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Abstract

Meta-learning has emerged as a powerful ap-
proach to train neural networks to learn new tasks
quickly from limited data by pre-training them on
a broad set of tasks. But, what are the limits of
meta-learning? In this work, we explore the po-
tential of amortizing the most powerful universal
predictor, namely Solomonoff Induction (SI), into
neural networks via leveraging (memory-based)
meta-learning to its limits. We use Universal Tur-
ing Machines (UTMs) to generate training data
used to expose networks to a broad range of pat-
terns. We provide theoretical analysis of the UTM
data generation processes and meta-training pro-
tocols. We conduct comprehensive experiments
with neural architectures (e.g. LSTMs, Transform-
ers) and algorithmic data generators of varying
complexity and universality. Our results suggest
that UTM data is a valuable resource for meta-
learning, and that it can be used to train neural
networks capable of learning universal prediction
strategies.

1. Introduction

Meta-learning has emerged as a powerful approach to en-
able Al systems to learn new tasks quickly from limited
data (Hospedales et al., 2021). By training a model on a
diverse set of tasks, meta-learning encourages the discovery
of representations and learning strategies that generalize to
new, unseen tasks. Memory-based meta-learning (Santoro
et al., 2016)—a type of meta-learning that relies on memory
updates, instead of a two-level optimization procedure (Finn
et al., 2017)—has been shown to be a promising way of
teaching neural networks to implicitly implement Bayesian
inference (Ortega et al., 2019; Mikulik et al., 2020; Ge-
newein et al., 2023) tailored to a prior task-distribution. A
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Figure 1: Summary of our meta-learning methodology.

key challenge in meta-learning is to design task distributions
that are sufficiently broad, exposing the model to a rich vari-
ety of structures and patterns. Such broad exposure could
lead to “universal” representations, enabling the system to
tackle a wide range of problems and bringing us closer to
the goal of artificial general intelligence (AGI).

Solomonoff Induction ! (SI) offers a compelling theoreti-
cal foundation for constructing such an ideal universal pre-
diction system (Solomonoff, 1964a;b) 2. At its core, SI
elegantly integrates three fundamental principles (see Fig-
ure 1). Consideration of all computable hypotheses: Unlike
traditional approaches, SI explores the entire space of com-
putable hypotheses (i.e. generated by a computer program)
as potential explanations for observed data. Occam’s Razor:
SI assigns higher prior probabilities to simpler hypotheses
with shorter descriptions. Bayesian Updating: With new
data, SI employs Bayes’ rule to refine its belief about each
hypothesis. The theoretical strength of SI lies in its ability
to rapidly converge on the true data-generating process, if
computable (Li & Vitanyi, 1992; Hutter, 2004; Sunehag &

!SI arguably solved the century-old induction problem (Rath-
manner & Hutter, 2011), is the basis of the Hutter prize (Hutter,
2006/2020) and has been praised by the father of Al, Marvin
Minsky: “the most important discovery since Godel”.

%For an introduction see (Hutter et al., 2007; Hutter, 2017) and
see (Hutter, 2007) for technical details.
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Hutter, 2013; Li et al., 2019). Yet, a significant barrier is
its practical incomputability. The exhaustive exploration of
algorithmic hypotheses demands immense computational
resources. To address this, approximations of SI were devel-
oped e.g. the Speed Prior (Schmidhuber, 2002; Filan et al.,
2016) and the Context Tree Weighting algorithm (Willems
et al., 1995; Willems, 1998; Veness et al., 2012).

To understand the power of SI, imagine a program that gen-
erates an infinite stream of data x, e.g., a fluid dynamics
simulation or an Al movie generator. Let’s say the length
of the shortest possible version of this program—i.e. its
Kolmogorov complexity (Li et al., 2019)—is N bits long.
This could be approximated by removing all unnecessary
elements of the program and using compression to further
reduce the size. Now, feeding the data stream z to SI and
letting it predict each bit, something remarkable happens:
After making fewer than N prediction errors, SI predicts
the future data perfectly! This occurs because SI effectively
learns the underlying rules of the data-generating program.
With each incorrect prediction, it eliminates a range of pos-
sible explanations, allowing it to quickly find the correct
program behind the data.

In this paper we explore the potential of amortizing
Solomonoff Induction into neural networks via memory-
based meta-learning (see Figure 1). A key challenge is
finding neural architectures and training data distributions
that guide networks towards learning SI in the limit. While
neural networks are theoretically capable of universal com-
putation (Chen et al., 2017; Stogin et al., 2020; Mali et al.,
2023), practical training methods (e.g., stochastic gradi-
ent descent) can limit this ability (Deletang et al., 2022).
Here we simply use off-the-shelf architectures like Trans-
formers (Vaswani et al., 2017) and LSTMs (Hochreiter &
Schmidhuber, 1997), while focusing on designing a suitable
data training protocol. To address this, we generate data
from Universal Turing Machines (UTMs), which are fully
general computers. Training on this “universal data” ex-
poses the network to a broad space of computable patterns
that guide the network towards learning universal inductive
strategies.

Our key contributions are: /) UTM data: We use, for
the first time, UTM data to meta-train neural networks. 2)
Theoretical Analysis: We provide a theoretical analysis
of the UTM data generation process and training proto-
col that converges to SI in the limit. 3) Extensive Exper-
iments: We conduct comprehensive experiments with a
variety of neural architectures (e.g. LSTMs, Transform-
ers) and algorithmic data generators of varying complex-
ity and universality. 4) We open-sourced all our gen-
erators at https://github.com/google—-deepmind/
neural networks_solomonoff_ induction.

Our results show that increasing model size leads to im-

proved performance, demonstrating that model scaling helps
learning increasingly universal prediction strategies. We
find that: Large Transformers trained on UTM data suc-
cessfully transfer their learning to other tasks suggesting
they acquired reusable universal patterns; On variable-order
Markov sources, large LSTMs and Transformers achieve
optimal performance, highlighting their ability to model
Bayesian mixtures over programs necessary for SI.

2. Background

Notation. An alphabet X is a finite, non-empty set of
symbols. A string 122 ...x, € X" of length n is denoted
by x1.,. The prefix z1.; of 1., j < m, is denoted by
T<j OF T<j41. The empty string is denoted by €. Our
notation generalizes to out-of-bounds indices i.e. given a
string x1.,, and an integer m > n, we define x1.,,, := Z1.,
and x,,.,, := €. The concatenation of two strings s and r is
denoted by sr. The expression [A] is 1 if A is true and 0
otherwise.

Semimeasures. A semimeasure is a probability measure
P over infinite and finite sequences X'*° U X'* for some
finite alphabet X’ assumed to be {0,1} (most statements
hold for arbitrary finite X). Let 1(x) be the probability that
an (in)finite sequence starts with x. While proper distribu-
tions satisfy 3, pu(za) = p(x), semimeasures exhibit

probability gaps and satisfy 3 _ . p(za) < p(z).

Turing Machines. A Turing Machine (TM) takes a string
of symbols z as an input, and outputs a string of symbols
x (after reading z and halting), i.e. T'(z) = «. For conve-
nience we define the output string at computation step s
as T%(z) = x which may be the empty string e. We adopt
similar notation for Universal Turing Machines U. Mono-
tone TMs (see Definition 1 below) are special TMs that can
incrementally build the output string while incrementally
reading the input program, which is a convenient practical
property we exploit in our experiments.

Definition 1 (Monotonicity). A universal machine U is
monotone if for all p, q,x,y with U(p) =y and U(q) = x
we have that {(x) > £(y) and p C q imply y C z, where
p £ q means that p is a prefix string of q. See Appendix C
for a more thorough description.

Solomonoff Induction (SI). The optimal prediction over
the next symbol z,,+1 given an observed sequence 1., is
W Znt1]|T1m) = p(x1.n41)/1(21.0), assuming that y is the
true (but unknown) computable probability distribution over
sequences. In contrast, SI predicts the next symbol x,,11
using a single universal semimeasure )/ widely known as
the Solomonoff Universal Prior (see definition below).

Definition 2 ((Monotone) Solomonoff Prior). Let U be a
universal monotone machine, then the Solomonoff prior is
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defined as
M(x) = Z 2~ t)
p:U(p)=zx
with the sum is over all p € {0, 1}*, where the output xx is
any string that starts with x and the whole program p has
been read by U.

We can use M to construct the posterior predictive dis-
tribution M (2,1 1|71.,) = W (see Figure 1).
This is equivalent to performing Bayesian inference on
program space M(2,+1[71n) = 3, P(pla1.n) [U(p) =
21.nTn41%] (for prefix-free programs, and any continuation
* of the sequence), where P(p|x1.,,) is the Bayesian poste-
rior over programs given the data using the prior P(p) =
24() and the zero-one likelihood P(x|p) = [U(p) = x+].

