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Abstract

In this paper, we introduce PolyMath, a multilingual mathematical reasoning
benchmark covering 18 languages and 4 easy-to-hard difficulty levels. Our bench-
mark ensures difficulty comprehensiveness, language diversity, and high-quality
translation, making it a highly discriminative multilingual mathematical bench-
mark in the era of reasoning LLMs. We conduct a comprehensive evaluation for
advanced LLMs and find that even Qwen3-235B-A22B-Thinking and Gemini-2.5-
pro, achieve only 54.6 and 52.2 benchmark scores, with about 40% accuracy under
the highest level. From a language perspective, our benchmark reveals several key
challenges of LLMs in multilingual reasoning: (1) Reasoning performance varies
widely across languages for current LL.Ms; (2) Input-output language consistency
is low in reasoning LLMs and may be correlated with performance; (3) The think-
ing length differs significantly by language for current LLMs. Additionally, we
demonstrate that controlling the output language in the instructions has the poten-
tial to affect reasoning performance, especially for some low-resource languages,
suggesting a promising direction for improving multilingual capabilities in LLMs.

1 Introduction

The rapid development of Artificial Intelligence (AI) has positioned Large Language Models (LLMs)
as a promising path towards achieving Artificial General Intelligence (AGI) [27, 3, 2l]. The research
focus has recently shifted from fast to slow thinking, transforming the LLM paradigm into reasoning
models such as OpenAl-ol and Deepseek-R1 [[18] [14]]. This evolution significantly enhances the
reasoning capabilities of language models.

*Equal contribution in alphabetical order. Details of language responsibilities are provided in Appendix
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“Due to space limitations in the camera-ready version of the conference paper, many important analyses are
provided in the appendix. For a more seamless reading experience, we recommend this full version.
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b Tt (e, @RS %, ¢ English (en, Original): \
Suppose By is the braid group on n strands. For 1 <n € Z, let tr, be the associated Ocneanu trace, Given a convex polygon with 20 vertexes, there are many ways of traingulation it (as 18 triangles). We
H, be the multi-parameter Iwahori-Hecke algebra spanned by {T,, | w € S,}, where S, is the call the diagram of triangulation, meaning the 20 vertexes, with 37 edges(17 triangluation edges and the
symmetric group on n elements, Finally, let f,: B, - Hy be given by f; (g) = T;. Compute tr, original 20 edges), a T-diagram. And the subset of this T-diagram with 10 edges which covers all 20
o f, (@73, vertexes (meaning any two edges in the subset doesn't cover the same vertex) calls a "perfect matching"

of this T-diagram. Among all the T-diagrams, find the maximum number of "perfect matching" of a T-
Chinese (zh): diagram.
% By 72 n i EREERE. AT 1<n€Z, 4 tr, KR Ocneanu 3, Hy R (T, | w € 5,} 5k
B1% 2% Iwahori-Hecke R%(, 3ttt S 2 n ATEHMXFRE. HF, 4 fur By - Ho XN Chinese (zh):
fa(@) =T; o Wi trz 0 f5 (67%)0 SE—ARA0A TN 2 TE, AREHAEIE =M MTTE RIS =MAIE) - RAHEEE20
ATRFBTHRIG (175 =53 FFAM20%30) w53 EFAT-E . fEXIKT-Ed, —HEE105%D
German (de): (9T, WRHE T A0 (PR T R B AR T R SR 9K T
Angenommen, B, ist die Zopfgruppe mit n Stringen. Fir 1<n€Z sei tr, die zugehorige CSERVURL o AEFATT-E, BB AT IR RRARR
Oc pur, Hy sei die ige Iwahori-Hecke-Algebra, die aufgespannt wird durch
{T | w € Sy}, wobei S, die symmetrische Gruppe auf n Elementen ist. SchlieRlich sei fy: B, > Hy Arabic (ar):
definiert durch f, (a;) = T;. Berechnen Sie tr; o f; (a7%). o W lahsall e 3l (Bs 18 (5SS dtalin) Gyl o wyotall s oS 20 d‘ u,.x s i 3929 Jlasl
Balasa gl ool @l> 205 i) (o > 17) Bl 37 g0 teal) sl (smer il AubacT, dyaell degazmall
Russian (ru): el s T Y il dsgamall § il ol o gno) M\ o9 e uh.u, s> 10 e g @l
Tpesmonoxin, wro B, ~- 510 rpymma KocnBepesok. [ 1<n€Z mycrs tr, Gyner 1)l " (e (ol o (3 SSRSST. <o o T il G J oS sl g o ¢
accorymposarHbiM criejiom Okreanty, Hy, - \pameTpirdeckoit areGpoit Msaxopi 3 T 7 i
HatsyTon Ha {T,, |W € S}, 171e S, - 5T0 cuMVeTpuUecKas rpyrina u3 n iementos. Hakomer, .
1yCT fy: By — Hy 3anaetcs xax fy (07) = Ty. Botavcmre tr; o f (072). )
Japanese (ja):
Indonesian (id): 0@OTRERHONE AL ESAET . COSMBEZMESN SHO=ZMBISH) TS
Misalkan B, adalah kelompok kepang pada n helai. Untuk 1 < n € Z, biarkan tr, menjadi jejak f?’ DFT. COSMBAMORE QOHOFUE. 17AD=FAEHA LS J:UL 20408 5% %
Ocneanu yang terkait, H, adalah aljabar Iwahori-Hecke multi-parameter yang direntang oleh AITADR) £ [T-L4T75 5] EHUET. COT-H47 75 LOBARAT. 10KDAH 54
{T,, |W € Sp}, di mana S, adalah kelompok simetris pada n elemen. Terakhir, biarkan fy: By — Hy U\ TRTOMDOFEEEH/3—F 5 (DF 0 BARENOERD2ADBAH I Ui %3k
HLEWV) bD%E COT-H4 TS5 A0 [EEIYF VT EMVET. TRTOT-H 4

didefinisikan oleh £, (o) = ;. Hitung tr; o f, (7). S e e s

Portuguese (pt): Top-Level @::eeeeeceicceesydieennnesed o FY7) ORKBERDT LS.

Suponha que B, seja o grupo de trangas com n fios. Para 1 < n € Z s

ja

tr, o trao de Ocneanu associado, Hy seja a dlgebra Iwahori-Hecke Answer: 89
de maltiplos parametros gerada por {7y, | w € S,}, onde S,, é0 grupo .
simétrico com n elementos. Finalmente, seja fy: By — H, dado por £ e e High-Level
fu (07) = T;. Calcule try o f; (o7%) - g8
]
o
Answer: 2q~1 + g~%(z* — 1. y e ]
N £3 "
2%
/ : = ™
Medium-Level @----4: i C T e Low-Level
English (en, Original): English (en, Original):
Define a geometric sequence with the first term equal to 1 and a Josh decides to try flipping a house. He buys a house for $80,000 and then
positive common ratio as an "M-sequence”. Let m be a positive integer. puts in $50,000 in repairs. This increased the value of the house by 150%.
If exists an "M-sequence" {c,} (n € N*), for any positive integer k, when Poly-M ath How much profit did he make?
k < m, the condition ci < by, < g4 holds, find the maximum value of m. . v )
Comprehensive Language Versions X .

. & Difficulty Levels Cnincecliah); B .
Chinese (zh): Fea Y E#HT . MAET 80,000 KIEK T —Hp; T, AIFHEEA 50,000 K76
SESCHA 1 BA R IER S HES, “M-BF)” o Beom RIERE, HIEE M5 HEATHERS o SRR ;A NN T 150% . Al T 2 F13H?

{en} (n € N°), XFFAERERE Kk, Yk <mbf, #4 o < by < cpn BOL, R m BIBRKRAE.
. Bengali (bn):
Spanish (es): (O g6 MG 591 T2 Brars e | B $80,000-9 951 MG FH A 938 $50,000 fATT
Define una progresién geométrica con el primer término igual a 1 y una razén comdn positiva TS FAE | ﬁawmwﬁg%ﬁﬁﬁ\ fof F© G &1 FAE
como una “secuencia-M”. Sea m un entero positivo. Si existe una “secuencia-M” {c,} (n € N*), para
cualquier entero positivo k, cuando k < m,se cumple la condicion c < by < ey , encuentra el Malay (ms):

valor maximo de m. Josh memutuskan untuk mencuba membalikkan sebuah rumah. Dia membeli rumah dengan harga

$80,000 dan kemudian $50,000 untuk ikan. Ini nilai rumah sebanyak
150%. Berapakah keuntungan yang dia perolehi

French (fr):

Définissez une suite géométrique dont le premier terme est égal a 1 et dont la raison est positive
comme étant une "suite M". Soit m un entier positif. S'il existe une "suite M" {¢,} (n € N*), pour
tout entier positif k, lorsque k <m, la condition ¢ < by < cy4, est satisfaite. Trouvez la valeur
maximale de m.

Swahili (sw):
Josha anaamua kujaribu kununua nyumba na kuuza kwa faida. Ananunua nyumba kwa $80,000 na
kutumia $50,000 kuikarabati. Hii iliongeza thamani ya nyumba hiyo kwa 150%. Alipata faida ya kiasi

ani?
Ttalian (it): &
Definisci una successione geometrica con il primo termine pari a 1 e una ragione comune positiva Telugu (te):
come una "M-sequenza’. Sia m un intero positivo. Se esiste una "M-sequenza” {¢,} (n € N*), per 5 08 M08 DEYDA DEOD DEAVOEHERT . @S 2,8 0D $80,000 K Sefien T,
ogni ‘mtc:;)‘ positivo k, quando k <m, la condizione ¢ < by < cyyy @ verificata, trova il valore BES S63H© TE $50,000 FOI0EE. B6 RS DendH 150% DODOB. VS N0
massimo di m. €50 Frord?
Korean (ko): . .
R #A 0| 1013 ol BIE JT IS+ YS MY 02t BolgLIL Yol e m 7t Vickamese ) ' ' - .
ZOIRE W, 'MAY (o) (e N 7t EWSTID JbEBLIC golol ool WA k on [M o Josh quyét dinh thi 13t mot ngoi nha. Anh ta mua mt ngoi nha véi gid 80.000 d6 la va sau d6 diu tw
o= pe thém 50.000 d6 la vao viéc sira chira. Piéu nay da lam ting gia tri cia ngoi nha lén 150%. Anh dy da kiém
< IIXH <b < OFEBICED B 0, m O] A|HZS MHe. Y
m W, E ¢ < by < cpuy 2 P02 W, m 2 2S5 TOtA dirgebaomhiew i nhuan?!
Answer: 5
Answer: 70000
AN AN ,

Figure 1: Illustration and question-answer examples of our PolyMath benchmark: We partition
difficulty in the mathematical field into 4 levels from a macro perspective. Each level consists of
125 problems, with each problem available in 18 parallel language versions. Besides English and
Chinese, examples in other languages are randomly displayed under one of the levels in the figure.

Mathematics serves as a fundamental field for evaluating LLM reasoning intelligence. In recent
years, mathematical reasoning benchmarks have closely evolved alongside LLMs, covering almost
every domain from basic math word problems [9]] to complex multidisciplinary calculations and
proofs [6]], and even to Olympiad competitions [[16} [T1]] and frontier mathematical challenges that
approach the limits of human intelligence 21]).

However, the connection between “language” and “reasoning” is not explored sufficiently. Popu-
lar multilingual mathematical datasets, such as MGSM and XSVAMP [(4]], are too simple to
effectively assess the reasoning capabilities of advanced reasoning LLMs. As a result, multilin-
gual reasoning benchmarks have lagged behind recent advances in LLM performance, with most
challenging datasets still limited to English [12]. Recent efforts like MT-AIME offer modest
difficulty improvements but include only very limited data per language. Moreover, all translations
are generated by LLMs without human validation, raising concerns about data quality. Thus, build-
ing a high-quality and challenging multilingual mathematical reasoning benchmark is essential for
advancing the study of multilingual reasoning in the reasoning LLM era.



To bridge this gap, we build PolyMath, a multilingual benchmark organized by comprehensive
difficulty levels, spanning from K-12 to Olympiad and advanced frontier mathematics. Figure [1]
depicts the structure of PolyMath and includes representative examples from it, which is designed
with the following key principles:

* Broad Difficulty Range: PolyMath is meticulously structured into four difficulty levels based
on two macro dimensions: Thought Depth and Knowledge Breadth. Each level contains 125
problems per language, spanning a broad range of mathematical topics and domains. This design
helps clearly differentiate the reasoning abilities of LLMs.

» Language Diversity: Each problem in PolyMath is available in 18 parallel language versions,
encompassing over 75% of the world’s native speakers and major language families, ensuring
diversity across both high-resource and low-resource languages.

* High-Quality Translations: Each translation in PolyMath is carefully calibrated by language
experts, who are either linguistics graduate students from top universities or native speakers. This
ensures precise terms and logical clarity while avoiding the direct use of LLM-generated output.

We conduct extensive experiments (Section [3.2)) on advanced non-reasoning and reasoning LLMs,
finding that even Qwen3-235B-A22B-Thinking and Gemini-2.5-pro achieve benchmark scores of
only 54.6 and 52.2, with accuracy about 40% at the highest level. Crucially, PolyMath effectively
reveals language gaps in reasoning performance across different difficulty levels, with differences
of up to 10 points even at low-accuracy settings. Beyond performance, we further explore the
consistency between input and output languages (Section [3.3), the impact of controlling output
language on performance (Section[3.4)), and the thinking length variations across languages (Section
[3.3). These conclusions offer valuable insights into the slow-thinking pattern in multilingual contexts.
We hope PolyMath serves as a strong benchmark to advance the research of multilingual reasoning.

2 Construction of PolyMath Benchmark

This section details the construction process of our PolyMath benchmark. Section defines
the easy-to-hard difficulty levels for mathematical reasoning from a macro perspective, creates a
comprehensive gradient for the benchmark. Section presents data collection, ensuring each
level includes representative mathematical problems. Section [2.3]describes how we translate the
original English problems into multiple language versions. Finally, Section[2.4] provides statistics of
PolyMath, and Section[2.5]introduces a difficulty-weighted accuracy metric tailored to PolyMath.

2.1 Difficulty Level Partition

Existing English mathematical benchmarks typically classify levels based on either “learning stages”
(e.g., high school, undergraduate, graduate) [16]] or “problem sources” (e.g., exams and competitions)
[L1]], mainly to indicate problem difficulty. However, our goal is to build a benchmark that spans a
wide range of the mathematical field, which poses challenges for current partitioning methods: (1)
Different benchmarks use inconsistent criteria, such as learning stages or problem sources, making
integration difficult; (2) From a broader view of mathematics, existing categories are often overly
fine-grained. For example, distinguishing between “high school” and “undergraduate” math may not
correspond to meaningful difficulty differences. For LLMs with broad knowledge, such categories
may offer similar difficulty levels when thought depth remains comparable.

Therefore, we define and partition difficulty levels in the mathematical field using two key dimen-
sions: Thought Depth and Knowledge Breadth. Thought Depth corresponds to human IQ, while
Knowledge Breadth represents the extent of a person’s mathematical knowledge. Specific partition
standards and explanations are shown in Table[I} The existing benchmark partition dimensions about
“learning stage” and “problem source” help categorize data within each level.

2.2 Data Collection

PolyMath consists of 500 high-quality mathematical reasoning problems, with 125 problems at each
level. All original problems are presented in English and later translated into other languages (see
Section [2.3). Our data collection process integrates two methods: incorporating existing publicly



Table 1: Difficulty level partition in our PolyMath and corresponding explanations.

Difficult Dimension
lL cul y Problem Type
eve Thought Knowledge
Depth Breadth

Low * * * K-12 Mathematics: Basic algebra, geometry, and probability & statistics,
primarily presented as Math Word Problems (MWP).

Medium *k %k * Exercises and Exams (High School & University): Post-class exercises
from various math branches and authoritative entrance exams.

e Competitions (Low Difficulty): Publicly accessible competitions that are
slightly more challenging than standard in-class exam problems.

High ok ok *k  Competitions (Mid-to-High Difficulty): Problems that require critical
thinking but do not demand deep theoretical knowledge. In comparison to
the competitions at the medium level, the participants in these contests have
already undergone preliminary selection.

Top :*o;k* :*oo* * Competitions (Top Olympiad): The highest-tier international/national/re-

gional mathematics Olympiads, representing the upper limits of human IQ.

Frontier Mathematics: Advanced mathematical disciplines and emerging
research areas, approaching the limits of human mathematical systems.

available benchmarks and scraping official repositories from the Internet (main). The problems are
collected according to the four-level partition in Table[T}

* Low-level: Due to the relatively uniform problem format in K-12 mathematics, we directly
source all 125 samples from MGSM [23]] with 10 language versions. Additionally, we acquire
translations in 4 more languages from P-MMEval [37].

¢ Medium-level: For exam problems, we include post-class exercises from College Math used in
university courses, as well as final questions from China’s Gaokao and post-graduate entrance
exams. For low-difficulty competition problems, we focus on the USA’s AMC and China’s
CNMO (first round, provincial selection) and the CMC, which are widely accessible to a general
participant. All problems are collected from official websites and parsed from PDFs.

* High-level: For mid-to-high-difficulty competition problems, we focus on competitions that have
an initial selection process and an entry threshold but are not the top international or national
contests, thus maintaining a broad selection nature, such as the USA’s AIME and China’s CNMO.

* Top-level: For the top Olympiads competition, we select 100 problems from IMO/IMO-shortlist
and various national/regional Olympiads (e.g., CMO, USAMO, Putnam). All competition prob-
lems are sourced from their official websites or AoPS Wiki. For frontier mathematics, we select
25 problems from the HLE dataset [21]], which represent challenging problems as perceived by
the world’s top mathematicians.

The specific sources and problem numbers are detailed in Appendix [D.1] Unlike prior work that relies
on LLMs to assign difficulty levels [L1]], our level tagging is conducted entirely by doctoral students
with strong backgrounds in mathematics and competition experience. Each label is further reviewed
by two additional mathematical experts. This process avoids the uncertainties of LLM-based tagging
and minimizes human bias, ensuring both accuracy and professionalism in level assignment. The
four-level classification criteria have also been reviewed and endorsed by experts.

2.3 Multilingual Translation Annotation

After collecting original English problems, we translate them into multiple languages. We select
18 languages (including English), covering several major language families and 75% of the world
population. Detailed language information is shown in Table [2]

Mathematical translation is far more challenging than general translation: (1) Translators must be
fluent in the target languages and have a basic grasp of mathematics. They need to accurately interpret
mathematical terms and understand the problem’s logic. Such specialized annotators are rare. (2) The
process is also highly time-consuming, as it requires precise handling of domain-specific terms. A
single mistake in a key term can distort the entire problem, rendering the sample completely invalid.



