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Abstract

In this paper, we examine the time it takes for
stochastic gradient descent (SGD) to reach the
global minimum of a general, non-convex loss
function. We approach this question through the
lens of randomly perturbed dynamical systems
and large deviations theory, and we provide a tight
characterization of the global convergence time
of SGD via matching upper and lower bounds.
These bounds are dominated by the most “costly”
set of obstacles that the algorithm may need to
overcome in order to reach a global minimizer
from a given initialization, coupling in this way
the global geometry of the underlying loss land-
scape with the statistics of the noise entering the
process. Finally, motivated by applications to the
training of deep neural networks, we also provide
a series of refinements and extensions of our anal-
ysis for loss functions with shallow local minima.

1 Introduction
Much of the success of modern machine learning applica-
tions hinges on solving non-convex problems of the form

min𝑥∈ℝ𝑑 𝑓 (𝑥) (Opt)

where 𝑓 : ℝ𝑑 → ℝ is a smooth function on ℝ𝑑 . When 𝑑
is so large as to make gradient calculations computation-
ally prohibitive, the go-to method for solving (Opt) is the
stochastic gradient descent (SGD) algorithm

𝑥𝑛+1 = 𝑥𝑛 − 𝜂𝑔𝑛 (SGD)
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where 𝜂 > 0 is the method’s step-size – or learning rate –
and 𝑔𝑛, 𝑛 = 0, 1, . . ., is a computationally affordable stochas-
tic approximation of the gradient of 𝑓 at 𝑥𝑛 ∈ ℝ𝑑 .

The study of (SGD) goes back to the seminal work of Rob-
bins & Monro [74] and Kiefer & Wolfowitz [37], who in-
troduced the method in the context of solving systems of
nonlinear equations in the 1950’s. Originally, the analysis
of (SGD) involved a vanishing step-size 𝜂𝑛 satisfying the
“𝐿2 − 𝐿1” summability conditions

∑
𝑛 𝜂𝑛

2 < ∞ =
∑
𝑛 𝜂𝑛,

and gave rise to the ODE method of stochastic approxi-
mation. In this context, the first convergence results for
(SGD) were obtained by Ljung [50, 51], Benaïm [8], and
Bertsekas & Tsitsiklis [10], who established the almost sure
convergence of the method in non-convex problems (with
different regularity conditions for 𝑓 ). In conjunction with
the above, a parallel thread in the literature launched by Pe-
mantle [70] and Brandière & Duflo [13] showed that (SGD)
avoids saddle points with probability 1, so, barring degen-
eracies, it only converges to local minimizers of 𝑓 – see also
[2, 9, 28, 29, 35, 57, 58, 75] and references therein.

On the other hand, when (SGD) is run with a constant step-
size – the standard choice in data science and machine learn-
ing – the situation is drastically different. The trajectories of
(SGD) do not converge, but they instead wander around the
problem’s state space, spending most time near the critical
points of 𝑓 . This is quantified by “criticality bounds” of
the form 𝔼[∑𝑛

𝑘=0∥∇ 𝑓 (𝑥𝑘)∥
2] = O(

√
𝑛), which certify an

output with small gradient norm, in expectation or with high
probability [41]. As in the vanishing step-size regime, these
results are supplemented by a range of saddle-point avoid-
ance results [24, 79] which, under certain conditions, imply
that the output of (SGD) is approximately second-order
optimal (and hence, in most cases, a near-minimizer).

Nevertheless, all these results for (SGD) are, at best, guar-
antees of local minimality, not global. When it comes to
approximating the global minimum of 𝑓 , we must tackle
the following fundamental question:

How much time does it take (SGD) to reach
the vicinity of a global minimum of 𝑓 ?

Of course, attaining the global minimum of a non-convex
function is a lofty goal, so, before examining the time re-
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quired to achieve it, one must first assess the likelihood of
getting there in the first place. In this regard, Azizian et al.
[5] recently showed that, in the long run, 𝑥𝑛 is exponentially
concentrated near the local minimizers of 𝑓 , with the degree
of concentration depending on the landscape of 𝑓 and the
noise entering the process.1 In practice, this means that
(SGD) ultimately gets arbitrarily close to arg min 𝑓 , but be-
fore getting there, it may have spent an exponential amount
of time away from arg min 𝑓 . Consequently, any answer to
the question of global convergence of (SGD) must incorpo-
rate global information about the geometry of 𝑓 , as well as
the statistics of the stochastic gradients 𝑔𝑛.

Our contributions. Our aim in this paper is to provide
quantifiable predictions for the global convergence time
of (SGD). Building on the approach of Azizian et al.
[5], we examine this question through the lens of the
Freidlin–Wentzell (FW) theory of large deviations for ran-
domly perturbed dynamical systems in continuous time [23],
and we employ the subsampling theory of Kifer [38, 40] as a
starting point to derive a similar theory for the discrete-time
setting of (SGD). In so doing, we obtain a tight characteri-
zation for the global convergence time of (SGD) which can
be expressed informally as

𝔼𝑥 [𝜏] ≈ 𝑒𝐸 (𝑥 )/𝜂 (1)

where (i) 𝜏 denotes the number of iterations required to
reach arg min 𝑓 within a given accuracy; (ii ) 𝑥 is the initial-
ization of (SGD); and (iii ) 𝐸 (𝑥) is an “energy function” that
encodes the geometry of 𝑓 and the statistics of the noise in
(SGD) via a construct called the “transition graph” of 𝑓 .

The precise form of the hitting time estimate (1) is described
via matching upper and lower bounds in Section 4 (cf. Theo-
rem 1). Subsequently, in Section 5, we take an in-depth look
at the impact of the loss landscape of 𝑓 on these bounds, and
we link the energy 𝐸 (𝑥) to the depth of the function’s spuri-
ous, non-global minima. The resulting expression provides
a crisp characterization of the global convergence time of
(SGD) in terms of the geometry of 𝑓 – and, more precisely,
the maximum relative depth of any spurious minimizers
that the process encounters on its way to arg min 𝑓 . The
details of this construction rely on an intricate array of tools
and techniques from the theory of large deviations and ran-
domly perturbed dynamical systems, so they are difficult
to describe here; for this reason, we begin by presenting
a simplified version of the apparatus required to state our
results in Section 2.

Related work. Owing to its importance, (SGD) and its
variants have given rise to a vast corpus of literature which

1Formally, Azizian et al. [5] showed that, in the limit 𝑛→∞,
𝑥𝑛 follows an approximate Boltzmann–Gibbs distribution with
temperature equal to 𝜂, and energy levels determined by 𝑓 and the
statistics of 𝑔𝑛.

cannot be adequately surveyed here. As we mentioned
above, in the non-convex case, most of this literature con-
cerns the criticality and saddle-point avoidance guarantees
of the method, under different structural and regularity as-
sumptions. For our purposes, the most relevant threads in
the literature revolve around (i ) treating 𝑥𝑛 as a discrete-time
Markov chain and examining its tails [26, 27, 69]; (ii ) view-
ing it as a discrete-time approximation of a stochastic dif-
ferential equation (SDE) and employing tools like dynamic
mean-field theory (DMFT) to study the resulting “diffusion
approximation” limit [59, 60, 77]; and/or (iii) focusing on
the time it takes (SGD) to escape a spurious local minimum
[7, 25, 30, 33, 61, 86]. Our analysis shares the same high-
level goal as these general threads – that is, understanding
the global convergence properties of (SGD) in non-convex
landscapes – but we are not aware of any comparable results.
To streamline our presentation, we provide a more detailed
account of this literature in Appendix A.

The only thing we should highlight at this point is a range
of phenomena that arise in the context of neural network
training, where overparameterization and Gaussian initial-
ization schemes can lead to global convergence [1, 19, 92].
Results of this kind typically require some specific structure
on the underlying neural network: a width scaling quadrati-
cally with the data [65, 68] – or linearly for infinite-depth
networks [54] – and/or initialization schemes that are at-
tuned to the network’s structure [49, 65]. By contrast, our
work takes a more holistic viewpoint as we aim to obtain
results for general non-convex landscapes, without making
any structural assumptions about the problem’s objective or
the algorithm’s initialization. To provide the necessary con-
text, we survey the relevant literature on overparameterized
neural networks in Appendix A.

2 A gentle start
Stating our results in their most general form requires some
fairly involved technical apparatus, so we begin with a warm-
up section intended to introduce some basic concepts and
develop intuition for the sequel. Specifically, our aim in this
section is to give a high-level overview of our main results
for a simple two-dimensional example which is easy to plot
and visualize. We stress that the material in this section
is presented at an informal level; the rigorous treatment is
deferred to Section 4.

With this in mind, the example of (Opt) that we will work
with is a modified version of the well-known “three-hump
camel” test function, as detailed in Fig. 1. This is a multi-
modal function with five critical points, indexed 𝑝1 through
𝑝5: two are saddles (𝑝2 and 𝑝4), three are minimizers
(𝑝1, 𝑝3, and 𝑝5), and the global minimum is attained at
𝑝1 ≈ (−2.573, 1.029). To keep things simple, we will fur-
ther assume that (SGD) is run with stochastic gradients of
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Figure 1: Visualization of the three-hump camel test function 𝑓 (𝑥1, 𝑥2) = 2𝑥6
1/13+ 𝑥5

1/8− 91𝑥4
1/64− 24𝑥3

1/48+ 42𝑥2
1/16+ 5𝑥2

2/4+ 𝑥1𝑥2.
The figure to the left depicts the loss landscape of 𝑓 with several (deterministic) gradient flow orbits superimposed for visual convenience.
The figure in the middle highlights the 5 critical points of 𝑓 (light blue for local minimizers, light red for saddle points): the red curves
depict the stable manifolds of the saddle points 𝑝2 and 𝑝4, and they partition the space into three basins of attraction, one per minimizer;
the blue curves are gradient flow orbits that realize the edges of the transition graph of 𝑓 . Finally, the figure to the right illustrates a
trajectory of (SGD) starting near 𝑝3, and stopped when it gets within 10−2 of 𝑝1, the global minimum of 𝑓 ; color represents time, with
darker hues indicating later iterations of (SGD). The plotted trajectory gets to 𝑝1 only after first being trapped by 𝑝5.

the form 𝑔𝑛 = ∇ 𝑓 (𝑥𝑛)+𝑍𝑛, where 𝑍𝑛 is an i.i.d. sequence of
Gaussian random vectors with covariance 𝜎2𝐼. Then, fixing
an initialization 𝑥0 ← 𝑥 ∈ ℝ2, we will seek to estimate the
global convergence time

𝜏 = inf{𝑛 = 0, 1, . . . : ∥𝑥𝑛 − 𝑝1∥ ≤ 𝛿} (2)

for some fixed error margin 𝛿 > 0 (e.g., 𝛿 = 10−2 in Fig. 1).

The core of our analysis may then be summarized as follows:

1. With exponentially high probability, (SGD) spends most
of its time near the critical points of 𝑓 (and, in particular,
its minimizers).

2. To leading order, the time that (SGD) takes to get to a
neighborhood of arg min 𝑓 is determined by the chain
of critical points visited by 𝑥𝑛, and by the average time
required to transition from one to the next.

The technical scaffolding required to make this intuition
precise is provided by a weighted directed graph which
quantifies the difficulty of (SGD) making a direct transition
between two critical points of 𝑓 . In the context of our
example, this graph is constructed as follows:

• The nodes of the graph are the critical points 𝑝𝑖 , 𝑖 =

1, . . . , 5, of 𝑓 .

• Two nodes are joined by an edge if there exists a solution
orbit of the gradient flow ¤𝑥 (𝑡) = −∇ 𝑓 (𝑥 (𝑡)) whose clo-
sure connects said points.2 Importantly, if 𝑝𝑖 ; 𝑝 𝑗 , we
also have 𝑝 𝑗 ; 𝑝𝑖 by default.

• The weight of an edge 𝑝𝑖 ; 𝑝 𝑗 is given by the expression

𝐵𝑖 𝑗 = 2[ 𝑓 (𝑝 𝑗 ) − 𝑓 (𝑝𝑖)]+/𝜎2 . (3)

2Formally, two distinct critical points 𝑝𝑖 , 𝑝 𝑗 of 𝑓 are joined by
an edge if there exists a solution orbit 𝑥 (𝑡) of the gradient flow of
𝑓 such that {𝑝𝑖 , 𝑝 𝑗 } = {lim𝑡→±∞ 𝑥 (𝑡)}.

An instructive way of interpreting this expression is as fol-
lows: if 𝑓 (𝑝 𝑗 ) ≤ 𝑓 (𝑝𝑖), the transition of (SGD) from 𝑝𝑖
to 𝑝 𝑗 is “costless”; otherwise, if 𝑓 (𝑝 𝑗 ) > 𝑓 (𝑝𝑖), the noise
in (SGD) can still lead to an ascent from 𝑝𝑖 to 𝑝 𝑗 , but the
cost of such a transition is proportional to the potential
difference 𝑓 (𝑝 𝑗 ) − 𝑓 (𝑝𝑖), and inversely proportional to
the variance of the noise in (SGD).

In our example, this construction yields the path graph be-
low (where, for visual clarity, the height of each node corre-
sponds to its objective value):

𝑝1

𝑝2

𝑝3

𝑝4

𝑝5

The topology of this graph captures the fact that the entire
space is partitioned into the basins of attraction of 𝑝1, 𝑝3
and 𝑝5, as shown in Fig. 1. Since 𝑝1 and 𝑝5 are separated by
neighborhoods, there can be no gradient flow orbits joining
“non-successive” critical points – e.g., 𝑝1 to 𝑝3 – leading to
the path graph structure depicted above.

To proceed, we fix an initial condition 𝑥 for (SGD), say, in
the basin of attraction of 𝑝3. In this case, the most likely
event is that (SGD) will first be attracted to 𝑝3 on its way to
the global minimum 𝑝1, so, for simplicity, we just estimate
the time it takes (SGD) to reach 𝑝1 from 𝑝3. However, this
time cannot be determined only by the local geometry of
𝑓 along the “direct” transition path 𝑝3 ; 𝑝2 ; 𝑝1: with
positive probability, (SGD) may first jump over 𝑝4 and be
trapped in 𝑝5. In that case, the process will first have to
escape from 𝑝5, and then follow the “indirect” transition
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Figure 2: Statistical analysis of the number of iterations 𝜏 required
for (SGD) to reach the global minimum of the three-hump camel
function of Fig. 1. For each value of 𝜂, we performed 500 runs
of (SGD) initialized near 𝑝3 with Gaussian noise (𝜎 = 50), and
we recorded the number of iterations required to reach the vicinity
of 𝑝1 (within 𝛿 = 10−2). The resulting boxplots are displayed in
log-inverse scale, with a point density overlay to illustrate the full
empirical distribution of 𝜏 for every 𝜂. As per (4), we see that
𝔼[𝜏] scales exponentially with 1/𝜂. To measure the goodness-of-
fit, the dashed blue “Data” line represents a linear regression fit
for our data, while the solid red “Theory” line is a linear fit with
slope given by (4). The two fits have 𝑅2 values of 0.99 and 0.97
respectively, indicating a strong agreement between theory and
experiment.

path 𝑝5 ; 𝑝4 ; 𝑝3 ; 𝑝2 ; 𝑝1. As a result, the mean
global convergence time of (SGD) is not affected solely
by the obstacles that lie on the most “direct” path from
the initialization to the global minimum of 𝑓 , but also by
the traps that the process can fall into along every other
“indirect” path as well.

With all this in mind, when instantiated to the example at
hand, the general analysis of Section 4 yields the following
expression for the mean convergence time of (SGD):

𝔼𝑥 [𝜏] ≈ exp
(

2( 𝑓 (𝑝2) − 𝑓 (𝑝5))
𝜂𝜎2

)
. (4)

This expression shows that the global convergence time of
(SGD) scales exponentially with the inverse of the step-size
and the variance of the noise, and it is dominated by the
objective value gap that 𝑥𝑛 must clear if it is trapped by 𝑝5.
We verify experimentally the accuracy of this derivation in
Fig. 2, where we measure 𝜏 over several runs of (SGD) for
different values of 𝜂.

To provide some more context for all this, the precise ex-
pression for the coefficient of 1/𝜂 in (4) – which we denote
as 𝐸 (𝑝1 |𝑝3) in Section 4 – is obtained by aggregating the
graph weights 𝐵𝑖 𝑗 according to the formula

𝐸 (𝑝1 |𝑝3) = 𝐵32 + 𝐵54 −min{𝐵34, 𝐵54}

=
2 max{ 𝑓 (𝑝2) − 𝑓 (𝑝3), 𝑓 (𝑝2) − 𝑓 (𝑝5)}

𝜎2 . (5)

In words, the exponent 𝐸 (𝑝1 |𝑝3) of (4) scales with the
largest value gap that 𝑥𝑛 may need to clear in order to
reach arg min 𝑓 . In the specific example of Fig. 1, we have
𝑓 (𝑝3) > 𝑓 (𝑝5), so 𝑓 (𝑝2) − 𝑓 (𝑝5) > 𝑓 (𝑝2) − 𝑓 (𝑝3), and
hence

𝐸 (𝑝1 |𝑝3) = 2[ 𝑓 (𝑝2) − 𝑓 (𝑝5)]/𝜎2 . (6)

This is precisely the obstacle that (SGD) must clear if it gets
trapped by 𝑝5, hence our intuition (cf. Fig. 1).

All this may sound paradoxical at first: (4) shows that
the global convergence time of (SGD) is not driven by
the “shortest”, least costly chain of transitions leading to
arg min 𝑓 , but by the “longest”, most costly one. In this
sense, 𝐸 (𝑝1 | 𝑝3) directly encodes all non-local information
of 𝑓 that ends up affecting the global convergence time
of (SGD), so it can be seen as an explicit measure of the
“hardness” of the non-convex landscape under study: in
particular, a slight increase this gap would end up having
an exponential impact on the global convergence time of
(SGD), indicating the difficulty of learning even in this sim-
ple example

We find this characterization quite appealing because it al-
lows us to quantify the features of (Opt) that make it harder
or easier as a global problem. We will revisit this question
several times in the sequel.

3 Problem setup and blanket assumptions
In this section, we begin our formal treatment of the global
convergence time of (SGD). As a first step, we present
below our standing assumptions for (Opt) and (SFO): these
assumptions are not the weakest possible ones, but they
lead to a more streamlined presentation; for a more general
treatment, cf. Section 5 and Appendix B.

Assumptions on the objective. To begin, we assume
throughout that ℝ𝑑 is equipped with the Euclidean inner
product and norm, denoted by ⟨·, ·⟩ and ∥ · ∥ respectively.
We then make the following standing assumptions for 𝑓 :
Assumption 1. The objective function 𝑓 : ℝ𝑑 → ℝ of (Opt)
is 𝐶2-smooth and satisfies the conditions below:

(a) Coercivity: lim∥𝑥 ∥→∞ 𝑓 (𝑥) = ∞.

(b) Gradient norm coercivity: lim∥𝑥 ∥→∞∥∇ 𝑓 (𝑥)∥ = ∞.

(c) Lipschitz smoothness: the gradient of 𝑓 is 𝛽-Lipschitz
continuous, i.e.,

∥∇ 𝑓 (𝑥′) − ∇ 𝑓 (𝑥)∥ ≤ 𝛽∥𝑥′ − 𝑥∥ for all 𝑥, 𝑥′ ∈ ℝ𝑑 .

