PDE-FIND finds

fi +0.9897f, =0 . (30)

The identified form of PDE can be explained by the use of regularization term in the cost function [3| which
enforces the minimization of the PDE coefficients. Clearly, the regularization term may be changed to find
other possible solutions of this ill-posed problem.

3.5 Incomplete guessed PDE space

In this section, we investigate the outcome of the adjoint method when the exact terms are not included in
the initial guessed PDE form. Here, we define the space of PDE where the exact terms are included in the
general forward model [I] as complete. If the considered general form of PDE [I] does not include all the terms
of the exact PDE, we denote that as an incomplete guessed PDE space.

Let us take the data from the numerical solution to Burgers’ equation used in section with discretization
N; = N, = 100. For the complete forward model, we again consider derivatives and polynomials with indices
d,p € {1,2,3} in the construction of the forward model. This leads to 9 terms whose coefficients we find
using the proposed adjoint method. For the incomplete space of PDE, we take derivatives and polynomials
with indices as d € {1,2,3} and p € {1, 3}, leading to 6 terms. Clearly, the incomplete guessed PDE space
does not include the term ag—1 p=20 f2/0x. Now, we would like to see which PDE is returned by the adjoint
method.

In Fig. |T_7L we made a comparison between the evolution of coefficients and Lo norm error of the estimated
forward model against the data. While the complete space monotonically converges to the exact solution up
to machine accuracy, the incomplete space of PDE delivers another PDE, i.e.

af 0? 3

— 4+ —(0.04f — 0.01 =0 31

2 (0.04] — 0.017%) =0, (31)
with the relative Lo error of O(107°) between forward model estimation and the data points. The fact
that the Ly error between f and f* does not decrease is an indication that the considered space of PDE is
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Figure 17: The adjoint method applied to the Burgers’ equation for complete (top) and incomplete (bottom)
space of guessed PDEs.

incomplete and additional terms must be included. We note that here we assumed there is no noise in the
data set. However, in the presence of noise, the Lo error between f and f* may stagnate at the noise level,
which makes the analysis on the completeness of the PDE space more challenging.

4 Discussion
Below we highlight and discuss strengths and weaknesses of the proposed adjoint method.

Strengths. The proposed method has several strengths:

1. The proposed adjoint-based method of discovering PDEs can provides coefficients of the true governing
equation with significant accuracy.

2. Since the gradient of the cost function with respect to parameters are derived analytically, the
optimization problem converges fast. In particular, the adjoint method becomes cheaper than
PDE-FIND as the size of the data set increases. The adjoint method by construction finds
the optimal relation between the gradient of the cost function and the error in the data points.
This was achieved by finding the extremum of the objective functional using the variational derivative.

We note that a clear difference from the point-wise loss ||f — f*||2 used in the PDE-FIND
method is that for the adjoint method weights the error at discrete points with the Lagrange
multipliers; see Eq. [ and the final condition Eq.[7] For Adjoint method more data often means
finer resolutions which allows solving the forward/backward equations more accurately on a finer
grid, and obtain higher accuracy in estimating the gradients that lead to less number of epochs in
training, see Appendix [C}

3. Since the adjoint method uses a PDE solver to find the underlying governing equation, there is a
guarantee that the recovered PDE has a solution and can be solved numerically.

4. The adjoint method can use a finer mesh in time compared to the available discretization of the data
set. This allows an accurate recovery of the underlying PDE compared to the PDE-FIND, where the
error in the latter increases as the data set gets coarser since it estimates derivatives directly (either
with Finite Difference or a polynomial fit) using the given data set.
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Weaknesses. Our proposed method has some limitations:

1. In order to use the proposed adjoint method for discovering PDEs, a general solver of PDEs needs
to be implemented. Here, we used Finite Differences which can be replaced with more advance
solvers. Clearly, the proposed adjoint method is most effective when there is a prior knowledge of the
underlying PDE form, and an appropriate numerical solver is deployed. We note that an inherent
limitation of the proposed adjoint method is the possibility of encountering either ill-posed forward
or backward equations during optimization, which limits the time step size.

2. In this work, we used the same spatial discretization as the input data. If the spatial grid of input
data is too coarse for the PDE solver, one has to use interpolation to estimate the data on a finer
spatial grid that is more appropriate for the PDE solver.

