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Abstract

We consider distributed learning scenarios where M machines interact with a
parameter server along several communication rounds in order to minimize a joint
objective function. Focusing on the heterogeneous case, where different machines
may draw samples from different data-distributions, we design the first local update
method that provably benefits over the two most prominent distributed baselines:
namely Minibatch-SGD and Local-SGD. Key to our approach is a slow querying
technique that we customize to the distributed setting, which in turn enables a
better mitigation of the bias caused by local updates.

1 Introduction

Federated Learning (FL) is a framework that enables huge scale collaborative learning among a
large number of heterogeneous' clients (or machines). FL may potentially promote fairness among
participants, by allowing clients with small scale datasets to participate in the learning process and
affect the resulting model. Additionally, participants are not required to directly share data, which
may improve privacy. Due to these reasons, FL has gained popularity in the past years, and found use
in applications like voice recognition [1, 4], fraud detection [2], drug discovery [3], and more [34].

The two most prominent algorithmic approaches towards federated learning are Minibatch—SGD
[10] and Local-sGD (a.k.a. Federated-Averaging) [27, 28, 33] . In Minibatch-sGD all machines
(or clients) always compute unbiased gradient estimates of the same query points, while using large
batch sizes; and it is well known that this approach is not degraded due to data heterogeneity [37].
On the downside, the number of model updates made by Minibatch-SGD may be considerably
smaller compared to the number of gradient queries made by each machine; which is due to the use of
minibatches. This suggests that there may be room to improve over this approach by employing local
update methods like Local-sGD, where the number of model updates and the number of gradient
queries are the same. And indeed, in the past years, local update methods have been extensively
investigated, see e.g. [19] and references therein.

We can roughly divide the research on FL into two scenarios: the homogeneous case, where it is
assumed that the data on each machine is drawn from the same distribution; and to the more realistic
heterogeneous case where it is assumed that data distributions may vary between machines.

For the homogeneous case it was shown in [36, 13] that the standard Local-SGD method is not supe-
rior to Minibatch-SGD. Nevertheless, [39] have designed an accelerated variant of Local-SGD that
provably benefits over the Minibatch baseline. These results are established for the fundamental
Stochastic Convex Optimization (SCO) setting, which assumes that the learning objective is convex.

"Heterogeneous here refers to the data of each client, and we assume that its statistical properties may vary
between different clients.
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Table 1: We compare the best known guarantees for parallel learning, to our SLowcal-SGD approach
for the heterogeneous SCO case. The bolded term in the Rate column is the one that compares least
favourably against Minibatch SGD. Where G and G, relate to the dissimilarity measures that are
defined in Equations (1) and (3). The R,;, column presents the minimal number of communication
rounds that are required to obtain a linear speedup (we fixed values of K, M and take o = 1). Note
that we omit methods that do not enable a wall-clock linear speedup with M, e.g. [29, 30].

Method Rate Rumin (0 =1)
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Similarly to the homogeneous case, it was shown in [37, 13] that Local-SGD is not superior to
Minibatch-SGD in heterogeneous scenarios. Nevertheless, several local approaches that compare
with the Minibatch baseline were designed in [21, 14]. Unfortunately, we have so far been missing a
local method that provably benefits over the Minibatch baseline in the heterogeneous SCO setting.

Our work focuses on the latter heterogeneous SCO setting, and provide a new Local-SGD-style
algorithm that provably benefits over the minibatch baseline. Our algorithm named SLowcal-SGD,
builds on customizing a recent technique for incorporating a slowly-changing sequence of query
points [9, 22], which in turn enables to better mitigate the bias induced by the local updates. Curiously,
we also found importance weighting to be crucial in order to surpass the minibatch baseline.

In Table 1 we compare our results to the state-of-the-art methods for the heterogeneous SCO setting.
We denote M to be the number of machines, K is the number of local updates per round, and R is
the number of communications rounds. Additionally, G (or G.) measures the dissimilarity between
machines. Our table shows that Local-SGD requires much more communication rounds compared
to Minibatch-SGD, and that the dissimilarity G (or G*) substantially degrades its performance.
Conversely, one can see that even if the dissimilarity measure is G, = O(1), our approach SLowcal-
SGD still requires less communication rounds compared to Minibatch—-SGD.

Similarly to the homogeneous case, accelerated-Minibatch-SGD [10, 25], obtains the best perfor-
mance among all current methods, and it is still open to understand whether one can outperform this
accelerated minibatch baseline. In App. A we elaborate on the computations of R, in Table 1.

Related Work. We focus here on centralized learning problems, where we aim to employ M
machines in order to minimize a joint learning objective. We allow the machines to synchronize
during R communication rounds through a central machine called the Parameter Server (PS); and
allow each machine to draw K samples and perform K local gradient computations in every such
communication round. We assume that each machine ¢ may draw i.i.d. samples from a distribution
D;, which may vary between machines.

The most natural approach in this context is Minibatch-SGD, and its accelerate variant [10], which
have been widely adopted both in academy and in industry, see e.g. [16, 32, 38]. Local update
methods like Local-sGD [28], have recently gained much popularity due to the rise of FL, and have
been extensively explored in the past years.

Focusing on the SCO setting, it is well known that the standard Local-SGD is not superior (actually
in most regimes it is inferior) to Minibatch-SGD [36, 37, 13]. Nevertheless, [39] devised a novel
accelerated local approach that provably surpasses the Minibatch baseline in the homogeneous case.

The heterogeneous SCO case has also been extensively investigated, with several original and
elegant approaches [24, 23, 21, 37, 30, 14, 29, 31]. Nevertheless, so far we have been missing a local
approach that provably benefits over Minibat ch-SGD. Note that [30, 29] improve the communication



complexity with respect to the condition number of the objective; However their performance does
not improve as we increase the number of machines M 2, which is inferior to the minibatch baseline.

The heterogeneous non-convex setting was also extensively explored [21, 20, 14]; and the recent
work of [31] has developed a novel algorithm that provably benefits over the minibatch baseline in
this case. The latter work also provides a lower bound which demonstrates that their upper bound is
almost tight. Finally, for the special case of quadratic loss functions, it was shown in [36] and in [21]
that it is possible to surpass the minibatch baseline.

It is important to note that excluding the special case of quadratic losses, there does not exist a
local update algorithm that provably benefits over accelerated-Minibatch-SGD [10]. And the latter
applies to both homogeneous and heterogeneous SCO problems.

Our local update algorithm utilizes a recent technique of employing slowly changing query points in
SCO problems [9]. The latter has shown to be useful in designing universal accelerated methods [22,
12, 5], as well as in improving asynchronous training methods [6].

2 Setting: Parallel Stochastic Optimization

We consider Parallel stochastic optimization problems where the objective f : R? — R is convex
and is of the following form,

f(z) = % LEE[]\:/[] filz) == % Z EZiNDifi(l';Zi) .

1€[M]

Thus, the objective is an average of M functions {f; : R* — R};c(as), and each such f;(-) can be
written as an expectation over losses f;(-, z%) where the 2* are drawn from some distribution D;
which is unknown to the learner. For ease of notation, in what follows we will not explicitly denote
E.i p, but rather use E to denote the expectation w.r.t. all randomization.

We assume that there exist A/ machines (computation units), and that each machine may independently
draw samples from the distribution D;, and can therefore compute unbiased gradient estimates to the
gradients of f;(-). Most commonly, we allow the machines to synchronize during R communication
rounds through a central machine called the Parameter Server (PS); and allow each machine to
perform K local computations in every such communication round.

We consider first order optimization methods that iteratively employ samples and generate a sequence
of query points and eventually output a solution Zoutput. Our performance measure is the expected
excess loss, ExcessLoss := E[f (zoutput)] — f(w*) , where the expectation is w.r.t. the randomization
of the samples, and w* is a global minimum of f(-) in R, i.e., w* € argmin,cpa f(z).

More concretely, at every computation step, each machine i € [M] may draw a fresh sample 2 ~ D;,
and compute a gradient estimate g at a given point 2 € R? as follows, g := V f;(z, z*) . and note
that E[g|z] = V f;(x), i.e. ¢ is an ubiased estimate of V f;(z).

General Parallelization Scheme. A general scheme for parallel stochastic optimization is described
in Alg. 1. It can be seen that the PS communicates with the machines along R communication
rounds. In every round r € [R] the PS distributes an anchor point ©,. which is a starting point for the
local computations in that round. Based on ©,. each machine performs K local gradient computations
based on K i.i.d. draws from D;, and yields a message ®°. At the end of round r the PS aggregates
the messages from all machines and updates the anchor point ©,. ;. Finally, after the last round, the
PS outputs Zoueput, Which is computed based on the anchor points {0, .

Ideally, one would hope that using M machines in parallel will enable to accelerate the learning
process by a factor of M. And there exists a rich line of works that have shown that this is indeed
possible to some extent, depending on K, R, and on the parallelization algorithm.

Next, we describe the two most prominent approaches to first-order Parallel Optimization,

2This implies that such methods do not obtain a wall-clock speedup as we increase the number of machines
M.



Algorithm 1 Parallel Stochastic Optimization Template

Input: M machines, Parameter Server PS, #Communication rounds R, #Local computations K,
initial point zg

‘PS Computes initial anchor point ©¢ using z¢

forr=0,...,R—1do

Distributing anchor: PS distributes anchor O, to all M machines
Local Computations: Each machine i € [M] performs K local gradient computations based
on K i.i.d. draws from D;, and yields a message '
Aggregation: PS aggregates {@i}ie[ ) from all machines, and computes a new anchor ©,. ;1
end for
output: PS computes Toutput based on {6, } |

(i) Minibatch SGD: In terms of Alg. 1, one can describe Minibatch-SGD as an algorithm in which
the PS sends a weight vector 2, € R? in every round as the anchor point ©,.. Based on that anchor
O, := x,, each machine ¢ computes an unbiased gradient estimate based on K independent samples
from Dy, i.e. gl == + S0, Vfi(xr, 2k, ), and communicates gi as the message . to the PS.
The latter aggregates the messages {®:. := g },c (ar] and compute the next anchor point ;1 1,

1 )
xr+1:xr—77'M g}\:ﬂgﬁ,
(2

where 17 > 0 is the learning rate of the algorithm. The benefit in this approach is that all machines
always compute gradient estimates at the same anchor points {x. },, which highly simplifies its
analysis. On the downside, in this approach the number of gradient updates R is smaller compared to
the number of stochastic gradient computations made by each machine which is K R. This gives the
hope that there is room to improve upon Minibatch SGD, by mending this issue.

