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ABSTRACT

Q-learning with neural network function approximation (neural Q-learning for
short) is among the most prevalent deep reinforcement learning algorithms. De-
spite its empirical success, the non-asymptotic convergence rate of neural Q-
learning remains virtually unknown. In this paper, we present a finite-time analy-
sis of a neural Q-learning algorithm, where the data are generated from a Markov
decision process and the action-value function is approximated by a deep ReLU
neural network. We prove that neural Q-learning finds the optimal policy with
O(1/V/T) convergence rate if the neural function approximator is sufficiently
overparameterized, where 7' is the number of iterations. To our best knowledge,
our result is the first finite-time analysis of neural Q-learning under non-i.i.d. data
assumption.

1 INTRODUCTION

Q-learning has been shown to be one of the most important and effective learning strategies in
Reinforcement Learning (RL) over the past decades (Watkins & Dayan), |1992; Schmidhuber, 2015;
Sutton & Bartol [2018)), where the agent takes an action based on the action-value function (a.k.a., Q-
value function) at the current state. Recent advance in deep learning has also enabled the application
of Q-learning algorithms to large-scale decision problems such as mastering Go (Silver et al., 2016
2017), robotic motion control (Levine et al.| 2015} |Kalashnikov et al.| 2018)) and autonomous driving
(Shalev-Shwartz et al., 2016; |Schwarting et al.l [2018). In particular, the seminal work by Mnih
et al.| (2015) introduced the Deep Q-Network (DQN) to approximate the action-value function and
achieved a superior performance versus a human expert in playing Atari games, which triggers a
line of research on deep reinforcement learning such as Double Deep Q-Learning (Van Hasselt
et al.,[2016) and Dueling DQN (Wang et al., 2016).

Apart from its widespread empirical success in numerous applications, the convergence of Q-
learning and temporal difference (TD) learning algorithms has also been extensively studied in the
literature (Jaakkola et al.,|1994; Baird, [1995; Tsitsiklis & Van Roy, [1997} |Perkins & Pendrith, 2002;
Melo et al.,[2008; Mehta & Meyn, 2009;|Liu et al.| 2015} Bhandari et al., 2018};|Lakshminarayanan &
Szepesvari, 20185 Zou et al.,|2019b). However, the convergence guarantee of deep Q-learning algo-
rithms remains a largely open problem. The only exceptions are|Yang et al.|(2019) which studied the
fitted Q-iteration (FQI) algorithm (Riedmiller, [2005; Munos & Szepesvari, |2008) with action-value
function approximation based on a sparse ReLU network, and |Cai et al.| (2019a) which studied the
global convergence of Q-learning algorithm with an i.i.d. observation model and action-value func-
tion approximation based on a two-layer neural network. The main limitation of the aforementioned
work is the unrealistic assumption that all the data used in the Q-learning algorithm are sampled i.i.d.
from a fixed stationary distribution, which fails to capture the practical setting of neural Q-learning.

In this paper, in order to bridge the gap between the empirical success of neural Q-learning and
the theory of conventional Q-learning (i.e., tabular Q-learning, and Q-learning with linear function
approximation), we study the non-asymptotic convergence of a neural Q-learning algorithm under
non-i.i.d. observations. In particular, we use a deep neural network with the ReLU activation func-
tion to approximate the action-value function. In each iteration of the neural Q-learning algorithm, it
updates the network weight parameters using the temporal difference (TD) error and the gradient of
the neural network function. Our work extends existing finite-time analyses for TD learning (Bhan-
dari et al., |2018) and Q-learning (Zou et al., 2019b)), from linear function approximation to deep
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Table 1: Comparison with existing finite-time analyses of Q-learning.

Non-i.i.d. Neural Approximation Multiple Layers Rate

Bhandari et al.| (2018) v X X o(1/T)
Zou et al.[(2019b) v X X o(1/T)
Cai et al.[(2019a) X v X O(1/VT)
This paper v v v O(1/VT)

neural network based function approximation. Compared with the very recent theoretical work for
neural Q-learning (Yang et al. [2019; |Cai et al.l [2019a)), our analysis relaxes the non-realistic i.i.d.
data assumption and applies to neural network approximation with arbitrary number of layers. Our
main contributions are summarized as follows

e We establish the first finite-time analysis of Q-learning with deep neural network function approx-
imation when the data are generated from a Markov decision process (MDP). We show that, when
the network is sufficiently wide, neural Q-learning converges to the optimal action-value function
up to the approximation error of the neural network function class.

e We establish an O(1/+/T') convergence rate of neural Q-learning to the optimal Q-value function
up to the approximation error, where 7' is the number of iterations. This convergence rate matches
the one for TD-learning with linear function approximation and constant stepsize (Bhandari et al.|
2018). Although we study a more challenging setting where the data are non-i.i.d. and the neural
network approximator has multiple layers, our convergence rate also matches the O(1/ VT ) rate
proved in|Cai et al.|(2019a)) with i.i.d. data and a two-layer neural network approximator.

To sum up, we present a comprehensive comparison between our work and the most relevant work
in terms of their respective settings and convergence rates in Table

Notation We denote [n] = {1,...,n} forn € N*. ||x||2 is the Euclidean norm of a vector x € R<.
For a matrix W € R™*", we denote by ||W/||2 and ||W || its operator norm and Frobenius norm
respectively. We denote by vec(W) the vectorization of W, which converts W into a column
vector. For a semi-definite matrix 3 € R%*? and a vector x € RY, ||x||s = Vx ' Ix denotes the
Mahalanobis norm. We reserve the notations {C;},—0 1, .. to represent universal positive constants
that are independent of problem parameters. The specific value of {C;};=12 . can be different
line by line. We write a,, = O(b,,) if a,, < Cb,, for some constant C' > 0 and a,, = O(b,,) if
an = O(by,) up to some logarithmic terms of b,,.

2 RELATED WORK

Due to the huge volume of work in the literature for TD learning and Q-learning algorithms, we
only review the most relevant work here.

Asymptotic analysis The asymptotic convergence of TD learning and Q-learning algorithms has
been well established in the literature (Jaakkola et al., [1994; [Tsitsiklis & Van Roy} [1997}; [Konda &
Tsitsiklis, [2000; |Borkar & Meynl 2000; Ormoneit & Senl 2002; Melo et al., 2008 |Devraj & Meyn,
2017). In particular, Tsitsiklis & Van Roy| (1997) specified the precise conditions for TD learning
with linear function approximation to converge and gave counterexamples that diverge. [Melo et al.
(2008)) proved the asymptotic convergence of Q-learning with linear function approximation from
standard ODE analysis, and identified a critic condition on the relationship between the learning
policy and the greedy policy that ensures the almost sure convergence.

Finite-time analysis The finite-time analysis of the convergence rate for Q-learning algorithms has
been largely unexplored until recently. In specific,|Dalal et al.|(2018)); [Lakshminarayanan & Szepes-
vari| (2018)) studied the convergence of TD(0) algorithm with linear function approximation under
ii.d. data assumptions and constant step sizes. Concurrently, a seminal work by Bhandari et al.
(2018) provided a unified framework of analysis for TD learning under both i.i.d. and Markovian
noise assumptions with an extra projection step. The analysis has been extended by [Zou et al.
(2019b) to SARSA and Q-learning algorithms with linear function approximation. More recently,
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Srikant & Ying| (2019)) established the finite-time convergence for TD learning algorithms with lin-
ear function approximation and a constant step-size without the extra projection step under non-i.i.d.
data assumptions through carefully choosing the Lyapunov function for the associated ordinary dif-
ferential equation of TD update. A similar analysis was also extended to Q-learning with linear
function approximation (Chen et al.l [2019). Hu & Syed| (2019) further provided a unified analysis
for a class of TD learning algorithms using Markov jump linear system.

