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Abstract. We propose a trust-region stochastic sequential quadratic programming algorithm
(TR-StoSQP) to solve nonlinear optimization problems with stochastic objectives and deterministic
equality constraints. We consider a fully stochastic setting, where at each step a single sample is
generated to estimate the objective gradient. The algorithm adaptively selects the trust-region radius
and, compared to the existing line-search StoSQP schemes, allows us to utilize indefinite Hessian
matrices (i.e., Hessians without modification) in SQP subproblems. As a trust-region method for
constrained optimization, our algorithm must address an infeasibility issue—the linearized equality
constraints and trust-region constraints may lead to infeasible SQP subproblems. In this regard, we
propose an adaptive relazation technique to compute the trial step, consisting of a normal step and
a tangential step. To control the lengths of these two steps while ensuring a scale-invariant property,
we adaptively decompose the trust-region radius into two segments, based on the proportions of the
rescaled feasibility and optimality residuals to the rescaled full KKT residual. The normal step has
a closed form, while the tangential step is obtained by solving a trust-region subproblem, to which a
solution ensuring the Cauchy reduction is sufficient for our study. We establish a global almost sure
convergence guarantee for TR-StoSQP and illustrate its empirical performance on both a subset of
problems in the CUTESst test set and constrained logistic regression problems using data from the
LIBSVM collection.
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1. Introduction. We consider the following constrained stochastic optimization
problem:

(1.1) min f(x) =E[F(x;¢)] s.t. c(x)=0,

zER?

where f:R? — R is a stochastic objective with F(-;¢) being one of its realizations,
c: R4 — R™ are deterministic equality constraints, ¢ is a random variable following the
distribution P, and the expectation E[-] is taken over the randomness of £. Problem
(1.1) appears in various applications, including constrained deep neural networks [13],
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constrained maximum likelihood estimation [21], optimal control [7], PDE-constrained
optimization [32], and network optimization [5].

There are numerous methods for solving constrained optimization problems with
deterministic objectives. Among them, sequential quadratic programming (SQP)
methods are one of the leading approaches and are effective for both small and large
problems. When the objective is stochastic, some stochastic SQP (StoSQP) methods
have been proposed recently [2, 3, 4, 18, 25, 26]. That body of literature considers
the following two different setups for modeling the objective.

The first setup is called the random model setup [14], where samples with adap-
tive batch sizes are generated in each iteration to estimate the objective model
(e.g., objective value and gradient). The algorithms under this setup often require the
estimated objective model to satisfy certain adaptive accuracy conditions with a fixed
probability in each iteration. Under this setup, [26] proposed an StoSQP algorithm
for (1.1), which adopts a stochastic line search procedure with an exact augmented
Lagrangian merit function to select the stepsize. Subsequently, [25] further enhanced
the designs and arguments in [26] and developed an active-set StoSQP method to
enable inequality constraints; and [4] considered a finite-sum objective and acceler-
ated StoSQP by applying the SVRG technique [24], which, however, requires one to
periodically compute the full objective gradient. Also, [1] introduced a norm test
condition for StoSQP to adaptively select the batch sizes.

The second setup is called the fully stochastic setup [20], where a single sample
is generated in each iteration to estimate the objective model. Under this setup, a
prespecified sequence is often required as an input to assist with the step selection.
For example, [3] designed an StoSQP scheme that uses a random projection procedure
to select the stepsize. The projection procedure uses a prespecified sequence {fy }, to-
gether with the estimated Lipschitz constants of the objective gradient and constraint
Jacobian, to construct a projection interval in each iteration. A random quantity is
then computed and projected into the interval to decide the stepsize, which ensures
a sufficient reduction on the ¢; merit function. Based on [3], some algorithmic and
theoretical improvements have been reported: [2] dealt with rank-deficient Jacobians;
[18] solved Newton systems inexactly; [16] analyzed the worst-case sample complexity;
and [28] established the local rate and performed statistical inference for the method
in [3].

The existing StoSQP algorithms converge globally either in expectation or al-
most surely, and enjoy promising empirical performance under favorable settings.
However, there are three limitations that motivate our study. First, the algorithms
are all line-search-based; that is, a search direction is first computed by solving an
SQP subproblem, and then a stepsize is selected, either by random projection or by
stochastic line search along the direction. However, it is observed that for determin-
istic problems, computing the search direction and selecting the stepsize jointly, as is
done in trust-region methods, can lead to better performance in some cases [29, Chap-
ter 4]. Second, to make SQP subproblems solvable, the existing schemes require the
approximation of the Lagrangian Hessian to be positive definite in the null space of
constraint Jacobian. Such a condition is common in the SQP literature [8, 29], while
it is often achieved by Hessian modification, which excludes promising choices of the
Hessian matrices, such as the unperturbed (stochastic) Hessian of the Lagrangian.
Third, to show global convergence, the existing literature requires the random merit
parameter to be not only stabilized but also sufficiently large (or small, depending on
the context) with an unknown threshold. To achieve the latter goal, [25, 26] imposed
an adaptive condition on the feasibility error when selecting the merit parameter,
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while [2, 3, 4, 18] imposed a symmetry condition on the noise distribution. In con-
trast, deterministic SQP schemes only require the stability of the merit parameter
(see [8] and references therein).

In this paper, we consider the fully stochastic setup and design a trust-region sto-
chastic SQP (TR-~StoSQP) method to address the above limitations. As a trust-region
method, TR-StoSQP computes the search direction and stepsize jointly, and, unlike
line-search-based methods, it avoids Hessian modifications in formulating SQP sub-
problems. Thus, it can explore negative curvature directions of the Hessian. Further,
our analysis only relies on the stability of the merit parameter (of the ¢5 merit func-
tion), which is consistent with deterministic SQP schemes. The design of TR-StoSQP
is inspired by a stochastic trust-region method for solving unconstrained problems
reported in [20], which improves the authors’ prior design in [19] from using a linear
model to a quadratic model to approximate the objective function. As in [20], our
method inputs a user-specified radius-related sequence {fx} to generate the trust-
region radius at each step. Beyond this similarity, our scheme differs from [20] in
several aspects.

First, it is known that trust-region methods for constrained optimization are
bothered by the infeasibility issue—the linearized constraints and trust-region con-
straints may have an empty intersection, leading to an infeasible SQP subproblem.
While some literature on trust-region SQP has been proposed to address this issue
[10, 11, 30, 36], we develop a novel adaptive relazation technique to compute the trial
step, which preserves a scale-invariant property and can be further adapted to our
stochastic setup. In particular, we decompose the trial step into a normal step and
a tangential step. Then, we control the lengths of the two steps by decomposing
the trust-region radius into two segments adaptively, based on the proportions of the
rescaled estimated feasibility and optimality residuals to the rescaled full KKT resid-
ual. Compared to the existing relaxation techniques, our relaxation technique does
not require any tuning parameters. See section 2 for details.

Second, in TR-StoSQP, we properly compute some control parameters using
known or estimable quantities. By the computation, we no longer need to tune the
other two input parameter sequences as in [20] (i.e., {y1,k,72,x} in their notation),
except to tune the input radius-related sequence {f)}. Further, we use the control
parameters to adjust the input sequence {3} } when computing the trust-region radius,
so that {8} C (0, Bmax] With any Bmax > 0 is sufficient for our convergence analysis.
Our design simplifies the one in [20], where there are three parameter sequences to
tune whose conditions are highly coupled (see [20, Lemma 4.5]). In addition, as the
authors stated, [20] rescaled the Hessian matrix based on the input {1, }, which is not
ideal (because the rescaling step modifies the curvature information of the Hessian).
We have removed this step in our design.

To our knowledge, TR-StoSQP is the first trust-region SQP algorithm for solving
constrained optimization problems under a fully stochastic setup. With a stabilized
merit parameter, we establish the global convergence property of TR-StoSQP. In par-
ticular, we show that (i) when B = g for all & > 0, the expectation of weighted
averaged KKT residuals converges to a neighborhood around zero; (ii) when S de-
cays properly such that > 8, = oo and 3 37 < oo, the KKT residuals converge to zero
almost surely. These results are similar to the ones for unconstrained and constrained
problems established under the fully stochastic setup in [2, 3, 18, 20]. However, we
have weaker conditions on the objective gradient noise (e.g., we consider a growth
condition) and on the sequence B (e.g., we only require S; < SBmax). See the dis-
cussions after Theorems 4.9 and 4.11 for more details. We also note that a recent
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paper [35] studied a noisy trust-region method for unconstrained deterministic opti-
mization. In that method, the value and gradient of the objective are evaluated with
bounded deterministic noise. The authors showed that the trust-region iterates visit
a neighborhood of the stationarity infinitely often, with the radius proportional to the
noise magnitude. Given the significant differences between stochastic and determin-
istic problems, and between constrained and unconstrained problems, our algorithm
design and analysis are quite different from [35]. That said, when studying the sta-
bility of the merit parameter, we follow existing literature (e.g., [3, 2, 26]) and also
require the bounded gradient noise condition. We implement TR-StoSQP on a subset
of problems in the CUTESst test set and on constrained logistic regression problems
using data from the LIBSVM collection. Numerical results demonstrate the promising
performance of our method.

Notation. We use || || to denote the ¢» norm for vectors and the operator norm for
matrices. I denotes the identity matrix, and 0 denotes the zero matrix (or vector).
Their dimensions are clear from the context. We let G(z) = VT ¢(x) € R™*? be the
Jacobian matrix of the constraints and P(x) =1 — G (x)[G(z)GT ()] "G (x) be the
projection matrix to the null space of G(x). We use g(x) = VF(x;§) to denote an
estimate of V f(x) and use (-) to denote stochastic quantities.

Structure of the paper. We introduce the adaptive relaxation technique in sec-
tion 2. We propose the trust-region stochastic SQP (TR-StoSQP) algorithm in sec-
tion 3 and establish its global convergence guarantee in section 4. Numerical exper-
iments are presented in section 5, and conclusions are presented in section 6. Some
additional analyses are provided in Appendix A.

2. Adaptive relaxation for deterministic setup. The Lagrangian of prob-
lem (1.1) is £(x,A) = f(z) + AT ¢(x), where XA € R™ is the dual vector. Finding a
first-order stationary point of (1.1) is equivalent to finding a pair (x*, A*) such that

e oy (VL@ X))\ (V") +GT(xz)A*\ _ [0
VL@, AT) = (VAE(a:*,)\*)> = ( o(z*) =lo)-
We call ||V L(x, A)|| the optimality residual, [|[VaL(z, )| (i-e., ||c(z)]]) the feasibility
residual, and ||[VL(x, A)| the KKT residual. Given @y, in the kth iteration, we denote
Vie=Vf(xy), ck =c(z), Gk = G(xx), ete.

