Optimization over Sparse Support-Preserving Sets: Two-Step Projection with
Global Optimality Guarantees

William de Vazelhes' Xiao-Tong Yuan? Bin Gu?

Abstract

In sparse optimization, enforcing hard constraints
using the ¢, pseudo-norm offers advantages like
controlled sparsity compared to convex relax-
ations. However, many real-world applications
demand not only sparsity constraints but also
some extra constraints. While prior algorithms
have been developed to address this complex sce-
nario with mixed combinatorial and convex con-
straints, they typically require the closed form pro-
jection onto the mixed constraints which might
not exist, and/or only provide local guarantees of
convergence which is different from the global
guarantees commonly sought in sparse optimiza-
tion. To fill this gap, in this paper, we study
the problem of sparse optimization with extra
support-preserving constraints commonly encoun-
tered in the literature. We present a new variant
of iterative hard-thresholding algorithm equipped
with a two-step consecutive projection operator
customized for these mixed constraints, serving
as a simple alternative to the Euclidean projec-
tion onto the mixed constraint. By introducing a
novel trade-off between sparsity relaxation and
sub-optimality, we provide global guarantees in
objective value for the output of our algorithm,
in the deterministic, stochastic, and zeroth-order
settings, under the conventional restricted strong-
convexity/smoothness assumptions. As a funda-
mental contribution in proof techniques, we de-
velop a novel extension of the classic three-point
lemma to the considered two-step non-convex
projection operator, which allows us to analyze
the convergence in objective value in an elegant
way that has not been possible with existing tech-
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niques. In the zeroth-order case, such technique
also improves upon the state-of-the-art result from
(de Vazelhes et al., 2022), even in the case without
additional constraints, by allowing us to remove a
non-vanishing system error present in their work.

1. Introduction

In sparse optimization, directly enforcing sparsity with the
£y pseudo-norm has several advantages over its convex re-
laxation counterpart. In compressive sensing for instance
(Foucart & Rauhut, 2013), one may seek to recover an un-
known vector, which sparsity level is known to be at most k.
Similarly, in portfolio optimization, due to transaction costs,
one may seek to ensure hard constraints on the maximum
number of assets invested in (Brodie et al., 2009; DeMiguel
et al., 2009). However, in several use cases, one may also
seek to enforce additional constraints, such as, for instance,
a budget constraint in the case of portfolio optimization,
which can be enforced through an extra ¢; constraint, as in
Takeda et al. (2013). As another example, in sparse non-
negative matrix factorization, when estimating the hidden
components, one seeks to enforce at the same time a norm
constraint and a sparsity constraint (Hoyer, 2002). The
problem of ¢, empirical risk minimization (ERM) with ad-
ditional constraints can be formulated as follows, where R
is an empirical risk function, I' C R? denotes a convex con-
straint set, and || - ||o denotes the ¢y pseudo-norm (number
of non-zero components of a vector):

Héi]élp R(w), st ||lw]o<kandw €T. (1)

We assume throughout this paper that Problem (1) is well-
posed, with R being bounded from below and the set of
minimizers being non-empty. In the literature, several algo-
rithms have been developed to address such a problem with
mixed constraints, but they typically require the existence of
a closed form for the projection onto the mixed constraint,
and/or their convergence guarantees are only local, which
makes it difficult to estimate the sub-optimality of the output
of the algorithm. More precisely, on one hand, some works
provide convergence analyses for variants of a (non-convex)
projected gradient descent, explicitly for mixed sparse con-
straints (Metel, 2023; Pan et al., 2017; Lu, 2015; Beck &
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Hallak, 2016), or for general proximal terms (which encom-
passes our mixed constraints) (Frankel et al., 2014; Xu et al.,
2019b; Attouch et al., 2013; De Marchi & Themelis, 2022;
Yang & Yu, 2020; Gu et al., 2018; Yang & Li, 2023; Bolte
et al., 2014; Bot et al., 2016; Xu et al., 2019a; Li & Lin,
2015; Bauschke et al., 2017; 2019), but such analyses are
only local. On the other hand, several existing works on
Iterative Hard Thresholding (IHT) provide global guaran-
tees on sub-optimality gap (Jain et al., 2014; Nguyen et al.,
2017; Li et al., 2016; Shen & Li, 2017; de Vazelhes et al.,
2022), but they do not apply to the mixed constraint case
we consider. In between the two approaches, one can also
find (Foygel Barber & Ha, 2018) and (Liu & Foygel Barber,
2020) which, in the deterministic case, give global guar-
antees for general non-convex constraints or thresholding
operators, but which do not provide explicit convergence
guarantees for the particular mixed constraint setting that we
consider: their rates depend on some constants (the relative
concavity or the local concavity constant) for which, up to
our knowledge, an explicit form is still unknown for the
mixed constraints we consider. We present a more detailed
review of related works in Appendix B, and an overview
of them in Table 1. To fill this gap, we focus on solving
problem 1 in the case where I' belongs to a general family
of support-preserving sets, which encompasses many usual
sets encountered in the literature. As will be described in
more detail in Section 2, such sets are convex sets for which
the projection of a k-sparse vector onto them gets its support
preserved, such as for instance ¢, norm balls (for p > 1),
or a broader family of sign—free convex sets described for
instance in (Lu, 2015) and (Beck & Hallak, 2016).

Adapted to the properties of such constraints, we propose
a new variant of IHT, with a two-step projection operator,
which, as a first step, identifies the set S of coordinates
of the top k components of a given vector and sets the
other components to 0 (hard-thresholding), and as a sec-
ond step projects the resulting vector onto I'. This two-step
projection can offer a simpler alternative to Euclidean pro-
jection onto the mixed constraint in the cases where there is
a closed form for the latter projection, and handle the cases
where there is not. We then provide global sub-optimality
guarantees without system error for the objective value, for
such an algorithm as well as its stochastic and zeroth-order
variants, under the restricted strong-convexity (RSC) and
restricted smoothness (RSS) assumptions, in Theorems 3.7,
4.3, and 4.8. Key to our analysis is a novel extension of the
three-point lemma to such non-convex setting with mixed
constraints, which also allows, as a byproduct, to simplify
existing proofs of convergence in objective value for IHT
and its variants. In the zeroth-order case, such technique
also allows to obtain, up to our knowledge, the first conver-
gence in risk result without system error for a zeroth-order
hard-thresholding algorithm. Additionally, our results high-

light a compromise between sparsity and sub-optimality gap
specific to the additional constraints setting: through a free
parameter p, one can obtain smaller upper bounds in terms
of risk but at the cost of relaxing further the sparsity level
of the iterates, or, alternatively, enforce sparser iterates but
at the cost of a larger upper bound on the risk.

Contributions. We summarize the main contributions of
our paper as follows:

1. We present a variant of IHT to solve hard sparsity prob-
lems with additional support-preserving constraints, us-
ing a novel two-step projection operator.

2. We describe a novel extension of the three-point lemma to

such constraint which allows to simplify existing proofs
for IHT and to provide global convergence guarantees
in objective value without system error for the algorithm
above, in the RSC/RSS setting, highlighting a novel trade-
off between sparsity of iterates and sub-optimality gap in
such mixed constraints setting.

3. We extend the above algorithm to the stochastic and

zeroth-order optimization settings, obtaining similar
global optimality guarantees in objective value (without
system error) for such mixed constraints setting. In the
zeroth-order case, this also provides, up to our knowledge,
the first convergence result in objective value without sys-
tem error for a zeroth-order hard-thresholding algorithm
(with or without extra constraints).

2. Preliminaries

Throughout this paper, we adopt the following notations.
For any w € R?, IIr(w) denotes a Euclidean projection
of w onto T, that is IIp (w) € argminzer [|w — z||2, and
w; denotes the i-th component of w. By (k) denotes the ¢y
pseudo-ball of radius k, i.e. Bo(k) = {w € R : ||w|o <
k}, with || - ||o the £ pseudo-norm (i.e. the number of non-
zero components of a vector). H;, denotes the Euclidean
projection onto By(k), also known as the hard-thresholding
operator (which keeps the k largest (in magnitude) com-
ponents of a vector, and sets the others to O (if there are
ties, we can break them e.g. lexicographically)). | - ||,
denotes the £, norm for p € [1,400), and || - || the £2 norm
(unless otherwise specified). [n] denotes the set {1,...,n}
for n € N*. For any S C [d], |S| denotes its number of
elements. For any w € RY, supp(w) denotes its support,
i.e. the set of coordinates of its non-zero components. We
also introduce below the usual assumptions on R for IHT
proofs, i.e. RSC (Jain et al., 2014; Negahban et al., 2009;
Loh & Wainwright, 2013; Yuan et al., 2017; Li et al., 2016;
Shen & Li, 2017; Nguyen et al., 2017), and RSS (Jain et al.,
2014; Liet al., 2016; Yuan et al., 2017).

Assumption 2.1 ((v, s)-RSC). R is v restricted strongly
convex with sparsity parameter s, i.e. it is differentiable, and
there exists a generic constant v such that for all (z,y) €
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Table 1. Comparison of results for Tterative Hard Thresholding with/without additional constraints. ' S: symmetric convex sets being
sign-free or non-negative (Lu, 2015), A: sets verifying Definition 2.3. QA If a paper reports both ||w — || and R(w) — R(w), we report
only the latter. 7": time index of the w returned by the method (e.g. T' = arg min, ¢} R(w;) ). w: k-sparse vector in I'. A: System

error (non-vanishing term which depends on the gradient at optimality (e.g. E; ||V R;(w)||, (see corresponding references))). *: ks = %

and Ky = Llj/ (cf. corresponding refs. for defs. of s and s’). ® SM: Lipschitz-smooth, D: Deterministic. S: Stochastic, Z: Zeroth-Order,
L: Lipschitz continuous. 5. see also Thm. 3.4, %: see also Thm. 4.2. *. Notably, we could eliminate A from (de Vazelhes et al., 2022).
Reference rt Convergence? k Setting®
. = D, RSS
5 d . - ~ 2 , )
(Jain et al., 2014) R R(w;) < R(w) + ¢ Q(kZk) RSC
(Nguyen et al., 2017) R4 Ellws —w| <e+ 0O (A) Q(k2k) S, RSS,
v T - ‘ s RSC
. d _ iy 27 S, RSS,
(Liet al., 2016) R ER(w;) < R(w) +¢+ O(A) Q(kZk) RSC
(Zhou et al., 2018)° R¢ ER(w:) < R(w) + ¢ Q(ﬁ%) S, RSS,
. T) = © s RSC
(de Vazelhes et al., d _ , 4T S, Z, RSS’,
. < e ,
20 R Ellwys — ]| <+ O(u) + O (A) Asth) T
(Lu, 2015), (Beck &
Hallak, 2016) rres local convergence - D, SM
(Metel, 2023) (oo ball local convergence - S,Z,L
’ around 0 g VA
IHT-2SP (Thm. 3.7) reAd R (w ) <(14+2p)R(w) +¢ 0 K2k 1B IR,
T T = 2 RSC
HSG-HT-2SP _ 27 S, RSS
) < = Kik > >
(T 4.3 TeA ER(w;) < (1+ 2p)R(w) + ¢ Q(%)  ksc
HZO-HT (Thm. 4.7) Rd E[R(w;) — R(@)] < & + O(u)™ Q(x2E) ZkRsscs ’
HZO-HT-2SP (Thm. _ w2 Z,RSS’,
L) < e s/
48) FeA ER(w;) < (14 2p)R(w) + ¢ + O(p) Q ( A ) RSC

R? with [l —yllo < s: R(y) > R(z)+(VR(z),y—z)+
%l —yl?

Assumption 2.2 ((Ls, s)-RSS). R is L; restricted smooth
with sparsity level s, i.e. it is differentiable, and there exists
a generic constant L such that for all (z,y) € R? with
&~ yllo < s

R(y) < R(@) + (VR(z),y — @) + &

z —yl?

We then define the notion of support-preserving set that we
will use throughout the paper. It essentially requires that
projecting any k-sparse vector w onto I' preserves its sup-
port. That is, the convex constraint I" should be compatible
with the sparsity level constraint [|w|y < k.

Definition 2.3 (k-support-preserving set). I' C R? is k-
support-preserving , i.e. it is convex and for any w € R?
such that ||w]|o < k, supp(IIr(w)) C supp(w).

Remark 2.4. Below we present some examples of usual sets
that also verify Definition 2.3 (see Appendix D for a proof
of such statements):

* Elementwise decomposable constraints, such as box con-
straints of the form {w € R : Vi € [d],l; < w; < u;},

with [; < 0 and u; > 0.

* Group-wise separable constraints where the constraint
on each group is k-support-preserving (such as our con-
straints in Appendix H for the index tracking problem).

* Sign-free convex sets (Lu, 2015; Beck & Hallak, 2016)
(def. in App. D), e.g. £, norm-balls.

3. Deterministic Case
3.1. Algorithm

Two-Step Projection. In all the algorithms of this paper,
we will make use of a two-step projection operator (2SP),
which is different in general from the usual Euclidean pro-
jection (EP), in order to obtain, from an arbitrary vector
w € RY, a vector in w € By(k) N T. We consider such a
2SP instead of EP since it enables the derivation of a vari-
ant of three-point lemma (Lemma 3.6) which can handle
our specific non-convex mixed constraints, and is key to
obtaining the convergence analyses we present in Sections
3 and 4. In addition, the 2SP can be more intuitive and
efficient to implement than EP (see App. G for more dis-
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Figure 1. Support-preserving set and two-step projection (d =
2,k =1).

cussions about 2SP vs EP). The 2SP procedure, which we
denote by II%, is as follows: we first project w onto By (k)
through the hard-thresholding operator Hy, to obtain a k-
sparse vector v, = Hy(w). Then, we project vy, onto I, to
obtain a final vector wg = IIp(vy), where S = supp(vy).
Note that consequently, the obtained wg is not necessarily
the EP of w onto By(k) N T, that is, we do not neces-
sarily have ws = I, #)nr(w). However, when I' is a
k-support-preserving set, we have wg € By(k) N T (since,
by definition of a k-support-preserving set (Definition 2.3),
supp(ws) C supp(v;) and hence [[ws|lo < [vsllo < k).
therefore each iteration remains feasible in the constraint.
We illustrate such a two-step projection on Figure 1. We
now present our full algorithm in the case where R is a deter-
ministic function without further knowledge of its structure.
It is similar to the usual (non-convex) projected gradient
descent algorithm, that is, a gradient update step followed
by a projection step, except that instead of projecting onto
I'NBy (k) using the Euclidean projection, we obtain a vector
wy € T'N By(k) through the two-step projection method
described above. We describe the algorithm in Algorithm 1
below.

Algorithm 1: Deterministic IHT with extra constraints

(IHT-2SP)

Input: wy: initial value, 7: learning rate, 7": number of
iterations

fort =11t T do

‘ wy  OE (w1 — nVR(w;_1));
end
Output: wr

Remark 3.1. In the case where I is a symmetric sign-free
convex set (we refer to (Lu, 2015) for the definition of such
sets, which include for instance any £,, norm constraint set

for p € [1,400) ), then the two-step projection is actu-
ally the closed form of an Euclidean projection onto the
mixed constraint I' N By(k) (see Theorem 2.1 from (Lu,
2015)). Therefore, in such cases, Algorithm 1 is identical to
a vanilla (non-convex) projected gradient descent algorithm
(for which up to now there was still no global optimality
guarantees in such a mixed constraints setting in the litera-
ture).

3.2. Convergence Analysis

Before proceeding with the convergence analysis, we first
present below a variant of the usual three-point lemma
from constrained convex optimization, which plays a key
role in our proofs. The common three-point lemma for
a projection onto a convex set & relates the distance be-
tween a point w € RY, its projection Ilg(w), and any
vector w from the set &, through the relation ||w — w||? >
|Te (w)—w]||?+||Tlg (w) —w||*. Such a three-point lemma
is used for instance in a general Bregman divergence form
to prove convergence of mirror descent for smooth functions
in (Bubeck et al., 2015). Indeed, although proving the con-
vergence of projected gradient descent in the non-smooth
case only needs the non-expansivity of projection onto a
convex set, the proof for the smooth case usually needs such
a three-point lemma, which can be seen as a stronger ver-
sion of non-expansivity. However, due to the non-convexity
of the ¢y pseudo-ball, the convex three-point lemma above
does not hold. Fortunately, building upon Lemma 4.1 from
(Liu & Foygel Barber, 2020), we can obtain a three-point
lemma for projection onto the ¢y pseudo-ball.

Lemma 3.2 ({, three-point lemma, proof in App. E.1.2).
Consider w,w € RP with ||[w|lo < k. For any k < k, with
B = %, it holds that: ||Hy(w) — w|* < |w — @] —

(1 = V/B) [[Hi(w) — wlf?.

Note that if & > k, 3 — 0 and we approach the usual three-
point lemma from convex optimization. This is coherent
with the literature on IHT, in which relaxing sparsity (i.e.
considering some k > k) is known to make the problem
easier to solve (see also Remark 3.5 below). In addition,
the inequality in Lemma 3.2 is tight with respect to the
coefficient /3, as illustrated by the following lemma.

Lemma 3.3 (Tightness, proof in App. E.1.3). Consider
an arbitrary pair of integers (k, k) with k > k and an
arbitrary scalar p € (0,1). Then there exist w and W
with |[w|lo = k and |wl||o = k such that the following
holds: [[w — Hy(w) |2 > [l — @2 — [y (w) — ] +

o/ F () —

Lemma 3.2 allows us to prove the following rate for conver-
gence in risk of [HT without system error, which appeared
first in (Jain et al., 2014). Our proof, however, is simpler
than the original proof from Jain et al. (2014), as we will
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discuss below.

Theorem 3.4. (Equivalent to Thm. 1 from (Jain et al.,
2014), see also Thm. 3.1 from (Liu & Foygel Barber,
2020). Proof in App. E.2.1) Assume thatT' = R?. Sup-
pose that Assumption 2.1 and Assumption 2.2 hold, for
s =2k. Letn = L% Let w be an arbitrary k-sparse vec-
tor. Suppose that k > 4k2k with k, := ﬁ— Then for any

e > 0, the iterate of IHT satisfies R(w;) < R(w) + ¢ if
+> [L log ((eruwo—wuzﬂ i1
> 9 .