(d) Critical set regularity: The critical set

crit 𝑓 B {𝑥 ∈ ℝ𝑑 : ∇ 𝑓 (𝑥) = 0}

of 𝑓 consists of a finite number of closed, disjoint,
smoothly connected components C𝑖 , 𝑖 = 1, . . . , 𝑁crit.
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Remark. By “smoothly connected”, we mean here that any
two points in such a component can be joined by a smooth
path contained therein. In the sequel, we will refer to these
components simply as the critical components of 𝑓 , and we
will say that C𝑖 is a (locally) minimizing component of 𝑓 if
C𝑖 = arg min𝑥∈U 𝑓 (𝑥) for some neighborhood U of C𝑖 . §

The requirements of Assumption 1 are fairly mild and quite
standard in the literature. In more detail, Assumption 1(a)
simply ensures that arg min 𝑓 is nonempty – otherwise, the
question of global convergence may be meaningless. Sim-
ilarly, Assumption 1(b) is a stabilization condition aiming
to exclude functions with a specious, near-critical behavior
at infinity – such as 𝑓 (𝑥) = log(1 + 𝑥2). Finally, in terms
of regularity, Assumption 1(c) is the go-to hypothesis for
the analysis of gradient methods, while Assumption 1(d)
rules out problems with pathological critical sets (such as
Warsaw sine curves, Cantor staircase functions, etc.).3

Assumptions on the gradient input. Our second set of
assumptions concerns the stochastic gradients 𝑔𝑛 that enter
(SGD). Here we will assume that the optimizer has access
to a stochastic first-order oracle (SFO), that is, a black-box
mechanism which returns a stochastic approximation of the
gradient ∇ 𝑓 (𝑥) of 𝑓 at the queried point 𝑥 ∈ ℝ𝑑 . Formally,
an SFO is a random vector of the form

G(𝑥;𝜔) = ∇ 𝑓 (𝑥) + Z(𝑥;𝜔) (SFO)

where:

(a) The random seed 𝜔 is drawn from a compact subset Ω
of ℝ𝑚 based on some probability measure ℙ.

(b) The error term Z(𝑥;𝜔) captures all sources of random-
ness and uncertainty in (SFO).

With all this in place, we will assume that (SGD) is run with
stochastic gradients of the form

𝑔𝑛 = G(𝑥𝑛;𝜔𝑛) (SG)

where G is an SFO for 𝑓 and 𝜔𝑛 ∈ Ω, 𝑛 = 0, 1, . . ., is
a sequence of i.i.d. random seeds as above. This well-
established model accounts for all standard implementa-
tions of (SGD), from minibatch sampling to noisy gradient
descent and Langevin-type methods. The only extra assump-
tions that we will make are as follows:

Assumption 2. The error term Z : ℝ𝑑 ×Ω→ ℝ𝑑 of (SFO)
has the following properties:

(a) Properness: 𝔼[Z(𝑥;𝜔)] = 0 and cov(Z(𝑥;𝜔)) ≻ 0
for all 𝑥 ∈ ℝ𝑑 .

(b) Smooth growth: Z(𝑥;𝜔) is 𝐶2-smooth and satisfies

3This last requirement can be replaced by positing for example
that 𝑓 is semi-algebraic, cf. [5, 15, 76].

the growth bound

sup
𝑥,𝜔

∥Z(𝑥;𝜔)∥
1 + ∥𝑥∥ < ∞ . (7)

(c) Sub-Gaussian tails: The tails of Z are bounded as

log𝔼
[
𝑒⟨𝑝,Z(𝑥;𝜔) ⟩

]
≤ 1

2
𝜎2∥𝑝∥2 (8)

for some 𝜎 > 0 and for all 𝑝 ∈ ℝ𝑑 . §

Assumption 2(a) is standard in the field as it ensures that the
oracle G(𝑥;𝜔) provides unbiased gradient estimates; as for
the ancillary covariance requirement, it serves to differenti-
ate (SGD) from deterministic versions of gradient descent
that are run with perfect gradients. Assumption 2(b) is a reg-
ularity requirement imposing a mild limit on the growth of
the noise as ∥𝑥∥ → ∞, while Assumption 2(c) is a widely
used bound on the tails of the noise. Importantly, even
though Assumption 2(c) is less general than finite variance
assumptions which allow for fat-tailed error distributions, it
provides much finer control on the process and leads to a
much cleaner presentation. We only note here that it can be
relaxed further by allowing the variance parameter 𝜎2 to di-
verge to infinity as ∥𝑥∥ → ∞, in a way similar to Langevin
sampling under dissipativity [21, 43, 52, 53, 73]; this case
is of particular interest for certain deep learning models, and
we treat it in detail in Appendix B.

An illustrative use case. We close this section with an
example intended to illustrate the range of validity of our
assumptions for (SGD). In particular, we will focus on the
regularized empirical risk minimization (ERM) problem

𝑓 (𝑥) = 1
𝑁

𝑁∑︁
𝑖=1

ℓ(𝑥; 𝜉𝑖) +
𝜆

2
∥𝑥∥2 (ERM𝜆)

where ℓ(𝑥; 𝜉) is the loss of model 𝑥 against input 𝜉 (e.g.,
a logistic or Savage loss), the data points 𝜉𝑖 , 𝑖 = 1, . . . , 𝑁 ,
comprise the problem’s training set, and 𝜆 > 0 is a regular-
ization parameter. For example, this setup could correspond
to a linear model with non-convex losses [21, 52], a neural
network with smooth activations and normalization layers
[46], etc. Accordingly, if we estimate the gradient of 𝑓 by
sampling a random minibatch 𝜔 ⊆ {𝜉1, . . . , 𝜉𝑁 } of training
data (typically a small, fixed number thereof), the corre-
sponding gradient oracle becomes

G(𝑥;𝜔) = 1
|𝜔 |

∑︁
𝜉 ∈𝜔
∇ℓ(𝑥; 𝜉) + 𝜆𝑥 . (9)

Under standard assumptions for ℓ – e.g., twice continuously
differentiable, Lipschitz continuous and smooth, cf. [57]
and references therein – Parts (a)–(c) of Assumption 1 are
satisfied automatically. The resulting error term Z(𝑥;𝜔) is
easily seen to be uniformly bounded, so Parts (a)–(c) of
Assumption 2 are likewise verified [80, Exercise 2.4].
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4 Analysis and results
We are now in a position to state our main results for the
global convergence time of (SGD) under the blanket as-
sumptions presented in the previous section. Our strategy
to achieve this mirrors the general scheme outlined in Sec-
tion 2: First, at a high level, once (SGD) has reached a
neighborhood of a critical component of 𝑓 (and, especially,
a locally minimizing component), it will be trapped for
some time in its vicinity. To escape this near-critical region,
(SGD) may have to climb the loss surface of 𝑓 , and this
can only happen if (SGD) takes a sufficient number of steps
“against” the gradient flow ¤𝑥 = −∇ 𝑓 (𝑥) of 𝑓 . Thus, to un-
derstand the global convergence time of (SGD), we need to
quantify these “rare events”, namely to characterize (i) how
much time (SGD) spends near a given critical component;
(ii) how likely it is to transition from one such component to
another; and (iii) what are the possible chains of transitions
leading to the global minimum of 𝑓 .

To do this, we employ an approach inspired by the large
deviations theory of Freidlin & Wentzell [23] and Kifer [38,
40] for randomly perturbed dynamical systems on compact
manifolds in continuous time. In the rest of this section, we
only detail the elements of our approach that are needed to
state our results in a self-contained manner, and we defer
the reader to the paper’s appendix for the proofs (see also
Appendix B.1 for an outline of the proof).

Generalities. To fix notation, we will assume in the sequel
that (SGD) is initialized at some fixed 𝑥0 ← 𝑥 ∈ ℝ𝑑 , and we
will write ℙ𝑥 and 𝔼𝑥 (or sometimes ℙ𝑥0 and 𝔼𝑥0 ) for the law
of the process starting at 𝑥0 = 𝑥 and the induced expectation
respectively. Then, given a target tolerance 𝛿 > 0, our main
objective will be to estimate the time required for (SGD) to
get within 𝛿 of arg min 𝑓 , that is, the hitting time

𝜏 = inf{𝑛 ∈ ℕ : dist(𝑥𝑛,Q) ≤ 𝛿} (10)

where, for notational brevity, we write

Q = arg min 𝑓 (11)

for the minimum set of 𝑓 (which could itself consist of
several connected components). Throughout what follows,
we will refer to 𝜏 as the global convergence time of (SGD),
and our aim will be to characterize 𝔼𝑥 [𝜏] as a function of
the algorithm’s initial state 𝑥0 ← 𝑥 ∈ ℝ𝑑 .

For future use, we also define here the attracting strength of
Q as the maximal value of the product 𝜇𝑅2, where 𝜇 and 𝑅
are such that, for any 𝑥 ∈ ℝ𝑑 with dist(𝑥,Q) ≤ 𝑅,

⟨∇ 𝑓 (𝑥), 𝑥 − 𝑥∗⟩ ≥ 𝜇∥𝑥 − 𝑥∗∥2 (12)

with 𝑥∗ ∈ Q denoting a projection of 𝑥 onto Q. In this way,
(12) can be seen as a “setwise” second-order optimality
condition for the global minimum of 𝑓 . Intuitively, the large
the attracting strength of Q, the sharper it is.

Elements of large deviations theory. Moving forward, the
first ingredient required to state our results is the Hamilto-
nian of G, defined here as

HG (𝑥, 𝑝) B log𝔼𝜔 [exp(−⟨𝑝,G(𝑥;𝜔)⟩)] (13)

for all 𝑥 ∈ ℝ𝑑 and all 𝑝 ∈ ℝ𝑑 . Up to the sign in the exponent,
HG (𝑥, 𝑝) is simply the cumulant-generating function of the
gradient oracle G at 𝑥, so it encodes all the statistics of
(SGD) at 𝑥. Dually, the Lagrangian of G is given by the
convex conjugate of HG (𝑥, 𝑝) with respect to 𝑝, that is,

LG (𝑥, 𝑣) B H∗G (𝑥, 𝑣) = max
𝑝∈ℝ𝑑
{⟨𝑣, 𝑝⟩ −HG (𝑥, 𝑝)} . (14)

The importance of the Lagrangian (14) lies in that it provides
a “pointwise” large deviation principle (LDP) of the form

ℙ

(
1
𝑛

𝑛∑︁
𝑘=0

G(𝑥;𝜔𝑛) ∈ B
)
∼ exp

(
−𝑛 inf

𝑣∈B
LG (𝑥, 𝑣)

)
(15)

for every Borel B ⊆ ℝ𝑑 . In view of this LDP, the long-run
aggregate statistics of the sum 𝑆𝑛 =

∑𝑛−1
𝑘=0 G(𝑥;𝜔𝑘) are fully

determined by LG [16]; however, even though the iterates
𝑥𝑛 = 𝑥0 − 𝜂

∑𝑛−1
𝑘=0 G(𝑥𝑘 ;𝜔𝑘) of (SGD) are likewise defined

as a sum of SFO queries, obtaining a “trajectory-wise” LDP
for 𝑥𝑛 is far more involved.

To address this challenge, the seminal idea of Freidlin &
Wentzell [23] was to treat the entire trajectory 𝑥𝑛, 𝑛 =

0, 1, . . ., of (SGD) as a point in some infinite-dimensional
space of curves, and to derive a large deviation principle for
(SGD) directly in that space. To that end, drawing inspira-
tion from the Lagrangian formulation of classical mechan-
ics, the (normalized) action of LG along a continuous curve
𝛾 : [0, 𝑇] → ℝ𝑑 is defined as

S𝑇 [𝛾] =
∫ 𝑇

0
LG (𝛾(𝑡), ¤𝛾(𝑡)) 𝑑𝑡 (16)

with the convention S𝑇 [𝛾] = ∞ if 𝛾 is not absolutely con-
tinuous. In a certain sense – which we make precise in
Appendix B.4 – the quantity S𝑇 [𝛾] is a “measure of likeli-
hood” for the curve 𝛾, with lower values indicating higher
likelihoods. This is the so-called “least action principle” of
large deviations [23, 40], which we leverage below to char-
acterize the most – and least – likely transitions of (SGD).

The transition graph of (SGD). To achieve this character-
ization, we start by associating a certain transition cost to
each pair of critical components C𝑖 , C 𝑗 of 𝑓 . We will then
use these costs to quantify how likely it is to observe a given
chain of transitions terminating at the global minimum of 𝑓 .

To begin, following Freidlin & Wentzell [23], the quasi-
potential between two points 𝑥, 𝑥′ ∈ ℝ𝑑 is defined as

𝐵(𝑥, 𝑥′) B inf{S𝑇 [𝛾] : 𝛾 ∈ C𝑇 (𝑥, 𝑥′;Q), 𝑇 ∈ ℕ} (17)
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where C𝑇 (𝑥, 𝑥′;Q) denotes the set of all continuous curves
𝛾 : [0, 𝑇] → ℝ𝑑 with 𝛾(0) = 𝑥, 𝛾(𝑇) = 𝑥′, and 𝛾(𝑛) ∉ Q
for all 𝑛 = 1, . . . , 𝑇 −1.4 By construction, 𝐵(𝑥, 𝑥′) is simply
the cost of the “least action” path joining 𝑥 to 𝑥′ in time 𝑇
and not hitting Q before that time. As such, the induced
setwise cost is given by

𝐵(K,K′) B inf{𝐵(𝑥, 𝑥′) : 𝑥 ∈ K, 𝑥′ ∈ K′}. (18)

i.e., as the action of the “least costly” transition from some
point in K to some point in K′ which does not go through
Q in the meantime. In this way, focusing on the critical
components of 𝑓 , we obtain the matrix of transition costs

𝐵𝑖 𝑗 B 𝐵(C𝑖 , C 𝑗 ) for all 𝑖, 𝑗 = 1, . . . , 𝑁crit (19)

which compactly characterizes the “ease” with which 𝑥𝑛
may jump from C𝑖 to C 𝑗 .

We are now in a position to construct the transition graph of
(SGD), generalizing the introductory example of Section 2.
Formally, this is a weighted directed graph G ≡ G (V , E , 𝐵)
with the following primitives:

1. A set of vertices V indexed by 𝑖 = 1, . . . , 𝑁crit, that is,
one vertex per critical component of 𝑓 . [To lighten nota-
tion, we will not distinguish between the index 𝑖 and the
component C𝑖 that it labels.]

2. A set of directed edges E = {(𝑖, 𝑗) : 𝑖, 𝑗 =

1, . . . , 𝑁crit, 𝑖 ≠ 𝑗 , 𝐵𝑖 𝑗 < ∞}. In words, 𝑖 ; 𝑗 if and
only if the (direct) transition cost from C𝑖 to C 𝑗 is finite.

3. Finally, to each edge (𝑖, 𝑗) ∈ E we associate the weight
𝐵𝑖 𝑗 .

To further streamline our presentation and ensure that the
minimum set of 𝑓 can be reached from any initialization of
(SGD), we will make the following assumption for G:
Assumption 3. 𝐵𝑖 𝑗 < ∞ for all 𝑖, 𝑗 = 1, . . . , 𝑁crit.

This assumption is purely technical and holds automatically
if there is “sufficient noise” in the process; for a detailed
discussion, we refer the reader to Appendix C.4.

Transition forests, energy levels, and prunings. We now
have in our arsenal most of the elements required to quantify
the difficulty of reaching Q = arg min 𝑓 from an initial state
𝑥 ∈ ℝ𝑑 . As in the warmup setting of Section 2, we begin
by describing the relevant walks of (SGD) on the associated
transition graph G.

Given that we are interested in chains of transitions termi-
nating at the target set Q, we will refer to all nodes in Q

4We should note here that the curves that go in the definition
(17) of 𝐵 are only required to avoid Q at integer times. This is
because, while a continuous curve may reach Q at non-integer
times, we only need to exclude integer times because we are only
interested in the discrete-time process 𝑥𝑛, not its continuous-time
interpolations. We discuss this in detail in Appendices B.4 and C.

as target nodes, and all other nodes in V \Q as non-target
nodes.5 We then define a transition forest for Q to be a
directed acyclic subgraph T of G such that (i) target nodes
have no outgoing edges; and (ii) every non-target node of T
has precisely one outgoing edge.6 In particular, this means
that there exists a unique path from every non-target node
𝑖 ∈ V \Q to some target node 𝑗 ∈ Q. The energy of Q is
then defined to be the minimal cost over such forests, viz.

𝐸 (Q) B min
T ∈G (Q)

∑︁
(𝑖, 𝑗 ) ∈T

𝐵𝑖 𝑗 (20)

where G (Q) denotes the set of all transition forests toward
Q on G. 7 In this way, the energy of Q represents the
minimum aggregate cost of getting to Q, and it can be seen
as an overall measure of how “easy” it is to reach Q.

To account for the initialization of (SGD), we will need to
perform a “pruning” construction, whereby we will system-
atically delete different edges of G and record the impact of
this deletion on the energy of Q. Formally, given a starting
node 𝑝 ∈ V \Q, we let 𝑟 = |V | − |Q| − 1 denote the number
of “residual nodes” 𝑗 ∈ V that are neither starting ( 𝑗 ≠ 𝑝)
nor targets ( 𝑗 ∉ Q). A pruning of 𝑝 from Q is then defined
to be a directed acyclic subgraph S of G such that

1. S has 𝑟 edges, at most one per non-target node 𝑗 ∈ V \Q.
2. Target nodes have no outgoing edges.
3. There is no path from 𝑝 to Q.8

The energy required to prune 𝑝 from Q is then defined as
the minimal such cost, viz.

𝐸 (𝑝 ̸; Q) B min
S∈G (𝑝 ̸;Q)

∑︁
(𝑖, 𝑗 ) ∈S

𝐵𝑖 𝑗 (21)

where G (𝑝 ̸; Q) denotes the set of all prunings of 𝑝 from
Q in G. Then, to complete the picture, we define the energy
of Q relative to 𝑝 ∈ V \Q as

𝐸 (Q | 𝑝) B 𝐸 (Q) − 𝐸 (𝑝 ̸; Q) (22)

= min
T ∈G (Q)

∑︁
(𝑖, 𝑗 ) ∈T

𝐵𝑖 𝑗 − min
S∈G (𝑝 ̸;Q)

∑︁
(𝑖, 𝑗 ) ∈S

𝐵𝑖 𝑗 .

Finally, for a given initialization 𝑥 ∈ ℝ𝑑 , we set

𝐸 (Q | 𝑥) B max
𝑝∈V\Q

[𝐸 (Q | 𝑝) − 𝐵(𝑥, 𝑝)]+ (23)

5In our case, the target nodes are simply the globally minimiz-
ing components of 𝑓 . To streamline notation, Q will be viewed
interchangeably as a set of points in ℝ𝑑 or as a set of nodes in V .

6Equivalently, a transition forest for Q can be seen as a span-
ning union of disjoint in-trees, each converging to a target node.

7When Q is a singleton (i.e., arg min 𝑓 is connected), a transi-
tion forest for Q is a spanning in-tree, so our definition generalizes
and extends that of Azizian et al. [5].

8Equivalently, a pruning of 𝑝 from Q can be seen as a spanning
union of disjoint rooted in-trees, each rooted at some target node,
except the one containing the starting node 𝑝, which is rooted at a
non-target node.
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i.e., 𝐸 (Q | 𝑥) is the highest energy of Q relative to starting
nodes 𝑝 ∈ V \Q that can be reached from 𝑥, modulo the cost
of the initial transition 𝑥 ; 𝑝. This quantity measures the
difficulty of reaching Q from 𝑥, and it plays a central role
in our estimates of the global convergence time of (SGD).

The global convergence time of (SGD). We are finally in
a position to state our main estimate for the global conver-
gence time of (SGD).
Theorem 1. Suppose that Assumptions 1–3 hold and (SGD)
is initialized at 𝑥 ∈ ℝ𝑑 . Then, given a tolerance level 𝜀 > 0,
and small enough 𝛿, 𝜂 > 0, we have

exp
(
𝐸 (Q | 𝑥) − 𝜀

𝜂

)
≤ 𝔼𝑥 [𝜏] ≤ exp

(
𝐸 (Q | 𝑥) + 𝜀

𝜂

)
provided that the attracting strength of Q is large enough
for the left inequality (lower bound).

This theorem provides matching upper and lower bounds for
the global convergence time of (SGD) starting at 𝑥 ∈ ℝ𝑑 ,
and we prove it in Appendices B–D as a special case of
the more general Theorems D.2 and D.3.9 Importantly, the
sandwich bounds for 𝜏 scale exponentially with the inverse
of the step-size 𝜂 and show that the global convergence time
of (SGD) is characterized by the pruned energy 𝐸 (Q | 𝑥).
In this sense, 𝐸 (Q | 𝑥) characterizes the hardness of the non-
convex optimization landscape for (SGD) and captures the
fact that the hardness of global convergence stems from the
presence of spurious local minima (that is, locally minimiz-
ing components that are not globally minimizing). Indeed,
as we show in Appendix D.6, the energy 𝐸 (Q | 𝑥) of Q
relative to 𝑥 vanishes for all 𝑥 if and only if there are no
spurious minima, in which case 𝜏 becomes subexponential.