2.1. Preliminaries. Given the iterate x; and the trust-region radius Ay in the
kth iteration, we compute an approximation By, of the Lagrangian Hessian V2 £}, and
aim to obtain the trial step Az by solving a trust-region SQP subproblem

(2.1) min 1Aa/;TBkAaf: +VfEAx st cp +GrAz =0, |Az| < Ay
AxeRd 2

However, if {Ax € R?: ¢ + GrAz = 0} N {Az € R?: ||Az| < A} = 0, then (2.1)

does not have a feasible point. This infeasibility issue happens when the radius Ay

is too short. To resolve this issue, one should not enlarge Ay, which would make

the trust-region constraint useless and violate the spirit of the trust-region scheme.

Instead, one should relax the linearized constraint c; + GrAx = 0.

Before introducing our adaptive relazation technique, we review some classical re-
laxation techniques. To start, [11] relaxed the linearized constraint by ||cx +GrAz|| <
0k with 0y, = ||lcx + GrAz ST ||, where Az{T is the Cauchy point (i.e., the best steepest
descent step) of the following problem:

(2.2) min |l + GrAz|  st. ||Az| < Ag.
AxeRd
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However, since after the relaxation one has to minimize a quadratic function over
the intersection of two ellipsoids ||y + GxAz|| < 0 and ||Az| < Ay, the resulting
SQP subproblem tends to be expensive to solve. See [39] for some insights into the
difficulty, and see [40, 41] for the methods for positive definite By. Alternatively,
[36] relaxed the linearized constraint by yxex + GpAx = 0, with v, € (0,1] chosen
to make the trust-region constraint of (2.1) inactive. However, [36] only showed the
existence of an extremely small v, and it did not provide a practical way to choose
it. Subsequently, [10] refined the relaxation technique of [36] by a step decomposition.
At the kth step, [10] decomposed the trial step Axy, into a normal step wy, € im(G%)
and a tangential step t; € ker(Gy), denoted as Axy = wy + tr. By the constraint
Yicr + GrAx, = 0, the normal step has a closed form as (suppose Gy, has full row
rank)

(2.3) wy, = vk = =k - G (GG e,

and the tangential step is expressed as t;, = Zpuy, for a vector uj, € R9~™. Here, the
columns of Zj, € R4*(4=™) form the bases of ker(Gy). [10] proposed to choose 7 such
that A < ||wg|| < Ay for a tuning parameter 6 € (0,1), and solve uy, from

(2.4) Ll %UTZICTBkaU + (Vi + Bowr)" Zrw st |ul]® < AR — [Jwi]®.
Furthermore, [30] combined the techniques of [11, 10]; it solved the normal step wy
from problem (2.2) by replacing the constraint ||[Az| < Ay with ||Az| < A for
some 60 € (0,1); and it solved the tangential step t;, = Zpuy from problem (2.4). We
note that the solution of (2.2) is naturally a normal step (i.e., lies in im(GY.)), because
any directions in ker(Gj) do not change the objective in (2.2).

Although the methods in [10, 30] allow one to employ Cauchy points for trust-
region subproblems, they lack guidance for selecting the user-specified parameter 6,
which controls the lengths of the normal and tangential steps. In fact, an inappropri-
ate parameter 6 may make either step conservative and further affect the effectiveness
of the algorithm. As we show in (2.8) and (2.9) later, the normal step relates to the
reduction of the feasibility residual, while the tangential step relates to the reduc-
tion of the optimality residual. We hope the two steps scale properly so that the
model reduction achieved by Az is large enough. To that end, we propose an adap-
tive relaxation technique, which is parameter-free in step decomposition compared to
[36, 10, 30].

2.2. Our adaptive relaxation technique. We introduce our parameter-free
relaxation procedure. The same as in [10], we relax the linearized constraint in (2.1)
by vrcr + GpAx = 0, with ~y, defined later, and decompose the trial step by Az =
wy, +t,. The normal step wy is given by (2.3), and the tangential step is of the form
tr = Zruy.

To control the lengths of the two steps while ensuring a scale-invariant property
(cf. Remark 2.2), let us define the rescaled optimality vector VL5 :=V, Ly /|| Bkl
the feasibility vector c¢f** := ¢, /|G|, and the KKT vector VLIS 1= (V,LES cF5).
(One alternative choice of the rescaled feasibility vector can be v, = G} [GrG}] Ley.)
Then, we adaptively decompose the trust-region radius Ay into two segments, based
on the proportions of the rescaled feasibility and optimality residuals to the rescaled
full KKT residual. We let
<)

VL5
IVCEs| "

v -
(25) Ak' - and Ak =
IVLES|

k-
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It is implicitly assumed that | By||, ||Gkll,[[VLk|| # 0, which is quite reasonable for
SQP methods. We let Ay control the length of the normal step wj and Ay control
the length of the tangential step ¢j. Specifically, we define ~; as (recall vy is defined
in (2.3))

(2.6) i = min{Ap/|lvg |, 1}

so that ||wy|| = y||vk|| < Ak, and we compute wuy, by solving

(2.7) uéﬁ'g}m m(u) = %uTZkTBkau + (Ve + Bowp)T Zpuw st |Jul| < Ay.
When vy =0 (i.e., ¢x = 0), there is no need to choose 75 and we set Az, = Zpuy.
Problem (2.7) is a trust-region subproblem that appears in unconstrained optimiza-
tion. In our analysis, we only require a vector u that reduces m(u) by at least as
much as the Cauchy point, which takes the direction of —Z] (V f; + Bywy,) and mini-
mizes m(w) within the trust region [29, Algorithm 4.2]. Such a reduction requirement
can be achieved by various methods, including finding the exact solution or applying
the dogleg or two-dimensional subspace minimization methods [29].

The following result provides a bound on the reduction in m(u) that is different
from the standard analysis of the Cauchy point; see, e.g., [29, Lemma 4.3].

LEMMA 2.1. Let uy be an approximate solution to (2.7) that reduces the objective
m(u) by at least as much as the Cauchy point. For all k>0, we have

1
m(ug) —m(0) = §u£ZkTBkauk + (Vi + Brwy) T Zyuy,

1 3
< =\ ZE(V fi + Brwy) | Ay + §HBk”Ai'

Proof. Let u{" denote the Cauchy point. Since m(uy) <m(u$T), it suffices to
analyze the reduction achieved by u{*. By the formula of uf” in [29, (4.12)], we
know that if ||Zg(ka + Bkwk)H?’ < Ak(ka +Bkwk)TZngBkaZZ(ka —|—Bk'wk),
then ukCP = 7||Z]Z1(ka + Bk’wk)HQ/(ka + Bkwk)TZkaTBkaZkT(ka + Bkwk) .
ZI(V fi + Brwy). In this case, using || Zx|| < 1, we have

1
m(ukcp) — m(O) = i(ZkukCP)TBkaukcp + (ka + Bkwk)TZkukCP

1 1Z (V fi + Brwg) || < _MIZE(V i + Brwg)|?

Otherwise, u$" = —Ay /|| ZL (V fr. + Brwy) || - ZL (V fr. + Brwy,). In this case, we have

1
m(uf") —m(0) = i(ZkukC,P)TBkaugP + (Vi + Bywp)T Zpul

(Vi + Brwi) ' 2, ZF B Zi, ZE (V fre + Brwg) <5 . -
= AL —||Z; (V fr + Brwg)||A
2HZIZ“(vfk +Bkwk)||2 k ” k ( fk k k)” k

1 . -
<5lIBkll A - 12 (V fi + Brwy,) || A

Combining the above two cases, we have

By || A2
m(u”) —m(0) §—min{—||k2”k

A ZE(V fi. + Brwy)|)?
2TV fot Brawg)|| Ay, 1Ze Vit Brwd }

2(| Bl
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Using the fact that

1 _ _
- 5\|Bk||Ai + 1 ZE(V fix + Brwg) | Ay

2
_ 1Bkl (Ak _NZE (Ve + Bk?ﬂk)) 1Zi (V fi + Brws)||?
2 || Bl 2|| Byl
< 1ZEE(V fi + Brwy) |)?
- 2[| B ’
we complete the proof. ]

It is easy to see that our relaxation technique indeed results in a trial step that
lies in the trust region. We have (noting that || Zx|| <1)

Az l? = 2 2 _ 2 2(2'6)%(2'7)A2 A2 (2;5)A2
[Azg]]” = lwell” + [[Eel” = (vellvel)® + [luel® < K+ AL =A%

Recalling from (2.3) that wy, = —vGE[GLGT] ey, we know ¢ + Grwg = (1 — i)k
Thus, we have

(2.8) ek + GrAzy || — ekl = llek + Grwgll — [lex || = —yxllex]] <0,

where the strict inequality holds as long as ¢; # 0. This inequality suggests that
the normal step w; helps to reduce the feasibility residual. Furthermore, when we
define the least-squares Lagrangian multiplier as Ay, = —G} [GxG}]V fi, we have
PV fi. =V L. Noting that ZyZ] = Py, P? = Py, and Z}' Z), = I, we obtain

| ZE(V i + Brwi)||> = (V fi + Brwy) " Zi ZE (Y fi + Brwy,)
= (Vi + Bywy)T P2V fr, + Brwy,) = | Vo Ly + Py Brwy ||

Thus, the conclusion of Lemma 2.1 can be rewritten as
_ 1 -
(2.9) m(uk) - m(O) < _vaﬂk + PkBk'wk”Ak + §||Bk||Ai7

indicating that the tangential step relates to the reduction of the optimality residual.
To end this section, we would like to link our relaxation technique with those in
[10, 30] in Remark 2.2.

Remark 2.2. In our method, we define rescaled residuals ||V,LES, ||cB9,
|VLES|| and adaptively decompose the radius based on the proportions of these
rescaled residuals (cf. (2.5)). We have two motivations: (i) the relation of the normal
and tangential steps to the feasibility and optimality residuals; (ii) a scale-invariant
property. We explain as follows.