Considering these annotation challenges, we lever- Table 2: Detailed information of all 18 languages
age LLM to assist in the translation process and  supported by our PolyMath. Statistical Data are
reduce costs. Our annotation pipeline consists from https://www.ethnologue.com/.

of three stages: (1) LLM Pre-Translation: We
first prompt GPT-40 to generate preliminary trans-

Code Full Name Language Family Native Speakers (M)

. .. . . en English Indo-European 1,500
latlpns of the original Enghslisproblem Q11nt0 | G o Tibetan 1,400
various target languages {Q;};2,. (2) Terms EX- o spanish Indo-European 595
traction: Next, we recruit mathematical experts  ar Arabic Afro-Asiatic 400
to extract key terms from (Q; to form a term list lf; g’e“‘*; i"g"i“mpea‘“ ;gg

. n engali ndo-kcuropean
T, representing what must t?e accurately trans- ' poiueuese  Indo-European 270
lated in the problem; otherwise, the sample cor- Russian Indo-European 260
rectness will be affected. The annotator extracts  id Indonesian  Austronesian 200
about 30 terms per hour. (3) Translation Cali- in: i;:;l:e }Zsz;fc"mp”“ Bg
bration: Finally, we recruit language experts with v swaniii NG 100
basic mathematical knowledge to modify GPT-  vi  Vietnamese Austroasiatic 86
40’s translations {Q;}18, into the updated trans- it~ Talian Nl Sz =

. . /18 - . te Telugu Dravidian 81
lation versions {Q} };2,, with a primary focus on o o m Koreanic 50
verifying the translation precision of each term &  Thai Kra-Dai 80
T € T. Meanwhile, they must ensure that formu-  ms  Malay Austronesian 77
las are losslessly transferred across different lan- Total: 6,079 (~75% of total world population)

guage versions, paying special attention to cases
where notation differs but the compiled result remains the same. Annotators calibrate about 8 samples
per hour, with Q; and {Q’}!2, constituting the final set of 18 parallel language versions of the
problems. Detailed annotation process and annotator backgrounds are shown in Appendix [C]

Table 3: The ratio of samples with content errors (content disagreement) or fluency issues (fluency
disagreement) identified by annotators in GPT-40’s pre-translation for each language and level.

‘ zh ar  bn de es fr id it ja ko ms pt u sW te th  vi

Low-level - - - - - - 00 00 - - 00 - - - - - -
. Medium-level | 48 88 96 80 9.6 00 80 1.6 128 40 48 96 96 152 128 152 1.6

Content Disagreement Rate (%) .

High-level 48 24 144 72 72 16 72 24 152 40 40 168 168 20.0 13.6 168 48
Top-level 64 40 144 96 96 08 80 24 128 72 88 88 136 200 184 200 80

Low-level - - - - - - 48 32 - - 56 - - - - - -
Fluency Disagreement Rate (%) Medium-level | 7.2 5.6 168 64 48 32 00 40 56 48 64 16 48 104 96 64 80
High-level 88 80 152 64 88 24 24 48 96 24 96 24 80 144 144 72 8.0
Top-level 136 9.6 21.6 144 48 24 1.6 40 144 32 64 16 48 152 136 40 80

Why Not Rely on LLM Translations? During the calibration process, we simultaneously count
the number of samples where annotators disagree with the translation results of GPT-40, mainly on
two key aspects: (1) Content Disagreement: The number of samples where annotators identify errors
in term translation, errors in formula migration, or other content that affects the problem meanings.;
(2) Fluency Disagreement: The number of samples where annotators find GPT-40’s translation
introduces unclear nested conditions or logic, making comprehension more difficult. Table 3] presents
the statistical results, showing that the disagreement number is nonzero across almost all languages.
Notably, the content disagreement rate directly reflects the proportion of unusable samples — any
nonzero value indicates the presence of erroneous samples. This underscores that relying entirely on
LLM-based translation will introduce significant noise into the benchmark.

2.4 Benchmark Statistics

MetaData. Table[d]presents the general metadata of our PolyMath, with the full metadata of each
language shown in Appendix [D.2] (1) Problem length generally increases with higher levels, but the
differences across languages are minimal, indicating that translation has little impact on the length of
the same problem. (2) Answers in our PolyMath are presented in diverse forms, including Numeric,
Expression, Equation, Interval, Set, Tuple. As the level increases, the diversity of answers grows,
leading to greater variance in answer length. (3) Natural Language Coverage (NLC) refers to the
proportion of text remaining after excluding language-independent formula blocks from the problem.
A higher NLC suggests that LLMs may be more influenced by language when understanding the
problem. We find that as the level increases, NLC also rises due to the increasing number of formulas
involved. However, the overall value remains around 50%, staying within a reasonable range.


https://www.ethnologue.com/

Domain Diversity. We conduct separate domain Table 4: Metadata of PolyMath. “*” indi-
statistics for each level, demonstrating that our prob- cates the average across all languages, with
lem domains remain diverse at every level. Detailed the standard deviation shown in the bottom-
statistical results can be found in Appendix [D.3] right cell. Lengths are computed after tok-

enization using the Gemma3 tokenizer [26].

Semantic Visualization. We use the T-SNE projec-

tion to visualize the text embeddings of the English Statistical Item Number
problems at each level. The problems are encoded Language Type 18
using gte-Qwen2-7B-instruct [36]], and the visu- Difficulty Level 4
alization is shown in Figure 2] We find that low-level Problem Each Level 125

Total Data 125*4*18=9000

problems differ significantly from the other levels,

while the remaining three levels, though distinguish-

Average Problem Length™

able, exhibit some degree of overlap. This occurs be- o Low-level 72289
cause the difference in “thought depth” among the last e Medium-level 101.26
three levels is greater than the difference in “knowl- * High-level 126.4107
edge breadth”, which is difficult to fully capture in em- o Top-level 133.7119
beddings [29}30]. Therefore, problems that are close Average Answer Length
in embedding space can differ significantly in diffi- e Low-level 23
culty, further underscoring the importance of human e Medium-level 9.2
intervention in data collection and difficulty labeling. e High-level 6.2
o Top-level 9.4

2.5 Benchmark Score: Average Natural Language Coverage™

Difficulty-Weighted Accuracy * Low-level 97.4%1.4%
o Medium-level 43.5%379
Our PolyMath is structured into four levels. Using o High-level 55.7%3.2%
e Top-level 54.7%3.3%

standard accuracy as the evaluation metric would
equate solving a low-level problem with solving a
top-level one, which is inherently unfair as the ef-
forts required to solve them successfully differ significantly.. To address this, we introduce the
Difficulty-Weighted Accuracy (DW-ACC) as our benchmark metric. This metric assigns level-
specific weights w1, ws, w3, w4 to each problem from the low-, medium-, high-, and top-level,
respectively. The weights double at each ascending level: By default, we set w; = 1, leading to
wo = 2,ws = 4, w4 = 8. This means that solving eight low-level problems is equivalent to solving a
single top-level problem in terms of contribution to the final score.

DW-ACC provides a more reliable performance metric by downweighting success on easier problems
and giving more importance to correct answers at higher levels. Given the accuracy at each level
{a;}}_,, DW-ACC is defined as:

4

Z oy

DW-ACC = == 1

3 Experiments

3.1 Setup

Baselines. We categorize the existing LLMs into two
types for evaluation: Non-Reasoning LLMs and Rea-
soning LLMs. For each category, we select 8 advanced
LLMs. The non-reasoning LLMs are: GPT-4.5-Preview,
ChatGPT-40-latest, Qwen-2.5-Max, Deepseek-v3, Claude-
3.7-sonnet, Qwen-2.5-72B-Instruct, Qwen-2.5-Math-72B-
Instruct, and Llama-3.3-70B-Instruct. The reasoning
LLMs are: OpenAl-03-mini-medium, OpenAl-ol-mini,
Gemini-2.5-pro, Gemini-2.0-flash-thinking, Claude-3.7-
sonnet-thinking, Qwen-3-235B-A22B-Thinking, Qwen-
QwQ-32B, and Deepseek-R1-671B. Snapshot versions, ci-
tations, and website links of these models are provided in

Appendix

Low-Level
Medium-Level
High-Level
Top-Level

Figure 2: T-SNE projection for problem
(English) embeddings at each level.



Table 5: The accuracy for non-reasoning and reasoning language models across four levels and 18
languages in PolyMath. Models with *“” are closed-source. Bold indicates the best performance
overall. Blue and red shadings show the best/poorest-performing language for each model.

(a) PolyMath-Top

| avg. | en zh ar bn de es fr id it ja ko ms pt ru sw te th vi | std.  range
Non-Reasoning LLMs
Llama-3.3-70B-Instruct 5.7 120 24 8.0 1.6 6.4 5.6 6.4 5.6 6.4 32 2.4 6.4 104 64 5.6 2.4 6.4 4.8 2.7 10.4
Qwen-2.5-72B-Instruct 7.6 8.8 104 5.6 9.6 6.4 112 40 120 96 5.6 72 6.4 8.8 5.6 4.8 4.8 72 9.6 23 8.0
Qwen-2.5-Math-72B-Instruct 10.7 | 104 112 128 112 88 104 152 88 128 9.6 96 112 104 8.0 104 = 72 128 112 | 19 8.0
Deepseek-v3 9.6 9.6 96 120 64 8.8 112 128 11.2 128 112 72 12 72 8.8 104 48 8.8 8.8 22 8.0
Qwen-2.5-Max f 93 128 48 12 72 104 11.2 112 120 104 72 8.8 9.6 112 96 8.0 7.2 72 8.0 2.1 8.0
Claude-3.7-sonnet 1.0 | 112 112 128 80 112 128 144 144 112 88 72 128 128 9.6 104 8.0 8.8 128 | 2.2 72
ChatGPT-4o-latest | 137 | 184 168 112 136 136 152 152 160 184 8.0 120 128 128 136 128 120 112 128 | 26 10.4
GPT-4.5-preview 147 | 184 176 152 144 144 136 176 160 160 136 120 144 160 160 120 112 112 144 | 21 72
Reasoning LLMs

Deepseek-R1-671B 337 | 352 320 325 360 376 376 328 325 360 320 272 328 368 376 297 296 304 376 | 33 10.4
Qwen-QwQ-32B 30.6 | 36.8 312 256 304 344 376 344 304 344 256 240 336 33.6 288 280 240 264 320 | 43 13.6
Qwen3-235B-A22B-Thinking | 40.3 | 40.0 392 392 384 41.6 440 440 395 408 384 416 408 456 384 352 392 384 408 | 27 104
Claude-3.7-sonnet-thinking f 208 | 256 176 216 200 200 192 21.6 21.6 224 224 184 208 192 21.6 216 160 256 192 | 24 9.6
Gemini-2.0-flash-thinking 223 | 264 224 208 208 264 256 224 232 264 224 192 224 216 216 216 176 224 184 | 25 8.8
Gemini-2.5-pro t 380 | 392 368 392 360 384 400 376 379 376 432 352 368 368 384 368 344 416 384 | 24 88
OpenAl-ol-mini 225 | 208 232 256 224 248 232 232 192 264 256 208 216 216 240 232 176 20.0 216 | 23 8.8
OpenAl-03-mini-medium f 23.0 | 256 256 272 184 232 208 208 208 264 248 240 224 200 176 288 208 224 232 | 34 11.2

(b) PolyMath-High

| avg. | en zh ar bn de es fr id it ja ko ms pt ru sw te th vi | std.  range
Non-Reasoning LLMs
Llama-3.3-70B-Instruct 7.3 144 64 5.6 1.6 72 4.8 56 4.8 112 56 48 112 104 104 64 4.8 56 104 | 32 12.8
Qwen-2.5-72B-Instruct 11.6 | 144 120 112 104 120 128 120 9.6 112 112 104 136 112 136 56 120 144 112 | 2.0 8.8
Qwen-2.5-Math-72B-Instruct 168 | 160 184 17.6 168 224 192 168 136 13.6 168 176 168 192 160 152 160 128 168 | 2.2 9.6
Deepseek-v3 165 | 168 176 168 152 176 168 168 128 160 168 176 17.6 20.0 192 128 128 184 160 | 2.0 72
Qwen-2.5-Max { 146 | 120 176 168 104 136 168 160 160 144 104 144 168 160 160 144 136 128 152 | 2.1 72
Claude-3.7-sonnet { 150 | 21.6 17.6 144 136 176 152 128 128 168 120 128 160 136 152 144 128 160 152 | 23 9.6
ChatGPT-4o-latest 204 | 224 216 200 168 232 200 248 160 200 224 200 232 208 216 176 176 17.6 208 | 2.4 8.8
GPT-4.5-preview 274 | 344 256 248 240 248 296 272 272 288 272 256 296 272 314 256 240 264 296 | 27 10.4
Reasoning LLMs
Deepseck-R1-671B 50.7 | 488 464 504 464 528 552 528 520 568 512 464 512 520 512 512 448 496 528 | 3.1 12.0
Qwen-QwQ-32B 539 | 624 552 472 504 632 600 584 560 568 448 472 576 592 552 456 432 472 600 | 6.4 20.0
Qwen3-235B-A22B-Thinking | 63.3 | 664 629 624 624 632 648 664 608 704 616 648 592 648 600 60.0 600 64.0 65.6 | 3.1 11.2
Claude-3.7-sonnet-thinking { 36.7 | 36.0 384 368 384 352 296 320 368 384 344 376 392 376 408 40.0 384 376 33.6 | 28 112
Gemini-2.0-flash-thinking 429 | 432 432 424 440 408 424 480 41.6 440 368 408 440 464 472 416 368 464 432 | 3.0 112
Gemini-" 622 | 664 664 624 624 656 648 632 592 688 648 61.6 608 632 624 568 60.0 504 600 | 45 18.4
OpenAl-ol-mini { 40.5 | 464 448 376 37.6 360 432 400 408 408 41.6 432 384 408 384 360 400 424 416 | 2.8 104
OpenAl-03-mini-medium 500 | 544 528 512 528 536 512 504 560 456 520 504 504 504 (392 512 416 448 528 | 43 168
(c) PolyMath-Medium
[ ag. | en zh ar  bn de e fr id it ja ko ms pt ot sw te th vi |sd range
Non-Reasoning LLMs
Llama-3.3-70B-Instruct 168 | 320 184 160 120 13.6 168 144 200 208 120 184 184 232 120 128 128 112 168 | 50 20.8
Qwen-2.5-72B-Instruct 29.6 | 36.8 256 272 288 29.6 304 272 304 328 304 312 264 296 368 248 224 288 328 | 3.7 144
Qwen-2.5-Math-72B-Instruct | 37.4 | 36.8 392 37.6 352 408 368 376 368 40.0 352 368 392 392 376 352 344 360 392 | 18 6.4
Deepseek-v3 36.1 | 40.8 392 344 312 360 400 400 336 384 352 384 336 368 376 320 288 344 400 | 34 12.0
Qwen-2.5-Max t 330 | 416 312 320 256 376 33.6 344 280 33.6 352 336 352 312 336 288 272 352 360 | 38 16.0
Claude-3.7-sonnet { 283 | 304 336 296 240 304 264 288 288 288 264 28.0 264 264 256 296 296 29.6 272 | 22 9.6
ChatGPT-4o-latest 408 | 424 464 41.6 384 416 424 464 384 416 440 392 408 384 456 328 416 368 368 | 35 13.6
GPT-4.5-preview f 429 | 424 464 416 40.0 408 424 416 424 480 480 456 416 435 463 424 376 368 448 | 3.1 112
Reasoning LLMs
Deepseek-R1-671B 704 | 728 69.6 68.8 632 704 728 736 712 712 672 688 696 736 704 720 720 68.0 728 | 2.6 10.4
Qwen-QwQ-32B 68.9 | 73.6 736 688 664 720 752 720 592 640 69.6 744 672 576 600 648 744 | 6.1 17.6
Qwen3-235B-A22B-Thinking | 758 | 768 77.6 744 73.6 784 744 784 736 760 760 784 77.6 760 744 744 720 | 18 64
.7-sonnet-thinking ¥ | 48.8 | 448 520 528 504 488 480 464 536 520 512 41.6 528 48.0 480 472 456 | 34 12.0
Gemini-2.0-flash-thinking 594 | 624 592 624 544 592 60.0 616 536 536 600 632 608 600 592 560 592 | 3.0 10.4
Gemini-2.5-pro’ 72.0 | 73.6 736 688 69.6 752 68.8 728 728 688 69.6 760 704 680 728 688 76.0 | 2.9 8.0
OpenAl-ol-mini 582 | 584 624 608 560 592 616 568 608 616 552 592 576 568 53.6 592 520 | 28 10.4
OpenAl-03-mini-medium { 52.8 | 552 488 49.6 48.0 60.0 560 520 552 544 568 472 432 536 504 560 576 | 46 16.8
(d) PolyMath-Low
| avg. | en zh ar bn de es fr id it ja ko ms pt ru SW te th vi | s range

Non-Reasoning LLMs
66.4 264 536 600 704 624 832 784 328 512 840 688 648 608 608 680 672 | 164 704

70B-Instruct 64.2

72B-Instruct 875 89.6 904 888 856 928 864 944 952 848 880 928 912 920 584 680 8.0 920 | 93 37.6
Qwen-2.5-Math-72B-Instruct 87.3 888 89.6 864 888 928 89.6 928 93.6 880 838 920 920 928 48.0 784 830 840 | 103 488
Deepseek-v3 91.4 904 912 896 888 952 89.6 952 960 872 888 928 944 920 864 880 912 904 | 3.1 112
Qwen-2.5-Max f 91.3 89.6 912 912 880 944 896 960 944 864 904 952 928 928 80.8 872 928 928 | 39 16.8
Claude-3.7-sonnet { 90.9 904 952 912 872 936 888 936 952 864 872 928 880 93.6 89.6 848 920 89.6 | 34 12.8
ChatGPT-4o-latest | 91.6 89.6 928 944 856 952 872 936 952 856 896 928 920 944 0912 864 920 944 | 35 12.0
GPT-4.5-preview 91.5 928 928 880 880 920 880 912 952 848 912 944 936 928 920 864 928 93.6 | 3.1 12.0

Reasoning LLMs
Deepseek-R1-671B 92.4 888 960 896 888 968 896 952 97.6 888 928 944 952 928 864 864 928 952 | 3.6 11.2
Qwen-QwQ-32B 89.9 92.0 936 928 89.6 944 888 928 944 832 920 936 960 904 760 688 904 93.6 | 69 272

912 936 960 838 968 896 952 960 904 920 952 944 936 B840 856 920 93.6| 43 13.6
912 928 912 864 928 856 944 928 888 904 96.0 896 92.0 848 856 904 928 | 35 12.8
84.0 864 800 832 944 896 936 968 608 848 936 944 912 912 712 872 912 | 91 36.8
840 880 848 872 848 880 912 904 808 848 936 832 864 840 816 888 824 | 38 12.8

Qwen3-235B-A22B-Thinking | 92.5
Claude-3.7-sonnet-thinking 90.8
Gemini-2.0-flash-thinking 87.3
Gemini-2.5-pro 86.4
OpenAl-ol-mini { 898 | 960 912 896 848 888 928 880 904 968 848 89.6 912 912 920 864 B80.8 920 888 | 38 16.0
OpenAl-o03-mini-medium 89.8 | 93.6 944 872 808 89.6 904 952 904 880 848 840 920 896 920 856 952 912 920 | 43 14.4

Prompts. In addition to the original input problem (), we append the instruction “Note: Please put
the final answer in $\boxed{}$.” after it to help extract the final answer. Each language uses its own
version of this instruction, as detailed in Appendix [E2]

Evaluation. We set the maximum output token limit to 65,536. For models with stricter limits
(e.g., Claude-3.7-sonnet with 64,000 tokens), we adhere to their respective limits. At each difficulty
level, we compute accuracy (ACC) for every model-language pair, using the pass@1 metric. For



non-reasoning LLMs, we apply greedy decoding on open-source models. For reasoning models,
where greedy decoding often leads to instability and repetition [[14], we use sampling with T" = 0.6,
p = 0.95, and k = 20 for open-source models following [33]]. Each model is tested 16 times under
fixed hyperparameters, and we report the average as average@16. Detailed sampling procedures and
standard deviation analyses are provided in Appendix [E.4] The final benchmark scores are computed
using the DW-ACC metric introduced in Section[2.5] For answer verification, we employ a rule-based
matching script that achieves over 98% precision based on sampled human inspection. The evaluation
code is available at: https://github.com/QwenLM/PolyMath.