Neural function approximation Despite the empirical success of DQN, the theoretical convergence
of Q-learning with deep neural network approximation is still missing in the literature. Following
the recent advances in the theory of deep learning for overparameterized networks (Jacot et al.,
2018 |Chizat & Bachl [2018; [Du et al., [2019bja; |Allen-Zhu et al., 2019bja; |[Zou et al.| [2019a; |Arora
et al.,2019; (Cao & Gu,|[2019a; |Zou & Gu, [2019;|Cai et al., [2019b), two recent work by |Yang et al.
(2019) and (Cai et al.|(2019a) proved the convergence rates of fitted Q-iteration and Q-learning with
a sparse multi-layer ReLU network and two-layer neural network approximation respectively, under
i.i.d. observations.

3 PRELIMINARIES

A discrete-time Markov Decision Process (MDP) is denoted by a tuple M = (S, A, P,r,v). S and
A are the sets of all states and actions respectively. P : S x A — P(S) is the transition kernel
such that P(s’|s,a) gives the probability of transiting to state s’ after taking action « at state s.
r: S8 x A — [—1,1] is a deterministic reward function. y € (0, 1) is the discounted factor. A policy
m: S = P(A) is a function mapping a state s € S to a probability distribution 7(+|s) over the
action space. Let s; and a; denote the state and action at time step ¢. Then the transition kernel P
and the policy 7 determine a Markov chain {s; };—,1,... For any fixed policy , its associated value
function V™ : § — R is defined as the expected total discounted reward:

V™ (s) =E[} 2o r(st,a)|so = s], VseS.
The corresponding action-value function Q™ : § x A — R is defined as
Q7 (s,a) =E[3220v'r(se,ae)lso = s,a0 = a] = r(s,a) + [ V(s )P(s']s, a)ds’,

forall s € S,a € A. The optimal action-value function Q* is defined as Q*(s,a) = sup,. Q™ (s, a)
for all (s,a) € S x A. Based on Q*, the optimal policy 7* can be derived by following the greedy
algorithm such that 7*(a|s) = 1 if Q(s,a) = maxpe 4 @*(s,b) and 7*(als) = 0 otherwise. We
define the optimal Bellman operator 7 as follows

TQ(s,a) =r(s,a)+ - E[maxbeAQ(s', b)|s" ~ P(-|s, a)}. 3.1

It is worth noting that the optimal Bellman operator 7 is y-contractive in the sup-norm and Q* is
the unique fixed point of 7 (Bertsekas et al.,[1995)).

4 THE NEURAL Q-LEARNING ALGORITHM

In this section, we start with a brief review of Q-learning with linear function approximation. Then
we will present the neural Q-learning algorithm.

4.1 Q-LEARNING WITH LINEAR FUNCTION APPROXIMATION

In many reinforcement learning algorithms, the goal is to estimate the action-value function Q(-, -),
which can be formulated as minimizing the mean-squared Bellman error (MSBE) (Sutton & Barto,
2018):

ér(un) Eu,mp [(TQ(S,G) - Q(S,CL))2], (41)

where state s is generated from the initial state distribution p and action a is chosen based on a
fixed learning policy m. To optimize (@.1]), Q-learning iteratively updates the action-value function
using the Bellman operator in (3:1), i.e., Q:+1(s,a) = TQ:(s, a) for all (s,a) € S x A. However,
due to the large state and action spaces, whose cardinalities, i.e., |S| and |.A|, can be infinite for
continuous problems in many applications, the aforementioned update is impractical. To address this
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issue, a linear function approximator is often used (Szepesvaril 2010} [Sutton & Barto| 2018)), where
the action-value function is assumed to be parameterized by a linear function, i.e., Q(s,a;0) =
#(s,a)" 0 for any (s,a) € S x A, where ¢ : S x A — RY maps the state-action pair to a d-
dimensional vector, and @ € ® C R? is an unknown weight vector. The minimization problem in
then turns to minimizing the MSBE over the parameter space ©.

4.2 NEURAL Q-LEARNING

Analogous to Q-learning with linear function approximation, the action-value function can also be
approximated by a deep neural network to increase the representation power of the approximator.
Specifically, we define a L-hidden-layer neural network as follows

[(0;x) = V/mWpop(Wr_q---0(Wix)---), 4.2)
where x € R? is the input data, W; € R™*4 W, € RY*™ and W, € R™*™ forl = 2,...,L —
1,0 = (vec(Wy)T,...,vec(W)T)T is the concatenation of the vectorization of all parameter
matrices, and o(z) = max{0,z} is the ReLU activation function. Then, we can parameterize

QS& a) using a deep neural network as Q(s,a;0) = f(0; ¢(s,a)), where @ € @ and ¢ : S x A —
R? is a feature mapping. Without loss of generality, we assume that ||¢(s,a)||2 < 1 in this paper.
Let 7 be an arbitrarily stationary policy. The MSBE minimization problem in (4.1I) can be rewritten
in the following form

minE, . »[(Q(s,a;0) — TQ(s,a;0))?]. 4.3)

0cO

Recall that the optimal action-value function Q* is the fixed point of Bellman optimality operator T
which is y-contractive. Therefore Q* is the unique global minimizer of (4.3).

The nonlinear parameterization of Q(-,-) turns the MSBE in {@.3)) to be highly nonconvex, which
imposes difficulty in finding the global optimum 6*. To mitigate this issue, we will approximate the
solution of by project the Q-value function into some function class parameterized by €, which
leads to minimizing the mean square projected Bellman error (MSPBE):

géigEmmp [(Q(&a;@) — H]:TQ(S,G;G))ZL 4.4)

where 7 = {Q(-,;0) : 8 € O} is some function class parameterized by 6 € ©, and IIr is a
projection operator. Then the neural Q-learning algorithm updates the weight parameter 6 using the
following projected descent step: 0,1 = e (60; — 17::(0:)), where the gradient term g;(6;) is
defined as

g8:(0:) = Vo (0 0(se,a0)) (f(Be; d(se,ar)) — 1 — ymaxpea f(0; d(se41,b)))

dgAt(st,flt,8t+1;Ot)vsf(at;fi)(st,at)), 4.5)

and A, is the temporal difference (TD) error. It should be noted that g; is not the gradient of
the MSPBE nor an unbiased estimator for it. The details of the neural Q-learning algorithm are
displayed in Algorithm (I} where 6y is randomly initialized, and the constraint set is chosen to be
© = B(6y,w), which is defined as follows

def

B(6o,w) £ {6 = (vec(W1)T,...,vec(W) )T+ |[W, =W |p<w,i=1,...,L} (46)

for some tunable parameter w. It is easy to verify that |§ — 6|3 = Zle W, — WJ||%.

5 CONVERGENCE ANALYSIS OF NEURAL Q-LEARNING

In this section, we provide a finite-sample analysis of neural Q-learning. Note that the optimization
problem in (#.4) is nonconvex. We focus on finding a surrogate action-value function in the neural
network function class that well approximates Q™.

5.1 APPROXIMATE STATIONARY POINT IN THE CONSTRAINED SPACE

To ease the presentation, we abbreviate f(0; ¢(s,a)) as f(0) when no confusion arises. We define
the function class Fe , as a collection of all local linearization of f(8) at the initial point 8,

Fom ={f(60) +(Vof(6y),0 —6) : 0 € OF}. 5.1
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Algorithm 1 Neural Q-Learning with Gaussian Initialization

1: Input: learning policy m, learning rate {7;}:—o,1,..., discount factor -y, constraint set ®, Ran-

yeen

domly generate the entries of Wl(o) from N(0,1/m),l=1,...,m

2: Initialization: 6, = (W{"T ... w({HTT

3: fort=20,...,7T—1do

4:  Sample data (s;, at, r¢, St+1) from policy

50 A¢ = f(Or;0(st,ar)) — (¢ + ymaxpea f(0r; ¢(st41,0)))
6:  8:(0:) =Vof(0:;0(s1,a1))A

7. O = 1le(0: — mgi(6:))

8: end for

Following to the local linearization analysis in|Cai et al.|(2019a), we define the approximate station-
ary point of Algorithm [T]as follows.