Vs

Proof Sketch. Using the L¢-RSS of R and some algebraic
manipulations, and denoting g; = VR(w;) and v; :=
Hi(wi—1 — -gi-1) (= w; when I = R?), we have:

Ly 1
R(vy) < R(wy—1) + ?H'Ut —wi_1 + fgt—1||2 )

1 2
oL, llge—1l

(a) L, _ 1
< R(wi—1) + 7”10 —wi_1 + L—gt,lH2 3)

L, B 1

- 7(1 - \/B)Hvt - w||2 - 27LSHQt71||2

(b) Ls — Vs _

< R(w) + — w1 — wlf? @)
L, _

- 7(1 —V/B)|lve —w]?, )

where (a) follows from Lemma 3.2, and in (b) we used
the RSC of R with some rearrangements. The proof for
Theorem 3.4 can be concluded with telescopic sum argu-
ments. O

Remark 3.5 (Necessity of k = Q(kr?)). Note that the re-
laxation of k to (kx?) in Theorem 3.4 is unimprovable for
IHT, as we detail in Appendix E.3 with a counter-example,
similar to but slightly simpler than the counter-example from
Appendix E.1 in (Axiotis & Sviridenko, 2022)). Therefore,
we highlight that all of the following results in this paper
will also be expressed in terms of such a relaxed k: this is a
fundamental limitation of IHT, and not a limitation of our
proof techniques. More details on such relaxation (which is
widespread amongst IHT-type algorithms as can be seen in
Table 1) and how it is a natural way to obtain global guar-
antees for sparsity enforcing algorithms, can be found in
Liu & Foygel Barber (2020); Axiotis & Sviridenko (2021;
2022).

Comparison with Previous Proofs. Perhaps the origi-
nal and most widespread proof framework for convergence
in risk of IHT without system error is the one from (Jain
et al., 2014) Theorem 1. Their proof framework is also
used for instance in some stochastic extensions of IHT (see
Theorem 2 in (Zhou et al., 2018), or Theorems 1 and 2 in

(Peste et al., 2021), even if Peste et al. (2021) assume R to
have a k-sparse minimizer which is a strong requirement).
The proof from (Jain et al., 2014) uses specific properties
of the hard-thresholding operator to carefully bound the
magnitude of the components of V R(w;) on various sets
of coordinates (the support of w;, w1, and w, and some
intersections and unions of such sets). Using such tech-
niques, however, makes it difficult to derive proofs of IHT
in other settings (stochastic, zeroth-order, extra constraints).
However, recently, Liu & Foygel Barber (2020) provided
a proof of convergence for IHT which avoids such com-
plex considerations about the support sets of the gradient,
using their Lemma 4.1 on the relative concavity of the hard-
thresholding operator. Our work goes in a similar line of
work, but we build upon their Lemma 4.1 to prove a three-
point lemma for hard-thresholding (our Lemma 3.2) which
allows us to obtain simple proof frameworks also for the
stochastic case (retrieving the previous from (Zhou et al.,
2018)) and the zeroth-order case (obtaining a new result).
But perhaps more importantly, we are able to extend our
Lemma 3.2 to the case with extra constraints I" verifying
Definition 2.3 (Lemma 3.6 below). Such a lemma will
allows us to obtain convergence results in the new extra
constraints setting that we consider in this paper (provid-
ing three new results, in the deterministic, stochastic, and
zeroth-order case). It relates together the four points in-
volved in the two step projection (w € RY, Hy,(w), 1K (w),
andw € I'N By (k) ).

Lemma 3.6 (Constrained ¢y-Three-Point, proof in
App. E.1.4). Suppose that Definition 2.3 holds for a set
I. Consider w,w € RP with ||wl||o < k and w € T. Then
the following holds for any k > k:

T (w) — w]® < fJw — w||* — ||} (w) — w]?

+ /Bl H(w) — w2, with B =

T

Equipped with such lemma, we can now present the conver-
gence analysis of Algorithm 1 below, using the assumptions
from Section 2, and we will describe how the results give
rise to a trade-off between the sparsity of the iterates and the
tightness of the sub-optimality bound, specific to our mixed
constraints setting.

Theorem 3.7 (Proof in App. E.2.2). Suppose that Assump-
tion 2.1 and 2.2 hold with s = 2k, that R is non-negative
(without loss of generality), and let T' be a set verifying
Definition 2.3 . Let n = % and w be an arbitrary k-
sparse vector. Let p € (0, %] be an arbitrary scalar. Sup-

272 _
pose that k > %k. Then for any ¢ > 0, for

T > [Lelog (Lemplrn=mll ] 41 = O(r, log(1),

s

2e(1-p)
the iterates of IHT-2SP satisfy:

min R (w;) < (1 +2p)R(w) + €.
te(T]
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Further, if w is a global minimizer of R over By(k) =
{w : [Jw|lo < k}, then, with p = 0.5 in the expressions of
k and T above: min,c () R (w;) < R(w) + .

Proof Sketch. To obtain the proof for general I', we reiterate
a similar proof as for Theorem 3.4, but this time, instead of
Lemma 3.2, we use our more general Lemma 3.6, adapted
to general I' and to our two-step projection technique, to
obtain (see the Proof Sketch of Thm. 3.4 for the definition
of v;):

Ls — Vs

R(w,) < R(w) + ="
L, o Ls ;

— 2wy — | + 2Bl - @] ©

|wi—1 — w]|?

Finally, taking a convex combination of equations 2 ( X p)
and 6 (x(1 — p)) for p € (0,0.5], using the bound |Jw; —
w|? < |Jvy —w]|? (non-expansiveness of convex projection
onto I'), and carefully tuning k depending on p (resulting in
our final trade-off between sparsity and optimality), we can
fall back to a telescopic sum and conclude the proof. [

Remark 3.8. Similarly to the work of (Jain et al., 2014), in
the setting of linear regression with sub-Gaussian design,
we can use results from (Agarwal et al., 2010) to find the
number of samples needed to verify the assumptions of
Theorem 3.4. We provide such analysis in Appendix C.

Remark 3.9. Theorem 3.7 therefore provides a global con-
vergence guarantee in objective value. However, contrary to
usual guarantees for IHT algorithms under RSS/RSC condi-
tions (which are bounds of the form R(w;) < R(w) + ¢ for
some t) , our bound is of the form R (w;) < (1+2p)R(w)+
e. There is a trade-off about the choice of p € (0,0.5]. On
one hand, p — 0 is preferred in view of the RH S of above
bound. On the other hand, the sparsity-level relaxation con-

2L

dition k& > %7@ prefers p — 0.5. We illustrate such

a trade-off on some synthetic experiments in Appendix H.1.

4. Extensions: Stochastic and Zeroth-Order
Cases

In this section, we provide extensions of Algorithm 1 to the
stochastic and zeroth-order sparse optimization problems,
and provide the corresponding convergence guarantees in
objective value without system error.

4.1. Stochastic Optimization

In this section, we consider the previous risk minimiza-
tion problem, in a finite-sum setting, i.e. with R(w) =
L3 | Ri(w), as in (Zhou et al., 2018; Nguyen et al.,
2017): indeed, stochastic algorithms can tackle more eas-
ily large-scale datasets where estimating the full VR(w) is
expensive.

4.1.1. ALGORITHM

We describe the stochastic variant of our previous Algo-
rithm 1 in Algorithm 2 below, which is an extension of
the algorithm from (Zhou et al., 2018), to the considered
mixed constraints problem setting, using our two-step pro-
jection. More precisely, we approximate the gradient of R
by a minibatch stochastic gradient with a batch-size increas-
ing exponentially along training, and following the gradient
step, we apply our two-step projection operator.

Algorithm 2: Hybrid Stochastic IHT with Extra Con-
straints (HSG-HT-2SP)
Input: wy: initial point, n: learning rate, T: number of
iterations, {s; }: mini-batch sizes.
fort =1t T do
Uniformly sample s; indices S; from [n] without
replacement
Compute the approximate gradient

gi-1= i Yies, VR, (wi—1)
wy = HE(we—1 —1gi—1);
end

Output: wr € arg Minye(w, ... w.} B(w).

4.1.2. CONVERGENCE ANALYSIS

Before proceeding with the convergence analysis, we make
an additional assumption on the population variance of the
stochastic gradients, similar to the one in (Mishchenko et al.,
2020).

Assumption 4.1 (Bounded stochastic gradient variance).
For any w, the population variance of the gradient estimator
is bounded by B: 1 3" | ||VR;(w) — VR(w)|* < B.

We now present our convergence analysis, first with I' = R%,
retrieving Theorem 2 from (Zhou et al., 2018).

Theorem 4.2 (Equivalent to Theorem 2 from (Zhou et al.,
2018), Proof in App. F.2.2). Assume that ' = R%. Sup-
pose that Assumption 2.1 and Assumption 2.2 hold with
s = 3k, and that Assumption 4.1 also holds. Let w be an
arbitrary k-sparse vector. Let C be an arbitrary positive
constant. Assume that we run HSG-HT-2SP (Algorithm 2)
for T timesteps, withn = ﬁ and denote o := LQ +1
lL/—j. Suppose that k > 4a’k?

and kg = k. Finally, as-

sume that we take the following batch-size: s; := {ﬁ] with

P B .
w:=1-— Ton. and T = % Then, we have the following
convergence rate:

ER(wr) — R(w) < 20*Lyksw” <||w —wy* + g) .

Such a Theorem is equivalent to Theorem 2 from (Zhou
et al., 2018), however, the proof from (Zhou et al., 2018) is
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based on the same framework as (Jain et al., 2014), which
makes it more complex. Our proof, on the other hand, is
very similar to our proof of Theorem 3.4 above (i.e. closer to
convex constrained optimization proofs as discussed above),
and simply incorporates the variance of the stochastic gra-
dient estimator (exponentially decreasing thanks to the ex-
ponentially increasing batch-size) in a properly weighted
telescopic sum (with a technique inspired from (Liu &
Foygel Barber, 2020)). We believe this makes the proof
more readily usable for future extensions of IHT. And in
particular, using a similar technique as for Theorem 3.7, we
can extend our result to the case with an extra constraint
T" verifying Definition 2.3: we present such extension in
Theorem 4.3 below.

Theorem 4.3 (Proof in App. F.2.3). Suppose that Assump-
tions 2.1 and 2.2 hold with s = 2k, that 4.1 holds, that R
is non-negative (without loss of generality), and let I" be a
set verifying Definition 2.3. Let w be an arbitrary k-sparse
vector. Let C' be an arbitrary positive constant. Assume
that we run HSG-HT-2SP (Algorithm 2) for T timesteps,
with n = ﬁ and denotf Q= LQ + 1and kg := ﬁs
Suppose that k > 4a2p%m§kfor some p € (0,1). Finally,
assume that we take the following batch-size: s; := [§—|
ﬁ and T = %.
SR

following convergence rate:

with w := 1 — Then, we have the

E min R (w;) — (1 + 2p)R(w)
te[T]

0&2

4
< 27L5ﬁsz ( w— wol? + ) .

Further, if W is a global minimizer of R over By(k) :=
{w : |Jw|lo < k}, then, with p = 0.5:

4
B iy R (w)~R(w) < 80* L™ (10— ol +3).

te[T) 3

Corollary 4.4 (Proof in App. F.3.). Therefore, the number
of calls to a gradient V R; (#IFO), and the number of hard
thresholding operations (#HT) such that the left-hand sides
in Theorem 4.3 above are smaller than some € > 0, are re-

spectively: #HT = O(k log(é)) and #IFO = O (%)

4.2. Zeroth-Order Optimization (ZOO)

‘We now consider the zeroth-order (ZO) case (Nesterov &
Spokoiny, 2017), in which one does not have access to
the gradient VR(w), but only to function values R(w),
which arises for instance when the dataset is private as
in distributed learning (Gratton et al., 2021; Zhang et al.,
2021) or the model is private as in black-box adversarial
attacks (Liu et al., 2018), or when computing VR(w) is
too expensive such as in certain graphical modeling tasks
(Wainwright et al., 2008). The idea is then to approximate

V R(w) using finite differences. We refer the reader to
(Berahas et al., 2021) and (Liu et al., 2020) for an overview
of ZO methods.

4.2.1. ALGORITHM

In this section, we describe the ZO version of our algorithm.
At its core, it uses the ZO estimator from (de Vazelhes et al.,
2022). We present the full algorithm in Algorithm 3, where
D, is a uniform probability distribution on the following
set BB of unit spheres supported on supports of size sy < d:
B:={w e Re: [|[w|o < s2, ||w]l2 < 1}. We can sample
from this set by first sampling a random support of size
S92, and then sampling from the unit sphere on that support.
If we choose sy := d, this estimator simply becomes the
vanilla ZO estimator with unit-sphere smoothing (Liu et al.,
2020). Choosing so < d allows to avoid the full-smoothness
assumption and can reduce memory consumption by allow-
ing to sample random vectors of size s, instead of d (see
(de Vazelhes et al., 2022) for more details on such a ZO
estimator). The difference with (de Vazelhes et al., 2022)
(in addition to the mixed constraint setting and the use of
the 2SP) is that in our case we sample an exponentially in-
creasing number of random directions, which allows us, for
the first time up to our knowledge, to obtain convergence
in risk for a ZO hard-thresholding algorithm without any
system error (except the unavoidable system error due to the
smoothing p (cf. Remark 5 in (Ajalloeian & Stich, 2020))).

Algorithm 3: Hybrid ZO IHT with Extra Constraints

(HZO-HT-2SP)

Input: wy: initial point, n: learning rate, T: number of
iterations, sy size of the random supports, {g; }:
number of random directions.

fort =1t T do

Uniformly sample g;_; i.i.d. random directions
{ui ;1:11 ~ Dsz
Compute the approximate gradient g; =

A it 4 (R(wi— + paw) — R(wi—1)) w;i
w; = T (w1 —ng—1)
end

Output: Wr € arg Minye(w, ..., wr} R(w).

4.2.2. CONVERGENCE ANALYSIS

Assumption 4.5 (L, s)-RSS’). (Shen & Li, 2017; Nguyen
etal., 2017) R is Ls-restricted strongly smooth with sparsity
level s, i.e. it is differentiable, and there exist a generic
constant L, such that for all (z, y) € R? with ||z —ylo < s:
[VR(z) — VR(y)| < Ls[x -yl

Remark 4.6. Note that if a convex function R is (L, s)-
RSS’, then it is also (Ls, s)-RSS (this can be proven in the
same way as for usual smoothness in convex optimization
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(see Lemma 1.2.3 from (Nesterov, 2003)). However, the
converse is not true here, contrary to what holds for usual
smooth and convex functions (cf. Theorem 2.1.5 from (Nes-
terov, 2003)), as we show through some counter-example
in Appendix F.1. Assumption 4.5 is indeed slightly more
restrictive than Assumption 2.2, but it is necessary when
working with ZO gradient estimators (see more details in
(de Vazelhes et al., 2022)).

We now present our main convergence theorem for the ZO
setting, first when I' = R%.

Theorem 4.7 (Proof in App. F.4.2). Assume that ' = R“.
Let w be an arbitrary k-sparse vector. Let s = 3k, and
so € {1,...,d}. Assume that R is (Ly,s')-RSS’ with

s’ = max(sa,s), and (vs, s)-restricted strongly convex.
Ly

Denote ks := . Let C be an arbitrary positive con-
—1)(s2—1
stant, and denote c g := (sfj-z) ((S d)(_sf ) + 3), Eabs ‘=

2d L2 ss2 (% + 1), and e, = L% sd. Assume
that we run HZO-HT-2SP (Algorithm 3) for T timesteps,
with n = ﬁ = a%y with o := LQ/ + 1. Suppose
that k > 16a2/$§k. Finally, assume that we take the fol-
lowing number q; of random directions at each iteration:

@ = 5| withw = 1— Salm and T := 16k 15

(e
Then, we have the following convergence rate, with Z =

5u(ys+c)+ c

ER(wr) — R(w)
19||VR(w)|?

< 40?Lokw™ | || — wpl|?
s s'fvs <| 0” +3 Ksts’

>+Zu2,

Such a novel result illustrates the power of proof techniques
based on our three-point lemma. Up to our knowledge, it is
the first global convergence guarantee without system error
for a ZO hard-thresholding algorithm (see Table 1), and
as such, is a significant improvement over the result from
(de Vazelhes et al., 2022). Our proof differs from the one
in (de Vazelhes et al., 2022): that latter uses a bound on
the expansivity of the hard-thresholding operator, and only
provides a result in terms of || w — w||, with a non-vanishing
system error which depends on V R(w) (cf. Table 1). We
now present our Theorem in the case of a general support-
preserving convex set I'.

Theorem 4.8 (Proof in App. F.4.3). Suppose that As-
sumptions 2.1, 2.3, and 4.5 hold with s = 3k, that
R is non-negative (without loss of generality), and let
T' be a set verifying Definition 2.3. Let w be an ar-
bitrary k-sparse vector. Let so € {l,...,d}. Denote

L Let C be an arbitrary positive constant,

) 2d (s—1)(s2—1) L
(82+2)( dfl2 +3), Eabs =

2dL? ss9 (% + 1), and ¢, = L% sd. Assume

KRs =

and denote cgp =

that we run HZO-HT-2SP (Algorithm 3) for T' timesteps,

. 1 1 . ._ C
withn = Io7C = al with o := v 1. Suppose that

k> 163—2&§Ef0r some p € (0,1). Finally, assume that we
take q; random directions at each iteration, with q; := [ﬁ}

withw =1 — 8l3>m5 and T := 16/-65(;%1). Then, we have

the following convergence rate:

E min R(w;) — (1 + 2p)R(w)

te[T]
2 1 ) 1]2
<4 o LS/FLSU}T ||’II7 _ w[)||2 =+ 717||VR(UJ)H
p(l—p) 3 ksLy
+ 217,

with Z = ﬁ (Eu (Vl + %) + 5“%) Further, if w is
a global minimizer of R over By(k) := {w : [Jw|o < k},
then, with p = 0.5:

E min R (w;) — R(w)
te[T]

1 )2
< 16a2LS//<;SwT ||’lIJ _ ,w0||2 + 777||VR(1U)||
3 KZSLS/

+ Zu?.

Corollary 4.9 (Proof in App. E.5.). Additionally, the num-
ber of calls to R (#1Z0), and the number of hard threshold-
ing operations (#HT) such that the left-hand sides in The-
orem 4.8 above are smaller than € + Z >, for some ¢ > 0
are respectively: #HT = O(kglog(L)) and #1ZO =

3
Ls
Olerp HSE

). Note that if so = d (in which case Assump-

tion 4.5 becomes the usual (unrestricted) smoothness as-
sumption), we have e = O(s) = O(k), and therefore we
obtain a query complexity that is dimension independent.