3. In this work, we made the assumption that the underlying PDE can be solved numerically. This can
be a limitation when there are no stable numerical methods to solve the true PDE. In this scenario,
the proposed method may find another PDE that is solvable and fits to the data with a notable error.

4. Similar to PDE-FIND and similar symbolic regression methods, the Adjoint method considers a
library of symbolic terms for the PDE. This can be a limitation when no prior information about the
underlying dynamics is available.

5 Conclusion

In this work, we introduce a novel mathematical method for the discovery of partial differential equations
given data using the adjoint method. By formulating the optimization problem in the variational form using
the method of Lagrange multipliers, we find an analytic expression for the gradient of the cost function
with respect to the parameters of the PDE as a function of the Lagrange multipliers and the forward model
estimate. Then, using variational calculus, we find a backwards-in-time evolution equation for the Lagrange
multipliers which incorporates the error with a source term (the adjoint equation). Hence, we can use the
same solver for both forward model and the backward Lagrange equations. Here we used Finite Differences
to estimate the spatial derivatives and forward Euler for the time derivatives, which indeed can be replaced
with more stable and advanced solvers.

We compared the proposed adjoint method against PDE-FIND in several test cases. While PDE-FIND seems
to be faster for small size problems, we observe that the adjoint method equipped with forward/backward
solvers becomes faster than PDE-FIND as the size of the data set increases. Also, the adjoint method
can provide machine-accuracy in identifying and finding the coefficients when the data set is noise-free.
Furthermore, in the case of discovering PDEs for PDFs given its samples, both methods seem to suffer
enormously form noise/bias associated with the finite number of samples and the Finite Difference on
histogram. This motivates the use of smooth and least biased density estimator in these methods such as
Tohme et al.| (2023) in future work. In the future work, we intend to combine the adjoint-based method for
the discovery of PDE with PINNs as the solver instead of Finite Difference method. This would allow us to
handle noisy and sparse data as well as deploying larger time steps in estimating the forward and backward
solvers.
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A Derivation of the Adjoint equation

In this section, we provide a detailed derivation of the adjoint equations presented in this paper. Let us
consider the forward model

Ofi+ Y iapVl[fP] =0 (32)

d,p

for i = 1,...,N. In order to find the parameters o; 4, of the such model, we use method of Lagrange
multipliers to formulate a cost functional for the function f that has the minimum error from the data points
f* with the constraint that f also solves the forward model. For simplicity, let us consider the cost functional
only within each time interval [t0), tUFD)] i.e.

N
Z(Z 2 10D — £ (@™, 0 T))2 4 / Ai(m,t)ﬁi[f(w,t)]dwdt>+eo||a|§- (33)

=1

Y J

Assuming the solution f and the Lagrange multipliers A are sufficiently smooth, we derive functional
derivatives, more precisely Gateaux derivatives |Giaquinta and Hildebrandt| (2004)), of C with respect to f
within the time interval [t(), tU+1D]. We perform these operations first for the term denoted by I,

SI[f] = g%( I[f + edfiei]) (34)
_ lii%(% SO @, D) — fi(@®),(GHD) e fy(@®), 10HD))2) (35)
_ lii%(z fg(;f.(w(k) LY (@8 1GD) — fy(@® 1) — o @®, 00y (36)
_ Z 98 fy(@®) 4GV (fr (@B, (D) _ f(z®) 4Gy (37)

and the second term denoted by J,

5J[f]fhn(1)(d I+ edfed) (39)
— lim(5e [ NLilf + edeideds (39)
= lim(4 /)\ Olfs + €11+ M S eap VD[P (fi+ b f)P . 2 ) (40)

d.p
=t [ O+ )+ D) Y VNI I+ ) Y o
d,p
d $(G+1)
+ Vil edf)] ) (41)
= lim( / 5fz+z D' Yaiap pid fif 1 5 (fi €0 fi) o fRY VIV Nl daedt)
$(G+1)
+ )| ) (42)
dl P @ o
- / f | =N+ 3 (-1 Waap 2 VIO | dedt + (£, (43)
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:/ Sfi | =0+ D (1) ap V5 [FPIVEVIN] | dawdt + Ny(, t9TD)5 fi(a, 80FD) L (44)