Definition 5.1 (Cai et al.|(2019a)). A point 8* € © is said to be the approximate stationary point
of Algorithm[T]if for all @ € @ it holds that

By p[Als,a,507) (Vo (0% 6(s,a)),0 — 07)] >0, (5.2)
where f(6; ¢(s,a)) == f(6) € Fe,m and the temporal difference error Ais
A(s,a,5',0) = [(0;0(s,a)) = (r(s, a) + 7 maxpea f(8; 6(s',))). (5.3)

For any | € Fe.m. it holds that (Ve (87),0 — 8*) = (Vef(6y),0 — 6%) = f(8) — f(6%).
Definition [5.]immediately implies

E..p[(F(6") — TF(69))(F(6) - f6*)] >0, Vvoe®O. (5.4)

~ ~

According to Proposition 4.2 in Cai et al.| (2019a), this further indicates f(0*) = Iz, ,, T f(6*).

o~

In other words, f(6*) is the unique fixed point of the MSPBE in (@.4). Therefore, we can show the
convergence of neural Q-learning to the optimal action-value function Q* by first connecting it to

the minimizer f(@*) and then adding the approximation error of Feg .

5.2 THE MAIN THEORY

Before we present the convergence of Algorithm([I] let us lay down the assumptions used throughout
our paper. The first assumption controls the bias caused by the Markovian noise in the observations
through assuming the uniform ergodicity of the Markov chain generated by the learning policy 7.

Assumption 5.2. The learning policy 7 and the transition kernel P induce a Markov chain
{8t }1=0,1,... such that there exist constants A > 0 and p € (0, 1) satisfying

sup,esdry (P(s; € -|so = s),m) < Apt, forallt=0,1,...

Assumption @] also appears in Bhandari et al.| (2018)); Zou et al.| (2019b)), which is essential for
the analysis of the Markov decision process. The uniform ergodicity can be established via the mi-
norization condition for irreducible Markov chains (Meyn & Tweediel 2012; [Levin & Peres| 2017).

For the purpose of exploration, we also need to assume that the learning policy 7 satisfies some
regularity condition. Denote byax(0) = argmaxyc 4 |[(Ve f(0o; s,b), 0)| for any 8 € ©. Similar to
Melo et al.| (2008); Zou et al.| (2019Db); (Chen et al.|(2019), we define

Yr=1/mE, x [ng(eo;s,(z)ng(Bo;s7a)—'—]7 (5.5)

37.(0) = 1/mEy x[Ve (00 5, binax(0)) Ve f (003 5, binax(6)) '] (5.6)
Note that 32 is independent of 8 and only depends on the policy 7 and the initial point 8 in the

definition of f. In contrast, 3% (0) is defined based on the greedy action under the policy associated
with 8. The scaling parameter 1/m is used to ensure that the operator norm of ¥ to be in the order
of O(1). It is worth noting that 3 is different from the neural tangent kernel (NTK) or the Gram
matrix inJacot et al.|(2018)); Du et al.|(2019a); |Arora et al.|(2019)), which are n x n matrices defined
based on a finite set of data points {(s;, a;) }i=1,... . When f is linear, X reduces to the covariance
matrix of the feature vector.
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Assumption 5.3. There exists a constant o > 1 such that 3, — ay?X7%(6) > 0 for all 8 and 6.

Assumption[5.3]is also made for Q-learning with linear function approximation in[Melo et al.|(2008);
Zou et al.| (2019b)); (Chen et al.[(2019). Moreover, Chen et al.|(2019) presented numerical simulations
to verify the validity of Assumption[5.3] [Cai et al.| (2019a) imposed a slightly different assumption
but with the same idea that the learning policy 7 should be not too far away from the greedy policy.
The regularity assumption on the learning policy is directly imposed on the action value function in
Cai et al| (2019a), which can be implied by Assumption [5.3] and thus is slightly weaker. We note
that Assumption can be relaxed to the one made in Cai et al. (2019a) without changing any
of our analysis. Nevertheless, we choose to present the current version which is more consistent
with existing work on Q-learning with linear function approximation (Melo et al.|[2008; |Chen et al.,
2019).

Theorem 5.4. Suppose Assumptions[5.2]and [5.3|hold. The constraint set © is defined as in (&.6)).
We set the radius as w = Com™'/2L =974 the step size in Algorithm|[l]as 7 = 1/(2(1—a~'/2)mT),
and the width of the neural network as m > C; max{dL?log(m/d),w™*/3L=8/31og(m/(wd))},

where § € (0,1). Then with probability at least 1 — 26 — L? exp(—Cym?/? L) over the randomness
of the Gaussian initialization @ , it holds that

1 =l ~ N2 1 Cot*log(T/d)logT  Cslogmlog(T/d)
= ;E[(f(f)t) —J(07)"160] < = + NG T g

where 8 = 1 — a~'/? € (0,1) is a constant, 7* = min{t = 0,1,2,...|\p’ < nr} is the mixing
time of the Markov chain {s;, a;}1=0.1,..., and {C; };=o,... 5 are universal constants independent of
problem parameters.

Remark 5.5. Theorem [5.4] characterizes the distance between the output of Algorithm [I] to the
approximate stationary point defined in function class Fe . From (3.4), we know that f(6*) is
the minimizer of the MSPBE (@.4). Note that 7* is in the order of O(log(mT/logT)). Theorem
suggests that neural Q-learning converges to the minimizer of MSPBE with a rate in the order
of O((log(mT))? /T + log mlog T /m!/%), which reduces to O(1/+/T) when the width m of the
neural network is sufficiently large.

In the following theorem, we show that neural Q-learning converges to the optimal action-value
function within finite time if the neural network is overparameterized.

Theorem 5.6. Under the same conditions as in Theorem [5.4] with probability at least 1 — 30 —
L? exp(—Cym?/3 L) over the randomness of 6y, it holds that

1= _ . 9 SE[(H}-@MQ*(S,a) —Q*(s, a))z] 1
T;E[(Q(Sﬂhot)_Q (Saa)) ] < (177)2 +ﬁ
n Cy7*log(T/d) logT n Cylog(T/d) logm
BQﬁ ﬁrnl/6 ’

where all the expectations are taken conditional on 8y, @Q* is the optimal action-value function,
d € (0,1) and {C; };—0.... 2 are universal constants.

,,,,,

The optimal policy 7* can be obtained by the greedy algorithm derived based on Q*.
Remark 5.7. The convergence rate in Theorem [5.6|can be simplifies as follows

T—1
1 * 2 A * * 2 1 1
T ; E[(Q(s,a;0:) — Q" (s,a)) ’00] = O(E[(H]:G,MQ (s,a) — Q (s,a)) ] + 376 + ﬁ)
The first term is the projection error of the optimal Q-value function on to the function class Fg p,
which decreases to zero as the representation power of Fg ., increases. In fact, when the width m
of the DNN is sufficiently large, recent studies (Cao & Gu, 2019a3b) show that f(8) is almost linear

=

around the initialization and the approximate stationary point f(6*) becomes the fixed solution of
the MSBE (Cai et al., 2019a). Moreover, this term diminishes when the @) function is approximated
by linear functions when the underlying parameter has a bounded norm (Bhandari et al., |2018};|[Zou
et al.| 2019b). As m goes to infinity, we obtain the convergence of neural Q-learning to the optimal

Q-value function with an O(1/+/T) rate.
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6 PROOF OF MAIN RESULTS

In this section, we provide the detailed proof of the convergence of Algorithm|[I] To simplify the
presentation, we write f(0; ¢(s,a)) as f(6; s, a) throughout the proof when no confusion arises.