Such a query complexity result also holds when I' = R?
(cf. Corollary E.8 in Appendix). (de Vazelhes et al., 2022)
also achieved a dimension independent rate, but their con-
vergence result exhibited a potentially large non-vanishing
system error (cf. Table 1), which we do not have in The-
orems 4.7 and 4.8. In strongly convex and smooth ZOO,
a dimension independent query complexity is impossible
to achieve (Jamieson et al., 2012), unless with additional
assumptions (Golovin et al., 2019; Sokolov et al., 2018;
Wang et al., 2018; Cai et al., 2022; 2021; Balasubrama-
nian & Ghadimi, 2018; Cai et al., 2022; Liu & Yang, 2021;
Jamieson et al., 2012; Nozawa et al., 2024; Yue et al., 2023).
Our work confirms that, instead of making extra assump-
tions, a possible way to obtain a dimension independent
query complexity is to instead consider optimization with
{o constraints.

5. Conclusion

In this paper, we provided global optimality guarantees for
variants of iterative hard thresholding that can handle extra
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convex support-preserving constraints for sparse learning,
via a two-step projection algorithm. We provided our anal-
ysis in deterministic, stochastic, and zeroth-order settings.
To that end, we used a variant of the three-point lemma,
adapted to such mixed constraints, which allows to sim-
plify existing proofs for vanilla constraints (and to provide
a new kind of result in the ZO setting), as well as obtaining
new proofs in such combined constraints setting. Finally, it
would also be interesting to extend this work to a broader
family of sparsity structures and constraints, for instance, to
matrices or graphs. We leave this for future work.
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Optimization over Sparse Support-Preserving Sets: Two-Step Projection

A. Notations

Below we aggregate the various notations used throughout the paper, for ease of reference.

* IIp(w): Euclidean projection of w onto a set T', i.e. IIp(w) € argminer ||w — z||2.
* w;: t-th component of w.

* || - |I: 4o pseudo-norm (number of non-zero components of a vector).

s By(k): £y pseudo-ball of radius &, i.e. By(k) = {w € R?: |Jw||o < k}.

* Hj: Euclidean projection onto By (k), also known as the hard-thresholding operator (which keeps the k largest (in
magnitude) components of a vector, and sets the others to O (if there are ties, we can break them e.g. lexicographically)).

o TIE: Two-step projection of sparsity k onto the set I, i.e. [IE(-) = TIp(Hx(-)).

o || - |lp: £p norm for p € [1, +00).

e || -]|: £2 norm.

* [n]: set{1,...,n} forn € N*,

* |S|: number of elements of a set S C [d].

« supp(w): support of a vector w € R?, i.e. the set of coordinates of its non-zero components.
* 2SP: two-step projection

* EP: Euclidean projection

B. Related Works

Below we present a more detailed review of the related works.

B.1. Local Guarantees for Combined Constraints

Among the works considering optimization over the intersection of the ¢y pseudo-ball of radius % and a set I', (Metel, 2023)
analyze the convergence of a first-order and zeroth-order stochastic algorithm with a weighted ¢, group norm constraint
(which generalizes the ¢ norm), combined with an ¢, ball constraint. (Pan et al., 2017) provide a deterministic algorithm
which can tackle extra positivity constraints. (Lu, 2015) and (Beck & Hallak, 2016) analyze the convergence of variants of
hard-thresholding in the deterministic case, with extra constraints that are symmetric and sign-free or positive. Other line of
works such as (Frankel et al., 2014; Xu et al., 2019b; Attouch et al., 2013; De Marchi & Themelis, 2022; Yang & Yu, 2020;
Gu et al., 2018; Yang & Li, 2023; Bolte et al., 2014; Bot et al., 2016; Xu et al., 2019a; Li & Lin, 2015; Bauschke et al.,
2017; 2019) have a general approach, and analyze the convergence of general proximal algorithms, for composite problems
of the form min,, R(w) + h(w) where h is a more general non-convex regularizer which can include the ¢, constraint
combined with an additional constraint, as long as the closed form for the projection onto the mixed constraint is known (or
an approximation of it in the case of (Gu et al., 2018)). However, all of these works only provide guarantees of convergence
towards a critical point, or at best, a local optimum. We provide an overview of those works in Table 1. More details about
algorithms with local convergence specialized to ¢ optimization can also be found in Table 1 from (Damadi & Shen, 2022).

B.2. Global Guarantees for IHT and RSC Functions

On the other hand, in the case of restricted strongly convex (RSC) and restricted smooth (RSS) functions, existing
approximate global guarantees for the IHT algorithm do not apply to problems with such combined constraints. Indeed,
several works have considered global optimality guarantees for IHT in various settings: the full gradient (deterministic)
setting (IHT (Jain et al., 2014)), the stochastic setting (Nguyen et al., 2017; Li et al., 2016; Shen & Li, 2017), and the
zeroth-order setting (de Vazelhes et al., 2022). However, they do not address the case where the extra constraint I" is added
to the original sparsity constraint. The works of (Foygel Barber & Ha, 2018; Liu & Foygel Barber, 2020) tackle respectively
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general non-convex thresholding operators, and general non-convex constraints, in the full gradient (deterministic) setting
but however they do not provide explicit convergence rates for the particular type of sets that we consider in this paper: their
rates depend on some constants (the relative concavity or the local concavity constant) for which, up to our knowledge, an
explicit form is still unknown for the sets we consider.

C. Sample complexity in sub-Gaussian design

Similarly to (Jain et al., 2014), we can use (Agarwal et al., 2010), Theorem 22, to find the sample complexity needed to
verify the Assumptions of Theorem 3.4, in the setting of sub-Gaussian design. Let us consider the sparse linear regression
setting, which solves min,,ep, (k) with R(w) = || Aw — y/|?, and where n denotes the number of samples in the dataset
(i.e. number of rows of A), and each row of A is a vector of dimension d drawn from a sub-Gaussian distribution with
covariance X with 3;; < 1 forall 7 in {1, ..., d}, and where we have for all i in {1, ..., n}, y; = (A;., w) + §;, where A, .
denotes the i-th row of A, and where ; is some label noise, sampled from a normal distribution of standard deviation o
(that is & ~ N (0, 02)). As described in (Jain et al., 2014) using Theorem 22 from (Agarwal et al., 2010), R is (v, s)-RSC
and (L, s)-RSS with probability at least 1 — e, with vs = %omin(Z) — cl% and Ly = 20max(X) + cl%,
where oy (X) and omax (%) are the smallest and largest eigenvalues of X respectively, and ¢y and ¢; are universal
constants. Let us set s = 2k as required by Theorem 3.4, and take n > 4¢3 5log(d)/omin(X) samples. We then obtain
Vg > iomin(E) and Lg < 2.2503ax(X), which means that L, /(9v;) < £(2) = 0max(2)/0min(X). Thus it is enough
to choose k = 4(9x(X))%k = 324x(X)%k to verify the assumptions of Theorem 3.4 with high probability.

D. Proof of Remark 2.4

Before proceeding with the proof of Remark 2.4, we recall the definition of sign-free convex sets from (Lu, 2015) and
(Beck & Hallak, 2016) below. Essentially, sign-free convex sets are convex sets that are closed by swapping the sign of any
coordinate.

Definition D.1 ((Lu, 2015),(Beck & Hallak, 2016)). A convex set I is sign-free if forally € {—1,1}? and for all x € T,
x ©y € I', where ® denotes the element-wise vector multiplication (Hadamard product for vectors).

We now proceed with the proof of Remark 2.4.

Proof of Remark 2.4. 1t is easy to show that any elementwise decomposable constraint such as box constraint is support-
preserving (as projection can be done component-wise, independently). Similarly, for group-wise separable constraints
where the constraint on each group is k-support-preserving (such as the constraint for the index tracking problem in our
Section H), for a k-sparse vector € R?, one can project each group of coordinates independently, and each of such
projection will have its support preserved (since each such group of coordinates also contains less than £ non-zero elements,
i.e. they are k-sparse). Therefore, we analyze in more detail the case of sign-free convex sets. Let I' be a sign-free convex
set, and let * € R? be a k-sparse vector. Define z = IIp(x) and assume that supp(z) ¢ supp(z). This implies that

there exist some non-empty set of coordinates S C [d], such that for all i € S: z; # 0 and ; = 0. Define z’ such that
—zpifk e S . L 0ifke S . .

z), = k1 ] . Since T' is sign-free, z’ € I'. Now, define 2’ such that 2}/ = 1. ) . Since I is
2y, otherwise zy, if otherwise

convex and since z” = 1z’ + 1z, we have z” € . Now, we have:

d
lz—2"15 =) (ex—2)= D (ox—2)
k=1 keld]\S
d
< Z Ty — 2) +Z$k—zk Zl’k—zk )? = & — z|3
keld]\S kes k=1

Therefore, we encounter a contradiction since we have defined z = IIp(x), and therefore, our assumption supp(z) Z
supp(x) is wrong, which means that supp(z) C supp(x). O
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E. Proofs of Section 3 (Deterministic Optimization)
E.1. Proof of Lemmas 3.2 and 3.6
E.1.1. USEFUL LEMMAS

We first recall some useful definitions and lemmas from the literature.

Definition E.1 (Relative concavity (Liu & Foygel Barber, 2020)). The relative concavity coefficient i g of a k-sparse
projection operator Hp, of relative sparsity 3 := % with k& < k is defined as:

(y — Hi(2), 2 — Hi(2))
ly = Ha(2)ll3
Lemma E.2 (Lemma 4.1 (Liu & Foygel Barber, 2020)). When Hy, is the hard-thresholding operator at sparsity level k, we

have:
VB 1 \/E
Vs (Hi) = 5 Ve

Proof of Lemma E.2. Proof in (Liu & Foygel Barber, 2020). O

Ye,8 (He) = Sup{ y.z € R |lyllo < Bk,y # Hk(z)} .

E.1.2. PROOF OF LEMMA 3.2

Proof of Lemma 3.2. We have:
lw — w])* = [[w — Hy(w)[]* + [Ha(w) — @] + 2w — Hy(w), Hy(w) — @)

(@
> |lw = Hi(w)[* + [ Hr(w) — @ = 2, Hi(w) — @]
= [lw = Hy(w)|* + (1 = 29,p) [ Hi (w) — @]

2w — H(w)|* + (1 - \/@ [#x(0) — ],

where (a) follows from Definition E.1 and (b) follows from Lemma E.2. Therefore, rearranging, we obtain:

IHr(w) —w|* < w — | — (1 - \/E) IHr (w) — w]|*.

The proof is completed. O
E.1.3. PROOF OF LEMMA 3.3

Proof of Lemma 3.3. Leta = \/% and b = p%l € (p,1). Consider

w=[1,..,1,b,..b] eR** w=10,..,0,a,..a € RFFF,
k

Then we have Hy (w) = [1,...,1,0,...0] and

lw — Hi ()l = 0%k, w —®|* =k + (a = b)*k, |[Hp(w) —®|* =k +a’k.

It can be verified that

[w — Hy(w)|2 — [|w — || + [ Hy(w) —w|* _ 2abk bﬁ> p\/E
[ H5 (w) — @2 k+ a’k k k’

This proves the desired inequality. O
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E.1.4. PROOF OF LEMMA 3.6
Proof of Lemma 3.6. Let us abbreviate vy, := Hj,(w). It can be verified that

T (w) — w|* = ||Ti (w) — vy, + vy, — w]|*

DTk (w) — v ||* + (g — w]?

(b) _ _ B ~ -
< low = * = [ (w) = @2 + [w = = (1= v/B) llox - @]
=llw — | — [T (w) — ] + /Bllve — @]

where (a) is due to Definition 2.3 and the definition of the two-step projection, which imply that IT¥(w) — vy, and vy — w
have disjoint supporting sets, and (b) uses the three-point-lemma for projection onto a convex set I' , as well as Lemma 3.2.
The proof is completed. O
E.2. Proof of Theorems 3.4 and 3.7

E.2.1. PROOF OF THEOREM 3.4

In this section, we present the proof of Theorem 3.4 for the convergence of Algorithm 1 without the additional constraint,
which as mentioned above, is needed for the proof of Theorem 3.7, but also, as a byproduct, illustrates how the three-point
lemma simplifies previous proofs of Iterative Hard-Thresholding.

Proof of Theorem 3.4. The L,- restricted smoothness of R implies that
R(wt)
L, 9
SR(we—1) + (VR(we-1), wr — wi1) + —[lwe — w1 |

LS|

L, 1
:R(wt,l) + 7 Hwt — W¢_1 + LfSVR(’wtfl) — 2Ls ||VR(wt71)||2
(@) L. 1 2 L. B
< R(wi1) + 5 Hw —wi+ VR )| = 20— V) w - w]?
1
— o VRGP
_ L _ 12 Ly _ 112
= R(w,-1) + (VR0 1), — we 1) + 2wy — ]2~ (1~ /By — ]
® L, — v, _ Ly _
<R(w) + [[we—1 —w||2—7(1—\/5)||wt—w\\2
L, — v, _ 2L, — vy _
<R + 2wy — ]~ 2, |, ™

where (a) uses Lemma 3.2, (b) is due to the vs-restricted strong-convexity of R, while the last step is implied by the condition

on the sparsity level & from the theorem (k > ALY k), and the definition of 5 (8 = \/% ).

vi
The update rule composed of the gradient step and the projection from Algorithm 1 can be rewritten into the following
(given that the learning rate is n = %’ and by definition of a projection):

2

w; = arg min
w st|wllo<k

1
w — ('wtl — LVR(wt1)>

2 1
=arg | min (VR ),w —we) + o w4 g VR0

. Ly
= arg min R(wt_l) + <VR(’LU75_1),’UJ - wt_1> + 7”’(1) — ’U.Jt_1||2.
w st||w|o<k 2
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Therefore, by definition of an arg min, we have:
L, 9
R(wi—1) + (VR(wi—1), ws — wi—1) + ?Hwt —wy_q||

Ly
< R(wi—1) + (VR(wi—1), we—1 —wi—1) + 7Hwt—1 - wt—1||2
= R(wi_1). (8)

And from the L, smoothness of R, we also have:
L,
R(w;) < R(wi—1) + (VR(wy—1), w, — wi_1) + ?Hwt — w2 9
Therefore, combining equations 8 and 9, we obtain:

R(w;) < R(wi—1).

That is, the sequence { R(w;)}+>0 of risk is non-increasing.

e [ g (et —wl?)).

Let us now consider

Vg 2¢e

We claim that R(w;) < R(w) + ¢ for t > T + 1. To show this, suppose that 3¢ € [T such that R(w;) < R(w) + €. Then
the claim is naturally true by monotonicity. Otherwise assume that R(w;) > R(w) + ¢ for all ¢ € [T']. Then in view of the
inequality equation 7 we know that

2L, — 2u4
2L, — vy

< (157 ) fwrs o
s \T
< (1 — 2L‘:> lwo — |
Vg _ 9
=exp|Tlog|1— 5T lwo — w|
2Ls (Ls - VS)HwO - ’u_]||2 Vg o
< 1 1)log (1 _
< exp ( ” og < % + og oL, ||'w0 wH
Vg 2L (Ls — vs)|lwo — w”2 ” i
=\~ ——1 log (1 — 2= _
( 2Ls> eXp( 2 °g< 2 og (1= 57 ) ) lwo ]
(a) v 2L 25 v
< [1-= ity | Vs e
£ (155 oo (s (=gt =) ) o~
(b)
— 1— Vg 25 e 25 ’
2Ly ) Ly —vy = Lg— s

where (a) follows from the fact that for all x in (—o0, 1): log(1 — ) < —=z, and (b) uses the fact that (1 - 57 ) <1

lwr — @] lwr—y — |

IN

Then according to equation 7 we must have

LS_VS
2

which implies the desired claim. The proof is completed. O

R(wry1) < R(w) + |lwr —w|* < R(w) +¢,

Remark E.3. Theorem 3.4 recovers the result of Jain et al. (2014, Theorem 1). Our proof is shorter yet more intuitive than in
that paper.
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E.2.2. PROOF OF THEOREM 3.7

Using the above results, we can now proceed to the full proof of convergence of Theorem 3.7 below.

Proof of Theorem 3.7. Denote v; = Hy(wi—1 — —VR('wt 1)) for any ¢ € N. Similar to the arguments for equation 7,
based on the L -restricted smoothness of R we can show that:

R(w,)

Lg
<R(wi—1) + (VR(wi—1), wy — wi—1) + ?H’wt —wq|?

1
wy — w1 + —VR(we_q)

Ly
:R('wt,l) + ? ‘ .

(a) L, 1
<R(w—1) + 5 HU_J — w1+ L*VR(wtfl)

Ly ~
+ = /Bloy - w]? -
_ L 2 Ly — 12
—R(wi-1) + (VR(wi-1),® — wi1) + 2 [wp1 = 0> = 2w, - ]

+ *\fllvt w||?

® Ly — vy _ Ly
S R(w) + —5— w1 — wl|* - *||wt wl|* + *\[Hvt wl|?

2
L
—ngww

(we—1)|I?

"WWq—wW—AWW—wW+A{§;wrww% (10)

where (a) uses Lemma 3.2, (b) is due to the v-restricted strong-convexity of R, and the last step is due to the condition on
sparsity level k from the theorem (k > %EL and the definition of 5 = \/g .

In view of equation 7, which is valid under the given conditions, we know that

Ly —v
2

2L — vy

R(v:) < R(w) + 1

w1 — w|]* - vy — > (11)

After proper scaling and summing both sides of equation 10 and equation 11 yields that

(1= p)R(wt) + pR(v:)
L, —v
2
L, — v,

o2 p(Ls_VS)
2 - 2~ e)

lw — w|?, (12)

<R(w) + “lwer —w|* - v — w||?

Ls— pvg

—R(w) + [

where in the second inequality we have used w € I" and the non-expansiveness of projection over convex sets.