Solomonoff (1964a) showed that M converges fast (to the
true 1) if the data is generated by any computable probability
distribution p:

S ute<) Y (VG ~ ViGT=D)

t=1 Tt zeX

< K(un2< oo

where K (1) := min,{¢(p) : U(p) = u} is the Kolmogorov
complexity (Li et al., 2019) of the generator y (represented
as a bitstring) and £(p) the program length. This can be seen
when noticing that on the left-hand-side of the inequality
we have an infinite sum and on the right we have a (small)
constant . The Solomonoff prior is essentially the best
universal predictor given a choice of reference UTM.

There exists a normalized version of the Solomonoff prior
(among others (Wood et al., 2013)) that is not a semimea-
sure but a proper measure i.e., properly normalized (see
Definition 3 below). It has nicer properties when x con-
tains incomputable sub-sequences (Lattimore et al., 2011)
and maintains the convergence properties of the standard
Solomonoff prior. This version of SI is of interest to us be-
cause it suited to be learned by neural models (that are also
properly normalized) and exhibits more efficient sampling
than semimeasures (due to no probability gap).

Definition 3 (Normalized Solomonoff Prior). Fora € X,

Solomonoff normalization is defined as M™"™(e) =

norm N M(za) _ M""(za)
1 M (a|x) = ZaEX M(za) — Mmorm(g)

)

Algorithmic Data Generating Sources and the Chom-
sky Hierarchy. An algorithmic data generating source
1 is simply a computable data source by, for example, a
TM T fed with random inputs. There is a natural hierar-
chy over machines based on their memory structure known

31f instead we consider an approximation M up to accuracy €,
at time step ¢, then (assuming this is suitably formalized) >, «;
gets added to Solomonoff’s bound.

as the Chomsky hierarchy (CH) (Chomsky, 1956), which
classifies sequence prediction problems—and associated au-
tomata models that solve them—by increasing complexity.
There are four levels in the CH, namely, regular, context-
free, context-sensitive, and recursively enumerable. Solving
problems on each level requires different memory structures
such as finite states, stack, finite tape and infinite tape, re-
spectively. Note that any reasonable approximation to SI
would need to sit at the top of the hierarchy.

Meta-Learning. There exists mainly two types of meta-
learning i.e., model-agnostic meta-learning (MAML) (Finn
et al., 2017) and—the focus in our paper—memory-based
meta-learning (MBML) (Santoro et al., 2016; Ortega et al.,
2019). In MAML, there are explicit outer and inner opti-
mization loops and a diverse dataset containing data from
different tasks. The outer loop optimizes (the initial pa-
rameters) across tasks and the inner loop optimizes within
tasks (from the initial parameters). In MBML, memory-
augmented models are trained using a single optimization
loop and a diverse dataset containing data from different
tasks (in our case different tasks correspond to different
UTM programs). The memory is necessary to enable task
adaptation at test time. The two loops are thus implicit and
implemented by sampling tasks (outer loop) and data from
tasks (inner loop). At test time, in contrast to MAML, there
is no inner gradient optimization but automatic in-context
learning driven by the memory dynamics. Note recurrent
networks (e.g. RNNs, LSTMs) have explicit memory cells,
whereas Transformers directly instantiate the memory in the
context.

A parametric model g with memory can be (memory-
based) meta-trained (see Figure 1) by repeating the fol-
lowing steps: 1) sample a task 7 (programs in our case)
from the task distribution p(7), 2) sample an output se-
quence x1., from 7, and 3) train the model 7y with the log-
loss — Y"1 | log mg(z¢|z<). Ortega et al. (2019) showed
that the fully trained my behaves as a Bayes-optimal pre-
dictor, i.e. mo(v¢|r<t) = D, p(T|x<t)p(@i|T <4, T) Where
p(xi|x <y, 7) is the predictive distribution, and p(7|x<;) the
posterior. More formally, if 1 is a proper measure and D =
(x1,...,x7) are sequences cut to length n sampled from 1
with empirical distribution fi(z) = L 7 [y = «]. then
the log-loss

£(x)
1
Loss(f) := -3 Z Zlogﬂg(ajt\x<t)
zeD t=1
1 «
=-3 > logmg(x) = — Y fu(x)logpe(z)
z€D zexn

is minimized for my () = fi(x) if 7wy can represent fi.
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3. Meta-Learning as an Approximation to
Solomonoff Induction

Next we aim to provide answers to the following questions.
First, how do we generate meta-training data that allows to
approximate SI? Second, given that most architectures are
trained with a limited sequence-length, how does this affect
the meta-training protocol of neural models? Third, can
we use different program distributions (making interesting
programs more likely) without losing universality?

3.1. The Right Dataset: Estimating Solomonoff from
Solomonoff Samples

Our aim here is to define a data generation process such
that we obtain an approximation to M (see Figure 1) when
training our model 7y on it (assuming for now universality
and essentially infinite capacity). We consider the incom-
putable and computable cases. All proofs can be found in
the Appendix A.

Solomonoff Data Generator (Incomputable). Putting uni-
form random bits p on the (read-only) input tape of a mono-
tone UTM U generates a certain distribution M of (in)finite
strings x on the output tape. This is exactly Solomonoff’s
prior M and a semimeasure (see Section 2). Sampling from
M is trivial; we just described how and coincides exactly
with the standard meta-learning setup where different pro-
grams correspond to different tasks. M is equivalent to the
more formal Definition 2. The following proposition shows
consistency.

Proposition 4. Let D := (2,...,z7) be J (in)finite se-
quences sampled from a semimeasure p (e.g. M). We can
estimate (1 as follows. Given

fin(e) = 10 1) = x) A o) =3,

then [ip(z) by w(x) for |D] — oc.

Unfortunately there are three infinities which prevent us
from using M above to sample the data. There are infinitely
many programs, programs may loop forever, and output
strings can have infinite length. Therefore, we define the
following computable version of the Solomonoff prior.

Definition 5 (Computable Solomonoff Prior). Let programs
be of length < L and stop U after s steps (denoted U?®), or
if the output reaches length n. Then,

Z 9—4(p)

pe{0,1}=L:Us(p)=x*

B if {(z) <n
Ms,L,n(I) = and 0 otherwise

is a computable version of the Solomonoff prior and a
semimeasure.

We can sample D7 := (2!,...,27) from M 1, in the

same trivial way as described above for M, but now the
involved computation is finite. Note that all sampled strings
have length < n, since M 1 ,(x) = 0 for {(z) > n.
Consistency of meta-training data is shown next.

Proposition 6. Let now D7 = (z',...

Sfrom the measure M, 1, ,,. Given

,x”) be samples

Npo () :% S [4y) = Ux) A 1) = 2
yeD’

then, Mps(x) — M, pn(z) for J— oco.

We get better approximations to the Solomonoff prior M
as we increase the UTM steps s, the program length L, the
sequence length n, and the number of samples J. More
formally, since

M(z)= lim M n(z)= sup Ms (x),

s,L,n—o00 s,L)n

we have that MDJ — M for s, L,n,J — oco. Note that
DY depends on s, L, n, but this can easily be avoided by
choosing s(j), L(j),n(j) to be any functions tending to
infinity, and sampling 7 from Mj(;) 1,(j).n() (@) for j =
1,2,3,....

Remark 7. Although M, 1, is computable, it still suffers
from two inconveniences. First, sampling from it is ineffi-
cient because it is a semimeasure and exhibits a probability
gap. Second, we need to differentiate whether programs halt
or end up in a infinite non-printing loop (to fill the proba-
bility gap with “absorbing” tokens when training). We can
bypass these inconveniences by estimating the normalized
and computable Solomonoff prior combining Definitions 3
and 5.

We can estimate the (computable) normalized Solomonoff
prior, M9"™ (), by the following.

s,L,n
Proposition 8. Using the definitions from Proposition 6 we

have that

dyenilly) >t A yra = z14]
doyenilly) 2t N yar = 2]

J—o0

“rnorm

s,L,n (xt‘x<t) =

norm

s,L,n (wt|x<t)

Then, we can take the product over t = 1,...,n to obtain
MRTH (@) = MR (z) — M™o (x).

Summary. Propositions 4, 6 and 8§ state that the data gener-
ated by the Solomonoff Data Generator and their respective
variants (computable and normalized computable) are statis-
tically consistent, and that meta-training on this data would
make an estimator converge to their respective Solomonoff
version (under realizability and learnability assumptions).
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3.2. Training Models on Solomonoff Data using
Fixed-Sequence Lengths

Most neural models (especially Transformers) require train-
ing sequences of fixed length n. Due to this, we require a
slight modifications to the loss function for shorter-than-n
sequences to maintain convergence to SI. We drop s, L, n
from My, ,, since what follows holds for infinite as well as
finite values. We focus on describing the training protocol
that converges to the normalized version of Solomonoff,
Mo We refer readers interested in the standard unnor-
malized version (M) to the Appendix B.