3.2 Main Results

Table 5| presents the detailed ACC scores for each level, while Figure f]in Appendix [B] shows the
overall benchmark score leaderboard with DW-ACC. Our findings are as follows:

PolyMath Differentiates Reasoning Performances. From the average ACCs across different
languages, the four levels of PolyMath effectively differentiate the reasoning abilities of LLMs:

¢ Absolute Performances. Qwen3-235B-A22B-Thinking outperforms all other LLMs across all
levels, with its advantage growing at higher levels. At the top level, some non-reasoning models
(e.g., Llama-3.3-70B-Instruct) fail almost completely, while reasoning models like Gemini-2.5-
pro and Qwen3-235B-A22B-Thinking can achieve 40% ACCs, demonstrating the strength of
reasoning LLMs. However, at the low level, non-reasoning models may outperform reasoning
models, suggesting that simple tasks may not benefit from slow-thinking processes. This highlights
that low-difficulty benchmarks may underestimate true reasoning abilities of advanced LLMs.

* Performances Across Levels. All LLMs show performance drops as difficulty increases, but the
rate of decline varies by model type. Non-Reasoning LLMs exhibit sharp, often geometric drops
(e.g., ChatGPT-4o-latest: 91.6 — 40.8 — 20.4 — 13.7; Llama3.3-70B-Instruct: 64.2 — 16.8
from low to medium level). In contrast, reasoning LLMs degrade more gradually (e.g., Gemini-
2.0-flash-thinking: 87.3 — 59.4 — 42.9 — 22.3), with some maintaining relative stability (e.g.,
Gemini-2.5-pro: 72.0 — 62.2 from medium to high level). These trends suggest that reasoning
LLMs are more stable to increasing difficulty, reflecting stronger reasoning capabilities.

PolyMath Reveals Language Gaps. The last two columns of Table|5|show the ACC differences
(std. and range) across languages for each LLM, revealing the following language gaps:

* As levels increase, although ACC steadily decreases, all models maintain high language gaps. At
the higher three levels, range typically stays around 10%, with some reasoning models, such as
Qwen-QwQ-32B, reaching nearly 20%. Since fluctuations in multiple runs are mostly within
0.5-1.5% ACC (see Appendix [E.4), these gaps are significant. These results underscore that
bridging cross-lingual reasoning gaps remains a major challenge for advanced LLM:s.

* In addition, at the same difficulty level, stronger reasoning LLMs tend to exhibit larger language
gaps. For example, in the three higher levels, Qwen-QwQ-32B consistently shows the highest
std. and range. Models such as OpenAl-03-mini-medium, Deepseek-R1-671B, and Gemini-
2.5-pro also display significant language gaps at some levels, though inconsistently. In contrast,
models such as OpenAl-ol-mini and Gemini-2.0-flash-thinking generally maintain smaller gaps.
The notable exception is Qwen3-235B-A22B-Thinking, which achieves both strong reasoning
performance and a relatively small language gap, largely because it has conducted multilingual
slow-thinking alignment during the post-training phase [33]]. These results underscore the urgency
of migrating slow-thinking abilities in multilingual contexts for reasoning LLMs.

3.3 Input-Output Language Consistency

Beyond performance, Language Consistency (LC) between input and output is critical, especially for
users who only understand their native language. If LLMs reply in a different language, they require
extra translation and harm the user experience. Therefore, we next provide a detailed analysis of LC.

We define LC as follows. For a language £ and model M, let there be n input queries, we identify
the language(s) of each output a for input ¢ using the langdetect Python library. Let f(-) denote
the detected language(s). If the output contains exactly one language (|f(a)| = 1) and it matches
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Figure 3: The input-output language consistency of different LLMs across each language and level.
100 indicates complete consistency, while 0 indicates complete inconsistency.

the input (f(a) = f(q) = L), we consider the output language-consistent. Let I(-) be the indicator
function, then the LC of model M in language £, denoted as LCfA, is defined as:

Overall LC. We report LC results for various non-reasoning and reasoning LLMs under each
language in Figure 3] For reasoning LLMs, we further separate the output into thinking and answer
partsﬂ The left half of Table[17|in Appendix |E. 1| presents the average LC and the standard deviation
across all languages at each level, and we have the following findings:

* Non-reasoning LLMs consistently achieve near-perfect language consistency (over 99% on
average) across all levels, indicating that their language alignment is generally well handled.

* Reasoning LLMs consistently exhibit lower LC scores. For models like Qwen-QwQ-32B and
Deepseek-R1-671B, both the thinking and answer parts remain around 40% with little variation
across difficulty levels. Claude-3.7-sonnet-thinking shows similarly low LC in the thinking part
(~40%) but achieves much higher LC in answers (~90%). For languages with low LC, the
thinking language is often dominated by English or Chinese. In addition, LC varies widely across
languages: Qwen-QwQ-32B achieves near-perfect LC in English (en), Chinese (zh), Japanese
(ja), Korean (ko), and Russian (ru), but close to zero in many other languages.

Appendix |G| showcases various instances of LLM responses and the languages utilized. These results
indicate that language alignment is still a key challenge for reasoning LLMs — particularly in the
thinking stage, but current alignment degrees vary across models.

Correlation Between LC and Performance. We also examine the relationship between LC and
performance in reasoning models and find notable correlations. For some reasoning models, lower
LC may indicate better reasoning performance. Details are shown in Appendix [FI]

3.4 Language Control

In Section [3.3] we have observed that reasoning LLMs exhibit varying LC across languages, suggest-
ing a tendency to avoid less proficient languages during slow thinking. This raises a further question:
Can explicitly controlling the language used by reasoning LLMs improve their performance?

To investigate this, we introduce three types of language control instructions in the input prompts:
(1) forcing the same language as the query for response; (2) forcing English for response; and (3)
allowing the model to choose the language it is proficient in for response freely. Detailed prompt
templates are provided in Appendix

3Note that OpenAl’s o series and the Gemini series do not provide access to their output contents of thinking
processes, so we exclude them from our language analysis.



Table 6: The benchmark scores (DW-ACC) of different reasoning LLMs after adding Language
Control in the instructions. Bold indicates the best performance overall. Blue shading shows the
best-performing language for each model, and red shading indicates the poorest-performing language.

| avg. | en  zh ar bn de es fr id it ja ko ms  pt moosw te th vi | std. range
Qwen-QwQ-32B 459 | 525 473 41.6 446 50.7 523 49.8 475 49.6 394 40.1 489 500 453 400 368 414 49.1| 54 157
+ Forcing Output in Query-Language 434 | 51.0 459 420 388 435 500 492 485 465 382 388 478 486 439 28.0 325 423 452 | 64 230
+ Forcing Output in English 47.9 | 51.0 467 50.0 47.0 495 510 480 48.8 50.0 47.6 494 498 503 459 373 435 468 490 | 3.0 137
+ Forcing Output in Preferred Language | 46.2 | 50.9 457 45.6 451 488 50.1 50.8 484 49.6 40.0 399 497 494 454 37.0 392 449 49.7| 41 139
Deepseek-R1-671B 47.0 | 48.0 449 463 459 49.6 509 474 471 499 456 423 467 497 492 451 434 448 501 | 24 8.6
+ Forcing Output in Query-Language 46.3 | 49.0 45.6 433 423 461 487 480 468 492 446 420 474 475 464 438 450 452 480 |24 72
+ Forcing Output in English 47.6 | 49.0 433 477 462 49.0 489 474 442 514 486 450 49.0 48.1 475 453 454 443 49223 8.1
+ Forcing Output in Preferred Language | 46.8 | 49.3 455 451 442 485 483 488 469 492 444 430 489 485 469 468 451 458 478 |20 6.3
Claude-3.7-sonnet-thinking 335357 326 346 337 323 302 327 340 346 342 328 348 318 356 342 309 360 315|116 58
+ Forcing Output in Query-Language 325|348 345 308 326 31.1 314 309 328 341 329 31.8 327 308 329 351 309 328 31.1 |14 43
+ Forcing Output in English 349 | 348 36.0 369 332 355 327 354 333 341 381 338 364 345 346 337 332 363 345| 14 54
+ Forcing Output in Preferred Language | 34.7 | 353 349 389 343 33.1 347 335 332 345 323 347 350 337 335 388 330 371 346 | 18 6.6

Performances After Control. We test three reasoning LLMs under the above language control
settings, with results summarized in Table [] Our findings are as follows:

* Forcing responses in English yields the best performance and reduces language disparities. This
is especially helpful for low-performing languages (e.g., in Qwen-QwQ-32B, Arabic: 41.6 —
50.0, Japanese: 39.4 — 47.6, Telugu: 36.8 — 43.5), suggesting that reasoning in English helps
compensate for weaknesses in them. In contrast, allowing models to choose their preferred
language does not outperform enforcing English, though some models still show modest gains.

* Forcing the response language to match the query leads to the poorest performance, often
amplifying cross-lingual variance. This effect is particularly pronounced in languages where the
model itself performs poorly, such as Swahili (sw) and Telugu (te) in Qwen-QwQ-32B, where
performance drops significantly (sw: 40.0 — 28.0; te: 36.8 — 32.5).

These results empirically demonstrate the potential of output language control in enhancing the
multilingual reasoning capabilities of LLMs, and in general, for reasoning LLMs with poor LC, the
advantage of forcing them to think and answer in English is more effective.

Instruction-following Degree Under Control. We further analyze how well LLMs follow language
control instructions. Reasoning LLMs show significantly better adherence when forced to respond
in English compared to when forced to use the query language. Interestingly, in languages where
models typically follow the query language well, this constraint often leads to performance drops.
Detailed results and analyses are provided in Appendix [F2}

3.5 Thinking Length Across Languages

We also analyze LLM thinking lengths in multilingual contexts and find that reasoning LLMs can
exhibit slow-thinking behavior across all languages, while non-reasoning models often struggle with
cross-lingual behavior alignment. Also, switching to a language that triggers longer thinking does not
always improve reasoning performance on the same problem. Details are shown in Appendix

4 Conclusion

In this paper, we construct PolyMath, a multilingual mathematical benchmark with hierarchical
difficulty levels. Our extensive experiments demonstrate the strong reasoning capabilities of reasoning
LLMs, while revealing key challenges: significant performance gaps across languages, input-output
inconsistencies, and varying thinking-length patterns. We also observe potential performance gains
through explicit language control. We hope that this challenging benchmark and our findings can
help advance the development of multilingual reasoning LLM:s.

Limitations

Due to the high cost of annotation, we have not yet expanded the current benchmark. However,
compared to existing multilingual reasoning benchmarks, our dataset already offers a substantial
increase in scale. Additionally, not all languages are annotated by native speakers, so fully idiomatic
expression cannot be guaranteed, but we at least ensure that all annotations are accurate and fluent.
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Appendix

A Related Work and Discussion

Table 7: Comparison between PolyMath and other multilingual mathematical reasoning benchmarks.

Benchmark . Answer Language Sample Total
Name Difficulty Annotator Type Number Per Language Data Size
MGSM (23] Low Expert Numeric 10 250 2500
MSVAMP [4] Low Crowd-Sourcing Numeric 10 500 5000
MT-AIME [24] High Machine Numeric 55 30 1750
Low. Medium Numeric, Expression,
PolyMath (Ours) H" Expert Equation, Interval 18 500 9000
igh, Top
Set, Tuple

Multilingual Mathematical Reasoning Benchmarks. Systematic multilingual mathematical
reasoning benchmarks remain scarce. Table[7]provides a multi-dimensional comparison with existing
benchmarks. Most prior multilingual research relies on MGSM [23]], a translated version of GSM8K
[O, which is too simple for modern reasoning LLMs and fails to reveal their true capabilities.
MSVAMP [4] faces similar limitations due to its low difficulty. MT-AIME [24] is a more recent
effort, but it is fully translated by LLMs, raising concerns about data quality. Its small sample size per
language also leads to high variance. PolyMath overcomes these limitations, and further introduces a
hierarchical difficulty design and supports more diverse and complex answer formats, unlike existing
datasets that focus mainly on numerical answers. In general, PolyMath better matches the reasoning
capabilities of advanced LLMs while ensuring high quality, scale, and diversity, making it a more
robust and challenging multilingual reasoning benchmark for the current reasoning LLM era.

Multilingual Research Challenges in Current LLMs. Despite rapid progress in reasoning LLMs,
multilingual capability remains a key challenge. The Deepseek-R1 technical report [14] notes that
language mixing in responses is still unresolved, echoing our findings on language consistency in
Section[3.3] Recent surveys [[12][5] also highlight language alignment and low-resource language
support as critical future directions — both empirically supported as challenges by our experiments
in Section and analysis in Section Overall, multilingual reasoning is a promising but
underexplored area, and PolyMath can offer a strong benchmark to drive progress.
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(b) Average benchmark scores and standard variations across languages of all LLMs.

Figure 4: Overall benchmark scores of various advanced LL.Ms in our PolyMath. Refer to Section
[23] for the detailed score calculation method, and the full leaderboard is shown in: https://
qwen-polymath.github.io/.

C Human Annotation Process

C.1 Annotator Background

We uphold high standards of professionalism among our annotation staff. Due to the difficulty
in recruiting native speakers, we prioritized leveraging existing resources by collaborating with
second-language experts who have a degree in linguistics and rich experience in specialized domain
translation. For some low-resource languages where suitable second-language collaborators were
harder to find, we then sought assistance from native speakers.
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Mathematical Term Extraction and Chinese Calibration. The first author of this paper, a Chinese
Ph.D. candidate majoring in computer science with a strong mathematical foundation and competition
experience, performs the two tasks.

Calibration in Arabic, French, Italian, Japanese, Korean, Spanish, Thai, Vietnamese. We
collaborated with a professional translation team and recruited language experts (non-native speakers)
who hold degrees in their respective languages and have experience in at least three large-scale
translations in fields such as science or literature. Their translation expertise enables accurate
terminology search and matching.

Calibration in German, Indonesian, Portuguese, Russian. We engaged graduate students spe-
cializing in these languages from top universities (ensuring good mathematical ability) throughout
the country, including:

e German: Feitong Sun (Tongji University)
e Indonesian: Qigian Cang (Beijing Language and Culture University)
e Portuguese: Junxuan Wu (Beijing Foreign Studies University)
o Russian: Chenshu Sun (Peking University)
Jiran Zhang (Shanghai International Studies University)

Calibration in Bengali, Malay, Swahili, and Telugu. We directly recruited native speakers with a
background in mathematics to perform annotation tasks in their respective languages.

All annotators (excluding the authors) were paid based on their individual or team rates, with full
respect for their willingness to participate. As a result, there are no ethical concerns.

C.2 Annotation Guidance

The annotation platform presented to annotators displays the original English version of each sample
along with the terms requiring attention. Additionally, for some annotators from China, we also
provide calibrated Chinese translations to help them understand the questions more quickly. However,
English content remains the gold standard. During the annotation process, annotators should focus on
three key aspects: (1) ensure terms are translated completely accurately; (2) express logic as smoothly
and concisely as possible; (3) migrate formula blocks completely accurately. When submitting results,
in addition to providing the modified translations, annotators must also flag samples with term
and fluency issues for statistical analysis in Section[2.3] The annotation platform interface is shown
in Figure 3} and the specific annotation guideline for annotators is as follows:

Original English Problem (Gold Standard): ST
For anonnegative integer $n$ and a strictly increasing sequence of real numbers $t_0, t 1, idots, t_n$, let $f(t)$ be the corresponding

real-valued for $t\geq t_08 by the

(@) $f()$ is continuous for $t\geq t_08, and is twice differentiable for all $t>t_08 other than $t_1, idots, t_n$;

(b) $fleft(t_O\right)=1/25;

(©) $\im _(t rightarrow t_k(+}} f~(\prime}(t)=0$ for $0 \leq k Vlea n$; (8S) Term Eror ©

(d) For $0 \leq k \leq n-15, we have $f{\prime \prime}(t)=k+1$ when $t_kst<t_{k+1}$, and ${*{lprime \prime}(t)=n+1$ when $t>t_ns.

Considering all choices of $n$ and $1_0, t1, dots, t_n$ such that $t_k \geq t_{k-1+1$ for $1\leq k lea n$, what is the least possible value

of $T$ for which $\left(t_0+T\right)=20235?

Terms Requiring Attention (R2) Fivency ssue ©
1. Nonnegative integer - MM

2. Strictly increasing sequence - F*{8 318751
3. Real numbers - 31

4. Real-valued function - SR

5. Continuous - 4240 (A2) Other Remarks @
6. Twice differentiable - ] Z/RH549
Chinese Translation (For Reference)

HMF IR $n$ 1—1 $1.0, 1, \idots, t_n$, IRXMIEVE N $t\geqt 08 LIULMEA $f(1)S, RAAMUTH
B

(2) $1(0) 7 St\geq t 08 4HEAE, AT SLI,\dots, tn$ ZSMAFHE St-t 08 XN MTS:

(b) $feft(t_O\right)=1/2$;

(¢) 39 $0 \leq kleq n$, % $\lim _(t \rightarrow t_k~{+)} f~(prime}(1)=08;

(d) 3F $0\leqk\leqn-1$, 7 $t_k<t<t_{ke)$ B, % $f~{\prime \prime}t)=k+1$, B $t>t_n$ B $f*(\prime \prime}(t)=n+1$.
HEBATEH $n$ F SO, 11, Vdots, t_n$ FIHIHEIS $t_K\geq t(k-11+18 31 $1\leq k lea n$ ALIL, BRI Sfleft(t_0+T\right)=20238 £
o ETREAR $TS 307

GPT-40 Pre-Translation:

dwdvinowduliduay $n$ uazirdussinnusiefiiiduasnadiunn $t0, L1, dots, t_n$ W $f()$ uilsiufifiyareiaaonasosiui
Amundmiu St\geq t_0$ Tnsiiqmeniisasia lui:

(n) $f()$ dorilauiile $t\geq t_08 uasiimswayiussudufiaasldfmmndimy st > £ 0$ sniiu $t1, \Idots, t_n$;

(2) Sleft(t_O\right)=1/28;

() S\lim _{t\rightarrow t_k~(s}} f*(\prime(t)=0 dnfu $0 \leq kea n$;

(2) dw $0\leq k leq n-18 157l $f~(\prime \prime}(t)=k+1$ la $t_ket<t_{ke1)$ uax $~(\prime \prime}(t)=n+1$ la $t>t_ns.