Let us now consider

. a2
T;:{2stg(<Ls ) [wo 1M|>W_ -
Vg 26
We claim that:
i {(1 = p)R(w¢) + pR(ve)} < R(w) +e. (14)

To show this, suppose that 3¢ € [T'] such that (1 — p)R(w:) + pR(v;) < R(w) + e. Then the claim is naturally true.
Otherwise assume that (1 — p) R(w;) + pR(v¢) > R(w) + ¢ for all ¢ € [T]. Then in view of the inequality equation 12 we
know that
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Then according to equation 12 we must have

L, — v,
2

(1= p)R(wr41) + pR(vr41) < R(w) + [wr —w|* < R(w) +e¢, (15)

which proves the claim from equation 14. Now, recall that we have assumed in the Assumptions of Theorem 3.7,
without loss of generality, that R is non-negative (if not, we can redefine R by adding a constant, without modifying
the gradient of R, keeping the algorithm untouched), which implies that R (v;) > 0. Plugging this in equation 14, for

T> [% log (Mﬂ + 1 implies that:

v 2e’(1—p)
min R (w;) < —— R(w®) + —— < (1+ 2p)R(w) + — (16)
te[T] Y=1-p 1—p— p 1—p
Plugging the change of variable ¢/ = lfp into equation 16 above, and in 13, we obtain that when T >

2L, (Ls—vs)|lwo—w|* .
[T log (Tfé)ﬂ +1
min R (wy) < (1+ 2p)R(w) +¢'.
te[T]

Further, consider an ideal case where w is a global minimizer of R over By (k) := {w : ||w||o < k}. Then R (v;) > R(w)
2
is always true for all ¢ > 1. It follows that the bound in equation 14 yields, for T" > [% log (%ﬂ +1:

mnin {1 = p)R(w) + pR(w)} < mnin {1 = p)R(w:) + pR (v4)} < R(w) + ¢,

which implies: min,e(r) R (w;) < R(w) + = In this case, we can simply set p = 0.5, and define e = =, =2

similarly as above. This implies the desired claims. The proof is completed.

O

E.3. Lower Bound on the Sparsity Relaxation

Consider s > 1, p = k + x?k and the following defined diagonal matrix A of size p x p and vector b of size p:

x 0 -+ 0
01 --- 0
A=|. _ eERP*? b=[1,K,...,K,1,...,1]T €RP.
: 0 —_—
0 0 1 k w2k

Clearly, A is k-smooth and 1-strongly convex. Let us consider the following quadratic objective function:

flw) = %(w - b)TA(w —b).

Let k € [k, %k] be the relaxed sparsity level used for THT, and being an even number (without loss of generality). Consider
the following defined p-dimensional sparse vectors such that || Z||o = & and ||x||o = &:

w=[1,kK...,50,...,00" €eRP, w=]0,...,0,k,...,K1,...,1, 0,...,0 |" € RP.
—_— —_ = =
k w2k /2 /2 k—k/2 w2k—k+k/2

We next prove the following theorem which shows that k& > O(x2k) is indeed necessary for THT to converge in some
extreme cases for optimizing f.
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Theorem Ed. Ifk > 4 and k < *E, then it holds that

K2k

f(w)Zf(w)+T6,

while w is a fixed point of IHT with sparsity level k and step-size n = %, ie.,

K

w=H (w—nVf(w)).

Proof. It can be seen that f(w) = 3%k and

Therefore

1
2
1/((k
2 2
a1 [k 9 K2k
>2 | 22— i
=3 (4“ k) =16
where (7 uses k > 4, and the last inequality is due to k < %. Note that
Vi(w)=A(w —b)=[-k,...,—k,0,...,0,—1,...,—1]".
N e N e
k/2 k K2k—k+k/2

Given 77 = 5=, we can show that

PP

w—nVf(w)=[05,...,05 kK ...,61,...,1,05/k,...,0.5/k]",
k/2 E/2 k—k/2 K2k—k+k/2

which directly yields (as £ > 1)
w = Hy(w -V f(w)),

and thus w is a fixed point of IHT with sparsity level k and step-size n = i O

Remark E.5. The example is inspired by the one from (Axiotis & Sviridenko, 2022), though slightly simpler. A main
difference is that in our example the supporting sets of w and w are allowed to be significantly overlapped, while in theirs
the supporting sets of the two vectors are constructed to be disjoint.

F. Proofs of Section 4 (Stochastic and Zeroth-Order Optimization)

F.1. Discussion on Restricted Smoothness Assumptions

In this section, we provide additional details on the difference between Assumptions 2.2 and 4.5. First, we recall the standard
definition of smoothness:

Definition F.1. A differentiable function f is L-smooth if for all z,y € (R%)2:

IVf(z) = Vi(y)l < Lz -yl

We now provide the counter-example below, illustrating that Assumptions 2.2 and 4.5 are not always equivalent, even if f is
convex (and that those two assumptions are also different from the usual smoothness assumption).

Lemma F.2. Let us consider the following convex function f : R2 — R defined as
V(z1,20) €R?: f(21,20) = 27 + 23 + 21209

f has the following regularity properties, with the given constants being each time the smallest possible:
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¢ (i) 3-smooth
e (ii) 2-restricted smooth (Assumption 2.2) with sparsity level 1

o (iii) \/5-restricted strongly smooth (Assumption 4.5) with sparsity level 1

Proof. F.1.1. PROOF OF (1)

The Hessian of f is:

2 1
=[1s]
and its diagonalization is:
H=PDP !,
with: )
1 -1 111 13 0
Pt 0]t e[ 0],

Therefore, the smallest L such that we have H < LI is 3, which implies from Lemma 1.2.2 in (Nesterov et al., 2018)
that f is smooth with smoothness constant 3.

F.1.2. PROOF OF (II):

Let us take two x, y in (R?)? such that ||z — yl||o < 1, which therefore implies that: x; = y; or 25 = 5 (or both). Let us
suppose that (E): 2o = y. Note that this implies that ||z — y||2 = (21 — y1)2. We now need to find the smallest L such that:

L
fy) < f(@) + (V@) y —2) + Sllz - yll3
&
2 2 2 2 L 2
Yi + Y5 +y1ye < o7+ a5 + 212 + (221 + 22) (Y1 — 1) + (222 + 21) (Y2 — 72) + 5(171 — Y1)

@

L
i+ a5 4y < 4f + 33 + 2122 + (2201 + 22) (Y1 — 21) + (202 + 31) (T2 — T2) + 5(551 —y)?

=

L
Y+ 2] — 2121 < 5(551 —1)?

-

L
(x1 —y1)* < 5(%‘1 —y1)?

Therefore, the smallest L possible which can verify the above is L = 2. By symmetry, we would have the same chain of
equivalence in the alternative case where we would replace xo = ys by 1 = y;. Therefore, we need some L that will work
for both cases, so again, such smallest L is 2.

F.1.3. PROOF OF (III)

Let us take two @, y such that || — yl|o < 1, which therefore implies that: 21 = y; or 5 = y (or both). Let us suppose
that (E): 25 = . Note that this means that ||z — y||o = (21 — y1)?. What we need to find is the smallest L such that:

IVf(x) = Vi)l < L2z - yl3
4

(221 + @2 — (2u1 + ¥2))* + (2x2 + 1 — 2u2 +11))* < LP (21 — 11)?

@
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(271 + 29 — (201 + 22))? + (222 + 21 — (222 +11))? < L (21 — 1)?

Uz — ) + (@1 —)® < Lz —)?

5(x1 —y1)® < L (w1 — y1)?

Therefore, the smallest L possible which can verify the above is L = /5. By symmetry, we would have the same chain of
equivalence in the alternative case where we would replace 2 = ys by 1 = y;1. So therefore we need some L that will
work for both cases, so again, that smallest L is V5.

O

F.2. Proof of Theorems 4.2 and 4.3

For the proof of Theorem 4.3, we use a similar technique as in Theorem 3.7 to deal with the extra constraint, i.e. we start
first from the case I' = R? (Theorem 4.2). Based on our ¢ three-point lemma (Lemma 3.2), such proof of Theorem 4.2 is
simpler than the corresponding proof of (Zhou et al., 2018) (Proof of Theorem 2, Appendix B.3). Also, compared to the
deterministic setting, here, we need to carefully incorporate the exponentially decreasing error of the gradient estimator into
a properly weighted telescopic sum containing terms in ||w; — w||%. Below we provide several intermediary results needed
for the proof of Theorem 4.3. Then, the proof of Theorem 4.3 will be provided in Section F.2.3.

F.2.1. USEFUL LEMMA

Before starting the proof, we present the following lemma from (Mishchenko et al., 2020), which relates the batch-size s;
and the error of the gradient estimator:

Lemma F.3 (Mishchenko et al., 2020), Lemma 1). Let w; € R?. Assume that g, is the sampled gradient in Algorithm 2
and that the population variance of R;(w;) is bounded by B as in Assumption 4.1. Then the gradient estimate g, is an
unbiased estimate of V R(w), and its variance is as follows:

n—=sy 1
Elg: — VR (w)|* < —=' =B, 17)

n—1s

Note that the original Lemma from (Mishchenko et al., 2020) is written as an equality, in terms of the exact population
variance of a random variable, denoted o2, but we rewrite it as an inequality here for simplicity, in order to have a general
bound that applies at each iteration.

Proof of Lemma F.3. Proof in (Mishchenko et al., 2020). O

F.2.2. PROOF OF THEOREM 4.2

Below we now first present a proof for the convergence of Algorithm 2 without the additional constraint (Theorem 4.2),
which is needed for the proof of Theorem 4.3, and also, as a byproduct, illustrates how the three-point lemma simplifies
such proof.
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Proof of Theorem 4.2. The L¢-smoothness of 12 implies that
R(w)

L
<R(wi—1) + (VR(wi—1), wy — wy_1) + 7”71% - 'wt—1H2
L,
=R(wi—1) + (g¢—1, ws — wi—1) + 7||wt —w;q ||+ (VR(w—1) — g1, w; — wy—1)

1 L,
=R(w;-1) + 2 [lJwe — (w—y — nge-)|I* = n*llgi-1ll* — lw, — wt—1||2] + f”’wt —w; |

+(VR(wi—1) — gt—1, w; —wy_1)
1

S 2
- —
9 ] lw; — w1 ]|

1
=Rlwe1) + 5ol = (e = ngen)P = GlaiaP +

+ <VR(wt—1) —Ggt—1, Wt — wt71>

(a) 1 _ _ n
< B(we) + g0 9 — (wis = ngen) I = (1= V) e — @]~ Jlgea

L.—1
S n

+ 5 ] lwe — wi—1]|* + (VR(w;—1) — gr—1,w; — wi—1)

1 _ _ 1 _
=Rwia) + 5 [l# — weal* +0?llge—1]* — 2(nge—1, we—1 — )] — it VB) |w; —w|?

1
R
- g”gt—IHQ + 3 771 lwi — wi 1 ||? + (VR(w; 1) — g1—1, wy — wy 1)
1 _ 1 12
=R(w;—1) o @ — w1 |* = 2(nge—1, w1 — )] — 217(1 —VB)|[w; - wl|
+ 1 wy —we 1 ||* + (VR(w; 1) — gr1, we — wy 1)
_ 1 _
© R + 0= w1 [ = (g0 = 9) = 5 (1= VB —
_Ls - 1 + C 1
| 2 o — il + 5 IR0 g
where (a) follows from Lemma 3.2 and (b) follows from the inequality (a,b) < $a? + 355b?, for any (a,b) € (R?)? with

C > 0 an arbitrary strictly positive constant.

L,—i+C . -
f’} lw; — w;_1||? above is 0. We now take the conditional

expectation (conditioned on w;_1, which is the random variable which realizations are w;_1), on both sides, and from
Lemma F.3 we obtain the inequality below (we slightly abuse notations and denote E[-|w;_1 = w;_1] by E[-|w;_1]):

Let us now assume that n = I + 7o therefore the term [

1
E[R(wy)|wi—1] <R(we-1) + %Hu_f — w1 |? = (VR(wi 1), w1 — )

1 _
- 3 (1= VBE [ - w|Plwor] +

B(n —si-1)
2Csi—1(n—1)

(a

) 1 Vs _
SRwe) + 5w = w4 [ R@) ~ Blwe) = 5w - o]

1

VB e ]+ g

208t71

l 3
. ] [0 — w1 [|* - %(1 — VBE [[[w; — @|*[w;1]

=R(w) +
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B

+ )
20875,1

where (a) follows from the RSC condition, and the fact that s, _; € N*.

We recall that p = + :LC. Let us define o := LQ + 1. Then C' = (a — 1)L, and ) = —+—. Also recall that k, = Z=.

alg® Vs

We can simplify the inequality above into:

E[R(w,)w, ] — R(w) < [(1 - 1) @ — wia | = (1~ V/B)E [Jewr — @] aws1]

2n QKg
B
SR } .

Csi—1

We now take the expectation over w;_; of the above inequality (i.e. we take Ey, . []): using the law of total expectation
(E['] = Ey,_, [E[-]w¢—1]]) we obtain:

1 B
[(1 - ) Ell® — w1 | — (1 - v/BEljw, — | + 12— (1)
ks t—1

Similarly as in (Liu & Foygel Barber, 2020), we now take a weighted sum over t = 1, ..., T, to obtain:

T 1 1 T—t 1 i i » 77B
St;(lﬁ) [(1%>Ellwwt_1| — (1= VBE|w;, — ]| +CSH}
T 1— 1 T—t !
:; (1 - f/%) [(1 - a,{5> E|@ - wes|* = (1= VB)Eljw: - 'u_)|2:|
T 1— 1 T—t
ar, nB
thzzl(l\/B) Csi—
T 1— 1 T—t+1 , 1_ 1 T—t )
:(1—\/5); <l—¢§> El|w — w;_1]| —(1_\/§> Efw; — ||
d 1_a11~c o nB
+;<1_\/3> Csi1
G e Tuw—w||2—E||w —w|? +§Tj “mo) b
1 \/B ’ ’ t=1 1_\/B Cst—l
1- 1\7T Ty 1N\ B
kg - 2 kg n
§(1\/3)<1\/3> @ — w| +;<1¢3> Csi_1
AN s 1=\ B
S(l_\/‘B> lw — wol| +;<1—\/B> Csi (19)

where (a) follows from simplifying the telescopic sum.
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We now choose k and s; as follows: we choose k > 4a% k2

VB < —

k., which implies that:

200K
= /B < !
T 2aks — 1
1 20ks —2 1 — o
= 1- >1— = - = AR
\/B - 200k — 1 200k — 1 1— 2041#;
s <11 20
1-VB) = 2aw, (20)
And we choose s; := [ 5| withw :=1 — 21— and 7 := %.
Letuscallv:=1— ﬁ Note that we have:
v <w. (21)
And that we have the inequality below:
v l—5—  daks—2 1 1
— = ARs — 3 = 1—-—<1- = Ww. 22
w 1-— daks — 1 dakg —1 — dak v (22)

daks

This allows us to simplify equation 19 into:

d 1- 4 o T 2 Z T 1
E 2 ks [R(w:) — R(w)] < v' ||lw — wol|* + pI=tt=
Sn(1=35) 2

t=1

T T

B w v\ T—t
= o —wf+ -3 (%)
w w

t=1

T v\T
w'1—-(2
:VTH'lIJ_wOHQ‘i‘i (wy)
w 1-(%)
T
w 1
<vlw —wol® + ——~
w 1- (%)
(a) wl 1
< VT |w — wo? + —
wl—w
() 4 1
2 T\l — 2, %7
< v'|Jw — wyl| +3w T
(¢) 4 1
2 T llap — 2, 2 T
< w' ||Jw — wol| —|—3w "
(@) T 1
< _— 2 T
S 7ol mwll gt
wT B 5
s (o - ol +3)

where in the left hand side we have used the linearity of expectation, and where (a) uses equation 22, (b) uses the fact that

1= — L < 1_11 = % (since ks > 1 and a > 1 (indeed, from the theorem’s assumption a = < + 1 with C > 0)), (c)
Tanrs 1 s

uses equation 21, and (d) uses the fact thatw < 1s01 < .
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Let us now normalize the above inequality:

T—t

1— L
ZT:1 2n ( — ) R(w) dakwt (|| — wol|? + 4
g EVE) Bl e (- wol +3)
T 1__1 T—t T 1__1 T—t
Zt:l 27] ( 1775 ) Zt:l 277 ( 1775 )

The left hand side above is a weighted sum, which is an upper bound on the smallest term of the sum. Regarding the right

__1
hand side, we can simplify it using the fact that 0 < (11_‘\’/% ) , and therefore:

1 1 \T
NI

Therefore, we obtain:

dak,wT (|| — wol|? + 2
E min R(w;) — R(w) < ( oll* + 5)
te{1,.., T} 2n

4
=202 L kow” <||w —wo > + 3)

Which can be simplified into the expression below, using the definition of wr:

4
ER(w7r) — R(w) < 20%Lyksw’ <||'w —wol? + 3> .

The proof is completed. O

Corollary F4. Under the assumptions of Theorem 4.2, let € be a small enough positive number € > 0. To achieve an
error ER(wr) — R(w) < € using Algorithm 2 the number of calls to a gradient V R; (#IFO), and the number of hard
thresholding operations (#HT) are respectively:

BHT = O(i, log(L)), #IFO = O < fs ) .

€ VgE

Proof of Corollary F4. Lete € R . Let us find 7" to ensure that ER(w7) — R(w) < e. This will be enforced if:

4
202 Lk gw” <||w —awol? + 3> <e

g
<— Tlog(w) < lo
Bw) < g<2a2LS/<as(|1IJ—'w0||2+§))

— T > 1 log
log(+) €

1
w

202 Lk (||l — wol|? + g))

Therefore, let us take:

1 202 Lsks (|| — wol? + 2
T .= —log a1 ol + 3) . (23)
log(;;) €
We can now derive the #IFO and #HT. First, we have one hard-thresholding operation at each iteration, therefore #HT= T'.
Using the fact that log%l) = — lolg(o.)) = 7log(117 — < L = 4ak, (since by property of the logarithm, for all
w dakg dakg

z € (—o00,—1) : log(1 — ) < —z ), we obtain that #HT = O(k, log (1)).
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We now turn to computing the #IFO. At each iteration ¢ we have s, gradient evaluations, therefore:

T—1
#IFO = Z s
t=0
T—-1 r
<Z;(M+ﬂ)

() -1
11

T 1"
<r+ 15 (3)

1
=T+ 5 T exp (Tlog ())
571 w

1 202 Lk (|| — 244
10g< a*Lsk (Hw wy | 3)

=T+

log(2)

T 1 1 202 Ly (||w — wo|? + 2
+1_lexp<log<w> llog(1)10g< ( 3) +1

()

)

_ 1 20° Lykis ([l — wol* + 3) T 202 Lk (||l — wo? + 2)
=1+ T~ log + 5
log(3;) € 1 €
(e (P D)) 202w (- w4 )
=1+ 1~ log +
log(;) € l1—-—w €
EPES log 202 Lk (||w — wol® + 2) N 7_8043L5/@§ (@ — wol? + 2)
log(;;) € e
(®) 1+ 1 log 202 Lgks (||1D—w0||2+%)
log(%) €
B 1 SeLiLy (1o et
aLlsLy(a—1) ¢ v, ° 0 3
(20t (e wol? +2) ) 8Bath (e~ wol? + 4) 1
1 g(%) € (a— 1), e’

where (a) follows from equation 23, and for (b) we recall that 7 = %, n= ﬁ and C' = Lg(a — 1).