(i) Local SGD: In terms of Alg. 1, one can describe Local-SGD as an algorithm in which the PS
sends a weight vector z, i € R in every round r € [R] as the anchor information ©,.. Based on
the anchor ©,. := x,x, each machine performs a sequence of local gradient updates based on K
independent samples from D; as follows, Vk € [K],

i i o i
TrKtk+1 = Lrk4+k — 1 vfz(erJrkv ZTKJrk) )

where for all machines ¢ € [M] we initialize xiK = z,.x := ©,, and > 0 is the learning rate of
the algorithm. At the end of round 7 each machine communicates m’( i as the message @) to the
PS and the latter computes the next anchor as follows,

r+1)

1 7
Ort1 = T(ryK = Vi Z T K -
1€[M]

In local SGD the number of gradient steps is equal to the number of stochastic gradient computations
made by each machine which is K R. The latter suggests that such an approach may potentially
surpass Minibatch SGD. Nevertheless, this potential benefit is hindered by the bias that is introduced
between different machines during the local updates. And indeed, as we show in Table 1, this
approach is inferior to Minibatch SGD in the prevalent case where o = O(1).

Assumptions. We assume that f(-) is convex, and that the f;(-) are smooth i.e. 3L > 0 such,
IVfi(z) = Vi)l < Lllz =y, ¥ie[M], Yo,y e R?
We also assume that variance of the gradient estimates is bounded, i.e. that there exists o > 0 such,
E|Vfi(z;2) — Vfi(x)|?> <%, Vz e R?, Vi e [M].
Letting w* be a global minimum of f(-), we assume there exist G. > 0 such that,

1
7 > AIVEw)|? < G2/2, (G.-Dissimilarity) (1)
ic[M]



The above assumption together with the smoothness and convexity imply (see App. B) ,

1 *
17 2 IVA@IP < G+ AL(f(2) = f(w")), Va €R? @
€[ M)
A stronger dissimilarity assumption that is often used in the literature is the following,
1
i > Vi) - VE@)|* < G*/2, Yz € R? (G-Dissimilarity) 3)
1€[M]

Notation: For {y;}; we denote y,., :== S./2, y,. For N € Z* we denote [N] := {0,..., N —1}.

T=t1
3 Our Approach

Section 3.1 describes a basic (single machine) algorithmic template called Anytime-GD. Section 3.2
describes our SLowcal-SGD algorithm, which is a Local-SGD style algorithm in the spirit of Anytime
GD. We describe our method in Alg. 2, and state its guarantees in Thm. 2.

3.1 Anytime GD

The standard GD algorithm computes a sequence of iterates {w; };c[7) and queries the gradients
at theses iterates. It was recently shown that one can design a GD-style scheme that computes a
sequence of iterates {w; };c[7) yet queries the gradients at a different sequence {x };c[r) which may
be slowly-changing, in the sense that ||z;; — x|| may be considerably smaller than ||w; 1 — w]|.

Concretely, the Anytime-GD algorithm [9, 22] that we describe in Equations (4) and (5), employs
a learning rate n > 0 and a sequence of non-negative weights {a; };+. The algorithm maintains two
sequences {w; }+, {x+}+ that are updated as follows V¢,

Wwir1 = Wy — Nage , vt € [T], where g; = V f(z4) , 4
and then,
QQ:t Q41
Tpp1 = Ty + Wiyl - (5)
QQ:t41 Q0:t41
. . t+1 . s .
It can be shown that the above implies that ;41 = aoiﬂ E;o a,w;, i.e. the x,’s are weighted

averages of the w;’s. Thus, at every iterate the gradient g; is queried at x; which is a weighted
average of past iterates, and then w1 is updated similarly to GD with a weight «; on the gradient
g:+. Moreover, at initialization xg = wy.

Curiously, it was shown in [9] that Anytime-GD obtains the same convergence rates as GD for convex
loss functions (both smooth and non-smooth). It was further shown and that one can employ a
stochastic version (Anytime-SGD) where we query noisy gradients at z; instead of the exact ones,
and that approach performs similarly to SGD.

Slowly changing query points. A recent work [6], demonstrates that if we use projected Anytime-
SGD, i.e. project the w; sequence to a given bounded convex domain; then one can immediately
show that for both oy = 1 and a; = ¢t + 1 we obtain ||xs11 — z¢|| < 2D/t, where D is the diameter
of the convex domain. Conversely, for standard SGD we have ||ws41 — wy|| < 1||g:]|, where g; here
is a (possibly noisy) unbiased estimate of V f (w;). Thus, while the change between consecutive SGD
queries is controlled by 1 which is usually oc 1/1/%, and by magnitude of stochastic gradients; for
Anytime-SGD the change decays with time, irrespective of the learning rate 7. In [6], this is used to
design better and more robust asynchronous training methods.

Relation to Momentum. In the appendix we show that Anytime-SGD can be explicitly written as a
momentum method, and therefore is quite different from standard SGD. Concretely, for a;, = 1 we
show that 2,1 ~ 2;—n 23:1 (7/t2)-g, and for a; o t we show that ;1 ~ 2~ >0 _, (1/t)3-gr.
Where g, here is a (possibly noisy) unbiased estimate of V f(x,). This momentum interpretation
provides a complementary intuition regarding the benefit of Anytime-SGD in the context of local
update methods. Momentum brings more stability to the optimization process which in turn reduces
the bias between different machines.

For the sake of this paper we will require a specific theorem that does not necessarily regard Anytime-
GD, but is rather more general. We will require the following definition,



Algorithm 2 SLowcal-SGD

Input: M machines, Parameter Server PS, #Communication rounds R, #Local computations K,
initial point ¢, learning rate > 0, weights {«; }4

Initialize: set wy = x, initialize anchor point ©¢ := (wq, xp), and set t = 0
forr=0,...,R—1do

Distributing anchor: PS distributes anchor 0, := (w;,x;) to all machines, each machine
i € [M] initializes (w}, z}) = O, := (wy, z¢)
fork=0,..., K —1do
Sett =rK +k
Every machine ¢ € [M] draws a fresh sample z; ~ D;, and computes g; = V f;(x}, z})
Update w} ,; = w} — naug;, and 2}, ; = (1 — ;;':1 Yzt + ;;t::l wy 4y
end for
Aggregation: PS aggregates {(w},,,x};)};c(ar from all machines, and computes a new

anchor ©,1 := (Wyq1,T41) = (% Y iena] Wit 37 2ie(m) xiﬂ)
end for
output: PS outputs xp (recall T = K R)

Definition Ler {a; > 0}; be a sequence of non-negative weights, and let {w; € R}, be an
arbitrary sequence. We say that a sequence {x; € R4}, is an {oy }; weighted average of {w}; if
To = wo, and for any t > 0 Eq. (5) is satisfied.

Next, we state the main theorem for this section, which applies for any sequence {w; € R9},,

Theorem 1 (Rephrased from Theorem 1 in [9]). Let f : R — R be a convex function with a global
minimum w*. Also let {a; > 0}y, and {w; € R}, {x; € R}, such that {4} is an {a } weighted
average of {w;}+. Then the following holds for any t > 0,

0 S QQ:t (f(mt) - f(w*)) S Z OéTVf(.’l?T) : (w‘r - ’U)*) .
7=0

3.2 sLowcal-SGD

Our approach is to employ an Anytime version of Local-SGD, which we name by SLowcal-SGD.

Notation: Prior to describing our algorithm we will define ¢ to be the total of per-machine local
updates up to step k of round 7, resulting ¢ := r K + k. In what follows, we will often find it useful to
denote the iterates and samples using ¢, rather than explicitly denoting ¢t = r K + k. Additionally we
use {ay }+ to denote a pre-defined sequence of non-negative weights. Finally, we denote T := RK.

In the spirit of Anytime-SGD our approach is to maintain two sequences per machine i € [M]:
{wi € R}, and {2} € R?},. Our approach is depicted explicitly in Alg. 2. Next we describe our
algorithm in terms of the scheme depicted in Alg. 1:

(i) Distributing anchor. At the beginning of round r the PS distributes ©, = (w, ;) =
(Wi, o) € RE x R? to all machines.

(ii) Local Computations. For ¢t = r K, every machine initializes (w, z}) = ©,., and for the next
K rounds, i.e. for any rK < t < (r + 1)K — 1, every machine performs a sequence of local
Anytime-SGD steps as follows,

Wiy =wj — oy, (6)

where similarly to Anytime-SGD we query the gradients at the averages xi, meaning g =
V fi(x%, z}) . And query points are updated as weighted averages of past iterates {w; }¢, ,

L iy ML i WrK <t < (r+ DK — 1. %
QQ:t+1 Q0:t+1

xiﬂ =(1-

Atthe end round 7, i.e. t = (r+ 1)K, each machine communicates (w!, x%) as a message to the PS.
(iii) Aggregation. The PS aggregates the messages and computes the next anchor point ©,.11 =

(we,20) = 37 Yiepan O = (ﬁ Dierm Whs 37 ic(m T@) where t = (r + 1)K.



Remark: Note that for ¢t = rK our notation for (w}, z) is inconsistent: at the end of round r — 1
these values may vary between different machines, while at the beginning of round r these values
are all equal to ©,. := (wy, x¢). Nevertheless, for simplicity we will abuse notation, and explicitly
state the right definition when needed. Importantly, in most of our analysis we will mainly need to

refer to the averages (% Zz’e[ M] wi, ﬁ Zie[ M xt), and note the latter are consistent at the end

and beginning of consecutive rounds due to the definition of ©,., and ®¢_;.
3.2.1 Guarantees & Intuition

Below we state our main result for SLowcal-SGD (Alg. 2),

Theorem 2. Ler f(-) be a convex and L-smooth function. Then under the assumption that we make in
Sec. 2, invoking Alg. 2 with weights {a; =t + 1}te[T} , and an appropriate learning rate 1 ensures,

11 1 ) 0By LY?(0Y?2 4+ GY?). BS’/2>

2 —_ E—
EAr < O(LBO (KR+R2+K1/3R4/3 MKR+ KR
where Ap = f(xr) — f(a*), By := ||wg — w*

I B 1 1 o — w IVET o — w2 ©
= BL(T+1) 10LK? W0LK(T + 1)23° oT%2 ' [IRKTAR(G? + GI7)

, and we choose the learning rate as follows,

As Table 1 shows, Thm. 2 implies that SLowcal-SGD improves over all existing upper bounds for
Minibatch and Local SGD, by allowing less communication rounds to obtain a linear speedup of M.

Intuition. The degradation in local SGD schemes (both standard and Anytime) is due to the bias that
it introduces between different machines during each round, which leads to a bias in their gradients.
Intuitively, this bias is small if the machines query the gradients at a sequence of slowly changing
query points. This is exactly the benefit of SLowcal-SGD which queries the gradients at averaged
iterates z%’s. Intuitively these averages are slowly changing compared to the iterates themselves w?;
and recall that the latter are the query points used by standard Local-SGD. A complementary intuition
to the benefit of our approach, is the interpretation of Anytime-SGD as a momentum method (see
Sec. 3.1 and the appendix) which leads to decreased bias between machines.

To further simplify the more technical discussion here, we will assume the homogeneous case, i.e.,
that for any ¢ € [M] we have D; = D and f;(-) = f().