Seeing from (2.8) and (2.9), the normal step relates to the reduction of the fea-
sibility residual, while the tangential step relates to the reduction of the optimality
residual. When the proportion of the feasibility residual is larger than that of the
optimality residual, decreasing the feasibility residual is more important. As a result,
we assign a larger trust-region radius to the normal step to achieve a larger reduction
in the feasibility residual. Otherwise, we assign a larger radius to the tangential step
to achieve a larger reduction in the optimality residual. In comparison, [10, 30] rely
on a fixed proportion constant 6 € (0,1), making their approach less adaptive than
ours.
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On the other hand, we note that [10, 30] enjoy a nice scale-invariant property:
given the radius Ay, the trial step Axy is invariant when the constraints ¢ and/or the
objective f are rescaled by a (positive) scalar. Note that if f (or ¢) is rescaled by a
positive scalar, the Lagrangian Hessian (or the constraints Jacobian) will be rescaled
by the same scalar. To preserve the invariance property, we decompose Ay using the
rescaled residuals, as opposed to the original residuals ||V, L || and ||ck||; the latter
can never be scale-invariant.

In the next section, we move to the fully stochastic setup and utilize the proposed
relaxation scheme to design an StoSQP algorithm for (1.1). We will also discuss how
to use the relaxation in [10] to design a StoSQP method.

3. A trust-region stochastic SQP algorithm. From now on, we replace the
deterministic gradient V f(x) by its stochastic estimate g(x) = VF(x;£). Similar to
section 2, we denote g, = g(xx) and define the estimated KKT residual as ||VLy| =
||(V:c£k7ck)‘| with VoL = gr + Gg)\k.

We summarize the proposed TR-StoSQP algorithm in Algorithm 3.1 and intro-
duce the algorithm details as follows. In the kth iteration, we are given the iterate xy,
two fixed scalars ¢ > 0 and 6 > 0, and the parameters (8x, Lv i, Lok, fr—1). Here,
Br € (0, Bmax] with upper bound Spax > 0 being the input radius-related parameter;
Ly and Lg i, are the (estimated) Lipschitz constants of V f(x) and G(«) (in prac-
tice, they can be estimated by standard procedures in [17, 3]); and fix_1 is the merit
parameter of the 5 merit function obtained after the (k — 1)th iteration. With these
parameters, we proceed with the following three steps.

Step 1: Compute control parameters. We compute a matrix By, to approximate
the Hessian of the Lagrangian V2L and require it to be deterministic conditioning
on xg. With vy defined in (2.3), we then compute several control parameters:

k=G [Jvkll/llexll, T = Lvyk + Lakfik—1+ || B,
(3.1) a = L Mok =M1k — 1C771 KOtk
4(m kTr + C) Pmax ’ g

We should emphasize that, compared to the existing line-search-based StoSQP meth-
ods [2, 3, 4, 25, 26, 28], we do not require By to be positive definite in the null
space ker(Gy). This benefit adheres to the trust-region methods, more precisely the

Algorithm 3.1. A Trust Region Stochastic SQP (TR-StoSQP) Algorithm.

: Input: Initial iterate x, radius-related sequence {8} C (0, Bmax], parameters
p>1,4_1,(>0,8>0, (estimated) Lipschitz constants {Lv s}, {Lcr}-

: for k=0,1,..., do

: Compute an approximation By and control parameters 01 k, Tk, (., M2,k as (3.1);

—_

2

3

4: Sample ffj and compute g, Ag, VL, and the trust-region radius Ay as (3.2);
5: Decompose Ay, as (2.5) and compute 7t as (2.6) and 7 as (3.3);

6: Compute Axy = wy, + ti, where wy = vy and ty, = Zpuy, is from (2.7);

7: Update xy41 = xx + Axy, set fiy = fix—1, and compute Predy as (3.5);

8: while (3.6) does not hold do

9: Set ik = piy;

10: end while
11: end for
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existence of the trust-region constraint. Due to this benefit, we can construct differ-
ent By to formulate the StoSQP subproblems. In our experiments in section 5, we
will construct By, by the identity matrix, the symmetric rank-one (SR1) update, the
estimated Hessian without modification, and the average of the estimated Hessians.

The control parameters in (3.1) play a critical role in adjusting the input {3y}
and generating the trust-region radius. Compared to [20], {91 %, 72,k } (€., {V1,6,V2.}
in their notation) are no longer inputs and By, is not rescaled by the parameters.
Step 2: Compute the trust-region radius. We sample a realization 55 and
compute an estimate g; = VF(:L';C;Q’;) of Vfi. We then compute the least-squares
Lagrangian multiplier as Ay = —[GxGT] 1Gygr and the KKT vector VL. Further-
more, we define the trust-region radius as

mkarl|VLe|| i [[VLe € (0,1/m1 k),
(32) Ak = Qf if ||V£k|| S [1/7717]€7 1/772,k]7
N2kak[VLe| i [[VL| € (1/n2,,00).

We provide the following remark to compare (3.2) with the line search scheme in [3].

Remark 3.1. Tt is interesting to see that the scheme (3.2) enjoys the same flavor
as the random-projection-based line search procedure in [3]. In particular, [3] updates
xy, by arAzy, each step, where Axy, is solved from problem (2.1) (without trust-region
constraint) and the stepsize «y is selected by projecting a random quantity into an
interval like [Bx, Bk + B2] (see (3.3) below). By the facts that ||Ax|| = O(||VL|)
(i.e., Az, and VL, have the same order of magnitude) and ay = O(S), we know
|zpi1 — zil| = [|orAxi| = OBel|VLe]). This order is preserved by our trust-
region scheme, since, seeing from (3.1) and (3.2), we have ||zg41 — x| = ||Az]| =
O(Bk||VLk]||). Furthermore, the projection in [3] brings some sort of adaptivity to the
scheme, as the stepsize oy has a variability of O(7). This merit is also preserved by
(3.2), noting that (91 — no.k)ou = O(B%).

We emphasize that (3.2) offers adaptivity to selecting the radius A based on
ar(=O(Br)). When || VL] is large, the iterate x;, is likely to be far from the KKT
point. Thus, we set Ay > oy to be more aggressive than ay,. Otherwise, when |V Ly ||
is small, the iterate xj is likely to be near the KKT point. Thus, we set Ay < ay to
be more conservative than ay,.

Step 3: Compute the trial step and update the merit parameter. With Ay
from Step 2, we adapt the relaxation technique in section 2.2 to compute the trial step
Az = wy + t. In particular, we apply (2.5) to decompose Ay, with deterministic
residuals replaced by their stochastic estimates. Then, we apply (2.6) to compute the
stochastic counterpart of 7y, denoted as Jtal. Then, we set Jj as

(3.3) Yi < Proj (37| [0.5¢pra, 0.5¢hrau, + dat))

where ¢, = min{|| Bk ||/||Gk||,1} and Proj(al[b,c]) is the projection function. It equals
aif a € [bc], bif a <b, and ¢ if a > ¢. The normal step is wy = Jxvk, and the
tangential step tx = Zpuy is solved from (2.7), achieving an reduction at least as
much as Cauchy reduction. Finally, we update the iterate as 41 = xx + Axy, and
update the merit parameter fiy_1 of the f5 merit function, defined as

(3.4) Lu(®) = f(®) + pllc(@)]-
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Specifically, we let fip = fir—1 and compute the predicted reduction of L'E’k as
1
(35) Pred, = ggAa:k + §A$szA$k + ﬂk(Hck + GkA.’Bk” - ||Ck||)
The parameter [i is then iteratively updated as fig < pfix with some p > 1 until
_ 1
(3.6) Predi <~ L4/ A + 5 |BelI A,

We now explain some components of Step 3 in the following remarks.

Remark 3.2. The update rule for the merit parameter in (3.6) is well-posed and ter-
minates in a finite number of steps. By (2.8), fix(||ck + GrAxk| —llck|) = —Fr ik ||ck |-
Thus, when ||cg|| # 0, Predy, decreases as iy, increases and (3.6) is satisfied for a suffi-
ciently large fi. When ||| = 0, both wy, and Ay, vanish, and Pred;, = m(uy,) —m/(0).
Then, (3.6) is satisfied solely by the tangential step, without selecting the merit pa-
rameter, as can be seen from (2.9). The choice of the right-hand-side threshold of
(3.6) ensures that the trial step achieves a sufficient reduction on the merit function
(3.4). In particular, it is known for SQP methods that the predicted reduction of
the merit function is characterized by the directional derivative of the merit function
along the trial step, which is proportional to —||VLx||?> when the merit parameter fiy,
is selected properly (see [3, 26]). This motivates the first term of the threshold. Fur-
ther, to control the quadratic term Azl ByAxy/2 in (3.5), we offset the threshold by
the second term || Bg||AZ /2, which stems from the positive term in Cauchy reduction
(see Lemma 2.1). Overall, as shown in Lemma 4.6, the right-hand side of (3.6) is
always negative, meaning that the trial steps leads to a sufficient reduction.

The iterative update fir < pfir is not essential, since the threshold of i can be
obtained by directly solving (3.6). Then, s can be updated by taking the maximum
between pjiy and the threshold. The maximum operation ensures that fix is increased
by at least a fixed amount, pfi_1, whenever it is updated. This is important for the
stability result of fi;, (see Lemma 4.13).

Remark 3.3. We utilize a projection step (3.3) in the selection of 4. The interval
with a length of dai provides some sort of flexibility in the selection, similar to
[3, 2] and references therein. The motivation behind the projection is to regulate
Jr using control parameters computed in (3.1). To gain insight into the interval
boundary, we consider a small o,. Combining (2.5), (2.6), and (3.2), we obtain that
yprial = Ap/|lorll = O(AL/||[VLES ) = O(ag). As a result, the boundary should scale
proportionally with «j. However, O(-) hides the ratios between unscaled and scaled
residuals, such as |[|[VLg||/|[VLES||. The control parameters are utilized to offer a
deterministic lower bound for these ratios. In the end, we can show that (see (4.10))

Corar/2 < min{Ak/Hka7 1} = ,%tﬂrial?

which implies 5, <7tra! and, consequently, the normal step |Jwg]|| = 7 ||vi | < Ar.

Remark 3.4. In addition to our adaptive relaxation technique, we consider two
alternative relaxation approaches for designing StoSQP methods. These approaches
only affect the computation of Axy, while the remaining parts of the algorithm remain
the same. Thus, these approaches enjoy the same global convergence analysis. The
proof of the stability result of the merit parameter fi may differ slightly. In this
regard, the detailed analysis is provided in Appendix A for the sake of completeness.
We empirically investigate the performance of the following methods in section 5.
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(i) We compute the same normal step wy, but instead of using (2.7) to compute
the tangential step tj, we follow the approach of [10, 30] and use (2.4). In other
words, we do not decompose Ay, as in (2.5) but define Ay, := /A7 — [Jwy]]2.