Therefore, overall, the IFO complexity is in O().

F.2.3. PROOF OF THEOREM 4.3

We now proceed with the full proof of Theorem 4.3.

Proof of Theorem 4.3. Similary as in the proof of Theorem 4.2 in Section F.2.2, let us take: 1 := ﬁ, and o := LC + 1.

s

Then C = (o — 1)L, and ) = —+—. Recall that r, := £=. Denote vy = Hy,(wy—1 — nVR(w;_y)) forany t € N.

s
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Similarly as in Section F.2.2, the L;-smoothness of R implies that
L,
Rwy) <R(wi-1) + (VR(wi-1), we = we—1) + —~|we — w12
Ly
=R(wi) + (g1, wr = wi) + llwe — wia* + (VR(w, 1) = gio1, wi = wis)

1 L
=R(w;-1) + m [llw; — (wi—y — ngi—1)|1* = n*llge-1l” — lw, — wt_llﬂ + f”’wt — w1 ||

+(VR(wi—1) — g1, ws — wy_q)
1

Ls - n 2
5 lwi — w1

1
=R(uw1) g~ (wes = nge )P = Glgea ] +

+ (VR(wi—1) — gt—1, W — wi_1)
(a

) 1 _ _ - n
SRwe) + 5 [l = (e =g = lwe =@l +v/Bloc— @] = Jlgi

S

2

1
+ n

] |lwe — w1 ||* + (VR(w;—1) — gr—1,ws — wi—_1)

1 _ _ 1 _
=Rwia) + 5 [l — wer|* +7°llge—1]1* — 2(nge—1,wi—1 — w)] — gy w||*

1

_n

S
5 ] |lwi — wi—1]]* + (VR(wi—1) — gr—1, Wt — we_1)

\/B _n2 N 2
+ 2 ve — ]| 2H!]t—l” +

1
“R(wis) + o [0 = w0 = 200001 —0)] = w0l + Lo -l 9
] lwi — w1 ||? + (VR(w; 1) — g1—1, wy — wy 1)
1
OR(uw) + 580w, = (g ws =) = 5w, — ] + \Q/fnvt — |
1
, — =+ 1

S m 2 2
_— —wi_ —[|VR(wi—1) — g+ 25
+[ 5 ]|wt w1 +2CHV (wi—1) — g1—1l%, (25)
where (a) follows from Lemma 3.6 and (b) follows from the inequality (a by < Qa2 + %bQ, for any (a,b) € (R%)? with

_1

C > 0 an arbitrary strictly positive constant. Let us now take 1) := — 7 + o therefore the term % lw; — w1

above is 0. We now take the conditional expectation (conditioned on w;_1, which is the random variable which realizations
are wy—_1), on both sides, and from Lemma F.3 we obtain the inequality below (we slightly abuse notations and denote
E[|wi—1 = wi—1] by E[-|wi—1]):

E[R(w,)lwi 1] <R(w; 1) + %nw — w1 P = (VR(w, 1), w, 1 — )
/B

2n

B(n—s;—1)

1
R o) — wl?lw._ i SAL il Vi
2 [Hwt ’UJH ‘wt 1] + 2051&—1(” _ 1)

E [|lv; — w||*[w;—1] +

(a)

1, _ _ Vs _
SR(we1) + gl — w4 [R@) ~ Rlwy) = 5w~ w]?]

1 B
< gyl o] B [ o]
1
o Vs 1
=R(w) + |~ ] [ —wia|* = 5B [Jlw, — @] + g (o - P lwr]
n 2n
B
26
+2CSH, (26)
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where (a) follows from the RSC condition, and the fact that s, _; € N*.

Now recall that we have taken n = Ls%’ and let us define o := LQ + 1. Then C = (o — 1)Ls,and np = i Also recall
that ks = ﬁ—
We can simplify the inequality above into:
E[R(w;)|wi—1] — R(w)
<o (1= =) 0 —wia )P — E [flewr — w]2wi1] + /BE [[lon — @[] + | .
2 QK Csi—1

We now take the expectation over w;_; of the above inequality (i.e. we take E, ,[]): using the law of total expectation
(E[-] = Ey,_, [E[-|w;—_1]]) we obtain:

B
Csi—1

1
L) Bl - wet P~ Elws - w0l + VARl - w0l +

S

Additionally, in view of equation 18 applied at v; instead of wy, (since v; here corresponds to the w; from Section F.2.2, i.e.
v, is the hard-thresholding of an iterate after a gradient step), we know that:

EMW%JWMS%[O—a;)mw—WAV—U—¢@MW—wW+

nB
Csiq

We now take a convex combination similarly as in the case without additional constraint (section E.2), for some p € (0, 1).

E(1 - p)R(wy) + pR(vy)

ﬁ%@+1{o—1>MW—W4W—ﬂ—mmw—ww

2n QRg
_ B
(1= VE - (1= Vo) Bl - 0l + G|
St—1
1T 1
() + 5 | (1= o ) Ellw — w2~ (1 B - 0]
(o~ VB) Ellw, — w|* + 12
Csi—1
Cr@) + - | (1= ) Bl - w2 - (0 9B, - w?
= o | s t—1 P t
(o~ V/B) Bllw, —w| + 2
Csi1
r + 11— 2 g — > o2, NB
(@) + 5 | (1= o ) Bl - weal = (1= VBB - ol + ]

where in (b), we have assumed that /3 < p (later we will verify that our choice of k ensures such a condition), and have
used the fact that projection onto a convex set is non-expansive (which implies that ||v; — @||?> > ||w; — @|?). Similarly
as in F.2.2, we now take a weighted sum over ¢t = 1, ..., T, to obtain:
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T 1— 1 T—t
o (2= ) E[(1 - p)R(w,) + pR(v) — R(w)]
tzzl (1_\/B> t t
T 1— 1 T—t 1 nB
akKs _ 2 12
S;(l—ﬁ) [(1—QHS>JE||w—'wt1| —(1—\/B)E||wt—w\| +Cst_1}
T/ 1L\t 1 i , -
(1) [0 )]
T 1— 1 T—t B
akKs n
+;<1_\/B> Csi_1
T o T—t+1 1 T—t
(1 _ ks _ 2 kg a2
=(1 ﬂ); (1\/B> Ellw — w1 (1\@) E|jw, — ||
T 1 T—t
ks nB
+t—21<1\/a> CSt 1
T T—t
(ﬁ) 1- ozlkas _ 2 — 12 d 1- ozlkas 773
2(1-v/B) (1_¢B> o ol Bl —wl?| 430 (T2 )
1_(1/1-{ ! _ 2 d 1_a1’£ o ’I’]B
S(1_\/B)<1—\/B> [ = wol +§<1—\/3> Csi 1
1 1\7 oy T 3
kg - 2 aKg 77

where (a) follows from simplifying the telescopic sum.
We now choose k and s; as follows: we choose k > 4p—12a2 #2k, which implies that:

p > /[ (thereby verifying the assumption made earlier), and that:

VE< —

20tk
P
= /B < !
T 2atk,—1
P
1
1 20ik, -2 1= 3im @ 1--L
= 1- >1-— = —F£ = 2 Qs
Lk 201k, —1  2aik, -1 1-— 22— 71— 31—
P P QQEHS 2(1;)%
_ (= T <1 L (28)
1-+B /)~ 204%/63’
where (a) follows from the fact that p < 1.
And we now choose s, := [ % |, withw :=1 — 4aiﬁ and 7 := %.
Letuscallv :=1— ﬁ Note that we have:
5K
v<uw. (29)
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And that we have the inequality below:

1

_ _ 1

14 1 20(%&5 404;"55 -2 1 1

w 1-— L1 T 4alk,—1 4alk,—1"  4dats
da ks ps ps ps

This allows us to simplify equation 27 into:

1— 1

T T—t
B> 2 (1 _ ﬂ> (1= p)R(w,) + pR(v;) — R(w)

T
< v1jw — wyl|? + Z =ttt

t=1
T T—t
— Tt — a2 L Y (Z)
=~ woll? + -3 (&
t=1
JT1— ()
:VT||’117)—11)0||2+7 (wl/)
w 1—(%)
wT 1
SI/T||’lI)fw0||2+77V
w 1-(%)
(a) w 1
< v |lw — wol® + ———
wl—-—w
(b) 4 1
< T g — 2, 4 7
< v ||lw — wyl| +3w T
( 4 1
p% _ 2, 2T
w' ||lw — wol| +3w 5
d w 4 1
< Y 2, 4 1
=7 |l — wol| —|-3w -

1 4
= 404711sz (Hw — 'wo||2 + ) ,
p 3

(30)

where in the left hand side we have used the linearity of expectation, and where (a) uses equation 30, (b) uses the fact that

1 1 < _1

- 1 1
w 1- — 1-3
4(1%1‘;5 4

consequently a% > 1), (c) uses equation 29, and (d) uses the fact thatw < 1so 1 < ﬁ

Let us now normalize the above inequality:

1

404%/@(ng (H'lIJ —awo|? + %)

1 T—t
Y 2n (2 (1= p)R(w¢) + pR(ve)
E i (1 ‘/B) < R(w) +

1

N =
T 11— T
> =121 ( -3 ) D i=12m (71_\/3

The left hand side above is a weighted sum, which is an upper bound on the smallest term of the sum.

1—

1
Regarding the right hand side, we can simplify it using the fact that 0 < ( 17‘1‘}% ) , and therefore:

T 1_ 1 T—t
el > 1.
> (1=%)

= % (since ks > 1 and o > 1 (indeed, from the theorem’s assumption o = LQ + 1 with C' > 0), so
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Therefore, we obtain:

= . ) B R RUE) < 4a%nsz(\|w—wo||2+§)
te{ml,l.%}( — p)R(w¢) + pR(vy) — R(w) < o

1 4
- 2042;le<;sz <||w —wo*+ 3) . 3D

We denote by 7 the right-hand side above:

er = QaQELSf@SwT <||1D —wo* + 4) .
p 3
We now proceed similarly as in the proof of Theorem 3.7 above. Recall that we have assumed in the Assumptions of
Theorem 4.3, without loss of generality, that R is non-negative, which implies that R (v;) > 0. Plugging this in equation 31
implies that:
€T

1
E min R (w;) < ——R(w) + T T

te(T) 1—-p 1—p

< (1+2p)R(w) +

(32)

Plugging the change of variable e/, = f_Tp into equation 32 above, we obtain that:

E min R (w;) < (1 + 2p)R(w) + /..
te[T]

Further, consider an ideal case where w is a global minimizer of R over By (k) := {w : ||w]|o < k}. Then R (v;) > R(w)
is always true for all ¢ > 1. It follows that the bound in equation 32 yields:

E min {1 = p)R(w) + pR(w)} < E min {(1 = p)R(w:) + pR (v1)} < R(w) + e,

which implies: E min;¢[7) R (w;) < R(w) + ffp. In this case, we can simply set p = 0.5, and define e/, = ffp =2¢er
similarly as above.. The proof is completed. O

F.3. Proof of Corollary 4.4
Proof of Corollary 4.4. We proceed similarly as in the proof of Corollary F.4 in Section F.2.2:
Lete € RY. Let us find 7" to ensure that Eminyc gy, 7y (1 — p) R(w;) + pR(v:) — R(w) < e This will be enforced if:

1 4
QQQZLSRSwT <||w —wol|? + 3> <e

<— Tlog(w) <log ( c )

2021 Lk, ([l — wol® + 3)

1
— T > T log(
) €

2021 L1, (|l — wol? + 4)
- log(a ’

Therefore, let us take:

1 2021 Lok (||Jw — wol|? + 2
T:= — log phais ( | (33)
log(=) €
We can now derive the #IFO and #HT. First, we have one hard-thresholding operation at each iteration, therefore #HT= T'.
Using the fact that —1~ = — = 1 < —1— = 4alk, (since by property of the logarithm, for all
log(3;) log(w) 710g(174aln5) 2oLy P

z € (—o00,—1) : log(1 — ) < —z ), we obtain that #HT = O(x, log (1)).
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We now turn to computing the #IFO. At each iteration ¢ we have s, gradient evaluations, therefore:

T—1
#IFO = > s
t=0
T—1 -
< ; (J + 1)

(5) -1

1
w

=T+

(a) 1 2021 Lk, ([0 — wol? + 2
<1+ — log d (H ol 3)
10%(5) €
T 1 1 2021 Lok (|w — wol|® + 2)
+ exp [ log [ — lo £ +1
11 Xp( g(w) [bg(p g( :
PR 2072 Lok, (|| — wol* + 3) L E 20?1 Loris ([ — wol® + 3)
log(L) € L1 €
L 202 Loris ([[w — wol* + 5) 2021 Loriy (|[@ — wo||” + 3)
=1+ i~ log +
log(;) € 1-—w €
1 20° L Lok (| — woll® + 3 803 L Lok? (|Jw — wol® + 2
L gy (e (0wl ) | sa'hLn? (10—l + )
log(;) € €
®) 1 2022 Lyt (| — wol® + 5)
=1+ 7~ log
log(;;) €
B 1 8L, ) , 4
+ OéLs Ls(Oéfl) c 75’%8 ||w_'UJOH +§
! 2075 Lotis (1@ —wol* +3) | 8Ba® Jrra (1@ —wol* +3) 1
log (%) € (a —1)v, e’

where (a) follows from equation 33, and for (b) we recall that 7 = %, n= i and C = Li(a — 1). Therefore, overall,
the IFO complexity is in O(=). ‘

O

F.4. Proof of Theorems 4.7 and 4.8

Our proof for Theorem 4.8 is similar to the one for Theorem 4.3, though we needed to refine some results from (de Vazelhes
et al., 2022) to properly express the variance of the ZO gradient estimator and incorporate it into the telescopic sum. Before
proving the main Theorem 4.8, below we provide several intermediary results needed for the proof of Theorem 4.8. Then,
the proof of Theorem 4.3 will be provided in Section F.4.3.

F.4.1. USEFUL LEMMAS

We first recall the following results from (de Vazelhes et al., 2022):

Proposition F.5 (Proposition 1 (i) (de Vazelhes et al., 2022)). Let us consider any support F C [d] of size s (|F| = s).
For the Z0 gradient estimator g; in Algorithm 3 at wy, with q; random directions, and random supports of size ss, and

34



Optimization over Sparse Support-Preserving Sets: Two-Step Projection

assuming that R is (Ls,, $2)-RSS’, we have, with [u]p denoting the hard thresholding of a vector w on F (that is, we set all
coordinates not in F to 0):

git|F — W) |F||” < Eppt

IEg]r — [VR(w,)]r|* < up® (34)
withe,, = ngsd

Proof of Proposition F.5. Proof in (de Vazelhes et al., 2022). O

Lemma F.6 (Lemma C.2 (de Vazelhes et al., 2022)). For any (Ls,, s2)-RSS’ function R, using the gradient estimator g,
defined in Algorithm 3 with q¢; = 1, we have, for any support F C [d), with |F| = s, and F° := [d] \ F:

Ellg:lrll® = er [[VRw) el + ere [[VRw)]pe|” + eaps® (35)
with:
(er = 2 (C95=0 + 3)
(ii) epe = Gota (8(22_}1))
(i) eaps = 241253y (40 4 1),
Proof of Lemma F.6. Proof in (de Vazelhes et al., 2022). O

We now use the above lemma to bound the variance of the zeroth-order gradient estimator g;.

Lemma FK.7. The gradient estimator g, defined in Algorithm 3 verifies the following properties for any q; € N*:

g Eabs
Elllgilr —Elgelr|* < - I VR@w)|* + q—";f (36)

t

with e and € 415 defined above in Lemma F.6

Proof of Lemma F.7. 1f ¢ = 1, we have:
(@)
Elllg:lr — Elge]rlI* = Elllgelr|* — I [Eglr?
<E|[g]r|”
(35) 2 2 2
< ep||[VR(w)]p|” + epe|[[VR(w)]pe[|* + cabsie

®)
< er|[VR(w)|? + eapsit?,

where (a) follows from the bias-variance formula E|| X — E[X]||2 = E||X||2 — ||[EX]|2 for a multidimensional random
variable X, and (b) follows from the fact that

_2d [s(s2—1) s9—1 2d  (s(sa—1)\
5F_52+2( i—1 T T a ) s\ Ta=1 )T

(since so < d), and since ||[[VR(w)]r||? + || [VR(w)]r:||? = | VR(w)]||? (by definition of the Euclidean norm).

Now, if ¢; > 1, we know that the variance of an average of ¢ i.i.d. realizations of a random variable of total variance o?is

ZT (and its expected value remains the same by linearity of expectation): indeed, for any random multidimensional random
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variable X, for which we consider the ¢ i.i.d. random variables X; of same distribution, we have:

1 qt 1 gt 1 qt 2
EZXZ-—IE thXi] =3 " (X; - EX;)
= =1

Egr

E

2
=E
2

2

2
1 qt qt
= p (; (X — EXi)) <; (Xi — EXi))

qt

(@ 1
= 5 IX - EX3
C et

1 qt
==Y IX-EX|3
% 3

Qt||X—]EXH§

1

q7

1 2

= L|x ~EX|3,
qt

where (a) follows from the fact that X; are i.i.d hence fori # j: Cov(X;, X;) = E(X; —EX;) T (X; —EX;) = 0. Applying
this to the random variable which realizations are [g;]r, this concludes the proof. O

F.4.2. PROOF OF THEOREM 4.7

Below we now first present some results (and their proofs) for the convergence of Algorithm 3 without the additional
constraint, which is needed for the proof of Theorem 4.8, and also, as a byproduct, provides, up to our knowledge, the first
convergence guarantee in objective value without system error for a zeroth-order hard-thresholding algorithm.