Moreover, when the initialization 𝑥 ∈ ℝ𝑑 belongs to the
basin of a specific minimizing component 𝑝,10 Theorem 1
can be restated in a sharper manner that involves directly
𝐸 (Q | 𝑝) the energy of Q relative to 𝑝, instead of 𝑥 (cf.
(22)).
Theorem 2. Suppose that Assumptions 1–3 hold. Then,
given a tolerance 𝜀 > 0 and an initialization 𝑥 ∈ ℝ𝑑 that
belongs to the basin of attraction of the (minimizing) com-
ponent 𝑝 ∈ V , there exist Δ > 0 and an event 𝐻 with
ℙ𝑥 (𝐻) ≥ 1 − 𝑒−Δ/𝜂 such that, for small enough 𝛿, 𝜂 > 0,
we have

exp
(
𝐸 (Q | 𝑝) − 𝜀

𝜂

)
≤ 𝔼𝑥 [𝜏 | 𝐻] ≤ exp

(
𝐸 (Q | 𝑝) + 𝜀

𝜂

)
provided that the attracting strength of Q is large enough
for the left inequality (lower bound).

9We should note here that the requirement on the attracting
strength for the lower bound is purely technical; for more details,
see the proof sketch Appendix B.1.

10To dispel any ambiguity, we mean here a basin of attraction
for the gradient flow of 𝑓 .

This theorem is proved in Appendix D.4 as a special case
of the more general Theorems D.5 and D.6, and it shows
that, conditioned on a high probability event, the global
convergence time of (SGD) starting at 𝑥 ∈ ℝ𝑑 is determined
by the energy 𝐸 (Q | 𝑝) of Q relative to the minimizing
component 𝑝 ∈ V that attracts 𝑥 under the gradient flow
of 𝑓 .11 Intuitively, Theorem 2 shows that all initial points
𝑥 in the basin of 𝑝 will move to a small neighborhood of
𝑝 with overwhelmingly high probability and, because this
transition takes relatively little time, the global convergence
time from to the global minimum is approximately equal
to the convergence time from 𝑝 to Q. In the next section,
we quantify the precise way that 𝐸 (Q | 𝑝) depends on the
geometry of the problem’s loss landscape.

5 Influence of the loss landscape
In this section, we explain how the energy 𝐸 (Q | 𝑝) of (22),
which controls the global convergence time, depends on the
noise, the depths of the spurious minima and their relative
positions with respect to each other. We sketch the key
elements and we refer to Appendix E for the full details.

The first step is to derive upper and lower bounds on the
transition costs 𝐵𝑖 𝑗 . From Assumption 2(c), we have a
lower-bound on 𝐵𝑖 𝑗 for any 𝑖, 𝑗 : we have 𝐵𝑖 𝑗 ≥ 𝐵𝑖 𝑗 where

𝐵𝑖 𝑗B inf
𝑇,𝛾

{
sup
𝑠<𝑡

2
(
𝑓 (𝛾 (𝑡 ) )− 𝑓 (𝛾 (𝑠) )

)
𝜎2 : 𝛾(0) ∈ C𝑖 , 𝛾(𝑇) ∈ C 𝑗

}
.

(24)
This means that the transition cost is at least equal to the
maximal upward jump in the objective function that cannot
be avoided when going from C𝑖 to C 𝑗 . To obtain the upper-
bound, we need an extra assumption on the noise.

Extra noise assumption. While we only assumed a bound
on the magnitude of the gradient noise (Assumption 2(c)),
we now require in addition a bound on the “minimal level
of noise”, through the following assumption.

Assumption 4. The Lagrangian of G is bounded as

LG (𝑥, 𝑣) ≤
∥𝑣 + ∇ 𝑓 (𝑥)∥2

2𝜎2 ∀𝑣 s.t. ∥𝑣∥ ≤ 2∥∇ 𝑓 (𝑥)∥

for all 𝑥 in some large enough compact set.

This assumption is satisfied by general types of noise (in-
cluding finite-sum models) given a lower-bound on the vari-
ance of Z(𝑥;𝜔) and a condition on the support; see Ap-
pendix E.1. In particular, if Z(𝑥;𝜔) follows a (truncated)
Gaussian distribution with a variance 𝜎2, then Assump-
tion 4 is satisfied with 𝜎2 = (1 − 𝜀)𝜎2, where 𝜀 depends

11Importantly, this situation is generic: under standard assump-
tions, the set of points that do not belong to such a basin has
measure zero.
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on the truncation level. In that case, the constant 𝜎2 of
Assumption 2(c) can be taken as 𝜎2 = (1 + 𝜀)𝜎2 (see Ap-
pendix E.1). Note then that the ratio 𝜎2/𝜎2 is close to 1,
which will matter in the next theorem.

Transition between basins. With Assumption 4, we obtain
quantitative upper-bounds on the transition costs between
two neighboring components. More precisely, if C𝑖 and C 𝑗
are such that their basins of attraction intersect, then the cost
of transitioning from C𝑖 to C 𝑗 is bounded by

𝐵𝑖 𝑗 ≤
2( 𝑓𝑖, 𝑗 − 𝑓𝑖)

𝜎2 (25)

where 𝑓𝑖, 𝑗 is the minimum of 𝑓 over that intersection and 𝑓𝑖
is the value of 𝑓 on C𝑖 .

With these bounds, we recover immediately the example of
Section 2. When the closure of the basin of C𝑖 intersects C 𝑗
itself, 𝑓𝑖, 𝑗 is simply the value of 𝑓 on C 𝑗 and (25) simplifies
to the same expression as in (3). The equality in (3) is thus
obtained by combining (24) and (25) in the Gaussian case.

Graph structure. From the bounds of 𝐵𝑖 𝑗 , we can get
bounds on 𝐸 (Q | 𝑝) as follows. We restrict the transition
graph of Section 4 to neighboring components: we consider
G′ with vertices V and edges 𝑗 ; 𝑘 if the closures of the
basins of C 𝑗 and C𝑘 intersect. Given a path P 𝑗 = 𝑗 ; 𝑗1 ;

· · ·; 𝑗𝑚 in G′ that ends in Q, we define its cost as

cost(P 𝑗 ) B max
𝑛=0,...,𝑚−1

max
{
𝑓 𝑗𝑛 , 𝑗𝑛+1 − 𝑓 𝑗𝑛 , 𝑓 𝑗𝑛 , 𝑗𝑛+1 − 𝑓 𝑗

}
.

This cost involves the values of the objective function along
the path from 𝑗 to Q and captures the maximum depth of
a minima encountered on the path: indeed, 𝑓 𝑗𝑛 , 𝑗𝑛+1 − 𝑓 𝑗𝑛
represents the jump in the loss function when going from
C 𝑗𝑛 to C 𝑗𝑛+1 while 𝑓 𝑗𝑛 , 𝑗𝑛+1 − 𝑓 𝑗 represents the total jump
when going from C 𝑗 to C 𝑗𝑛+1 .

Result and discussion. With the above quantities, we can
establish that the energy 𝐸 (Q | 𝑝), that governs the global
convergence time of Theorem 2, is bounded as follows.

Theorem 3. Under Assumptions 1–4, for 𝑝 ∈ V \Q,

𝐸 (Q | 𝑝) ≤ max
𝑗:𝐵𝑝 𝑗≤𝑟

min
P 𝑗

2 cost(P 𝑗 )
𝜎2 +O

(
1 −

𝜎2

𝜎2

)
(26)

for some 𝑟 > 0 that depends on the graph structure G′.

This means that 𝐸 (Q | 𝑝) is bounded by the maximum depth
of the minimizers that SGD must go through in order to
reach Q. This involves all the paths in G′ that start at a
component close to 𝑝, as measured by 𝐵𝑖 𝑗 .

Consider, for instance, the example of Section 2: the bound
of Theorem 3 is attained for 𝑝5 ; 𝑝3 ; 𝑝1 and we recover

the formula of (5). In this case, the convergence time de-
pends exponentially on the depths of the minima. However,
different noise models would lead to qualitatively differ-
ent results: Gaussian noise with variance scaling linearly
with the objective value [61] would lead to a polynomial
dependence on the depths of the minima. Our framework in
Appendix E encompasses this case.

Importantly, in the context of neural network training, our
results offer a way to connect geometric properties of the
loss landscape to sharp estimates of the convergence time of
(SGD). Indeed, under certain conditions, neural networks
have no spurious local minima [62, 64], in which case Theo-
rem 1 guarantees subexponential convergence to the global
minimum of 𝑓 . More to the point, even when spurious min-
ima of bounded depth are present [66], Theorems 2 and 3
provide a way to translate these depth bounds directly into
convergence time estimates for (SGD).

6 Concluding remarks
Our aim was to characterize the global convergence time
of (SGD) in non-convex landscapes. Our characterization
involves a pair of matching lower and upper bounds which
captures the delicate interplay between (a) the geometry
of the loss landscape of the problem’s objective function;
(b) the statistical profile of the stochastic first-order oracle
that provides gradient input to (SGD); and (c) the hardest set
of obstacles that separate the algorithm’s initialization from
the function’s global minimum. In this sense, the character-
istic exponent of our global convergence time estimate can
be seen as a measure of the hardness of the non-convex min-
imization problem at hand – and, importantly, it vanishes
(resp. nearly vanishes) if the function admits no spurious
local minima (resp. sufficiently shallow local minima), indi-
cating a transition to subexponential convergence times.

A concrete take-away of our analysis and results is that the
global convergence time of (SGD) scales exponentially in
(a) the inverse of the step-size; (b) the variance of the noise;
and (c) the depth of any spurious minima of 𝑓 . Among oth-
ers, this has explicit ramifications for (overparameterized)
neural nets: in order to escape the exponential regime, the
depth of spurious minimizers must scale logarithmically in
the dimension of the problem which, in turn, indicates the
depth (or width, depending on the model) that a neural net
must have in order to reach a state with near-zero empirical
loss in subexponential time.

From a broader theoretical perspective, our results also pro-
vide a flexible analysis template to tackle a wide range of
stochastic gradient-based algorithms, such as Adam, os-
cillatory step-size schedules, etc., as well as the study of
interpolation and its influence on the global convergence
landscape of (SGD). We defer these investigations to the
future.
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[33] Jastrzębski, S., Kenton, Z., Arpit, D., Ballas, N., Fischer, A.,
Bengio, Y., and Storkey, A. Three factors influencing minima
in sgd. arXiv preprint arXiv:1711.04623, 2017.

[34] Jordan, R., Kinderlehrer, D., and Otto, F. The variational
formulation of the Fokker–Planck equation. SIAM Journal
on Mathematical Analysis, 29(1):1–17, January 1998.

[35] Karimi, M. R., Hsieh, Y.-P., Mertikopoulos, P., and Krause,
A. The dynamics of Riemannian Robbins-Monro algorithms.
In COLT ’22: Proceedings of the 35th Annual Conference
on Learning Theory, 2022.

[36] Kawaguchi, K. Deep learning without poor local minima. In
NIPS ’16: Proceedings of the 30th International Conference
on Neural Information Processing Systems, 2016.

[37] Kiefer, J. and Wolfowitz, J. Stochastic estimation of the max-
imum of a regression function. The Annals of Mathematical
Statistics, 23(3):462–466, 1952.

[38] Kifer, Y. Random Perturbations of Dynamical Systems.
Birkhäuser, Boston, MA, 1988.

[39] Kifer, Y. Random Perturbations of Dynamical Systems.
Birkhäuser Boston, Boston, MA, 1988.

[40] Kifer, Y. A discrete-time version of the Wentzell-Freidlin
theory. Annals of Probability, 18(4):1676–1692, October
1990.

[41] Lan, G. First-order and Stochastic Optimization Methods for
Machine Learning. Springer, 2020.

[42] Li, D., Ding, T., and Sun, R. On the benefit of width for
neural networks: Disappearance of basins. SIAM Journal on
Optimization, 32(3):1728–1758, 2022.

[43] Li, L. and Wang, Y. A sharp uniform-in-time error estimate
for Stochastic Gradient Langevin Dynamics. arXiv preprint
arXiv:2207.09304, 2022.

[44] Li, Q., Tai, C., and Weinan, E. Stochastic modified equations
and adaptive stochastic gradient algorithms. In International
Conference on Machine Learning (ICML), pp. 2101–2110.
PMLR, 2017.

[45] Li, Q., Tai, C., and E, W. Stochastic Modified Equations and
Dynamics of Stochastic Gradient Algorithms I: Mathematical

Foundations. Journal of Machine Learning Research, 20(40):
1–47, 2019.

[46] Li, Z., Lyu, K., and Arora, S. Reconciling modern deep
learning with traditional optimization analyses: The intrinsic
learning rate. In Advances in Neural Information Processing
Systems (NeurIPS), volume 33, pp. 14544–14555, 2020.

[47] Li, Z., Wang, T., and Arora, S. What happens after SGD
reaches zero loss?–a mathematical framework. In Inter-
national Conference on Learning Representations (ICLR),
2021.

[48] Li, Z., Wang, T., and Yu, D. Fast mixing of stochastic
gradient descent with normalization and weight decay. In Ad-
vances in Neural Information Processing Systems (NeurIPS),
volume 35, pp. 9233–9248, 2022.

[49] Liu, C., Drusvyatskiy, D., Belkin, M., Davis, D., and Ma,
Y.-A. Aiming towards the minimizers: Fast convergence of
SGD for overparametrized problems, June 2023.

[50] Ljung, L. Analysis of recursive stochastic algorithms. IEEE
Transactions on Automatic Control, 22(4):551–575, August
1977.

[51] Ljung, L. Strong convergence of a stochastic approximation
algorithm. Annals of Statistics, 6(3):680–696, 1978.

[52] Lu, Y., Balasubramanian, K., Volgushev, S., and Erdogdu,
M. A. An analysis of constant step size sgd in the non-convex
regime: Asymptotic normality and bias. In Advances in Neu-
ral Information Processing Systems (NeurIPS), volume 34,
2021.

[53] Lytras, I. and Mertikopoulos, P. Tamed Langevin sampling
under weaker conditions. https://arxiv.org/abs/2405.
17693, 2024.

[54] Marion, P., Wu, Y.-H., Sander, M. E., and Biau, G. Im-
plicit regularization of deep residual networks towards neural
ODEs. In The Twelfth International Conference on Learn-
ing Representations, 2024. URL https://openreview.net/
forum?id=AbXGwqb5Ht.

[55] Mertikopoulos, P. and Staudigl, M. On the convergence of
gradient-like flows with noisy gradient input. SIAM Journal
on Optimization, 28(1):163–197, January 2018.

[56] Mertikopoulos, P. and Staudigl, M. Stochastic mirror descent
dynamics and their convergence in monotone variational in-
equalities. Journal of Optimization Theory and Applications,
179(3):838–867, December 2018.

[57] Mertikopoulos, P., Hallak, N., Kavis, A., and Cevher, V. On
the almost sure convergence of stochastic gradient descent
in non-convex problems. In NeurIPS ’20: Proceedings of
the 34th International Conference on Neural Information
Processing Systems, 2020.

[58] Mertikopoulos, P., Hsieh, Y.-P., and Cevher, V. A unified
stochastic approximation framework for learning in games.
Mathematical Programming, 203:559–609, January 2024.

[59] Mignacco, F. and Urbani, P. The effective noise of stochastic
gradient descent. Journal of Statistical Mechanics: Theory
and Experiment, 2022(8):083405, 2022.

[60] Mignacco, F., Krzakala, F., Urbani, P., and Zdeborová, L.
Dynamical mean-field theory for stochastic gradient descent
in gaussian mixture classification. In Advances in Neural
Information Processing Systems (NeurIPS), volume 33, pp.
9540–9550, 2020.

[61] Mori, T., Ziyin, L., Liu, K., and Ueda, M. Power-law es-
cape rate of sgd. In International Conference on Machine
Learning (ICML), pp. 15959–15975. PMLR, 2022.

11

https://openreview.net/forum?id=h0a3p5WtXU
https://openreview.net/forum?id=h0a3p5WtXU
https://arxiv.org/abs/2405.17693
https://arxiv.org/abs/2405.17693
https://openreview.net/forum?id=AbXGwqb5Ht
https://openreview.net/forum?id=AbXGwqb5Ht


The Global Convergence Time of SGD in Non-Convex Landscapes

[62] Nguyen, Q. and Hein, M. The loss surface of deep and wide
neural networks. In International conference on machine
learning, pp. 2603–2612. PMLR, 2017.

[63] Nguyen, Q. and Hein, M. Optimization landscape and expres-
sivity of deep cnns. In International conference on machine
learning, pp. 3730–3739. PMLR, 2018.

[64] Nguyen, Q., Mukkamala, M. C., and Hein, M. On the loss
landscape of a class of deep neural networks with no bad
local valleys. In International Conference on Learning Repre-
sentations, 2019. URL https://openreview.net/forum?
id=HJgXsjA5tQ.

[65] Nguyen, Q. N. and Mondelli, M. Global convergence of deep
networks with one wide layer followed by pyramidal topol-
ogy. Advances in Neural Information Processing Systems,
33:11961–11972, 2020.

[66] Nguyen, Q. N., Bréchet, P., and Mondelli, M. When are
solutions connected in deep networks? Advances in Neural
Information Processing Systems, 34:20956–20969, 2021.

[67] Nguyen, T. H., Simsekli, U., Gurbuzbalaban, M., and
RICHARD, G. First Exit Time Analysis of Stochastic Gra-
dient Descent Under Heavy-Tailed Gradient Noise. In Ad-
vances in Neural Information Processing Systems (NeurIPS),
volume 32, 2019.

[68] Oymak, S. and Soltanolkotabi, M. Toward moderate overpa-
rameterization: Global convergence guarantees for training
shallow neural networks. IEEE Journal on Selected Areas in
Information Theory, 1(1):84–105, 2020.

[69] Pavasovic, K. L., Durmus, A., and Simsekli, U. Approxi-
mate heavy tails in offline (multi-pass) stochastic gradient
descent. In Advances in Neural Information Processing Sys-
tems (NeurIPS), 2023.

[70] Pemantle, R. Nonconvergence to unstable points in urn
models and stochastic aproximations. Annals of Probability,
18(2):698–712, April 1990.

[71] Petzka, H. and Sminchisescu, C. Non-attracting Regions of
Local Minima in Deep and Wide Neural Networks. Journal
of Machine Learning Research, 22(143):1–34, 2021. ISSN
1533-7928.

[72] Pollaci, S. Spurious valleys and clustering behavior of neural
networks. In International Conference on Machine Learning,
pp. 28079–28099. PMLR, 2023.

[73] Raginsky, M., Rakhlin, A., and Telgarsky, M. Non-
convex learning via stochastic gradient langevin dynamics: a
nonasymptotic analysis. In Conference on Learning Theory
(COLT), pp. 1674–1703. PMLR, 2017.

[74] Robbins, H. and Monro, S. A stochastic approximation
method. Annals of Mathematical Statistics, 22:400–407,
1951.

[75] Staib, M., Reddi, S., Kale, S., Kumar, S., and Sra, S. Escap-
ing saddle points with adaptive gradient methods. In ICML

’19: Proceedings of the 36th International Conference on
Machine Learning, 2019.

[76] Van Den Dries, L. and Miller, C. Geometric categories and
o-minimal structures. Duke Math. J., 84(2), August 1996.

[77] Veiga, R., Remizova, A., and Macris, N. Stochastic gradient
flow dynamics of test risk and its exact solution for weak
features. arXiv preprint arXiv:2402.07626, 2024.

[78] Venturi, L., Bandeira, A. S., and Bruna, J. Spurious valleys
in one-hidden-layer neural network optimization landscapes.
Journal of Machine Learning Research, 20(133):1–34, 2019.

[79] Vlaski, S. and Sayed, A. H. Second-order guarantees
of stochastic gradient descent in non-convex optimization.
https://arxiv.org/abs/1908.07023, 2019.

[80] Wainwright, M. J. High-dimensional statistics: A non-
asymptotic viewpoint, volume 48. Cambridge university
press, 2019.