Normalized Solomonoff M/™°" with Neural Networks.
To converge to M"™°"™™, we pad the 7 in D’ to length n
with arbitrary symbols from X', and cut the log-loss short
at /(7). When doing so, the log-loss takes the form (see
Appendix B.1 for derivation that uses Proposition 8):

Loss(f) = — z”:Z <(ZMDJ($1::&)) (D

t=1 Tt

(3 e ogmlecle<)) )

Tt

In this form, it is easy to see how the last bracket, and hence
the loss, is minimized for g (z¢|z<¢) = M™"™ (z4|x ),
as desired. By the chain rule this implies that the neural
model my(z) converges to M (z). Note that Loss(6)
does not depend on the padding of 27, so any padding leads
to the same gradient and same solution.

Under the (unrealistic) assumptions that the neural model
has the capacity to represent M, and the learning algo-
rithm can find the representation, this (tautologically) im-
plies that the neural model distribution 7y converges to
fi = M. Similarly, if the neural model is trained on 27
sampled from Mékj),L(j),n(m) for j = 1,2,3,..., it con-
verges to M, ., ,,. For a neural model with context length
n increasing over time, even M — MZ o oo could be
possible. Though theoretically possible, there are many
practical challenges that need to be surmounted to achieve

this, one of them being how to efficiently sample programs.

3.3. Solomonoff from Non-Uniform Samples

For practical purposes, sampling from non-uniform (possi-
bly learned) distribution over programs can be advantageous
for efficiency. For our BrainPhoque UTM (that we use in
our experiments later) it increases the yield of ‘interesting’
programs by a factor of 137 (see Appendix Table 4). Below
we show this can be done without any concerns on losing
universality.

Let @) be a probability measure on X'*°, with shorthand
Q(q) = Q(T'y), the Q-probability that a sequence starts
with ¢, where T'; := {w € X : ¢ C w} = ¢X¥>°. We

define the generalized Solomonoff semimeasure as

M2(z) = Y Qlg)

¢ T(q)=a+

with special case My (z) = 3. 17(g) == 249 for a uni-
versal TM T' = U and unbiased coin flips Q(q) = 24,
My is strongly universal in the sense that it is a Bayesian
mixture over all lower semi-computable semimeasures
(Wood et al., 2011). Next, we show that under very mild
conditions on @), Mg is also universal. This finding is simi-
lar to (Sterkenburg, 2017), but our proof is shorter and more

self-contained.

Theorem 9 (Universality of generalized Solomonoff
semimeasures). M g (z) is strongly universal, provided Q
is a computable measure and Q(q) > 0Vq € X* and
Q(q1.n) = 0 for n — co. More precisely, for all universal
monotone TM U and all Q) with the above properties, there
exists a universal MTM V' (as constructed in the proof) s.th.
Mg (x) = My (z) Ya. Proofin Appendix C.

Note on the assumptions above. We assumed an infinite
number of data points and universality (and learnablity) of
the approximator, which are difficult to obtain in practice
and diminish the relevance of inductive biases of neural
models. For finite data, however, inductive biases are impor-
tant for strong generalization. We leave out of the scope of
the paper the theoretical work on the effect of the inductive
bias and universality of neural models and simply provide
experimental evidence of neural network performance in
the next section.

4. Experimental Methodology

We aim to evaluate various neural architectures and sizes
trained on UTM and two other types of algorithmically
generated data for comparison and analysis.

Variable-order Markov Sources (VOMS). A k-Markov
model assigns probabilities to a string of characters by, at
any step ¢, only using the last k& characters to output the
next character probabilities. A VOMS is a Markov model
where the value of k is variable and it is obtained using a
tree of non-uniform depth. A tree here is equivalent to a
program that generates data. We sample trees and meta-train
on the generated data. We consider binary VOMS where a
Bayes-optimal predictor exists: the Context Tree Weighting
(CTW) predictor (Willems et al., 1995; 1997), to which
we compare our models to. CTW is only universal w.r.t.
n-Markov sources, and not w.r.t. all computable functions
like SI. See Appendix D.2 for more intuition on VOMS,
how we generate the data and how to compute the CTW
Bayes-optimal predictor.

Chomsky Hierarchy (CH) Tasks. We take the 15 algorith-
mic tasks (e.g. arithmetic, reversing strings) from (Deletang
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Figure 2: Evaluation on VOMS data. Left: Example sequence and highly overlapped predictions of Transformer-L (red)
and Bayes-optimal CTW predictor (blue). Lower panels show instantaneous and cumulative regret w.r.t. the ground-truth.
Middle: Mean cumulative regret over 6k sequences (length 256, max. CTW tree depth 24, in-distribution) for different
networks (3 seeds) and sizes (S, M, L). Larger models perform better for all architectures, and the Transformer-L and
LSTM-L match the optimal CTW predictor. Right: Length generalization (1024 steps). LSTMs generalize to longer length,

whereas Transformers do not.

et al., 2022) lying on different levels of the Chomsky hi-
erarchy (see Appendix D.3 for a description of all tasks).
These tasks are useful for comparison and for assessing the
algorithmic power of our models. In contrast to (Deletang
et al., 2022), in which they train on individual tasks, we are
interested in meta-training on all tasks simultaneously. We
make sure that all tasks use the same alphabet X" (expanding
the alphabet of tasks with smaller alphabets). We do not con-
sider transduction as in (Deletang et al., 2022) but sequence
prediction, thus we concatenate inputs and outputs with ad-
ditional delimiter tokens i.e. for {(z; € X,y; € X)}_;
and delimiters ;" and ‘;’, we construct sequences of the form
z = (21,91, T2, Y25 - - - T, Yn; - - - ). We evaluate our mod-
els using the regret (and accuracy) only on the output sym-
bols, masking the inputs because they are usually random
and non-informative of task performance. Denoting O, the
set of outputs time-indices, we compute accuracy for trajec-
tory z as A(z) = ﬁ > ico. largmax, mo(y|z<t) = 2]
See Appendix D.3 for details.

Universal Turing Machine Data. Following Sections 3.1
and 3.2, we generate random programs (encoding any struc-
tured sequence generation process) and run them in our
UTM to generate the outputs. A program could, in principle,
generate the image of a cow, a chess program, or the books
of Shakespeare, but of course, these programs are extremely
unlikely to be sampled (see Figure 6 in the Appendix for
exemplary outputs). As a choice of UTM, we constructed
a variant of the BrainF*ck UTM (Miiller, 1993), which we
call BrainPhoque, mainly to help with the sampling process
and to ensure that all sampled programs are valid. We set
output symbols alphabet size to |X'| = 17, equal to the
Chomsky tasks, to enable task-transfer evaluation. Brain-
Phoque has a single working tape and a write-only output

tape. It has 7 instructions to move the working tape pointer
(WTP), de/increment the value under the WTP (the datum),
perform jumps and append the datum to the output. We skip
imbalanced brackets to make all programs valid. While it
slightly changes the program distribution, this is not an issue
according to Theorem 9: each valid program has a non-zero
probability to be sampled. Programs are generated and run
at the same time, as described in Sections 3.1 and 3.2, for
s = 1000 steps with 200 memory cells, with a maximum
output length of n = 256 symbols. Ideally, we should use
SI as the optimal baseline comparison but since it is uncom-
putable and intractable, we calculate a (rather loose, but
non-trivial) upper bound on the log-loss by using the prior
probability of shortened programs (removing unnecessary
brackets or self-canceling instructions) that generate the out-
puts. See Appendix E for a full description of BrainPhoque
and our sampling procedure.

Neural Predictors. Our neural models 7y sequen-
tially observe symbols x.; from the data generating
source and predict the next-symbol probabilities g (-|z ).
We train our models using the log-loss Loss(#)
— L5 (logmg(zi|z<y), therefore maximizing lossless
compression of input sequences (Delétang et al., 2023).
We use stochastic gradient descent with the ADAM op-
timizer (Kingma & Ba, 2014). We train for 500K itera-
tions with batch size 128, sequence length 256, and learn-
ing rate 10~%. On the UTM data source, we cut the log-
loss to approximate the normalized version of SI (see Sec-
tion 3.2). We evaluate the following architectures: RNNss,
LSTMs, Stack-RNNs, Tape-RNNs and Transformers. We
note that Stack-RNNs (Joulin & Mikolov, 2015) and Tape-
RNNs (Deletang et al., 2022) are RNNs augmented with
a stack and tape memory, respectively, which stores and
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Figure 3: Evaluation on 6k sequences from the Chomsky hierarchy tasks (400 per task). As the model size increases,
cumulative regret (Left) and accuracy (Middle) improve across all architectures. Overall, the Transformer-L achieves the
best performance by a margin. Right: Length generalization (1024 steps). Detailed results per task are in Figure 8 on the

Appendix.

manipulate symbols. This external memory should help net-
works to predict better, as showed in Deletang et al. (2022).
We consider three model sizes (S, M and L) for each archi-
tecture by increasing the width and depth simultaneously.
We train 3 parameter initialization seeds per model variation.
See Appendix D.1 for all architecture details.