So a bit more formally, let us discuss the bias between query points in a given round » € [R], and let
us denote ¢ty = r K. The following holds for standard Local SGD,

t—1
wi:wto—nZgi, Vi € [M],t € [to,to + K] . 9)
T=tg

%
T

where g~ is the noisy gradients that Machine ¢ computes in w’, and we can write g := V f(w’) + &
where & is the noisy component of the gradient. Thus, for two machines ¢ # j we can write,

t—1 2 t—1 2 t—1 2
E|w; —w|* =nE||> gt —gl|| ~n’E| > Vf(wl)=Viwl)| +nE|> & ¢
T=tg T=to T=to

And it was shown in [36], that the noisy term is dominant and therefore we can bound,

=1 ‘2
Y a-d

T=tg

1 ) .
?Eﬂwz—wi\\ng ~t—tg<K. (10)

Similarly, for SLowcal-SGD we would like to bound E||z} — 7 ||? for two machines i # j; and in
order to simplify the discussion we will assume uniform weights i.e., oz = 1, V¢ € [T]. Now the
update rule for the iterates w?, is of the same form as in Eq. (9), only now g¢ := V f(z%) + £L, where
&L is the noisy component of the gradient. Consequently,

t

S (i —wd)m - S (=g — ) = K 3 (g — o)

T=tg T=to T=to



where we took a crude approximation of t — 7 ~ K. Now, by definition of z¢ and oy = 1,
zi =1 + %Zi:to wt , Vi€ [M],t € [to,to + K] . Thus, for two machines i 7& Jj we have,

T

2

1 1 2K2 =
*QE”Q%*@”Z Z wy —wl| o~ 7 : ZQT*QT
T=to T=to
2 2
Z V() = V)| + fE Z -
T=to T=to

As we show in our analysis, the noisy term is dominant, so we can therefore bound,

Zﬁ ~¢

T=tg

Taking t ~ T = RK above yields a bound of O(K/R?). Thus Equations (10), (11), illustrate that
the bias of SLowcal-SGD is smaller by a factor of R? compared to the bias of standard Local-SGD.
In the appendix we demonstrate the same benefit of Anytime-SGD over SGD when both use oy o ¢.

1 K%(t—ty) K3
EHt_xst2< Nigtiz'

(11)

Finally, note that the biases introduced by the local updates come into play in a slightly different
manner in Local-SGD compared to SLowcal-SGD . Consequently, the above discussion does not
enable to demonstrate the exact rates that we derive. Nevertheless, it provides some intuition regarding
the benefit of our approach. The full and exact derivations appear in the appendix.

Importance Weights. One may wonder whether it is necessary to employ increasing weights
oy = t+ 1, rather than employing standard uniform weights a; = 1, V¢. Surprisingly, in our analysis
we have found that increasing weights are crucial in order to obtain a benefit over Minibatch-SGD,
and that upon using uniform weights SLowcal-SGD performs worse compared to Minibatch SGD!
We elaborate on this in Appendix L. Below we provide an intuitive explanation.

Intuitive Explanation. The intuition behind the importance of using increasing weights is the
following: Increasing weights are a technical tool to put more emphasis on the last rounds. Now, in
the context of Local update methods, the iterates of the last rounds are more attractive since the bias
between different machines shrinks as we progress. Intuitively, this happens since as we progress
with the optimization process, the expected value of the gradients that we compute goes to zero (since
we converge); and consequently the bias between different machines shrinks as we progress.

3.3 Proof Sketch for Theorem 2

Proof Sketch for Theorem 2. As a starting point for the analysis, for every iteration ¢ € [T] we will
define the averages of (w}, %, g¢) across all machines as follows,

—Zwt,&mt— Zl't&gt—Mth
ic[M) ze[]\/[] i€[M]

Note that Alg. 2 explicitly computes (wy, z;) only once every K local updates, and that theses are
identical to the local copies of every machine at the beginning of every round. Combining the above
definitions with Eq. (6) yields,

Wiy1 = Wy — oGy , Yt € [T] (12)
Further combining these definitions with Eq. (7) yields,
w1 = (1— 2Ly, 4 Yy, V€ [T) (13)
QO:t+1 QO:t+1

The above implies that the {z; }+<[7] sequence is an {a; }+c |7 weighted average of {w; }+¢ (7). This
enables to employ Thm. 1 which yields, cg.; Ay < Zi:o a,;Vf(z:) - (w, —w*), where we denote
Ay := f(z¢) — f(w*). This bound highlights the challenge in the analysis: our algorithm does not
directly compute unbiased estimates of x;, except for the first iterate of each round. Concretely,
Eq. (12) implies that our algorithm effectively updates using g; which is a biased estimate of V f(x;).

*A major challenge in our analysis is that for a given i € [M] the {x%}; sequence is not necessarily an {cv }
weighted average of the {wj }+.



It is therefore natural to decompose V f(z.) = g- + (V f(z) — g-) in the above bound, yielding,

Ay < ZCVTQT (wr —w*) + Z ar(Vf(xr) = gr) - (wr —w™) (14)

7=0 7=0

(A) (B)

Thus, we intend to bound the weighted error «vg.: A by bounding two terms: (A) which is related to
the update rule of the algorithm, and (B) which accounts for the bias between g; and V f(z).
Notation: In what follows we will find the following notation useful, g; := 57 > iepy Vfiat), and
note that gy = E [g;|{a}};c[ar)]. We will also employ the following notations: V; := Zizo a?||gr —
Vf(z,)|?, and D; := ||w; — w*||* , where w* is a global minimum of f(-). We will also denote
DO:t = Zi—zo ||w7' - w*H2

Bounding (A): Due to the update rule of Eq. (12), one can show by standard regret analysis that:
t * wo—w*|[|? t
(A) =0 argr - (wr —w*) < Lol 0570 020,12,

Bounding (B): We can bound (B) in expectation using V; and Dy.; as follows for any p > 0:
E((B)] < LEV; + £EDy,; .

Combining (A) and (B): Combining the above boounds on (A) and (B) into Eq. (14) we obtain
the following bound which holds for any p > 0 and ¢ € [T],

[[wo — w*||?

oo EA; < o

T
n 2 2 1 P
—E - —EVr 4+ ZED,. 15
+ 5 ;aTllg I*+ 5, EVr + 5EDor (15)
Now, to simplify the proof sketch we shall assume that D; < Dy Vt, implying that Dg.r < T Dy.
Plugging this into the above equation and taking p = M%T gives,

luro — w2 ~ o
4 E)_o|lg.|]” + 4TEVy . (16)
7=0

apEA; <

(%)
Next we will bound (x) and EVr, and plug them back into Eq. (16).

Bounding (x): To bound (x) it is natural to decompose g = (g —g-) + (G- — Vf(x;)) +V f(z).
Using this decomposition we show that, (x) < 3“—]\; ZZ;O a? + 3EVr + 12LE ZtT:o oo+ A\

Bounding EV The definition of V; shows that it is encompasses the bias that is introduced due
to the local updates, which in turn relates to the distances ||z} — z?|| , i, j € [M]. Thus, EV is
therefore directly related to the dissimilarity between the machines. Our analysis shows the following:
EVr <400L%n%K? Zf:o ag.r (G2 +4LA)+90L%n2 KO R30% . Plugging the above into Eq. (16),
and using our choice for 7, gives an almost explicit bound,

|2 2 T T T
— 1
a0 EA, < llwo = wl” 173" 0 + LPTEOR0? + LPPTK® Y a0, G2 4 o E Y aguA, .
n M = 2(T+1) —
The theorem follows by plugging above the choices of 7, a;, and using a technical lemma. O

4 Experiments

To assess the effectiveness of our proposed approach, we conducted experiments on the MNIST [26]
dataset—a well-established benchmark in image classification comprising 70,000 grayscale images
of handwritten digits (0-9), with 60,000 images designated for training and 10,000 for testing. The
dataset was accessed via torchvision (version 0.16.2). We implemented a logistic regression



model [7] using the PyTorch framework and executed all computations on an NVIDIA L40S GPU. To
ensure robustness, results were averaged over three different random seeds. The complete codebase
for these experiments is publicly available on our GitHub repository.*

We evaluated our approach using parameters derived from our theoretical framework (cv; = ¢) in com-
parison to Local-SGD and Minibatch-SGD under various configurations. Specifically, experiments
were conducted with 16, 32, and 64 workers to examine the scalability and robustness of the proposed
method. We also varied the number of local updates K (or minibatch sizes for Minibatch-SGD)
among 4, 8, 16, 32, and 64 to investigate how different local iteration counts impact performance.
Data subsets for each worker were generated using a Dirichlet distribution [17] with o = 0.1 to
simulate real-world non-IID data scenarios characterized by high heterogeneity. For fairness, the
learning rate was selected through grid search, with a value of 0.01 for SLowcal-SGD and Local-SGD,
and 0.1 for Minibatch-SGD. More details about the data distribution across workers and complete
experimental results are provided in Appendix M.

(a) Test Accuracy (1 is better). (b) Test Loss ({ is better).

Figure 1: Performance vs. Local Iterations (K) for different numbers of workers (M).

Our results on the MNIST dataset, presented in Figure 1 and detailed in Appendix M.2, demonstrate
the effectiveness of our approach, showing consistent performance improvements compared to
Local-SGD and Minibatch-SGD as the number of local steps increases. Notably, this improvement
becomes even more significant compared to the other methods as the number of workers increases,
underscoring the scalability of our method and aligning with the theoretical guarantees outlined in our
framework. These results highlight the robustness of our approach in handling highly heterogeneous,
distributed environments.

Upon closer inspection, when a small number of local steps are performed, the differences between
the approaches are negligible, with a slight advantage for Minibatch-SGD. However, as the number
of local steps increases, the minibatch size grows, and the need for significant variance reduction
diminishes. In this regime, making more frequent optimization updates becomes more impactful,
as demonstrated by the superior performance of the local approaches compared to Minibatch-
SGD. Importantly, with SLowcal-SGD, which keeps local updates closely aligned among workers
throughout the training process, we can achieve significantly better and more stable performance
compared to both Minibatch-SGD and Local-SGD as the number of local steps /& and the number of
workers M increase.

5 Conclusion

We have presented the first local approach for the heterogeneous distributed Stochastic Convex
Optimization (SCO) setting that provably benefits over the two most prominent baselines, namely
Minibatch-SGD, and Local-SGD. There are several interesting avenues for future exploration:

(a) developing an adaptive variant that does not require the knowledge of the problem parameters like
o and L; (b) Allowing a per dimension step-size that could benefit in (the prevalent) scenarios where
the scale of the gradients considerably changes between different dimensions; in the spirit of the well
known AdaGrad method [11]. Finally, (c) it will be interesting to understand whether we can find an
algorithm that provably dominates over the Accelerated Minibach-SGD baseline, which is an open
question also in the homogeneous SCO setting.

*nttps://github.com/dahanl198/slowcal-sgd
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A Explanations Regarding the Linear Speedup and Table 1

Here we elaborate on the computations done in Table 1. First we will explain why the dominance of
the term \/]\4171(1% implies a linear speedup by a factor of M.