(ii) We follow the approach in [10]. In particular, we decompose Ay as Ay =
0A, and A = A? — |lwy|? for a prespecified constant 6 € (0,1]; and we apply
Algorithm 3.1 to derive the normal and tangential steps with ¢, in (3.3) replaced by 6.

We end this section by introducing the randomness in TR-StoSQP. We let Fo C
F1 C Fa--- be afiltration of o-algebras with F;_; generated by {£} f;&; thus, Fr_1
contains all the randomness before the kth iteration. Let F_; = o(xo) be the trivial

o-algebra for consistency. It is easy to see that for all k£ >0, we have
(X, M ks Ty e, M2.k) € Fee1 and  o(Azg, Mg, fix) C F.

In the next section, we conduct the global analysis of the proposed algorithm.

4. Convergence analysis. We study the convergence of Algorithm 3.1 by mea-
suring the decrease of the £ merit function at each step, that is,

Lot — £F = oy — fo+ n(llcrsll = llexl])-

We use fi;, to denote the merit parameter obtained after the while loop in line 10 of
Algorithm 3.1, so that fiy satisfies (3.6). Following the analysis of [3, 2, 4, 18], we
will first assume iy, stabilizes (but not necessarily at a large enough value) after a few
iterations, and then we will validate the stability of iy in section 4.3.

We now state the assumptions for the analysis.

Assumption 4.1. Let © CR? be an open convex set containing the iterates {xy}.
The function f(zx) is continuously differentiable and is bounded below by fi,+ over
Q. The gradient V f(x) is Lipschitz continuous over 2 with constant Ly > 0, so
that the (estimated) Lipschitz constant Ly at @y, satisfies Ly f, < Ly forallk > 0.
Similarly, the constraint c¢(x) is continuously differentiable over Q; its Jacobian G(x)
is Lipschitz continuous over () with constant Lg > 0; and Lg , < Lgforallk > 0. We
also assume there exist positive constants Kp, ke, kv, k1,a,K2,¢ > 0 such that

IBill <k, llerll < ke, IVfill <kvy, k1T 2GRGE 2k T V>0

Assumption 4.1 is standard in the literature on both deterministic and stochastic
SQP methods; see, e.g., [10, 22, 31, 3, 2, 4, 18]. In fact, when one uses a while loop
to adaptively increase Ly, and Lg i to enforce the Lipschitz conditions (as done
in [3, 17]), one has Ly, < Lvs’ := pLyy for a factor p > 1 (same for L x; see [3,
Lemma 8|). We unify the Lipschitz constant and upper bound of Ly as Ly just
for simplicity. In addition, the condition k1 G-I <X GxGE < ko, - I implies G}, has full
row rank; thus, the least-squares dual iterate Ay = —[Gng]_legk is well defined.

Next, we assume the stability of fir. Compared to existing StoSQP literature
[3, 2, 4, 18], we do not require the stabilized value to be large enough. We will revisit
this assumption in section 4.3.

Assumption 4.2. There exist an (possibly random) iteration threshold K < o0
and a deterministic constant j > 0, such that for all k> K, i =g < fi.

Since fix, is nondecreasing in TR-StoSQP, we have fix, < jiforallk > 0. The global
analysis only needs to study the convergence behavior of the algorithm after k> K +1
iterations. Next, we impose a condition on the gradient estimate.
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Assumption 4.3. There exist constants M, > 1, M, ; > 0 such that the stochastic
gradient estimate gy, satisfies Ex[gx] = V f and Ex[||gx — V fi||?] < My+Mgy 1 (fx— fint)
forallk > 0, where Ej[-] denotes E[- | Fj_1].

We assume that the variance of the gradient estimate satisfies a growth condi-
tion. This condition is weaker than the usual bounded variance condition assumed
in the StoSQP literature [2, 3, 20, 25, 26], which corresponds to My 1 = 0. The
growth condition is more realistic and was recently investigated for stochastic first-
order methods on unconstrained problems [9, 15, 34, 37], while it is less explored for
StoSQP methods.

4.1. Fundamental lemmas. The following result establishes the reduction of
the ¢ merit function achieved by the trial step.

LEMMA 4.4. Suppose Assumptions 4.1 and 4.2 hold. For all k> K + 1, we have
- 1
(41) L —Lf §_||v£k||Ak+§HBk”Ai
1
+ (Vi = Gr) ok + |1 Pe(V i — Gr) | Ak + iTkAi-
Proof. By the definitions of Lz («) and Pred;, in (3.4) and (3.5), we have

ﬁﬁ;l —LF  — Predg

12374

1
= frr1 = fx — i Az — §A$£Bkﬁ$k + g ekl = llex + GrAzyl]).
By the Lipschitz continuity of V f(x) and G(x), we further have

Litt — Ly —Predy < (Vfr — gr)" Az + %(Lvm + [|Bell + L whig) | Az |2

WD (9 fi - @) Awn + gl Al
=3V e — 1) ok + (Vi — k)" Zeus + %TkHAmkw (Azy, = Ypvp + Zruyg)
<A (VS = Gi) ok + [PV fie = g | lu || + %TkHAwkHQa

where the last inequality uses ZpZ! = P,. Combining the above result with the
reduction condition in (3.6), and noting that ||ug| < ||[Azk|| < Ak, we complete the
proof. 0

Now, we further analyze the right-hand side of (4.1). By taking the expectation
conditional on xy, we can show that the term 4(V fr, — gx)? v is upper bounded by
a quantity proportional to the expected error of the gradient estimate.

LEMMA 4.5. Suppose Assumptions 4.1 and 4.3 hold. For all k>0, we have

ke _
aj - B[V i = gilll.

V1,6

Ex[3%(V fre — ge) T vi] <

Proof. When vy, = 0, the result holds trivially. We consider vy # 0. By the design
of the projection in (3.3), we know

1 1
(42) Yk,min ‘= §<¢kak S ﬁ/k S §C¢kak + 50‘% =Yk, max-
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Note that o (Ve min, Yk.max) € Fk—1. Let Ej be the event that (Vfx — gi) vy >0, let
Ef be its complement, and let P[] denote the probability conditional on Fi_q. By
the law of total expectation, one finds

Er[5(V fi — gk) vk
=Er[V(Vfr — Gr) v | B]Px[Bx] + Ex [3:(V fi — k)" vk | EfJPk[EF]

s Exl(V fi — 560k | EulPelER] + v minBi (7 — 5) Tk | E5IP4[E)
= (Vk,max — Vk,min) Ex[(V fr — gr) vy, | By]Py[Ex]  (by Assumption 4.3)
(Ve,max — Ve,min) Ex [V & — Grlllvell | Ex]Pk[Ex]
(
)

IN

Vi, max — Ve,min) || V& || B[V fr — xll]

(42) o o NG S R V2 S _
=" dai||ve|| BV fr — < BR[|V fr — .
Wkl Be [V fre — grll] < gk IV i — gill]

Here, the last inequality follows from vy, = GT [GrGE] Ler and Assumption 4.1. O
We further simplify the result of (4.1) using the trust-region scheme in (3.2).
LEMMA 4.6. Suppose Assumptions 4.1, 4.2, and 4.3 hold and {Bx} C (0, Bmax]-

For all k> K+ 1, we have

Ok

1
— o ko || VLE|* +

Billin 1< L — 5

K

GaiEk[Hka = 3rll]

)

+ (¢4 m167k) Mk oRER[IV & — Gk 1?]-

Proof. According to the definition in (3.2), we separate the proof into the following
three cases: |VLi| € (0,1/n1), VLI € [1/m1,k,1/12,k]; and [|[VLy[| € (1/n2,k,00).

Case 1: |VLk|| € (0,1/n1.). We have Ay, =1 rou||VLE|, and therefore

= 1 _ 1 _
— VL[| Ak + §||Bk||A2 = —m wan || VLE? + gﬂf,kaiHBkHHVﬁkHQ

1 _
—— (1= pmsanlBul ) maan 9L

Plugging the above expression into (4.1) and applying (3.2), we have

(4.3)
1 _
Lo =L <= (1 - Qm,kakann) MV L + 35 (V i = 3) o

I 1 _
+ ke[ Pe(V fie — i) IV Le || + §nf,kai7k||V£kH2

1

< —= (1= nupoi| Brll = mpowi) mwo |V L2

2
1 . .
+%(V fx — gi) "o +§7h,kak||Pk(ka* gi)||* (by Young’s inequality)
1 _ _ _
-3~ Ul,kaﬂk) M k0 |V L) + 36 (V fr — gr) "ok
1

+ 5771,k04k||Pk(ka —gr)|I?  (since by (3.1), | Bx|| < 7).
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Case 2: |VLk|| € [1/71.k,1/n2.5]. We have Ay = ay, and thus
- 1 2 - 1 2
—IVLelI Ak + 51 Brl| Ak = =V Lillaw + 5 1| Br o
_ 1 _
< = kil VLRI + 50t ko | Bell VLall?,

where the inequality is due to 71 x|[VLe| > 1 > no4l|VLy||. Plugging the above
expression into (4.1), using the relation ny ||V L] > 1 again, we have

1 = _ _
Lttt — Ly < - (772,k - Qﬁf,kakllBH) arl VLR 4+ 3 (V fr — k) ok

I 1 _
+ 1kl Pe(V fre — i) IV Le || + 577f,k04i7k||v£k\|2

1, 1 1, .
= {2 = Gkl Brll = S — gmipante | arl VL]

_ _ 1 _ , .
+ 3% (Vfe — Gr) vk + = Pe(V fr.— ) | (by Young’s inequality)

2
1 _
- (772,k - inl,k - n%,kaka) OzkHV£k||2 —|—’7k(ka — gk)T’Uk
1 .
(4.4) + =kl |Pe(Vfe — gr)||* (since by (3.1), || By < 7).

2
Case 3: ||VLk|| € (1/n2,1,00). We have Ay =12 x| VL], and thus

_ 1 _ 1 _
—IVL[| A + §||B/c||A2 = —m2 ko || VLR + §n§,kai||Bk”HVLkH2

1 _
T (1 - 2772,kak||Bk||> 2,60k ||V L[

Plugging into (4.1) and applying (3.2), we have
1
Lyt — L5 < (1 — 35, kak”Bk”> 2,60k |V Li||* + 36 (Y fr. — Ge) T ok
+ 2.k || Pe(V i — gi) I VL] + *ng,kaiTkWEkHQ

1
< == (1= mopo|| Bill = n2, ki) m2, e[V Ly

= 2
1 . .
+ k(Y e — k) vk +§772,k04k||Pk(kaf gr)||? (by Young’s inequality)
( — 12 kaka) 2,0k [V Le | + 3 (V i — Gk) " vr
(4.5) + nQ k|| Pe(V i — Gi)||? (since by (3.1), || Bel < 7).