Fnsmnnmsi@Eanaas $n$ uaz $_0, 1, \ldots, t_n$ 1 $t_k\geq t_{k-11+18 dwiu $1\leq k lleq n$ ¢ $T$ Ationilgndmsu

$fleft(t_0+T\right)=2023$ Aazls?

Figure 5: The annotation platform interface (take Thai for an example).
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Annotation Requirements:

¢ Accurate Term Translation: We provide key mathematical terms that need to be
focused on. If you encounter terms that GPT-4o translates incorrectly, please modify
them and extract them to list in three lines, including (the original English term, GPT-
40’s incorrect translation, and the correct term translation).

* Natural and Fluent Sentences: Mathematical problems may involve nested conditions
that require appropriate rearrangement of the text for the reader to understand the logic
within the problem easily. You should carefully organize their expressions.

¢ Overall Formula Migration without Translation: Common formula environments
include $ $, $$ $3$, \[ \], \(\), and [asy] [/asy]. The content inside these environments
should not be modified in any way. For example, in the following problem, the parts
highlighted in red should be directly migrated (punctuation can be moved out), and it
is important to check if GPT-40 has done this accurately. If there are migration errors
inside the formula, corrections should be made based on the English version.

Example: Let $P_n$ be the number of permutations $\pi$ of ${1,2,\dots,n}$
such that $|i-j|=1$ implies $|\pi(i)- \pi(j) | \le 2% for all $i, j \in {1,2,\dots,n}$.
Show that for $n \ge 2%, the quantity

\[

P_{n+5}-P_{n+4}-P_{n+3}+P_n

\]

does not depend on $n$, and find its value.

¢ Complete Alignment of Translated Text with English Text: There should be no
information in the English text that is absent in the translated text. If there are redundant
pieces of information in GPT-40’s translation, remove them directly.

* Transliteration of Names: Names can be transliterated directly, and specific phrasing
is not important.

Annotation Content:
¢ Modified Translation.

¢ (Optional) Term Error: Does the original GPT-40 translation contain major errors
(e.g., affecting the logic of the problem, or incorrect term translations; a simple reason
can be noted)? If yes, fill in “1”, otherwise, leave it blank.

* (Optional) Fluency Issue: Does the original GPT-4o translation have fluency issues
(e.g., odd translations of nested conditions; a simple reason can be noted)? If yes, fill in
“1”, otherwise, leave it blank.

¢ (Optional) Other Remarks: (e.g., incorrect terminology translations, as noted above).
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D Benchmark Metadata

D.1 Specific Data Source

Table 8: Data sources for each level in PolyMath.

Source Name

Source Type

Directly Sample From
Existing Benchmarks

Problem Number

Exercise Exam Competition
Low-level
K-12 Mathematics v MSGM [23] 125
Medium-level
China GaoKao (Last Question) v N/A 52
China KaoYan v N/A 10
College Math v N/A 24
CNMO (Preliminary Round) v N/A 12
CMC (2021-2024) v N/A 17
AMC (2012) v N/A 10
High-level
AIME (2015-2024) v N/A 47
CNMO (2011-2024) v N/A 30
CWMO (2023-2024) v N/A 5
CGMO (2010-2024) v N/A 17
IMC (2015-2023) v N/A 11
SMMC (2023) v N/A 1
CIIM (2019-2024) v N/A 6
KMO (2022-2024) v N/A 3
THMO (2018-2024) v N/A 5
Top-level
IMO (2022-2024) v N/A 4
IMO Shortlist (2014-2023) v N/A 29
Putnam (2015-2024) v N/A 30
CMO (2011-2024) v N/A 18
USAMO (2010-2023) v N/A 12
ELMO (2022-2024) v N/A 3
Alibaba Global Contest (2021) v N/A 4
Frontier Math Challenge v HLE [21] 25
D.2 Detailed Metadata of All Languages
Table 9: Metadata of PolyMath under all languages.
| avgsu | en zh ar bn de es fr id it ja ko ms pt u sw te th vi
Question Length
Low-level 72280 59.9 63.7 76.2 70.4 70.6 652 71.8 64.0 69.4 67.3 76.9 66.7 66.5 729 88.7 96.5 82.1 71.5
Middie-level | 10125 | 92.8 922 1042 1033 1019 968 997 963 990 10L1 1030 971 974 1000 1169 1193 1018 99.1
High-level 126.4107 112.8 113.8 130.5 127.7 1272 120.1 124.1 1224 122.8 1245 128.1 119.4 120.3 1252 151.4 155.8 129.1 119.6
Top-level 133.7117 117.4 119.2 136.8 134.6 133.2 126.1 130.9 1255 129.6 130.4 138.1 1288  126.6 132.1 160.9 1646 1393 132.3
Natural Language Coverage
Low-level 97.4%)4% | 96.3% 100.0% 99.9% 96.3% 100.0% 96.3% 96.9% 963% 972% 972% 97.6% 964% 96.5% 964% 96.6% 962% 96.5% 99.7%
Middle-level | 43.5%37% | 39.0% 37.5% 43.7% 45.0% 44.1% 418% 43.6% 423% 428% 427% 419% 423% 42.0% 43.6% 529% 52.5% 438% 42.3%
High-level 557%329 | 51.2% 50.4% 56.7% 573% 57.0% 54.4% 554% 548% 55.1% 544% 524% 552% 54.6% 56.6% 62.5% 63.6% 555% 55.5%
Top-level | 547%sss | 492% 492% S554% 55.6% S5.5% S29% S46% 53.9% S535% S37% 513% 53.5% S25% 55.5% 65.0% 62.6% S4.5% 55.6%

D.3 Data Domain

We adopt different domain classification standards for questions at each level.
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* Low-level: All questions at the low level are from K-12 mathematics, so classification is unneces-
sary.

* Medium-level: The medium-level questions are mostly derived from exams and exercises and
cover a narrower range of topics. Most questions involve a single knowledge point. For example:

Function f(x) = coswz — 1 (w > 0) has 3 roots on the interval [0, 27], what is the
range of w?

The two focus points of ellipse % + % = lare I} and F5. O is the origin. Point P
is a point on the ellipse such that cos ZFy PF, = 2. Find |PO.

The first problem assesses trigonometric functions in the elementary algebra domain, and the
second assesses conic sections in the elementary geometry domain. We partition the domain into
subdomains (i.e., specific knowledge points), with detailed statistics presented in Table[T0}

* High/Top-level: For the high-level and top-level questions, the scope of the problems is broad,
and each problem may involve diverse knowledge points. For example:

Find all primes p > 5 for which there exists an integer a and an integer r satisfying
1 < r < p — 1 with the following property: the sequence 1, a, a2, ..., a5 can
be rearranged to form a sequence by, b1, ba, ..., b,—_5 such that b,, — b,_1 —ris

divisible by pfor 1 <n <p — 5.

Solving this problem draws on the number theory domain, including congruences, Fermat’s Little
Theorem, and primitive roots, and even touches on group theory in the algebra domain. Therefore,
we do not further divide domains into subdomains. Based on these references EE]E]E]E]E]FE we
established six major domains, with detailed domain statistics presented in Table[TT]

“https://mathematics.stanford.edu/academics/graduate-students/phd-program/
phd-qualifying-exams
>http://yau-contest.com/uploads/allfiles/exam/SyllabusonAlgebraandNumberTheory.
pdf
%http://yau-contest.com/uploads/allfiles/exam/SyllabusonAnalysisandDifferentialEquations.
pdf
/http://yau—contest.com/uploads/allfiles/exam/SyllabusonGeometryandTopology.pdf
$http://yau-contest.com/uploads/allfiles/exam/SyllabusonProbbilityandStatistics.
pdf
“http://yau-contest.com/uploads/allfiles/exam/SyllabusonComputationalandAppliedMathematics.
pdf
"“nttps://www.imo-official.org/
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Table 10: Domain statistics of PolyMath at the medium level.

Domain ‘ Question Number
Elementary Algebra 47
Equations and Inequalities 11
Elementary Functions 6
Trigonometric Functions 12
Sequences 18
Elementary Geometry 23
Plane Geometry 8
Solid Geometry 4
Analytic geometry (Conic Sections) 11
Elementary Number Theory 4
Prime Numbers 1
Divisibility 2
Greatest Common Divisors 1
Combinatorics 16
Probability and Statistics 9
Counting Principles 2
Binomial Theorem 2
Set Theory 3
Calculus 30
Limits 8
Derivative 11
Integral 7
Series 4
Matrix Theory 5

Table 11: Domain statistics of PolyMath at the high and top levels.

Domain ‘ Question Number (high level) ‘ Question Number (top level)
Analysis and Differential Equations 17 18
Geometry and Topology 16 11
Algebra 30 33
Number Theory 26 25
Combinatorics and Probability 28 35
Applied Mathematics 8 3
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E Experimental Settings

E.1 Model Citation and Source

Table 12: Paper citations and URL source links of all models used in this paper. The symbol “{”
indicates that the model is closed-source.

Model Name ‘ Snapshot ‘ Citation ‘ URL Source

Non-Reasoning LLMs

Llama-3.3-70B-Instruct — https://huggingface.co/meta-1lama/Llama-3.3-70B-Instruct
Qwen-2.5-72B-Instruct — B34 https://huggingface.co/Quen/Qwen2.5-72B- Instruct

Qwen-2.5-Math-72B-Instruct — https://huggingface.co/Qwen/Qwen2.5-Math-72B-Instruct
Deepseek-v3 2024-12-26 https://huggingface.co/deepseek-ai/DeepSeek-V3
Claude-3.7-sonnet" 2025-02-19 — https://www.anthropic.com/news/claude-3-7-sonnet
Qwen-2.5-Max' — 34 https://qwenlm.github.io/blog/qwen2.5-max/
ChatGPT-4o-latest! 2025-03-26 21 https://openai.com/index/hello-gpt-40/
GPT-4.5-preview’ 2025-02-27 — https://openai.com/index/introducing-gpt-4-5/
Reasoning LLMs
Deepseek-R1-671B — 4 https://huggingface.co/deepseek-ai/DeepSeek-R1
Qwen-QwQ-32B — — https://huggingface.co/Quen/QwQ-32B
Qwen-3-235B-A22B-Thinking — 331 https://qwenlm.github.io/blog/qwen3/
Claude-3.7-sonnet-thinking 2025-02-19 — https://www.anthropic.com/news/claude-3-7-sonnet
Gemini-2.0-flash-thinking" 2025-01-21 — https://deepmind.google/technologies/gemini/flash-thinking/
Gemini-2.5-pro’ 2025-03-25 — https://blog.google/technology/google-deepmind/gemini-model-thinking-updates-march-2025/
OpenAl-ol-mini® 2024-09-12 — https://openai.com/index/openai-ol-mini-advancing-cost-efficient-reasoning/
OpenAl-03-mini-medium? 2025-01-31 — https://openai.com/index/openai-o3-mini/’

E.2 Main Prompts

Language | Instruction Prompt

en Note: Please put the final answer in the $\ boxed{}$.

zh R TR BB RIMAE $\boxed(}$ Hio

ar &t Bl Aa¥) g5 oa i Akl §\ boxed {}$.

bn fsms: oo FE O GO $\boxed{}$ 97 M7 Y.

de Hinweis: Bitte setzen Sie die endgiiltige Antwort in $\ boxed{}$.
es Nota: Por favor, coloque la respuesta final en el $\ boxed{}$.

fr Remarque : Veuillez mettre la réponse finale dans le $\ boxed{}$.
id Catatan: Silakan letakkan jawaban akhir di dalam $\ boxed{}$.

it Nota: Per favore, metti la risposta finale nel $\ boxed{}$.

ja R RN LA 2% $\boxed(}$ ITANTLZE W,

ko EA: 2F et $\boxed{}$ 20 H0l FA Q.

ms Nota: Sila letakkan jawapan akhir dalam $\ boxed{}$.

pt Nota: Por favor, coloque a resposta final no $\ boxed{}$.

ru ITpumeuanne: IToxartyvicta, IIOMeCTHUTe OKOHUYATEIIBHEI OTBeT B $\ boxed(}$.
swW Kumbuka: Tafadhali weka jibu la mwisho katika $\ boxed{}$.

te H20Q8: SONBD A 2arend $\boxed(}$ &S° eosod.

Th wnewe: nganldmaeugeavineluy $\ boxed{}$.

vi Luwu y: Vui long dét cau tra 1oi cudi ciing trong $\ boxed{}$.

Figure 6: Instruction prompts appended after the input query in our main experiments.
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https://qwenlm.github.io/blog/qwen2.5-max/
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https://openai.com/index/introducing-gpt-4-5/
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https://openai.com/index/openai-o1-mini-advancing-cost-efficient-reasoning/
https://openai.com/index/openai-o3-mini/

E.3 Language Control Prompts

Lang. Control Prompt (Query-Language) Control Prompt (English) Control Prompt (Preferred Language)
en Use English to think and answer. Use English to think and answer. Choose the language you are most proficient in to think and answer.
zh A R SGRAT R A A8 SR R R 3 o F 3 PR AT I B35 5 R AT R ol 2
ar Hlally Sl A e padiad, Ay Sl & eyl Aalll padial EEES PRSI P
bn A T FE fo@1 9% o foed) @R T FE foar aw o foe) o (@ B SFAGE TR o @ e foar 9 Sew
de Verwende Deutsch, um zu denken und zu Verwenden Sie Englisch, um zu denken und zu | Wihlen Sie die Sprache, in der Sie am kompetentesten sind, um zu
antworten. antworten. denken und zu antworten.
es Usa espafiol para pensar y responder. Usa inglés para pensar y responder. Elige el idioma en el que eres més competente para pensar y
responder.
fr Utilisez le frangais pour penser et répondre. Utilisez l'anglais pour penser et répondre. Choisissez la langue dans laquelle vous étes le plus compétent pour
penser et répondre.
id Gunakan bahasa Indonesia untuk berpikir dan | Gunakan bahasa Inggris untuk berpikir dan Pilih bahasa yang paling Anda kuasai untuk berpikir dan menjawab.
menjawab. menjawab.
it Usa italiano per pensare e rispondere. Usa inglese per pensare e rispondere. Scegli la lingua in cui sei pitt competente per pensare e rispondere.
ja HAGRZM>THA MBFLTIREZEV,. WifEf-oTHA MALTIEE. bR ATHERATE A MAFLTIES V.
ko Sh=of2 d2istn gHstaa. YoiZ Yzistn HHStH Q. 718 S5 A0S HEiBto] Y45t HHSHA L.
ms Gunakan bahasa Melayu untuk berfikir dan Gunakan bahasa Inggeris untuk berfikir dan Pilih bahasa yang paling anda mahir untuk berfikir dan menjawab.
menjawab. menjawab.
pt Use portugués para pensar e responder. Use inglés para pensar e responder. Escolha o idioma em que vocé é mais competente para pensar e
responder.
ru Vicrionb3yviTe pyccKuii si3bIK yist VICromnb3y iTe aHIIIMICKIIL A3bIK, UTOOBL BeiGepure s3bIK, B KOTOPOM Bbl HanbosIee KOMIIETEHTHbI, UTO0bI
Pa3sMBbILIUIEHIII 1 OTBETOB. JlyMaTh ¥ OTBEYaTh. JlyMaTh U OTBEYATh.
sW Tumia Kiswahili kufikiri na kujibu. Tumia Kiingereza kufikiri na kujibu. Chagua lugha ambayo unamudu zaidi kufikiri na kujibu.
te BRI SOAPACD 8 Do DJFEFH0 RIGOE. | ROADRL EHATAOD S’ Dod EddoSol. Do wdgoss [orr &) aradd G800 &5 Dod.
Th U nglunshouazaeudiom nwdanqulunisinuacaeuini @onnnfinnuimuansnsnuaniigalunsdauazreusni
vi Sir dung tiéng Viét dé suy nghi va tra 10i. St dung tiéng Anh d& suy nghi va tra 1oi. Chon ngdn ngir ma ban thanh thao nhét dé suy nghi va tra lori.

Figure 7: Language control prompts.

E.4 Sampling Details

Greedy decoding in reasoning LLMs often leads to instability and repetition [14]], so we use sampling-
based decoding instead in reasoning LL.Ms. For each model, language, and difficulty level (N =
125 samples), we run 16 trials with identical hyperparameters and report the average accuracy as
averagel6. Denoting the number of correct answers in trial ¢ by n;, to preserve accuracy granularity
(in 0.8 increments), we compute the average number of correct answers across runs, round it to the
nearest integer, and divide by the total number of samples:

1 16
016 [ S
average =
& N

3

We report the standard deviation of accuracies under each level and language for each reasoning
LLM, as shown in Tables [I3} [T4] [T3] and [T6] Most standard deviations are within the range of 0.5 to
1.5, corresponding to under two questions’ variation (0.8% per question). Considering the sensitivity
of reasoning models to sampling and hyperparameters [[1} [§]], this level of fluctuation is reasonable.

Table 13: Standard deviation of accuracies across 16 tests for each reasoning LLM at the low level.

‘ Average ‘ en zh ar bn de es fr id it ja ko ms pt ru sW te th vi
Deepseek-R1-671B 0.52 033 020 033 1.65 039 020 039 020 039 077 051 057 020 057 082 1.05 052 033
Qwen-QwQ-32B 0.43 040 070 020 0.69 0.23 023 033 052 039 039 051 020 039 020 057 095 0.69 023
Qwen-3-235B-A22B-Thinking 0.44 041 066 026 053 029 021 039 048 036 045 050 022 043 025 0.61 088 074 027
Claude-3.7-sonnet-thinking 0.38 033 060 033 033 051 020 020 020 023 140 020 057 033 020 020 0.00 0.60 0.39
Gemini-2.0-flash-thinking 0.89 1.02 0.63 070 182 035 091 126 076 039 056 043 048 098 085 121 147 075 140
Gemini-2.5-pro 0.99 072 207 099 020 161 084 072 1.64 082 094 049 072 082 082 1.00 058 0.64 0.99
OpenAl-ol-mini 0.74 052 066 052 1.06 077 073 0.87 039 046 1.18 023 070 0.70 039 146 1.88 051 0.39
OpenAl-03-mini-medium 0.75 1.27 033 060 051 120 105 069 0.82 082 082 087 023 070 039 051 118 0.57 040
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Table 14: Standard deviation of accuracies across 16 tests for each reasoning LLM at the medium
level.