Explanation. Recall that using SGD with a single machine M = 1, yields a convergnece rate of
\/ﬁ (as a dominant term). Thus, in order to obtain an excess loss smaller than some € > 0, SGD

requires RK > () (E%) Where RK is the wall-clock time required to compute the solution.

Now, when we use parallel optimization with R communication rounds, K local computations, and
M machines, the wall-clock time to compute a solution is still RK. Now, if the dominant term in the
convergence rate of this algorithm is then the wall clock time to obtain an e-optimal solution

should be RK > Q (

1
MKR
MlEQ ) And the latter is smaller by a factor of M compared to a single machine.

Computation of R, in Table 1. The term \/Mi appears in the bounds of all of the parallel

optimization methods that we describe. Nevertheless, it is dominant up as long as the number of
communication rounds R is larger than some treshold value R,,;,, that depends on the specific
convergence rate. Clearly, smaller values of R,,;, imply less communication. Thus, in the R,
column of the table we compute Ry for each method based on the term in the bound that compares

least favourably against W These terms are bolded in the Rate column of the table.

Concretely, denoting this less favourable term by Brarallel .— grarallel(Ar )7 R GL) 3, then Ry
is the lowest R which satisfies,
1

Bparallcl < )
MKR

B On Heterogeneity Assumption

Let us assume that the following holds at the optimum w*,

M > IVAGOI < G2

Then we can show the following relation for any w € RY,

fZIIsz )|? = ZHVﬂ — Vfilw") + V fi(w?)||?

i€[M] ze[M
< 57 Z vaz va ”2 Z ”va ”2
zE[M ZG[M]

< AL(f(w) = f(w*)) +GE.
where we used ||a + b||? < 2||a||? + 2||b||?> which holds for any a, b € R?, and the last line follows
by the lemma below that we borrow from [18, 8].

Lemma 1. Let L(z) = £; 2ien Li(z) be a convex function with global minimum w*, and assume
that every f; : R — R is L-smooth. Then the following holds,

Vi Z IV (w) = Ve (w")|* < 2L(L(w) — L(w")) .

ZG [M]

Proof of Lemma 1. The lemma follows immediately from lemma 27.1 in [8], by taking v = w*
therein. O

SBparallel
in Table 1.

may also depend on o, L, ||wo — w™|| but for simplicity of exposition we hide these dependencies
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C Interpreting Anytime-SGD as Momentum

Here we show how to interpret the Anytime-SGD algorithm that we present in Equations (4),(5), as a
momentum method. For completeness we rewrite the update equations below,

W1 = wy — Naggy , Vt € [T] , where g = V f () , a7
and then,
0 o
T = — + — T (18)
Q0:t41 QQo:t41

where g; is an unbiased gradient estimate at x;, and {«; }; is a sequence of non-negative scalars. And
at initialization xg = wg.

First note that Eq. (18) directly implies that,

1
Ti41 = Z QrWr .

Next, note that we can directly write,

T—1
Wr = Wo — 1N E AnGn
n=0

Plugging the above into the formula for z; yields,

1 t+1 7—1
Ti41 = Wo — 7N Z Z OO Gn
Q0:t+1 7=0n=0
t t+1
1
= Wy — 77a E E ArQnpgn
0:t+1 n=071=n+1

1 t
Wwo — 1M E Op41:t4+1QnGn -
0

-
0:t4+1 =
Thus,
t—1 t
1 1 1
- (xt+1 - xt) - E Ap41:¢0nGn — § An4+1:t4+10%nGn
n Qo:t - — Qo:t+1 =)
t—1 t—1
1 Q41 1
= E Op41:¢0nGn — Opn41:44+10%nGn — At 10¢Ge
Qo:t+1 =) Qo:t Qo:t+1 Q0:t+1
t—1
1 Q0441 1
= - g On41:t4+1 — On41:t | Angn — At 4100t Gt
Q41 Qo:¢ QQ:t41
n=0
t—1
1 QQ0:n 1
= - g Q41 Qnfgn — Q41004 Gt
Qo:t41 Qo:t Q0:t41
n=0
t
1 QQ:n
= Q100 ——Gn (19)
0:t+1 n—0 0:t
where we used the equality below,
QQ0:¢41 [e7ER} Op41:t a0:n
Q4 1:t41 — Qpn1:t = Q41 — Ayt = at+1(1 - ) = Q41
QQ:t QQ:t QQ:t

Thus we can write,

1 2 : Q0:n
Ti+1 ~ Tt — n Ay 10p O[ gn
0:t



Uniform Weights. Thus, taking uniform weights o, = 1 yields,

t
n
Tt41 %iﬂt—ﬁztjshw

n=0
Linear Weights. Similarly, taking linear weights oy = ¢ + 1 yields,

t .3
n
Ti41 R Ty — 1N E tfggn-

n=0
D Proof of Theorem 1

Proof of Theorem 1. We rehearse the proof of Theorem 1 from [9].

First, since w* is a global minimum and «y.; are non-negative than clearly,

ao:t (f(xe) — f(w*)) > 0.

Now, notice that the following holds,
at(‘rt - wt) = aO:tfl(xtfl - xt)

Using the gradient inequality for f gives,

ST (flan) — fw)) <3 arVi(a,) - (2 —w?)
=0 =0

=> . Vi) (w, —w*)+ Y a,Vf(a,) (2 —w,)
7=0

7=0

=Y a,;Vf(zr) (wr —w) + > aor 1 VF(r) - (@1 —27)
7=0 7=0

< Z a-Vf(zr) - (wy —w") + Z ag:r—1(f(zr1) = f(27)),
7=0 7=0

where we have used the gradient inequality again which implies V f (z,) - (xr—1 — ;) < f(zr—1) —
f(z).
Now Re-ordering we obtain,

t t

Z (0.7 f(z7) — @oir—1f(27-1)) — @0 f(w") < Z a-Vf(zs) - (wr —w*).

7=0 7=0

Telescoping the sum in the LHS we conclude the proof,

aos (f(wr) = f(w) <D 0rVi(ar) - (wr —w") .

7=0

E More Intuition and Discussion Regarding the Benefit of SLowcal-SGD

More Elaborate Intuitive Explanation. The intuition is the following: We have two extreme
baselines: (1) Minibatch-SGD where queries do not change at all during updates-implying that
there is no bias between different machines. However, Minibatch-SGD is “lazy” since among K R
queries it only performs R gradient updates. Conversely (2) Local-SGD is not “lazy” since each
machine performs K R gradient updates. Nevertheless, the queries of different machines change
substantially during each round, which translates to bias between machines, which in turn degrades
the convergence.
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Ideally, we would like to have a “non-lazy” method where each machine performs KR gradient
updates (like Local-SGD), but where the queries of each machine do not change at all during rounds
(like Minibatch-SGD) and therefore no bias is introduced between machines. Of course, this is too
good to exist, but our method is a step in this direction: it is “non-lazy” and the query points of
different machines change slowly, and therefore introduce less bias between machines. This translates
to a better convergence rate.

Additional Technical Intuition for o, < t. Here we extend the technical explanation that we
provide in Sec. 3.2.1 to the case where a; o ¢, and show again that SLowcal-SGD yields smaller bias
between different machines compared to Local-SGD.

As in the intuition for the case of uniform weights, to simplify the more technical discussion, we will
assume the homogeneous case, i.e., that for any 7 € [M] we have D; = D and f;(-) = f(-).

Note that upon employing linear weights, the normalization factor .7 that plays a major role in
the convergence guarantees of Anytime-SGD (see Thm. 1) also grows as ag.r o< T2. Thus, in
order to make an proper comparison, we should compare the bias of weighted Anytime-SGD, to the
appropriate weighted version of SGD; where the normalization factor .7 also plays a similar role
in the guarantees (see e.g. [35]). This weighted SGD is as follows [35], V¢ > 0

Wiyl = wy —nogge ;  where gy is unbiased of V f (wy) . (20)

and after ¢ iterations it outputs wpr =
same guarantees as standard SGD.

P Zt o ¢w¢. And for oy = ¢t + 1 this version enjoys the

Next, we compare the Local-SGD version of the above weighted SGD (Eq. (20)) to our SLowcal-
SGDwhen both employ a; = ¢ + 1. So a bit more formally, let us discuss the bias between query
points in a given round r € [R], and let us denote t, = rK. The following holds for weighted Local
SGD,

t—1
wi=wy, =0 Y, argh, Vi€ [M]tE€ [t to+ K]. 1)
T=1o
where g* is the noisy gradients that Machine ¢ computes in w’, and we can write g := V f(w’) + %,
where & is the noisy component of the gradient. Thus, for two machines i # j we can write,

2 2 2

t—1 t—1 t—1
E|w; —wl|* =n’E|| Y ar(g; — gd)|| =n’E| > ar(Vf(w}) = Vi) +n’E|> ar(& &)
T=to T=to T=to

Now, we can be generous with respect to weighted SGD and only take the second noisy term into
account and neglect the first term ©. Thus we obtain,

2 2

t—1 t—1

1 ; . ) . ) .

ﬁEllwz—wiHQsE a8 moaf kB (& - ~TK)?-(t—to) <r’K>.
T=to T=t1o

(22)

where we used oy < a4 i, Vit < to+ K, as well as o, ;o = (r(K +1) +1)? = (rK)?. We also
usedt —ty < K.

Similarly, for SLowcal-SGD we would like to bound E||z — z7||? for two machines i # j; while
assuming linear weights ie,op =t+1,vVte[l ] Now the update rule for the iterates wy, is of
the same form as in Eq. (21), only now g& := V f(x%) + £, where £ is the noisy component of the
gradient. Consequently, we can show the following,

t t—1
> ar(wh —wl) ~ 1 Z a- Z an(gh, — g)) = =1 Z anyre0n(gh — g3) = —r? K (gh — i),
T=tg T=to n=to n=tq T=to

where we took a crude approximation of o, 41:+Qtn, = Qiggit4 K Ot § rK?2.rK = r2K3. In the last
"~" we also change the notation of summation variable from n to 7.

81t was shown in [36], that the noisy term is dominant for standard SGD
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Now, by definition, 2} ~ 2%t .z, + L3 o wi, Vi€ [M]t€ [to,ty+ K] . Thus, for

ag:¢ T=tg T
two machines i # j we have,

2

t t—1
1 . . 1 1 . ) 1 2 4K6
. i J2 - i o] ~ .
anth ‘rtH - 772E ot zt: a‘r(wr ’LUT) ~ 772 a Zt: gT g‘r
T=to T=to
1 T]2T4K6 =
Ry Z 9~ 91
77 r T=to
t—1 2 t—1 2
~KE| ) Vfal) - Vi@l +KE|> &-d

T=to T=tg

where we have used a4 &~ gy, X 3 ~ r2K?.

As we show in our analysis, the noisy term is dominant, so we can therefore bound,

t—1 2

> & -
T=to
Thus Equations (22), (23), illustrate that for o, o ¢, then the bias of SLowcal-SGD is smaller by a
factor of 72 compared to the bias of weighted Local-SGD.