[81] Wang, X., Oh, S., and Rhee, C.-H. Eliminating sharp minima
from SGD with truncated heavy-tailed noise. In International
Conference on Learning Representations, 2022. URL https:
//openreview.net/forum?id=B3Nde6lvab.

[82] Wang, Y. and Wang, Z. Three-stage evolution and fast equi-
librium for sgd with non-degerate critical points. In Interna-
tional Conference on Machine Learning (ICML), pp. 23092–
23113. PMLR, 2022.

[83] Wang, Y., Lacotte, J., and Pilanci, M. The hidden convex op-
timization landscape of regularized two-layer reLU networks:
an exact characterization of optimal solutions. In Interna-
tional Conference on Learning Representations, 2022. URL
https://openreview.net/forum?id=Z7Lk2cQEG8a.

[84] Weinan, E., Ma, C., Wang, Q., and Wu, L. Analysis of
the Gradient Descent Algorithm for a Deep Neural Network
Model with Skip-connections. ArXiv, April 2019.

[85] Wojtowytsch, S. Stochastic gradient descent with noise of
machine learning type part i: Discrete time analysis. Journal
of Nonlinear Science, 33(3):45, 2023.

[86] Xie, Z., Sato, I., and Sugiyama, M. A diffusion theory for
deep learning dynamics: Stochastic gradient descent expo-
nentially favors flat minima. In International Conference on
Learning Representations (ICLR), 2020.

[87] Yang, J., Hu, W., and Li, C. J. On the fast convergence
of random perturbations of the gradient flow. Asymptotic
Analysis, 122(3-4):371–393, 2021.

[88] Zhang, H., Yu, D., Yi, M., Chen, W., and Liu, T.-Y. Stabilize
deep resnet with a sharp scaling factor 𝜏. Machine Learning,
111(9):3359–3392, 2022.

[89] Zhou, Z., Mertikopoulos, P., Bambos, N., Boyd, S. P., and
Glynn, P. W. Stochastic mirror descent for variationally
coherent optimization problems. In NIPS ’17: Proceedings
of the 31st International Conference on Neural Information
Processing Systems, 2017.

[90] Zhou, Z., Mertikopoulos, P., Bambos, N., Boyd, S. P., and
Glynn, P. W. On the convergence of mirror descent beyond
stochastic convex programming. SIAM Journal on Optimiza-
tion, 30(1):687–716, 2020.

[91] Zou, D. and Gu, Q. An improved analysis of training over-
parameterized deep neural networks. Advances in neural
information processing systems, 32, 2019.

[92] Zou, D., Cao, Y., Zhou, D., and Gu, Q. Gradient descent
optimizes over-parameterized deep relu networks. Machine
learning, 109:467–492, 2020.

[93] Zou, D., Long, P. M., and Gu, Q. On the global conver-
gence of training deep linear resnets. In International Con-
ference on Learning Representations, 2020. URL https:
//openreview.net/forum?id=HJxEhREKDH.

12

https://openreview.net/forum?id=HJgXsjA5tQ
https://openreview.net/forum?id=HJgXsjA5tQ
https://arxiv.org/abs/1908.07023
https://openreview.net/forum?id=B3Nde6lvab
https://openreview.net/forum?id=B3Nde6lvab
https://openreview.net/forum?id=Z7Lk2cQEG8a
https://openreview.net/forum?id=HJxEhREKDH
https://openreview.net/forum?id=HJxEhREKDH


The Global Convergence Time of SGD in Non-Convex Landscapes

Appendices

A Related work 15

A.1 (SGD) as a discrete-time Markov chain . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

A.2 The diffusion approximation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

A.3 Exit times for (SGD) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

A.4 Overparameterized neural networks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

A.5 LDP for stochastic algorithms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

B Large deviation analysis of SGD 17

B.1 Outline of proof . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

B.2 Setup and assumptions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

B.3 Hamiltonian and Lagrangian . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

B.4 A large deviation principle for SGD . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

B.5 Return to critical points . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

B.6 Attractors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

B.7 Convergence and stability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

C Transitions 24

C.1 Setup . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

C.2 Induced chain . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

C.3 Estimates of the transition probabilities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

C.4 Accelerated induced chain . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

C.5 Initial transition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

C.6 Transition time . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

D Finite-Time Analysis 35

D.1 Markov Chains on finite state spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

D.2 Hitting time of the accelerated process . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

D.3 Hitting time of SGD . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

D.4 Basin-dependent convergence result . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45

D.5 Full transition costs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

D.6 Link to topological properties of the loss landscape . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

E Potential-based Bounds 52

E.1 Noise assumptions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

E.2 Potentials and path reversal . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

E.3 Graph representation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

F Numerical validation 61

13



The Global Convergence Time of SGD in Non-Convex Landscapes

G Auxiliary results 63

G.1 Truncated Gaussian distribution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

14



The Global Convergence Time of SGD in Non-Convex Landscapes

A Related work

A.1 (SGD) as a discrete-time Markov chain

In a relatively recent thread in the literature, Dieuleveut et al. [17] and Lu et al. [52] undertook a study of (SGD) as a
discrete-time Markov chain. This allowed Dieuleveut et al. [17], Lu et al. [52] to derive conditions under which (SGD) is
(geometrically) ergodic and, in this way, to quantify the distance to the minimizer under global growth conditions. Building
further on this perspective, Gurbuzbalaban et al. [26], Hodgkinson & Mahoney [27] and Pavasovic et al. [69] showed that,
under general conditions, the asymptotic distribution of the iterates of (SGD) is heavy-tailed; As such, these results concern
the probability of observing the iterates of (SGD) at very large distances from the origin. This is in contrast with our
work, which focuses on the time it takes (SGD) to reach a global minimizer. These two types of results are orthogonal and
complementary to each other.

A.2 The diffusion approximation

A classical thread in the literature – and the foundation of Langevin sampling methods – revolves around gradient flows
perturbed by Brownian noise in continuous time; in this case, it is possible to get en explicit expression for the invariant
measure of the resulting stochastic differential equation (SDE) [34], or estimate it in more difficult, constrained cases
[8, 12, 55, 56, 89, 90]. Owing to our understanding of gradient-based SDEs, an important thread in the literature concerns
the so-called SDE approximation of (SGD), as pioneered by Li et al. [44, 45]. Applications of this SDE approximation
include the study of the dynamics of (SGD) close to manifolds of minimizers [11, 47] or Yang et al. [87] which quantifies
the global convergence of the diffusion approximation of (SGD) when the function has no spurious local minima. When the
objective function is scale-invariant [46], we can obtain further results: Wang & Wang [82] describes the convergence of the
SDE approximation to its asymptotic regime, while Li et al. [47, 48] also quantify the convergence (SGD) initialized close
to minimizers.

Another line of work leverages DMFT to study the behavior of the diffusion approximation of (SGD) [59, 60, 77]. The
DMFT, or “path-integral” approach, comes from statistical physics and bears a close resemblance to the Freidlin-Wentzell
theory of large deviations for SDEs. All these results are either local or concern the asymptotic behaviour of the continuous-
time approximation of (SGD). They do not provide information of the global convergence time of the actual discrete-time
(SGD), since the approximation guarantees fail to hold on large enough time intervals.

A.3 Exit times for (SGD)

In our work, we study how long it takes for (SGD) to reach a global minimizer. There is vast literature that instead
seeks to understand how long it takes for (SGD) to exit a local minimum. For this, these works study either the diffusion
approximation [7, 25, 30, 33, 61, 86] or on heavy-tail versions of this diffusion [67, 81]. Interestingly, some of these works
use elements of the continuous-time Freidlin–Wentzell theory [22], which is also the point of departure of our paper.

Note that studying exit times it not enough to characterize the convergence time of (SGD) to a global minimizer. In fact, a
simple way to see this is given by our introductory example in Section 2. Indeed, in this case, the escape time of 𝑝3 scales
exponentially in 𝑓 (𝑝2) − 𝑓 (𝑝3) (the depth of 𝑝3) while the escape time of 𝑝5 would scale exponentially in 𝑓 (𝑝4) − 𝑓 (𝑝5).
However, the global convergence time of (SGD) as determined by (4) is greater than either of these two exponentials: indeed,
our result takes into account that, when in the vicinity of 𝑝3, (SGD) could transition to 𝑝5 instead of 𝑝1 an arbitrary number
of times. Hence, characterizing escape times is not enough to describe the global convergence time of (SGD) in general.

A.4 Overparameterized neural networks

The pioneering work of [1, 19, 92] show convergence for neural networks: overparameterization and Gaussian initialization
enable convergence to a global minimum. Among the many subsequent works, let us mention [4, 84, 88, 91, 93]. In
particular, with 𝑁 denoting the number of training datapoints, this type of results require either a𝑂 (𝑁2)-width with Gaussian
initialization [65, 68] or a 𝑂 (𝑁)-width under additional structure: infinite depth [54] or specific initialization [49, 65]. Our
work addresses a different question as it provides a convergence analysis on general non-convex functions, regardless of the
structure of the objective or the initialization.

A fruitful line of works studies the geometric properties of the loss landscapes of neural networks, and in particular whether
they contain spurious local minima [36]. Nguyen & Hein [62], Nguyen et al. [64] show that there are no spurious local

15



The Global Convergence Time of SGD in Non-Convex Landscapes

minima, or “bad valley”, if the architecture possesses an hidden layer with width a least 𝑁 . There are many refinements:
e.g. leveraging the structure of the data [78], considering regularization [83], convolutional neural networks [63] or other
variations of the architecture [3, 71, 72, 83]. Moreover, Li et al. [42] shows that this requirement is tight for one-hidden
layer neural networks, in some settings. When the sizes of the hidden layers are smaller than 𝑁 , the loss landscape does
generally have spurious local minima [14]. Interestingly, in this case, the depth of these spurious can be explicitly bounded
[66] and made arbitrarily small with hidden layers of size only

√
𝑁 .

Another fundamental property of overparameterized neural networks is that they can perfectly fit the training data and
therefore, the noise of (SGD) vanishes at the global minimum. In this setting, under sufficient noise assumption everywhere
else, Wojtowytsch [85], shows that (SGD) reaches a neighborhood of a global minimizer almost surely, gets trapped in
this neighborhood and then converges to the global minimizer with a provided asymptotic rate. Our work can be seen as a
precise estimation of the time to reach the neighborhood of the global minimizer.

Also motivated by the interpolation phenomenon, Islamov et al. [32] introduces the so-called 𝛼 − 𝛽 condition and shows a
global convergence of (SGD) under this condition. Though this condition is much weaker than convexity, it only ensures
that the function value of the iterates becomes less than the max of the values over all critical points. In contrast, our work
characterizes the time to convergence to global minimizer for any non-convex landscape.

A.5 LDP for stochastic algorithms

Our mathematical development use large deviation results for stochastic processes; see e.g., the monographs of Dupuis
& Ellis [20], Freidlin & Wentzell [22]. More precisely, we rely on the large deviation result [5, Cor. C.2], which is
an application of the theory of Freidlin & Wentzell [22]. Let us also mention two recent works on large deviations in
optimization settings: [6] that studies (SGD) with vanishing step-size on strongly convex functions and Hult et al. [31] that
considers general stochastic approximation algorithms.
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B Large deviation analysis of SGD

B.1 Outline of proof

Before reviewing notations and assumptions, we provide an overview of the proof of our main results Theorems 1 and 2.

Our framework is built on a large deviation principle for SGD (Appendix B.4): it yields precise estimations of the probability
that SGD approximately follows an arbitrary continuous-time path. In particular, this LDP concerns the accelerated
(subsampled) SGD process 𝑥𝜂𝑛 , 𝑛 = 0, 1, . . ., defined as

𝑥
𝜂
𝑛 = 𝑥𝑛⌊1/𝜂⌋ (B.1)

We rely on the LDP from [5]that we restate in Appendix B.4. Note that this LDP is obtained as a consequence of [22,
Chap. 7] by comparing the process (𝑥𝜂𝑛 )𝑛≥0 to its continuous-time linear interpolation (𝑋 (𝑡))𝑡≥0 defined by

𝑋 (𝑡) = 𝑥𝑛 +
𝑡 − 𝑛𝜂
𝜂
(𝑥𝑛+1 − 𝑥𝑛) (B.2)

for all 𝑛 = 0, 1, . . ., and all 𝑡 ∈ [𝑛𝜂, (𝑛 + 1)𝜂]. This is why the action function (16) is defined in terms of continuous time.

Our framework also builds on two other key results from [5]. First, we need Lemma B.3 restated in Appendix B.5 that
provides a control on the return time of SGD to a neighborhood of the set of critical points. In particular, it shows that the
distribution of this return time is roughly sub-exponential. Second, we require the careful analysis done in [5]that exploits
the structure of the set of critical points to obtain regularity properties on (16) locally, see Appendix B.6.

In Appendix C, we study the transitions of SGD, or more precisely the sequence of (B.1), between connected components
of critical points. In short, we characterize the probability that the iterates of (B.1) transition from one component of critical
points to another as well as the time it takes to do so. It is because of this new requirement compared to [5]that we have to
refine their estimates. For this, we introduce an induced Markov chain (𝑧𝑛)𝑛≥0 (Definition 8) that lives on the set of critical
components and captures the essential global convergence properties.

With the transition probabilities and times in hand, the system can now be analyzed as a finite state space Markov chain
whose states are the components of the set of critical points. Leveraging the tools of Freidlin & Wentzell [22], restated
in Appendix D.1, we obtain a characterization of the global convergence time of (B.1) to the set of critical points in
Appendix D.2.

The only thing left to do is to translate the results obtained for the subsampled process of (B.1) back to the original process
of SGD (Appendix D.3). The upper-bound is immediate but the lower-bound needs some care. This is where the attracting
strength defined in Section 3 comes into play: if the attracting strength is large enough, we can show that when SGD reaches
a neighborhood of a global minimum, it will remain there enough time for the next iterate of the subsampled process of (B.1)
to still be in that neighborhood. This in turn allows us to show the global convergence times of SGD and the subsampled
sequence roughly coincide, concluding the proof of Theorem 1.

Appendix D.4 is then dedicated to obtaining Theorem 2 while Appendix D.6 establishes the link between the presence of
spurious local minima and a non-zero energy.

The results of Section 5 are then obtained in Appendix E.

For convenience, the main dependencies between sections of the appendix are summarized in Fig. 3.

B.2 Setup and assumptions

Before we begin our proof, we introduce here notations and we revisit and discuss our standing assumptions. In particular,
to extend the range of our results, we provide in the rest of this appendix a weaker version of the blanket assumptions of
Section 3 which will be in force throughout the appendix.

We equip ℝ𝑑 with the canonical inner product ⟨·, ·⟩ and the associated Euclidean norm ∥·∥. We denote by 𝔹(𝑥, 𝑟)
(resp. 𝔹(𝑥, 𝑟)) the open (resp. closed) ball of radius 𝑟 centered at 𝑥.

We also also define, for any 𝐴 ⊂ ℝ𝑑 ,

U𝛿 (𝐴) B {𝑥 ∈ ℝ𝑑 : 𝑑 (𝑥, 𝐴) < 𝛿} . (B.3)
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Interpretations And Applications

Finite-Time Analysis

Analysis Of Transitions

Prerequisite Results

D.5 Full transition costs

D.6 Link to topological 

properties

of the loss landscape

E.3 Graph representation

E.1 Noise assumptions

E.2 Potentials and path reversal

D.2 Hitting time of the 

accelerated process

D.3 Hitting time of SGD

D.4 Basin-dependent 

convergence result

C.1 Setup, C.2 Induced Chain, 

C.3 Estimates of

the transition probabilities

C.4 Accelerated induced chain

C.5 Initial transition
C.6 Transition time

B.3 A LDP for SGDB.4 Return to critical points B.5 Attractors D.1 MC on finite state spaces

Figure 3: Structure of the proof: arrows represent the main logical implications between the main parts of the proof. The group
“Prerequisite results” gathers the tools from the literature that we rely on, mostly either from [4, 20, 21]. Our key technical contributions
that lead to Thm. 1-2 are “Analysis Of Transitions” and “Finite Time Analysis”. The results of §5 come from “Interpretation and
Applications”.

For any 𝑇 > 0, we denote by C ( [0, 𝑇]) = C ( [0, 𝑇],ℝ𝑑) the set of continuous functions from [0, 𝑇] to ℝ𝑑 .
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We begin with our assumptions for the objective function 𝑓 , which are a weaker version of Assumption 1.

Assumption 5. The objective function 𝑓 : ℝ𝑑 → ℝ satisfies the following conditions:

(a) Coercivity: 𝑓 (𝑥) → ∞ as ∥𝑥∥ → ∞.

(b) Smoothness: 𝑓 is 𝐶2-differentiable and its gradient is 𝛽-Lipschitz continuous, namely

∥∇ 𝑓 (𝑥′) − ∇ 𝑓 (𝑥)∥ ≤ 𝛽∥𝑥′ − 𝑥∥ for all 𝑥, 𝑥′ ∈ ℝ𝑑 . (B.4)

Assumption 6 (Critical set regularity). The critical set

crit( 𝑓 ) B
{
𝑥 ∈ ℝ𝑑 : ∇ 𝑓 (𝑥) = 0

}
(B.5)

of 𝑓 consists of a finite number of (compact) connected components. Moreover, each of these components K is connected
by piecewise absolutely continuous paths, i.e., for any 𝑥, 𝑥′ ∈ K, there exists 𝛾 ∈ C ( [0, 1],K) such that 𝛾0 = 𝑥, 𝛾1 = 𝑥′ and
such that it is piecewise absolutely continuous, i.e., 𝛾 is differentiable almost everywhere and there exists 0 = 𝑡0 < 𝑡1 <
· · · < 𝑡𝑁 = 1 such that ¤𝛾 is integrable on every closed interval of (𝑡𝑛, 𝑡𝑛+1) for 𝑛 = 0, . . . , 𝑁 − 1

Note that, since connected components of a closed set are closed, Assumption 5 automatically ensure that the connected
components of crit( 𝑓 ) are compact.

Unlike in Assumption 1, we do not require the connected components of crit 𝑓 to be smoothly connected but only piecewise
absolutely continuous.
Remark B.1. The path-connectedness requirement of Assumption 6 is satisfied whenever the connected components of
crit( 𝑓 ) are isolated critical points, smooth manifolds, or finite unions of closed manifolds. More generally, Assumption 6 is
satisfied whenever 𝑓 is definable – in which case crit 𝑓 is also definable, so each component can be connected by piecewise
smooth paths [15, 76]. The relaxation provided by Assumption 6 represents the “minimal” set of hypotheses that are required
for our analysis to go through. §

Moving forward, to align our notation with standard conventions in large deviations theory, it will be more convenient to
work with −Z(𝑥;𝜔) instead of Z(𝑥;𝜔) in our proofs. To make this clear, we restate below Assumption 2 in terms of the
noise process

𝑢(𝑥, 𝜔) = −Z(𝑥;𝜔) . (B.6)

We also take the chance to relax the definition of the variance proxy of 𝑢, which requires the new assumption Assumption 8.

Assumption 7. The error term 𝑢 : ℝ𝑑 ×Ω→ ℝ𝑑 satisfies the following properties:

(a) Properness: 𝔼[𝑢(𝑥, 𝜔)] = 0 and cov(𝑢(𝑥, 𝜔)) ≻ 0 for all 𝑥 ∈ ℝ𝑑 .