Evaluation Procedure. Our main evaluation metric is the
expected instantaneous regret,

Rﬂ#(t) = Egyp [log p(ws | w<t) —log (s | <))

(at time t), and cumulative expected regret, Rfu =

S, Rru(t), where 7 is the model and y the ground-truth
source. The lower the regret the better. We evaluate our
neural models on 6k sequences of length 256, which we
refer as in-distribution (same length as used for training)
and of length 1024, referred as out-of-distribution.

5. Results

Variable-order Markov Source (VOMS) Results. In Fig-
ure 2 (Left) we show an example trajectory from VOMS
data-source of length 256 with the true samples (blue dots),
ground truth (gray), Transformer-L (red) and CTW (blue)
predictions. As we can see, the predictions of the CTW pre-
dictor and the Transformer-L are overlapping, suggesting
that the Transformer is implementing a Bayesian mixture
over programs/trees like the CTW does, which is necessary
to perform SI. In the second and third panels the instanta-
neous regret and the cumulative regret also overlap. Figure 2
(Middle) shows the cumulative regret of all neural predictors
evaluated in-distribution. First, we observe that as model
size increases (from S, M, to L) the cumulative regret de-
creases. The best model is the Transformer-L achieving
optimal performance, whereas the worst models are the
RNNs and the Tape-RNNs. The latter model likely could

not successfully leverage its external memory. Note how
not only Transformers, but also LSTM-L, achieve close to
optimal performance. On the Right we show the out-of-
distribution performance showing how transformers fail on
length-generalization, whereas LSTMs perform the best.
To better understand where our models struggle, we show
in the Appendix F, Figures 7c and 7d, the cumulative re-
gret averaged across trajectories from different CTW tree
depths and context lengths. Models perform uniformly for
all tree-depths and struggle on mid-sized context-lengths.

Chomsky Hierarchy Results. In Figure 3 (Left) we show
the in-distribution performance of all our models trained
on the Chomsky hierarchy tasks by means of cumulative
regret and accuracy. Overall, the Transformer-L achieves
the best performance by a margin. This suggests that our
models, specially Transformers, have the capability of al-
gorithmic reasoning to some extent. On the Right we show
the length-generalization capabilities of models, showing
how Transformers fail to generalize to longer lengths. In
the Appendix (Figure 8) we show the results for each task
individually.

Universal Turing Machine Results. Figure 4 (Left) shows
the mean cumulative regret on the UTM task with the (loose)
Solomonoff Upper Bound (UB) as a non-trivial baseline (see
Section 4 for its description). In the Middle we show how
all models achieve fairly good accuracy. This shows how
our models are capable of learning a broad set of patterns
present in the data (see example UTM trajectories in ap-
pendix Figure 6). In general, larger architectures attain
lower cumulative regret and all models beat the Solomonoff
upper bound. Performing better than the bound is non-trivial
since the upper-bound is computed using the underlying pro-
gram that generated the outputs whereas the neural models
do not have this information. In Figure 10 (in the Appendix)
we show the cumulative regret against program length and,
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Figure 4: Evaluation on the UTM data generator with 6k sequences. Left: The larger the architecture the lower the
cumulative regret. We see better performance than the non-trivial baseline Solomonoff Upper Bound (UB). Middle: The
mean accuracy on UTM data shows the models can quickly learn UTM patterns (see Appendix Fig. 9 for additional figures).
Right: Length generalization (1024 steps). Detailed results per program length are in Figure 10.

as expected, observe that the longer the underlying program
of a sequence the higher the cumulative regret of our models,
suggesting a strong correlation between program length and
prediction difficulty. Remarkably, in Figure 5 we see that
the Transformer networks trained on UTM data exhibit the
most transfer to the Chomsky tasks and, LSTMs transfer
the most to the VOMS task (compare to the ‘naive’ random
predictor). For the VOMS, we re-trained the LSTM and
Transformer models with the BrainPhoque UTM setting the
alphabet size to 2 matching our VOMS task to enable com-
parison. All transfer results suggest that UTM data contains
enough transferable patterns for these tasks.

6. Discussion

Large Language Models (LLMs) and Solomonoff Induc-
tion. The last few years the ML community has witnessed
the training of enormous models on massive quantities of
diverse data (Kenton & Toutanova, 2019; Hoffmann et al.,
2022). This trend is in line with the premise of our paper, i.e.
to achieve increasingly universal models one needs large
architectures and large quantities of diverse data. LLMs
have been shown to have impressive in-context learning
capabilities (Kenton & Toutanova, 2019; Chowdhery et al.,
2022). LLMs pretrained on long-range coherent documents
can learn new tasks from a few examples by inferring a
shared latent concept (Xie et al., 2022; Wang et al., 2023).
They can do so because in-context learning does implicit
Bayesian inference (in line with our CTW experiments)
and builds world representations and algorithms (Li et al.,
2023a;b) (necessary to perform SI). In fact, one could argue
that the impressive in-context generalization capabilities of
LLMs is a sign of a rough approximation of Solomonoff
induction. The advantage of pre-trained LLMs compared
to our method (training on universal data) is that LLM data

(books, code, online conversations etc.) is generated by hu-
mans, and thus very well aligned with the tasks we (humans)
want to solve; whereas our UTMs do not necessarily assign
high probability to human tasks.

Learning the UTM. Theorem 9 of our paper (and (Sterken-
burg, 2017)) opens the path for modifying/learning the pro-
gram distribution of a UTM while maintaining the universal-
ity property. This is of practical importance since we would
prefer distributions that assign high probability to programs
relevant for human tasks. Similarly, the aim of (Sunehag &
Hutter, 2014) is to directly learn a UTM aligned to problems
of interest. A good UTM or program distribution would
contribute to having better synthetic data generation used
to improve our models. This would be equivalent to data-
augmentation technique so successfully used in the machine
learning field (Perez & Wang, 2017; Lemley et al., 2017;
Kataoka et al., 2020). In future work, equipped with our
Theorem 9, we plan study optimizations to the sampling
process from UTMs to produce more human-aligned out-
puts.

Increasingly Universal Architectures. The output of the
UTM U*#(p) (using program p) requires at maximum s com-
putational steps. Approximating M 1, , would naively re-
quire wide networks (to represent many programs in paral-
lel) of s-depth and context length n. Thus bigger networks
would better approximate stronger SI approximations. If
computational patterns can be reused, depth could be smaller
than s. Transformers seem to exhibit reusable “shortcuts”
thereby representing all automata of length 7" in O(log T')-
depth (Liu et al., 2023). An alternative way to increase the
amount of serial computations is with chain-of-thought (Wei
et al., 2022) (see Hahn & Goyal (2023) for theoretical re-
sults). When data is limited, inductive biases are important
for generalization. Luckily it seems neural networks have
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Figure 5: Transfer learning from UTM-trained models on 3k trajectories. Mean cumulative regret (Left) and accuracy
(Middle-Left) of neural models trained on UTM data evaluated against the tasks of the Chosmky hierarchy. We observe
a small increase in accuracy (transfer) from the Transformer models. Transfer to CTW is shown in the right two panels:
Middle-Right: mean cumulative regret, Right: mean accuracy; ‘Naive’ is a random uniform predictor.

an implicit inductive bias towards simple functions at initial-
ization (Dingle et al., 2018; Valle-Perez et al., 2018; Min-
gard et al., 2023) compatible with Kolmogorov complexity,
which is greatly convenient when trying to approximate SI
in the finite-data regime.

Length Generalization. We observed that our Transformer
models usually perform poorly outside the sequence-length
range they have been trained on (e.g. cf. Figures 2 and 12
in the Appendix). Our findings are in concordance with
the quite-active area of research on length-generalization
of transformers (Anil et al., 2022; Zhou et al., 2024; Ruoss
et al., 2023). The main failure point (among others) seems
to arise due to the positional encodings. While positional en-
codings help in-distribution, they do not seem to generalize
well to longer sequences. In contrast, LSTMs do not present
such drawbacks due to the no-use of positional encodings
and because the input is processed sequentially.

Algorithmic Reasoning. In the Algorithmic Reasoning
(AR) literature (Velickovi¢ et al., 2022; Ibarz et al., 2022)
the aim is to train neural networks such that they perform
algorithmic tasks like sorting, searching, etc. Thus, AR
aims at a similar goal as we do; We want our networks to
implement and execute algorithms to solve algorithmic tasks.
To do this, AR typically relies on more sophisticated graph
neural networks (Zhou et al., 2020), while we take more
standard architectures like Transformers and LSTMs. We
frame the problem as a sequence prediction problem that is
universal in generality, whereas in AR typically focuses on
classification. While having similar aims as AR, we believe
we can provide a much deeper foundational point of view
to the problem. We actually respond to the question: “If
we train an algorithmic reasoner on all possible algorithms,
will it predict well?” and our answer is: it will approximate
Solomonoff Induction which is the best universal predictor.