Since 2 can be as big as R? this coincides with the benefit of SLowcal-SGD over standard SGD in
the case where oy = 1, which we demonstrate in the main text.

Eth —2|? S K°E ~ K2t —to) < K. (23)

Finally, note that upon dividing by the normalization factor ayy.7-,we have, that for SLowcal-SGD with
either oy = 1 or oy o< ¢ then,

11 1 — 1 K 1
“Ellzt — 2|l v ——— VK3~ —— . —_— = 24
.7 1) i =il ~ e RK VR* JKR? .

Comparably, upon dividing by the normalization factor a.7,we have, that for Local-SGD with either
a; = 1 or oy o< t that,
11 1 1 1
——E ~ R2K VK = —— 25
Qo M Hwt || R2K2 RK \/ER ( )
Thus, with respect to the approximate and intuitive analysis that we make here SLowcal-SGD main-
tains similar benefit over Local-SGD for both oy = 1 and oy = ¢t + 1.

As we explain in Appendix L, taking oy = 1 in SLowcal-SGD does not actually enable to provide a
benefit over Local-SGD. The reason is that for o;; = 1, the condition for which the dominant term
in the bias (between different machines) is the noisy term (this enables the approximate analysis
that we make here and in the body of the paper), leads to limitation on the learning rate which in
turn degrades the performance for SLowcal-SGD with o, = 1. Conversely, for a; o< ¢ there is no
such degradation due to the limitation of the learning rate. For more details and intuition please see
Appendix L.

F Proof of Thm. 2

Proof of Thm. 2. As a starting point for the analysis, for every iteration ¢ € [T we will define the
averages of (w!, z!, gt) across all machines as follows,

Zwt, & ;Et—fzxt & gf-—Mth
ze [M] i€[M] i€[M]

Note that Alg. 2 explicitly computes (wy, x;) only once every K local updates, and that theses are
identical to the local copies of every machine at the beginning of every round. Combining the above
definitions with Eq. (6) yields,

W1 = Wy — nNowgy , Vt € [T (26)
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Further combining these definitions with Eq. (7) yields,

Ter = (1— — Ly 4 My, V€ [T] 27)
QQ:t41 Q0:t+1

And the above implies that the {2 },c[7] sequence is an {a }+c|7] weighted average of {w; };e[7)
This enables to employ Thm. 1 which yields,

a0 A = g (f(2) — f(w*) Y, V(a,) - (w —w*),

7=0

where we denote A := f(x;) — f(w*). The above bound highlights the challenge in the analysis:
our algorithm does not directly computes unbiased estimates of x;, except for the first iterate of each
round. Concretely, Eq. (26) demonstrates that our algorithm effectively updates using g; which might
be a biased estimate of V f(z;).

It is therefore natural to decompose V f(z,) = g, + (Vf(z,) — g-) in the above bound, leading to,

Ay < Za.rg,r (wr —w*) + Z ar(Vf(xr) = gr) - (wr —w™) (28)

7=0 7=0
(A) (B)

Thus, we intend to bound the weighted error a.;A; by bounding two terms: (A) which is directly
related to the update rule of the algorithm (Eq. (26)), and (B) which accounts for the bias between g;
and V f ().

Notation: In what follows we will find the following notation useful,

1 )
G =17 Z Vv fi(x)) (29)

and the above definition implies that g, = E [g:[{z} }icar, - - -, {zi_1 Yiepn] = E [gel{ai}icpan]-
We will also employ the following notations,

t
Vii=Y ailgr = Vf(@)I?, & D= |w —w|?
7=0
where w* is a global minimum of f(-). Moreover, we will also use the notation Do.; := Y% _ |lw, —
w*|2.

Bounding (A): Due to the update rule of Eq. (26), one can show by standard regret analysis (see
Lemma 2 below) that,

t
. wy — W
o= 3 e (g — ) < 10 ”Zoﬁngw (30)
7=0

Lemma 2. (OGD Regret Lemma -See e.g. [15]) Let wg € R and 1) > 0. Also assume a sequence of
T non-negative weights {oy, > 0},¢(7) and T vectors {g, € R*},c(7), and assume an update rule of
the following form:

W1 = wy — nougy ,Vt € [T .

Then the following bound holds for any u € R%, and t € [T,

t
w
Zargr : (w‘r - ) > H Lo n Za2||gr||2
7=0

for completeness we provide a proof in Appendix G.
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Bounding (B): Since our goal is to bound the expected excess loss, we will bound the expected
value of (B), thus,

E[(B)] =E Y ar(Vf(a,) = gr) - (wr — w*)}
7=0

—E | ar(Vf(ar) = g0) - (wr - “’*)1
7=0

t
1 _ p x
< EZ (2p0572_||Vf(x7.) — -1 + iEHwT -—w 2)
7=0

1
= EV; + "EDy, , (31)
2p 2
where the second line follows by the definition of g, (see Eq. (29)) and due to the
fact that w, is measurable with respect to {{z{}icin]s--- {25 1} iepn} while g. =
E [gT|{zé}ie[M],...,{z;_l}ie[M}] implying that E[g, - (w, — w*)] = E[g, - (w, — w*)]; the

third line uses Young’s inequality a - b < inf,~0{5|lal|* + 271/) [|b]|2} which holds for any a, b € RY;
and the last two lines use the definition of V; and Dg.r.

Combining (A) and (B): Combining Equations (30) and (31) into Eq. (28) we obtain the following
bound which holds for any p > 0 and ¢ € [T],

[[wo — w2

ap EA; < o

T
n 2 2 1 P

+ —-E ¢+ —EVr + =ED,. 32
B Z%Hg | 2 T+ 58P0 (32)

7=0

where we have used V; < Vp which holds for any t € [T, as well as EY._ a2|g,|> <
EY."_, a2||g-||?, which holds since ¢ < T.

Next, we shall bound each of the above terms. The following lemma bounds ED.,
Lemma 3. The following bound holds for any t € [T},

t T
EDo; =E)  [w, — w*|* < 2T|jwo — w*||* + 2T0°E Y _ of|g:]|* + 169°T* - EVip
7=0 t=0

Combining the above lemma into Eq. (33) gives,

wo — w*||? d 1
oo, < 10 Iy (1 1) B a2lgrl? + (o + 807°T? ) BV + Ty —
2n 2 = 2p

Since the above holds for any p > 0 let us pick a specific value of p = 477%; by doing so we obtain,
o —w? -
aoEA, < S——— + 0 B> a||g.|* + TEV . (33)
7=0
(©)

Next, we would like to bound (C); to do so it is natural to decompose g, = (9, — §-) + (G- —
Vf(z;)) + Vf(x;). The next lemma provides a bound, and its proof goes directly through this
decomposition,

Lemma 4. The following holds,

2 T )
(€©) <375 a? +3EVr + 12LE Y agAA, .
t=0 t=0

=
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Combining the above Lemma into Eq. (33) yields,

T

o T
g 2
+ 3057 ; of + 87TEVr + 127LE ; a0, (G4

a2
ap.EA; < o = w]
where we have uses 3 < 47" which holds since 7' > 1. The next lemma provides a bound for EV},

Lemma S. Foranyt < T := KR, Alg. 2 with the learning choice in Eq. (8) ensures the following
bound,

T
EV, < 400L**K*® Z ag:r - (G2 +4LA) + 90L* > KO R362 .
7=0
Plugging the above bound back into Eq. (34) gives an almost explicit bound,
ao::EA;

- o — w2

2 T
n 3nUM 3 af + 1200 TK R0
n t=0

T T
+4-10°L*P°TK® Y ag.r - (G2 +ALA;)) + 120LE Y gy

=0 t=0
||U’0_U’*H2 o? d 2 2 3 6 p3 _2 3r2 3 3T 2
= 7”’77@2% +720L* P TKOR%0” + 4 - 10°L*n*TK® > a0, G?
n t=0 =0
T
+ (127 + 16 - 10° L*°TK*)E Y apa A
t=0

I T

9 T T T
o 1
+3n7= > af + T20L°°TKOR? 0 + 4 - 1° L’ TK® > " a0.,G2 + 5———E > aguA
K M= =0 2T +1) t=0

(35)
and we used 12nL < 1/4(T + 1) which follows since n < m (see Eq. (8)), as well as
16 - 103L3n3TK? < 1/4(T + 1), which follows since 1 <
the above bound and invoke the following lemma,

m (see Eq. (8)). Next we use

Lemma 6. Let {A;}ic|1) be a sequence of non-negative elements and B € R, and assume that for

anyt <T,
1 T
Ay < B+ Ay,
i 2(T +1) ; !
Then the following bound holds,
Ap < 2B

Taking A, « aoEA; and B« 1oow' 3, 7T 02 4 720L%PTKOR%0? + 2 -
103 L2 TR Y1 ag.- G2 provides the following explicit bound,

T T
2HU’O_U’*H2 o? 2 372 3 6 3 2 3712, 3 3 2
ap.rEAT < 7+60M;at +2-10°L*°TKSR?0? + 8 - 10°L*)°TK Z:an,c:*
2
+6n (KR +2-103L%P K" Ri0® + 8- 103 L% KTRY - G2 |

- 2o —w?|?
- M
(36)

where we have used 30 ao.r < Yopga?2 < SIS+ 1)2K2 < K3R3, as well as
T = KR,
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Recalling that 7' = K R and that,

Y S B S R 1V R e
= 48L(T + 1) 10LK?" 40LK (T + 1)2/3’ oT3/2 "LV2KT/AR(0Y/2 4+ GY?)

The above bound translates into,
ag:rEA7 < 37
o|lwg — w*||T3/?

O | L(T + K% + KT*3)||wyg — w*||? +
(24 o — w| -

(38)
Noting that a7 > Q(7?) and using T = K R gives the final bound,
EAr <

* * * * 1/2 *
0 (ano —w?, Llwo —w' > | Ljwy —w'|* | oljwo—w] | LV3(0"2 +GY*) - flug — w2

KR K1/3R4/3 R? MKR K'/*R

which establishes the Theorem. O

G Proof of Lemma 2

Proof of Lemma 2. The update rule implies for all 7 € [T]
lwrsr =l = || (wr —u) = narg-|®
= Jlw, —ull® — 2narg: - (w, —u) +n’a?lg. |
Re-ordering and gives,
2narg: - (wr —u) = (|hwr — ul® — [Jwrrr —ull?) +na|g-|* -
Summing over 7 and telescoping we obtain,

t t
MY argr - (we —u) = (Jwr —ul® = [fwerr —ull?) + 77> a2lg-|?
7=0 =0

t
< i —ull® +7* ) aFllg-|?