(b) Smooth growth: 𝑢(𝑥, 𝜔) is 𝐶2-differentiable and satisfies the growth condition

sup
𝑥,𝜔

∥𝑢(𝑥, 𝜔)∥
1 + ∥𝑥∥ < +∞ . (B.7)

(c) Sub-Gaussian tails: There is 𝜎2
∞ : ℝ→ (0, +∞) continuous, with infℝ𝑑 𝜎2

∞ > 0, such that 𝑢(𝑥, 𝜔) satisfies

log𝔼
[
𝑒⟨𝑝,𝑢(𝑥,𝜔) ⟩

]
≤ 𝜎

2
∞ ( 𝑓 (𝑥))

2
∥𝑝∥2 for all 𝑝 ∈ ℝ𝑑 . (B.8)

Assumption 8. The signal-to-noise ratio of G is bounded as

lim inf
∥𝑥 ∥→∞

∥∇ 𝑓 (𝑥)∥2

𝜎2
∞◦ 𝑓 (𝑥)

> 16 log 6 · 𝑑 . (B.9)

Furthermore, 𝜎2
∞ (𝑡) = 𝑜(𝑡2) as 𝑡 → +∞ and, 𝜎

2
∞◦ 𝑓 (𝑥 )
∥𝑥 ∥𝑠 is bounded above and below at infinity for 𝑠 ∈ [0, 2], i.e.,

0 < lim inf
∥𝑥 ∥→+∞

𝜎2
∞ ◦ 𝑓 (𝑥)
∥𝑥∥𝑠 and lim sup

∥𝑥 ∥→+∞

𝜎2
∞ ◦ 𝑓 (𝑥)
∥𝑥∥𝑠 < +∞ . (B.10)
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Remark B.2. The key distinction between Assumption 2 and Assumptions 7–8 stems from their differing requirements for
the variance proxy 𝜎2

∞ of the noise in (SGD). Since 𝑓 is coercive, allowing 𝜎2
∞ to depend on 𝑓 (𝑥) enables us to consider

noise processes whose variance may grow unbounded as ∥𝑥∥ → ∞; we specifically choose to express this dependence
through 𝑓 (𝑥) rather than directly through 𝑥 as it substantially simplifies both our proofs and calculations. A version of
Assumption 4 adapted to this generalized setting will be stated as Assumption 11 in Appendix E.1. §

We now introduce the notation for the target set Q. In the main text, we choose Q to be the set of global minima of 𝑓 but
this needs not be the case in general. In the rest of the appendix, Q will a union of connected components of crit( 𝑓 ).
Definition 1 (Choice of the components of interest). Denote by Q1, . . . ,Q𝑁targ the connected components of crit( 𝑓 ) that
form the target set.

Denote by K1, . . . ,K𝐾 the remaining connected components of crit( 𝑓 ) and denote by

(C1, . . . , C𝑁crit ) B (K1, . . . ,K𝐾 ,Q1, . . . ,Q𝑁targ ) (B.11)

their union with 𝑁crit = 𝐾 + 𝑁targ.

Since the connected components of crit( 𝑓 ) are pairwise disjoint by definition, their compactness implies that there exists
𝛿 > 0 such that U𝛿 (C𝑖), for 𝑖 = 1, . . . , 𝑁crit, are pairwise disjoint.

In this framework, the iterates of (SGD), started at 𝑥 ∈ ℝ𝑑 , are defined by the following recursion:{
𝑥0 ∈ ℝ𝑑

𝑥𝑛+1 = 𝑥𝑛 − 𝜂∇ 𝑓 (𝑥𝑛) + 𝜂𝑢𝑛 , where 𝑢𝑛 = 𝑢(𝑥𝑛, 𝜔𝑛)
(B.12)

where (𝜔𝑛)𝑛≥0 is a sequence of random variables in ℝ𝑚. We will denote by ℙ𝑥 the law of the sequence (𝜔𝑛)𝑛≥0 when the
initial point is 𝑥 and by 𝔼𝑥 the expectation with respect to ℙ𝑥 .

Assumptions 5 and 7 imply the following growth condition, that we assume holds with the same constant for the sake of
simplicity. There is 𝑀 > 0 such that, for all 𝑥 ∈ ℝ𝑑 , 𝜔 ∈ Ω,

∥∇ 𝑓 (𝑥)∥ ≤ 𝑀 (1 + ∥𝑥∥) and ∥𝑢(𝑥, 𝜔)∥ ≤ 𝑀 (1 + ∥𝑥∥) . (B.13)

B.3 Hamiltonian and Lagrangian

Following the notation of [5], we introduce the cumulant generating functions of the noise 𝑢(𝑥, 𝜔) and of the drift
−∇ 𝑓 (𝑥) + 𝑢(𝑥, 𝜔), that we denote by H̄, H to avoid confusion. We also define their convex conjugates, L̄, L.

Definition 2 (Hamiltonian and Lagrangian). Define, for 𝑥 ∈ ℝ𝑑 , 𝑣 ∈ ℝ𝑑 ,

H̄(𝑥, 𝑣) = log𝔼[exp(⟨𝑣, 𝑢(𝑥, 𝜔)⟩)] (B.14a)

H(𝑥, 𝑣) = −⟨∇ 𝑓 (𝑥), 𝑣⟩ + H̄(𝑥, 𝑣) (B.14b)

L̄(𝑥, 𝑣) = H̄(𝑥, ·)∗ (𝑣) (B.14c)

L(𝑥, 𝑣) = H(𝑥, ·)∗ (𝑣) = L̄(𝑥, 𝑣 + ∇ 𝑓 (𝑥)) . (B.14d)

L is thus equal to the Lagrangian LG (·, ·).

We restate [5, Lem. B.1] that provides basic properties of the Hamiltonian and Lagrangian functions.

Lemma B.1 (Properties of H and L, [5, Lem. B.1]).

1. H is C2 and H(𝑥, ·) is convex for any 𝑥 ∈ ℝ𝑑 .

2. L(𝑥, ·) is convex for any 𝑥 ∈ ℝ𝑑 , L is lower semi-continuous (l.s.c.) on ℝ𝑑 ×ℝ𝑑 .

3. For any 𝑥 ∈ ℝ𝑑 , 𝑣 ∈ ℝ𝑑 , H(𝑥, 𝑣) ≤ 2𝑀 (1 + ∥𝑥∥)∥𝑣∥2 and domL(𝑥, ·) ⊂ 𝔹(0, 2𝑀 (1 + ∥𝑥∥)).
4. For any 𝑥 ∈ ℝ𝑑 , 𝑣 ∈ ℝ𝑑 , L(𝑥, 𝑣) ≥ 0 and L(𝑥, 𝑣) = 0 ⇐⇒ 𝑣 = ∇ 𝑓 (𝑥).

The following lemma provides a lower bound on the Lagrangian and is an immediate consequence of the sub-Gaussian tails
assumption ((c)).
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Lemma B.2 ([5, Lem. D.5]). For any 𝑥 ∈ ℝ𝑑 , 𝑣 ∈ ℝ𝑑 ,

L(𝑥, 𝑣) ≥ ∥𝑣 + ∇ 𝑓 (𝑥)∥
2

2𝜎2
∞ ◦ 𝑓 (𝑥)

. (B.15)

B.4 A large deviation principle for SGD

In this section, we present and restate the large deviation principles established in [5]for SGD. Note that their proof is
itself an application of the general theory of Freidlin & Wentzell [22]. From the sequences (𝑥𝑛)𝑛≥0 and (𝜔𝑛)𝑛≥0, we define
another discrete sequence: a subsampled or, accelerated, sequence

𝑥
𝜂
𝑛 B 𝑥𝑛⌊1/𝜂⌋ . (B.16)

From the Lagrangian defined in (B.14d), we define, on C ( [0, 𝑇],ℝ𝑑), the normalized action functional S0,𝑇 by

S0,𝑇 (𝛾) =
{∫ 𝑇

0 L(𝛾𝑡 , ¤𝛾𝑡 ) 𝑑𝑡 if 𝛾 absolutely continuous
+∞ otherwise

(B.17)

following Freidlin & Wentzell [22, Chap. 3.2], as a manner to quantify how “probable” a trajectory is.

For some 𝑁 > 0, we will first equip (ℝ𝑑)𝑁 with the distance

dist𝑁 (𝜉, 𝜁) = max
0≤𝑛≤𝑁−1

∥𝜉𝑛 − 𝜁𝑛∥ . (B.18)

Now, for 𝑁 ≥ 0, 𝜉 = (𝜉0, . . . , 𝜉𝑁−1) ∈ ℝ𝑑
𝑁 , let us define the normalized discrete action functional

A𝑁 (𝜉) B
𝑁−2∑︁
𝑛=0

𝜌(𝜉𝑛, 𝜉𝑛+1) (B.19)

where the cost of moving from one iteration to the next is defined for any 𝑥, 𝑥′ ∈ ℝ𝑑 from the previous continuous normalized
action functional (cf. (B.17)) with horizon 1 as

𝜌(𝑥, 𝑥′) B inf{S0,1 (𝛾) : 𝛾 ∈ C ( [0, 1],ℝ𝑑), 𝛾0 = 𝑥, 𝛾1 = 𝑥′} . (B.20)

We now present the large deviation principle on the discrete accelerated sequence (𝑥𝜂𝑛 )0≤𝑛≤𝑁−1 = (𝑥𝑛⌊𝜂−1 ⌋)0≤𝑛. In the

following result, the functional 𝜂−1A𝑁 is thus the action functional in
(
ℝ𝑑

)𝑁 of the process (𝑥𝜂𝑛 )0≤𝑛≤𝑁−1 uniformly with
respect to the starting point 𝑥0 in any compact set K ⊂ ℝ𝑑 , as 𝜂→ 0.

Proposition B.1. Fix 𝑁 ≥ 0.

• For any 𝑠 > 0, the set

ΓK
𝑁 (𝑠) B {𝜉 ∈ ℝ𝑑

𝑁 : 𝜉0 ∈ K,A𝑁 (𝜉) ≤ 𝑠} (B.21)

is compact and A𝑁 is l.s.c. on ℝ𝑑
𝑁 .

• For any 𝑠, 𝛿, 𝜀 > 0, K ⊂ ℝ𝑑 compact, there exists 𝜂0 > 0 such that, for any 𝜂 ∈ (0, 𝜂0], for any 𝑥0 ∈ K, 𝑛 ≤ 𝑁 ,
𝜉 ∈ Γ{𝑥0 }

𝑛 (𝑠), we have that

ℙ𝑥0

(
dist𝑛 (𝑥𝜂 , 𝜉) < 𝛿

)
≥ exp

(
−A𝑛 (𝜉) + 𝜀

𝜂

)
(B.22a)

ℙ𝑥0

(
dist𝑛 (𝑥𝜂 , Γ{𝑥0 }

𝑛 (𝑠)) > 𝛿
)
≤ exp

(
− 𝑠 − 𝜀

𝜂

)
. (B.22b)
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B.5 Return to critical points

In this section, we restate a key result from [5]: the lemma below provides a control on the return time to a neighborhood of
the set of critical points. In particular, it shows that the distribution of this return time is roughly sub-exponential.

Definition 3 (Stopping times for the accelerated process). For any set 𝐴 ⊂ ℝ𝑑 , we define the hitting and exit times of 𝐴:

𝜏
𝜂

𝐴
B inf{𝑛 ≥ 0 : 𝑥𝜂𝑛 ∈ 𝐴} , (B.23a)

𝜎
𝜂

𝐴
B inf{𝑛 ≥ 0 : 𝑥𝜂𝑛 ∉ 𝐴} . (B.23b)

Lemma B.3 ([5, Lem. D.21]). Consider crit( 𝑓 ) ⊂ U ⊂ X ⊂ ℝ𝑑 with U an open set and X a compact set. Then, there is
some 𝜂0, 𝛼0, 𝑎, 𝑏 > 0 such that,

∀𝜂 ≤ 𝜂0, 𝛼 ≤ 𝛼0, 𝑥 ∈ X , 𝔼𝑥

[
𝑒
𝛼𝜏
𝜂

U
𝜂

]
≤ 𝑒

𝑎𝛼
𝜂
+𝑏
. (B.24)

B.6 Attractors

We again build on the work of [5] which took inspiration from the framework of Kifer [39].We first need to define the
gradient flow of 𝑓 .

Definition 4. Define, for 𝑥 ∈ ℝ𝑑 , the flow Θ of −∇ 𝑓 started at 𝑥, i.e.,

Θ0 (𝑥) = 𝑥 (B.25)
¤Θ𝑡 (𝑥) = −∇ 𝑓 (Θ𝑡 (𝑥)) . (B.26)

and let 𝐹 (𝑥) be the value of this flow at time 1, i.e.,

𝐹 (𝑥) = Θ1 (𝑥) . (B.27)

We first list some basic properties.

Lemma B.4 (Properties of the flow [5, Lem. D.1]). Θ is well-defined and continuous in both time and space, and, for any
𝑇 ≥ 0, 𝛾 ∈ C ( [0, 𝑇],ℝ𝑑) such that 𝛾0 = 𝑥,

S0,𝑇 (𝛾) = 0 ⇐⇒ 𝛾𝑡 = Θ𝑡 (𝑥) for all 𝑡 ∈ [0, 𝑇] . (B.28)

The following lemma translates this for 𝐹.

Lemma B.5 (Properties of 𝐹,[5, Lem. D.2]). 𝐹 is well-defined and continous and, for any 𝑥, 𝑥′ ∈ ℝ𝑑 ,

𝜌(𝑥, 𝑥′) = 0 ⇐⇒ 𝑥′ = 𝐹 (𝑥) . (B.29)

The next two lemmas are key regularity results on the connected components of the critical set.

Lemma B.6 ([5, Lem. D.8]). For any C ⊂ crit( 𝑓 ) connected component of the critical set, there is 𝑟0 > 0 such that, for any
0 < 𝑟 ≤ 𝑟0,

W𝑟 (C) B {𝑥 ∈ ℝ𝑑 : 𝜌(𝑥, C) < 𝑟, 𝜌(C, 𝑥) < 𝑟} (B.30)

is open and contains C.

Lemma B.7 ([5, Lem. D.9]). Let C ⊂ crit( 𝑓 ) be a connected component of the critical set. Then, for any 𝜀 > 0, there is some
𝑁 ≥ 1 such that, for any 𝑥, 𝑧 ∈ C, there is 𝜉 ∈ D𝑟 (𝑁) such that 𝜉0 = 𝑥, 𝜉𝑁−1 = 𝑧, A𝑁 (𝜉) < 𝜀 and max0≤𝑛<𝑁 𝑑 (𝜉𝑛, C) < 𝜀.

B.7 Convergence and stability

Lemma B.8 ([5, Lem. D.28]). For any 𝑥 ∈ Xr, there exists 𝑖 ∈ {1, . . . , 𝑁crit} such that

lim
𝑡→+∞

𝑑 (Θ𝑡 (𝑥), C𝑖) = 0 . (B.31)
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Definition 5. A connected component of the critical points 𝐶 ⊂ crit( 𝑓 ) is said to be asymptotically stable if there exists U a
neighborhood of 𝐶 such that, for any 𝑥 ∈ U , Θ𝑡 (𝑥) converges to 𝐶, i.e.,

lim
𝑡→+∞

𝑑 (Θ𝑡 (𝑥), 𝐶) = 0 . (B.32)

The notions of minimizing component and asymptotic stability are equivalent in our context.

Definition 6. 𝐶 connected component of crit( 𝑓 ) is minimizing if there exists U a neighborhood of 𝐶 such that

arg min
𝑥∈U

𝑓 (𝑥) = 𝐶 (B.33)

Note that since crit( 𝑓 ) is closed, 𝐶 is closed as well as a connected component of a closed set.

Lemma B.9 ([5, Lem. D.29]). For any 𝐶 ⊂ crit( 𝑓 ) connected component of the set of critical points, 𝐶 is minimizing if and
only if it is asymptotically stable.
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C Transitions
In this section, we study the transitions of the accelerated sequence of SGD iterates between the different sets of critical
points. As in [5], we build on the work of Kifer [39] and Freidlin & Wentzell [22]. More precisely, Appendices C.1–C.5
consists in refining the framework of [5] to be able to obtain precise time estimates on the transitions between the different
sets of critical points. Such results are provided in Appendix C.6.

C.1 Setup

We adapt to our context Kifer [39, Lem. 5.4] and simplify it using ideas from Freidlin & Wentzell [22, Chap. 6].
Definition 7 (Freidlin & Wentzell [22, Chap. 6,§2]). For 𝑖 ∈ {1, . . . , 𝐾}, 𝑗 ∈ {1, . . . , 𝑁crit}, 𝛿 > 0,

B𝑖, 𝑗 B inf

{
A𝑁 (𝜉) : 𝑁 ≥ 1, 𝜉 ∈ D𝑟 (𝑁), 𝜉0 ∈ C𝑖 , 𝜉𝑁−1 ∈ C 𝑗 , 𝜉𝑛 ∉

⋃
𝑙≠𝑖, 𝑗

C𝑙 for all 𝑛 = 1, . . . , 𝑁 − 2

}
B𝛿𝑖, 𝑗 B inf

{
A𝑁 (𝜉) : 𝑁 ≥ 1, 𝜉 ∈ D𝑟 (𝑁), 𝜉0 ∈ U𝛿 (C𝑖), 𝜉𝑁−1 ∈ U𝛿 (C 𝑗 ), 𝜉𝑛 ∉

⋃
𝑙≠𝑖, 𝑗

C𝑙 for all 𝑛 = 1, . . . , 𝑁 − 2

}
(C.1)

While B𝑖, 𝑗 is the usual definition from Freidlin & Wentzell [22, Chap. 6,§2], B𝛿
𝑖, 𝑗

is a variant that will prove helpful.

Let us now first list a few immediate properties.
Lemma C.1. For 𝑖 ∈ {1, . . . , 𝐾}, 𝑗 ∈ {1, . . . , 𝑁crit}, B𝛿𝑖, 𝑗 is non-decreasing in 𝛿 and, for any 𝛿 > 0, B𝛿

𝑖, 𝑗
≤ B𝑖, 𝑗 .

Note that the fact that B𝛿
𝑖, 𝑗

is non-decreasing in 𝛿 implies that the limit lim𝛿→0 B𝛿𝑖, 𝑗 exists.

We now exploit the regularity around the K𝑖 , to obtain an alternate expression for B𝑖, 𝑗 as the limit of B𝛿
𝑖, 𝑗

as 𝛿→ 0.
Lemma C.2. For 𝑖 ∈ {1, . . . , 𝐾}, 𝑗 ∈ {1, . . . , 𝑁crit}, the following equality holds:

B𝑖, 𝑗 = lim
𝛿→0

B𝛿𝑖, 𝑗 . (C.2)

Proof. By Lemma C.1, we have
B𝛿𝑖, 𝑗 ≤ B𝛿𝑖, 𝑗 , (C.3)

and therefore
lim
𝛿→0

B𝛿𝑖, 𝑗 ≤ B𝑖, 𝑗 . (C.4)

It remains to show the reverse inequality.

Take 𝜀 > 0. Apply Lemma B.6 to C𝑖: at the potential cost of reducing 𝜀, we get that W𝜀 (C𝑖) is an open neighborhood of C𝑖 .

Take 𝛿 > 0 small enough so that U𝛿 (C𝑖) ⊂ W𝜀 (C𝑖), U𝛿 (C𝑖) does not intersect with any other C𝑙 , 𝑙 ≠ 𝑗 .

Now, take any 𝑁 ≥ 1 and 𝜉 ∈ D𝑟 (𝑁) such that 𝜉0 ∈ U𝛿 (C𝑖), 𝜉𝑁−1 ∈ U𝛿 (C 𝑗 ), 𝜉𝑛 ∉
⋃
𝑙≠𝑖, 𝑗 C𝑙 for all 𝑛 = 1, . . . , 𝑁 − 2.

By the choice of 𝛿, 𝜉0 cannot be in
⋃
𝑙≠𝑖, 𝑗 C𝑙 and 𝜉0 is inside W𝜀 (C𝑖) so that there exists 𝑥 ∈ C𝑖 such that 𝜌(𝑥, 𝜉0) < 𝜀.