Here, e; denotes the standard basis vector in the direction of ith-dimension. In this derivation, we used
integration by parts, the divergence theorem, and considered compact support for A in the spatial solution
domain €, i.e. A — 0 on the boundaries 9f2. Since we assume that the solution at the initial time is given,
there is no variation of C at the beginning of the time interval, that is, 6 f;(x,t)) = 0. Hence, the total
variation of the cost functional with respect to the function f for the time interval ¢ € (t(j ), t(jH)] becomes

N
Z( D 2(f7 @™, 0H) — (@™ U)o e
k

e

+> Xi(x®, t(j+1))5fi,m(k>,t(j+1)>' (45)

k

Z 1) ;g pV 1, [FPIVD N6 frdadt

Now that have found the total variation of the cost functional C with respect to f, we can find the adjoint
equation by considering only variation with respect to £ in t € (tU),tU+1D) and ignoring 0fi w0 ¢G+1), leading
to

iclfl |, o =0 (46)
= / ( ( 1)dlai,d,pvﬁ[fp}vg@[xi])afidwdt:0 (47)
8t —Z( 1>‘d ai,apVy [fPIVEP ] (48)

d,p

This equation is called adjoint equation presented in equation [6} Similarly, we can find the final condition for
the adjoint equation by only considering variation of f at final time ¢ = t¢+1) and ignoring 6 f; which we
used to denote the variation of f; for ¢t € (t9), ¢+ leading to

5 _ \; (B) $G+DY — o( (R G+ _ ; (k) ¢G+1) 4
clfl F(z,t) VEe(t() tU+D) 0 = Xi(, ) (fi (=, ) = fil@™, ) (49)
fore=1,..,Nand j=0,..., Ny — 1.
B Derivation of the Adjoint gradient with respect to PDE parameters

Consider the cost functional

N
—Z(Z Fr(@®) 10HD) — f(@) D)) 4 / )\i(xat)ﬁi[f(icat)]d“f'dt)+60||a||§' (50)

i=1 k

where

Li[f] == 0cfi + Zai,d,pv.&d) [fP]. (51)

d,p
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Assume that we have solved the adjoint equation equation [f] and found the Lagrange multipliers X for each
time interval [t(j), tU 'H)}. Next, we can find the gradient of C with respect to PDE parameters simply by

ac

0c;.d,p

_ / NV D [fP)dadt + 2e00.a.p. (52)

Using integration by parts, Divergence theorem, and the fact that A has a compact support on the boundaries,
we obtain

o°_ / VDN, fPldedt + (—1)19! / fPVDIN|dedt + 2€00.4.p (53)
O d,p
= (—1)ll / PV Ndzdt + 2e0tiap - (54)

C Error in the numerical estimate of the Adjoint gradient

Consider the second-order central finite difference scheme as spatial and the first-order Euler as the temporal
discretization scheme for the forward equation [I] and backward equations equation [ Let us denote the
discretized approximation of the solution with f and A, leading to

f=F+0(h?+0(At) (55)
A=A+ O(h?) + O(At) (56)
where h is the spatial spacing and At is the time step size. By plugging the discretization into equation

and using the same second-order numerical integration scheme in @ and the first-order scheme in ¢, it can be
shown that

S = ()i / (F + O(h) + O(A)? (VI N] + O(h2) + O(AD)dedt + 2c00sap  (57)
i,d,p
~ (1) / 7P YD [\ Jdadt + O(h?) + O(AL) + 2e00i.ap (58)
“ac
~ 5 + O(h?) + O(At) (59)
ai,d,p
“ac

where denotes the discretized estimate of the gradient of cost function. Therefore, the adjoint estimate

Qid,p
used in this work is second order in « and first order in ¢. Clearly, this may be improved using stable
higher-order scheme. Interestingly, the accuracy of the adjoint gradient is only a function of mesh spacing

and time step size, and not number of data points.

D Justification for the choice of the learning rate

In the proposed adjoint method, we considered the update rule

oc
Qidp < Qidp — N7 60
Oy g (60)
fori=1,..., N. Here, we give a justification for our choice of the learning parameter 7.