Proof of Theorem 4.7. Let us denote for simplicity: C7 := Eq—f, Cs = %, and C5 := £,u%. Moreover, let us denote

F := supp(w;) U supp(w;_1) U supp(w), where supp denotes the support of a vector, i.e. the set of coordinates of its
non-zero components. Note that therefore we have |F'| < 2k + k < 3k. In addition [u]r denotes the thresholding of u to
the support F, that is, the vector « with its components that are not in F" set to 0.

The fact that R is (L, s")-RSS’, therefore also (L, s)-RSS’, implies from the remark in 4.5 that it is also (L, s)-RSS,
therefore:

R(w,)

Ly
<R(wi-1) + (VR(wi—1),w — wi—1) + 7‘\\’11% — w1
Ly
=R(w¢—1) + (gt—1, W — wi_1) + THU’t - wt71||2 +(VR(wi—1) — g¢—1, w; — wy_q)

1 Lo
=R(wi—1) + o [llw; = (wi—1 = ngi-)II> = n?llgi—1]* = llw — w1 [1?] + 7s|\wt —w; |
+(VR(wi—1) — g¢—1, Wy — wi_1)

2

1
1 1
=R(w;—1) + %Ilwt — (w1 —nge—1)|* — g”gt—lH2 + n} [wy — wy—q]?

+{([VR(wi—1) — gi—1]Fp, ws — wi_1)

(@) 1 _ - Ui
SR(we) + 5 [0 = (e =g = (1= VD) w — @] = Tllgra |

+ = n] |w — wi—1]|* + ((VR(wi—1) — ge—1]F, wr — wy—1)

2

1 _ _ 1 _
=Rlwi)+ 5 [l# = wer]* +7°llge—11* — 2(nge—1, we—1 — w)] — i VB)llwe —wlf?
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1

. 5 n] lwi — wi—1]]* + ((VR(wi—1) — gi—1]r, wi — wy_1)

_n 2
2Hgt—1|| +

1

5 (1= /B)|w, —w]?

1 _ _
o [l — w1 |* — 2(nge—1, w1 — )] — 2

+ 5 n] |wy — wi—1]* + ((VR(wi—1) — gi—1]F, wr — wy_1)

®

1 1
=R(wi—1) + %Hw — w1 = (g1, w1 — W) — %(1 — VB)llw; — w|?
[ Ly = Y o 1 2
tl——s — we — w1 || + %ll[VR(wt_l) —gi-1]F|

1
=R(wi—1) + %Hu’) - wt71H2 —(VR(w¢—1),wi—1 — w) + (([VR(wi—1) — g¢—1]p, wi—1 — W)

— 5 (1= V)~ +

,_ 1
s n

1
21 llwe — w1 [* + %H[VR(wt—l) —gi-1)r |,

where (a) follows from Lemma 3.2 and (b) follows from the inequality (a,b) < $a? + 3602, for any (a,b) € (R%)? with
C > 0 an arbitrary strictly positive constant.

Ly—++4C . ..
Let us now choose 1) := - + o therefore the term [f”} |w; — w;_1||* above is 0. We now take the conditional

expectation (conditioned on w;_1, which is the random variable which realizations are w;_1), on both sides, and from
Lemma F.3 we obtain the inequality below (we slightly abuse notations and denote E[-|w;_1 = w;_1] by E[-|w;_1]):

E[R(w;)|w;—1]

1
<R(wi-1) + %Hﬂ) —wi|]* = (VR(w; 1), w; 1 — )
1 . )
- 2*77(1 —VB)E [[wy — w|*|we—1] + ((VR(wi-1) — E[gi—1|we—1]]p, we—1 — W)
1
+E %H[VR(wtfl) — gi1p | lwi—s

(a)

1
< R(wi—1) + %Hﬁ’ — w1 |? = (VR(w; 1), w1 — w)

- %(1 — VBE [lwy — wl[*|wi—1] + %H[VR(wt_l) — E[gi—1|we1]]F|?

Hwt 1 — o+ %E [IVR(w:—1) = gi—1[*|wi—1]
1
:R(wt,l) + |: + 2C;:| H’lfl — wt,1||2 — <VR(’wt,1),wt,1 — ’lI))
1

- %(1 ~ VBE [|[w; — w|*|wi—1] + %”[VR(wt—l) ~ Elge—1|w—1]]F|?

2G

+—EWWMW1)%AMWW4

(b)

1
SR<wt_1)+[ @ — w1 | — (VR(wi_1), w11 — )

1
=l
- i(1 — VB)E [[|lw; — w|*|w; 1] + gII[VR(wH) — E[gi 1w ] r|?

2n 2
+ % (2||[VR(wt71) - E[gt71|wt71HF”2 + 2||[Qt—1 - E[gt71|wt71]]FH2)
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(34)4(36) 1 1
< wi—1) + { + ZG] |w — wi—1]]* — (VR(w—1), w;—1 — W)

- 3 (1= VB [l = 0lwis] + 5 Co

1
+36 (2C3 4+ 2C1 |[VR(wi—1)||* + 2Cap?)
(c) 1 17, , )
<R(w¢_1) + o + 55 |[w — wi—1]|* — (VR(wi—1), w1 — w)
1 ) G
— — (1= V/BE [|lw; — w|*|wi—1] + 503
1
EYel (2C1 (2| VR(wi—1) — VR(w)|* + 2[|[VR(w)||*) + 2C24” + 2C)
(d) 1 1 _
< R(wi-1) + w g [0 — w1 = (VR(wy—1), w1 — w)

- 3 (1= VBE [l — 0l wis] + 5 Cs
1

t56 (2C1 (2L% [|wi 1 — w|]? + 2| VR(w)|1?) + 2Cap* + 2C3)
11 204137, i}
:R(wtfl) |: + % + é’ = :| Hw — ’LU7571||2 — <VR(wt,1),wt,1 — w)
1 G
_%(1—\/B)E [lw; — @|?|we—1] + 03+C (2C1 | VR(w)|[* + Cop® + Cs)
(e) 1 1 204,L Vs _
L) + [+ g+ 2w+ [Rw) — Rlws) — s o]
1 G 1
- %(1 — VBE [l — wl[*|wi—1] + 50+ 5 (2C1 | VR(w)|[* + Cop® + Cs)
(L—ve 1 20,12
_ = n s = 1 o 2
R(w) + | 5 o | 10— wel
1 o G 1 )
_%(1_\[) [llwe — w2 |w—1] + 30+ 5 (2Cl||VR( )1+ Cop® + C3)
%) (v, 1 2,12
< - n . I -1 - 2
<R(w) + s~ Yt o [w — w1
1 o G 1 9
- %(1 — VBE [|lw, — w|*lwe_1] + 503 ta (2C1[|[VR(w)|* + Cop® + Cs) (37)

where (a) follows from the inequality (a,b) < $a? + 55b?, for any (a,b) € (R?)? with G > 0 an arbitrary strictly positive
constant, (b) and (c) follow from the inequality ||a + b||> < 2||a||? + 2||b||? for any (a, b) € (R%)2, (d) follows from the
fact that R is (L, s')-RSS’ (Assumption 4.5 with sparsity level s’), therefore it is also (L, $2)-RSS’, (e) follows from
the RSC condition, and for (f), we recall that C; = Eq—f, and we define ¢; = (ﬁw for some w > 1 and 7 > 0 that will be
chosen later in the proof. Recall that we have chosen n = ﬁ Let us define o := % + 1. Then C' = (v — 1)Ly, and
. Also recall that kg = ];‘j/ .

n= aL
We will now choose the constant G and C', in order to simplify the inequality above, such that it matches as much as possible
the structure of the previous proofs:

We will seek to rewrite:

L—vs EFL 412 E 1 . .
[  tagt }(_ [1+GaL,+(a 1)aL?_m})’lnt0'

% { a,lﬁs } for some o > 0 (we will seek o oc a, with a dimensionless proportionality constant for simplicity).
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Therefore, let us choose G := Vi, which implies:
1 1
= . 38
GaLy  4dak, (38)
And let us choose 7 := l(fif_ﬁf , which implies:
412 =2 1
E T (39)

(a —1)aL? " dak,

Therefore, using equations 38 and 39, we obtain:
oV 1 25Er%] 1 1 AL? E 1
n + — + T S = — |1 + s T -
2 2G C 2n | GaLy (a—1)aLl? ok,
10 1 1
2n | daks 4daks  Qkg
1 1 1 1 1
2| 2aks| 27 a'ks |’
where for simplicity we have denoted o’ = 2«. We can therefore simplify (37) into:
1 1 - 2 =112
1= — Vo — w2 = (1 = VA [, — @]l ]

E[R(w;)|wi—1] — R(w) S%
+2n <203 + 1 (2C1[|[VR(w)|? + Cop® + C3)>:|

We now take the expectation over w;_; of the above inequality (i.e. we take Ey,_, []): using the law of total expectation
(40)

)Enw —wia]? = (1= VBB w: — |
41)

(E[] = Ey,_, [E[-|]w¢—1]]) we obtain:
1

ER(w,) — R(w) g% Kl -~
v (G00+ & ROIVR@IP + Ca +03)) |

Let us call A := 2p (%03 + & (2C1||[VR(w)||> + Cop® + C3)) for simplicity. Similarly as in (Liu & Foygel Barber,

2020), we now take a weighted sum over ¢t = 1, ..., 7T, to obtain:

. - T—t )
;277 ( - ) E[R(w;) — R(w)]

Lo\ Tt

" ) (1- 2 ) Bl = weall = 0 - VAo - wl? + 4

t=1
T o/ 1 T—t
a'ks A
*Z%(wﬁ)
]__L T—t+1 1_L T—t
=1-VA ) <1 \/B> Enw—wtln?—(l_j'g) E||w; — w|”

39



Optimization over Sparse Support-Preserving Sets: Two-Step Projection

1— 1 T T 1 1 T—t
T w — wol|? — E|lwy — w|]?| + 7/'€S A
1

1 1 T—t
-9 (125 1w+ 3 (27 ) 4

t=1 )

l_a’n 2 d 1—0/,% G 2
() w5 ) (S0t & Calvr@)? + o + )

1— 1 T T 1— 1 T—t G 1 c
_ a’ks - 2 'K o L &R 2 absﬂ
—<1_¢a> 40— wo] +;<1_f> 2 (G0n+ g (2LIVR@IP + =2y 03 ) )

T T—t
L) ot 3 (A2EE) 2 (IR )
1—-+/7B —~\1-VpB q c

T T—t
() e we s () 2 (TR
1-B —~\1-VpB qt c
- g‘i‘l +5abs
2 C th
T T—t
) o w3 (A2TE) 2 (el
1-+/B —~\1-VpB qt C

' G 1 13
o'k aos
z ( s ) 217 2 <€“ < C> Cl: > R (12)

where (a) follows from simplifying the telescopic sum. Let us denote for simplicity ¢ := 2225= HZR("’) %) _ dner ”VCR( w)|?

andZ.—gH(C;_F%)_'_a(gb.

We now choose k and ¢; as follows: we choose k > 4a'?x2k, which implies that:

VE< —

T 2a'kg
< -
= 20 ks — 1
1 20k, —2 11—
= 1- >1- = o fos
VB2 20/ks —1 2a/ks—1 1-— ﬁ
iy PSR 43
G I LN ) .—
1-vB8 )~ 20/ kg (“43)
We recall that we previously defined ¢; = { ] with 7 := 1(6’“‘ E‘)” We now set the value of w,tow :=1 — ﬁ .
Letuscallv :=1— 2a - Note that we have:
v <w. (44)

And that we have the inequality below:
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v 1—ﬁ_4a’ns—2_ 1

— = = =1-—<1- . 45
w 1— 1 4a'ks — 1 4da’ks — 1 — 4o/ kg v 43)

4a’ ks

This allows us to simplify equation 42 into:

t=1 t=1
o T . T o/ T—t
T 9, Cuw (’/) o s
v |lw — w + > — — + 2nZ
o - ol + 53 (2 ;(1% W2

T—t
© . 4 . 1 N
ng||w—w0||2+f§ THJJFZ(l_\f) VAT

ca T sy 1 N\
_ / T — 2 a’ks 2
=4’ Kksw (w—w0|| +T3> + g (1 —\/B> MZu”,

t=1

where in the left hand side we have used the linearity of expectation, and where (a) uses equation 45, (b) uses the fact that
L= — L < 1_11 = 2 (since ks > 1 and o > 1 (indeed, we have o/ = 20 = 2(+= + 1) with C > 0)), (c) uses
4 s

7
4a’ kg

equation 44, and (d) uses the fact thatw < 1so1 < ﬁ

Let us now normalize the above inequality:

pe.

L \T-t
Zt 1277( f) R(wy) g (|l - woll? + 44)
Tt < R(w) + Tt Z
Y 1277(1@\/25) il 1277(1(1\/@)

The left hand side above is a weighted sum, which is an upper bound on the smallest term of the sum.
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1
Regarding the right hand side, we can simplify it using the fact that 0 < <1 a’ne ) , and therefore:

1-VB

L1 \Tt
a’ks 1.
2(1%) :

Therefore, we obtain:

3T 2

I

40/ kgwT <||1D —wol|? + 4£)
E min R(w:) — R(w) < Z

te{1,..,T} - 2n

4
=4a’Lykow? (||'w —wyl|* + 3<> + Zp?.

-
Which can be simplified into the expression below, using the definition of wr:

4
ER(wr) — R(w) < 402 Ly kow? <||w —wo* + 34) + Zyu?. (46)

T

To simplify the above result, we recall the assumptions made earlier on: we have chosen 7 = 1(6:%%’, and G = Vi .

Therefore, to sum up, we have:

G 1 Eabs 2 1 Eabs
Z=c, (2 += e (242 .
€M<2+C)+C E“(VS+C)+C
1 1

v 40’ kg 8aks

_ dnep| VR(w)|?

¢ C

4nep || VR(@)||? _
S— _ nllVR(w)|?

161<QSL51%7 - 4k L/ . O]

The last inequality implies: % =
Corollary F.8. Additionally, the number of calls to the function R (#1Z20), and the number of hard thresholding operations
(#HT) such that the upper bound in Theorem 4.3 above is smaller than € + Zu, with € > 0 are respectively: #HT =

O(kslog(1)) and #120 = O (@) Note that if so = d, we have ep = O(s) = O(k), and therefore we obtain a
query complexity that is dimension independent.

Proof of Corollary F.8. Lete € R% . Let us find T" to ensure that ER(wr) — R(w) < & + Zp? This will be enforced if:

_ 4 n||VR(w)|?
40° Ly kgw™ —wolP+ - — ) <
o’ Ly ksw <||w wo|* + 3" dnl. <e

€

— TS 2
1a2Ln, (@ - wol2 + § ATEEIE)

< Tlog(w) <log

D 2
. 102 Ly, (|l — wo|? + § 2THGI )
= T> log

~ log(3) €

42



Optimization over Sparse Support-Preserving Sets: Two-Step Projection

Therefore, let us take:

VR(w)|?
. 102 Ly, (|l — wo|? + § 2THEI )
T:= T~ log

log(a) €

47

We can now derive the #IZO and #HT First, we have one hard-thresholding operation at each iteration, therefore #HT= T

Using the fact that % ry = 1Og( 5 = 1og(11——) < —1— = 8an, (since by property of the logarithm, for all
Sars Sars
x € (—o0,—1): log(l —z) < —x ), and the fact that o = LQ is independent of r,, we obtain that #HT = O(k log (1)).

We now turn to computing the #IZO. At each iteration ¢ we have ¢, function evaluations, therefore:

T—-1
#IFO = Y g
t=0

1
%7; T exp (Tlog (w))

=T+
“ . 402 Lk, (|l — wol|? + 4 1LFEGL )
<1+ T~ log
log(;) €
) ) 4a2Ls’K/s (”w w0||2 477H4VR(LW)H2)
1 1 1 K ’ 1
+ T o | log <w> log(3) 8 . +
1 da?Lom ([jo —woll? + )\ 2 a0Lo, (o - wol? + L)
=1 1 S7s w s s’
* log(}) o € i -1 <
) 402Dk, (Hw w2 + 4%) - 402 Ly Ky (Hw wol|? + 471HZKR(Lw,)H )
T log(2) : T )
1 . 1 402L ok, (Hw wol|? + 4%) 3203 Ly k2 (”w wol? + 4TIHZKR(Lw/)H2)
=1+ 0 +7 ,
log(2) ® E :

where (a) follows from equation 47.

And we recall that 7 := 1((17_5?; i

which implies that:

T =

3203 Ly k2 (||w woll? + 4@)
)]
9 c .

Therefore, overall, the # IZO complexity is in O (E?F/sg’ Ls/).
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F.4.3. PROOF OF THEOREM 4.8

Using the results above, we can now proceed to the proof of Theorem 4.8.

Proof of Theorem 4.8. Let us denote for simplicity: C; := %, Cy = 5;—? and C3 := £,u*. Moreover, let us denote
F := supp(w;) U supp(w;_1) U supp(w), where supp denotes the support of a vector, i.e. the set of coordinates of its
non-zero components. Note that therefore we have |F| < 2k +k < 3k. In addition [u] denotes the thresholding of u to the
support F, that is, the vector w with its components that are not in F set to 0. Since R is L¢-RSS’, with s’ = max(se, s),
R is also s-RSS’ and s5-RSS’, with Lipschitz constant L .

Denote v; = Hi(wi—1 — NV R(w;_1)) for any ¢t € N. The fact that R is (L, s')-RSS’, therefore also (L, s)-RSS’,
implies from the remark in Assumption 4.5 that it is also (L, s)-RSS, therefore:

R(’LUf)
Ly 9
<R(wi-1) + (VR(wi—1), wy — wi—1) + 7”wt |

L
=R(wi—1) + (gt—1, ws — wy—1) + 7llwt — w1 |* + (VR(wi—1) — g1, w, — wy—1)

1 L,
=R(w;—1) + on [Hwt — (w1 —nge—1) || = n?(lge—1* — lw — wt—l”ﬂ =+ j”’wt —w;_q|?

+(VR(wi—1) — gi—1, w; — wy_1)

1
1 s — =
=R(w;_1) + 27)”’“% — (we—1 —nge-1)|]* — g”.‘]t—l”2 + 62 n] lwe — w;_q|?
+ ([VR(wi—1) — gt—1]F, wr — wy—1)
(a) 1 B _ _ n
<Rwe) + 5 [0 = (e =g = lwe =@l +v/Bloc @] = Flgi P
Ls _% 2
+ 5 lw, — w1 ||* + ([VR(wi—1) — gi—1]p, wy — wy—1)
1 1
=R(w;_1) + o [lw — w1 | + ?lge—1 > — 2(ngs—1, wi—1 — w)] — %Hwt —wl|* + \2/5|vt — w|?
1
s T 5
- gHgt—lH2 + 5 n] Jwe — we—1|* + ((VR(wi—1) — ge—1]r, wi — wy_1)
1 1
=R(w;—1) + b [l — w; 1] = 2(ngs—1, wi—1 — w)] — %Hwt —wl* + \Q/EHUt —w|?