Using 72 1 <15 and taking an upper for the results of the three cases in (4.3), (4.4),
and (4.5), we have

,U'K -

1 _
chtt—ch <772,k — Mk~ nf,kam> ar|[VL?

1
+ Y6 (V fie — gi) T og + §n1,kak|\Pk(ka —ar)|I>.
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Taking expectation conditional on xj, applying Lemma 4.5, and noting that
Ex[IVLEIP) = IVLE(? + Ex[[[ Pu(V fi. — gi)l?], we have

1 _
BRI~ g < - (= g ihacnn ) BV

dke o _ 1 N
E. IV . — - Ex[||Pe(V fr —
mak w[IV fe = gulll + S mkanBall| Pe(V fie = 1) 7]

1 2 E 2
772,k—2771,k—771,kak7'k ak||V kH

+

(nz,k - nikam) o ErllP(V i — 5) 2

+ m%ﬂik[llvﬁc - grlll + 771 kBR[| Pr(V fre = gi)l?]

1 OKe _
= (s g = ke ) sl VLI + oAV - ]

+ (k= M2k + 07 porTi) kB[l Pe(V fr — gi) IIP]-
Furthermore, we note that
(3.1)

ap <

——— —3Car + 8 T <2
S Speme 130 Cag + 8y oy <

1 3
=3 + N1 R TE < 1 *Cak

1 3 1 (3.1) 3
— 5771,k + 771’;@‘011@71@ < 1771,k (1 - QCOlk:) = 1772,k

1

1
== — (nz,k — Mk~ U%,k%%) < g2k

Combining the above two results and using (3.1), we have

Ok

1
ExlLht — L) < ™ okl VL[ + R Bi [V fr — gill]

+ (¢ A+ nkTi) MR B || Pe(V e — gi) 117

The conclusion follows by noting that Ex[||Px(V fr — gx)||*] <Ex[||V fr — kl/?]- O

Finally, we present some properties of the control parameters generated in Step
1 of Algorithm 3.1.

LEMMA 4.7. Let Assumptions 4.1, 4.2 hold, and let {Br} C (0, Bmax].- For all
k>0, the following hold:

(a) there exist constants Nmin, Mmax > 0 such that Nmin < M2,k <M.k < Mmax;

(b) there exists a constant Tmax >0 such that T < Timax;

(c) there exist constants ay, cw, >0 such that oy € [o Bk, v, Sk)-

Proof. (a) By (3.1), we see that 1z, <1 . Further, by Assumption 4.1, we have

(3.1) _
m = Cllokll/llewll < ¢ IGRIGRGE] I < ¢/ VRT.G = Thmaxs

3.1 o\ G 1\ G 7¢lv 7
12,k (:)nl,k <1 _ on k) > Mk <1 _&. ) > o > ¢ = Nmin-
2 2 4 8llekll — 8y/Fza
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(b) By Assumptions 4.1 and 4.2, we have Lys i < Lvy¢,Lcix < Lg, ||Bi| < kB,
and fir < fi. Thus, we let Tyax := Lv¢ + Lgft + £p and the result holds.

(c) We let o := 1/(4NmaxTmaxBmax + 4¢Bmax) and ay, := 1/(4(fmax), and the
result holds. O

In the next subsection, we use Lemmas 4.6 and 4.7 to show the global convergence
of TR-StoSQP. We consider both constant and decaying (i sequences.

4.2. Global convergence. We first consider constant S, i.e., 8 = 8 € (0, Bmax|
for all £k > 0. We show that the expectation of weighted averaged KKT residuals
converges to a neighborhood around zero with a radius of the order O(5). When
the growth condition parameter My =0 (cf. Assumption 4.3), the weighted average
reduces to the uniform average.

LEMMA 4.8. Suppose Assumptions 4.1, 4.2, and 4.3 hold and B, = 8 € (0, Bmax]
forallk > 0. For any positive integer K > 0, we define wy, = (1 + Y M, B2)8+E=k
K <k<K+K, with T := ((max +MaxTmax +0ke//F1,G)z. We have (cf. Bz q[] =
E[-| F&l)

K+K
Zk:f(Jrl wy ||V Lk |2

K+K
k=K +1 Wk

4 wg(LEFY — fip) L AT,

N nminalﬂ ]I::I—?+1 W Tlmin Q]

Ef(+1

Proof. From Lemma 4.6 and Assumption 4.3, we have for any k> K + 1,
1
Ex[Cptl <Ll — an,kakHVﬁkHQ + (€4 mwTk) Mk [ My + Mg 1 (fx = fine)]

i\/Mg + My 1(fr — fint)

Ok N
VFLG
Lemma 4.7 k 1 2 2

Liig = gMmin@aBIVL|" +TE Mg + Mg1(fi = fin)] - (by Mg 21).

+

Using the fact that fi — fint < fx — fint + Bkl = EER — fint, we obtain

1
Ex[L)F = fint] < (L+ T Mg 1 82) (Lh - — fint) — aninazﬁ||VEk||2 + T M, 3.
Taking the expectation conditional on Fg and rearranging the terms, we have

4(1+TM, 1 5?
Eg o [|VLe?) < XX Mo g ok gy

nminalﬁ
4 4T M,
- Egoq L8 — £ g
nminalB K+1[ HK f f] * min (Y]

5.
Multiplying wy on both sides and summing over k=K +1,..., K + K, we have

K+K K+K
D kK41 wi || VL |12 . DRt wrEg 1 [V L]
K+K - K+K
Zk:RH Wk ) Zk:f(+1 Wk i
4 Wi (Lat = fint) —Eg 1 [ChT 5T — find] N 47 M,

N nminalﬁ ZkK:I_ﬁitl W Nmin Q]

Egt1

where the first equality uses the fact that K is fixed in the conditional expectation.

Noting that ERH[Eg;KH — fint] >0, we complete the proof. 0

The following theorem follows from Lemma 4.8.
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THEOREM 4.9 (global convergence with constant 8i). Suppose Assumptions 4.1,
4.2, and 4.3 hold and B, = B € (0, Bmax| for allk > 0. Let us define wy, and T as in
Lemma 4.8. We have the following:

(a) when My, =0,

K+K
: 1 2| _ ATM,
il < )
e lh S v <
k=RK+1
(b) when M1 >0,
K+K K+1
1 AT{ My BILEH — o]+ M
Jdim B e Y wn| VL < My 1Bl 2 Jint] + My}
oo Zk:f(_._l Wk =K +1 Thmin |

Proof. (a) When M, = 0, we have wy = 1 for K +1 < k < K + K. From
Lemma 4.8, we have

K+K .
Ex = Z VL] < 4 Lol — fint N 4T M,
E+1 | ]¢ =  Nmin B K —

Letting K — oo and using the fact that |[VLy||* <#% ; + k2 (cf. Assumption 4.1), we
apply Fatou’s lemma and have (the lim on the left can be strengthened to limsup)

| KK 1 KK 4T M,

. 2 ; - 2 v

B 3 VAL <= e | 30 VK| | <) T
k=K1 k=K+1

(b) When M, ; >0, we apply Lemma 4.8 and the fact that ijfﬁl wg = (Wi —

1)/(YM,1%) and obtain

K+K
k:JrR+1 w ||V Lk |2
K+K
k=K +1 Wk
Since wi /(wg — 1) = (1 + TMy 1825 /{(1 + TM,18°)% —1} = 1 as K — oo, we
apply Fatou’s lemma and have (the lim on the left can be strengthened to lim sup)

cATMaB wi (LR = fint) N 4T M,

Nmin wg —1 Nmin ]

Ei{+1

K+K K+K
. Dok 1 Wkl VLE]? . Sk WElVLE]?
lim E Frae <E |limsupEg Frawe
Koo Zk:R’-H Wk Koo i Zk:R’-H Wk
L ATMBILGT — fir + Mo}
- Tmin Q] '
This completes the proof. 0

From Theorem 4.9, we note that the radius of the local neighborhood is propor-
tional to 3. Thus, to decrease the radius, one should choose a smaller 5. However,
the trust-region radius is also proportional to S (cf. (3.2)); thus, a smaller 8 may
result in a slow convergence. This suggests the existence of a trade-off between the
convergence speed and convergence precision.

For constant {8}, [2, 3, 18, 20] established global results similar to Theorem 4.9.
However, our analysis has two major differences. (i) That line of literature required
B to be upper bounded by some complex quantities that may be less than 1, while we
do not need such a condition. (ii) Compared to the stochastic trust-region method
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for unconstrained optimization [20], our local neighborhood radius is proportional to
the input S (i.e., we can control the radius by the input), while the one in [20] is
independent of .

Next, we consider decaying ;. We show in the next lemma that, when " . = 0o
and > /3’,% < 00, the infimum of KKT residuals converges to zero almost surely. Based
on this result, we further show that the KKT residuals converge to zero almost surely.

LEMMA 4.10. Suppose Assumptions 4.1, 4.2, and 4.3 hold, {8} C (0, Bmax|, and
> reo B =00 and Y ;o B <oco. We have

liminf |VLg||=0 almost surely.
k—o0
Proof. From the proof of Lemma 4.8, we have for any k> K + 1 that

1
Bl L5 = fine] < (14 TMo 1 B7) (L5 = fine) = hminuBil| VL[| + T M 5.

HE

Since L () — fint is bounded below by zero, nmincy B ||V Ly | > 0, and ZZO:KH B2 <
00, it immediately follows from the Robbins-Siegmund theorem [33] that

(4.6) sup B 1[L) — fint] i= Mg < oo, > BEg VLK) < oo
k>R 41 M-

The latter part suggests that P[>)7 = Brl|VLe|* < oo | Fg| =1. Since the result
holds for any Fg, we have P[}_7 .| Brl|VLx|[? < oo] = 1. Noting that Y % . | Br
= oo for any run of the algorithm, we complete the proof. 0

Finally, we establish the global convergence theorem for decaying (; sequence.
THEOREM 4.11 (global convergence with decaying (). Suppose Assumptions 4.1,
4.2, and 4.3 hold, {Bx} C (0, Bmax), and > peo B =00 and > poy 7 < co. We have

lim [|[VL;||=0 almost surely.
k—r o0

Proof. For any run of the algorithm, suppose the statement does not hold; then
we have limsup,,_, . [|[VLx| > 2¢e for some € > 0. For such a run, let us define the set
K.:={k>K+1:|VL| > €}. By Lemma 4.10, there exist two infinite index sets
{m;}, {n;} with K <m; <n; foralli >0, such that

(4.7) IVL, || >2¢, ||VLy <€, |[VLi||>eforke{m;+1,...,n;—1}.