Similarly, there exists 𝑥′ ∈ C 𝑗 such that 𝜌(𝜉𝑁−1, 𝑥
′) < 𝜀. Now consider the path 𝜁 ∈ D𝑟 (𝑁 + 2) defined as 𝜁 =

(𝑥, 𝜉0, 𝜉1, . . . , 𝜉𝑁−1, 𝑥
′) that satisfies 𝜁0 ∈ C𝑖 , 𝜁𝑁 ∈ C 𝑗 and 𝜁𝑛 ∉

⋃
𝑙≠𝑖, 𝑗 C𝑙 for all 𝑛 = 1, . . . , 𝑁 − 2. Furthermore,

A𝑁+2 (𝜁) ≤ A𝑁 (𝜉) + 2𝜀 and thus B𝑖, 𝑗 ≤ A𝑁 (𝜉) + 2𝜀. Passing to the infimum over such paths 𝜉 yields

B𝛿𝑖, 𝑗 ≤ B𝛿𝑖, 𝑗 + 2𝜀 , (C.5)

which concludes the proof. ■

C.2 Induced chain

We now define an important object: the law of the (accelerated) iterated at the first time they reach some set V (typically
a neighborhood of the critical set). Due to our interest in the finite-time dynamics, we slightly deviate from the classical
definitions of Douc et al. [18, Chap. 3.4] and Kifer [39, Prop. 5.3] to follow more closely the one of Freidlin & Wentzell [22,
Chap. 6,§2].
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Definition 8. Consider V𝑖 , 𝑖 = 1, . . . , 𝑁crit disjoint neighborhoods of C𝑖 and denote by V B ⋃𝑁crit
𝑖=1 V𝑖 their union. We define

recursively the sequences of stopping times (𝜎𝜂𝑛 )𝑛≥0 and (𝜏𝜂𝑛 )𝑛≥0 by

• For 𝑛 = 0,

𝜎
𝜂

0 B 0 (C.6)

𝜏
𝜂

0 B 0 . (C.7)

• For 𝑛 ≥ 0, if 𝑥𝜂
𝜏
𝜂
𝑛

is in V𝑖𝑛 , then

𝜎
𝜂

𝑛+1 B

{
inf{𝑘 ≥ 𝜏𝜂𝑛 : 𝑥𝜂

𝑘
∉ V𝑖𝑛 } if 𝑥𝜂

𝜏
𝜂
𝑛

∈ V𝑖𝑛 for some 𝑖𝑛 s.t. C𝑖𝑛 ∈ {K1, . . . ,K𝐾 } ,
𝜏
𝜂
𝑛 otherwise .

(C.8)

𝜏
𝜂

𝑛+1 B inf{𝑘 ≥ 𝜎𝜂
𝑛+1 : 𝑥𝜂

𝑘
∈ V} . (C.9)

We denote by 𝑧𝑛 = 𝑥
𝜂

𝜏
𝜂
𝑛

, 𝑛 = 0, 1, . . ., the induced Markov chain and by ℚV (𝑥, ·) the corresponding Markov transition
probability i.e., the law of 𝑧1 started at 𝑧0 = 𝑥.

A few remarks are in order on (𝑧𝑛)𝑛≥0:

• 𝑧𝑛 ∈ V for all 𝑛 ≥ 1.

• If the chain reaches a neighborhood of Q1, . . . ,Q𝑁targ it stays there forever.

C.3 Estimates of the transition probabilities

Lemma C.3. For any 𝜀 > 0, 𝐴 > 0, for any small enough neighborhoods V𝑖 of C𝑖 , 𝑖 = 1, . . . , 𝑁crit , there is some 𝜂0 > 0
such that for all 𝑖 ∈ {1, . . . , 𝐾}, 𝑗 ∈ {1, . . . , 𝑁crit}, 𝑥 ∈ V𝑖 , 0 < 𝜂 < 𝜂0,

ℚV (𝑥,V 𝑗 ) ≤


exp
(
−B𝑖, 𝑗

𝜂
+ 𝜀
𝜂

)
if B𝑖, 𝑗 < +∞ ,

exp
(
− 𝐴
𝜂

)
otherwise .

(C.10)

Proof. Following the alternative definition of the B𝑖, 𝑗’s Lemma C.2, choose 𝛿 > 0 small enough so that both U 𝛿
2
(C𝑖),

𝑖 = 1, . . . , 𝑁crit are pairwise disjoints and the following holds for all 𝑖, 𝑗 ∈ {1, . . . , 𝑁crit}:

B𝛿𝑖, 𝑗 ≥
{
B𝑖, 𝑗 − 𝜀 if B𝑖, 𝑗 < +∞ ,
𝐴 otherwise .

(C.11)

Require then that V𝑖 be contained in U 𝛿
2
(C𝑖) for all 𝑖 = 1, . . . , 𝑁crit. Note that the V𝑖’s are pairwise disjoint by construction.

Given neighborhoods V𝑖 , 𝑖 = 1, . . . , 𝑁crit, by compactness of crit( 𝑓 ), there exists 𝛿′ > 0 such that 𝛿′ ≤ 𝛿
2 , U2𝛿′ (C𝑖) is

contained in V𝑖 for all 𝑖 = 1, . . . , 𝑁crit.

Fix 𝑖, 𝑗 ∈ {1, . . . , 𝑁crit} and consider 𝜉 ∈ D𝑟 (𝑁) such that 𝜉0 ∈ U𝛿′ (V𝑖) ⊂ U𝛿 (C𝑖), 𝜉𝑁−1 ∈ U𝛿′ (V 𝑗 ) ⊂ U𝛿 (C 𝑗 ) and
𝜉𝑛 ∈ U𝛿′

(
ℝ𝑑 \⋃𝑙≠𝑖, 𝑗 V𝑙

)
for all 𝑛 = 1, . . . , 𝑁−2. By the choice of 𝛿′, 𝜉𝑛 cannot be in

⋃
𝑙≠𝑖, 𝑗 U𝛿′ (C𝑙) for any 𝑛 = 1, . . . , 𝑁−2.

By construction of 𝜉 we thus have that

A𝑁 (𝜉) ≥ B𝛿𝑖, 𝑗

≥
{
B𝑖, 𝑗 − 𝜀 if B𝑖, 𝑗 < +∞ ,
𝐴 otherwise .

(C.12)

where the last inequality follows from (C.11).

Fix 𝑥 ∈ V𝑖 . Let us now bound the probability

ℚV (𝑥,V 𝑗 ) = ℙ𝑥

(
𝑥
𝜂

𝜏
𝜂

V
∈ V𝑖

)
, (C.13)
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and start with the case where B𝑖, 𝑗 < +∞.

We have, for any 𝑁 ≥ 0,

ℙ𝑥

(
𝑥
𝜂

𝜏
𝜂

V
∈ V𝑖

)
≤ ℙ𝑥

(
𝑥
𝜂

𝜏
𝜂

V
∈ V𝑖 , 𝜏𝜂V < 𝑁

)
+ ℙ𝑥

(
𝜏
𝜂

V ≥ 𝑁
)
. (C.14)

We first bound the second probability using Lemma B.3 applied to U ← V𝑖 . Take 𝑁 such that 𝛼0 (𝑎 − 𝑁) + 𝜂0𝑏 ≤ −B𝑖, 𝑗 .
Then, by Markov’s inequality and Lemma B.3, it holds that for all 𝜂 ≤ 𝜂0

ℙ𝑥

(
𝜏
𝜂

V ≥ 𝑁
)
≤ ℙ𝑥

(
exp

(
𝛼0𝜏

𝜂

V
𝜂

)
≥ exp

(
𝛼0𝑁

𝜂

))
≤ exp

(
𝛼0 (𝑎 − 𝑁)

𝜂
+ 𝑏

)
≤ exp

(−B𝑖, 𝑗
𝜂

)
. (C.15)

We now bound the term ℙ𝑥

(
𝑥
𝜂

𝜏
𝜂

V
∈ V 𝑗 , 𝜏𝜂V < 𝑁

)
for this choice of 𝑁 .

For this, we show that 𝑥𝜂
𝜏
𝜂

V
∈ V 𝑗 with 𝜏𝜂V < 𝑁 implies that

dist𝑁
(
𝑥𝜂 , Γ

{𝑥}
𝑁

(
B𝑖, 𝑗 − 2𝜀

) )
>
𝛿′

2
. (C.16)

Indeed, on the event 𝑥𝜂
𝜏
𝜂

V
∈ V 𝑗 with 𝜏𝜂V < 𝑁 , there is some 𝑁 ′ ≤ 𝑁 such that 𝜏𝜂V = 𝑁 ′−1. If dist𝑁

(
𝑥𝜂 , Γ

{𝑥}
𝑁

(
B𝑖, 𝑗 − 2𝜀

) )
> 𝛿′

2

did not hold, this would mean that there exists 𝜉 ∈ (ℝ𝑑)𝑁 ′ such that dist𝑁 ′ (𝑥𝜂 , 𝜉) < 𝛿′, 𝜉0 = 𝑥 and, A𝑁 ′ (𝜉) ≤ B𝑖, 𝑗 − 2𝜀.
In particular, 𝜉 would also satisfy 𝜉𝑁 ′−1 ∈ U𝛿′ (V 𝑗 ), 𝜉𝑛 ∈ U𝛿′ (ℝ𝑑 \ V) for all 𝑛 = 1, . . . , 𝑁 ′ − 2 and, as a consequence,
𝜉 ∈ D𝑟 (𝑁 ′). This would be thus in direct contradiction of (C.12).

Therefore, we have that

ℙ𝑥

(
𝑥
𝜂

𝜏
𝜂

V
∈ V 𝑗 , 𝜏𝜂V < 𝑁

)
≤ ℙ𝑥

(
dist𝑁

(
𝑥𝜂 , Γ

{𝑥}
𝑁

(
B𝑖, 𝑗 − 2𝜀

) )
>
𝛿′

2

)
≤ exp

(
−
B𝑖, 𝑗 − 3𝜀

𝜂

)
, (C.17)

by Proposition B.1.

Combining this bound with (C.15) yields

ℙ𝑥 (𝑥𝜂
𝜏
𝜂

V
∈ V 𝑗 ) ≤ exp

(
−
B𝑖, 𝑗 − 3𝜀

𝜂

)
+ exp

(−B𝑖, 𝑗
𝜂

)
, (C.18)

which concludes the proof when B𝑖, 𝑗 < +∞.

Let us now examine the case where B𝑖, 𝑗 = +∞. Again, we have, for any 𝑁 ≥ 0,

ℙ𝑥

(
𝑥
𝜂

𝜏
𝜂

V
∈ V𝑖

)
≤ ℙ𝑥

(
𝑥
𝜂

𝜏
𝜂

V
∈ V𝑖 , 𝜏𝜂V < 𝑁

)
+ ℙ𝑥

(
𝜏
𝜂

V ≥ 𝑁
)
. (C.19)

We first bound the second probability using Lemma B.3 applied to U ← V𝑖 . Take 𝑁 such that 𝛼0 (𝑎 − 𝑁) + 𝜂0𝑏 ≤ −𝐴. Then,
by Markov’s inequality and Lemma B.3, it holds that for all 𝜂 ≤ 𝜂0

ℙ𝑥

(
𝜏
𝜂

V ≥ 𝑁
)
≤ ℙ𝑥

(
exp

(
𝛼0𝜏

𝜂

V
𝜂

)
≥ exp

(
𝛼0𝑁

𝜂

))
≤ exp

(
𝛼0 (𝑎 − 𝑁)

𝜂
+ 𝑏

)
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≤ exp
(
−𝐴
𝜂

)
. (C.20)

We now bound the term ℙ𝑥

(
𝑥
𝜂

𝜏
𝜂

V
∈ V 𝑗 , 𝜏𝜂V < 𝑁

)
for this choice of 𝑁 .

For this, we show that 𝑥𝜂
𝜏
𝜂

V
∈ V 𝑗 with 𝜏𝜂V < 𝑁 implies that

dist𝑁
(
𝑥𝜂 , Γ

{𝑥}
𝑁
(𝐴 − 𝜀)

)
>
𝛿′

2
. (C.21)

Indeed, on the event 𝑥𝜂
𝜏
𝜂

V
∈ V 𝑗 with 𝜏𝜂V < 𝑁 , there is some 𝑁 ′ ≤ 𝑁 such that 𝜏𝜂V = 𝑁 ′ − 1. If dist𝑁

(
𝑥𝜂 , Γ

{𝑥}
𝑁
(𝐴 − 𝜀)

)
> 𝛿′

2

did not hold, this would mean that there exists 𝜉 ∈ (ℝ𝑑)𝑁 ′ such that dist𝑁 ′ (𝑥𝜂 , 𝜉) < 𝛿′, 𝜉0 = 𝑥 and, A𝑁 ′ (𝜉) ≤ 𝐴 − 𝜀.
In particular, 𝜉 would also satisfy 𝜉𝑁 ′−1 ∈ U𝛿′ (V 𝑗 ), 𝜉𝑛 ∈ U𝛿′ (ℝ𝑑 \ V) for all 𝑛 = 1, . . . , 𝑁 ′ − 2 and, as a consequence,
𝜉 ∈ D𝑟 (𝑁 ′). This would be thus in direct contradiction of (C.12).

Therefore, we have that

ℙ𝑥

(
𝑥
𝜂

𝜏
𝜂

V
∈ V 𝑗 , 𝜏𝜂V < 𝑁

)
≤ ℙ𝑥

(
dist𝑁

(
𝑥𝜂 , Γ

{𝑥}
𝑁
(𝐴 − 𝜀)

)
>
𝛿′

2

)
≤ exp

(
− 𝐴 − 2𝜀

𝜂

)
, (C.22)

by Proposition B.1.

Combining this bound with (C.20) yields

ℙ𝑥 (𝑥𝜂
𝜏
𝜂

V
∈ V 𝑗 ) ≤ exp

(
− 𝐴 − 2𝜀

𝜂

)
+ exp

(
−𝐴
𝜂

)
, (C.23)

which concludes the proof.

■

Lemma C.4. For any 𝜀 > 0,for any neighborhoods V𝑖 of C𝑖 , 𝑖 = 1, . . . , 𝑁crit small enough, there exists 𝜂0 > 0 such that for
all 𝑖 ∈ {1, . . . , 𝐾}, 𝑗 ∈ {1, . . . , 𝑁crit}, 𝑥 ∈ V𝑖 , 0 < 𝜂 < 𝜂0,

ℚV (𝑥,V 𝑗 ) ≥ exp
(
−
B𝑖, 𝑗
𝜂
− 𝜀
𝜂

)
. (C.24)

Note that this result is trivially valid if B𝑖, 𝑗 = +∞.

Proof. For any (𝑖, 𝑗) ∈ {1, . . . , 𝐾} × {1, . . . , 𝑁crit}, there exists 𝑁𝑖, 𝑗 ≥ 1, 𝜉𝑖, 𝑗 ∈ D𝑟 (𝑁𝑖, 𝑗 ) such that 𝜉𝑖, 𝑗0 ∈ C𝑖 , 𝜉
𝑖, 𝑗

𝑁𝑖, 𝑗−1 ∈ C 𝑗 ,
𝜉
𝑖, 𝑗
𝑛 ∉

⋃
𝑙≠𝑖, 𝑗 C𝑙 for all 𝑛 = 1, . . . , 𝑁𝑖, 𝑗 − 2 and A𝑁𝑖, 𝑗 (𝜉𝑖, 𝑗 ) ≤ B𝑖, 𝑗 + 𝜀.

Define 𝛿𝑖, 𝑗 B min
{
𝑑 (𝜉𝑖, 𝑗𝑛 ,

⋃
𝑙≠𝑖, 𝑗 C𝑙) : 𝑛 = 1, . . . , 𝑁𝑖, 𝑗 − 2

}
and 𝛿 B min𝑖, 𝑗∈𝐼 𝛿𝑖, 𝑗 . By construction, it holds that 𝛿 > 0.

Without loss of generality, at the potential cost of reducing 𝜀, we can assume that Lemma B.6 can be applied to every
C𝑖 , 𝑖 = 1, . . . , 𝐾 with 𝑟 ← 𝜀 and denote by W𝑖 the corresponding neighborhoods of C𝑖 . Require that V𝑖 be contained in
W𝑖 ∩ U𝛿/2 (K𝑖) for all 𝑖 = 1, . . . , 𝐾 . Now, given such V𝑖 neighborhoods of C𝑖 , 𝑖 = 1, . . . , 𝑁crit, by compactness, there exists
0 < 𝛿′ ≤ 𝛿/2 such that U𝛿′ (C𝑖) is contained in V𝑖 for all 𝑖 = 1, . . . , 𝑁crit.

Apply Lemma B.7 to C𝑖 , 𝑖 = 1, . . . , 𝐾 with 𝜀 ← min(𝜀, 𝛿′/2) and denote by 𝑁𝑖 the bound on the length of paths obtained.

We are now ready to prove the result. Fix (𝑖, 𝑗) ∈ {1, . . . , 𝐾} × {1, . . . , 𝑁crit} and consider 𝑥 ∈ V𝑖 . Since V𝑖 ⊂ W𝑖 , there
exists 𝑧 ∈ K𝑖 such that 𝜌(𝑥, 𝑧) < 𝜀.

By Lemma B.7, there exists 𝑛 ≤ 𝑁 , 𝜉 ∈ D𝑟 (𝑛) such that 𝜉0 = 𝑧, 𝜉𝑁−1 = 𝜉
𝑖, 𝑗

0 , 𝜉𝑘 ∈ U𝛿′/2 (K𝑖) for all 𝑘 = 1, . . . , 𝑛 − 2 and
A𝑛 (𝜉) < 𝜀.
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Considering the concatenation
𝜁 B

(
𝑥, 𝜉0, 𝜉1, . . . , 𝜉𝑛−2, 𝜉𝑛−1, 𝜉

𝑖, 𝑗

1 , . . . , 𝜉
𝑖, 𝑗

𝑁𝑖, 𝑗−1

)
(C.25)

which is a path of length 𝑛 + 𝑁𝑖, 𝑗 + 1 made of 𝑥 ∈ V𝑖 , then exactly 𝑛 points in U𝛿′/2 (K𝑖) then 𝑁𝑖, 𝑗 − 2 in ℝ𝑑 \ U𝛿/2 (V) and
𝜉
𝑖, 𝑗

𝑁𝑖, 𝑗−1 ∈ K 𝑗 . Moreover, by construction, A𝑁+𝑁𝑖, 𝑗 (𝜁) ≤ B̃𝑖, 𝑗 + 3𝜀. Therefore, if

dist𝑛+𝑁𝑖, 𝑗+1
(
𝑥𝜂 , 𝜁

)
< 𝛿′/2 , (C.26)

with 𝑥𝜂0 = 𝑥, then 𝑥𝜂1 , . . . , 𝑥
𝜂
𝑛 are in U𝛿′ (K𝑖) ⊂ V𝑖 and, since 𝛿′ ≤ 𝛿/2, 𝑥𝜂

𝑛+2, . . . , 𝑥
𝜂

𝑛+𝑁𝑖, 𝑗−1 are not in U𝛿/4 (V), and therefore

not in V . Moreover, 𝑥𝜂
𝑛+𝑁𝑖, 𝑗 would be in U𝛿′/2 (K 𝑗 ) ⊂ V 𝑗 .

Thus, all the paths 𝑥𝜂 satisfying (C.26) with 𝑥𝜂0 = 𝑥 correspond to exactly one transition of the induced chain (𝑧𝑛)𝑛 from 𝑥

to V 𝑗 .