We first define some notations that will simplify the presentation of the proof. Recall the definition
of g.(+) in @3). For any 8 € ©, we define the following vector-value map g that is independent of
the data point.

8(0) =Eu~»[Vof(0;s,a)(f(0;s,a) —r(s,a) — ymaxpea f(6;5,))], (6.1
where s follows the initial state distribution p, a is chosen based on the policy 7 (-|s) and s’ follows

the transition probability P(+|s, a). Similarly, for all 8 € ©, we define the following gradient terms

~

based on the linearized function f € Feo m
m;(0) = A(sy, ar, 5041;0)Vo f(0), M(0) =E,.p[A(s,a,5;0)Vaf(0)], (6.2)
where A is defined in (5.3), and a population version based on the linearized function.

Now we present the technical lemmas that are useful in our proof of Theorem[5.4] For the gradients
g:(-) defined in (@.3) and m;(-) defined in (6.2), we have the following lemma that characterizes the
difference between the gradient of the neural network function f and the gradient of the linearized

function f.

Lemma 6.1. The gradient of neural network function is close to the linearized gradient. Specifically,
if 6; € B(O,w) and m and w satisfy

m > Comax{dL?log(m/d),w 3 L8/3log(m/(wé))},
and O1d*PL'm3/*t <w< CQL*G(log m)*S, ©3)
then it holds that
g(80) — m4(6,),0, — 6] < C(2 + 7)o S L /mTog mToa(T/5) |6, — 6" |2

+ (C4w4/3L11/3m\/10gm + C5w’L*m) |16, — 67 |2,

with probability at least 1—2 —3L? exp(—Cgmw?/3 L) over the randomness of the initial point, and

llg:(8:)|l2 < (2+7)C7+/mlog(T/5) holds with probability at least 1 — & — L? exp(—Cgmw?/3L).
where {C; > 0},—0,... 7 are universal constants.

The next lemma upper bounds the bias of the non-i.i.d. data for the linearized gradient map.
Lemma 6.2. Suppose the step size sequence {7o, 11, - . ., 7} is nonincreasing. Then it holds that
E[(m(0;) — m(6;),0; — 07)|0y] < Co(mlog(T/d) + m2w2)7*nmax{oyt_f*}7
for any fixed t < T, where Cy > 0 is an universal constant and 7* = min{t = 0,1,2,... |)\pt <

nr} is the mixing time of the Markov chain {s;, at}t=o,17,_.

Since fis a linear function approximator of the neural network function f, we can show that the
gradient of f satisfies the following nice property in the constrained set ©.

Lemma 6.3. Under Assumption[5.3] m(-) defined in satisfies
(mi(0) —m(6"),0 — ) > (1 — o~ 2)E[(f(6) - [(6"))*|60), VOO

Now we can integrate the above results and obtain proof of Theorem[5.4]

Proof of Theorem By Algorithm[I|and the non-expansiveness of projection Ilg, we have
16241 — 67[|3 = | Te (6; — me:) — 0713
< |0: — mge — 0*[|3
= 16 — 07[13 + 7 llgell3 — 2 (ge. 6 — 67). (6.4)
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We need to find an upper bound for the gradient norm and a lower bound for the inner prod-
uct. According to Definition the approximate stationary point 8* of Algorithm [I] satisfies
(m(6*),0 — 6*) > 0 for all @ € ©. The inner product in (6.4) can be decomposed into

(gt,60: — 07) = (g8 — my(6:),0; — 67) + (my(0;) —m(6;),0; — 6%) + (m(6,),6; — 07)
> (gt — my(6;),0; — 0") + (m,(6;) —m(0;),0, — 6%)
+ (m(6,) — m(6°),6, - 6°). ©5)
Combining results from (6.4)and (6.5)), we have
1641 — 0%[|3 < [|6: — 0%[|5 + 7 lge]l5 — 2m: (&8¢ — my(6:), 0, — 6%)
I
~ 90, (my(6,) — m(8,),6, — 67) 2, (m(6,) — M(6°),6, — 0). (66)
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Recall constraint set defined in (#.6). We have ® = B(0y,w) = {6 : ||W, — Wl(0)||p <w,Vl =
1,...,L} and that m and w satisfy the condition in (6.3).
Term I is the error of the local linearization of f(6) at 6y. By Lemmal6.1] with probability at least

1 — 26 — 3L2% exp(—Cymw?/3L) over the randomness of the initial point 6, we have
(g — my(6,),0, — 0%)| < Co(2 +~)m~Y/%\/logmlog(T/)) (6.7)

holds uniformly for all 8;, 8* € ®, where we used the fact that w = Com~1/2L=9/4,
Term I is the bias of caused by the non-i.i.d. data (s;, a;, s;+1) used in the update of Algorithm
Conditional on the initialization, by Lemmal6.2} we have

E[(m(0;) — m(6;),0; — 07)|0] < C3(mlog(T/d) + m2w2)7*nmax{oyt_f*}7 (6.8)

where 7% = min{t = 0,1,2,...|\p" < nr} is the mixing time of the Markov chain {s;, at}t—0.1... .
Term I3 is the estimation error for the linear function approximation. By Lemma[6.3] we have

— —* * N Ty 2

(m(6,) —m(0"),0, — ") > PE[(f(6:) — £(8"))|6o], (6.9)

where 8 = (1 —a~1/2) € (0,1) is a constant. Substituting (6.7), and into (6.6)), we have
it holds that

10:41 — 0%(|3 < |0 — 0713 + 17 C3 (2 + v)*mlog(T/5)
— 20,05 (2 + 7)m Y5\ /log mlog(T/5) — 20, BE[((6:) — F(67))?|60]
— 21, C3(m1og(T'/8) + m*w?) T Nmax{o,t—r*1» (6.10)

with probability at least 1 — 26 — 3L? exp(—Cymw?/3L) over the randomness of the initial point

6o, where we used the fact that ||g:||r < C4(2 + 7v)y/mlog(T/) from Lemma Rearranging
the above inequality yields

~

E[(f(8,) — F(6))|60] <

18: — 6*[|3 — [|6¢1 — "3 e 1Ck: y)m~"/%log mlog(T'/5)

2B B
Ca(2 4 7)*mlog(T/8)n, | Czm(log(T/0) + mw?) ™ Nmax{o,1—7+}
+ + :
B B
with probability at least 1 — 26 — 3L? exp(—Cymw?/3L) over the randomness of the initial point
6. Recall the choices of the step sizes 17 = ... = nr = 1/(26m+/T) and the radius w =

Com~'/2L~9/*, Dividing the above inequality by 7" and telescoping it from ¢ = 0 to T yields

1 = ~ e 2 m||0o — 0*[|13  Co(2+~v)m~/Clog mlog(T/6)
ng[(f(et)—fw ))'160] < === + 5
Cy(2 +7)%1og(T/8)log T n Cs(log(T/0) + 1)7*logT
BT BVT '
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For 6y, 0" € ©, again by w = Cm~Y/2L=9/4 we have |6y — 6*|2 < 1/m. Since f(-) € Fo.m.
by Lemmal6.1] it holds with probability at least 1 — 25 —3L2 exp(—Com?/3L) over the randomness
of the initial point 6 that

1 = o2 1 Ci7*1og(T/8)logT ~ Cologmlog(T/5)
7 ;E[(f(f)t) — f(6%))7]60] < 7T NG + Bmlls

where we used the fact that v < 1. This completes the proof. O

7 CONCLUSIONS

In this paper, we provide the first finite-time analysis of Q-learning with neural network function
approximation (i.e., neural Q-learning), where the data are generated from a Markov decision pro-
cess and the action-value function is approximated by a deep ReLU neural network. We prove that
neural Q-learning converge to the optimal action-value function up to the approximation error with
O(1/V/T) rate, where T is the number of iterations. Our proof technique is of independent interest
and can be extended to analyze other deep reinforcement learning algorithms. One interesting fu-
ture direction would be to remove the projection step in our algorithm by applying the ODE based
analysis in|Srikant & Ying|(2019); |Chen et al.|(2019).