7=0
Dividing the above by 27 establishes the lemma. O
H Proof of Lemma 3
Proof of Lemma 3. Recalling the notations D, := ||w, — w*||?, our goal is to bound EDy.;. To do

so, we will derive a recursive formula for Dy.;. Indeed, the update rule of Alg. 2 implies Eq. (26),
which in turn leads to the following for any ¢ € [T,

I*=1 I?

|wisr —w (w; — w*) = nasge||? = [lwy — w*[|” = 2nasg; - (w, — w*) + 712%2||9t
Unrolling the above equation and taking expectation gives,

t

t
E|wii1 —w*|* = wo —w*|*=20E Y arg, - (w, —w*) +°E Y allg-|>  (39)
=0 7=0

()

The next lemma provides a bound on (%),

Lemma 7. The following holds for any t € [T,

(x) < 2nvEVr - VEDq.p

and recall that Dy.p := ZtT:O lwy — w*||?, and Vo := ZZ;O a?|lge — Vf(x)]?
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Plugging the bound of Lemma 7 into Eq. (39), and using the notation of D; we conclude that for any
t e [T,

t
ED, < Dy +20v/EVr - VEDor +11°E Y a2g- |
=0
T
< Do+ 27v/EVr - VEDo.r +°E Y oflge]1?
t=0

where we used ¢ < T'. Summing the above equation over ¢ gives,

T
EDo.r < Tlwo — w*||* + 20T - /EVr - VEDor + T*E )~ of | g:1? (40)
t=0

We shall now require the following lemma,

Lemma 8. Let A, B,C > 0, and assume that A < B + C+/A, then the following holds,
A<2B+4C?

Now, using the above Lemma with Eq. (40) implies,
T
EDo.r < 27wy — w*[|* + 2T0°E Y _ o ||g:||* + 169°T* - EVyp (41)
t=0

where we have taken A <— D2 ;, B + T||wo—w*||*+Tn’E Zf:o a?||g¢||* and C «+ 2nT-/EVr.
Thus, Eq. (41) establishes the lemma. ]

H.1 Proof of Lemma 7

Proof of Lemma 7. Recall that (x) = —2nE Zi:o g, - (wy —w™*), we shall now focus on bounding

(*)/2m,
¢ ¢
—EZaTgT (wy —w*) = —EZaTgT (wy —w*)
=0 7=0

:—EZaTVf(:L‘T)-( EZaT gr — V() (wr —w")

t
<SO0+EY a7lgr — Vi(ar)|? - wr —w|?
7=0

t
<0+ Y VE2|g, - Vi(z)? VE[w, — w*|]

7=0

IN

Ezazllgf Vf(xr)|? - EZIIw — w*||?

7=0

< EZO%QHQt V)2 EZHwt w2
= +EVyr - EDg.1, 42)

where the first line is due to the definitions of g, and g, appearing in Eq. (29) (this is formalized
in Lemma 9 below and in its proof); the third line follows by observing that the {x; }; sequence is

and {« }+ weighted average of {w; }; and thus Theorem 1 implies that E Zizo a;Vf(z:) (w, —

23



w*) > 0 for any ¢, as well as from Cauchy-Schwarz; the fourth line follows from the Cauchy-
Schwarz inequality for random variables, which asserts that for every random variables X, Y, then

E[XY] < VEX?2VEY?; the fifth line is an application of the following inequality

t t
g arb; < g a?
=0 7=0

which holds for any two sequences {a, € R},,{b, € R}, and the above also follows from the
standard Cauchy-Schwarz inequality. Thus, Eq. (42) establishes the lemma.

We are left to show that E [g; - (w, — w*)] = E[g; - (w, — w*)] which is established in the lemma
below,

Lemma 9. The following holds for any T € [T),

Elgr - (wr —w")] =E|gr - (w; —w")] .

H.1.1 Proof of Lemma 9

Proof of Lemma 9. Let {F;} ¢ be the natural filtration induces by the history of samples up to
every time step 7. Then according to the definitions of ¢g; and g, we have,

where the first line follows by the law of total expectations; the second line follows since w; is
measurable w.r.t. F_y; the third line follows by definition of g, and g,; and the last line uses the
law of total expectations. O

H.2 Proof of Lemma 8

Proof of Lemma 8. We will divide the proof into two case.
Case 1: B > C+v/A. In this case,

A<B+CVA<2B<2B+4C?.
Case 2: B < Cv/A. In this case,
A< B+CVA<20VA,
dividing by v/A and taking the square implies,
A<4C? <2B+4C7.

And therefore the lemma holds. O

I Proof of Lemma 4

Proof of Lemma 4. Recalling that (C) := EY""_ a2||g, ||, we will decompose g, = (¢, — g-) +
(gr — Vf(z-)) + Vf(x,) which gives,
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T
(€)=EY 29 — ) + @ — V() + V()
=0
T T T
<3EY a2llg, — g2+ 3 a2lg, — V(@) [2 +3E S a2V (a,)|?
=0 7=0 7=0

T T
<3EY a?llgr — g + 3EVr + 6LE Y oA,
7=0 =0

2 T T
o 2 2
< 3—ME E o> +3EVyr +6LE E i A,

7=0 7=0
o2 I T
< 3ME;)a3 + 3EVp + 12LETZ:0040:TAT , (43)

where the second line uses ||a + b + ¢||? < 3(||al|? + ||b]|? + ||¢||?) which holds for any a, b, c € R?;
the third line uses the definition of V7 as well as the smoothness of f(-) implying that ||V f(z,)|*> <
2L(f(x,) — f(w*)) := 2LA, (see Lemma 10 below); the fourth line invokes Lemma 11; the fifth
line uses a2 = (7 + 1)% < 2aq.,.

Lemma 10. Let F : R? — R be an L-smooth function with a global minimum x*, then for any
z € R? we have,

IVE()[* < 2L(F(x) — F(w")).
Lemma 11. The following bound holds for any t € [T),

2
o
Ellg- — 3./|> < — .
lgr = 3-1I° < 37
I.1 Proof of Lemma 10

Proof of Lemma 10. The L smoothness of f means the following to hold Vw, v € R?,
L
F(z+u) < F(z)+ VF(z) u+ §||u\|2 )
Taking u = — VF(x) we get,
F@)~ 7 IVF@)|? + 5= IVF@)P = F(z) ~ 5= [V (@)
z) =7 x 5T 2)|° = Fz) - 57 x)||” .
Thus:

IVE(@)|* < 2L(F(2) - F(z + u))

<
< 2L(F(a) - F(a")),

where in the last inequality we used F'(z*) < F'(x + u) which holds since z* is the global minimum.
O

1.2 Proof of Lemma 11

Proof of Lemma 11. Recall that we can write,



where gL = Vfi(z), and ¢g& := Vfl(xT,zT), and that z},...,zM are independent of each

other. Thus, conditioning over {xi}M | then {g¢ — gt} are independent and zero mean i.e.
E[g: — gi|[{zi}M ] = 0. Consequently,

2

E[lg — g Hoi ] = 35 || D2 (97 = 90)|| Heittiemn
ie[M]
1 A i
= =5 2 Ellgt g 2Haih]
1€[M]
1 2
<ip 2 °
i€[M]
o2
< —.
- M
Using the law of total expectation implies that E||g, — gTH < UM O

J Proof of Lemma 5

Proof of Lemma 5. To bound EV; we will first employ the definition of z; together with the smooth-
ness of f(-),

2

E|Vf(z,) =g *=E |~ Z Vii(zr) - Z Vi

16 [M] ze[]VI

> EIVii(er) = Vi)

i€[M]

L2 7|2
= > Bl -t
1€[M]

L2
=7 2 Ell37 Zwﬂ_

1€[M] JE[M]

L? ; ;
<3z 2 Eler -l (44)

i,jE[M]

IA

IN

where the first line uses the definition of g;, the second line uses Jensen’s inequality, and the third
line uses the smoothness of f;(-)’s. The last line follows from Jensen’s inequality.

We use the following notation for any 7 € [T

o 4 , , 1
= alal — 2P, & gi=a? Y el —allP, & Qri=omad S el —adl?,

J€E[M] i,jE€[M]

(45)
and notice that Z qTJ = ¢%, and that > JeM quJ = M?Q,. Moreover ¢/ = ¢2'* Vi, j €
[M].

Thus, according to Eq. (44) it is enough to bound EV; as follows,
t t
EV,:=Y oZE|Vf(z,) —g- > <L*-> Q. (46)
7=0 T7=0
——

()

Next we will bound the above term.
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Bounding (x): Lett € [T],if t = K for some 7 € [R], then according to Alg. 2 z} = x; for any
machine i € [M], thus #i — 2] = 0 for any two machines i, j € [M].

More generally, if t = rK + k for some r € [R], and k € [K], then by denoting ¢; := rK we can
write ¢t = to + k. Using this notation, the update rule for % implies the following for any ¢ € [M],

o JR— o 1 <

i 0:to i i 0:to i

Ty = Ty +—— E Qrw, = Tty + — g arw,
QQ:t it QQ:t

0: vor=to+1 0 o r=to+1

where we used z}, = x4, , Vi € [M]. Thus, for any i # j we can write,

t 2

Z ar(w) —wl)

T=to+1

2
; ; «a
ofllef I = oty

(47)

So our next goal is to derive an expression for Zi:to 110 (wt — w?). The update rule of Eq. (6)
implies that for any 7 € [to, to + K],

U),lr = wzo —n Z angil = W¢y — 7 Z Oéng:l (48)

n=to+1 n=to+1

where the second equality is due to the initialization of each round implying that wéo =Wy, , Vi €
[M].

Next, we will require the following notation g; := V f;(z}), and & := g; — gi. We can therefore
write, g; = gy + & and it is immediate to show that E[¢}|z}] = 0. Using this notation together with
Eq. (48), implies that for any 7 € [tg,ty + K] and i # j we have,

aT(w} — wl) = -7 Z afan(ﬁi; - g%) -0 Z Oéran(fib - 5%)

n=to+1 n=to+1
T ) T
=0 Z a‘ran(g:L - ggl) -1 Z aranén (49)
n=to+1 n=to+1

and in the last line we use the following notation &,, := &, — &7 7.

Summing Eq. (49) over 7 € [ty + 1, t] we obtain,

t t T t T
Z aT(w‘f’ - wg’) =N Z Z a‘l'an(g; - ggl) -0 Z Z a‘rané-n

T=to+1 T=to+1n=to+1 T=to+1n=to+1
t t t t
=-n Z Z aron (g, —G5,) —n Z Z aranén
n=to+1717=n n=to+17=n
t t
=N Z an:tan(gil - g%) -1 Z an:tan§7n
n=to+1 n=to+1
t t
=0 Z O‘T:tar(g;f— —gl)—n Z a0y, (50)
T=to+1 T=to+1

where in the last equation we replace the notation of the summation index from n to 7 (only done to
ease notation).