From the expression for the gradient of cost function with respect to parameters [4] i.e.
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aaac = (—1)|d| /fp Vgcd) [Al]dmdt + 2€0ai,d,p7 (61)
i,d,p
we can see that
ocC
= O(vdg 62
‘8041-7,1,,,‘ (V¥ dx) (62)
< O(p~1dIFY (63)

where h = min(Az). So, the magnitude of the gradient scales exponentially with the order of the derivative
d. The highest order terms, i.e. the terms with d = dax = max(|d|), have the largest magnitude for their
gradients. This means that by taking a constant learning rate n, the adjoint method would find the coefficients
of the highest order terms first. This effect leads to the non-uniform convergence of the adjoint method.

In order to enforce uniform convergence on all PDE parameters, in this paper we consider
1 = B min(Ag)dl—dmax (64)

as the learning rate which encodes the scaling with respect to the order of derivative for each PDE term.
With this choice of learning rate, we have

oc

| < O(hldI=dm)O(p1dIF1) (65)
Q. d,p

)
< O(h™ sty | (66)

for all 7,d, p. Hence, our choice of 7, i.e. Eq.[64] enforces uniform convergence on all PDE parameters.

E Further Details on Adjoint method

Here, we present flowcharts to illustrate the proposed adjoint algorithms with and without averaging the
gradients in Fig. We also provide instructions to help practitioners to deploy the Adjoint method for
their data set

o Diverging Coefficients. There are two scenarios in which the learning of coefficients in the Adjoint
method can become divergent. First, the intermediate guessed PDE may become so unstable that
numerical solution to either forward or backward adjoint equations diverges even for short time
intervals t € [t(j+1),t(7)]. Second, the time step size from the dataset ¢+ — ¢ is too large for
the underlying numerical solver, leading to diverging coefficients. In order to control the diverging
coefficients during training, one should reduce the time step size for the forward and backward
Adjoint equations which are independent of time step size in the dataset. Second, in these scenarios,
we recommend deploying smaller learning rate 7.

e Denoise Before Train. If the input dataset is noisy, we recommend deploying a denoising method
before considering the PDE discovery task. In this work, we considered SVD and drop out components
with singular values below a threshold of O(10~%) to smooth out the noise. Clearly, this is problem
dependent. Since the noise to signal ratio is not known in advance, the commonly used denoising
approaches introduce bias in the discovered PDE, regardless of deployed PDE discovery method.
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Start Start
Initialize parameters Initialize parameters
a=0 a=0

Find £ at tU+) by solving Find £ at tU+!) by solving
system of PDEs given £* at t(9) system of PDEs given £* at t(9)
Find A by solving the Find A by solving the
backward adjoint eqn. backward adjoint eqn.
it+ l J++ l
| Compute Gradient dC/da | Update average of gradient C/da
Update parameters o

Yes
Yes

End

Figure 18: Training flowchart of the Adjoint method in finding PDEs (left) without and (right) with gradient
averaging.
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F Impact of hyperparameters on adjoint method

In this section, we study the impact of some of the hyperparameters used in the adjoint algorithm. We repeat
the PDE discovery experiment for Burgers’s and Kuramoto Sivashinsky equation with data on a grid with
N, = N; = 100, as described in 3.1.2] and [B:1.3] We check the error in the outcome coefficients and the
solution of estimated forward model compared to the data.

As shown in Fig. by increasing the regularization factor ¢g, the optimization problem seems to converge
faster to a stationary solution. In case of Burgers’ equation, we considered ¢y € {1074,1078,10712, 10716},
where for all values of ¢y the exact solution is recovered. However, in the case of Kuramoto Sivashinsky
with o € {10719,10712,1071%,10716}, the solution seems to be more sensitive to ¢y. Here, we fix the other
hyperparameters i = 10716 and 8 = 2 x 1073 for the Burgers’s equation and A = 20 for Kuramoto
Sivashinsky equation. We observe that high regularization factor deteriorates the accuracy, while stabilizing
the regression problem.