Therefore, using the definition of ℚV , we have that

ℚV (𝑥,V 𝑗 ) ≥ ℙ𝑥

(
dist𝑛+𝑁𝑖, 𝑗+1

(
𝑥𝜂 , 𝜁

)
< 𝛿′/2

)
≥ exp

(
−
B𝑖, 𝑗 + 4𝜀

𝜂

)
, (C.27)

by Proposition B.1. ■

C.4 Accelerated induced chain

We will take the following convention, for any 𝑖 ∈ {1, . . . , 𝑁crit}, 𝛿 > 0:

B𝛿𝑖,𝑖 = B𝑖,𝑖 = B𝑖,𝑖 = 0 . (C.28)

Recall that ℚV is the transition probabilities of the induced chain (𝑧𝑛)𝑛≥0, defined in Definition 8. In other words ℚV (𝑥,V 𝑗 )
is the probability that the sequence of (B.16) starting from 𝑥 at time 0 enters V 𝑗 before any other V𝑙 for 𝑙 ≠ 𝑗 . Moreover,
𝐾 still denotes the number of connected components of the critical set of 𝑓 that are not part of the global minimum, see
Definition 1 in Appendix B.2.
Definition 9. Given the induced chain (𝑧𝑛)𝑛≥0, we define the accelerated induced chain (𝑧𝐾𝑛)𝑛≥0 as follows:

𝑧𝐾𝑛 B 𝑧𝑛𝐾 . (C.29)

We denote by ℚK
V the transition probabilities of the accelerated induced chain which corresponds to the 𝐾 − 𝑡ℎ power of

ℚV : it satisfies12, for any 𝑥 ∈ V𝑖 , 𝑖 ∈ {1, . . . , 𝑁crit} and any measurable set 𝐴 ⊂ ℝ𝑑 ,

ℚK
V (𝑥, 𝐴) =

∫ ∫
· · ·

∫
1{𝑧𝐾 ∈ 𝐴}ℚV (𝑥, 𝑑𝑧1) ℚV (𝑧1, 𝑑𝑧2) . . .ℚV (𝑧𝐾−1, 𝑑𝑧𝐾 ) . (C.30)

We now define transition costs for the accelerated induced chain, which correspond the ones introduced in the main text (19)
in Section 4.
Definition 10 (Inspired by Freidlin & Wentzell [22, Chap. 6,§2]). For 𝑖 ∈ {1, . . . , 𝐾}, 𝑗 ∈ {1, . . . , 𝑁crit}, 𝛿 > 0,

𝐵𝑖, 𝑗 B inf

{
A𝑁 (𝜉) : 𝑁 ≥ 1, 𝜉 ∈ D𝑟 (𝑁), 𝜉0 ∈ C𝑖 , 𝜉𝑁−1 ∈ C 𝑗 , 𝜉𝑛 ∉

⋃
𝑙≠𝑖, 𝑗 , 𝑙>𝐾

C𝑙 for all 𝑛 = 1, . . . , 𝑁 − 2

}
(C.31)

Lemma C.5. For any (𝑖, 𝑗) ∈ {1, . . . , 𝐾} × {1, . . . , 𝑁crit},

𝐵𝑖, 𝑗 = min

{
𝑛−2∑︁
𝑙=0

B𝑖𝑙 ,𝑖𝑙+1 : 𝑖0 = 𝑖, 𝑖𝑛−1 = 𝑗 , 𝑖𝑙 ∈ {1, . . . , 𝐾} for 𝑙 = 1, . . . , 𝑛 − 2 , 𝑛 ≥ 1

}
(C.32)

= min

{
𝐾−1∑︁
𝑙=0

B𝑖𝑙 ,𝑖𝑙+1 : 𝑖0 = 𝑖, 𝑖𝐾 = 𝑗 , 𝑖𝑙 ∈ {1, . . . , 𝐾} for 𝑙 = 1, . . . , 𝐾 − 1

}
. (C.33)

12This equation is sometimes referred to as the Chapman-Kolmogorov equation.
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Proof. We focus on proving the first equality for 𝐵𝑖, 𝑗 ; the proof for 𝐵𝑖, 𝑗 follows similarly. Let us denote by RHS(𝑖, 𝑗) the
right-hand side:

RHS(𝑖, 𝑗) B min

{
𝑛−2∑︁
𝑙=0

B𝑖𝑙 ,𝑖𝑙+1 : 𝑖0 = 𝑖, 𝑖𝑛−1 = 𝑗 , 𝑖𝑙 ∈ {1, . . . , 𝐾} for 𝑙 = 1, . . . , 𝑛 − 2 , 𝑛 ≥ 1

}
(C.34)

We will prove that 𝐵𝑖, 𝑗 = RHS(𝑖, 𝑗).

(≥): Let us show that 𝐵𝑖, 𝑗 ≥ RHS(𝑖, 𝑗). Fix 𝜀 > 0. There is a path 𝜉 ∈ D𝑟 (𝑁) with 𝜉0 ∈ C𝑖 , 𝜉𝑁−1 ∈ C 𝑗 that avoids⋃
𝑙≠𝑖, 𝑗 , 𝑙>𝐾 C𝑙 so that, by definition of 𝐵𝑖, 𝑗 (Definition 10),

𝐵𝑖, 𝑗 ≥ A𝑁 (𝜉) − 𝜀 . (C.35)

Let 1 ≤ 𝑛1 < 𝑛2 < · · · < 𝑛𝑁 ′ < 𝑁 be the times when 𝜉 belongs to some C𝑙 with 𝑙 ≤ 𝐾. Define 𝑖0 = 𝑖, 𝑖𝑁 ′ = 𝑗 and for
1 ≤ 𝑖 < 𝑁 ′, let 𝑖𝑘 be such that 𝜉𝑛𝑘 ∈ C𝑖𝑘 . Then, by definition of B𝑖𝑘 ,𝑖𝑘+1 (Definition 7),

A𝑁 (𝜉) ≥
𝑁 ′−1∑︁
𝑘=0

B𝑖𝑘 ,𝑖𝑘+1 . (C.36)

Combining (C.35) and (C.36) and taking yields

𝐵𝑖, 𝑗 ≥
𝑁 ′−1∑︁
𝑘=0

B𝑖𝑘 ,𝑖𝑘+1 − 𝜀 (C.37)

≥ RHS(𝑖, 𝑗) − 𝜀 , (C.38)

since this sequence (𝑖𝑘)𝑁
′

𝑘=0 satisfies 𝑖0 = 𝑖, 𝑖𝑁 ′ = 𝑗 and 𝑖𝑘 ∈ {1, . . . , 𝐾} for 1 ≤ 𝑘 < 𝑁 ′ .

(≤): Let us show that 𝐵𝑖, 𝑗 ≤ RHS(𝑖, 𝑗). Take 𝜀 > 0 and let (𝑖𝑘)𝑁
′

𝑘=0 be a sequence achieving the minimum in RHS(𝑖, 𝑗) up
to 𝜀, i.e.,

𝑁 ′−1∑︁
𝑘=0

B𝑖𝑘 ,𝑖𝑘+1 ≤ RHS(𝑖, 𝑗) + 𝜀 . (C.39)

Take 𝛿 > 0 small enough such that U𝛿 (C𝑙), 𝑙 = 1, . . . , 𝑁crit are pairwise disjoint.

For each 0 ≤ 𝑘 < 𝑁 ′, by definition of B𝑖𝑘 ,𝑖𝑘+1 (Definition 7), there exists 𝛿𝑘 ∈ (0, 𝛿) and a path 𝜉𝑘 ∈ D𝑟 (𝑁𝑘) such that: (i)
𝜉𝑘0 ∈ C𝑖𝑘 , (ii) 𝜉𝑘

𝑁𝑘−1 ∈ C𝑖𝑘+1 , (iii) 𝜉𝑘𝑛 ∉
⋃
𝑙≠𝑖𝑘 ,𝑖𝑘+1 C𝑙 for all 𝑛 = 1, . . . , 𝑁𝑘 − 2, and (iv) A𝑁𝑘 (𝜉𝑘) ≤ B𝑖𝑘 ,𝑖𝑘+1 + 𝜀/𝑁 ′.

By Lemma B.7, for each 0 ≤ 𝑘 < 𝑁 ′ − 1, there exists 𝜉𝑘 ∈ D𝑟 (�̃�𝑘) such that: (i) 𝜉𝑘0 = 𝜉𝑘
𝑁𝑘−1, (ii) 𝜉𝑘

�̃�𝑘−1 = 𝜉𝑘+10 , (iii)

𝜉𝑘𝑛 ∈ U𝛿/2 (C𝑖𝑘+1 ) and therefore 𝜉𝑘𝑛 ∉
⋃
𝑙≠𝑖𝑘+1 C𝑙 for all 𝑛 = 1, . . . , �̃�𝑘 − 2, and (iv) A�̃�𝑘

(𝜉𝑘) ≤ 𝜀/𝑁 ′.

Concatenating the paths 𝜉0, 𝜉0, 𝜉1, 𝜉1, . . . , 𝜉𝑁
′−1 yields a path 𝜁 that: (i) starts in C𝑖 , (ii) ends in C 𝑗 , (iii) avoids

⋃
𝑙≠𝑖, 𝑗 , 𝑙>𝐾 C𝑙 ,

and (iv) has total cost at most
∑𝑁 ′−1
𝑘=0 B𝑖𝑘 ,𝑖𝑘+1 + 3𝜀. Therefore, by definition of 𝐵𝑖, 𝑗 (Definition 10),

𝐵𝑖, 𝑗 ≤
𝑁 ′−1∑︁
𝑘=0

B𝑖𝑘 ,𝑖𝑘+1 + 3𝜀

≤ RHS(𝑖, 𝑗) + 4𝜀 . (C.40)

The second equality in each case follows from the fact that optimal paths between different components can be chosen
without cycles (since all costs are non-negative), and therefore their length can be bounded by the number of components 𝐾 .

■

Lemma C.6 (Upper bound on accelerated induced chain transition probability). For any 𝜀 > 0, 𝐴 > 0, for any small enough
neighborhoods V𝑖 of C𝑖 , 𝑖 = 1, . . . , 𝑁crit, there is some 𝜂0 > 0 such that for all 𝑖 ∈ {1, . . . , 𝐾}, 𝑗 ∈ {1, . . . , 𝑁crit}, 𝑥 ∈ V𝑖 ,
0 < 𝜂 < 𝜂0,

ℚK
V (𝑥,V 𝑗 ) ≤


exp

(
− 𝐵𝑖, 𝑗

𝜂
+ 𝜀
𝜂

)
if 𝐵𝑖, 𝑗 < +∞ ,

exp
(
− 𝐴
𝜂

)
otherwise .

(C.41)
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Proof. Fix 𝑖 ∈ {1, . . . , 𝐾}, 𝑗 ∈ {1, . . . , 𝑁crit}. By Lemma C.5, we have that

𝐵𝑖, 𝑗 = min

{
𝐾−1∑︁
𝑙=0

B𝑖𝑙 ,𝑖𝑙+1 : 𝑖0 = 𝑖, 𝑖𝐾 = 𝑗 , 𝑖𝑙 ∈ {1, . . . , 𝐾} for 𝑙 = 1, . . . , 𝐾 − 1

}
. (C.42)

First, let us consider the case where 𝐵𝑖, 𝑗 < +∞. Take 𝜀 > 0 and let (𝑖𝑘)𝐾𝑘=0 be a sequence achieving the minimum in (C.42)
up to 𝜀, i.e.,

𝐾−1∑︁
𝑘=0

B𝑖𝑘 ,𝑖𝑘+1 ≤ 𝐵𝑖, 𝑗 + 𝜀 . (C.43)

By definition of the accelerated induced chain (Definition 9), we have that for any 𝑥 ∈ V𝑖 ,

ℚK
V (𝑥,V 𝑗 ) =

∑︁
𝑖1 ,...,𝑖𝐾−1∈{1,...,𝐾 }

∫
V𝑖1
· · ·

∫
V𝑖𝐾−1

𝐾−1∏
𝑘=0

ℚV (𝑥𝑘 , 𝑑𝑥𝑘+1) ℚV (𝑥𝐾 ,V 𝑗 ) , (C.44)

where we define 𝑥0 = 𝑥.

Therefore, combining (C.44) with Lemma C.3 and (C.43), we obtain that for any 𝑥 ∈ V𝑖 ,

ℚK
V (𝑥,V 𝑗 ) ≤

∑︁
𝑖1 ,...,𝑖𝐾−1∈{1,...,𝐾 }

𝐾−1∏
𝑘=0

exp
(
−
B𝑖𝑘 ,𝑖𝑘+1
𝜂
+ 𝜀

𝜂𝐾

)
≤ 𝐾𝐾−1 exp

(
−
𝐵𝑖, 𝑗

𝜂
+ 2𝜀
𝜂

)
. (C.45)

For the case where 𝐵𝑖, 𝑗 = +∞, by the same reasoning but using the alternative bound from Lemma C.3, we get

ℚK
V (𝑥,V 𝑗 ) ≤ 𝐾𝐾−1 exp

(
− 𝐴
𝜂

)
. (C.46)

Taking 𝜂0 small enough so that 𝐾𝐾−1 ≤ exp(𝜀/𝜂) for all 𝜂 ≤ 𝜂0, the result follows from (C.45) and (C.46). ■

Lemma C.7 (Lower bound on accelerated induced chain transition probability). For any 𝜀 > 0, for any small enough
neighborhoods V𝑖 of C𝑖 , 𝑖 = 1, . . . , 𝑁crit, there is some 𝜂0 > 0 such that for all 𝑖 ∈ {1, . . . , 𝐾}, 𝑗 ∈ {1, . . . , 𝑁crit}, 𝑥 ∈ V𝑖 ,
0 < 𝜂 < 𝜂0,

ℚK
V (𝑥,V 𝑗 ) ≥ exp

(
−
𝐵𝑖, 𝑗

𝜂
− 𝜀
𝜂

)
. (C.47)

The proof of Lemma C.7 is very similar to the proof of Lemma C.6 and is therefore omitted.

We end this section by restating a result from [5]that provides sufficient conditions for 𝐵𝑖, 𝑗 to be finite for any (𝑖, 𝑗) ∈
{1, . . . , 𝐾} × {1, . . . , 𝑁crit}.
Lemma C.8 ([5, Lem. D.12]). Consider 𝑥, 𝑥′ ∈ ℝ𝑑 and assume that there exists 𝑇 ∈ ℕ, 𝛾 ∈ C1 ( [0, 𝑇],ℝ𝑑) such that
𝛾0 = 𝑥, 𝛾𝑇 = 𝑥′, 𝛾𝑛 ∉

⋃
𝑙≠𝑖, 𝑗 , 𝑙>𝐾 C𝑙 for all 𝑛 = 1, . . . , 𝑇 − 1 and, for every 𝑡 ∈ [0, 𝑇], ∇ 𝑓 (𝛾𝑡 ) is in the interior of the closed

convex hull of the support of 𝑢(𝛾𝑡 , 𝜔), i.e.,

∇ 𝑓 (𝛾𝑡 ) ∈ int conv supp 𝑢(𝛾𝑡 , 𝜔) . (C.48)

Then, B(𝑥, 𝑥′) < +∞.

C.5 Initial transition

Definition 11 (Inspired by Freidlin & Wentzell [22, Chap. 6,§2]). For 𝑗 ∈ {1, . . . , 𝑁crit}, 𝛿 > 0, 𝑥 ∈ ℝ𝑑 ,

B𝑥, 𝑗 B inf

{
A𝑁 (𝜉) : 𝑁 ≥ 1, 𝜉 ∈ D𝑟 (𝑁), 𝜉0 ∈ 𝑥, 𝜉𝑁−1 ∈ C 𝑗 , 𝜉𝑛 ∉

⋃
𝑙≠𝑖, 𝑗

C𝑙 for all 𝑛 = 1, . . . , 𝑁 − 2

}
(C.49)

B𝛿𝑥, 𝑗 B inf

{
A𝑁 (𝜉) : 𝑁 ≥ 1, 𝜉 ∈ D𝑟 (𝑁), 𝜉0 = 𝑥, 𝜉𝑁−1 ∈ U𝛿 (C 𝑗 ), 𝜉𝑛 ∉

⋃
𝑙≠𝑖, 𝑗

C𝑙 for all 𝑛 = 1, . . . , 𝑁 − 2

}
. (C.50)
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The proof of the following lemmas are very similar to the ones of Lemmas C.2–C.4 and are therefore omitted.

Lemma C.9. For any 𝑗 ∈ {1, . . . , 𝑁crit}, 𝛿 > 0, 𝑥 ∈ ℝ𝑑 ,

B𝑥, 𝑗 = lim
𝛿→0

B𝛿𝑥, 𝑗 . (C.51)

Lemma C.10. For any 𝜀 > 0, 𝑥 ∈ ℝ𝑑 , for any neighborhoods V𝑖 of C𝑖 , 𝑖 = 1, . . . , 𝑁crit small enough, there exists 𝜂0 > 0
such that for all 𝑗 ∈ {1, . . . , 𝑁crit}, 0 < 𝜂 < 𝜂0,

ℚV (𝑥,V 𝑗 ) ≥ exp
(
−
B𝑥, 𝑗
𝜂
− 𝜀
𝜂

)
. (C.52)

Lemma C.11. For any 𝜀 > 0, 𝐴 > 0, 𝑥 ∈ ℝ𝑑 , for any small enough neighborhoods V𝑖 of C𝑖 , 𝑖 = 1, . . . , 𝑁crit , there is some
𝜂0 > 0 such that for all 𝑗 ∈ {1, . . . , 𝑁crit}, 0 < 𝜂 < 𝜂0,

ℚV (𝑥,V 𝑗 ) ≤


exp
(
−B𝑥, 𝑗

𝜂
+ 𝜀
𝜂

)
if B𝑥, 𝑗 < +∞ ,

exp
(
− 𝐴
𝜂

)
otherwise .

(C.53)

Following the same methodology as for transitions between critical components, we now establish similar results for
transitions starting from an arbitrary initial state.

Definition 12 (Inspired by Freidlin & Wentzell [22, Chap. 6,§2]). For 𝑥 ∈ ℝ𝑑 , 𝑗 ∈ {1, . . . , 𝑁crit}, 𝛿 > 0,

𝐵𝑥, 𝑗 B inf

{
A𝑁 (𝜉) : 𝑁 ≥ 1, 𝜉 ∈ D𝑟 (𝑁), 𝜉0 = 𝑥, 𝜉𝑁−1 ∈ C 𝑗 , 𝜉𝑛 ∉

⋃
𝑙≠ 𝑗 , 𝑙>𝐾

C𝑙 for all 𝑛 = 1, . . . , 𝑁 − 2

}
(C.54)

This definition mirrors the one of Definition 10, adapting it to account for an arbitrary initial state rather than starting from a
critical component. We can then establish the following decomposition result, analogous to Lemma C.5.

Lemma C.12. For any 𝑥 ∈ ℝ𝑑 , 𝑗 ∈ {1, . . . , 𝑁crit},

𝐵𝑥, 𝑗 = min

{
B𝑥,𝑖1 +

𝑛−2∑︁
𝑙=1

B𝑖𝑙 ,𝑖𝑙+1 : 𝑖𝑛−1 = 𝑗 , 𝑖𝑙 ∈ {1, . . . , 𝐾} for 𝑙 = 1, . . . , 𝑛 − 2, 𝑛 ≥ 1

}
(C.55)

= min

{
B𝑥,𝑖1 +

𝐾−1∑︁
𝑙=1

B𝑖𝑙 ,𝑖𝑙+1 : 𝑖𝐾 = 𝑗 , 𝑖𝑙 ∈ {1, . . . , 𝐾} for 𝑙 = 1, . . . , 𝐾 − 1

}
(C.56)

The proof follows the same arguments as in Lemma C.5, replacing the initial component with the given initial state.

These structural results allow us to establish bounds on the transition probabilities from an arbitrary initial state, paralleling
those of Lemmas C.6 and C.7.

Lemma C.13 (Upper bound on accelerated induced chain initial transition probability). For any 𝑥 ∈ ℝ𝑑 , for any 𝜀 > 0,
𝐴 > 0, for any small enough neighborhoods V𝑖 of C𝑖 , 𝑖 = 1, . . . , 𝑁crit, there is some 𝜂0 > 0 such that for all 𝑗 ∈ {1, . . . , 𝑁crit},
0 < 𝜂 < 𝜂0,

ℚK
V (𝑥,V 𝑗 ) ≤


exp

(
− 𝐵𝑥, 𝑗

𝜂
+ 𝜀
𝜂

)
if 𝐵𝑥, 𝑗 < +∞ ,

exp
(
− 𝐴
𝜂

)
otherwise .

(C.57)

Lemma C.14 (Lower bound on accelerated induced chain initial transition probability). For any 𝑥 ∈ ℝ𝑑 , for any 𝜀 > 0,
for any small enough neighborhoods V𝑖 of C𝑖 , 𝑖 = 1, . . . , 𝑁crit, there is some 𝜂0 > 0 such that for all 𝑗 ∈ {1, . . . , 𝑁crit},
0 < 𝜂 < 𝜂0,

ℚK
V (𝑥,V 𝑗 ) ≥ exp

(
−
𝐵𝑥, 𝑗

𝜂
− 𝜀
𝜂

)
. (C.58)

The proofs of these last two lemmas follow very closely those of Lemmas C.6 and C.7, with the main modification being
the treatment of the initial state instead of an initial component. The key arguments involving the Chapman-Kolmogorov
equation and the handling of the intermediate transitions remain essentially unchanged.
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C.6 Transition time

Let us begin with a preliminary escape result.