‘ Average ‘ en zh ar bn de es fr id it ja ko ms pt ru sW te th vi
Deepseek-R1-671B 0.85 1.18 171 087 052 051 020 082 020 039 087 0.60 1.15 1.68 046 144 148 020 1.06
Qwen-QwQ-32B 0.83 089 1.10 1.32 052 1.16 057 057 1.05 089 080 158 040 039 082 120 039 0.73 051
Qwen-3-235B-A22B-Thinking 0.82 092 079 1.04 060 122 049 0.68 1.00 084 095 141 047 056 070 1.09 042 087 0.63
Claude-3.7-sonnet-thinking 1.34 1.05 242 137 180 0.60 039 183 1.64 060 128 098 174 250 073 158 0.87 1.64 1.18
Gemini-2.0-flash-thinking 0.76 038 082 044 048 058 077 1.00 045 059 089 039 058 1.16 090 090 145 122 0.63
Gemini-2.5-pro 0.93 126 086 1.14 142 037 010 094 020 1.11 045 041 093 120 084 086 205 149 111
OpenAl-ol-mini 1.14 124 076 1.15 1.15 171 087 089 057 151 089 087 052 1.85 154 077 137 137 151
OpenAl-03-mini-medium 1.21 1.65 195 039 039 1.01 127 124 137 148 115 070 161 1.16 136 157 180 0.87 0.76

Table 15: Standard deviation of accuracies across 16 tests for each reasoning LLM at the high level.

‘ Average ‘ en zh ar bn de es fr id it ja ko ms pt ru sW te th vi
Deepseek-R1-671B 1.08 087 136 070 0.89 144 174 1.61 191 131 120 070 132 095 076 0.57 0.66 0.76 0.76
Qwen-QwQ-32B 0.54 0.17 052 034 025 0.19 042 050 060 037 048 0.89 026 0.84 1.18 091 0.19 082 0.82
Qwen-3-235B-A22B-Thinking 0.57 026 045 030 020 055 0.84 067 052 079 0.63 028 0.60 042 091 1.02 033 073 073
Claude-3.7-sonnet-thinking 0.82 1.93 046 051 120 098 115 076 0.89 052 060 070 0.69 1.13 039 076 0.66 0.69 0.69
Gemini-2.0-flash-thinking 1.63 1.01 2,60 278 205 098 161 208 214 051 1.64 1.61 101 051 183 18 180 170 1.70
Gemini-2.5-pro 0.72 045 087 0.60 052 035 1.14 037 074 060 053 107 059 174 041 078 035 090 0.90
OpenAl-ol-mini 1.48 254 089 089 132 218 060 167 242 070 052 1.18 0.66 230 080 1.16 246 222 222
OpenAl-03-mini-medium 1.03 061 146 127 0.69 1.01 098 141 124 137 095 137 057 1.18 127 069 0.69 087 0.87

Table 16: Standard deviation of accuracies across 16 tests for each reasoning LLM at the top level.

‘ Average | en zh ar bn de es fr id it ja ko ms pt ru sW te th vi
Deepseek-R1-671B 1.04 070 083 1.04 076 069 120 090 0.89 033 197 052 1.76 060 181 136 178 0.60 1.12
Qwen-QwQ-32B 0.93 076 070 1.18 1.18 051 0.66 077 1.56 077 087 0.70 0.77 151 082 0.83 0.89 136 098
Qwen-3-235B-A22B-Thinking 0.97 079 085 1.12 125 058 092 1.00 143 069 073 097 088 138 077 095 081 131 122
Claude-3.7-sonnet-thinking 0.95 057 051 089 132 033 152 149 057 069 110 039 057 148 158 125 120 073 134
Gemini-2.0-flash-thinking 0.56 030 020 0.64 1.07 049 028 060 060 062 058 025 0.62 046 0.68 055 071 091 0.66
Gemini-2.5-pro 0.67 025 0.66 0.81 094 034 118 0.67 081 078 041 053 062 077 028 0.84 077 078 0.73
OpenAl-ol-mini 1.12 132 1.04 073 213 094 069 212 087 052 124 100 073 095 136 076 135 136 1.09
OpenAl-03-mini-medium 1.02 132 040 1.15 1.18 020 105 125 039 1.06 148 057 052 154 083 162 0.80 200 145
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F Further Analysis

F.1 Input-Output Language Consistency (Continued)

Table 17: The average and standard deviation of input-output language consistency across all
languages, under different LLMs and levels. We also present the language-level correlation (Pearson
correlation coefficient) between consistency and reasoning accuracy.

\ Average Consistency Across Languages \ Correlation with Accuracy
Model - - - -
| Tow medium high top | low medium  high top
Non-Reasoning LLMs
Qwen-2.5-Max 99.134 99.033 99.610 99.133 0.10 0.24 -0.45 0.63
ChatGPT-4o-latest 98.934 97.252 96.953 97.85.0 0.03 0.20 0.17 0.04
GPT-4.5-Preview 98.152 99.512 99.512 99.45 -0.18 -0.23 0.16 -0.28
Reasoning LLMs

Qwen—QwQ-32B (Thinking) 38.042,3 37.041_2 36.945_0 37.244,5 0.21 -0.32 -0.75 -0.59
Deepseek-R1-671B (Thinking) 40449 3754539 36557 34543 | -0.03 -0.56 -0.67  -0.66
Claude-3.7-sonnet-thinking (Thinking) | 43.02s6 41.6283 40.5304  40.4295 0.30 -0.35 -0.54 048
Qwen-QwQ-32B (Answer) 57.6296 38.6405 38.2413 38.039.2 0.29 -0.53 -0.72 -0.54
Deepseek-R1-671B (Answer) 67.62386 39.842.1 385507 34543 0.23 -0.56 -0.68  -0.66
Claude-3.7-sonnet-thinking (Answer) 94.0102 95358 94.86 8 87.913, 0.24 -0.33 -0.41 -0.60

Correlation Between LC and Performance. We also examine whether there is a certain correlation
between LC and ACC. The results are shown on the right side of Table[I7} where we use the language-
level Pearson correlation coefficient for measurement.

* For non-reasoning LLMs, LC and ACC show no significant correlation, likely because LLMs
achieve near-perfect LC under all languages, leaving little room for variation.

¢ In contrast, for reasoning LLMs, LC shows a more noticeable correlation with level progression.
For Qwen-QwQ-32B and Deepseek-R1-671B, LC and ACC exhibit a strong negative correlation,
suggesting that lower language consistency is associated with better reasoning performance.
Interestingly, we also observe that when these reasoning LLMs face language inconsistency, their
response languages are predominantly English or Chinese. This is likely because their slow-
thinking abilities are mainly developed in English and Chinese contexts, making slow-thinking
dominant in these languages. Consequently, when these LLMs understand other languages but
respond in English or Chinese, it may better evoke their reasoning abilities, resulting in improved
performance.

These results indicate that the language used by the LLMs to think and answer can influence their
reasoning performance to some extent.

F.2 Language Control (Continued)

Instruction-following Degree Under Control. Furthermore, we examine how these LLMs follow
our language control instructions. Table [18[shows the input-output language consistency when there
is no language control and when LLMs are forced to respond in the query language. Table[T9]shows
the proportion of outputs in English when there is no language control and when LLM:s are forced to
respond in English. Our findings are as follows:

* When reasoning LLMs are forced to respond in English, they generally follow the instructions
well, with over 90% of the thinking parts and nearly 100% of the answer parts. This enables them
to effectively engage in English slow-thinking capabilities, boosting their reasoning performance.
Despite this, the thinking part still shows a low proportion of English for certain languages, such
as Chinese (zh, 33.2%) and Russian (ru, 36.2%) on Qwen-QwQ-32B. By coincidence, in these
language contexts, the input-output language consistency is high even without language control
(see Figure[3). This suggests that when an LLM has strong language consistency in a particular
language, it becomes more difficult to switch its output language.
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Table 18: The input-output language consistency (%) when LLMs are not forced (no any control) and
forced to respond in the query language.

(a) No Language Control
‘ avg. ‘ en zh ar bn de es fr id it ja ko pt u sW te th vi
Thinking Part
Qwen-QwQ-32B 373 100.0  90.6 872 8.2 0.6 0.0 0.0 0.2 0.8 91.8 87.6 0.6 98.8 1.8 8.8 514 5.6
Deepseek-R1-671B 35.6 99.8 90.2  99.8 36.0 9.4 0.0 0.0 0.0 0.0 87.0 842 0.0 95.0 0.2 0.0 42 0.0

Claude-3.7-sonnet-thinking | 41.4 99.0 362 104 24 498 66.2 73.2 562 484 728 342 7710 280 1.0 1.6 168  30.0

Answer Part
Qwen-QwQ-32B 426 | 1000 922 770 152 124 13.8 14.4 118 102 896 908 100 958 5.8 172 520 158

Deepseek-R1-671B 45.1 100.0 906 948 392 242 122 154 260 100 934 954 176 95.0 3.8 2.8 206 258
Claude-3.7-sonnet-thinking | 94.8 99.6 768 96.0 830 99.2 100.0 100.0 986 99.0 982 956 980 99.0 910 834 980 96.8

(b) Forcing Output in Query-Language

‘ avg. ‘ en zh ar bn de es fr id it ja ko pt ru sW te th vi
Thinking Part
Qwen-QwQ-32B 622 | 1000 928 962 562 802 32 8.4 94 97.6 972 926 352 996 552 276 620 432
Deepseek-R1-671B 45.0 99.6 91.4 99.2 59.8 392 1.0 0.4 2.0 12.6 91.4 928 6.0 99.8 10.4 0.6 48.1 10.8

Claude-3.7-sonnet-thinking | 85.4 99.6  84.1 954 504 981 984 984 978 982 971 891 964 944 359 236 973 98.4

Answer Part
Qwen-QwQ-32B 619 | 1000 906 960 562 804 32 8.4 9.6 972 970 91.8 352 996 550 272 618 43.0

Deepseek-R1-671B 74.6 | 100.0 89.6 996 8.0 776 396 430 760 596 980 996 555 994 495 288 89.6 78.6
Claude-3.7-sonnet-thinking | 98.4 | 100.0 794 100.0 994 99.8 99.6 100.0 994 100.0 99.8 99.0 982 998 992 998 100.0 100.0

Table 19: The proportion of outputs in English (%) when LLMs are not forced (no any control) and
are forced to respond in English.

(a) No Language Control
| avg. | en zh ar bn de es fr id it ja ko pt ru sW te th vi
Thinking Part
Qwen-QwQ-32B 660 | 1000 02 120 918 994 1000 1000 998 992 56 58 994 10 738 912 486 944
Deepseek-R1-671B 685 | 1000 02 00 640 906 1000 1000 1000 1000 0.0 92 1000 50 998 1000 958  100.0
Claude-3.7-sonnet-thinking | 63.5 | 1000 556 89.8 97.6 492 344 266 424 512 264 650 208 720 990 978 830 694
Answer Part
Qwen-QwQ-32B 630 | 1000 04 246 872 908 898 8.6 904 916 94 90 914 40 718 876 498 862
Deepseek-R1-671B 599 | 1000 00 52 610 754 878 846 740 898 22 44 824 50 962 972 794 742
Claude-3.7-sonnet-thinking | 8.8 | 1000 1.8 02 132 08 00 0.0 0.6 00 10 36 00 04 82 158 10 22

(b) Forcing Output in English

| avg. | en zh ar bn de es fr id it ja ko pt u sw te th vi

Thinking Part

Qwen-QwQ-32B 91.4 | 1000 332 952 99.6 100.0  100.0 1000  99.8 1000 922 99.8 100.0 362 100.0  99.2 99.0 99.4

Deepseek-R1-671B 935 | 1000 204 73.0 100.0  100.0  100.0  100.0 1000  100.0  99.6 100.0 1000 96.0 100.0  100.0  100.0  100.0

Claude-3.7-sonnet-thinking | 99.9 | 99.8 99.8 100.0  99.8 100.0  99.8 100.0  100.0 1000  99.8 99.8 99.8 100.0  99.8 100.0  100.0  100.0
Answer Part

Qwen-QwQ-32B 99.2 | 1000  93.8 99.8 99.8 100.0  100.0 1000  99.8 99.8 99.8 99.8 100.0 932 100.0  99.8 100.0  100.0

Deepseek-R1-671B 97.8 | 1000 950 74.8 99.8 99.4 99.4 99.4 99.8 1000 1000 992 99.4 97.6  100.0  99.8 1000  99.6

Claude-3.7-sonnet-thinking | 99.3 | 100.0  100.0  98.8 99.8 99.6 99.4 98.3 99.8 99.8 99.8 99.6 99.6 99.8 99.1 94.6 99.8 100.0

* In contrast, when reasoning LLMs are forced to respond with the query language, they often
struggle to follow the instructions properly, especially models like Qwen-QwQ-32B and Deepseek-
R1-671B with inherently poor input-output consistency (see Figure [3). For languages that exhibit
relatively better instruction following (e.g., in Qwen-QwQ-32B, input-output consistency for
thinking improved: German (de): 0.6 — 80.2, Swahili (sw): 1.8 — 55.2, Italian (it): 0.8 — 97.6),
reasoning performance often drops (de: 50.7 — 43.5, sw: 40.0 — 28.0, it: 49.6 — 46.5). This
leads to an overall decline in reasoning ability (see Table[6), suggesting that forcing a response
in a language with low consistency may push the model into a weaker slow-thinking pattern,
ultimately harming performance.

F.3 Thinking Length Across Languages

Reasoning efficiency has become a central topic in the era of reasoning LLMs [235]], often measured
by output token length [[15]. While prior work has explored issues hindering efficient thinking [[7, 31]]
and proposed some solutions [32, 28] in monolingual settings, multilingual reasoning efficiency
remains underexplored. This means that how LLMs adjust their thinking length across languages is
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still not well understood. Therefore, in this part, we provide a preliminary analysis of LLM thinking
length in multilingual contexts.
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Figure 8: Thinking lengths of Non-Reasoning LLMs at each language context and level, and its
language-level correlation (Pearson correlation coefficient) with reasoning accuracy.

Overall Thinking Length. The z-axes of Figures [8|and [9] present the thinking lengths across all
languages for various non-reasoning and reasoning LLMs at each level. Our findings are as follows:

* The thinking lengths of non-reasoning LLMs across languages tend to stabilize as difficulty
level increases. Apart from a few outliers, most models show similar thinking lengths, typically
between 1k and 2k tokens in the last three levels.

* In contrast, reasoning LLMs show a continuous increase in thinking length with higher levels,
and there are large variations between models. For example, at the top level, OpenAl-ol-mini
and o3-mini typically generate 6k-8k tokens, Qwen-QwQ-32B and Deepseek-R1-671B generate
10k-20k tokens, while Claude-3.7-sonnet-thinking reaches as high as 20k—30k tokens, indicating
that different reasoning LLMs exhibit distinct slow-thinking patterns.

Thinking Length Under Different Language Contexts. When we examine the thinking lengths
of different LLMs across various language contexts, we observe distinct patterns between reasoning
LLMs and non-reasoning LLMs:

* Although reasoning LLMs tend to have longer absolute thinking lengths, the differences in length
between languages are relatively small. At the top level, the maximum thinking lengths for the
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Figure 9: Thinking lengths of Reasoning LLMs at each language context and level, and its language-
level correlation (Pearson correlation coefficient) with reasoning accuracy.

five reasoning LL.Ms across all languages are only 1.21, 1.45, 1.37, 1.25, and 1.21 times the
respective minimums. Considering that the same text can vary slightly in length across different
language versions, these differences in thinking length are not particularly significant.

In contrast, most non-reasoning LLMs exhibit much larger differences in thinking length across

different language contexts. For example, at the top level, the maximum thinking lengths for
Deepseek-v3, Llama3.3-70B-Instruct, and Qwen-2.5-Max across all languages are 6.30, 7.92,
and 2.32 times their respective minimums. More importantly, these extremely long values are
almost always dominated by just one or two specific languages: English (en) and Chinese
(zh) for Deepseek-v3, Korean (ko) for Llama3.3-70B-Instruct, Telugu (te) and Bengali (bn) for

Qwen-2.5-Max, and English (en) for ChatGPT-40-latest.

These results suggest that reasoning LLMs maintain more stable slow-thinking behavior across
languages, while non-reasoning LLMs may struggle with cross-lingual behavior alignment. We
speculate two possible reasons: (1) When extremely long values occur in English — such as in
Deepseek-v3 and ChatGPT-4o-latest — it is likely that these models have developed preliminary slow-
thinking capabilities in English, while such capabilities remain underdeveloped in other languages. (2)
When extremely long values appear in low-resource languages — such as in Llama-3.3-70B-Instruct
and Qwen-2.5-Max — it may be due to a relative scarcity of training data for those languages,
resulting in weaker overall language competence and consequently more complex or verbose outputs.
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Correlation Between Thinking Length and Performance. Figures[8land[9]also show the correla-
tion between thinking length and performance across languages.

* At the low level, both reasoning and non-reasoning LLMs tend to exhibit degraded performance
with increased thinking length, which aligns with the overthinking conclusions on simple tasks as
observed by [[7]].

* As difficulty level increases, the correlation between thinking length and reasoning performance
becomes less evident. In monolingual studies (mainly in English), existing work suggested that
longer thinking lengths can improve performance on hard problems [20], indicating a positive
correlation. However, across languages, this pattern is inconsistent. Among reasoning LLMs,
only Deepseek-R1-671B and Qwen-QwQ-32B show a relatively strong positive correlation. Most
others show little or no correlation. For non-reasoning LLMs, only ChatGPT-40-latest shows
a clear positive trend, while models like Llama-3.3-70B-Instruct and Qwen-2.5-Max tend to
show negative correlations. These findings suggest that for the same problem, switching to a
different language context that leads to longer thinking lengths does not always result in better
reasoning performance.

G Case Study
G.1 Consistent Input-Output Language

GPT-4.5-Preview (Output Length: 1110)

e Problem: Swahili e Answer: Swabhili

Problem
Ikiwa f(z) = (x4 a)(z + b) ambapo a, b > 0. Kwa namba halisi yoyote €1, €3, . . . , &y, > O zinazotimizashartiz) +xo+ ...+ x5 = 1,
tafuta thamani kubwa zaidi ya F' = > min { f(z;), f(’I‘])}

1<i<j<n
Kumbuka: Tafadhali weka jibu la mwisho katika $\boxed{ }$.

Answer

### Hatua ya 1: Uchambuzi wa tatizo
Tumepewa:
f(x)=(x+a)(x+b), a,b>0

Kwa hiyo, kwa kuwa a, b > 0, tunaona kwamba f () ni kazi inayoongezeka kwa = > 0. Hii ni kwa sababu, kwa > 0, tunayo:

f(z) =(z+a)(z+Db) :m2+(a+b)z+ab
Kwakuwa a, b > 0, basi f(z) ni kazi inayoongezeka kwa & > 0. (Kwa usahihi zaidi, tuangalie derivative: f'(z) = 2z + (a + b), ambayo ni

dhahiri chanya kwa = > 0, hivyo f(z) ni strictly increasing kwa = > 0.