+ = 771 |wi — wi—1]* + ((VR(wi—1) — ge—1]F, w — wi_1)

2

b) 1, - _ 1 _ B _
(:R(wt,l) + %Hw —wi1|]? = (g1, w1 — W) — %Hwt —w|* + ;g”vt —wl|®

(L, —L+C
+ _—n
2

1
=R(w;_1) + %Hw — w1 |? = (VR(w—1), we—1 — W) + (VR(w—1) — ge—1, wp—1 — W)

[VR(wi 1) — gi-1]r|?

1
—_ 2 —
lwe — w1 ]|” + 20”

Ly — % +C 2
= [VR(wi-1) — gealrll”,

1
— 2 —_
Jwe = we P+ 5|

L w2 LB, — ) +
7 2n

where (a) follows from Lemma 3.2 and (b) follows from the inequality (a,b) < $a® + 7602, for any (a,b) € (R?)? with
C > 0 an arbitrary strictly positive constant.
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w;_1||? above is 0. We now take the conditional

Ly—++C
: therefore the term | —~—1— | |jw; —

Let us now assume that 7 := 50 +C
expectation (conditioned on w;_1, which is the random variable which realizations are w;_1), on both sides, and from
Lemma F.3 we obtain the inequality below (we slightly abuse notations and denote E[-|w;_1 = w;_1] by E[-|w;_1]):

E[R(wy)|w;—1]
1
<R(w:-1) + %HU_J — w1 = (VR(wi—1), w1 — w)
1
- %]E [llw: — w]*we—1] + \Q/EE (v — w[*|ws—1] + ([VR(wi—1) = E[gs—1|wi1]] o, wi—1 — W)
1
+E |55l [VR(wi—1) — gi—1]pl*|lwi
a 1, _ _
— (VR(wi—1), we—1 — w)

(a)
<R(wi_1) + —||w — wy_1]?
(i) + 50— w0

VBE [o, — | we1] +

— —E [lw — w|*|wi—1] + o

_R( — )+ |: ! 2]é:| ||’LU Wi 1” - (VR(wt 1) We—1 —’LI)>

YO [l — 12w + S NIV R0, 1) ~ Elge s )]

1 _
- %E [lwe — w|*|w—1] + o
+ %E [V R(wi—1) = ge—1]r|1*wi-1]

(b) 1 _
1@ — w1 []* = (VR(we—1), we—1 — )

1
<R(wi—1) + [ 2G
1 G
B [ = @l 1]+ YR [fo — @l 1] + IV - Bl 1

%
+ % (2[[[VR(wi—1) — E[gs—1|wi—1]]7||* + 2] [gi—1 — Elge—1|wi—1]]F|?)
(34)+(30) 11
S wt_l) + |: 2G:| ||'U) Wi 1||2 <VR(wt_1),wt_1 — w>
1 B VB ) G
g e g Bl ol 56

(203 + 201 HVR(’wt71)||2 + 202/142)

* %
(0 1 1
Rlwia) + |5+ | 10wl = (VRGw).w - 0)
G
VB — |} |we_1] + 503

E [[|wy — wl|*|w;—1] + %E ([

_ L
2n
+ % (201 (2HVR(wt,1)

(d) 1 1
LRtwe) + |5+ 5] 0 - wiall - (VR0 - 0)

VR(w)|* + 2| VR(w)|]*) + 2C2p® + 2C5)

! e
= g B lllwe = w[Plwe-s] + @E [loe = @] we—1] + 5 Cs

(201 (2L wi—; — | + 2| VR(@)|?) +2Co1s® +2C5)
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1 1 2C,L%7 ., _
:R(wt_l)—&— |: +%+ é 8 :| ||w—wt_1\|2—(VR(wt_l),wt_l —w>
1 ) ) G 1
= 5 Bl Pl ] + gfﬂ«: [lor = ]2 wia] + 5Cs + 5 (2C1IVR@)|? + Con® + Cs)
(e) 1 1 204 L% Vs _
LRlwe) + |5+ g+ 2 I = el [Rw) - R - Bl - 0]
1 G
5 E [llw; — @]2|ws_1] +ng v — @2 ws_1] + 03+C (201 | VR(®)|2 + Cop® + Cs)
L_v, 1 20,12
=R(w) + | 15—+ 5+ =5 | 1o~ wi
1 G 1
5 [llw; — @] 2w;_1] + ‘2/51143 [lve = @[ wi—1] + 5-Cs + 5 (201 VR(@)||? + Cop? + Cs)
f) Lwve 1 2epL2
SRw) + | T S g — w2

2 2G C

1
G CClIVR@)|* + Cop® + Cs) - (48)

- 2—177]]3 [llw, — wl|*|we—] + \Q/EIE [llve — w|*|wi—1] + %Cg +
Where (a) follows from the inequality (a,b) < $a? + 25b?, for any (a,b) € (R?)? with G > 0 an arbitrary strictly positive
constant, (b) and (c) follow from the inequality [|a + b||* < 2||a||? + 2||b||? for any (a,b) € (R%)2, (d) follows from the fact
that Ris (L, s')-RSS’ (Assumption 4.5 with sparsity level s'), therefore it is also (L, $)-RSS’, (e) follows from the RSC
condition, and for (f), we recall that C; = Eq—f, and we define ¢; = [ﬁw , for some w > 1 and 7 > 0 that will be chosen later
in the proof.

Recall that we have chosen 7 := ﬁ Let us define o := LL/ +1.ThenC = (o — 1)Ly, and n = ﬁ/ Also recall that
L. s s s

Rsg = .
s Vs

We will now choose the constant G and C, in order to simplify the inequality above, such that it matches as much as possible

the structure of the previous proofs:

We will seek to rewrite:
412/ ZE

1_ F
[ = L }( [1+GaL,+(a 1)QL2 —O%%D,into:

2—17] {1 a,lns ] for some o' > 0 (we will seek o/ o «, with a dimensionless proportionality constant for simplicity).

Therefore, let us choose G := %, which implies:

1 1
= . 49
GaLy  4dak, “49)
And let us choose 7 := 1(6(1”;*%? , which implies:
ALZEE ] 50)
(= Dal? 4ok,
Therefore, using equations 49 and 50, we obtain:
oV 1 2eEr%] 1 AL% e 1
+ =— |1+ + - ——
2 2G C 2n GaLy (a—1)als ok
1 14 1 n 1 1
2 daks  daks kg
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1 1 1
= — ]_ — = — 1 — 1 N
2n 2aK 2n 'K

where for simplicity we denote o’ = 2a.

We can therefore simplify (48) into:

1 1 1
B{R(w) o] - Rlw) <5 | (1= 2 ) o = wel? - 58 [l - 0lPlo]
+ Y28 oo — 0l o]
G 1 —\112 2
+277 503 + 6 (2C1HVR(UJ)H + CQM + 03) .

We now take the expectation over w;_; of the above inequality (i.e. we take Ey, . []): using the law of total expectation
(E[-] = Ey,_, [E[-|w¢—1]]) we obtain:

1 1 1
ER(w;) — R(w) g% [(1 - ) Ellw — w;_1]|* — %E [[|w, — wl?] (51)
VB _
+ 5 B lloe = )] (52
G 1
+2n (203 + c (201||VJ~2(w)||2 + Cop® + Cs)ﬂ ) (53)

Letus call A :=2n ($C3 + & (2C1|[VR(w)||? 4+ Cop?® + Cs)) for simplicity.
This gives:

1 1 1
ER(w;) — R(w) < — [(1 - — ) E||lw — w;_1||*> — —E|jw; — w|]* + @Envt —wl|* + A] : (54)
'Ky 2n 2n

Additionally, in view of equation 40 applied at v; instead of wy, (since v; here corresponds to the w; from Section F.2.2, i.e.
v, is the hard-thresholding of an iterate after a gradient step), we know that:

'K

BR(o) - R(w) <5 | (1- 21 ) Blw — wea? = (1= VAL~ wl?+ 4]

We now take a convex combination similarly as in the case without additional constraint (section E.2), for some p € (0,1).

E(1 - p)Rwi) + pR(v:)

<)+ 5o | (1 i ) Bl — wea? = (1= e, - ]
+(W=pVB= (1= VBp) Ello, —w]* + 4]

Rew)+ oo | (1 i) Bl = wal? - (1= ol - w]?
~ (o V/B) Bllo, — ]} + 4]

1T 1
gmm+%70—,)mw—le—a—mmW—ww

a'K

~ (= VB) Ellw: — @|* + 4]

[ 1

(1= 7 ) Bl = wialP ~ (1= VBB, - o + 4).
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where in (b), we have assumed that /3 < p (later we will verify that our choice of k ensures such a condition), and have
used the fact that projection onto a convex set is non-expansive (which implies that ||v;

Similarly as in (Liu & Foygel Barber, 2020), we now take a weighted sum overt = 1, ...,

i
VRS
—_| =
| |
Q\ ~
Qb S
~_—
~
L
| — | | — |
—_/
|
Q
x|~

1
=
T T—t
(=) 4

1

(1-VB) (iﬂ) 10 — ol +Z(

{3 o )
<11 a,ib) 1@ — wo|? Jri( a'15>
(5 i)

+CQ,LL +C’3))
1
=

1—- Otf'is
1-—
5absﬂ’ +C3)>
qt
1_%145 2 (1- ams !
L G 1
+Z<1—\/B> 21Ca (2+c)
1_%% ! 2, (1 aws !
(G 1)
+

48

IN

T
@ — wol* +

t=1

+

a'kg

T—t+1
, ) Ellw — w1 |* —

I —wo|l? — Ellwr —@|*| +

Eabs
+
O%)

—w|* > fw,

T, to obtain:

1— /1 T—t
> 2 (1—¢B> B{(1 ~ p)R(wi) + pR() ~ R(@)
(1= 2 ) Bl = wir P~ (1 VBBl - w]P + 4]

) Bl = w1~ VBl — w1

1_ L T—t
(1_ﬂ> Eflw, — w]?

T /1 L\
a'ks A
()

t=1

1 \T-t
o’ Hé A

1
C3 + ol (2C1 || VR(w)|”

1
Cg'f'*

27} c

(2||VR< )2

—t
2n (2€FVR( w)|* +5abs,u2)

qt C

oy (%FVR( >|2)

qt c
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1 1 \T T o/ 1 T—t2 ) )
a’kg - 2 a’kg ﬂ Z':FHV‘R( )H
<<1_ﬁ> | — wwo +§<1_¢3> qt( c )

T T—t a 1
a’kg 2 ~ - Eabs
+E ( ) 2np (E“(2+C>+ C’)’ (55)

20(2er|[VR(@)|?) _ 4ner||VR(w)|?
C - C

where (a) follows from simplifying the telescopic sum. Let us denote for simplicity ¢ :=
and Z := e, (§ + &) + ==

We now choose £ and s; as follows: we choose k > 40‘ #2k, which implies that:

1
VB< o7
2% K
P
1
T
P
o 1—-
1 2= HS—Q ol
= 1- >1—-—
CE: 29 ko —1 2%33—1 1*2ajn
|
— 71 ) ISR (56)
1-VB | = 2%k
We recall that we previously defined ¢, :{ 1 with 7 = 16/<;S( 1y We now set the value of w, tow :=1 — ailn .

Letuscallv :=1— 2% Note that we have:
—K
g

s

v <w. &)
And that we have the inequality below:
1— —+ o
2“—/55 4 Ks -2 1 1
w 1-— 4“ Klg—l 4%k, — 1 4% gk,
4% kg p 4

This allows us to simplify equation 55 into:

EZ% < o > [(1 = p)R(w:) + pR(vi) — R(w)]

T

T N =

1—
< Tz 2 T—t, t—1 £ a’ks mz 2
<v'w wo||+gu w +TE 1-VF nZu

t=1 t=1

T

- _ T o/ 1\
T 2, W Z(”) S o’ R AT
vl w0||+w w +7' 1-+/p s

t=1 t=1

1- (5) t=1

T—t

T () L (1
T 2 W w @'k 2
= Sl V7 V. 1 -7 7 mZ
= 7w — wol* + = +2> nZp

T—t

T 1 CT 1*/
< Tl — 2, W s o’k A
<v'|w w0”+w1—(K)+TZ =3 nZu




Optimization over Sparse Support-Preserving Sets: Two-Step Projection

@ , Wl 1 ¢ <& 1—(1,1% = )
<Vl —wolP+ oo+ 23 (T ) 2

Tt
®) 4 1 < 1-
< Tilary 2 T > Q'Ks 2z2
<v'|w ’wo||+3w 1—w+7'51<1—\/ﬁ nZp

_ T - 2 'K 2
_4pnsw <||'w—'wo|| +3)—|—T§ (1—\/B> I YATRS

where in the left hand side we have used the linearity of expectation, and where (a) uses equation 58, (b) uses the fact
that T = L < 17 = 2 (since i, > 1 and o/ > 1 (indeed, we have o/ = 2a = 2(+< + 1) with C' > 0), so

-—— = 1-1

Oéi

IS

Kg

consequently @ > 1) (c) uses equation 57, and (d) uses the fact that w < 1s01 < 7/

Let us now normahze the above inequality:

1

T—t
Et 12n( - f> [(1 = p)R(w) + pR(vy)] e 42 ey (|| = woll? + 44) ;

L NT—t > L NT—t
Zt 1277< a\/is) Zt 1277< a\/is)

The left hand side above is a weighted sum, which is an upper bound on the smallest term of the sum.

.

1———
Regarding the right hand side, we can simplify it using the fact that 0 < ( - \/“Bi ) , and therefore:

Therefore, we obtain:

E 1—p)R R R el (”’“’ wol|* + M)
. _ — R(w)] <
sepin, (1= p)R(wy) + ph(ve) — B(w)] < o
2

4
= 4a—LS/HSwT (||w —wo|* + C) + Zu?,
p 37

+ Zu?

which can be simplified into the expression below, using the definition of wy:

2

E[min (1 — p)R(w;) + pR(v:) — R(w)] < i <|w —wy|* + 4C> + Zu?. (59)
te[T] p 37

To simplify the above result, we recall the assumptions made earlier on: we have chosen
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T = 1((;” i*)“, and G =

Therefore, to sum up, we have:

1 1
w = —_ 7 = —_
4%/—;8 8%/@8
= dner || VR(w)|?
C
4nep || VR(®)||? 2
The last inequality implies: ¢ = —-——— = 2lFR@IL.
sts! ¢ /

Let us denote by 7 the right-hand side term from equation 59:

a? 4n||VR(w)|
=4—Lorw? [ |Jw— 2y Zu?.
er 5 Ksw (w wo|© + 3" dn.l. > +2Zu

We now proceed similarly as in the proof of Theorem 4.3 above. Recall that we have assumed in the Assumptions of
Theorem 4.8, without loss of generality, that R is non-negative, which implies that R (v;) > 0. Plugging this in equation 59
implies that:

1
E min R (w;) < —— R(@) + —L

A 9 _ Er Z 4
< + < (1+2p)R(w) + + - (60)
mnin > A" (1+2p)R(w) I

1—p 1-p

Plugging the change of variable 7. = % into equation 60 above, and redefining Z into Z := ﬁlp (% (Vl + %) + %),

we obtain that:

E min R (w) < (1+2p)R(w) + er + 21
te

Further, consider an ideal case where w is a global minimizer of R over By (k) := {w : ||wl|p < k}. Then R (v;) > R(w)
is always true for all ¢ > 1. It follows that the bound in equation 59 yields:

E min {(1 - p) R (w;) + pR(w)} < E min {(1 — p)R (w;) + pR (v;)} < R(w) +e7,

te[T] te[T)
which implies: E min,cir) R (w;) < R(w) _ 1€Ep — 2%,
similarly as above. The proof is completed.
O

F.5. Proof of Corollary 4.9
Proof of Corollary 4.9. Lete € R Letus find T to ensure that E minge 1, 7y (1—p)R(wy) +pR(v,) — R(w) < e+Zp?
This will be enforced if:

1 4 R(w)||?
4a2;LS//@SwT (||1IJ —wyl|* + T]HV()H) <

3 4I<;SLS/
e Tlog(w) <1 <
og(w 0
sl = o8 4021 Lyk (”w woll? + 477IIVR(w)H )
s Vs 4ksL g
_ VR(w)|?
1 40&2%135/115 (Hw7w0||2 47IH4;~;S(L/)H )
= T > 7~ log
log(=) €
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Therefore, let us take:

—\112
: 1023 Ly ([l — wo|? + 3 2T A
T := 7~ log - (61)
log(;;) €
We can now derive the #IZO and #HT First, we have one hard- thresholdmg operation at each iteration, therefore #HT=T'.
Using the fact that ; %i) = log( y = log(l—l ) < } = 8al Shs (since by property of the logarithm, for all
w Z Ks 8ol s
x € (—o0,—1) :log(1 — z) < —x ), and the fact that o = LQ is independent of r,, we obtain that #HT = O(k log (1)).