Limitations. Given the empirical nature of our results,

we cannot guarantee that our neural networks mimic SI's
universality. Solomonoff Induction is uncomputable/unde-
cidable and one would need infinite time to exactly match
it in the limit. However, our theoretical results establish
that good approximations are obtainable, in principle, via
meta-training; whereas our empirical results show that is
possible to make practical progress in that direction, though
many questions remain open, €.g., how to construct efficient
relevant universal datasets for meta-learning, and how to
obtain easily-trainable universal architectures.

7. Conclusions

We aimed at using meta-learning as driving force to approx-
imate Solomonoff Induction. For this we had to carefully
specify the data generation process and the training loss so
that the convergence (to various versions of SI) is attained in
the limit. Our experiments on the three different algorithmic
data-sources tell that: neural models can implement algo-
rithms and Bayesian mixtures, and that larger models attain
increased performance. Remarkably, networks trained on
the UTM data exhibit transfer to the other domains suggest-
ing they learned a broad set of transferable patterns. We
believe that we can improve future sequence models by
scaling our approach using UTM data and mixing it with
existing large datasets.

Impact Statement

This paper presents work whose goal is to advance the field
of Machine Learning. There are many potential societal
consequences of our work, none which we feel must be
specifically highlighted here.
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Learning Universal Predictors

A. Solomonoff Samples

Sampling from semimeasures. We can sample strings from a semimeasure y as follows: Start with the empty string
T =€

With probability p(a|z) := p(xa)/p(z) extend z < za for a € X. Repeat.

With probability 1 — 3 ., p(alz) return .

Let D := (2!,...,27) be J (in)finite sequences sampled from j. If we only have these samples, we can estimate y as
follows:
~ w.p.1
fp(x) = |D| Z Lx) N Y1) = 2] P8 p(z) for |D| — oo (2)
yeD

Proof: Let D, := (y € D : £(y) > €(x) A y1.y) = x) be the elements in D that start with z. Since 27 are sampled i.i.d.
from p, the law of large numbers implies |D,.|/|D| — p(x) for J — . O

Limit normalization. A simple way of normalization is

My pon(z1s) = 2aiprin Moz (1)
s,L.,n : =
e Zzl:n Ms,Lm(ajl;n)

This is a proper measure for sequences up to length n. Sampling from it is equivalent to sampling from M r, ,, but discarding
all sequences shorter than n. Let D := (a:j € D’ : ¢(x7) > n). Then

for t<n and 0 else

= = Z[[ylf('c) z] — M(z) for s,L,n,J — o0
yGD

Proof: First, |l~)| /| D] is the relative fraction of sequences that have length n, and > M 1, ,,(%1.,) is the probability that
a sequence has length n, hence the former converges to the latter for J — oo. Second,

Vi 1 _ 1ot
M~(x1:n) = = Hyl:é =T >n A Y = xl:n]]
yeD
|D| J—o0 Ms Ln(l‘l:n) r
= MDJ(xl n) ? — = Ms,L,n((El:n)
|D| Zl‘l:n, Ms,L,n(xlzn)
Third, take the sum thﬂm on both sides, and finally the limit s, L, n — co and set x = x1.. [

A disadvantage of this normalization scheme is that the probability of a sequence = depends on n even if £(x) < n, while
M, 1,.n(x) and M"°"™(z) below are essentially independent of n.

Proposition 4. Let D := (2, ...,x7) be J (in)finite sequences sampled from a semimeasure i (e.g. M ). We can estimate
as follows. Given

:U/D (E = |D| Z l’ A yl:[(m) = (E]]v
yeD

then ip(x) by w(z) for | D] — oo.

Proof: Let D, := (y € D : {(y) > {(x) A y1.4(y) = x) be the elements in D that start with x. Since #7 are sampled i.i.d.
from p, the law of large numbers implies |D,,|/|D| — p(x) for J — o. O

Proposition 6. Let now D’ := (2%, ...,x7) be samples from the measure M j, ,,. Given
- 1
Mp.(z) = 7 Z [¢(y) > €(x) A Y1) = 2]

yeD/

then, Mps(x) — M, pn(x) for J — oo.

13
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Proof: It follows directly from Proposition 4.

Proposition 8. Using the definitions from Proposition 6 we have that

ZyEDJ [e(y) >t A yis = x1:4]
S yepr ) =t A ycr =244]
M ()

Then, we can take the product overt = 1, ..., n to obtain ]\ZT;L%’"ZL(QU) — MI9TH(x) — M (z),

MIY™ (z4|vey) =

Proof: For x = x~; and a = x4, we have

ZMDJ(.I‘CL) = JZ Z [e(y) > €(za) N Y1:0(za) = Ta]

aceX a yeD7
1
=3 Z [L(y) >t A Ja:y1.x = xa]
yeDJ
~ M o0 MS n
hence MD( 7 (alz) = ?Ji@m) =3 Monlaz) = M7 (alz) 3)
o Y u Mpi(za) >0 Ms,Ln(az) o
O]

B. Training with Transformers

Using Transformers for estimating A/. Most Transformer implementations require sequences of fixed length (say) n. We
can mimic shorter sequences by introducing a special absorbing symbol L. & X', and pad all sequences x/ shorter than n with
L s. We train the Transformer on these (padded) sequences with the log-loss. Under the (unrealistic) assumptions that the
Transformer has the capacity to represent M..., and the learning algorithm can find the representation, this (tautologically)
implies that the Transformer distribution converges to M... . Similarly if the Transformer is trained on 7 sampled from
M, L()n (x) for j =1,2,3, ..., it converges t0 Mwo o0, For a Transformer with context 1ength n increasing over time,

even M... — M could be p0551ble To guarantee normalized probabilities when learning M... and Mrerm we do not

introduce a | -padding symbol. For M... we train on D which doesn’t require padding. For training towards Mner™ we
pad the 27 in D” to length n with arbitrary symbols from X’ and train on that, but we (have to) cut the log- loss short
e(m) { log(LLM(z¢|x<¢)), i.e. £(x) rather than n, so as to make the loss hence gradient hence minimum independent of

the arbltrary padding.

Limit-normalized M. This is the easiest case: D removes strings shorter than n from D7 (sampled from M), so D has

distribution M, hence for D = D, the log-loss is minimized by py = M,ie. training on D makes Pp converge to M (under
the stated assumptions).

Unnormalized M. For this case we need to augment the (token) alphabet X with some (absorbing) padding symbol 1 :
Let D, beall x € D7 but padded with some L to length n. We can extend M : X* — [0;1] to M, : X* U {L} — [0;1] by

M (z) = M(x) for all x e X”
M(zl') = M(z) =Y cx M(za) for all xr€X* and t > 1
M (z) == 0 for all x g X{L}"

It is easy to see that D has distribution M, , hence for D = D, the log-loss is minimized by py = M | . Since M [ ()
restricted to € X* is just M (), training on D | makes pg () converge to M (z) for 2 € X*. Though it is possible to train
neural models that would converge in the limit to the standard (computable) Solomonoff prior, we focus on the normalized
version due to Remark 7.

Training variation: Note that for M, the Transformer is trained to predict z L if £(x) < n. If £(x) < n is due to the time
limit s in U?, it is preferable to not train the Transformer to predict L after x, since for s — oo, which we are ultimately
interested in, x may be extended with proper symbols from X'. One way to achieve this is to cut the log-loss (only) in this
case at t = £(x) similar to M"™°™™ below to not reward the Transformer for predicting L.
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B.1. Normalized Solomonoff Loss
Here is the derivation of the loss.

Loss(#) := —% Z logpg(z) = —% Z Zlogpe(xt|x<t)

zeD’ zeDJ t=1
1< " .
= 7 >N logpe(wilrar) = =D > Mps(w1s)log po(iz<s)
t=1 xe DI N(z)>t t=1 1.4
n
= - Z Z (ZMDJ ($1;t)) (ZM”"””(J:tlxa) logp9($t|$<t))
t=1 x<¢ Tt Tt

where the last equality follows from (3).

C. Generalized Solomonoff Semimeasure

Streaming functions. A streaming function ¢ takes a growing input sequence and produces a growing output sequence.
In general, input and output may grow unboundedly or stay finite. Formally, ¢ : X# — X#, where X# := X U X*,
In principle input and output alphabet could be different, but for simplicity we assume that all sequences are binary, i.e.
X = {0, 1}. For ¢ to qualify as a streaming function, we need to ensure that extending the input only extends and does not
modify the output. Formally, we say that

@ is monotone iff [Vg C p: ¢(q) C o(p)]

where ¢ C p means that ¢ is a prefix of pi.e. Ir € X# : gr = p, and T denotes strict prefix r # €. p is ¢-minimal for z if
Ir: ¢(p) = xrand VrVq C p : ¢(q) # xr. We will denote this by ¢(p) = x*. p is the shortest program outputting a string
starting with z.