Kwa hiyo, kwa 0 < z; < z, tunapata:
min{f(z;), f(z;)} = f(zi)
Kwa hivyo, tunaweza kuandika tena tatizo letu kama ifuatavyo:

### Hatua ya 2: Kurahisisha tatizo
Tunataka thamani kubwa zaidi ya:

F = Z min{ f(z;), f(z;)}

1<i<j<n
Kwa kuwa f () ni strictly increasing kwa > 0, ili kuongeza thamani ya F', tunahitaji kuongeza kadiri iwezekanavyo idadi ya jozi ambazo zina thamani
kubwa ya min{ f (z;), f (=) }. Hii ina maana kwamba, ili kuongeza thamani ya F", tunahitaji kuchagua thamani zote za x; ziwe sawa, yaani:
T] =Tp = =Ty = —
n
Hii ni kwa sababu, kama kuna tofauti yoyote kati ya x; , basi baadhi ya jozi zitakuwa na thamani ndogo zaidi ya min{ f (x; ), f(=zj) }. hivyo kupunguza

jumla.

### Hatua ya 3: Kupata thamani kubwa zaidi Kwa hivyo, hali ya juu kabisa inapatikana pale ambapo:
1
T1=xo =" =xy = —
n

n(n—1)

Katika hali hii, tuna jumla ya jozi 5 , na kila jozi ina thamani sawa ya:

1
n

min{f(2). /()= £ (=)
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Kwa hiyo, thamani kubwa zaidi ya F’ ni:

x = M-f(i)

2 n

1 1 1 a+b 1
JONICEIE DR
n n n n n

n(n—1 a-+b 1
e O (o 0D,
2 n n

### Hatua ya 4: Kurahisisha zaidi Tuna:

Kwa hiyo, thamani kubwa zaidi ya F" ni:

Tunaweza kurahisisha kidogo zaidi:

n(n — 1) nn—1) a+b nn-1) 1
Py = ——— (ab)+ ——— - —— 4+ ——— . —
2 n 2 n
Hii inakuwa: ( ) ( Y ) ( )
n(n —1 n—1)(a+bd n—1
Fnax = ab + +
2 2 2n
Kwa hivyo, jibu lililorahisishwa vizuri ni:
n(n —1 n—1)(a+ b n—1
g =D D@k (o)

2 2 2n

### Jibu la mwisho:
Kwa hiyo, thamani kubwa zaidi ya F' ni:

n(n — 1)
a

b+(n—1)(a+b)+(n—1)
2 2 2n

Ground Truth
2L (L 4+ a+ b+ nab)

ChatGPT-4o0-latest (Output Length: 1517)

o Problem: Chinese e Answer: Chinese

Problem

BS AP K3 I, CH—DTHA2MEML. 1o, & p RS —MEFENE, & B CH—INE. ol HEFRELT —PHERH
S x C LKA p x ¢ S x CHIZNAEBRBEIMHE—NENF - % M BB BB F PSRRI DR R - BT LS

F{) Hodge 1+ AR S D2
R HRREE R $\boxed{)$ H -

Answer

AT B SR B SRk VBB 4RI M ) Hodge 5t h 1oL MUBAE o 53X MR N —1> K3 HHTE S A— 1510 2 FsL

% C ik, BEENMRMS x C, BENHIEM—IHE p x o, HA:

pJE S EH—13E¥ERT A (non-symplectic involution) |
-y & C ER—XE .

REBABERZE (S x C)/(p x ¥), HIHZHHTEBE (blow-up) HBEI—IIEHIME ZHRIE M - Ff1ZHARE L XA

KA LU R (M) R -

SR PR

AN S x C %, HEE 24+ 1 =3, FTUBINELBRNE—NE 4T -
HATEEXTE p x o, EHNERR:

(s,¢) = (p(s), ¥(c))
AT S x C XA, BE—MEIFANEZHIE (orbifold) , RGN EF A ITREAGEDENE M .

HAT1EHERRE D (M), Bl M # Hodge 32— -

### B K3 I ERdEER A

K3 HHf S S — % ILEY Calabi-Yau —4EfiTE, T Hodge %0

rbl(s)y =20, r%%(s)=1
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—MEEN G p RIGEAE H2O0(S) LIOIERRR —1, MERRE LM 2R .
Nikuliné}fT K3 M ERFEEXT G - ARYE Nikulin (9455, —DHEFEXE p FIREIASEERETAM&GHM, BRI R EM N EE (r, o)

YE

r & p £ H?(S, 2) EIRETEREI,
- a RENSIZEF RIBE

FFAEEE, r BEEEER 1 < » < 20, T AL1(S) = 20, Fiblr 2 p FEEH (1, 1) KR .
### B0 T 2 Ml BT A
B CRTHR 2 MM . BATBERE EAXE . — TR 2 BIHIZZE— % Riemann HI[E, H Hodge #h:

R1Oc)y =2, rOl(C)=2
g%ﬁ(jg P FE C EEER T UG AR S BABCEARSSEN 2k, HAF0 < k < 2. WANE C/v &—1F8N ¢ B
%, W

2¢" —2=2(g — 1) — # A
g=2 N

29/ —2=2(2-1)-2k=2-2k=>g' =1-k+1=2—k&
Fillk =0,1,2, AR g’ =2,1,0
FATRAME o FIREHASR, EATEIN p x o FRSHASENERMAE, TR bt i

i EIE W AL (M)
Fef1E B R A (W Borcea—Voisin F43&)

Borcea—Voisin f43& & M —> K3 BT S FI— 1540 g BIghik ¢, HRliE L& p FIXEE «, H3EH—4 Calabi-Yau =4ETE M - H
Hodge #(H:

RY Y (M) =11+ 5n +n’

R2L(M) =11 + 5m + m/

Hr:
n & p BIRE SRS
-n/ & BIRE AL
-m & p KRB R AT R 2 A,
-m! &y BB A

HATRED RV (M) = 11 4+ 5n + n/

FRLBATESR A YL (M), BIBAML 5n + n'

# EHL: KL 5n +n/

HR4E Nikulin 194338, K3 #h ERIEER & & E /T UA

-n = 10 £REIHL% (AF—FHN 10 LR Pl |

- BbE = 10
X FF8A 2 Bl C, Wéa ¢ RETUE 6 M AEhA Bln' =6)
BT LA AB R«
hl’l(M):11+5-10+6:11+50+6:
HHRRE R
Ground Truth
81
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Deepseek-v3 (Output Length: 1071)

e Problem: Korean e Answer: Korean

Problem

2% pol Y3tel, Fpe BE p= EAIGL, Fplo]E Fpol A AL E AR L 459 A8 epdoh ska 2E 4 kol o3
P(6) = k (mod p) & BF3he ol A5 ¢7F EA3HE 43 B4 P(a) € Fylo]7t EA s ZE pE TaA L. Fyla]dle
pi(p — 1)719) 43} kAl o] EA L FH A L)

Fa: HFE 39S $\boxed({ }$ Srol]l Yol FA L.

Answer

Fol2 #AE RE A% kel B3l P(¢) = k (mod p)& BE3Hs 5 L7 EAE 4% B4 P(a) € Fpla]7h A3 BE 25

Y

O
<
o

1 ohg e 4
- P(z)E 4% th4 0l B2, P(z)& Ao 4709 2€ 71 & d4vieh
- P(o)E Fpla]ol $ 8122, A%E Fyol 4 AR

2. 27 SA:

-REAF kA Y§ P(¢) = k (mod p)E
-ole P(2)7 Fpol A RE G AT 4 3

3 g0] A oF ).
oF 812 9l g T %, P(x) ** 1A} §4:(surjective function)**e] of g e,

3 AN B 22
-P(x)7h AR 847

S, P(a)t Fpoll A RE gh Aol 3 WA A3 ok Fuith - 43 thAl o Al §571 517 1314 p7t 57
7S wEsof gk

-p =2

-Foe 47103} 1R Juyth

-43) T P(e)7t BE ghe AR 5 957 BAsok Itk - o % S0l P(z) = o + 2% P(0) = 0, P(1) = 1+ 1 = 00|22 4
A g7t obd U

-WEbA p = 28 ZAL BEHA Btk

-p=3:

-gaﬁ H4710, 1,29 Ytk

43 T4 P(o) 7} BE GRS A 4 QA FelsoF gk

-850, P(z) =2t +aE=P(0)=0,P(1) =1+1=2,P(2) =16+ 2 = 18 = 0 (mod 3)°| 22 AA} &7} oI},
-mEtA p = 3% 2L UEEHA gk yth

-p=5:

-Fse 94710,1,2,3,49 Ut
-4z ThA P(z) 7 BE 32 AT 5 deA FAs) oF Fuch

-8 S0, P(z) =2 +2=P(0)=0,P(1) =1+1=2P(2) =16+2=18=3 (mod 5), P(3) =81 +3 =84 =4
(mod 5), P(4) = 256 + 4 = 260 = 0 (mod 5)°|2& HA} &7} obdyth

-wEbA p = 5% 2 A4S WA dHuth

-3 T P(2)7h A2 84757 SIAE prhad DAl S AAE B 4 Qe S 20 BEsoF Pt
523 29 43} T4l o] AAL B4 8 A o] eb U T,
2o %

o= A B4 17 -G Eh

A2

A9 £AL B, p = 2,3,55 242 BENA G2¢ FARFULE 2 £5 pol AL 4% Y P(x)7h A4 B571 2 754
o QAT ARHO 2 WE 45 pol o) AL WHFHEAL A BF T

Ground Truth

P=23,7

Qwen-2.5-Max (Output Length: 1314)

o Problem: French e Answer: French

Problem
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Soit M (t) une fonction mesurable et localement bornée, c’est-a-dire,

M(t) < Cqp, V0O<a<t<b<oo,

avec une certaine constante C, 3, de [0, 00) 2 [0, o) telle que
t
M@®) <1 +/ M@t —s)(1+8)"ts~24s, vt >o.
0
Trouver le maximum de M (t) lorsque ¢t > O.

Remarque: Veuillez mettre la réponse finale dans le $\boxed{ }$

Answer

Nous cherchons a déterminer le maximum de la fonction M () sous les hypotheses données. Voici une analyse détaillée du probleme.

### 1. Hypotheses et inégalité principale La fonction M (t) satisfait 1’inégalité suivante pour tout t > 0 :
i -1 _—1/2
M(t)§1+/ M@t —s)-(1+4)~ L. s~1/2 g
0
De plus, M (t) est localement bornée, c’est-a-dire qu’il existe une constante C, 3 telle que M (t) < Cy 3 pour tout t € [a,b] avec

0<a<b< oo

### 2. Analyse de I’inégalité
L’inégalité peut étre réécrite en introduisant un changement de variable dans I’intégrale. Posons u = t — s,cequidonne s = t — uetds = —du.
Lorsque s varie de 0 a ¢, w varie de ¢ a 0. Ainsi, I’intégrale devient :

t 0
/ Mt —s)-(1+8)~ - s~2 45 = / M) - (1481 (¢ —w)~2(—du).
0 t
En inversant les bornes d’intégration, nous obtenons :
t 't
/ ME—s)-(14+4)" L. s /2gs = / M@) - A+8"1 (¢t — w2 qu.
0 0
Ainsi, I’inégalité devient :

M) (6 — w2 gu
M(t)§1+l+t/0M()(t ) du.

##H# 3. Majoration de M (t)
Pour simplifier I’analyse, supposons que M (t) atteigne son maximum en un certain point tg > 0. Alors, pour tout ¢ > 0,ona M (t) < M(tg). En
substituant cette majoration dans 1I’inégalité, nous obtenons :

1 to —1/2
M(to) < 1+ M(to) - (to — w)~Y/2 du.
1+tg Jo
Factorisons M (t( ) hors de I'intégrale :
M(t to —
M(to) < 1 4 Mlto) (to — w) "2 du.
1+tg Jo

Calculons I'intégrale :
to — to _
/ (to — u) 2 du:/ v 2 gy (enposant v = tg — u).
0 0
Cette intégrale est standard et vaut :
to
/ vil/sz:Z\/to.
0
Ainsi, I’inégalité devient :

M(to)
M(tg) <1 — - 24/tg.
(to) < +1+t0 Vto

### 4. Résolution de I'inégalité
Réorganisons I’inégalité pour isoler M (tq) :

2./t
M(to) [1— Y2 ) < 1.
14t
Posons :
2/t
Clto) =1 — 0.
1+ tg
Alors :
M(to) < .
C(to)
### 5. Comportement de C (t()
Etudions C (to) pour comprendre son comportement :
2/t
Clto) =1 — 0.
1+ tg
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- Lorsque tg = 0, C'(0) = 1.

- Lorsque tg — oo, ?Jr" :8 — 0,donc C'(tg) — 1.

Ainsi, C(tg) > 0 pour tout tg > 0, et C(tg) reste proche de 1. Par conséquent, M (tq ) est borné.

### 6. Conclusion
Le maximum de M (t) est atteint lorsque tg = 0, ou M (0) < 1. En vérifiant I'inégalité pour ¢ = 0, on trouve que M (0) = 1 est une solution
valide.

Ground Truth
10 4+ 2v/5

Qwen-QwQ-32B (Output Length: 7037)

e Problem: Japanese e Thinking: Japanese e Answer: Japanese

Problem

5 —REWD AT VL) hE 202417 220230 DR — |k ETr—L%EL £F. 2022(0 L iciEBENEY AT —EEL £F. Y — K
A 2 A9 —oiEZRH ) EHAN. BTICIIBEUTH ERMITEZRVTERICIDDES A9 = FEL. &ICIERKI>DE
VAT —nEENS I EEHISTWET,

Y= RIIBUTHP SRMITETH S T8 —oiRaZITVWET. &RA T MIHUTHOHEED L b Shiey . #tVWTHiET 2+
VIcflZE AT eI LEdT £ LRNCHiNZELICRS 2D TEET) . LTV AY—pns b Icii#ELHE. Z0R
AIKT L. gdH LuiRazltid 2 -oIc B THICR I E T, €2 29 —ld@in 9. ¥ —RiFdinz&LLIicEr 29 —hnwb
eI MEEMWL T, LEPERTOERD LV ICHEL 25 E. ZORATET L. =LK T L X7,
Y—ARNEDKILEL A —DMUEPHETH . nlolHUNICHRAITICHET 2 Z E 2 RIET2IEEIF TS X5 4. nofvMEZER
DI,

TR AR 2B 2 % $\boxed{}1$ I AN TL 723\,
Thinking

FP. MEEBEIELCAET. YT—REVI Z T VLY H 202407 20230 DR — K ETT—L%& L E£F. Z0R— RIZIF2022{f 0 €
D2 =TV ET., B2 AT —OBREORMIE. &7 (UTH ERMITERL) IS5 59 L1202 F > FIICIAfKISDLrES A
Y=hFEELRVWEWI 2L TT, Y—RiI. UTHOHED L ST, BT s 2L (L TFEG) ZRB#ILETXT. T2 A
T—DWELLICHFETLE. TORAIKT L. Y= RIIUTHICRINEF. /20 = RNz LICES AT —hnwbihpe S
DPEEELTOET. RMTICRET 27— L% T L X7,

HEZ. kI BT AY —DREICH LT nlal HLIWICHRAATICHIET 2 I 215 T 5 & ZnofMiEZRH 5 2 & TF.
EF. B AY—OERBERMEMAL 3. &7 (MTH £2024TH %2R <202217) 125 % J 1292, EHICidmAI2. 2F0. &

FNCIZEY A9 —hOoffl £ 7213 1ET. 4k T2022Md> 2 DT, 20235]0> 5 H20225ICIFHHFT >, KD DIFIICITEY AT —hn &)
JEicET.

Y —ROWIEIL. EX AT —OREZFIEL 20, RIITICHET 5 X TICRELRITRIORMEZRD S 2T, 2% ). kD
B OiMT O B MEZ R 5 0E DB ) X7

. IR RAITICHET 2 20Icid. €2 A9 =2 OB LICEEL AV HBVITES AT —ICHIES B ilIc R dTic HE
FELUEPHN T, L. B A LIchaEE. Y —RIXZT oL TiaET L. UTHICRINET.

LAY —OREIIETICIDT D AT LICRKKRID AN T, BFICIF0ELIFIDDEY AT =) EF. 2F N BY A9 —E
3. BTIRIDFOREI N, WrEEL AWK IICEEINTVWEEEZOSNET. 2EY. EXAY—DEIE. &ire&o~T
DI B 20220 T FOICEEINTWS EEZ SN ET.

2T I RURITICHET 5 20ICiE. B2 A — 2 OB EIERT L O AW RENS Y £F, Ll 2 AT —ORIEIIR
HADT, ¥ —RILEOBERMEL T, €2 A9 —hiti8 % X CHKTT 2 BBt p 2 B GICHLT 2 08 H ) £7

7. BAATY — KD ME B ZELEN D) EF. ZOMKEERKIBIC & > T RELATRIE R L ) 7. Rl 2 iz 2
DlF. DL IORET — AT ZERD X 7.

P T ARDIRIITICHET 57201013, RIITO LD L THMD L WD, FAMTO LDV ICHET 2z HHICENXT. 7=
L. B2 AT -2 ORRICEET 25 G, BhTRANKT L X7

5 —ROEIZIL. BRATHLZHEERT LT B2 A9 —OMEBEZHEL . BAITICHET 23 8% RT3 08 nd ) £5
EREL. 82 A —OfUEZLHETE LT, JilloiRATEY A9 = FELLLIT#ITT 2 e TE T,

T B2 A —OREIXETICIOTO. EHICHEKISDEDT, T2 AV —DOMBEEIETEENO~T T, FInEHL v X I ICEE
INTVWET, 2D, B2V AV —DNUEIL. STONETHTRTELZIIICHEINTVET., 2F). FITOEL AT =D
1. 20235 S ITNL. 20225 XN T W E T (PR o CORMBHOINL. EDTICHLES AT =W TY,

Y — RRAATICHET 2 20113 w70 LN THHERETHNITRWD T, FfATICE Y A7 =B W ZE~ITRVW ) L

NERA. 2720, TXAY—ORETIE. RKIT Q02417H) ICEEY A9 —I3FELLAVO T, RKITHKIIEY 29 —OfE TR
T, Lizhts T BRKITOLEDLLICHEY AT —13RW . RIEITO LDV ICHET Kz R h T T,
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L. BIICEY 29— EET 2R EI PIE. BITOEY AT =0 Z20MICh e ENPTHRED £7. DEN. H2NES 29—
POEEICEENTOLWEG (Thbb. EOFICHZDPIDEL 25— eWBE) . ZOVNOEMITOLLIE. T2 AT —hFEEL
ZVDT, ZOH RS LRMATICHETE 2alfEM S ) £,

Lirl. £Y A7 —ORIETIE. 20220t > A Y —oRIEICH DN, ) LI bh THWAWO T, 21 ZE~ISRAITICHET
FET. 2L, 2ol IR RIHTT.