We now turn to computing the #IZO. At each iteration ¢ we have ¢, function evaluations, therefore:

#1ZO = Z @

= T
T 1
=T+ F— exp (Tlog (w))

(@ 1 1023 Ly, (|l — wo |2 + 2T
S 1 + 7110g " !
10%(;) 15
VR(w)|?
T 1 1 407 L s K (Hw wo ”2"‘4%)
+ 7 exp | log [ — — log
w1 w log () €
+1])
| 102 Ln, (| — wo|? + $2LTEGI )
=1+ 7~ log P o ls!
log(;) 15
112
Lo Aetphos (o - wol + )
o1 €
. 4021 Ly, (|l — wol|? + § 27 )
=1+ 7~ log P Felst
log () €
r_ 40t (I — wnl? + 2520
+
1—w I
1 4a? Ls/,‘é‘,s (||w wol|? + 4%)
=1+ lo s
10%(%) & €
VR(w
3205 % Lyow? (| — wo 2 + 4 2T R
+7 7
5

where (a) follows from equation 61.
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And we recall that 7 = 16k (;%1), which implies that:

N2
320 %5 Ly k2 (||1I) —wo|* + %777”;]%(2”)” )
T shigt € :
o))
S

Therefore, overall, the IZO (query complexity) is in O (2253 L/ ). The proof is completed. 0O

G. Differences Between Two-Step Projection and Euclidean Projection

In this section, we describe the differences between the two-step projection and the Euclidean projection onto the mixed
constraints I' N By (k). One can encounter several possible cases:

* Case (i): the two-step projection (2SP) and the Euclidean projection onto I' N By (k) are identical (see e.g. Remark 3.1):
in that case, the contribution of our paper are on the theoretical side: Theorems 3.7, 4.3, and 4.8 give global convergence
guarantee which therefore in this case apply to the usual (non-convex) projected gradient descent algorithm with
Euclidean projection.

* Case (ii): the 2SP and the Euclidean projection onto the mixed constraints are different: this case can be declined into
several sub-cases as described below:

— Case (a): the Euclidean projection onto the mixed constraint I' N By (k) is unknown: in that case, the 2SP can
allow to fill such gap, since the 2SP only requires the knowledge of the projection onto I', which is often known
and easy to do.

— Case (b): the Euclidean projection onto the mixed constraint I' N By (k) is known, but computationally expensive:
in that case, the 2SP can provide a simpler and faster alternative to the Euclidean projection, while still enjoying
some convergence guarantees as shown in this paper.

— Case (c): the Euclidean projection onto the mixed constraint I' N By (k) is known and is efficient enough (e.g.
when I belongs to the set of positive symmetric sets such as in (Lu, 2015)). In such cases, it is unclear whether
the 2SP can improve upon Euclidean projection since, at the iteration level, using the Euclidean projection is
optimal (indeed, a (Euclidean) projected gradient descent step minimizes a quadratic upper bound on the objective
value under constraints (derived from the smoothness of R)), and the 2SP is therefore suboptimal in that sense (at
the iteration level).

H. Experiments

In this section, we provide some experiments to validate experimentally our theoretical results. Our experiments take 2h30 to
run in total on a MacBook Pro with a 2.6GHz 6-core Intel Core i7 and 16GB of memory. Before describing our experiments,
we provide a short discussion about the settings and algorithms that we will illustrate. For constraints I' for which the
Euclidean projection onto By (k) N T has a closed form equal to the 2SP, our algorithm is identical to a vanilla non-convex
projected gradient descent baseline (see Remark 3.1). In such case, our contribution in this paper is on the theoretical side,
by providing some global guarantees on the optimization, instead of the local guarantees from existing work (cf. Table 1).
Additionally, there are case in which there exists a closed form for projection onto I N By (k), different from the 2SP (e.g.
whenI' = R‘i, cf. (Lu, 2015)). Although our framework allows us to get approximate global convergence results when
using the 2SP, still, at the iteration level, a gradient step followed by Euclidean projection (not 2SP) is optimal, since it
minimizes a constrained quadratic upper bound on R. Therefore, we may not expect much improvement of the 2SP over the
Euclidean projection in such case, except on the computational side. With this in mind, we provide below the outline of our
experiments:

 In Section H.1, we illustrate on a synthetic example the trade-off between sparsity and optimality that is introduced by
the extra constraint I', and that is balanced by the parameter p.

* In Section H.2, we consider a portfolio index tracking problem where the goal is to illustrate a real-life application of
our methods.
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* In section H.3, we consider a multi-class logistic regression on a real life dataset, to illustrate in more details in
particular the stochastic and the zeroth-order versions of our method.

For reproducibility, our code is available at https://github.com/wdevazelhes/2SP_icml2025.

H.1. Synthetic Experiments: Illustrating the Sparsity/Optimality Trade-Off

In the section below, we provide a synthetic experiment to illustrate our Theorem 3.7, i.e. the trade-off between sparsity and
optimality that is introduced by the extra constraint I, and that is balanced by p € (0,0.5]. We consider the synthetic linear
regression example from (Axiotis & Sviridenko, 2022) (Section E), with the risk below:

1 2
Riw) == | Xw—yl3.

and where X is diagonal with:

1 ifi el
1 ifiels,

where It = [s], Io = [s + 1,s(k + 1)], I3 = [s(k + 1) + 1,s(k? + Kk + 1)] for some s > 1 and x > 1 (we choose s = 50
and x = 2, which results in having d = 350), n denotes the number of rows of X, and y is defined as

w/I—40 ifiel,
yi = VRVI =25 ifiely
1

ificl;

for some small § > 0 used for tie-breaking (we set it to le — 4). We chose such an example as it is used by (Axiotis &
Sviridenko, 2022) to prove a lower bound on the fundamental trade-off between sparsity and optimality proper to [HT: they
use it to show that the relaxation of the sparsity &, of the order k = Q(x2k) (see also Table 1) is in fact unavoidable for
[HT-type algorithms.

Case without Extra Constraints. First, we illustrate our Theorem 3.4 which considers vanilla IHT, without extra
constraints. In Figure 2, on the one hand, we plot in blue, for every k € [d], the value of R(wy;) where wy, is the result of
running vanilla IHT with sparsity & up to convergence. Then, on the other hand, we go through every value of k € [d], and
for each of them, we plot a point (K (k), R(wy,)), where K (k) denotes the value of k required in our Theorem 3.4, i.e.:
K (k) := 4k2k, and wy, := MiNy,cpa|jw|,<k F2(w). Therefore, each of such point 12(wy,) constitutes an upper bound on
the value of R(w g ), as we can indeed observe on Figure 2.

1754

1.50 1

1254

1.00 4

R(w)

0.75 4

0.50 4

0.254
—— Empirical Curve
—— Theoretical Bound
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T T T T T T T T
0 50 100 150 200 250 300 350
k

Figure 2. Tllustration of Theorem 3.4 (i.e. I' = R%).
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Case with Extra Constraints. We now illustrate the influence of the extra constraint I" on the problem. We consider for
I an /., norm constraint of radius A > 0, thatis: I' = {w € R? : Vi € [d], |w;| < A}. In this new setting, we also go
through every value of & € [d], but this time, each of those values actually defines a curve parameterized by p, according to
our Theorem 3.7: for each k we plot the parametric curve (K (k, p), (1 + 2p) R(wy)), where, similarly as above, K (k, p)
denotes the required value of k according to Theorem 3.7 (i.e., K (k, p) = 4(17;’%), and Wy, 1= Miny,cpa. || ,<k (W),
and where p ranges in (0, 0.5]. We present the results for several values of A in Figure 7 below. Note that a priori, the curves
are allowed to cross, i.e. for a given k on the x-axis, one could have a point from a curve of small % (i.e. lighter shade of red)
which could potentially also belong to a curve of larger & (let us denote it &”) (darker shade of red), which would necessarily
have a larger p (let us denote it p’), but for which the overall (1 4 2p") R(wg, ) could be equal to (1 4 2p) R(wy,) (since the
problem will be less constrained with &’ than with k). However, interestingly, this is not the case here due to the simplicity
of the structure of the example. We can also observe that similarly as in the case where I' = R¢, the bound is a bit tighter in
the small & regime (i.e. when k € [50, 100]).

3.50 A 3.5 4
%—-ﬁ_‘% 20 20
3.25 M
3.0 -
3.00 A 1 1
5 15 §
159
575 z 2.5 4 T
. 5 5
£ £
s 250 - 2
B 2 B 20 3
K Ffios = F10 2
2.25 A = T
& 3=
e 1.5 IS
2.00 A ] g
S E
1.75 4 = S
s \ 1.0 1
L5091 —— Empirical Curve —— Empirical Curve
T T T T T T T T - 0541 - - . . : : . L
0 50 100 150 200 250 300 350 0 50 100 150 200 250 300 350
k L
Figure 3. A =0.1 Figure 4. A = 0.5
3.5 — 3.5 1 —
—— Empirical Curve 20 —— Empirical Curve 20
3.0 \ 3.0 \
e e
= o =
2.5 1 15 8 2.5 15 %
w w
- 5
—. 2.0 1 2 —_ 2
B : B E
= F102 & 35 F10 2
1.5+ T [
e £
1.0 % 107 %
' E F
Fs Fs
0.5
0.5 1
0.0
0.0 ~— T T T T T T T — T T T T T T T T —
0 50 100 150 200 250 300 350 0 50 100 150 200 250 300 350
k k
Figure 5. A =1 Figure 6. A = 2

Figure 7. Tlustration of Theorem 3.4 (with I an £ ball of radius A).
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H.2. Real Data Experiment: Portfolio Index Tracking

We now consider the following index tracking problem, originally presented in (Takeda et al., 2013), and used as well in (Lu,
2015; Beck & Hallak, 2016). It is also similar to the portfolio optimization problem presented in (Kyrillidis et al., 2013).
We seek to reproduce the performance of an index fund (such as S&P500), by investing only in a few key k assets, in order
to limit transaction costs. The general problem can be formulated as a linear regression problem:

i Aw — yl|? 62
webityor 4% =¥l (62

where w represents the amount invested in each asset. For each ¢ € [n] denoting a timestep , the i-th row of A denotes the
returns of the d stocks at timestep ¢, and y; the return of the index fund. In our scenario, we seek to limit to a value D > 0 the
amount of transactions in each of ¢ activity sector (group) of the portfolio (e.g. Industrials, Healthcare, etc.), denoted as G
for i € [c]. We ensure such constraint through an ¢; norm constraint on each group: I' = {w € R? : Vi € [c], |[wg, |1 < D},
where wg, is the restriction of w to group G; (i.e. for j € [d], wg, =Wy if j € G; and 0 otherwise). In our case, y
denotes the daily returns of a given portfolio index (e.g. S&P500) for a given time period (e.g. a given year), and A the
returns of the corresponding d assets (over c sectors) of the index during such period.

Baselines. Up to our knowledge, there is no efficient closed form for the Euclidean projection onto By (k) N T (although
such projection could be done by enumerating all sparse supports sets and computing the restricted projection onto those
sets, such method would have exponential complexity), but the two-step projection can easily be done by projecting onto
the ¢; ball for each sector independently. We compare our algorithm (FG-HT-2SP) to two naive baselines: (a) the first
one. called "PGD(I") + finalllg,", consists in only ensuring the constraints in I', followed at the end of training by a
simple hard-thresholding step to keep the & largest components of w in absolute value, and (b) the second one, called
"PGD(By) + finallI1", consists in running vanilla THT, followed at the end of training by a simple projection onto I to keep
w in I' N By. We learn the weights of the portfolio on 80% of the considered period, and evaluate the out of sample (test set)
performance on the remaining 20% (shaded area in the figure).

Datasets. We compare our algorithms on three portfolio indices datasets:

e S&P500: We take k = 15 and D = 50. y denotes the daily returns from January 1, 2021, to December 31, 2022, and
A denotes the returns of the corresponding d = 497 assets (over ¢ = 11 sectors). We plot our results in Figure 8.

e HSI: We take £ = 15 and D = 1000. y denotes the daily returns from January 1, 2021, to December 31, 2022, and A
denotes the returns of the corresponding d = 72 assets (over ¢ = 4 sectors). We plot our results in Figure 9.

* CSI300: We take k£ = 15 and D = 100. y denotes the daily returns from March 1, 2021 (due to missing values in early
2021), to December 31, 2022, and A denotes the returns of the corresponding d = 291 assets (over ¢ = 10 sectors).
We plot our results in Figure 10.

The data for those three indices is scrapped from the web using the beaut i fulsoup! library to gather information about
the index, and the y finance? library to scrap the returns of such stocks during the considered time period. We provide in
Table 2 below the respective dimensions of the train-sets used for the experiments (which constitutes, as we recall, 80% of
the total dataset).

INDEX | = d

S&P500 | 402 | 497
CSI300 | 353 | 291
HSI 394 | 72

Table 2. Number of samples (n) and dimension (d) of the training sets for the index tracking experiment

"https://pypi.org/project/beautifulsoup4d/
https://github.com/ranaroussi/yfinance
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Results. As we can observe on Figure 11, overall, the true index (blue curve) is more successfully tracked by our method
(FG-HT-2SP, green curve), on the train-set of S&P500 and CSI300 and on the test-set of HSI and CSI300. Additionally, we
have observed that for S&P500, our algorithm solution non-zero weights spans 9 of the 11 sectors for the S&P500 index, 7
sectors out of 10 for the CSI300 index, and 3 of the 4 sectors the one for the HSI index. Therefore, such portfolios are well
diversified, as successfully enforced by our constraint.
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Figure 11. Index tracking with sector constraints for various indices

On the Verification of Assumptions 2.1 to 2.3: Note that such index tracking experiments verify Assumptions 2.1, 2.2
and 2.3:

* Assumption 2.1 is verified since the cost function is quadratic, with a design matrix of size n > d (except in the case
of S&P500). As can be expected with such matrices in general, the Hessian H = 2A " A is positive-definite (we have
indeed verified in our code that it is). Therefore the RSC constant is bounded below by A,in where Ay, is the smallest
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eigenvalue of 2A " A. Note that for S&P500, strong convexity is not verified since d > n: however, since we take
k = 15, with high probability (i.e. unless we can find s = 2k = 30 columns of A that are exactly linearly dependent),
RSC should be verified.

* Assumption 2.2 and Assumption 4.5 are both verified since the cost function is quadratic, therefore the (strong) RSS
constant is bounded above by 2||A||%, where || - || s denotes the spectral norm.

* Definition 2.3 is verified since projection onto I' can be done group-wise, and for each group the projection is onto
an /7 ball, which is a convex symmetric set (which is support-preserving from Remark 2.4), therefore, overall, T is
support-preserving).

H.3. Real Data Experiment: Multiclass Logistic Regression
We now consider the multiclass logistic regression problem with class group-wise ¢, norm constraint as follows. We
A 2 . exp(®,; wj . .

have R;(w) = Z;:l 2 Jw;l; — 1 {ys = j}log W@LO , where y; is the target output of x;, c is the number of
classes, and w; is the weight vector specific to class j. In addition to the sparsity constraint By(k), we enforce the following
additional constraint ' = {w € R? : Vj € [¢] : |w, |2 < D}, for some constant D € R, where d = p x ¢, with p the
number of features of the samples x;. More precisely, in such multiclass logistic regression, we seek to ensure an extra
regularization not only on the whole global weight vector w (with the used squared /2 penalty), but also on each weight
vector related to each class (through I'), in order to prevent a potential class-wise overfitting.

Up to our knowledge, there is no known closed form for the Euclidean projection onto such I' N By (k). However, the
two-step projection (2SP) can be done easily: once the first projection is done (projection onto By (k), i.e. hard-thresholding)
and the sparse support S is identified as per Section 3.1, the projection onto I restricted to S can be easily done since I is
class-wise decomposable, and therefore it suffices to project, for each j € [¢], each w; onto the ¢; ball of radius D.

We have the smoothness constant L as below (see (Bohning, 1992) for a derivation):

1 1
L = 0ax <2n (Im - 6101j> QX"TX + 2/\Idxd> (63)

Where ® denotes the Kronecker product, o,,,x the largest singular value of a matrix, I,,, ., the identity matrix of size
m x m for some m, and 1, the vector [1,1,...1]T € R,

We consider the dna dataset from the LibSVM dataset repository (Chang & Lin, 2011), and we choose D = 0.5, A = 10.
For the stochastic case we take B = 1e®, and for the stochastic and ZO case we take oz = 2. Note that in the stochastic case,
if the growing batch-size required by Theorem 4.3 becomes larger than n, we keep it fixed to n (i.e. in such case we take
the whole dataset at each step). In the zeroth-order case, we take ;1 = le — 6. We set set all other hyperparameters as per
Theorems 3.7, 4.3 and 4.8. In Figures 15, 19, 23 and 27, we plot the number of calls to a gradient V R; (IFO: iterative first
order oracle), and number of hard-thresholding operations (NHT), for various values of k and D (for the zeroth-order case,
we plot the IZO (number of calls to the function R) instead of the IFO). We can observe that HSG-HT-2SP allows a smaller
IFO than FG-HT-2SP in early iterations, since it does not need to compute a full gradient at each iteration.

In addition, to illustrate the theoretical improvement of our results on zeroth-order, even in the case where there is no
additional constraint, we compare in Figures 30, 33 and 36 our algorithm HZO-HT with ZOHT (de Vazelhes et al., 2022),
choosing for both algorithm an initial number of random direction as prescribed by our Theorem 4.8, and choosing, for
the learning rate, in our case the one prescribed by Theorem 4.8, and for ZOHT, the one prescribed by Theorem 1 from
(de Vazelhes et al., 2022) (and in both cases we fix s = 3k as per Theorem 4.8): we can see that, in addition to being able to
obtain a convergence in risk without system error, contrary to ZOHT (cf. Table 1), our Theorem 4.8 also prescribes a better
(larger) learning rate (i.e. less conservative), leading to faster convergence.
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Figure 15. Multiclass Logistic Regression with 2SP, £ = 50, D = 0.5
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Figure 19. Multiclass Logistic Regression with 2SP, k = 150, D = 0.5
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Figure 23. Multiclass Logistic Regression with 2SP, kK = 50, D = 0.01
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Figure 27. Multiclass Logistic Regression with 2SP, £ = 150, D = 0.01
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Figure 30. Multiclass Logistic Regression: HZO-HT vs. ZOHT, k£ = 50

On the Verification of Assumptions 2.1 to 2.3: Note that such logistic regression experiments verify Assumptions 2.1,
2.2,4.5 and 2.3:

* Assumption 2.1 is verified thanks to the added squared ¢, regularization, which makes the problem strongly convex
and hence also restricted strongly convex.

¢ Assumption 2.2 and Assumption 4.5 are both verified since the problem is smooth with a constant L as described
above in equation 63, and therefore such constant is also a valid (strong) restricted-smoothness constant.

* Definition 2.3 is verified since, since, similarly as in the index tracking experiments from Section H.2, projection onto
T can be done group-wise, and for each group the projection is onto an ¢; ball, which is a convex sign-free set (which
is support-preserving from Remark 2.4), therefore, overall, I" is support-preserving.
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Figure 33. Multiclass Logistic Regression: HZO-HT vs. ZOHT, k£ = 100
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Figure 36. Multiclass Logistic Regression: HZO-HT
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