By Assumption 4.1 and the definition V Ly = (PyV fi, cx), there exists Ly > 0 such
that [|[VLiy1 — VLi|| < Lyc{llxrs1 — @i + [|Tr1 — xk]|?}. Thus, (4.7) implies

’I’Li—l
€< IVLm = IVLw N S IVL = VLm | < Y IVL41 = VL]
k:mi
n;—1 n;—1
<Lve Y Alerir — @il + e —al*} < Lve Y (A + A7)
k:mi k:mi
n;—1
3.2) N = 2 20215, |12
< Lyr Z (NmaxuBrl| VL + miaxs B IVLE?)  (also by Lemma 4.7).
k:mi

Since [|VLy|| < IVLkI + lgs = Vil IVLRIP < 2(IVL)I? + lgs — V£3]?) and i <
Bmax, we have

Copyright (©) by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 05/17/25 to 185.241.41.88 . Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/terms-privacy

FULLY STOCHASTIC TRUST-REGION SQP 2025

n;—1 n;—1
€ é LVEnmaxau Z Bk ||V£k|| + 2LVE77r2naxa12Lﬁmax Z ﬂk”v»ck H2
k=m; k=m;
n;—1 n;—1
+ LVﬁnmaxau Z ﬁk”gk - ka:” + 2LV£nr2‘(1axa12L5max Z 6k||gk: - vfk”2
k:’mi k:’ml

Multiplying € on both sides and using ||[VLx|| > € for k € {m;,...,n; — 1}, we have
(4.8)
nifl
62 < {LV[,nmaxOéu + 2€LV,C7’r2naxaiﬂmax} Z 5kHV£k||2
k:mi
’ﬂri—].
+ { €Ly £Nmax0tu + 2€Ly 2750 02 Brnax } Z B (Ilge — V frll + lgx — V.fell?) -
k:mi
For the sake of contradiction, we will show that the right-hand side of the above expres-
sion converges to zero as i — 0o. By (4.6), we know that oo > >_° o Bkl VL >
S B VL2, Thus, 271 Bi|[VLe)2 — 0 as i — oo. For the second

term, we note that

%) n;—1
> Eiir | Y Be(lgr = Vel + g — VFell?)
i=0 k::mi
oo mni;—1
=3 BeErpallgr — Vel + lgx — V £ell’]
oo n;—1 (4.6) oo n;—1
<23 N Be(My+ Mg By [fr — fint]) < 2(My+ MyaMg) Y > By
i=0 k=m; i=0 k=m;
By the definition of K. and (4.6), we have >~/ Zl:_ni Br < ek, Br < 00. We

apply the Borel-Cantelli lemma, integrate out the randomness of Fg, and have
Z:_mll Be(lgr. — V fell + lgx — V f&l|?) = 0 as i — oo almost surely. Thus, the right-
hand side of (4.8) converges to zero, which leads to the contradiction and completes

the proof. ]

Our almost sure convergence result matches the ones in [26, 25] established for
stochastic line search methods in constrained optimization and matches the one in
[20] established for stochastic trust-region methods in unconstrained optimization.
Compared to [20] (cf. Assumption 4.4 there), we do not assume the variance of the
gradient estimates decays as [;. Such an assumption violates the flavor of fully sto-
chastic methods, since a batch of samples is required per iteration with the batch size
going to infinity. On the contrary, we assume a growth condition (cf. Assumption 4.3),
which is weaker than the usual bounded variance condition. We should also mention
that if one applies the result of [20, Lemma 4.5], one may be able to show almost sure
convergence for decaying 8, without requiring decaying variance as in the context of
[20]. However, a new concern arises—one needs to rescale the Hessian matrix at each
step, which modifies the curvature information and affects the convergence speed.

4.3. Merit parameter behavior. In this subsection, we study the behavior of
the merit parameter. We revisit Assumption 4.2 and show that it is satisfied, provided
gk is upper bounded and || B || is bounded away from zero. The condition on g can be
satisfied if the gradient noise has a bounded support (e.g., sampling from an empirical
distribution). Such an assumption is standard to ensure a stabilized merit parameter
for both deterministic and stochastic SQP methods [2, 3, 4, 6, 18, 25, 26]. We should
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mention that this line of literature only assumed the existence of an upper bound on
the gradient noise, which can be unknown. In other words, the bound is not involved
in the algorithm design. In comparison, [35] explored a bounded noise condition and
incorporated the bound into the design of a trust-region algorithm. Certainly, our
almost sure convergence result also differs from the one in [35], which showed the
iterates visited a neighborhood of stationarity infinitely often.

Furthermore, a nonvanishing ||Bi|| is a fairly mild condition, naturally satis-
fied by all the reasonable construction methods that one uses in SQP algorithms
(e.g., set By as identity, estimated Hessian, averaged Hessian, or quasi-Newton up-
date). However, a nonvanishing spectrum of B, is technically necessary, due to our
radius decomposition with the rescaled residuals (cf. (2.5)). We note that a vanishing
spectrum leads to Ay — 0, leading to a diminishing normal step wy even if we have
a large feasibility residual. The lower bound on || By|| is removable if we use origi-
nal unscaled residuals to decompose the radius or use the alternative decomposition
technique in Remark 3.4(ii); however, an additional tuning parameter 6 to balance
the feasibility and optimality residuals is introduced there. We provide the analysis
in Appendix A for the sake of completeness.

Assumption 4.12. For all k > 0, (i) there is a constant M; > 0 such that ||g; —
V fiell < My; and (ii) there is a constant kp > 0 such that 1/kp <||Bg| < kp.

LEMMA 4.13. Suppose Assumptions 4.1 and 4.12 hold. There exist a (potentially
random) K < oo and a deterministic constant fi, such that i, = i < i, for allk > K.

Proof. It suffices to show that there exists a deterministic threshold £ > 0 inde-
pendent of k such that (3.6) is satisfied as long as fi > i. We have

(3.5) _ 1 _
Pred;, = ggAiL'k + iAwgBkAwk + /ik(HCk + GkA:BkH — HCkH)

(2.8) _ o _ 1 _
=" 9k Zewr+k(Gk =V fi) "ok + WV vt §u£ZkTBkauk + v}, Be Zpuk
1
+ if_y,%'ukavk — ,ak'?kHCkH (also use Axy, = VeVE + Zkuk)

< (g + W Bevi)" Zrui + %U£ZgBkauk + V(M1 + kvg) okl
+ %’?kHBk||||vk||2 — ixk|lek]]  (by Assumptions 4.1, 4.12 and 7, < 1).
From (2.9), and replacing VL by its stochastic estimate, we have
Predy < | VaLi + 7 PiBivel e + 5 1Byl A2 +5(My + ) o
+ 5 IBulloel? — meiles]
< =V Lil Ak + 3l Brll vk | A + %HBkHAi + (M + kv g) okl
+ %%HBkHH'UkHQ — Yk |lekll  (by triangular inequality and || Pyl < 1)
< Vo LillAk + | Ve Lill Ak + 72l Brll vil| Ak + %HBkHAi
+ (M + svg) okl + %’7]@||Bk‘|”vk”2 — Akller]  (since Ay > Ay — Ay)
= —[IVaLill Ak = llerl| Ak + llerllAk + [ Va L | Ax + Yl Belllox || Ax

1 ~ B 1_ o
+ §||BkHAi + (M1 + kvy) okl + §'YkHBk||||vk||2 — ke |||
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_ 1 _ o
< =IVLl Ak + 5Bl AR + llekl| Ak + [ Va Licll Ak + 7l Belllve | Ax
_ 1_ o
+ 3 (M + mw vkl + 53l Brllloel® = Bvellexll,
since || Vo Le| + [lex]| > |VLR|| and Ay < Ag. Thus, (3.6) holds as long as

kel > llerl| Ak + 1V Lill Ak + 3l Br | x| A
_ Yk
+ (M1 + kv g)||vel + 3|\Bk||||vk||2-

Since |lvg|l < |lekll/v/Fr.a and Ar < Apax = Nmax®uBmax (ke + M1 + kyy) (cf. As-
sumption 4.1 and Lemma 4.7), it is sufficient to show

o = < _ KBAmax + M1+ K KBKe
(4.9) um|ck||>||ck||Ak+||vm£k||Ak+vk||ck|( 5 e £ )

VELG 2K1,G
Equivalently,
A VaLlilA KpQAmpmax + M7 + K KBKe
Mkz_lf+_wk|k+<Ba 1 v/, KBhe)
o Vil ekl VELG 2K1,6

We only consider ||cg|| > 0, since (4.9) holds when ||cx|| =0. By (3.2), we find that
Bk IV Lyl Ak < Mok VL (1+ ||?w£k|||Gk|—1>.