Next, we investigate how the error changes with the thresholding tolerance where =y, €
{107%,1078,10712,10716}. Here, we fix the other hyperparameters ¢y = 1076 and 8 = 2 x 1072 for
the Burgers’s equation and 8 = 20 for Kuramoto Sivashinsky equation. Although using smaller 7y, allows
faster convergence to a stationary solution almost in all cases, we remind the reader that ¢, should be large
enough to allow enough training of the coefficients before truncating terms. In other words, the user should
avoid trivial scenarios where the initial guesses for coefficients « are zero and the thresholding is applied
from the very beginning of the training.
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Figure 19: Impact of regularization factor ¢y and thresholding tolerance 7, on the error of adjoint method
for Burgers’ equation (a-d) and Kuramoto Sivashinsky equation (e-h).
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Finally, we show the impact of the free parameter 3 in the learning rate on the resulting PDE discovered by the
adjoint method. We compared the solution of adjoint method using 3 € {1073,2 x 1073,3 x 1073, 4 x 1073}
for the Burgers’ equation, and 8 € {2,5,10,20} for the Kuramoto Sivashinsky equation. Also, we fix the
other hyperparameters vy = €9 = 10716, As shown in Fig. regardless of the value of 3, adjoint method
delivers the same solution. However, larger values of 8 lead to faster convergence to the solution, if the
numerical solver does not become unstable. The upper bound of § is limited by the stability of the guessed
PDE, and can be found with try-and-error.
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Figure 20: Impact of the free parameter 5 in the learning rate on the error of adjoint method for Burgers’
equation (a-b) and Kuramoto Sivashinsky equation (c-d).

G lllustration of deployed notation for the considered cases.

Although the proposed method and its algorithm can be and has been computed in an automated fashion,
here we show two detailed illustrative examples for 1-dimensional and 2-dimensional cases presented in

Section |3| for the sake of better understanding the used notation and how the library of candidate terms looks
like.

G.1 Heat and Burgers' Equations

As mentioned in Sections and for these two cases, we consider a system consisting of a single
PDE, i.e. N = dim(f) = dim(p) = 1 where f = f and p = p, in a one-dimensional input space, i.e.
n = dim(x) = dim(d) = 1 where * = z, and d = d. In addition, we consider candidate terms consisting of
derivatives with indices d € {1, 2,3} and polynomials with indices p € {1,2,3}). In other words, dyax = 3
and pmax = 3. The resulting forward model in Eq. [I] takes the form

2 3
:ngOéungOqza(f) 3(6];)

ot oz < Ox
82 (f3)

0% f 9*(f?)
TG T2 g0 12
83 (fS)
ox3

+ a3

83f 63 (fZ)

=
Ox3 3,2 ox3

+ @31 +ass (67)

where g, denotes the parameter corresponding to the term with d-th derivative and p-th polynomial order.
As we can observe, we have 9 terms with unknown coefficients o = [adyp]d€{172,3}7pe{17273} that we aim to
find using the proposed adjoint method.

The cost functional in this case is simply

Cc= Z( z®) 1)) — f(:c(k),t(j)))Q+/A(m,t)ﬁ[f(m,t)]dxdt+60Ha||§. (68)

Letting variational derivatives of C with respect to f to be zero, and using integration by parts, the
corresponding adjoint equation can be obtained as

17) od\
ot ZZ Qd,p E?f)axd

d=1p=1
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oA oA oA
=g —01,2(2f)% 041,3(3f2)%
0? 0? D)
+ a1 92 + az2(2f) 922 + a2,3(3f7) 922
O3\ 93\ 93\
03153 032 (2f) 58 083 (3f%) 923 (69)

with final condition \(z(®), tG+1)) = 2(f*(x® +tU+D) — f(2*) +tU+D)) for all j, k. The parameters o are
then found using the gradient descent method with update rule

aoc
ad,p — ad,;D -n aad (70)
P
d
where 7 = fmin(Az)¢~ % and 880 = (—1)d/fp %dmdt + 2e00tq,p - (71)
Qd.p xr

This leads to the update rule for each coefficient, for example

B oA
M / f 7dxdt — 2ﬂ60a1’1

Qr2 ¢ Q12 — W/fQ—d xdt — 2fegon 2

min
/f3 —dxdt — 2Bepar1 3 .