Monotone Turing Machines (MTM). A Monotone Turing machine 7" is a Turing machine with left-to-right read-only
input tape, left-to-right write-only output tape, and some bidirectional work tape. The function ¢ it computes is defined as
follows: At any point in time after writing the output symbol but before moving the output head and after moving the input
head but before reading the new cell content, if p is the content left of the current input tape head, and z is the content of
the output tape up to the current output tape head, then o7 (p) := x. It is easy to see that 7 is monotone. We abbreviate
T(p) = @7 (p). There exist (so called optimal) universal MTM U that can emulate any other MTM via U (¢'q) = T;(q),
where T, T, ... is an effective enumeration of all MTMs and i’ a prefix encoding of ¢ (Hutter, 2004; Li et al., 2019).

C.1. Proof of Theorem 9

Theorem 9 (Universality of generalized Solomonoff semimeasures). Mg(x) is strongly universal, provided @ is a
computable measure and Q(q) > 0Vq € X* and Q(q1.,) — 0 for n — co. More precisely, for all universal monotone
TM U and all Q) with the above properties, there exists a universal MTM V (as constructed in the proof) s.th. Mg (x) =
My (x) Y. Proof in Appendix C.

We can effectively sample from any computable () if we have access to infinitely many fair coin flips. The conditions on ()
ensure that the entropy of () is infinite, and stays infinite even when conditioned on any ¢ € A™*. This also allows the reverse:
Converting a sample from () into infinitely many uniform random bits. Forward and backward conversion can be achieved
sample-efficiently via (bijective) arithmetic (de)coding. This forms the basis of the proof below. The condition of () being a
proper measure rather than just being a semimeasure is also necessary: For instance, for Q(q) = 4=49) ona Bernoulli(%)

sequence .00, My (Tt|r<t) — % as it should, one can show that Mg (Te]r<r) < % for infinitely many ¢ (w.p.1).

Proof. (sketch) Let 0.¢1.0o € [0;1] be the real number with binary expansion ¢;..,. With this identification, @ can be
regarded as a probability measure over [0;1]. Let F' : [0;1] — [0;1] be its cumulative distribution function, which
can explicitly be represented as F'(0.¢1.00) = Zt:qtzl Q(Tq_,0), since [0; 0.¢1:00) = Ut:q,=10.I'q_,0, Where 0.T'; =
[0.g0°°; 0.g1°°) and () denotes disjoint union. Now assumption Q(gq) > 0 Vg € X* implies that F is strictly increasing,
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and assumption Q(q1.,) — 0 implies that F' is continuous. Since F'(0) = 0 and F'(1) = 1, this implies that F’ is a bijection.
Let 0.p1.00 = F(0.q1:00) and 0.q1.00 = F~1(0.p1.00). *. Further for some finite prefix ¢ T q1.00, We partition the interval

0.0%._; 0.pt ) = [F(0.q0%); F(0.q1%°)) =: ' 0T
(0P oci 0-PLioc) 1= [F(0.90%); F(0.1%)) = (] _ oL,

into a minimal set of binary intervals 0.I',, where ®(g) is a minimal prefix free set in the sense that for any p, at most one of
p, p0, pl is in ®(g). An explicit representation is

®(q) == {p%l:t>toAp) =0} U{pL,0:t>toAp; =1}

where t is the first ¢ for which p{ # p;. Now we plug

Q(q) = F(0.q1%°) — F(0.q0®) = Z 0.1, = Z 9=t into

pE®(q) PE®(q)
Mi@) = 3 Qo= > 2= 3 2= M@
q¢:U(q)=z= ¢U(q)=z+ peP(q) p:V (p)=z*

where V' (p) := U(q) for the maximal ¢ such that p € ®(g). The maximal g is unique, since ®(¢) N ®(¢') = {} if ¢ Z ¢
and ¢’ IZ ¢, and finite since F’ is continuous.

It remains to show that V' is universal. Let p* be such that 0.I',, C [F(0.¢/0°°); F'(0.2/1°°)). The choice doesn’t matter as
long as it is a computable function of ¢, but shorter is “better”. This choice ensures that F~1(0.p**) = 0.7/... whatever the
continuation * is. Now let F'(¢1:00 )il := F(q1:00)t(p?)+1:00 = Pe(p)+1:00 if G1:00 Starts with </, and arbitrary, e.g. F(q1.00),
otherwise. Let T be a MTM with T(¢1.00) := Up(F(q1:00 )tait) for some universal MTM Uj. By Kleene’s 2nd recursion
theorem (Sipser, 2012, Chp.6), there exists an i such that T;(¢q) = T(i'q) Vq. Let k := £(i') + 1 and / := {(p’) + 1 and
q_j =1, hence p_; = p'. Now V(p1:oc) = U(q1:00) implies

V('pi) = Uli'Ghse) = Ti@ne) = T Gjse) = Uo(F(i'j.00)uait) = Uo(pyog)

hence V' is universal, which concludes the proof. O

Practical universal streaming functions. Turing machines are impractical and writing a program for a universal streaming
function is another layer of indirection which is best to avoid. Programming languages are already universal machines. We
can define a conversion of real programs from/to binary strings and prepend it to the input stream. When sampling input
streams 1., we convert the beginning into a program of the desired programming language, and feed it the tail as input
stream.

D. Experiment methodology details
D.1. Architecture details

RNN. A vanilla multi-layer RNN (Elman, 1990) with hidden sizes and multi-layer perceptron (MLP) before and after the
RNN layers as described in Table 1.

Stack-RNN. A multi-layer RNN controller with hidden sizes and MLP exactly the same as the RNN and LSTMs on
Table 1 with access to a differentiable stack (Joulin & Mikolov, 2015). The controller can perform any linear combination
of PUSH, POP, and NO-OP on the stack of size according to Table 1, with action weights given by a softmax over a linear
readout of the RNN output. Each cell of the stack contains a real vector of dimension 6 and the stack size is 64 for all (S, M
and L) sizes.

“Note that P1:m 18 uniformly distributed and is (for some m) essentially the arithmetic encoding of ¢1., with one caveat: The mapping
from sequences to reals conflates 0.q10°° = 0.q01°°. Since the set of all conflated sequences has probability 0, (under @ as well as
Bernoulli(%)), any error introduced due to this conflation has no effect on the distribution M, 3 (z).
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Table 1: Architectures

RNN and LSTMs S M L
RNN Hidden size 16 32 128
Number of RNN layers 1 2 3

MLP before RNN layers (16,) (32,32) (128, 128, 128)
MLP after RNN layers (16,) (32,32) (128,128, 128)

Transformer SINCOS

Embedding dimension 16 64 256
Number of heads 2 4 4
Number of layers 2 4 6

Tape-RNN. A multi-layer RNN controller with hidden sizes according to the Table 1 with access to a differentiable
tape, inspired by the Baby-NTM architecture (Suzgun et al., 2019). The controller can perform any linear combination of
WRITE-RIGHT, WRITE-LEFT, WRITE-STAY, JUMP-LEFT, and JUMP-RIGHT on the tape, with action weights given by a
softmax. The actions correspond to: writing at the current position and moving to the right (WRITE-RIGHT), writing at the
current position and moving to the left (WRITE-LEFT), writing at the current position (WRITE-STAY), jumping ¢ steps to
the right without writing (JUMP-RIGHT), where / is the length of the input, and jumping ¢ steps to the left without writing
(JUMP-LEFT). As in the Stack-RNN, each cell of the tape contains a real vector of dimension 6 and the tape size is 64 for all
(S, M and L) sizes.

LSTM. A multi-layer LSTM (Hochreiter & Schmidhuber, 1997) of hidden sizes according to Table 1.

Transformer decoder. A vanilla Transformer decoder (Vaswani et al., 2017). See Table 1 for the embedding dimension,
number of heads and number of layers for each model size (S, M and L). Each layer is composed of an attention layer, two
dense layers, and a layer normalization. We add a residual connections as in the original architecture (Vaswani et al., 2017).
We consider the standard sin/cos (Vaswani et al., 2017) positional encoding.

Model sizes Model sizes (see 2) were determined by pilot experiments on VOMS data using the LSTM and Transformer
architecture, where we increased the architecture size until models could fit the VOMS data well i.e. minimal log-loss on a
500k budget iterations. This formed the L-variants of the models and the M, and S variants used reduced numbers of layers
and hidden sizes. All other recurrent networks use the same hidden sizes and layers as the LSTM for better comparison. We
used this procedure to assess performance within an architecture class since the number of parameters is not a good metric
across architecture classes.

D.2. CTW

Below is an ultra-compact introduction to (sampling from) CTW (Willems et al., 1995; 1997). For more explanations,
details, discussion, and derivations, see (Catt et al., 2024, Chp.4).