REFERENCES

Zeyuan Allen-Zhu, Yuanzhi Li, and Yingyu Liang. Learning and generalization in overparameter-
ized neural networks, going beyond two layers. In Advances in neural information processing
systems, 2019a.

Zeyuan Allen-Zhu, Yuanzhi Li, and Zhao Song. A convergence theory for deep learning via over-
parameterization. In International Conference on Machine Learning, pp. 242-252, 2019b.

Sanjeev Arora, Simon Du, Wei Hu, Zhiyuan Li, and Ruosong Wang. Fine-grained analysis of op-
timization and generalization for overparameterized two-layer neural networks. In International
Conference on Machine Learning, pp. 322-332, 2019.

Leemon Baird. Residual algorithms: Reinforcement learning with function approximation. In
Machine Learning Proceedings 1995, pp. 30-37. Elsevier, 1995.

Dimitri P Bertsekas, Dimitri P Bertsekas, Dimitri P Bertsekas, and Dimitri P Bertsekas. Dynamic
programming and optimal control, volume 1. Athena scientific Belmont, MA, 1995.

Jalaj Bhandari, Daniel Russo, and Raghav Singal. A finite time analysis of temporal difference
learning with linear function approximation. In Conference On Learning Theory, pp. 1691-1692,
2018.

Vivek S Borkar and Sean P Meyn. The ode method for convergence of stochastic approximation
and reinforcement learning. SIAM Journal on Control and Optimization, 38(2):447-469, 2000.

Qi Cai, Zhuoran Yang, Jason D Lee, and Zhaoran Wang. Neural temporal-difference learning con-
verges to global optima. In Advances in Neural Information Processing Systems, 2019a.

Tianle Cai, Ruiqi Gao, Jikai Hou, Siyu Chen, Dong Wang, Di He, Zhihua Zhang, and Liwei Wang.
A gram-gauss-newton method learning overparameterized deep neural networks for regression
problems. arXiv preprint arXiv:1905.11675, 2019b.

Yuan Cao and Quanquan Gu. A generalization theory of gradient descent for learning over-
parameterized deep relu networks. arXiv preprint arXiv:1902.01384, 2019a.

Yuan Cao and Quanquan Gu. Generalization bounds of stochastic gradient descent for wide and
deep neural networks. In Advances in Neural Information Processing Systems, 2019b.

Zaiwei Chen, Sheng Zhang, Thinh T. Doan, Siva Theja Maguluri, and John-Paul Clarke. Perfor-
mance of g-learning with linear function approximation: Stability and finite-time analysis. arXiv
preprint arXiv:1905.11425, 2019.



Under review as a conference paper at ICLR 2020

Lenaic Chizat and Francis Bach. On the global convergence of gradient descent for over-
parameterized models using optimal transport. In Advances in neural information processing
systems, pp. 3036-3046, 2018.

Gal Dalal, Baldzs Szorényi, Gugan Thoppe, and Shie Mannor. Finite sample analyses for td (0) with
function approximation. In Thirty-Second AAAI Conference on Artificial Intelligence, 2018.

Adithya M Devraj and Sean Meyn. Zap g-learning. In Advances in Neural Information Processing
Systems, pp. 2235-2244, 2017.

Simon Du, Jason Lee, Haochuan Li, Liwei Wang, and Xiyu Zhai. Gradient descent finds global
minima of deep neural networks. In International Conference on Machine Learning, pp. 1675—
1685, 2019a.

Simon S. Du, Xiyu Zhai, Barnabas Poczos, and Aarti Singh. Gradient descent provably optimizes
over-parameterized neural networks. In International Conference on Learning Representations,
2019b. URL https://openreview.net/forum?id=S1eK3109YQl

Bin Hu and Usman Ahmed Syed. Characterizing the exact behaviors of temporal difference learning
algorithms using markov jump linear system theory. arXiv preprint arXiv:1906.06781, 2019.

Tommi Jaakkola, Michael I Jordan, and Satinder P Singh. Convergence of stochastic iterative dy-
namic programming algorithms. In Advances in Neural Information Processing Systems, pp.
703-710, 1994.

Arthur Jacot, Franck Gabriel, and Clément Hongler. Neural tangent kernel: Convergence and gen-
eralization in neural networks. In Advances in neural information processing systems, pp. 8571—
8580, 2018.

Dmitry Kalashnikov, Alex Irpan, Peter Pastor, Julian Ibarz, Alexander Herzog, Eric Jang, Deirdre
Quillen, Ethan Holly, Mrinal Kalakrishnan, Vincent Vanhoucke, et al. Scalable deep reinforce-
ment learning for vision-based robotic manipulation. In Conference on Robot Learning, pp. 651—
673, 2018.

Vijay R Konda and John N Tsitsiklis. Actor-critic algorithms. In Advances in Neural Information
Processing Systems, pp. 1008—1014, 2000.

Chandrashekar Lakshminarayanan and Csaba Szepesvari. Linear stochastic approximation: How
far does constant step-size and iterate averaging go? In International Conference on Artificial
Intelligence and Statistics, pp. 13471355, 2018.

David A Levin and Yuval Peres. Markov chains and mixing times, volume 107. American Mathe-
matical Soc., 2017.

Sergey Levine, Nolan Wagener, and Pieter Abbeel. Learning contact-rich manipulation skills with
guided policy search. In 2015 IEEE International Conference on Robotics and Automation
(ICRA), pp. 156-163. IEEE, 2015.

Bo Liu, Ji Liu, Mohammad Ghavamzadeh, Sridhar Mahadevan, and Marek Petrik. Finite-sample
analysis of proximal gradient td algorithms. In Proceedings of the Thirty-First Conference on
Uncertainty in Artificial Intelligence, pp. 504-513. AUAI Press, 2015.

Prashant Mehta and Sean Meyn. Q-learning and pontryagin’s minimum principle. In Proceedings
of the 48h IEEE Conference on Decision and Control (CDC) held jointly with 2009 28th Chinese
Control Conference, pp. 3598-3605. IEEE, 2009.

Francisco S Melo, Sean P Meyn, and M Isabel Ribeiro. An analysis of reinforcement learning
with function approximation. In Proceedings of the 25th International Conference on Machine
Learning, pp. 664-671. ACM, 2008.

Sean P Meyn and Richard L Tweedie. Markov chains and stochastic stability. Springer Science &
Business Media, 2012.

10


https://openreview.net/forum?id=S1eK3i09YQ

Under review as a conference paper at ICLR 2020

Volodymyr Mnih, Koray Kavukcuoglu, David Silver, Andrei A Rusu, Joel Veness, Marc G Belle-
mare, Alex Graves, Martin Riedmiller, Andreas K Fidjeland, Georg Ostrovski, et al. Human-level
control through deep reinforcement learning. Nature, 518(7540):529, 2015.

Rémi Munos and Csaba Szepesvari. Finite-time bounds for fitted value iteration. Journal of Machine
Learning Research, 9(May):815-857, 2008.

Dirk Ormoneit and Saunak Sen. Kernel-based reinforcement learning. Machine learning, 49(2-3):
161-178, 2002.

Theodore J Perkins and Mark D Pendrith. On the existence of fixed points for g-learning and sarsa
in partially observable domains. In Proceedings of the Nineteenth International Conference on
Machine Learning, pp. 490-497. Morgan Kaufmann Publishers Inc., 2002.

Martin Riedmiller. Neural fitted q iteration—first experiences with a data efficient neural reinforce-
ment learning method. In European Conference on Machine Learning, pp. 317-328. Springer,
2005.

Jirgen Schmidhuber. Deep learning in neural networks: An overview. Neural Networks, 61:85-117,
2015.