Vi Yellewll Ve IVLE|
Noticing that |VLES|| > min{|| B |1, |Gkl HIV Lk, we find
Ak Ve Lill Ak _ mroul| VL] <1+ IVa LelllGrll ™t >
Vi Yellewll  — Tk min{ || Bx ||~ Gl = HIV Ll
B m
_ 771,kozk7||V£k|| <1+max{ | k||’1} V. ﬁk”)
g Gk VL
2 B
_ 2moron] VL] mszX{II kll’l}.
Ve Gkl
To analyze 7, we notice that |VLEY|| < max{||Bg|| =L, |Gk || L HIVLL||. Therefore,
R o) [efS1Ax G2 mponl Gl ~ ekl
vkl IVLE(lokll — max{[|Bel| =% [|Grl = Hlvsll
Mk lexl| . { Bl } (3.1)
> o min 10 =" Caror/2,
2|[v || Gl

where the last inequality is due to the fact that (3.1) implies Cay < 1, implying
N2k > M k/2. We therefore have

1 . X —tria
(4.10) sCandn < min {Ay/|[ol 1} =54,

The above display suggests that we only need to consider 7 = %Cakqbk. Noting that

max{||Bx|[/||Gxll, 1} < max{xp/\/F1.c, 1}, min{||B[|/|Gx[l, 1} > min{1/(k5\/F2.6),

1}, and ||VLg| < ke + M7 + kv, we obtain that

Ag ”mekHAk |:4nmax { KB }:|
— 4 < Ke+ kv + Mi)max{ ———,1 | -max{xp+/k2,G,1}.
Vi Frell el ¢ ( d ) VFLG { J
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Therefore, (3.6) holds as long as
477max

ik > fii= [ F”BlH
¢ VELG
+<"€BAmax+M1+"£Vf + KBK‘C)-
\/m 251,6‘

Since ji is increased by at least a factor of p for each update, we define [ := ppi and
complete the proof. O

('%-l—fin‘f'MﬁmaX{ -max{kp./k2,a, 1}

Compared to existing StoSQP methods, we do not require the stabilized merit
parameter to be large enough. The additional requirement of having a large enough
stabilized value is critical for existing StoSQP methods. To satisfy this requirement,
[26, 25] imposed an adaptive condition on the feasibility error to be satisfied when
selecting the merit parameter; and [2, 3, 4, 18] imposed a symmetry condition on
the noise distribution. Intuitively, the reduction of the merit function in StoSQP
methods should be related to the true KKT residual. In the aforementioned methods,
the reduction of the stochastic merit function model is first related to the reduction
of the deterministic merit function model and then related to the true KKT residual.
However, the relation between the reduction in stochastic and deterministic models is
only valid when the merit parameter stabilizes at a sufficiently large value [3, Lemma
3.12]. In contrast, our approach relates the reduction of stochastic model to the
squared estimated KKT residual |[VL||? (i.e., (3.6)). After taking the conditional
expectation and carefully analyzing the error terms, we can further use the true KKT
residual to characterize the improvement of the merit function in each step. In the
end, we suppress the condition on a sufficiently large merit parameter.

5. Numerical experiments. We demonstrate the empirical performance of Al-
gorithm 3.1 and compare it to the line-search ¢;-StoSQP method designed in [3,
Algorithm 3] under the same fully stochastic setup. We describe the algorithmic set-
tings in section 5.1; then we show numerical results on a subset of CUTEst problems
[23] in section 5.2; and then we show numerical results on constrained logistic re-
gression problems in section 5.3. The implementation of TR-StoSQP is available at
https://github.com/ychenfang/TR-StoSQP.

5.1. Algorithm setups. For both our method and ¢;-StoSQP, we try two con-
stant sequences, B¢ € {0.5,1}, and two decaying sequences, B € {k=%6 k=0-8}. The
sequence {f} is used to select the stepsize in £;-StoSQP. We use the same input,
since, as discussed in Remark 3.1, 8 in two methods shares the same order. For both
methods, the Lipschitz constants of the objective gradients and constraint Jacobians
are estimated around the initialization and kept constant for subsequent iterations.

We follow [3] to set up the ¢1-StoSQP method, where we set By, = I and solve the
SQP subproblems exactly. We set the parameters of TR-StoSQP as ¢ = 10, ¢ = 10,
fi—1 =1, and p = 1.5. We use the IPOPT solver [38] to solve (2.7) and apply four
different Hessian approximations By as follows:

(a) Identity (Id). We set By, = I, which is widely used in the literature [2, 3, 25, 26].

(b) Symmetric rank-one (SR1) update. We set H_; = Hy = I and update Hj, as

(Y1 — He1Azp 1) (Y — Hi 1 Amg 1)
(Ypo1 — He—1Azp_1)T Az

Hp=Hj_+ Vk>1,

where ¥y, _; = VoLl — VoLli_1 and Axy,_y =z} — xp_1. Since Hj, depends
on gi, we set By = Hx_1 (Bo=H_1 =1) to ensure that o(Bg) C Fg_1.
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(c) Estimated Hessian (EstH). We set By = I and By, = V3L, forallk > 1,
where V2 L _; is estimated using the same sample used to estimate gi_.

(d) Averaged Hessian (AveH). We set By = I, set By = Zi:klfloo V2.L;/100
for k > 100, and set By = ¥ V2L;/k for 0 < k < 100. This Hessian
approximation is inspired by [27], where the authors showed that the Hessian
averaging is helpful for denoising the noise in the stochastic Hessian estimates.

5.2. CUTEst. We select problems from the CUTEst set that have a noncon-
stant objective with only equality constraints, satisfy d < 1000, and do not report
singularity on Gng during the iteration process, resulting in 47 problems in total.
The initial iterate is provided by the CUTEst package. At each step, the estimate gy
is drawn from N(V fi,,0?(I+117)), where 1 denotes the d-dimensional all one vector
and o2 denotes the noise level varying within {1078,107%,1072,10~!}. When the ap-
proximation EstH or AveH is used, the estimate (V2 f;); ; (same for the (j,i) entry)
is drawn from N'((V2fy); ;j,0%) with the same o2 used for estimating the gradient.
We set the iteration budget to 10° and, for each setup of 8 and o2, average the KKT
residuals over five runs. We stop the iteration of both methods if |V < 1074 or
k>10°.

We report the KKT residuals of £1-StoSQP and TR-StoSQP with different Hes-
sian approximations in Figure 1. We observe that for both constant [y and decaying
Br with a high noise level, TR-StoSQP consistently outperforms ¢;-StoSQP. We note
that ¢1-StoSQP performs better than TR-StoSQP for decaying £y with a low noise

_ 10°} i w0 .
g 8 S #
Ko} ‘ ke] g
7]
émz ¥ & 1072 i
X f s X &
104 =-- ses0 . gl 104 er-0 *890
1es 1e-4 162 1e-1 1e-8 To-4 1e-2 Te-1
o? a®
(a) B =0.5 (b) B =10
10° 100 g L Lo B
: o e
> =]
ie] . . D o Ko I . T ﬂ ] ]
[72] - . 0 [77) LT 1 1 1WH
5 ‘ H ! H & 102 H ‘ A
¥ } } N ' M | ‘ <
107 D 1 8 ! 10
1e-8 To-4 1e-2 1e-1 1e-8 1e-4 1e-2 1e-1
(72 0'2
(c) Br = k=06 (d) B = k™08

Bl TR-SQP-1d [l TR-SQP-SR1 I TR-SQP-EstH [ | TR-SQP-AveH [L1-SQP

Fic. 1. KKT residual bozplots for CUTEst problems. For each o2, there are five boxes. The
first four boxes correspond to the proposed TR-StoSQP method with four different choices of By,
while the last box corresponds to the £1-StoSQP method.
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level (e.g., 0 =1078). However, in that case, TR-StoSQP is not sensitive to the noise
level 02, while the performance of ¢1-StoSQP deteriorates rapidly as o2 increases.
We think that the robustness against noise is a benefit brought by the trust-region
constraint, which properly regularizes the SQP subproblem when o2 is large. Fur-
thermore, among the four choices of Hessian approximations, TR-StoSQP generally
performs the best with the averaged Hessian and the second best with the estimated
Hessian. Compared to the identity and SR1 update, the estimated Hessian provides a
better approximation to the true Hessian (especially when o2 is small); the averaged
Hessian further reduces the noise that leads to a better performance (especially when
o2 is large).

We observe that when o2 is large, or o2 is small but 3, is constant, TR-StoSQP
outperforms ¢1-StoSQP, even when the identity Hessian is used. However, for de-
caying B and small o2, the performance of TR-StoSQP is less competitive. This
disparity in performance could arise from the difference in trial step computation.
In line-search methods, even though the search direction is determined by solving
a Newton system, it can still be decomposed orthogonally into a normal direction
wy, € im(G}) and a tangential direction ¢y € ker(Gy) (see [3] for details). The direc-
tion of wy, is consistent between trust-region and line-search methods, represented as
vy, = —GL[GLGE] ey, However, the directions of the tangential step are different.
In trust-region methods, the tangential step is determined by (2.7) using wy = vk
with 4; chosen based on (2.6) and (3.3). In contrast, in line-search methods, the tan-
gential direction effectively comes from (2.7) using wy = v, without the trust-region
constraint. In stochastic optimization, most iterations satisfy 4, < 1. Therefore, the
directions of the tangential step might differ in trust-region methods and line-search
methods, even if the identity Hessians are used and the iterates are near an optimal
point. Also, the trust-region constraint serves as a regularization that is potentially
helpful for large noise scenarios (o2 is large or B is constant). We should emphasize
that the difference in trial step direction is due to different mechanisms of trust-region
methods and line-search methods (trust-region methods compute the search direction
and stepsize simultaneously, while line-search methods compute them separately) and
the fully stochastic setup (the noise does not gradually vanish), but not due to our
algorithm design.

We then investigate the adaptivity of the radius selection scheme in (3.2). As
explained in Remark 3.1, the radius Ay can be set larger or smaller than oy = O(8g),
depending on the magnitude of the estimated KKT residual. In Table 1, we report
the proportions of the three cases in (3.2): Ap < ag, Ax = ag, and A > a. We
average the proportions over five runs of all 47 problems in each setup. From Table 1,
we have the following three observations. (i) Case 2 has a near zero proportion for
all setups. This phenomenon is due to the fact that 71 x — 72 = O(8k). For constant
B, this value is small, and thus a few iterations are in Case 2. For decaying B, this
value even converges to zero, and thus almost no iterations are in Case 2. (ii) Case
3 is triggered quite frequently if By decays rapidly. This phenomenon suggests that
the adaptive scheme can generate aggressive steps, even if we input a conservative
radius-related sequence fSj. (iii) The proportion of Case 1 dominates the other two
cases in most of the setups. This is reasonable, since Case 1 is always triggered when
the iterates are near a KKT point.