A variable-order Markov process. is a probability distribution over (binary) sequences x1, 22, x3, ... with the following
property: Let S C {0, 1}* be a complete suffix-free set of strings (a reversed prefix-free code) which can equivalently be
viewed as a perfect binary tree. Then p(z; = 0|z <; S, ©5) := 0, if (the unique) context of x; is s = x;_y(5):4—1 € S, and
Ogs := (05 € [0;1] : s € S). We arbitrarily define z; = 0 for ¢ < 0.
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Architecture Hidden Size Num Layers Num Parameters
RNN-S 16 3 898
RNN-M 32 6 7,554
RNN-L 128 9 182,274
LSTM-S 16 3 2,466
LSTM-M 32 6 19,970
LSTM-L 128 9 477,954
Stack-RNN-S 16 3 1,147
Stack-RNN-M 32 6 8,532
Stack-RNN-L 128 9 188,061
Tape-RNN-S 16 3 6,717
Tape-RNN-M 32 6 21,592
Tape-RNN-L 128 9 224,931
Transformer-S 16 2 6,498
Transformer-M 64 4 199,170
Transformer-L 256 6 4,733,442

Table 2: Architectures, width, depth and number of parameters.

Intuition about Variable-order Markov sources VOMS considers data generated from tree structures. For example,
given the binary tree

Root
0/ \1
Leaf 0 Node
0/ \1
Leaf 10 Leaf 11

and given the history of data “011* (where O is the first observed datum and 1 is the last one) the next sample uses Leafy
(because the last two data points in history were 11) to draw the next datum using a sample from a Beta distribution with
parameter Leaf;;. Say we sample a O, thus history is then transformed into “0110” and Leaf; will be used to sample the
next datum (because now the last two datapoints that conform to a leaf are ”10”), and so forth. This way of generating
data is very general and can produce many interesting patterns ranging from simple regular patterns like 01010101 or more
complex ones that can have stochastic samples in it. Larger trees can encode very complex patterns indeed.

Sampling from CTW. Context Tree Weighting (CTW) is a Bayesian mixture over all variable-order Markov sources of
maximal order D € Ny, i.e. over all trees S of maximal depth D and all 8, € [0; 1] for all s € S. The CTW distribution is
obtained as follows: We start with an empty (unfrozen) S = {e}. Recursively, for each unfrozen s € S with £(s) < D, with
probability '/» we freeze s; with probability '/ we split S <— S\ {s} U {0s, 1s} until all s € S are frozen or /(s) = D.
Then we sample 0 from Beta(l/s, /) for all s € S. Finally for t = 1,2, 3, ... we sample z; from p(z¢|x<; S, O5).

Computing CTW. The CTW probability Perw(x1.,) can be calculated as follows: Let as := |[{t € {1,...,n} :
xy = 0 A xy_g(s)x—1 = 5}| count the number of 2; = 0 immediately preceded by context s € {0,1}*, and similarly
b = {t : 2 = LA @_g(s)n—1 = s}|. Letxf,, € {0,1}%="= be the subsequence of z,’s that have context s. For
given 0, for s € S, x5, is ii.d. (Bernoulli(l — 6;)). Hence for 65 ~ Beta(!fs, ), P(x5.,|s € S) = Pxr(as,bs) =
fol 0% (1 — 0,)%Beta(Ya, 1) (0s)d0s. If s & S, we split x5, into 295, and 1%, . By construction of S, a tentative s € S
gets replaced by Os and 1s with 50% probability, recursively, hence Perw (5.,) = 3 Pxr(as, bs) + 2 Perw (29%,) Perw (21%,)
terminating with Perw (z5.,,) = Pkr(as, bs) when £(s) = D. This completes the definition of Perw(21:n) = Petw(25.,,)-
Efficient O(nD) algorithms for computing Perw(21.,) (and updating n — n + 1 in time O(D)) and non-recursive
definitions can be found in Catt et al. (2024, Chp.4).

Distributions of Trees. A tree has depth < d if either it is the empty tree or if both its subtrees have depth < d. Therefore
the probability of sampling a tree of depth < d is F/(d) = £ + 3 F(d — 1)2, with F(0) = 1. Therefore the probability
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of sampling a tree of depth d is P(d) = F'(d) — F(d — 1) ford < D and P(D) = 1 — F(D — 1). The theoretical curve
(P(0) = &, P(1) = £, P(2) = 135....) is plotted in Fig. 7a together with the empirical distribution. More meaningful is
probably the expected number of leaf nodes at each level d. Since each node at level d is replaced with prob. % by two nodes
atlevel d + 1, the expected number of leaf nodes E(d) is the same at all levels d < D. Since E(0) = 3, we have E(d) = 1
foralld < D and E(D) = 1, hence the total expected number of leaf nodes is F; = %D + 1. While this doesn’t sound
much, it ensures that for N = 10’000 samples, we uniformly test 5’000 contexts for each length d < D. We can get some
control over the distribution of trees by splitting nodes at level d with probability ay € [0; 1] instead of % In this case,
E(d) =20 - ... - 2a4-1(1 — ag) for d < D. So for ag > % we can create trees of size exponential in D, and (within

limits) any desired depth distribution.

D.3. Chomsky

Table 3: Table taken from (Deletang et al., 2022). Tasks with their level in the Chomsky hierarchy and example input/out-
put pairs. The T denotes permutation-invariant tasks; the * denotes counting tasks; the o denotes tasks that require a
nondeterministic controller; and the x denotes tasks that require superlinear running time in terms of the input length.

Level Name Example Input Example Output
Even Pairs aabba True
Modular Arithmetic (Simple) 1+2-4 4

Regular (R) Parity Checkf aaabba True
Cycle Navigationf 011210 2
Stack Manipulation abbaa POP PUSH a POP abba

. Reverse String aabba abbaa

Deterministic context-free (DCF) Modular Arithmetic —(1-2)-(4—3-(=2)) 0
Solve Equation® —(x—2)-(4-3-(-2)) 1
Duplicate String abaab abaababaab
Missing Duplicate 10011021 0
Odds First aaabaa aaaaba

Context-sensitive (CS) Binary Addition 10010 + 101 10111
Binary Multiplication® 10010 = 101 1001000
Compute Sgrt 100010 110
Bucket Sortt* 421302214 011222344

E. UTMs: Brainf*ck and BrainPhoque

Our BrainPhoque (BP) UTM produces program evaluation traces that are equivalent to those of brainf*ck (BF) pro-
grams (Miiller, 1993) (see also P” (Bohm, 1964)), but the programs are written slightly differently: they are even less
human-readable but have better properties when sampling programs.

We start by giving a quick overview of the BF machine, then explain why we need a slightly different machine, and its
construction. Finally we explain how to shorten sampled programs and calculate an upper bound on the log-loss.

See Figure 6 for some sample programs and outputs.

E.1. Brainf*ck

BF is one of the smallest and simplest Turing-complete programming languages. It features a read-only input tape, a working
tape, and a write-only output tape. These tapes are assumed infinite but for practical purposes they are usually fixed at a
finite and constant length and initialized with 0. Each tape cell can contain a non-negative integer, which can grow as large
as the ‘alphabet size’. Above that number, it loops back to 0. In the paper, we choose an alphabet size of 17.

3The tape could also grow on request, but this tends to slow down program evaluation.
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Each tape has a pointer. For simplicity, the pointer of the working tape is called WTP, and the value at the WTP is called
datum, which is an integer.

BF uses 8 instructions <>+-1[], . which are:

¢ < and > decrement and increment the WTP, modulo the length of the tape.

e + and - increment and decrement the datum, modulo the alphabet size.

* [ is a conditional jump: if the datum is 0, the instruction pointer jumps to the corresponding (matching) ] .
+ ] is an unconditional jump to the corresponding [.°

* , copies the number under the reading tape pointer into the datum cell, and increments the reading pointer.

* . copies the datum to the output tape at the output pointer and increments the output pointer.

In this paper we do not use an input tape, so we do not use the , instruction.

When evaluating a program, the instruction pointer is initially on the first instruction, the output tape is empty, and the
working tape is filled with zeros. Then the instruction under the instruction pointer is evaluated according to the above rules,
and the instruction pointer is moved to the right. Evaluation terminates when the number of evaluated instructions reaches a
given limit, or when the number of output symbols reaches a given limit.

For a sequence of instructions A [B] C, where A, B and C are sequences of (well-balanced) instructions, we call B the body
of the block and C the continuation of the block.

E.2. BrainPhoque: Simultaneous generation and evaluation

We want to sample arbitrary BF programs and evaluate them for 7' steps each. To maximize computation efficiency of the
sampling and running process, programs containing unbalanced parentheses are made valid, in particular by skipping any
additional ].

Since we want to approximate normalized Solomonoff induction 3, we can make a few simplifications. In particular,
programs do not need to halt explicitly, which removes the need for a halting symbol and behaviour.” Hence we consider
that all programs are infinite, but that at most 7" instructions are evaluated. The difficulty with BF programs is that the
evaluated instructions can be at arbitrary locations on the program tape, since large blocks [ . . . ] may be entirely skipped,
complicating the sample-and-evaluate process.

This can be fixed by generating BF programs as trees, where branching on opening brackets [: The left branch corresponds
to the body of the block (and terminates with a ] ), while the right branch corresponds to the continuation of the block. When
encountering an opening bracket for the first time during evaluation, which branch is evaluated next depends on the datum.
Hence, to avoid generating both branches, we need to generate the program as it is being evaluated: when sampling and
evaluating a [, if the datum is O we follow the right branch and start sampling the continuation without having to sample
the body (for now); conversely, if the datum is not zero, we follow the left branch and start sampling and evaluating the
continuation. If the same opening bracket is later evaluated again with a different datum value, the other branch may be
generated and evaluated.