A more appropriate notation would be 553” )= &l — &2, but to ease notation we absorb the (4, j) notation

into &.
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Plugging the above equation back into Eq. (47) we obtain for any ¢ € [tg, to + K]

Qt’j =y th - gct||2
i | < G F
= ar(wy — wl)
(v0:1)? T:%):H
Z Ar:tOr g-,— g-,— +n Z Qr: tO[Té.T
(@0:¢)? r=to+1 r=to+1
2
202 202
2 L Z CV'rta‘r g—,—) 2 t Z a'rta‘rg'r
(@0:)? ||, 4=, (a0)? || 5%,
202 i 202
§772 t2'(t_t0) Z (a‘r:ta‘r)2Hg‘r g-r||2+77 t Z aTtaTé-T
(a01t) T=to+1 T=to+1
2 20‘? 2 : 2 i N2 2 20%
=17 (0 )? K- (Kay) Z oz ||V fi(ah) = Vfi(@)II" +n Z OthOéTgT
0:¢ T=to+1 T=to+1
20k 1 < , , 202
.2 t g372 L 2 iy ()12 + 2 t
=0 (ao:t)2 K°L 12 ;_10[T||vfl(xr) Vf](l'T)H ;10[7' fOé7—€7—
T=1l0o T
t
1 i .
SSPKLY - 5 Y a2 Vi) = V()] + (80°/af) Z Qrgrbs
T=to+1 T=to+1
1 < ’
=8’ K°L? o5 Y a2||Vi(ah) = V)| + 8 Z e
T=to+1 T=to+1 y
(51)

where the first inequality uses ||a+b||? < 2||a||? +2|b||?> which holds Va, b € R, the second inequal-
ity uses || ZfzviNl-H an||* < (Ny — Ny) Zg Nitl ||a.||?> which holds for any {a,, € Rd}n N1+1’

the third inequality uses the definition of g, it also uses t — to < K as well as (a;.¢)? < (Koy)?
which holds since 7 < ¢ and since both o, < ay; and the last inequality uses the fact that oy = ¢ 4 1
implying that the following holds,
4 2
%<y, & M
(@0:t) t

(a0:4)? ~ «
Lemma 12. The following holds for any i,j € [M],
2

Mo 2

IVFi(2%) = VEEDI? < =5 (a7 +¢2) + 6 (IVFilz)II” + 1V £ (2)7)

Using the above lemma inside Eq. (51) yields,

qi" = of ||z} — ||2
t
1, . ;
< 24n*K°L*- 27 e+ 1ie + Grg1ie) + 8K > a2 (IVfilen)|I? + IV £i(z)]1?)
T=to+1
. 2
ar
+8772042 Z Oé*r:tigg‘r
T=to+1 X
6 1 i J ¢ - 2 2 2 i,
=5 M(qto-s-l:t +qlyy14) T 2 Z o (||Vf1(x7)|| + IV £zl ) +B,  (52)

T=to+1
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where we have denoted 8
2

0:=48°K3L?, & B :=8n’«a

Z Qr:t ;5‘1’
Qg

T=to+1

Summing Eq. (52) over ¢, j € [M] and using the definition of Q; gives,
o Y o

0 1 i
§§.M.2M3Qto+u+ 2MZ 23 IVA@IP+ Y B

T=to+1l  i€[M)] i,j€[M]
t
= M2 Qt0+1t+2M9 Yoo VAP DD B, (53)
T=to+1 i€[M] i,j€[M]
where we used,
Yodi=> > d=>Y MQ, =MQ,.
1,jE[M] JEIM]i€[M] JE[M]

Now dividing Eq. (53) by M? gives Vt € [to, to + K],
20
RS ST B IS s
T=to+1 ZE[M] 1,j€[M]
t

<O-Qunet oy Y ai~<Gi+4L<f<xT>—f<w*>>>+# Y 5y

T=to+1 i,5€[M)]
20 <
<0 Quere + 73 > a2 (GIHALA)) + -5 Y. B (54)
T=to+1 i,jE[M]

where the second line follows from the dissimilarity assumption Eq. (2), and the last line is due to the
definition of A .

Thus, we can re-write the above equation as follows forall ¢ € [tg, to + K],
Q1 < 0Qio41:0 + Hy (55)

where H, = 24 3" _ tot1 a2 (G2 +4LA)) + 1= DijeM) B}, and recall that 6 := 4872 K3 L2.

Now notlce that Q;, H; > 0, and that 6 satisfies 0 K = 487> K*L? < 1/2 since we assume that
n? < W (see Eq. (8)). This enables to make use of Lemma 13 below to conclude,

to+K

40 2 .
Quottito+k = 2Hg 104K = 75 > a2 (GIH4LAL)) + el Y Bk
T=to+1 i,j€[M]
tot K 2 o
=2002K°% Y 02 (G2 +4LAL)) + i > Bk
r=to+1 i,jE[M]

(56)

Lemma 13. Let K,0 > 0, and assume 0K < 1/2. Also assume a sequence of non-negative terms
{Q: > O}t"tfj_l and another sequence { Hy > OHSOIjq that satisfy the following inequality for any
t € [to, to + K],
Qt < 0Qty+1:+ + Hy
Then the following holds,
Qto+1:to+k < 2Hto 1140+ K -

8Formally we should use the i, j upper script for &, in the definition of Bi’j , i.e. to define Bi’j =

2
8n*a? Zi:to 41 Qrit z—%éﬂ . We absorb this notation into &, to simplify the notation.
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Recalling that we like to bound the expectation of the LHS of Eq. (56), we will next bound
2

HZi:to—&-l it z—gff , which is done in the following Lemma 9

Lemma 14. The following bound holds for any t € [tg, to + K],

¢ 2
Z Qr:t O
r
042

<4K35%.
T=to+1 ¢

E

Since the above lemma for any 4, j and t € [to, o + K| we can now bound EBiéﬂl:tO 4 as follows,

to+K 2

EBzZ:SJJrlztoJrK = 8772043 Z E

t=to+1
to+ K

<8p’a} Y AK%0?
t=to+1

= 32l K*o?

= 32n%(r +1)2°K%0? (57)

where the last lines a; < (r + 1)K for any iteration ¢ that belongs to round r-.

t

Ot O
7 &r
o

T=to+1

Since the above holds for any ¢, j it follows that,

% > By ek 203207 (r +1)° K% = 64n°(r + 1)’ K% .
i,j€[M]
Plugging the above back into Eq. (56) gives,
to+K
Qror1:to+x < 2000 K3 Z o - (G2 4+ 4LA,)) + 64n*(r + 1)’ K%0? . (58)
T=to+1

Final Bound on EV;. Finally, using the above bound together with the Eq. (46) enables to bound
EV; as follows,

t
Lev <Y o,
7=0

L2
T
<> Q-
7=0

T R—1 rK+K
<200°K3Y a2 (G2+4LA)) + > Y ofE||z} — ]|
=0 r=0 t=rK+1
T R—1
< 2000°K? Y a2 - (G2 +4LA;) + Y 640 (r + 1)° K0
7=0 r=0

T
< 200772[(320@ . (Gi +4LA,)) _|_64772K60,2 . %Rs

7=0
T
< 400" K* > " ager - (G2 +4LAL)) + 90 KO R0
7=0
where we have used Y5 ' (r + 1)2 < 8R3, and the last line uses a2 = (7 + 1)* < 2aq.,

Consequently, we can bound

T
EV, <400L°n°K* " agr - (G2 +4LA,)) + 90L°n* K R0
7=0

which established the lemma. O

°recall that for simplicity of notation we denote &, rather than £57.
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J.1 Proof of Lemma 12

Proof of Lemma 12. First note that by definition of 2, we have for any ¢ € [M],

2
ler =232 = |57 D0 2% —arl| <57 D ek~ bl = g ar (59)
le[M] 1e[M] i

where we have used Jensen’s inequality, and the definition of ¢-.

Using the above inequality, we obtain,

IV fi(27) = Vfi(@D)? = [(Vfilah) = Vi(an) + (Viler) = Vi) = (Vf(al) = V fi(z)])?
<3|V fi(er) = VSile)I* + 3V filzr) = V(@) + 31V (@) = V()|
< 3L (Jlor = 2%l + lor = 2201%) + 6 (IV filzr) 1 + [V £ (z0)]1?)

2 . .
(@r + @) + 6 (IVFilzo)I” + IV f(z)P)

<
= 2
Maz

where the second and third lines use || 25:1 an||* < N 27]:[:1 |la,||* which holds for any {a,, €
R4}N_; we also used the smoothness of the f;(+)’s; and the last line uses Eq. (59). O

J.2 Proof of Lemma 13

Proof of Lemma 13. Since the ;’s and 6 are non-negative, we can further bound @, for all ¢t €
[to, to + K] as follows,

Qt < 0Q¢41:t + Hy < 0Q¢, 1.0+ + Hy .
Summing the above over t gives,

to+K

1
Qto+1:t0+K ‘= E Qi K OK - Qeos1:to+K + Higt1:t0+8 < 3 Qtot1:to+K + Hig+1:00+K
t=to+1

where we used 0 K < 1/2. Re-ordering the above equation immediately establishes the lemma. [

J.3 Proof of Lemma 14

Proof of Lemma 14. Letting { F; } be the natural filtration that is induces by the random draws up to
time ¢, i.e., by {{21}ic(n), - - - > {2 Fie(ary ) By the definition of & it is clear that &; is measurable
with respect to F;, and that,

E[£t|‘/—:t—l] - 0 .
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Implying that {&;}; is martingale difference sequence with respect to the filtration {F;};. The
following implies that,

2
E

t
Z Qr:t Qi
-
o2

T=to+1 t

t oy 2
Tt QT 2
> (U5) el
1 t

T=to+

t 2
KCKt - Qi 2
(%2 el
t
to+1
t

K* Y EJ&)

T=to+1
t

<k* Y E|¢é ¢
T=to+1
t

<2K? > (Bl +ElEP)
T=to+1
t
< 2K? Z 20?2
T=to+1
<4K%0? - (t —to)
< 4K30? |

T

where the first line follows by Lemma 15 below, the second line holds since a; < ay, and oy < Koy
(recall o, < « since 7 < t); the fourth line follows due to &, := &L — &J; the fifth line uses
la+b]|? < 2||a||?+2]||b||? for any a, b € RY; the sixth line follows since E||¢2 || := E| g —g2||? :=
E|Vf(zi,2L) — Vf(2l)||? < 02; and the last line uses (¢ — tg) < K

Lemma 15. Ler {&;}+ be a martingale difference sequence with respect to a filtration { F }+, then
the following holds for all time indexes t1,t5 > 0

2

ta to
E Z f‘r = Z EHfTHQ :
T=11 T=t1

J.3.1 Proof of Lemma 15

Proof of Lemma 15. We shall prove the lemma by induction over t2. The base case where to = t;
clearly holds since it boils down to the following identity,

t1 2 t1

2 2

S 6| =Ele? =3 Ele? .
T=11 T=11
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Now for induction step let us assume that the equality holds for ¢35 > t; and lets prove it holds for
to + 1. Indeed,

2 2

to+1

> &

T=t1

ta
E|\&,4+1 + Z &r

T=t1

2
+ E”£t2+1”2 +2E <Z £T> : £t2+1

T t]

(Z 57) : §t2+1|ft2H
T=11

to

E|[> &

T= tl

to+1

= Y Ele ) + 26 |E

T=t1

to+1
=3 E|¢)* +2E (Z €T> : €t2+1|ftz}]
T=t1 T=t1
to+1
2
=Y Ell&|*+0
T=t1
to+1

= > El&)”

T=t1

where the third line follows from the induction hypothesis, as well as from the law of total expectatlons
the fourth lines follows since {fT} * o are measurable w.r.t F;,, and the fifth line follows since
E[{,+1|Fi,] = 0. Thus, we have established the induction step and therefore the lemma holds. [

K Proof of Lemma 6

Proof of Lemma 6. Summing the inequality 4, < B + T =y Zt o At over t gives,

1
Ao < (T+1)B+ (T +1) Apr = (T+1)B+ §A0:T )

1
2(T+1)
Re-ordering we obtain,

Ag.r <2(T+1)B.