In Remark 3.4, we provide two alternative relaxation techniques to compute the
trial step. Figure 2 reports the KKT residuals for these methods. We use Adapl
to denote TR-StoSQP with our adaptive relaxation technique; Adap2 to denote TR-
StoSQP with the technique in Remark 3.4(i), where the radius of the tangential
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TABLE 1
Proportions of the three cases in (3.2) (%). We highlight the proportion of Case 3 if the value
is higher than 25%.

o2=10"8 o2=10"% 02=10"2 o?=10"1
B By Case 1 Case 2 Case 3 Case 1 Case 2 Case 3 Case 1 Case 2 Case 3 Case 1 Case 2 Case 3

Id 903 0.1 9.6 91.3 0.2 8.5 95.0 0.1 4.9 547 09 444
SR1 93.8 0.1 6.1 92.7 0.1 7.2 946 0.1 5.7 56.2 1.1 42.7

0.5 EstH 92.2 0.1 7.7 948 0.1 5.1 84.8 0.2 15.0 71.1 0.5 28.4
AveH 92.5 0.1 74 941 0.1 5.8 88.2 0.2 11.6  64.2 0.4 35.4

Id  92.0 0.1 7.9 93.7 0.1 6.2 954 0.2 4.4 57.1 1.2 41.7

1.0 SR1 94.0 0.2 5.8 96.1 0.1 3.8 97.7 0.2 2.1 64.2 1.2 34.6

EstH 92.4 0.1 7.5 93.8 0.1 6.1 87.5 04 12.1 728 0.5 26.7
AveH 924 0.2 7.4 939 0.3 5.8 855 0.3 142 67.1 0.6 32.3

Id 97.2 0.0 2.8 96.8 0.0 3.2 934 0.0 6.6 51.8 0.0 48.2

s SR1 98.3 0.0 1.7 971 0.0 2.9 93.2 0.0 6.8 51.5 0.0 48.5
EstH 97.9 0.0 2.1 95.8 0.0 4.2 86.6 0.0 13.4  69.1 0.0 30.9
AveH 974 0.0 2.6 96.1 0.0 3.9 86.8 0.0 13.2  65.5 0.0 34.8

Id 706 00 294 68.1 00 319 664 00 33.6 458 0.0 54.2

g SR1 56.1 0.0 439 657 00 343 666 00 33.4 399 00 60.1
EstH 675 00 32,5 652 00 34.8 620 00 38.0 547 00 45.3
AveH 679 00 321 667 00 33.3 659 00 34.1 514 00 48.6

k*O.
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Fic. 2. KKT residual boxplots for CUTEst problems with different relaxzation techniques. The
Hessian approzimation By, is set as identity matriz. For each o2, there are three boxes. The first
box corresponds to the proposed adaptive relaxation technique. The second box corresponds to the
adaptive technique in Remark 3.4(1). The last box corresponds to the monadaptive technique in
Remark 3.4(ii).
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Fic. 3. KKT residual bozxplots for constrained logistic regression problems. For each setup of
By, there are five boxes. The first four boxes correspond to the proposed TR-StoSQP method with
four different choices of By, while the last box corresponds to the £1-StoSQP method.

step is controlled by Ay, := \/A? — |wy[[2; and NonAdap to denote TR-StoSQP with
the technique in Remark 3.4(ii), where the prespecified parameter is set as § = 0.8.
The remaining algorithm setups follow from TR-StoSQP and By = I. We observe
that the three techniques have comparable performance for most combinations of 3
and o2, while Adap1 is slightly better than the other two techniques in some cases.
The results suggest that our adaptive relaxation technique, as well as its variant
in Remark 3.4(i), is at least as good as the conventional technique (the nonadaptive
technique in Remark 3.4(ii)) in practice, but it requires no effort in tuning parameters.

5.3. Constrained logistic regression. We consider equality-constrained logis-
tic regression of the form

N
;2%}1 f(a:)—]i[;log{lJrexp(yi~(zi,w>)} st. Az =0,
where z; € R? is the sample point, y; € {—1,1} is the label, and A € R™*% and b € R™
form the deterministic constraints. We implement eight datasets from LIBSVM [12]:
austrilian, breast-cancer, diabetes, heart, ionosphere, sonar, splice, and
svmguide3. For each dataset, we set m =5 and generate random A and b by drawing
each element from a standard normal distribution. We ensure that A has full row
rank in all problems. For both algorithms and all problems, the initial iterate is set
to be all one vector of appropriate dimension. In each iteration, we select one sample
at random to estimate the objective gradient (and Hessian if EstH or AveH is used).
A budget of 20 epochs—the number of passes over the dataset—is used for both
algorithms and all problems. We stop the iteration if |[VL|| < 10~* or the epoch
budget is consumed.

We report the average of the KKT residuals over five runs in Figure 3. From
the figure, we observe that TR-StoSQP with all four choices of By consistently out-
performs ¢;-StoSQP when B; = 0.5, 1.0, and £7%%. When S, = k%8, TR-StoSQP
enjoys a better performance by using the estimated Hessian or averaged Hessian. This
experiment further illustrates the promising performance of our method.

6. Conclusion. We designed a trust-region stochastic SQP (TR-StoSQP) al-
gorithm to solve nonlinear optimization problems with stochastic objective and de-
terministic equality constraints. We developed an adaptive relaxation technique to
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address the infeasibility issue that arises when trust-region methods are applied to
constrained problems. With a stabilized merit parameter, TR-StoSQP converges in
two regimes. (i) When 8y = § for all k > 0, the expectation of weighted averaged KKT
residuals converges to a neighborhood around zero. (ii) When g satisfies > B = oo
and > ﬁ,% < 00, the KKT residuals converge to zero almost surely. We also showed
that the merit parameter is ensured to stabilize, provided the gradient estimates are
bounded. Our numerical experiments on a subset of problems of the CUTEst set
and constrained logistic regression problems showed promising performance of the
proposed method.

There are still several interesting future directions. First, it is of interest to
design trust-region StoSQP algorithms when the Jacobians of constraints are rank-
deficient. Second, how to establish global convergence without the assumption of
bounded noise remains an open question. Removing that assumption may require a
deeper understanding of the merit function and randomness in estimation. Finally,
it is of interest to devise a method that uses second-order information efficiently. To
fully exploit second-order derivatives, the method should move the trial steps along
the negative curvature appropriately.

Appendix A. Additional analysis of the behavior of the merit parame-
ter. In this appendix, we further investigate the stability behavior of the merit pa-
rameter when using the alternative two approaches in Remark 3.4 to decompose the
radius. As mentioned, for both approaches, the global convergence analysis directly
follows from section 4.2.

We first show that for the method in Remark 3.4(i), the merit parameter will
stabilize under Assumption 4.12.

LEMMA A.1. Suppose Assumptions 4.1 and 4.12 hold and the relazation technique
in Remark 3.4(1) is employed. Then, there exist a (potentially random) K < oo and a
deterministic constant fi, such that i, = fig < for all k> K.

Proof. Similar to Lemma 4.13, we only show that there exists a deterministic
threshold i > 0 independent of k such that (3.6) is satisfied as long as fix, > fi. Using
the same derivation as Lemma 4.13, we have

_ y 1 ;
Predy < —[|VaLi|| Ak 4 Vi || Be|l||vk || Ax + §||Bk||Ai + (M1 + kvg) ||kl
1 o
+ 5%\\Bk||||vk||2 — [k crl|
_ ) _ ) T _
<~V Lill Ak +Frllvel Ve Lill + Fel| Bellllvk | Ax + §||Bk:||Ai

_ 1
+ k(M1 + kv g)llvrl| + §%\|Bk||||vk||2

— fAkllerll  (since Ay > Ay —Fpl|vkl)
= —|IVaLil| Ak — [lerl| Ak + ekl Ak + Fkllve I Ve Lill + 3| Bl vk | Ax

1 I 1 o
+ 5\\Bk||Ai + (M1 + kv g)||vkl + §’Yk||Bk||H'Uk||2 — e llckll
_ 1 _
< —IVLEAL + §||Bk\|Ai + lerll Ak + Yellvrl I Ve Lill + Vel Bill[|vi] Ak

_ 1_ o
+ k(M1 + kv y)|lvell + §’YkHBk||||'Uk||2 — el ekl
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since ||V Lyl + |lexll > [[VLx|| and Ay < Ag. Thus, (3.6) holds as long as
kel = ller | A + Fellvr Ve Ll

_ _ Yk
+ Yl Belllve | Ak + 5k (M1 + 5w p) vkl + 5||3k||||vk||2~

Since [|vg|| < llexll/v/Fra: IVaLill < |Valrll + IV i = Gill < kvs + My, and A, <
Anax, it is sufficient to show

KB Amax +2(Mi + kv ) N HBF»C)

VELG 2k1,G

fiellenl] = el A + 7] (

Equivalently,
ﬂk > ﬁ + (HBAmax +2(M1 + KVf) + /{B/ic> )
Vi VF1,G 2K1,G

Here, we only consider ||ck|| # 0, since the result trivially holds when ||cx|| = 0. From
(3.2), we find that
Ak _ ko] VL
Y T ’
By (4.10), 7k = 3Gorar = 3¢ min{|| Be[l/| Gk, 1} o Noting that min{|| B /||Gxll 1}
>min{l/(kp/R2,c),1} and ||VLy|| < k. + My + kv, we obtain
ﬁ S 277max
Vi ¢
Therefore, (3.6) holds as long as

(ke + kv + M) -max{kp/k2.c, 1}

— ~ 2 max
fig > b= 77< (ke + kv + M) - max{kp/k2,G,1}

K Amax+2M+f‘5 KBK¢
Jr<B (M Vf)+B )

VRL,G 2K1,G
Since [i is increased by at least a factor of p for each update, we define fi := ppi and
complete the proof. ]

We then show that for the method in Remark 3.4(ii), the merit parameter will
stabilize just under Assumption 4.12(i). However, a tuning parameter 6 € (0,1) is
involved to control the length of the normal step.

LEMMA A.2. Suppose Assumptions 4.1 and 4.12(i) hold and the relaxation tech-
nique in Remark 3.4(ii) is employed. Then, there exist a (potentially random) K < oo
and a deterministic constant fi, such that fi, = g < fi for all k> K.

Proof. Similar to Lemma 4.13, we only show that there exists a deterministic
threshold & > 0 independent of k such that (3.6) is satisfied as long as fix, > fi. Using
the same derivation as Lemma A.1, we only need to show

_ A KBAmax +2(M71 + k KBKe
,uk:>k+<B Q4 +rvs) | rm )
Yk VELG 2k1,a

holds for fij larger than a deterministic threshold for ||c|| # 0. Since all k> 0,

Ak _ mkok VL]
Ve Yk
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By the projection technique of choosing ¥, and the fact that ns , > 71 x/2, we have

Av _ 08k 32 Onpan|| VLI O eonllexl] 3.0) 0Sau
okl llogll — loell = 2floxll 2

Further, since 0Cay/2 < 1, we know 6¢ay, /2 <#tral implying 4y > 0Cay /2. Thus,

R
Therefore, (3.6) holds as long as

A 2 max
b Zlhmax 4o+ M),

k2=

=I

2N max kB Amax + 2(M1 + "‘JVf) + HB/"JC>
¢o VELG 2616/

Since fig is increased by at least a factor of p for each update, we define i := pji and
complete the proof. 0

(ke + Kkvy+ M)+ (
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