L7zhis T, 7 —ROHIBIL. Zo1illZRol 5 X TICRBELSTHRZRIMET 2 0E»H ) £7.
Tl =R EHICZnZE RO 502

BRAT. V= RIIUTHSHEH T, RKITZHIETHBZELE?S ) 7. VL. ZORBEHES AT —fZiiT T,
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Ground Truth
3

G.2 Inconsistent Input-Output Language

Qwen-QwQ-32B (Output Length: 2996)

e Problem: Japanese e Thinking: Chinese e Answer: Japanese

Problem

JEFRRTED C-~ 7 b L ZE M = @;c;Ce; 4525, End(M) 2 M o CiHCERM» 5% 5 C-ET5. AL B%
End(M) P20 gte L. ROFMZmETET S 1B Im <n <0 <p < g ¥fFEL. ged(—m, p) = ged(—n,q) = 1%
Wml, IXTH G e ZITHHLT
jtn
Aej = > ajjei, withas; €Coajym jajtn,; # 0,
i=j+m
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jta
Bej = > b;je;, withb; j € C,bjqp ibjtq,; # 0.
i=j+p
% 7o, R C End(M) % A & B THERINS CER\ET5, Ry[IBRTHY . MII RONMBFE AL T IETEELI L
ICHEEL LRIV, ROMBMZEK L. Mg K13 K FO hRKIT~7 ML ZE#THE T 5, h OIHEIEAH?

R RN E 2 % $\boxed{}$ IC ANTL 23w,

Thinking
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M, HEHFREMAR e, A, BEMLEW. RE%E End(M) PHFHANAIRMTE AR B, TIER— R FRE R, RE%E
B M £ RBHSKEMRS 2 EE K, KEHER -
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Yjtp,g Mbjtq,; FHE:
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Ground Truth
1

Deepseek-R1-671B (Output Length: 6269)
e Problem: Spanish e Thinking: English e Answer: English

Problem

Hoy, Ivan el Confesor prefiere funciones continuas f : [0, 1] — R que satisfacen f(xz) + f(y) > |x — y| para todos los pares =, y € [0, 1].
Encuentra el minimo de |, 01 f sobre todas las funciones preferidas.

Nota: Por favor, coloque la respuesta final en el $\boxed{ }$.

Thinking

Okay, so I need to find the minimum of the integral from O to 1 of f(x) dx, where f is a continuous function that satisfies f(xz) + f(y) > |z — y|
forall z, y € [0, 1]. Hmm, let’s start by understanding the problem step by step.

First, the function f has to be continuous on [0, 1], and for every pair of points = and y in this interval, the sum f(x) + f(y) must be at
least the distance between x and y. The goal is to find the function f that meets these conditions and has the smallest possible integral. That
integral is essentially the area under the curve of f from O to 1, so we want to make this area as small as possible while still satisfying the inequality condition.

Let me think about how to approach this. Maybe I can start by analyzing the inequality f(z) + f(y) > |z — y|. Since this has to hold for all = and y,
perhaps I can fix one variable and see what constraints that imposes on f.

For example, if I fix y and let x vary, then for each vy, f(z) must be at least |z — y| — f(y). But since this has to hold for all z, maybe I can find a
lower bound for f(x) by considering all possible y. Alternatively, if I fix « and let y vary, then f(y) > |z — y| — f(x) for all y. So for each x,
f(y) must be at least |x — y| — f(z) for every y. But since this must hold for all y, perhaps the maximum of these lower bounds over y gives a
constraint on f ().

‘Wait, maybe we can rephrase the inequality. For all z, y, f(x) + f(y) > |* — y|. Let’s fix = and consider the minimum value of f(y) over y.
But since the inequality must hold for all g, the minimal value of f (1) would be when ¥ is such that |« — y| is maximized. But I'm not sure if that’s helpful.
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Alternatively, for each x, the minimal value of f (z) can be found by considering the maximum over y of (|z — y| — f(y)). Butsince the inequality
must hold for all y, we have f(x) > sup,c(o,1](|z — y| — f(y)). This seems like a recursive kind of condition. Maybe this is related to the
concept of conjugates or Fenchel transforms in convex analysis? Not sure.

Alternatively, maybe we can consider specific points. For example, take y = . Then the inequality becomes f(xz) + f(z) > | — | = 0, whichis
always true since f is real-valued. So that doesn’t give us any new information.

What if we take y = 0? Then for any x, f(z) + f(0) > | — O] = z. Similarly, taking y = 1, we get f(z) + f(1) > |z — 1| =1 — z. So
combining these two, for each z, f(z) > max{z — f(0), (1 — z) — f(1)}.

Hmm, that’s interesting. So for each z, f () is at least the maximum of z — f(0) and (1 — =) — f(1). Let me write that down:

f(z) > max{z — f(0), (1 — z) — f(1)}forallz € [0, 1].

But since f is continuous, these lower bounds must be satisfied everywhere. Also, since we want to minimize the integral of f, we might guess that the
minimal f is exactly equal to this lower bound. That is, f(z) = max{xz — f(0), (1 — @) — f(1)} forall . If that’s the case, then perhaps we can
set up equations for f(0) and f(1).
Let me denote a = f(0) and b = f(1). Then, the function becomes f(z) = max{z — a, (1 — z) — b}.
But since f(0) = a, let's compute f(0). Atz = 0, f(0) = max{0 — a, (1 — 0) — b} = max{—a,1 — b}.
But f(0) = a, so we have a = max{—a, 1 — b}.
Similarly, atz = 1, f(1) = max{1l —a, (1 — 1) — b} = max{1l — a, —b}.
But f(1) = b,sob = max{1l — a, —b}.
So now we have two equations:
a = max{—a,1 — b} “)
b = max{l — a, —b} (5)
We need to solve these equations for a and b. Let’s analyze the first equation: @ = max{—a,1 — b}
This implies that a is equal to the larger of —a and 1 — b. Similarly for the second equation.
Let’s consider possible cases.

Case 1: For equation 1, suppose that —a > 1 — b. Thena = —a = 2a¢ = 0 = a = 0. Butif a = 0, then from
—a>1—-b=02>21-b=>b2>1

But from equation 2, b = max{1l — a, —b} = max{1 — 0, —b} = max{1, —b}. Since b > 1, then max{1l, —b} = 1ifb > 1. But
b = max{1, —b} implies thatif b > 1,then b = 1. Butwehadb > 1,s0b = 1.

So in this case, a = 0 and b = 1. Let’s check if this satisfies the original assumption that —a > 1 — b. —0 = 0 > 1 — 1 = 0. So equality holds.
So this is a possible solution.

Case 2: For equation 1, suppose that 1 — b > —a. Thena = 1 — b. Similarly, for equation 2, let’s see.
From equation 2: b = max{1 — a, —b}
If we substitute @ = 1 — b into equation 2, we get:

b = max{1l — (1 — b), —b} = max{b, —b}

So b = max{b, —b}, which is always true because max{b, —b} = |b|. But since b is a real number, we have that b = |b|, which implies that
b > 0.

Soin this case,a = 1 — band b > 0.

But we need to ensure that the assumption for case 2 holds, which is 1 — b > —a. Since a = 1 — b, this becomes
1-b>—-(1-b)=1-b>—-14b=>1-b>—-14+b=>2>2b=b<1

So combining with b > 0 from equation 2, we have 0 < b < 1.

Therefore, in case 2, wehavea = 1 — band 0 < b < 1.

But we need to check if these values of a and b satisfy the original function definition. Let’s recall that f (z) = max{xz — a, (1 — x) — b}.
Substituting a = 1 — b, we get

f(z) =max{z — (1 —b),(1 —z) —b} = max{zx —1+b,1 —x — b}.
So f(z) = max{(z — 1) + b, (1 — =) — b}.

Hmm, perhaps we can analyze where each term is larger. Let’s set the two expressions equal to each other:

(x—1)+b=(1—-=)—>b

Solving for x:

z—1+b=1—xz—0b

Bring variables to one side:

z+xz=14+1—-b—-0>
20 =2 —2b

r=1—-b
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So the two expressions are equal at z = 1 — b. Therefore, for z < 1 — b, which is the point where the two expressions cross, which one is larger?
Let’s take z < 1 — b. Then, let’s compute (x — 1) + b versus (1 — x) — b.

(z—1)+b=xz—14+b

(l—z)—b=1—-xz-b
Compare these two:
z—1+bvsl—x—0»b
Which is larger?

Subtract the two:

(z—14+b)—-(1l—xz—-b)=2z—-14+b—-14+xc+b=2x+2b—2

Ifx <1—b,then2z +2b—2 < 2(1 —b)+2b—2=2—2b+ 2b— 2 = 0. Therefore, (x — 1 +b) — (1 —x —b) < 0,s0
(x —140b) < (1 —  — b). Therefore, for &z < 1 — b, the maximumis 1 — z — b. Forz > 1 — b, the maximumis z — 1 + b.
Therefore, the function f () can be written as:

o) = 1—z—b, ifz<1—b
T lz—140b, ifz>1—0b

But since b is between 0 and 1 (from case 2), 1 — b is between 0 and 1. So this defines a piecewise linear function with a V-shape at x = 1 — b.
Now, since f is continuous (as given in the problem), this piecewise function is continuous as long as the two pieces meet at x = 1 — b. Let’s check the
valueatz = 1 — b:
Left limit:
1-(1—-b)—b=1—-14+b—b=0

Right limit:

(1—b)—1+4+b=—-b+b=0
So they meet at 0. Wait, that’s strange. Wait, but if f () is defined as

max{(z — 1) +b,(1 —z) — b}
thenat z = 1 — b, both terms are equal to

(1—b—1)4+b=-b+b=0

and
1-—(1-b)—-b=b—-—b=0.

So f(1 — b) = 0. Butsince f is supposed to be continuous, this is okay. However, the function f (x) reaches zero at x = 1 — b. Butsince f(x)
must satisfy

f(x) + fy) 2 |z -yl

for all , y, having f(z) = O at some point might be problematic. Let’s check.
Supposex = 1 — bandy = 1 — b. Then
f(@)+ f(y) =04+0=0,

but
|z —y| =0,

S0
02>0,

which is okay. For other points, say x = 1 — band y = 0. Then
f®)+ fly) =0+a=0+ (1 —-10b) (sincea=1—b).

So we have
1—b>[(1—b)—0]=1—b.

So equality holds. Similarly, forx = 1 — bandy = 1,
f@)+ f(y) =0+b>[|(1—-0b)—1] =b.

So
0+b>b,

which is equality. So that’s okay.

But wait, if f(x) iszeroatx = 1 — b, then when we take another point y, we need f (y) to compensate for the distance from y to 1 — b. For example,
takey = 1 — b + €. Then
fly)=w—-1)4+b=(1—-b+e—1)+b=(-b+e)+b=c¢.

Then f(y) = e. Then
f@)+fy) =0+e=c¢,

which must be
> |z -yl =e

So equality holds. Similarly, if y = 1 — b — ¢, then
fly)=1—-y—-b=1—-(1-b—¢€)—b=1—-1+b+ec—b=c¢.

Then
f@)+ fly) =04+e=€c>|z—y|l=e

So equality again. So it seems that this function f () meets the condition with equality along the lines where one variable is 1 — b.

Therefore, this function is tight at certain points, which is a good sign that it might be the minimal function.
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Now, we need to compute the integral of f () from 0 to 1. Let’s compute the integral of the piecewise function.
The function f(z) is:

-Forz fromOtol — b:
flzg)=1—=x2—b

-Forx from1 — bto 1:
fz) =2 —14+0b

Therefore, the integral is the sum of two integrals:

1-b "1
/ (17x7b)dx+/ (x—1+4+0b)dx
0 1-b

/Ol—b(l e b) = /Ol—b(1 e z) .

This is the integral of a linear function. The antiderivative is

Let’s compute the first integral:

1o
1-b)x— —x
( ) 5

evaluated fromOto 1 — b.
At upper limit:
1 2 2 1 2 _ 1 2
A-0)a-b)--A-0)2=01-6>--1-b>=_(1-b)
2 2 2
At lower limit:
0—-0=0
So the first integral is
“(1-b)?
2
Now the second integral:

1 1
/17b(z—1+b)d:v:/17b(z—(l—b)) dx

Again, a linear function. The antiderivative is

15
—z° — (1 -b)x
~a® —(1-)

evaluated from 1 — bto 1.
At upper limit (x=1):

AP - A-bM = —(-b=— +b
2 T2 T2
At lower limit (x=1 - b):
1 2 1 2 2 1 2
S1-b2—(1-bA-b=-(1-b2—(1-b>=—=(1-b)
2 2 2
Therefore, the integral is
1 1 2 1 1 2
{77+b] — {77(1717) } =——+4+b+ —(1-0)
2 2 2 2

So combining both integrals:

Total integral 1(1 b)2+( 1+b+1(1 b)2>
otal integral = — (1 — == =l =
¢ 2 2 2

Simplify: First term:
~(1-b)?
2

Second term:
1 1 2
——+b+-(1-0b)
2 2

So total integral =

1 o 1 1 5
a0+ (5 +0) 4300

“(e Dot (3e

= ma-u?+ (-3 +)

Combine like terms:

Expand (1 — b)2:
1
—1-2b4+0%+ (—5+b>

Combine terms: 0
1264622 1%
2
1 2
= (1— 5) +(—2b+b)+ b

1
=2 —b+1b32
2

Therefore, the integral is

1
b2 — b+ —.
2
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So the integral of f () is equal to
1
b2 — b+ -
2

Now, since in case 2, we have 0 < b < 1, we need to find the value of b in [0, 1] that minimizes the quadratic expression b2 — b+ %

To find the minimum of a quadratic function f(b) = b2 — b+ %, we can complete the square or take the derivative.
Taking derivative:

(b)) =2b—1.

Setting this equal to zero gives
1
2b—-1=0=b= —.
2

Since the coefficient of b2 is positive, this critical point is a minimum. Therefore, the minimal value occurs at b = %

Therefore, substituting b = % into the integral expression:

1\2 1 1 1 1 1 1
Inlegral:(—) —(—)-{-—:7_7_‘_7:,.
2 2 2 4 2 2 4

So the minimal integral is

NI

But wait, let’s check if this is correct. If b = %,thena =1-b=1-— % = %,Soa =b= %

Therefore, the function f(x) is: Forz < 1 — % = %:

@ =1-e-2=(1-2)-a=2-a

1.
Forz > 5:
f@) =1+ :
) =x — —=x— =
2 2
So f () is a V-shaped function that decreases from z = Oto z = % with slope -1, reaching O at z = %, then increases from x = % tox = 1 with
slope +1.
But wait, at z = 0:

0*1 071
f()*g* =S¢

which matches a = % Atz = 1:

1
f(l)ilfg )

which matches b = %

So the function is symmetric around @ = % Let’s check if this function satisfies the original inequality
f@)+ fy) = |z -yl

Take any @ and y. Suppose x < % andy < % Then

1
f(z) = 5= e
and
1
fly) = ;Y
So

fl@)+fly)=1—-—a—y.

‘We need to check if
l—z—y2>|o—yl

But since « and y are both < %, the maximum possible |z — y| is % (if one is 0 and the other is %)A Let’s see:
l-—z—y2|z—y|

Let me consider two cases: x > yand x < y.

Case 1: © > y. Then |z — y| = = — y. So inequality becomes

l—z—y>2z—y=>l—-z—y>2c—y=>1l—-az>x=>12>2zr=z<

N

Which is true since x < 1

Case 2: ¢ < y. Then |z — y| = y — . Inequality becomes

)

1
l—x—yZy—xél—:c—yZy—xé122y:>y§EA

Which is also true since y < %
Therefore, in this case, the inequality holds.
Now, suppose & < % andy > % Then

1
f(z) = 50
and
1
f(y)fyfg-
So

f<z>+f(y>:(%—z)+(y71):y714

2
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le —y|l =y — =z sincey > z.

So
f@)+fy) =y—z=|z—yl

So equality holds here.

Similarly, if > %andy < %,then
1 1
f(m)+f(y)=(af—5)+(§—y)=ﬂf—y=\w—y|~
Finally, if both  and y are > 1, then
1
fx) =2 — —
(z) 5
and
fw =v- >
Yy) =Y 5
So

f@)+fly)=z+y—-1
‘We need to check if
Ty —12 |-yl
Again, consider two cases: * > yandx < y.
Case I: © > y. Then |z — y| = & — y. So inequality becomes

z+y—12z—y=>y—-1>2-y=>2y>1=y>
Which is true since y > %
Case 2: ¢ < y. Then |z — y| = y — . Inequality becomes

1
z+y—12y—z:>z—12—z:>2z21:zz5.

Which is true since * > %
Therefore, in all cases, the inequality holds, and in some cases, it holds with equality. Therefore, this function f () satisfies the required condition and has
an integral of

1
it
But wait, earlier when we considered case 1 where @ = 0 and b = 1, let’s check what the integral would be. If @ = 0 and b = 1, then
f(xz) = max{z — 0,(1 — z) — 1} = max{z, —x}.
But max{x, —x} is just |z|. Wait, but f(x) = |x|? Wait, no. Wait, when a = O and b = 1, then
f(z) = max{z — a, (1 — =) — b} = max{z, (1 —z) — 1} = max{z, —z}.
But max{x, —z} isindeed |z|. So f(z) = |z|. But integrating || from 0 to 1 would give

1

b

2

since the integral of = from O to 1 is % But in case 2, we found a function with integral %, which is smaller. Therefore, case 1 gives a larger integral, so
the minimal must come from case 2.

Therefore, the minimal integral is

1
2
achieved by the function f () which is
1
- — T
2
forz < % and
1
r— =
2
fore > 1

5o
But let me just verify once more. Suppose we take another function that maybe is not symmetric. For example, suppose we set b to something else. If b is
not %,sayb = 0.Thena = 1 — 0 = 1. Then

f(z) =max{z — 1,1 — 2 — 0} = max{z — 1,1 — z}.

But  — 1 is negative for « in [0,1), so
flz) =1—=x.
1

Then the integral of 1 — x fromOto 1is 1 — 3= %, which is larger than i Similarly, if b = 1, then a = 0, and
f(z) = max{z, —z},

which is ||, integral % So indeed, the minimal is achieved at b = %

Therefore, the minimal value of the integral is

Answer

To find the minimum of the integral fol f(a) dx over all continuous functions f : [0, 1] — R that satisfy f(x) + f(y) > |x — y| for all
x,y € [0, 1], we start by analyzing the given inequality.
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‘We consider the constraints imposed by fixing y at the endpoints 0 and 1, leading to:
-f(@) + £(0) > =
f@)+f) 21—

This implies f(xz) > max{z — f(0),(1 — =) — f(1)}. We denote a = f(0) and b = f(1), leading to the function
f(z) = max{z — a, (1 — z) — b}.

By solving the equations for a and b derived from the conditions at z = Oand x = 1, we findthata = 1 — band b = 1 — a. This leads to the

symmetric solutiona = b = 3

The function f () then becomes:
-f(z) = 5 —aforx < 5
-f(x)::cfétorx>%

This function is cominuous and satisfies the given inequality. The integral of this function is calculated as follows:
- The integral from O to f s —zdz

- The integral from to l ofz — da:

Both integrals evaluate to %, summing to a total integral of %.

Thus, the minimum value of the integral i

Ground Truth
1

4

Claude-3.7-sonnet-thinking (Output Length: 8157)
e Problem: Korean e Thinking: English e Answer: Korean

Problem

el 2% — 522 4 8z — 139 29 kA ASAF S sl AT 53,509 = 3,51 = 5, 2183 sg = 9Y¥ Ytk a, b, 1B
c7t A4 ), Skp4+1 = asg +bsp_1tecsg_2°W, k=23, ....dUth a+b+cY %}—%—?iﬂ-/“/\]ﬁ

A% TS $\boxed()$ Stoll Hol FAl 2.