Wilko Schwarting, Javier Alonso-Mora, and Daniela Rus. Planning and decision-making for au-
tonomous vehicles. Annual Review of Control, Robotics, and Autonomous Systems, 2018.

Shai Shalev-Shwartz, Shaked Shammah, and Amnon Shashua. Safe, multi-agent, reinforcement
learning for autonomous driving. CoRR, abs/1610.03295, 2016. URL http://arxiv.org/
abs/1610.03295.

David Silver, Aja Huang, Chris J. Maddison, Arthur Guez, Laurent Sifre, George van den Driess-
che, Julian Schrittwieser, Ioannis Antonoglou, Vedavyas Panneershelvam, Marc Lanctot, Sander
Dieleman, Dominik Grewe, John Nham, Nal Kalchbrenner, Ilya Sutskever, Timothy P. Lillicrap,
Madeleine Leach, Koray Kavukcuoglu, Thore Graepel, and Demis Hassabis. Mastering the game
of go with deep neural networks and tree search. Nature, 529:484-489, 2016.

David Silver, Julian Schrittwieser, Karen Simonyan, Ioannis Antonoglou, Aja Huang, Arthur Guez,
Thomas Hubert, Lucas Baker, Matthew Lai, Adrian Bolton, et al. Mastering the game of go
without human knowledge. Nature, 550(7676):354, 2017.

R Srikant and Lei Ying. Finite-time error bounds for linear stochastic approximation and td learning.
arXiv preprint arXiv:1902.00923, 2019.

Richard S Sutton and Andrew G Barto. Reinforcement learning: An introduction. MIT press, 2018.

Csaba Szepesvari. Algorithms for reinforcement learning. Synthesis lectures on artificial intelli-
gence and machine learning, 4(1):1-103, 2010.

John N Tsitsiklis and Benjamin Van Roy. Analysis of temporal-diffference learning with function
approximation. In Advances in Neural Information Processing Systems, pp. 1075-1081, 1997.

Hado Van Hasselt, Arthur Guez, and David Silver. Deep reinforcement learning with double g-
learning. In Thirtieth AAAI conference on artificial intelligence, 2016.

Ziyu Wang, Tom Schaul, Matteo Hessel, Hado Hasselt, Marc Lanctot, and Nando Freitas. Dueling
network architectures for deep reinforcement learning. In International Conference on Machine
Learning, pp. 1995-2003, 2016.

Christopher JCH Watkins and Peter Dayan. Q-learning. Machine Learning, 8(3-4):279-292, 1992.

Zhuoran Yang, Yuchen Xie, and Zhaoran Wang. A theoretical analysis of deep g-learning. arXiv
preprint arXiv:1901.00137, 2019.

Difan Zou and Quanquan Gu. An improved analysis of training over-parameterized deep neural
networks. In Advances in Neural Information Processing Systems, 2019.

11


http://arxiv.org/abs/1610.03295
http://arxiv.org/abs/1610.03295

Under review as a conference paper at ICLR 2020

Difan Zou, Yuan Cao, Dongruo Zhou, and Quanquan Gu. Stochastic gradient descent optimizes
over-parameterized deep relu networks. Machine Learning, 2019a.

Shaofeng Zou, Tengyu Xu, and Yingbin Liang. Finite-sample analysis for sarsa and g-learning with
linear function approximation. In Advances in Neural Information Processing Systems, 2019b.

12



Under review as a conference paper at ICLR 2020

A PROOF OF THEOREM

Before we prove the global convergence of Algorithm[I] we present the following lemma that shows
that near the initialization point 6y, the neural network function f(6;x) is almost linear in 0 for all
unit input vectors.

Lemma A.1 (Theorems 5.3 and 5.4 in Cao & Gu|(2019a)). Let 6, = (W, ..., WSIT)T be
the initial point and @ = (WT W) T € B(y,w) be a point in the neighborhood of 6.
If

m > Cy max{dL?log(m/d),w **L=%1log(m/(wd))}, andw < CoL~°(logm) /2,

then for all x € S?~!, with probability at least 1 — § it holds that

L L
1£(8;:x) — f(8;x)| < w!/*L83\/mlogm > [|[W — w|, + C3L3vm Y [[W®O — w >,

1=1 1=1
Under the same conditions on m and w, if 6; € B(6y,w) forallt = 1,...,T, then with probability
atleast 1 — &, we have | f(0y; ¢(s¢, ar))| < Cyy/log(T/6) forall t € [T7].

Proof of Theorem[5.6] By triangle inequality, it holds that

~ ~ o~

Q(s,a;01) — Q" (s,a) < f(Or;s,a) — f(Or;5,a) + f(O1;8,a) — f(0%;s,a)
+ f(@*; s,a) — Q" (s,a). (A.1)
Recall that f(G*; -, ) is the fixed point of II 7 and Q*(-, -) is the fixed point of 7. Then we have
|£(6%;5,0) = Q" (s, 0)| = |F(07;5,0) — re Q" (5,0) + 1T 5o, Q" (s,0) — Q(s,0)]
= Mro, TF(6":5,0) ~ Tz, TQ"(5,0) + 117, Q"(5.0) — Q" (5,0)]
< Mz, TFO%5.0) = Tlrg , TQ"(5,0)| + [Trg ,Q"(s.0) = Q" (s,0)]
<A1F (87 5,0) = Q" (s,0)| + |Tlro Q" (s,0) — Q" (s,0)].

where the first inequality follows the triangle inequality and in the second inequality we used the
fact that IT 7 ,, T is y-contractive. This further leads to

o~

(L =If(0%s,a) = Q"(s,a)| < [IlFg Q" (s,a) — Q(s,a)|.

To simplify the notation, we abbreviate E[:|6,] as E["] in the rest of this proof. Therefore, we have

E[(Q(s,a;07) — Q*(s,0))?]

< 3E[(f(0r;5,0) — F(Or;s,a))°] + 3E[(F(0r;5,a) — F(07;5,0))"]

+3E[(f(0%;5,a) — Q*(s,a))’]
< 3E[(f(8r;5,0) — [(Or;s,a))°] + 3E[(F(6r;5,0) — F(67;5,0))"]
+3(1-9) E[(Irs ,,Q"(5,0) = Q"(s,0) ]
By LemmalA.1]and the parameter choice that w = C' /(y/mL%/*), we have
E[(f(07;5,0) — [(0r:5,0))*] < Ca(w*L*/mlogm)? < CY°Com™"*logm

with probability at least 1 — §. Combining the above result with Theorem 5.4} we have

_ . SE[(HmeQ*(s, a) — Q*(s, a))Q] 1
E[(Q(S,G,GT) Q (Sva))2] < 1 — )2 + JT

n Cot*log(T/d) logT N Cs3log(T/d)logm
T Grils
with probability at least 1 — 36 — L? exp(—Cgm?/3L), which completes the proof. O
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B PROOF OF SUPPORTING LEMMAS

B.1 PROOF OF LEMMA[6.1]

Before we prove the error bound for the local linearization, we first present some useful lemmas
from recent studies of overparameterized deep neural networks. Note that in the following lemmas,
{C;}i=1,... are universal constants that are independent of problem parameters such as d, 0, m, L
and their values can be different in different contexts. The first lemma states the uniform upper
bound for the gradient of the deep neural network. Note that by definition, our parameter 8 is a long
vector containing the concatenation of the vectorization of all the weight matrices. Correspondingly,
the gradient Vg f(6; x) is also a long vector.

Lemma B.1 (Lemma B.3 in |Cao & Gu (2019b)). Let 8 € B(6y,w) with the radius satisfying
Cyd3?L'm=3/2 < w < CyL=%(logm)~3/2. Then for all unit vectors in R%, ie., x € S9!,
the gradient of the neural network f defined in (£.2)) is bounded as ||V f(0;x)||2 < C3/m with
probability at least 1 — L? exp(—Cymw?/3L).