Plugging this back to the original inequality and taking ¢ = T' gives,

1
< — A7 < .
< B+ Q(T—FI)AO'T <2B

which concludes the proof. O

L. The Necessity of Non-uniform Weights

One may wonder, why should we employ increasing weights a; o< ¢ rather than using standard
uniform weights o, = 1 ,V¢t. Here we explain why uniform weights are insufficient and why
increasing weights e.g. a; o< t are crucial to obtain our result.

Intuitive Explanation. Prior to providing an elaborate technical explanation we will provides some
intuition. The intuition behind the importance of using increasing weights is the following: Increasing
weights are a technical tool to put more emphasis on the last rounds. Now, in the context of Local
update methods, the iterates of the last rounds are more attractive since the bias between different
machines shrinks as we progress. Intuitively, this happens since as we progress with the optimization
process, the bias in the stochastic gradients that we compute goes to zero (in expectation), and
consequently the bias between different machines shrinks as we progress.
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Technical Explanation. Assume general weights {a }+, and let us go back to the proof of Lemma 5
(see Section J). Recall that in this proof we derive a bound of the following form (see Eq. (55))

Ay <0A4 41+ + By, (60)

. 2
. 2| i 712 2 2 t ar ; 10
where A; := of||z} — x}||*, By = 8n°a; H ) reto 41 OTit Q3 &+l , and importantly *°,

4
2 20

K32
(aO:t)

2

Now, a crucial part of the proof is the fact that 0 ' < 1/2, which in turn enables to employ Lemma 13
in order to bound EV;.

Not let us inspect the constraint K < 1/2 for polynomial weights of the form a; o ¥ where p > 0.
This condition boils down to,
0 20
(ao:t)2

Implying the following bound should apply to 7 for any t € [T7,

K37 K <1/2,

Qo 1 Pl 1

< . ~ . = Lo
T=5LK? o2 ToLK? 1 T 2LK?

Now since the bound should hold for any ¢ € [T'] we could divide into two cases:
Case 1: p < 1. In this case ¢! =7 is monotonically increasing with ¢ so the above condition should be
satisfied for the smallest ¢, namely ¢ = 1, implying,

<71 C Qo 1
T=9LK? a2 T oLK?-

The effect of this term on the overall error stems from the first term in the error analysis (see e.g.
Eq. (36)), namely,
1 fwo —w'l?  2LK2 - Jluy — w||?
Q. n a et

Now, for the extreme values p = O(uniform weights) and p = 1 (linear weights), the above expression
results an error term of the following form,

Err(p=0) = O (K?/T) = O(K/R) & Err(p=1)=0(K?/T?) = O(1/R?). (61)

Thus, for p = 0, the error term is considerably worse even compared to Minibatch-SGD, and p = 1
is clearly an improvement.

Case 2: p > 1. In this case t'~? is decreasing increasing with ¢ so the above condition should be
satisfied for the largest ¢, namely ¢ = T, implying,

<;.%N 1 .L
T=9LK? o? T oLK? Te1°

Now, the effect of this term on the overall error stems from the first term in the error analysis (see e.g.
Eq. (36)), namely,

1 llwo — w*||? B 2LK? - ||lwg — w*||? - TP1 B 2LK? - ||lwg — w*?
Qo.T Ui B Trtt B T2

Thus, for any p > 1 we obtain,
Err(p) = O(K?/T?) = O(1/R?) . (62)

Conclusion: As can be seen from Equations (61) (62), using uniform weights or even polynomial
weights a; oc tP with p < 1 yields strictly worse guarantees compared to taking p > 1.

"Indeed, in the case where av; := t + 1 we can take  := 87> K> L?, and this is used in the proof of Lemma 5
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M Experiments

M.1 Data Distribution Across Workers

In federated learning or distributed machine learning settings, data heterogeneity among workers
often arises due to non-identical data distributions. To simulate such scenarios, we split the MNIST
dataset using a Dirichlet distribution. The Dirichlet distribution allows control over the degree of
heterogeneity in the data assigned to each worker by adjusting the dirichlet-alpha parameter. Lower
values of dirichlet-alpha result in more uneven class distributions across workers, simulating highly
non-1ID data.

Given C classes and M workers, the probability p. , of assigning data from class c to worker m is
based on sampling from a Dirichlet distribution:

Pe,1>Pe,2; - -+ Pe,m ~ Dirichlet(a)

where « is the concentration parameter controlling the level of heterogeneity. A smaller o value
results in a more imbalanced distribution, meaning that each worker primarily receives data from a
limited subset of classes. In this experiment, we set o = 0.1 to induce high heterogeneity.

The following figures present scatter plots illustrating the class frequencies assigned to individual
workers for different worker configurations—16, 32, and 64—using a specific random seed.

) : ‘@ . O - Yy
7 . | o ; . ... .. 7 00 00 0@ k._ n 7 *@®- o ... 3} ....\ -@®
8% 6. 2.0 ° %800 - N A S S A
[} , Q vy .n e m" .Q . E3 E : o :,. .? w"...a‘w : .u‘v...'.;.‘—‘.
(a) 16 Workers. (b) 32 Workers. (c) 64 Workers.

Figure 2: Class distribution across workers for different numbers of workers (16, 32, and 64) on the MNIST
dataset. The dataset was partitioned using a Dirichlet distribution, with the dirichlet-alpha parameter set to 0.1
to induce high heterogeneity. Each scatter plot illustrates class frequencies for each worker.

M.2 Complete Experimental Results

This section presents the complete experimental results for 16, 32, and 64 workers, showing test
accuracy and test loss as functions of local iterations K. The plots illustrate the method’s scalability
and performance, with higher accuracy (1) and lower loss ({) indicating better outcomes.
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Figure 3: Test Accuracy vs. Local Iterations (K) for 16 workers (1 is better).

35



Tost Accuracy

TestLoss.

TostLoss

00

4 Local terations 8 Local terations. 16 Local trations 32 Local terations

20 a0 o EY 100 50 20 o m e @
Heration eration Heration

Figure 4: Test Accuracy vs. Local Iterations (K) for 32 workers (1 is better).
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Figure 5: Test Accuracy vs. Local Iterations (K') for 64 workers (1 is better).
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Figure 6: Test Loss vs. Local Iterations (K) for 16 workers (|, is better).
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Figure 7: Test Loss vs. Local Iterations (K) for 32 workers (|, is better).

2 x5 w0 2

100 150 20 o ® © @ w ™ @ o w2 w0 ® w0 s 0o
Heration Heration Heration Heration

Figure 8: Test Loss vs. Local Iterations (K) for 64 workers (/. is better).
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NeurlIPS paper checklist

1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: we claim to present the first local-update method that improves over the
minibatch baseline in the SCO heterogeneous setting, and this is exactly what we establish
in the paper.

Guidelines:

* The answer NA means that the abstract and introduction do not include the claims
made in the paper.

 The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A No or
NA answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It s fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

2. Limitations
Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: In the intro and conclusion sections, we discuss that our approach does not
agpply to non-convex scenarios, and state it as future direction

Guidelines:

* The answer NA means that the paper has no limitation while the answer No means that
the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate "Limitations" section in their paper.

* The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

¢ The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms
and how they scale with dataset size.

* If applicable, the authors should discuss possible limitations of their approach to
address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory Assumptions and Proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?
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Answer: [Yes]

Justification: we indeed provide the full set of assumptions and a complete (and correct)
proof

Guidelines:

» The answer NA means that the paper does not include theoretical results.

 All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.
4. Experimental Result Reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]
Justification:
Guidelines:

* The answer NA means that the paper does not include experiments.

* If the paper includes experiments, a No answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.

(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code
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Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]
Justification:
Guidelines:

* The answer NA means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://nips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not be
possible, so “No” is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//nips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.
6. Experimental Setting/Details

Question: Does the paper specify all the training and test details (e.g., data splits, hyper-
parameters, how they were chosen, type of optimizer, etc.) necessary to understand the
results?

Answer: [Yes]
Justification:
Guidelines:

* The answer NA means that the paper does not include experiments.

* The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.
7. Experiment Statistical Significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]
Justification:
Guidelines:

* The answer NA means that the paper does not include experiments.

* The authors should answer "Yes" if the results are accompanied by error bars, confi-
dence intervals, or statistical significance tests, at least for the experiments that support
the main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)
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8.

10.

* The assumptions made should be given (e.g., Normally distributed errors).

e It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

e It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g. negative
error rates).

* If error bars are reported in tables or plots, The authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.
Experiments Compute Resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]
Justification:
Guidelines:

* The answer NA means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

. Code Of Ethics

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]
Justification: we ensured that our paper conforms with the NeurIPS Code of Ethics
Guidelines:

¢ The answer NA means that the authors have not reviewed the NeurIPS Code of Ethics.

* If the authors answer No, they should explain the special circumstances that require a
deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).
Broader Impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [NA]
Justification: we do not foresee any special societal impact that arise due to our work
Guidelines:

* The answer NA means that there is no societal impact of the work performed.

* If the authors answer NA or No, they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.
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11.

12.

» The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

* If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pretrained language models,
image generators, or scraped datasets)?

Answer: [NA]
Justification:
Guidelines:

» The answer NA means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]
Justification:
Guidelines:

* The answer NA means that the paper does not use existing assets.

* The authors should cite the original paper that produced the code package or dataset.

 The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

 For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

* If assets are released, the license, copyright information, and terms of use in the package
should be provided. For popular datasets, paperswithcode.com/datasets has
curated licenses for some datasets. Their licensing guide can help determine the license
of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.
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* If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

New Assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [Yes]
Justification:
Guidelines:

» The answer NA means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.

* At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.

Crowdsourcing and Research with Human Subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [NA]
Justification: our work does not involve crowdsourcing nor research with human subjects
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional Review Board (IRB) Approvals or Equivalent for Research with Human
Subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [NA]
Justification: our paper does not involve crowdsourcing nor research with human subjects.
Guidelines:

* The answer NA means that the paper does not involve crowdsourcing nor research with

human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.
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