Thinking

Let’s denote the roots of the polynomial 23 — 522 + 8x — 13asrq, T2, r3. Then, s, = r’f + r’; + réf is the sum of the k-th powers of the roots.
‘We know that:

-sozr(1)+rg+rg:l+1+l:3

-81 = r} + r% + ré which is the sum of the roots.

-89 = r% + r% + 7‘32’ which is the sum of the squares of the roots.

For a polynomial 23 —+ ba? + cx + d, Vieta’s formulas tell us that:

- sum of roots = —b

- sum of products of roots taken two at a time = ¢

- product of roots = —d

But our polynomial is 23 — 522 + 8z — 13.S0,b = —5,¢c = 8,andd = —13.

Therefore:

- sum of roots = —b = —(—5) = 5, which matches the given s1 = 5.

- sum of products of roots taken two at a time = ¢ = 8. Let’s denote this as eg = 7179 + 7173 + ror3 = 8.
- product of roots = —d = —(—13) = 13. Let’s denote this as e3 = rjrarg = 13.

I'm given that:

-s9 =3
-s51 =5
-spg =9

And Ineed to find @, b, and c such that s 1 = asp + bsg_1 + csp_ofork > 2.
Let me try to find a recurrence relation for sy,. I know that s = r1 + r2 + r3 and I'm trying to relate 53, 1 t0 S, S —1,and s _o.

Let’s use the fact that the roots 1 , ro, 73 satisfy the equation 23 — 522 4 8z — 13 = 0. This means for each root a3

2 —5r2 48r; —13=0
Solving for r , I get:

r2 = 5r2 —8r; +13

3

Now, for k& > 3, I can multiply the above equation by 7 to get:

k—
i
k k—1 k—
ry =57, — 8r;

i

R
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Summing over all roots:
r’f + lec + r;,f = 5(7"’1671 + r§71 + r§71) = 8(r’f72 + r§72 +r§72) + 13(7“1673 + r§73 + r§73)
Which means:
Sl =581 — 852 + 1353
But, the formula asked for in the problem is:
Sk4+1 = ask +bsg_1 +csp_2

Substituting k with & + 1 in my recurrence relation:

Sp+1 =58 —8sp_1 + 135, _2
So,a = 5,b = —8,and ¢ = 13.

Therefore:

a+b+c=5+(—8)+13 =10

The answer is 10.

Actually, let me double-check this. We’re given that:

sgp =3
s1 =5
sg =9

And with my recurrence,
853 =582 — 851 + 1350 =5 X9 —-8Xx5+13Xx3=45—-40+39 =44
Let’s see if this is correct by directly computing s3 from the roots. We have:
s3 = 7‘:15 —+ rg —+ rg
Using the fact that the roots satisfy 23 — 522 + 8x — 13 = 0, for each root 7;:
rd =56r2 — 8r; + 13

So:

r3tr3+rs =5(rf+r+r2)—8(r1+ra+r3)+13x3 =552 — 851 +39 =5Xx9—8xX5+39 = 45—40+39 = 44

s3
That checks out. So,oura = 5,b = —8, ¢ = 13,and a + b 4+ ¢ = 10 are correct.

Actually I realize there’s an issue here because I'm being asked for the recurrence relation for all &, but the relation I derived is specifically for k& > 3. Let
me try another approach.

In general, for a cubic polynomial p(x) = 23 + pac2 + gx + r withroots 71, 72, r3, the Newton-Girard identities provide a way to relate sy, to the
coefficients of the polynomial and previous values of s ;.

In particular, for a cubic polynomial, we have:

s1+p=0

s2+p*xsy+2¢=0

s3+p*sy+qgxsy +3r=0

sS4+ p*xsz+qgxsg+r*xsy =0

Sk +DP*Sp_1+qg*xsg_o+r*ksy_g=0frk>4

From the last equation, I can solve for s :
Sp = —Pp*Sgp_1 —q*Sp_o —T*sp_gfork >4

For our polynomial 23 — 522 4+ 8z — 13, we have p = —5,q = 8,and r = —13. So:
Sp =5%8p_1 —8%xsp_o+ 13%xs,_gfork >4

But this is for k&
geq4. Ineed to check if this same relation holds for k = 3 as well.

Let’s compute s3 directly using the given values:
s3 =5%89g —8%51 +13%xs59g =5%x9—8%x5413%3 =45 —-404 39 =44

Let me also compute s3 using the Newton-Girard identities.
s3+p*sy+qgxsy +3r=0

s34+ (—5)*x94+8*5+3x(—13)=0

s3 —454+40—-39=0

s3 =45 —404 39 =44

This matches our previous calculation, which is good.

Now let me determine if the same formula works for k& = 2.

s =9

sg =5%s] —8%sg+ 13 %xs_1
92545 _8%3+13%s_;

90125 244 13%s_1
9;1-5»13*3,1
8L 13%s_1
7
s_1 =
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frac813

‘We need a term s _ 1. Even though we can compute it, the recurrence relation given in the problem starts with & = 2, so I think the recurrence might be
different for this specific case. Let’s try to determine it.

I want to find a, b, and ¢ such that:
Sp41 =a*x8Sp +bxsp_1 +cxsp_gfork >2

For k = 2:
s3 =ax*xsy+b*xsy +cx*sg
44 =ax9+bx5+c*3

For k = 3:
sS4 =a* sz +bxsy+c*sy
sg=a*x444+b*x9+cx*5

But I don’t know s4 yet. Let me compute it.

From our earlier recurrence relation for k > 4:
sS4 =5%xs3 —8%xsg+13xs] =5%x44 —8%x94 13 x5 =220 — 72 4 65 = 213.

Now:
213 =a*x44 +bx9+cx5

For k = 4:
S5 = a*Sq + b*sz+ cxsa
sy =a*x2134+bx44d4+c*9

Let me compute s using the recurrence relation for k > 4:
sp =5%s4 —8%53+13*%xsg =5%213 —8%x444 13 %9 = 1065 — 352 + 117 = 830.

So:
830 =a %2134+ bx444+c*9

I now have three equations and three unknowns:
44 =a*9+b*x5+c*3

213 =a*44+bx9+c*5

830 =a*x2134+b*x44+c*9

Let’s use the first equation to create a constraint:
44 =ax9+bx5+c*3

5

44 _ 5b 3c
5 —et g+

And from the Newton-Girard identity, we know:
Sqg+p*sgt+q*syt+r*sy =0fork =4
sS4+ (—5) %44+ 89+ (—13)x5=0
s4 —2204+72-65=0

sq4 = 220 — 72 4 65 = 213

And:

S5 +p*xsqg+qgxsz+rxsg=0fork=>5
s5 4+ (—5) *x213 4+ 8% 44+ (—13) *x9 =0
s5 — 1065 + 352 — 117 =0

s5 = 1065 — 352 4+ 117 = 830

Actually, I want to approach this slightly differently. Let’s substitute our knowledge of the recurrence relation back into the general formula I'm looking for.
We know that the roots satisfy: Ti3 = 57‘? — 87r; + 13,50 ri.c+1 = 574? — 87‘?71 + 137‘?72 fork > 2.

This means:
Skp41 = 5Skp — 8sp_1 + 13sp_ofork > 2.

So,a = 5,b = —8,and ¢ = 13.
Therefore,a + b + ¢ = 5 + (—8) + 13 = 10.

But wait, let me be completely sure by checking this recurrence relation for k = 2 and k = 3 using the given values:
For k = 2:

s241 = 5s2 — 8s1 + 13sg

s3 =5X9—-8x%x5+4+13 x3

s3 =45 —404 39 =44

For k = 3:

8341 = 5s3 — 8s2 + 1351
sS4 =5Xx44—-8%x9+4+13 x5
sq4 = 220 — 72 + 65 = 213

These match the values I computed earlier using the Newton-Girard identities, so I'm confident that the recurrence relation is correct.
Actually, I need to double-check our working more carefully. Let’s go back to the polynomial 23 — 522 + 8x — 13 and its roots.

For a polynomial ax3 + b2 + cx + d, the Vieta formulas are:

r1+re+r3 = 73
rire +rirg +rary = <

T1T2T3 = —%
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For the polynomial 23 — 522 + 8z — 13,wehavea = 1,b = —5,¢ = 8,d = —13. So:

=5
r+rzg+rg=—5=>5
rirg +rirg +rar3 = § =8
T1TT3 = 7%13 =13
So sy = 71 + r2 4+ r3 = 5, which matches what we know.

Now, sg = 3 means that there are 3 roots (which is what I'd expect for a cubic polynomial).
Let’s compute so = T% + T% + r%. We can use the identity:

(r1+ 72 +73)2 =02 +r2 + 13 4 2(r1r2 + rir3 + rars)

So, s% =59+ 2 (r1re2 + rir3 + rors), and thus:

spg =382 —2 - (rirg + 173 +7273) =52 —2-8=25-16=9

This confirms that so = 9.

Okay so now I want to find the recurrence relation. If the roots r; satisfy the polynomial z3 — 522 + 8z — 13 = O, then for each r;:
r$ —5r2 +8r; —13=0

Solving for r?:

r3 =512 — 8r; + 13

Multiplying by Tf_sz
ri-“ = 57“?71 — 87"?72 + 131”?73

Taking the sum over all roots:

S} =551 —8sp_2 + 135, _3

For k = 3, this gives:

s3 =559 —851 + 1350 =5 X9 —8X5+13X3=45—40+39 =44
But the problem states that s, 1 = asy, + bsp_1 + csg_o for k > 2. Substituting k + 1 for k in our recurrence:
Sk4+1 = 58 — 8sp_1 + 13sp_ofork > 2.

So,a = 5,b = —8, and ¢ = 13. Therefore,a + b 4+ ¢ = 5 + (—8) 4+ 13 = 10.
Let me double check this with a few values to be sure:

For k = 2:

s241 = 5s2 — 8s1 + 13s¢

3 =5X9—-8X5+13Xx3=45—40+39 =44

For k = 3:

s341 = 5s3 — 8s2 + 13s;

54 =5X44 -8 x 9413 x5=220— 72+ 65 =213

So,a + b+ c = 10.

Actually, let me go back and try a slightly different approach, just to be sure.

For a cubic polynomial with roots 71, 73, 73, the Newton-Girard identities relate the sums of powers of the roots to the coefficients of the polynomial:
For the polynomial #3 + pz? + gz + r (not yet matching our specific polynomial):
s1+p=0

s2 +ps1+2¢=0

s3 +ps2 +gs1 +3r =0

Additionally, for k > 1:

s +pPsg_1 +gsg_o +rsp_3 =0fork > 3

Our polynomial is z3 — 522 + 8z — 13, sop = —5,q = 8, r = —13. This means, for k > 3:

S+ (=5)sg—1 +8sk_2 + (—13)s_3=0
Sk — 5sp_1 +8s_o —13s_3 =0

Solving for s :

Sk =581 — 852 + 1353

But, the problem asks for a relation of the form: s 11 = asp + bsg_1 + csp_o.
Replacing k with & + 1 in the above:

Sgp41 = DSk —8sp_1 + 13sp_gfork > 2

So,a = 5,b = —8&, and ¢ = 13. Therefore, a + b 4+ ¢ = 10.
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Let me double-check this result:

For k = 2:
s3 =5sg — 851 + 1350 =5 X9 —-—8X54+13 X3 =45—-40+39 =44

For k = 3:
s4 =5s3 —8sp + 13s] =5 x 44 — 8 X 9+ 13 X 5 = 220 — 72 + 65 = 213

So I'm confident thata = 5,b = —8,and ¢ = 13, givinga + b + ¢ = 10.
Actually, wait, there’s a subtlety in how I set up the polynomial. Let me get the correct polynomial coefficients.

We have the polynomial z3 — 522 4 8z — 13. This is in the form 23 + bz? + cx + dwithb = —5,c = 8,d = —13. The corresponding
monic polynomial in the form 23 —+ par2 + gz + 7 that I used for the Newton-Girard identities has p = —5,¢ = 8, = —13.

Using the Newton-Girard identity for cubic polynomials:
s +psg_1 +gsg_o +rsp_g =0fork > 3

For our polynomial:
Sk — 5sp_1 +8sp_o —13s_3 =0fork > 3

Solving for s :
Sk = bBsp_1 —8sp_o + 13s,_gfork > 3

Now, replacing k with k + 1:
Sk41 = 58 — 881 +13sp_ofork > 2

So,a =5,b=—8,c=13,anda + b+ ¢ = 5 4 (—8) + 13 = 10. This is likely the correct answer.

I’m just going to double-check this again to rule out any errors. If the Newton-Girard identity for cubic polynomials is:
s +psg—1 +qsg_o +1rsp_3 =0fork >3

And our polynomial has coefficients p = —5, ¢ = 8, 7 = —13, then:
S — 581 +8sp_o — 135, _3 = 0 f
Sk = bsp_1 —8sp_o + 13s_gfork >

Let me verify this recurrence using the given values:

For k = 3:
53 =553 — 851 + 1350 =5 X9 —8Xx5+13 X3 =45—-40+39 =44

Actually, I think I need to double check the Newton-Girard identity that I am using. Let’s verify it by using direct computation.

Let’s derive the Newton-Girard identities for a cubic polynomial. If p(z) = x> 4+ pz? + qz 4+ rand p(z) = (z — r1)(z — r2)(x — r3), then:
s1 =T£+7" +T;§=—P

s2 =r] +r;+r3

53 = r:f + 7':2; + 'rg

and so on.

Now, 71, 72, and 3 all satisfy the equation z3 + p12 + gz + r = 0. So, for each i:
4+ pri +ar; +7=0
rf’ = 7p'ri2 = GfPg = 7

Summing over all %:

3 3 3 2 3
=i = TP Xi=1 T —42i=1Ti — 37
s3 = —ps2 — g¢s1 — 3r
s3 +psa +qs1 +3r=0
o 9.3 q 3 2 k—3.
For k > 4, we can derive the recurrence by multiplying the relation r3 = —pry” — qr; — rby r; 8
k _ k—1 k—2 k—3
Ty = —pr; —qr; —rry
Summing over all 2:
3 k 3 k—1 3 k—2 3 k—3
Yimari = -pXio1my —4Ximarty T TXi=1Ty
Sk = —PSk—1 — 4Sk—2 — TSkg—3

Sk +Pskg—1 +qsg—2+7rsp_3=0

For our polynomial, p = —5, g = 8, » = —13. Thus:

Sk + (=5)skp—1 +8sp_2 + (—13)sp_3 = Ofork > 3
s — 581 +8s_9 — 13s_3 = O0fork > 3

Solving for sy,
S = b8 _1 — 858 _o + 13s,_gfork > 3

Now, to get the form sj, | = asp, + bs_1 + csp o, Ireplace k with k + 1:
Sgp41 = DSk —8sp_1 +13sp_gfork > 2

So,a = 5,b = —8,and ¢ = 13. Therefore,a + b+ c = 5 + (—8) + 13 = 10.
Let’s verify this recurrence using the given values:

For k = 2:
53 =583 — 851 + 1350 =5 X9 —8Xx5+13 X3 =45—-40+39 =44

Let me already double check to be sure our computed values are correct. We have:

sp = 3 (given)
s1 = 5 (given)
so = 9 (given)
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s3 = 44 (computed)
To verify sg is correct,

method 1: let’s compute s3 using our polynomial identity.
sp +psg_1 +gsg_o +rsp_3 =0fork > 3
For k = 3:

s3 + (—5)s2 +8s1 + (—13)sg =0

s3 —5X94+8x5—-13x3=0

s3 —454+40—-39=0

s3 =45 — 40 + 39 = 44

So we get the same value of s3 = 44, which confirms our computation.

method 2: I note that the roots satisfy r? = 51"12 — 87; + 13 and I can directly compute
s3 =38 1P =530 17?833 7 +13-3="5s0 — 851+ 1350 =5x9—8x5+13x 3 =45 — 40+ 39 = 44

So this again confirms that my result is correct.

So my final answeris a + b + ¢ = 10.

Answer
#oharale) 2o ARAF T BAA T3]
F12 0k 2 — 5% + 82 — 139 25E r1. 7o, r3 BT 3T, 0] 25 kA AFAF TFL sy, = rf +r5 +rfm AP

BANAE s0 = 3,51 = 5,52 = 92 Fo|HF YT

WA 5, 7h HESE AIAL Rolu AG U o8 A3 2] BE L P4

o

g8yt

oA 25 2 — 522 4+ 8z — 13 = 02 BEFHUTh whekA 2 2 r; 0l hal):
3 —5r2 +8r; —13=0

olg r3ol ths) 2l sha:
rd =5r2 — 8r; + 13

RE 2ol tish gk
S = Bsp_1 — 88_o + 13s,_3 (k > 3% wj)

# AA A Ee
EAlNA 2ot el BAAL sy 1 = asp +bsp_1 + csp_a (k> 2Ptk

9 AolA kS k + 12 thA 3 3:
Sk+1 =55 — 851 + 1352 (k > 2)

o1 BANA 275 Felst vlmsha:
a=5b=—-8c=13

# 3

ofN

k=29
s3 =5sg — 851 + 1350 =5 X9 —-—8X54+13 X3 =45—-40+39 =44

weld a+b+c =5+ (—8) + 13 = 1094tk

Ground Truth
10
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NeurlIPS Paper Checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]
Justification: Abstract, Section 1
Guidelines:

e The answer NA means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]
Justification: Section Limitations
Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [NA]
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Justification: N/A

Guidelines:

The answer NA means that the paper does not include theoretical results.

All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

All assumptions should be clearly stated or referenced in the statement of any theorems.
The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

Theorems and Lemmas that the proof relies upon should be properly referenced.

4. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: Section 3.1

Guidelines:

The answer NA means that the paper does not include experiments.
If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.
If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.
Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-

sions to provide some reasonable avenue for reproducibility, which may depend on the

nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?
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Answer: [Yes]
Justification: In Github and Huggingface
Guidelines:

* The answer NA means that paper does not include experiments requiring code.
* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

¢ The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

 The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification: Section 3.1
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

¢ The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]
Justification: Appendix E.4
Guidelines:

» The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

* It should be clear whether the error bar is the standard deviation or the standard error
of the mean.
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It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CIL, if the hypothesis
of Normality of errors is not verified.

* For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justification: Section 3.1
Guidelines:

» The answer NA means that the paper does not include experiments.

 The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

 The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code of ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [NA]
Justification: N/A
Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).
Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]
Justification: N/A
Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
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generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification: N/A
Guidelines:

* The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]
Justification: Apache 2.0
Guidelines:

» The answer NA means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

 If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

« If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?
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Answer: [Yes]
Justification: In Huggingface
Guidelines:

» The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [Yes]
Justification: Appendix C
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with
human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: N/A
Guidelines:
* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigorousness, or originality of the research, declaration is not required.

Answer: [NA]
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Justification: N/A
Guidelines:

* The answer NA means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

¢ Please refer to our LLM policy (https://neurips.cc/Conferences/2025/LLM)
for what should or should not be described.
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