Q11 < Q11 —

@13 < 13— mmAm

G.2 Reaction Diffusion System of Equations

As mentioned in Section for this case, we consider a system consisting of two PDEs, ie. N =
dim(f) = dim(p) = 2 where f = [f1, f2] and p = [p1,p2], in a two-dimensional input space, i.e. n =
dim(xz) = dim(d) = 2 where * = [z1,22], and d = [d1,ds]. In addition, we consider candidate terms
with derivatives such that d € Dgq = {[0,0], 1, 0], [0, 1], [2,0],[0, 2]} and polynomials such that p € Dp =
{[1,0],[0,1],[1,1],[2,0],0,2],[2,1],[1,2],[3,0], [0, 3]}. In other words, dmax = 2 and pmax = 3. The resulting
forward model in Eq. [I] takes the form

Li[f]=0cfi + Z ai,d,pv(md) [f7] (72)

d,p
where i € {1,2}, fP = fI* f* and v = fofl)vg" This is equivalent to
ofi it (1 f52)
Lilf1, f2] = + ; P e
[f1, f2] ot Z Z )[d1,d2],[p1,p2] 31‘?183?32

[d1,d2]€Da [p1,p2]€Dp

Ofi
= 8—J; + . (0,0,11,0f1 + i 0,000,112 + Qio0)frf2 + -+ io,0).0,3 5
ofy dfa fifz a(f3
+ @;.11,0],[1,0] af + @;.11,0],[0,1] af + 0 [1,0],[1,1] (39161 ) +...+ ai,[l,O],[O,Iﬂ]a(le)
+
9% f1 % fa 82(f1f2) *(f3)
+ ;,10,2],[1,0] 873:% + Oéi,[o,Q],[o,uTw% + Q02,1153 022 - Q400,2),00,8 75 3 823 (73)

where ¢ € {1,2}. As we can observe, we have |Dg| X |Dp| = 5 x 9 = 45 terms with unknown coefficients
a; = [ d,pldeDy,pep, for the i-th PDE, i.e. a total of 90 terms for the considered system, that we aim to
find using the proposed adjoint method.
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The cost functional in this case is simply

c= Z(Z( 2®) (00— f (0 G024 / w,t)ﬁi[f(w,tndmdt)+eo||a||%. (74)

— ]k)

The corresponding adjoint equation is given by

O\
5 = 2 (DM ap Ve [fPIVE A
d,p
6 fplfp2 8d1+d2>\i
= Z Z D0 14, 5] 1pr 2] U £27) (75)

ofi  dxh ozl

[d1,d2]€Dg [p1,p2]EDp
and A (x®) t0+HD) = 2(fx (2™ tU+D) — f;(x® tG+D)) for all j, k and where i € {1,2}.

Assume, without loss of generality, that ¢ = 1. Then, we can write

o\
aitl =+ 0‘1,[0,0]7[170]>\1 + al)[ovo}v[lﬂl]fé)\l + 051)[070]7[270] (2f1)A1 +o.F 017[070]7[3’0] (3f12)>\1
oM O\ oA oA
— Q,[1,0],1 0]87 — Q1,1,0],[1, 1]]0271 — Q1[1,0],[2,0] (2f1)37321 — .- 7 Q11,0],[3,0] (Bflz)(?ixi
_l’_
8%\ 0%\, 92\ D
+ a100,2], 10](9 5+ 0,2], 11]f2 2 + @1.]0,2],[2,0] (2f1> 1+ -+ a1.00,2],[3,0] (3f1) le (76)
2 2

and A (2®,t0TD) = 2(fr (2™, t0+D) — f1(x®), tG+D)) for all j, k. We can follow the same procedure for
i = 2. The parameters a; are then found using the gradient descent method with update rule

oc

: — oy - 77
« ,d,p « ,d,p naai,d,p ( )
where
1 = Bmin(Ag) 4 and aaac — (—p) / P VDN dedt + 26004 p (78)
i,d,p

with Az = Az Axs, leading to the update rule for each coefficient, for example

@4,[0,0],[1,0] = @4,[0,0],[1,0] ~

/fl)\ dxdt — 2Bep; ,[0,01,[1,0]

mln(Am

@3,[1,0],[1,0] £ ¥4,[1,0],[1,0] — m/ 15

— 2Beoay [1,0],[1,0] -

H Setup for WSINDy

In this section, we detail the parameters used in the discovery of PDEs using WSINDy method in this
manuscript following default values from [Messenger and Bortz (2021) as the reference for the reader.

Table 12: The configuration of WSINDy hyperparameters used in this work

PDE max. derivative max. power (mg,m;) (S, Sz)
Burgers’ Eq. 3 3 (60, 60) (5,5)
Heat Eq. 3 3 (60,60)  (5,5)
KS 4 2 (22,23)  (5,5)
Random Walk 3 1 (60, 60) (5,5)
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