The second lemma provides the perturbation bound for the gradient of the neural network function.
Note that the original theorem holds for any fixed d dimensional unit vector x. However, due to the
choice of w and its dependency on m and d, it is easy to modify the results to hold for all x € S~

Lemma B.2 (Theorem 5 in|Allen-Zhu et al.| (2019b)). Let 6 € B(0y,w) with the radius satisfying
CLd?2L=32m =32 (logm) ™%/% < w < CLL™2(logm) 5.

Then for all x € S, with probability at least 1 — exp(—Csmw?/3L) over the randomness of 6,
it holds that

Vo f(0;%) — Vo f(B0;%)|l2 < Caw/L3\/logm||Ve f(80; )|

Now we are ready to bound the linearization error.

Proof of Lemma[6.1] Recall the definition of g;(6;) and m,(6,) in (4.5) and (6.2)) respectively. We
have

|g:(6:) — m¢(6;)]|2 = Hvef(et; Sty at)A(s¢, ag, s141;04) — Vef(eﬁ St,at)ﬁ(st,at, St+15 et)H2
< H(vef(et; 5¢,at) — Vef(et; St,a¢))A(S¢, at, Se415 Ot)HQ
+ ||VQf(0t, st,at)(A(st,at,st+1;0t) — ﬁ(st,at,st+1;0t))||2. (Bl)

-~ ~ ~

Since f(0) € Fe,m. we have f(0) = f(6) + (Vo f(60),0 — 6p) and Vg f(0) = Vo f(6). Then
with probability at least 1 — 212 exp(—Cymw?/3L), we have

||(V9f(9t§ St, Q) — Vef(et;St,at))A(St,at,StH%@t)Hg
= |A(st, at, 81415 64)] - H(Vef(et;st,at) - Vef(eo;snat))HQ

< Cow' /L3 /mlogm|A(sy, ar, 415 04)),

where the inequality comes from Lemmas and By Lemma [A.T] with probability at least
1 — 4, it holds that

[A(s¢, at, 5413 64)] = ‘f(eﬁstaat) — T — ’beﬂea}f(et;sﬁhb)‘ < (2+7)C3/1og(T/6),

which further implies that with probability at least 1 — § — 2L? exp(—Cymw?/3L), we have

||(V9f(9t; Sty Q) — Vej?(et; sty at))A(St, at, Se+1; 0t)||2
< (24 7)CyCaw P L3\ /mlog mlog(T/6).

For the second term in (B.I), we have

V6 f (e 50, ar) (A(se, ar, 50415 0:) — A(se, ap, 51415 60;)) I,

14
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< Hvoﬂet; Sty at)(f(0t§ Sty Q1) — f(eﬁ Sty at)) H2
+ Hvef(et; Stﬂt)(fbngiif(@t; St41, b) - fglgi( f(eﬁ St41, b)) H2
< Hvoﬂet; 3t7at)H2 : ‘f(oﬁ St,at) — f(et;stuat”
+ ||V9]?(9t; s5¢,at)l2 Ibngii ’f(eﬁ S¢11,0) — ,]?(0; St+1, b)| (B.2)
By Lemma|[A.T] with probability at least 1 — § we have

| £(O4; 5¢,a1) — f(@t; sty a0)| < wBLYM3\/mlogm + Cyw?L*/m,

for all (s,a;) € S x A such that ||¢(s¢,at)|l2 = 1. Substituting the above result into (B-2)
and applying the gradient bound in Lemma [B.I] we obtain with probability at least 1 — § —
L2 exp(—Cymw?/3 L) that

Hvef(et; St, at)(A(Su at, St41;04) — 3(St,at, St+15 0t)> H2
< Csw3 LM 3y logm + Cew?Lm.

Note that the above results require that the choice of w should satisfy all the constraints in Lemmas

[AT]and [B.2} of which the intersection is
Crd* L~ tm=3/* <w < Cs L %(logm) 2.

Therefore, the error of the local linearization of g;(8;) can be upper bounded by

|(g(6:) — m(6:),0; — 67)] < (2 +7)CoCaw'/*L*\/mlog mlog(T/5)||0; — 6%
+ (C5w4/3L11/3m\/10gm + Cow?L'm)||0; — 6* |2,

which holds with probability at least 1 — 26 — 3L? exp(—Cymw?/3L) over the randomness of the
initial point. For the upper bound of the norm of g;, by Lemmas and we have

lgtll2 = HVOf(Bt;Staat)(f(etQ3t7at) -7 — vr&e}icf(et; stﬂ,b)) H2

< (24 7)Cor/mTog(T/0)

holds with probability at least 1 — § — L? exp(—Cymw?/3L). O

B.2 PROOF OF LEMMAI[6.2]

Let us define (;(0) = (m;(6) — m(0),0 — 0*), which characterizes the bias of the data. Different
from the similar quantity ; in|Bhandari et al.|(2018)), our definition is based on the local linearization
of f, which is essential to the analysis in our proof. It is easy to verify that E[m,(6)] = m(0) for
any fixed and deterministic 6. However, it should be noted that E[m;(6;)|0; = 0] # m(0) because
0, depends on all historical states and actions {s;, a¢, $¢—1,a¢—1,...} and m;(-) depends on the
current observation {s;, at, s¢+1 } and thus also depends on {s;_1,a¢—1, St—2, a2, . . .}. Therefore,
we need a careful analysis of Markov chains to decouple the dependency between 8; and my (+).

The following lemma uses data processing inequality to provide an information theoretic control of
coupling.

Lemma B.3 (Control of coupling, (Bhandari et al., 2018)). Consider two random variables X and
Y that form the following Markov chain:

X = sy = 8447 — Y,

where ¢ € {0,1,2,...} and 7 > 0. Suppose Assumption [5.2]holds. Let X’ and Y be independent
copies drawn from the marginal distributions of X and Y respectively, i.e., P(X' = -, Y' =) =
P(X =) @ P(Y = ). Then for any bounded function h : S x S — R, it holds that

[E[R(X,Y)] —E[A(X",Y")]| < 2sup |h(s,s")|Ap".
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Proof of Lemma@ The proof of this lemma is adapted from [Bhandari et al.| (2018)), where the
result was originally proved for linear function approximation of temporal difference learning. We
first show that (;(@) is Lipschitz. For any 6,0’ € B(6,w), we have

Ct(6) — G(0') = (my(0) —m(6),0 — 07) — (my(0') —m(0'),0" — 67)
= (my(0) —m(0) — (my(0') —m(6')),0 — 67)
+ <mt(0/) - (01)7 0— 9/>7

which directly implies
16(0) = Cu(0")] < [[m(6) — my (6)]|2 - [|6 — 67|z + [[m(6) — M(6")]]2 - |6 — 672
+ [my (6") — m(0") ]2 - [|6 — 0[]
By the definition of my, we have
[m;(6) — m(6")]2
— . _ /. _ .o _ I,
— |[ V07 (00) ((£(8:5,0) = £(8's 5.)) = (max £ (65 ',) — max f(0':'.0)) )|
< (1+7)C5ml|@ — €'z,

2

which holds with probability at least 1 — L? exp(—Cymw?/3L), where we used the fact that the
neural network function is Lipschitz with parameter C3+/m by Lemma Similar bound can also
be established for ||m;(0) — m,(0’)]| in the same way. Note that for @ € B(0y,w) with w and m
satisfying the conditions in Lemmal6.T} we have by the definition in (6.2) that
Imu(8) 2 < (17855, )| + r(s,a) + | max f(8; 5',)]) Vo f(B)I:
<2(2+7)(f(80)| + Ve f(6o)ll2 - [0 — 60oll2)[ Ve f(60)l2
< 2(2 +7)C3(Csgv/mn/1og(T /) + Camw).