Our implementation of program generation and evaluation in BrainPhoque uses one growing array for the program, one
jump table, and one stack for yet-unmatched open brackets.

If the instruction pointer is at the end of the program, a new instruction among +—<>[] . is sampled; if it is [ and the
datum is 0, it is changed to {. The new instruction is appended to the program, and is then evaluated. If the new instruction
is [, the next instruction to be sample (and appended to the program) is the beginning of the body of the block, but if instead
the new instruction is {, the next instruction to be sampled (and appended to the program) is the continuation of the body. At

SFor efficiency reasons the instruction ] is usually defined to jump to the matching [ if the datum is non-zero. We stick to a
unconditional jump for simplicity reasons.

"The halting behaviour can be recovered by ending programs with a particular infinite loop such as [ 1+ [] (which loops whether the
datum is zero or not), and terminate the evaluation (instead of looping forever) upon evaluating this sequence.
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this point the jump table does not yet need to be updated — since the next instruction to evaluate is also the next instruction
in location. The jump table is updated to keep track of where the continuations and bodies are located in the program. If the
instruction pointer eventually comes back for a second time of an opening bracket [ (resp. {) and the datum is now 0 (resp.
not 0), the continuation (resp. body) of the block must now be sampled and appended to the program; and now the jump
table must be updated accordingly.

The stack of unmatched brackets is updated only when the body of a block is being generated.

Some properties of BrainPhoque:

« If a program is run for ¢ + k steps, it behaves the same on the first ¢ steps for all values of k.8 In particular, unmatched
opening brackets behave the same whether they will be matched or not.

* Program generation (sampling) only requires a single growing-only array. A tree structure is not required. This is the
reason for having the additional { instruction, which makes it clear — once evaluated the second time — whether the
body or the continuation has already been generated.

« If the instruction pointer is at cell n, then all instructions to the left of n have been evaluated at least once. If this is the
first evaluation of cell n, then no instruction to the right of n have been evaluated yet.

It must be noted that, in order to fully adhere to Solomonoff’s definition, the programming language needs to have access to
a sequence x of random bits which probability must be 2¢(*). To enable this, the comma operator , can be used to read
random bits from a input tape. The number of random bits read must be accounted for in the code length. For simplicity, in
the experiments we set the probability of the comma operator to 0, which in essence only covers all deterministic sequences.

E.3. Solomonoff log-loss upper bound and shortening programs

We tried to provide a meaningful upper bound for the loss of Solomonoff induction for Figure 4, but this is far from easy.
See Section 4 for context. As mentioned there, to calculate a more meaningful upper bound, we shorten programs by
recursively removing unnecessary open brackets and closing brackets that are unmatched, as well as all self-cancelling pairs
of instructions (+-, —+, <>,><). Moreover, we remove all instructions of the program that have been evaluated for the first
time after the last evaluation of a print . instruction (since they do not participate in producing the output). This procedure
often reduces programs by a third. Programs that do not output anything are thus reduced to the empty program (probability

1).

If ¢ is a sampled program, then ¢ is the corresponding shortened program. We calculate an upper bound on the loss of the
Solomonoff predictor, with U = BrainPhoque, on a set of sampled programs ) = (¢', ..., ¢”) and corresponding outputs

(U(g")1:256, - - - U(q”7)1:256)s
Loss(My, Q) = Z —log Z 74P < Z —log 74D = log(7) Z £(q) 4)
qu p:U(p)1:256=U(q)1:256 qu qEQ

since the program alphabet is not binary but has 7 instructions. Unfortunately, even after reduction this bound is still quite
loose, but improving this bound meaningfully would likely require a much larger amount of computation.

E.4. Filtering out boring sequences

As an additional experiment, we built a Markov model to learn an improved distribution over the BrainPhoque instructions
than the uniform one. See Table 4. To do this, we use a filter on programs and sequences to learn from. A sequence is
‘boring’ if its shortened program is longer than a threshold (program is too complex; we used a threshold of 100), or if its
output is not of maximum length (program is too slow).

A sequence is also boring if it is too repetitive. See Algorithm 1 for a function that counts the number of repetitions in a
sequence for a given delay between symbols. Then we search for the delay that maximizes the repeating count. If this
maximum repeating count is larger than 70% of the sequence length, the sequence is boring. For example, the sequence
“abababab...” is boring, while the sequence enumerating the binary numbers is not boring.

8While this is an obviously desirable property, it is also easy to overlook.
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Markov chain order 0

Cx. | < > + - [ |1 . [ Freq.

Markov chain order 1

Table 4: Pre-trained BP program sampling probabilities
Instead of sampling programs uniformly, we can sample them
w.r.t. any probability distribution () that satisfies Theorem 9.
We initially sampled programs uniformly and filtered out
‘boring’ sequences. Then we trained () via cross-entropy to
mimic the distribution of ‘interesting’ sequences. We used a
2nd-order Markov process as a model for ). While uniform
sampling resulted in only 0.02% interesting sequences, sam-
pling from @ increased it to 2.5%, a 137-fold improvement.
The table on the left shows the Oth, 1st, and 2nd order Markov
processes Q(p:), Q(p¢|pi—1), and Q(pt|pi—2pt—1) from
which BP programs are sampled, for p. € {<>+-[1{.},
but where results for [ and { have been merged. Each row
corresponds to a context (none or p;_1 Or p;_op:—1). We also
included Q(p1|po:=-) and Q(p1|p—1po:=--). The entries in
each column correspond to the sampling probability of p;
in the corresponding row-context. Training on interesting
sequences has led to a non-uniform distribution (). Universal-
ity is preserved for any k-order Markov process, provided all
transition probabilities are non-zero. The probability Q(.)
of outputting a symbol has nearly doubled from 0.14 to 0.27
on average, while the probability of loop brackets ([, 1) re-
duced to 0.07 each on average. The marginal probabilities
Q<) = Q(>) = Q(+) = Q(-) =~ 1/7 have not changed
much, but many of the conditional ones have. Certain com-
bination of instructions are now blocked: For instance +-
and —+ and <> and >< have probability close to 0, since they
cancel each other and hence are redundant. Some triples such
as ] [- and <+ and >- and others are enhanced.

Caveat: We did not have time to retrain our NN models on
these newly generated sequences (experiments are still run-
ning). But since the statistics is improved, we expect the
results in Figures 4 and 5 to improve or at least not deterio-
rate.
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Figure 6: Some BrainPhoque programs and their corresponding outputs (truncated at 256 symbols). The smallest bars (in
red) correspond to the value 0, and the largest bars (in gray) correspond to value 16. The programs have been reduced after
evaluation by removing a set of unnecessary instructions. Most of the generated outputs are regular, and only about 1 in
5000 sampled programs exhibits non-regular patterns. But see Table 4 for a way to improve these numbers and generate
more interesting and complex sequences.

F. Additional Results Details

Below we show additional results of the experiments on the VOMS (Figure 7), the Chomsky tasks (Figure 8) and UTM
source (Figures 10 and 11). Finally, on Figure 12 we show further details of the length generalization analysis.

Algorithm 1 Returns the number of repetitions in sequence for a given delay between symbols.

def repeating_count (output, delay) :
count = 0 # number of equal elements
for i in range(delay + 1, len(output)):
if output[i] == output[i—delay]: count +=1
return count
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Figure 7: Detailed results for the same 6k sequences as in Figure 2. Top two panels show histograms over tree depth
(for all trajectories) and current context length (over all datapoints of all trajectories) use for evaluation in Figure 2. As
expected, most generated trees have low depth and most datapoints have short contexts. The three lower panels show average
cumulative regret per tree depth, and average instantaneous regret per context length respectively. Thin lines correspond to
individual models (with different random initialization), bold lines show the median per model size. Across architectures
smaller models only predict well for very short tree depth or very short context lengths (the maximum context length is
upper bounded by the tree depth, but many contexts are much shorter than the maximum tree depth). Context lenghts > 11
are rare, which makes quantitative results in this regime less reliable.
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Figure 8: Detailed performance of networks trained and evaluated on the Chomsky tasks (6k sequences, 400 sequences per

task; main results shown in Figure 3). Thin lines correspond to a single random initialization of a model, bolt lines show the

median respectively.
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Figure 12: Full details of sequence-length generalization results. Models were trained on sequences of length 256 on their
respective tasks, and are evaluated on 6k sequences of length 1024 from the same data generator type. Thin lines show
individual models, bold lines are the median across random initializations of the same model. As expected, all models
perform fairly well up to their trained sequence length, and then performance deteriorates more or less sharply. Most notably,
prediction performance of the transformer models, regardless of their size, degrades very rapidly after step 256 and is often
an order of magnitude worse than the other models. Across all experiments, LSTMs perform best in terms of generalizing to
longer sequences.
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