The same bound can be established for ||m;|| in a similar way. Therefore, we have |(;(0)—(:(0")] <
U, 1]|@ — 0’2, where £,,, 1, is defined as

b1, = 2(1 +7)C3mw + 2(2 + 7)C3(Csv/my/log(T/5) + Camw).

Applying the above inequality recursively, forall 7 = 0, . .., ¢, we have
t—1
Gi(0:) < Cu(Or—2) + b Y, [8i1 — 6ill2
i=t—T

t—1
< G(0r—r) +2(2 +7)Cs(Cs/m\/1og(T/8) + Camw)lm . Y mi  (B.3)

i=t—T1

Next, we need to bound (;(6;_.). Define the observed tuple O; = (s, at, S¢+1) as the collection of
the current state and action and the next state. Note that 8;,_, — s,_, — s; — O, forms a Markov
chain induced by the target policy 7. Recall that m;(-) depends on the observation O;. Let’s rewrite
m(6,0;) = m,(0). Similarly, we can rewrite (;(0) as (0, 0;). Let ; and O} be independently
drawn from the marginal distributions of 6, and O; respectively. Applying Lemma [B.3]yields

E[C(Ot—‘ra Ot)} - E[C(Oii T Oé)] < 2 Séug |<(07 O)|/\pTa

where we used the uniform mixing result in Assumption E By definition @;__ and O; are inde-
pendent, which implies E[m(6;, O;)|0;] = m(0;) and

E[((6}_.,0;)] = E[E[(m(6;,0;) — m(6}),0; — 67)]|6;] =0
Therefore, for any 7 = 0, .. ., ¢, we have

E[G(0:)] < EG(0:—r) +2(2 + 7)C3(Cs/my/log(T/8) + Camw) by 1. Z ni

i=t—T7
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< 2sup Ap” + 2(2 + ) C5(Cs/m/10g(T/8) + Csmw)lo L7017 (B.4)
Define 7* as the mixing time of the Markov chain that satisfies
™ =min{t =0,1,2,...|\p" <nr}.
When t < 7*, we choose 7 = t in (]E[) and obtain
E[¢1(6:)] < E[¢i(80)] + 2(2 +7)Cs(Csv/mn/10g(T/8) + C3muw)lum, 1700
= 2(2 +7)C3(Csv/my/1og(T/8) + C3mw)lp, LT"70,

where we used the fact that the initial point 8y is independent of {s;, as, $¢—1,a¢—1, - .., So,ag } and
thus independent of (;(-). When ¢ > 7*, we can choose 7 = 7* in (B.4) and obtain

E[C(8)] < 201 + 2(2 + ) Ca(Civ/m/1og(T]3) + Cmew)ln 1771
< Clmog(T/8) + m*w”)r*ny_-,

where C' > 0 is a universal constant, which completes the proof. [

B.3 PROOF OF LEMMAI[G.3]

Proof of Lemma[6.3] To simplify the notation, we use [E. to denote E,, . », namely, the expectation
over s € pi,a ~ m(:|s) and s’ ~ P(-|s, a), in the rest of the proof. By the definition of m in (6.2),
we have

—~

wi(0) — m(0°),60 - 0)
™ [(3(57(1, s:0) — A(s,a,5; 0%)) (Vo f(6o;s,a),0 — 67)]

< [(F(6;5,0) = [(6755,0)) (Vo f(8; 5,a),0 — 67)]

— 7| (max f(6: 5',) —max (67 5',5) ) (Vo f(60: 5,),6 — 7).

E
E

where in the first equation we used the fact that Vef(@) = Vo f(6y) forall @ € © and fe Fo.m-
Further by the property of the local linearization of f at 8y, we have

~

f(@;s,a) — f(0%;s,a) = (Vo f(0p;s,a),0 —0%), (B.5)
which further implies
]E[(fA(aa s,a) - f(O*a S,G))<V9f(00; S, a’)70 - 0*>‘00]
= (6 —6")"E[Vof(60;s,a)Vof(Bo;s,a)'|60](6—6%)
= m|l0— 0"[%..

where X, is defined in Assumption For the other term, we define by, (0) =
argmaxyc 4 f(0;s',0) and byax(0*) = argmax,c 4 f(0*;s’,b). Then we have

Ex | (e f(8:/,0) — max (671 5',5) ) (Vo (803 5,0).0 — 67)]

= E,[(f(8: ', bmax) — F(075 5, b)) (Vo f (605 5,a), 0 — 87)]. (B.6)
For all (s,a, s"), when (Vo f(6o; s,a),0 — 6*) > 0, (B:6) can be upper bounded by

~

(F(8: 5, banax) — F(07; 5, b)) (Vo £ (603 5,),0 — 67)

= (F(8: 5, bmax) — F(0"1" bumax) + F(075 8 buna) — (0718, b7,,,)) (Vo f(80: 5,0),0 — 67)
< (F(6;8, bmax) — (015, bumax)) (Vo f(80; 5,a),0 — %)

(0 —0") Vo f(00;5, bmax) Vo f(00;s,a) (6 —67)

< (8 —0") Vof(B0;5 bmax)| - [Vof(Bo;5,a)" (8 — 0%,
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where the inequality comes from the optimality of b} ,. and the last equality follows the fact that

f(0 -) is linear. When (Vg f(0y;s,a),0 — 0*) < 0, using the same argument, we can upper
bound as follows

~

(F(8: 5", bmax) — F(87: 5, bia)) (Vo £ (B0; 5,0),0 — 67)

= (f(8;5, bmx)—fw 8 W) + (058 Via) — F(07:8,57,,.)) (Vo f(80: 5,0),0 — 67)
< (F(0: a) — (0738 bras)) (Vo [ (80; 5,a),0 — 67)

<|(0 = 6")"Vaf(00; s, bina)| - Ve f(B0;5,a) " (0 — 67)].

Combining the above result, we have for all tuples (s, a, s’) it holds that

o~

(F(0: 5 bmax) — F(07; 8, bina)) (Vo f (803 5, 0),0 — 67)
S ‘(0 — 0*)Tv0f(90; S bmax)| : |v9f(00; S, a)T(e - 6*)‘]l+
+1(0—6") Vo f(00; 5, buax)| - Vo f(80;5,a) " (8 — 6717,

? Y max

where we denote 17 = 1{(Vg f(00; s,a),0—0%) > 0} and 1~ = 1{(Vef(0o; s,a),0—60*) < 0}.
Taking expectation over the above inequality and applying Cauchy-Schwarz inequality, we have

~

u ™ P[(f(a s bmax) - f(g s ab:ﬂax))<v0f(90;3’a)79 - 0*>]
\/ < [(max|(0 — 6)T Vo f(60; s, b) )%] \/IEW[(ng(OO;s,a)T(O—0*))2]
60— 6"

=m||0 — 0"[|5:(0-6+)

where we used the fact that X% (0 — 6*) = l/mEH[ng(OO;s,grrlax)ng(Bo; s,gmax)T] and

Drnax = argmax,c 4 |(Vo f(6o;s,b),0 — 0*)| according to (5.6). Substituting the above results
into (B.6)), we obtain

Ex[ (max £(6;5,b) — rlpeﬁf(ﬁ’*; s',0)) (Ve f(0o;s,a),0 — 0%)]

<m||@ - 0"||s: 0-0+)[0 — 07[%,,

which immediately implies

(m(0) —m(67),0 — 0%) > m||6 —0"||s, - (||0 — 0|, — |0 — 67| 2;(9—9*))
16— 0*(|1% —~2(|6 — 6+
16— 6+[s, + 76 — 6|5 (0-0-)
>m(l—a V2))|0 - 0%

_ - PN
=(1-a YHE[(f() — £(67))"|60],

where the second inequality is due to Assumption [5.3]and the last equation is due to (B.5) and the
definition of 3 in (5.3). O

—m||0 - 6°|s:, - )
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