Lemma C.15. Given 𝐶 a connected components of Kcrit, for any 𝜀 > 0, for 𝜂 > 0 small enough and V a small enough
neighborhood of 𝐶, it holds that, for any 𝑥 ∈ V ,

𝔼𝑥
[
𝜎
𝜂

V
]
≤ exp

(
𝜀

𝜂

)
. (C.59)

Proof. Fix 𝜀 > 1. By Lemma B.6, W𝜀 (𝐶) is an open neighborhood of 𝐶. Since 𝐶 is closed, W𝜀 (𝐶) \ 𝐶 is not empty and
open. Therefore, there exists 𝑥3 ∈ W𝜀 (𝐶) \ 𝐶 and 𝛿 > 0 such that 𝔹(𝑥3, 𝛿) ⊂ W𝜀 (𝐶) \ 𝐶. By construction, there exists
𝑥2 ∈ 𝐶 such that 𝜌(𝑥2, 𝑥3) < 𝜀.

Let us now apply Lemma B.7 to obtain that there exists 𝑁 ≥ 2 such that, for any 𝑥1 ∈ 𝐶, there exists 𝑛 ≤ 𝑁 , 𝜉 ∈ D𝑟 (𝑁)
such that 𝜉0 = 𝑥1, 𝜉𝑁−1 = 𝑥2, A𝑛 (𝜉) < 𝜀.

Require then that V be contained in W𝜀 (𝐶) \𝔹(𝑥3, 𝛿/2) which is an open neighborhood of 𝐶.

Take 𝑥 ∈ V . Since V is in particular contained in W𝜀 (𝐶), there exists 𝑥1 ∈ 𝐶 such that 𝜌(𝑥, 𝑥1) < 𝜀. By our application
of Lemma B.7 above, there exists 𝑛 ≤ 𝑁 , 𝜉 ∈ D𝑟 (𝑛) such that 𝜉0 = 𝑥1, 𝜉𝑛−1 = 𝑥2, A𝑛 (𝜉) < 𝜀. Now consider the path
𝜁 ∈ D𝑟 (𝑛 + 2) defined by

𝜁 = (𝑥, 𝜉0, 𝜉1, . . . , 𝜉𝑛−1, 𝑥3) , (C.60)

which satisfies

A𝑛+3 (𝜁) = 𝜌(𝑥, 𝑥1) +A𝑛 (𝜉) + 𝜌(𝑥2, 𝑥3) < 3𝜀 . (C.61)

If a trajectory of SGD 𝑥𝜂 with 𝑥𝜂0 = 𝑥 satisfies dist𝑛+2 (𝑥𝜂 , 𝜁) < 𝛿/2, then 𝑥𝜂
𝑛+1 is inside 𝔹(𝑥3, 𝛿/2) and therefore not in V .

Hence, we have, for 𝜂 > 0 small enough,

ℙ𝑥 (𝜎𝜂V < 𝑁 + 3) ≥ ℙ𝑥 (𝜎𝜂V < 𝑛 + 3)
≥ ℙ𝑥 (dist𝑛+2 (𝑥𝜂 , 𝜁) < 𝛿/2)

≥ exp
(
−A𝑛+2 (𝜁) + 𝜀

𝜂

)
≥ exp

(
−4𝜀
𝜂

)
, (C.62)

where we invoked Proposition B.1 and used (C.61).

For any 𝑥 ∈ V , for 𝑛 ≥ 2, the (weak) Markov property yields that

ℙ𝑥

(
𝜎
𝜂

V > 𝑛(𝑁 + 2)
)
= 𝔼𝑥

[
1{𝜎𝜂V > 𝑁 + 2}𝔼𝑥𝜂

𝑁+2

[
1{𝜎𝜂V > 𝑁 + 2} . . .𝔼𝑥𝜂(𝑛−2) (𝑁+1)

[
1{𝜎𝜂V > 𝑁 + 2}

]
. . .

] ]
≤

(
2 − exp

(
−4𝜀
𝜂

))𝑛
, (C.63)

with (C.62).

We can now finally estimate the expectation of 𝜎𝜂V : for 𝑥 ∈ V ,

𝔼𝑥
[
𝜎
𝜂

V
]
=
∞∑︁
𝑛=1

ℙ𝑥 (𝜎𝜂V > 𝑛)

=
∞∑︁
𝑛=1

𝑁∑︁
𝑘=0

ℙ𝑥 (𝜎𝜂V > 𝑛(𝑁 + 1) + 𝑘)

≤ (𝑁 + 2)
∞∑︁
𝑛=0

ℙ𝑥 (𝜎𝜂V > 𝑛(𝑁 + 1))
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≤ (𝑁 + 2)
∞∑︁
𝑛=0

(
1 − exp

(
−4𝜀
𝜂

))𝑛
= (𝑁 + 2) exp

(
4𝜀
𝜂

)
, (C.64)

where we used (C.63).

Finally, taking 𝜂 > 0 small enough so that 𝑁 + 1 ≤ exp
(
𝜀
𝜂

)
yields that

𝔼𝑥
[
𝜎
𝜂

V
]
≤ exp

(
5𝜀
𝜂

)
, (C.65)

which concludes the proof. ■

Lemma C.16. For any X0 ⊂ ℝ𝑑 compact, for any 𝜀 > 0, for any small enough neighborhoods V𝑖 of C𝑖 , 𝑖 = 1, . . . , 𝑁crit ,
there is some 𝜂0 > 0 such for all 0 < 𝜂 < 𝜂0, for any 𝑥 ∈ X0 \

⋃𝑁crit
𝑖=𝐾+1 V𝑖 ,

1 ≤ 𝔼𝑥 [𝜏𝜂1 ] ≤ 𝑒
𝜀
𝜂 . (C.66)

Proof. Let us begin with the LHS inequality. There are two cases: either 𝑥 belongs to
⋃𝐾
𝑖=1 V𝑖 or not. If 𝑥 belongs to

⋃𝐾
𝑖=1 V𝑖 ,

then by definition 𝜎𝜂1 ≥ 1 and therefore 𝜏𝜂1 ≥ 1. If 𝑥 does not belong to
⋃𝐾
𝑖=1 V𝑖 , then 𝜎𝜂1 = 0 but necessarily 𝜏𝜂1 ≥ 1.

Hence, in all cases, 𝜏𝜂1 ≥ 1 so that the LHS inequality holds.

We now turn to the RHS inequality. As before, we will separate the proof into two cases: either 𝑥 belongs to
⋃𝐾
𝑖=1 V𝑖 or not.

If 𝑥 belongs to some V𝑖 for some 𝑖 ∈ {1, . . . , 𝐾} then, by Lemma C.15, we have that

𝔼𝑥 [𝜎𝜂1 ] = 𝔼𝑥 [𝜎𝜂V𝑖 ] ≤ 𝑒
𝜀
𝜂 . (C.67)

In particular, 𝜎𝜂1 is finite almost surely. Therefore, the strong Markov property implies that

𝔼𝑥 [𝜏𝜂1 ] = 𝔼𝑥 [𝜎𝜂1 ] + 𝔼𝑥 [𝔼𝑥𝜂
𝜎
𝜂

1

[𝜏𝜂V ]] . (C.68)

Applying Lemma B.3 with U ← ⋃𝑁crit
𝑖=1 V𝑖 and ℝ𝑑 ← X0, and using Jensen’s inequality, we obtain that

𝔼𝑥𝜂
𝜎
𝜂

1

[𝜏𝜂V ] ≤ 𝑎 +
𝑏𝜂0
𝛼0
C 𝑐 . (C.69)

Plugging this bound into (C.68) and using (C.67) yields

𝔼𝑥 [𝜏𝜂1 ] ≤ 𝑒
𝜀
𝜂 + 𝑐 , (C.70)

which concludes the proof of this case.

Finally, if 𝑥 does not belong to
⋃𝐾
𝑖=1 V𝑖 , then one only needs to apply Lemma B.3 as above to obtain the result. ■

Corollary C.1. For any X0 ⊂ ℝ𝑑 compact, for any 𝑁 ≥ 1, for any 𝜀 > 0, for any small enough neighborhoods V𝑖 of C𝑖 ,
𝑖 = 1, . . . , 𝑁crit, there is some 𝜂0 > 0 such that for all 0 < 𝜂 < 𝜂0, for any 𝑥 ∈ X0 \

⋃𝑁crit
𝑖=𝐾+1 V𝑖 ,

1 ≤ 𝔼𝑥 [𝜏𝜂𝑁 ] ≤ 𝑒
𝜀
𝜂 . (C.71)

Proof. The lower bound follows directly from the definition of 𝜏𝜂
𝑁

since 𝜏𝜂
𝑘
≥ 𝑘 for all 𝑘 ≥ 1 by construction.

For the upper bound, first note that we can write 𝜏𝜂
𝑁

as a telescoping sum:

𝜏
𝜂

𝑁
=
𝑁−1∑︁
𝑘=0
(𝜏𝜂
𝑘+1 − 𝜏

𝜂

𝑘
) , (C.72)
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with the convention that 𝜏𝜂0 = 0. Therefore,

𝔼𝑥 [𝜏𝜂𝑁 ] =
𝑁−1∑︁
𝑘=0

𝔼𝑥 [𝜏𝜂𝑘+1 − 𝜏
𝜂

𝑘
] . (C.73)

By the strong Markov property applied at time 𝜏𝜂
𝑘

for each term, we have

𝔼𝑥 [𝜏𝜂𝑘+1 − 𝜏
𝜂

𝑘
] = 𝔼𝑥 [𝔼𝑥𝜂

𝜏
𝜂

𝑘

[𝜏𝜂1 ]]

≤ 𝑒
𝜀
𝜂 , (C.74)

where the inequality follows from Lemma C.16 since 𝑥𝜂
𝜏
𝜂

𝑘

belongs to
⋃𝑁crit
𝑖=1 V𝑖 by definition of 𝜏𝜂

𝑘
for all 𝑘 ≥ 1 (and for

𝑘 = 0, we can apply Lemma C.16 directly to the initial point 𝑥).

Summing over 𝑘 from 0 to 𝑁 − 1 yields

𝔼𝑥 [𝜏𝜂𝑁 ] ≤ 𝑁𝑒
𝜀
𝜂

≤ 𝑒
2𝜀
𝜂 , (C.75)

for 𝜂 small enough. ■
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D Finite-Time Analysis

D.1 Markov Chains on finite state spaces

In this subsection, we introduce the necessary notation and then restate a key lemma from Freidlin & Wentzell [22,
Chap. 6,§3].

Consider a finite set V and Q ⊆ V . Denote by 𝑟 B cardV \Q.

Given 𝑝 : (V \Q) × V → [0, 1], we define the probability of a 𝑔 with edges in (V \Q) × V as

𝜋(𝑔, 𝑝) B
∏
𝑖→ 𝑗∈𝑔

𝑝(𝑖 → 𝑗) . (D.1)

A graph 𝑔 consisting of arrows 𝑗 → 𝑘 with 𝑗 ∈ V \Q, 𝑘 ∈ V , 𝑗 ≠ 𝑘 is called a Q-graph on V if

(i) Every vertex in V \Q has exactly one outgoing arrow.

(ii) There are no cycles, or, equivalently, from every vertex in V \Q there is a directed path to a vertex in Q.

The set of Q-graphs is denoted by G (Q).

We denote by G (𝑖 ̸; Q) the set of graphs with exactly card(V \Q) − 1 edges from V \Q to V , no cycles and no path from 𝑖

to Q. Note that, equivalently, this set is made of all Q-graphs from which a single edge from the path from 𝑖 to Q has been
removed.

Lemma D.1 (Freidlin & Wentzell [22, Chap. 6,§3,Lem. 3.4]). Consider a Markov Chain on state space 𝑋 =
⋃
𝑖∈V 𝑋𝑖 with

𝑋𝑖 , 𝑖 ∈ V disjoint and non-empty, with transition probabilities that satisfy: for 𝑖 ∈ V \Q, 𝑗 ∈ V with 𝑖 ≠ 𝑗 ,

∀𝑥 ∈ 𝑋𝑖 , 𝑎−1𝑝𝑖 𝑗 ≤ ℙ(𝑥, 𝑋 𝑗 ) ≤ 𝑎𝑝𝑖 𝑗 , (D.2)

for some 𝑎 ≥ 1, 𝑝𝑖 𝑗 > 0. For 𝑖 ∈ V \Q, the expected time to reach Q when starting at 𝑥 denoted by 𝑚Q (𝑥) satisfies: for all
𝑥 ∈ 𝑋𝑖 ,

𝑎3×4𝑟
∑
𝑔∈G (𝑖 ̸;Q) 𝜋(𝑔, 𝑝)∑

𝑔∈G 𝜋(𝑔, 𝑝)
≤ 𝑚Q (𝑥) ≤ 𝑎3×4𝑟

∑
𝑔∈G (𝑖 ̸;Q) 𝜋

(
𝑔, 𝑝

)
∑
𝑔∈G 𝜋

(
𝑔, 𝑝

) (D.3)

D.2 Hitting time of the accelerated process

We will instantiate the lemmas of the previous section Appendix D.1 with V = {1, . . . , 𝑁crit}, Q = {𝐾 + 1, . . . , 𝑁crit} and
𝑋𝑖 = V𝑖 for 𝑖 ∈ {1, . . . , 𝑁crit}. We have 𝑟 = 𝑁crit − 𝐾 . Note that the notation Q is in line with the notation of the main text
where we denote by Q both the set of indices {𝐾 + 1, . . . , 𝑁crit} and the set of union of the corresponding components⋃
𝑗∈Q C 𝑗 =

⋃𝑁targ

𝑗=1 Q 𝑗 = arg min 𝑓 .

Define by 𝜏𝜂Q B 𝜏
𝜂⋃
𝑗∈Q V 𝑗 the hitting time of

⋃
𝑗∈Q V 𝑗 for the accelerated SGD process. We also consider the induced chain

(𝑧𝑛)𝑛≥0 on
⋃𝑁crit
𝑖=1 V𝑖 defined in Definition 8 as well as its accelerated version defined in Definition 9 and denote by �̃�𝐾Q the

hitting time of
⋃
𝑗∈Q V 𝑗 for this accelerated induced chain. These two hitting times are related by the following lemma,

which is a key consequence of Lemma C.16.

Lemma D.2. For any 𝜀 > 0, for any small enough neighborhoods V𝑖 of C𝑖 , 𝑖 = 1, . . . , 𝑁crit , there is some 𝜂0 > 0 such for
all 0 < 𝜂 < 𝜂0, for any 𝑥 ∈ ⋃𝑁crit

𝑖=1 V𝑖 ,
𝔼𝑥 [�̃�𝐾Q] ≤ 𝔼𝑥 [𝜏𝜂Q] ≤ 𝔼𝑥 [�̃�𝐾Q] × 𝑒

𝜀
𝜂 . (D.4)

Proof. First, if 𝑥 belongs to
⋃𝑁crit
𝑖=𝐾+1 V𝑖 =

⋃
𝑗∈Q V 𝑗 , then 𝜏𝜂Q = 0 and �̃�𝐾Q = 0 so the statement holds trivially.

We now consider the case where 𝑥 belongs to
⋃𝐾
𝑖=1 V𝑖 . Since C1, . . . , C𝐾 are compact, we can require that

⋃𝐾
𝑖=1 V𝑖 be

relatively compact. We can now apply Corollary C.1 to the accelerated process to obtain that with X0 ← cl ⋃𝐾
𝑖=1 V𝑖 , for any

small enough neighborhoods V𝑖 of C𝑖 , 𝑖 = 1, . . . , 𝑁crit , there is some 𝜂0 > 0 such for all 0 < 𝜂 < 𝜂0, for any 𝑥 ∈ ⋃𝑁crit
𝑖=1 V𝑖 ,

we have,
1 ≤ 𝔼𝑥 [𝜏𝜂𝐾 ] ≤ 𝑒

𝜀
𝜂 . (D.5)
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We now have that, by Definition 8,

𝔼𝑥 [𝜏𝜂Q] = 𝔼𝑥

[
∞∑︁
𝑛=0

1
{
𝑥
𝜂

𝜏
𝜂

𝑛𝐾

∉
⋃
𝑗∈Q

V 𝑗
} (
𝜏
𝜂

(𝑛+1)𝐾 − 𝜏
𝜂

𝑛𝐾

)]
=
∞∑︁
𝑛=0

𝔼𝑥

[
1
{
𝑥
𝜂

𝜏
𝜂

𝑛𝐾

∉
⋃
𝑗∈Q

V 𝑗
} (
𝜏
𝜂

(𝑛+1)𝐾 − 𝜏
𝜂

𝑛𝐾

)]
=
∞∑︁
𝑛=0

𝔼𝑥

[
1
{
𝑥
𝜂

𝜏
𝜂

𝑛𝐾

∉
⋃
𝑗∈Q

V 𝑗
}
𝔼𝑥𝜂

𝜏
𝜂
𝑛𝐾

[𝜏𝜂𝐾]

]
, (D.6)

where we used the strong Markov property in the last equality, since 𝜏𝜂1 is always finite almost surely by (D.5).

Combining (D.6) with (D.5), we obtain the bound:

𝔼𝑥 [𝜏𝜂Q] =
∞∑︁
𝑛=0

𝔼𝑥

[
1
{
𝑥
𝜂

𝜏
𝜂
𝑛

∉
⋃
𝑗∈Q

V 𝑗
}]
≤ 𝔼𝑥 [𝜏𝜂Q] ≤

∞∑︁
𝑛=0

𝔼𝑥

[
1
{
𝑥
𝜂

𝜏
𝜂
𝑛

∉
⋃
𝑗∈Q

V 𝑗
}]
× 𝑒

𝜀
𝜂 = 𝔼𝑥 [�̃�𝐾Q] × 𝑒

𝜀
𝜂 , (D.7)

which yields the result. ■

Assumption 9. For any 𝑖 ∈ {1, . . . , 𝐾}, 𝑗 ∈ {1, . . . , 𝑁crit},

𝐵𝑖, 𝑗 < +∞ . (D.8)

From now on, we will assume that Assumption 9 holds.

Definition 13. For 𝑖 ∈ V \Q, we define the following quantities:

𝐸 (𝑖 ̸; Q) B min

{ ∑︁
𝑘→𝑙∈𝑔

𝐵𝑘,𝑙 : 𝑔 ∈ G (𝑖 ̸; Q)
}

(D.9)

𝐸 (Q) B min

{ ∑︁
𝑘→𝑙∈𝑔

𝐵𝑘,𝑙 : 𝑔 ∈ G (Q)
}

(D.10)

𝐸 (Q | 𝑖) B 𝐸 (Q) − 𝐸 (𝑖 ̸; Q) . (D.11)

Note that Assumption 9 ensures that all these quantities are finite.

Lemma D.3. For any 𝑖 ∈ V \Q, for any 𝜀 > 0, for V1, . . . ,V𝑁crit neighborhoods of C1, . . . , C𝑁crit small enough, there is
𝜂0 > 0 such that for all 0 < 𝜂 < 𝜂0, for any 𝑥 ∈ V𝑖 ,

𝑒
𝐸 (Q | 𝑖)−𝜀

𝜂 ≤ 𝔼𝑥
[
�̃�𝐾Q

]
≤ 𝑒

𝐸 (Q | 𝑖)+𝜀
𝜂 . (D.12)

Proof. Fix 𝑖 ∈ V \Q. We will apply Lemma D.1 to the accelerated induced chain.

Let us first verify the assumptions of these lemmas. By Lemmas C.6 and C.7, for any 𝜀 > 0, for small enough neighborhoods
V𝑖 of C𝑖 , 𝑖 = 1, . . . , 𝑁crit, there exists 𝜂0 > 0 such that for all 𝑖 ∈ {1, . . . , 𝐾}, 𝑗 ∈ {1, . . . , 𝑁crit}, 𝑥 ∈ V𝑖 , 0 < 𝜂 < 𝜂0:

ℚK
V (𝑥,V 𝑗 ) ≤ exp

(
−
𝐵𝑖, 𝑗

𝜂
+ 𝜀
𝜂

)
, (D.13)

ℚK
V (𝑥,V 𝑗 ) ≥ exp

(
−
𝐵𝑖, 𝑗

𝜂
− 𝜀
𝜂

)
. (D.14)

Note that Assumption 9 ensures that both 𝐵𝑖, 𝑗 and 𝐵𝑖, 𝑗 are finite.

We define, for any 𝑖 ∈ V \Q, 𝑗 ∈ V with 𝑖 ≠ 𝑗 :

𝑝𝑖 𝑗 B exp
(
−
𝐵𝑖, 𝑗

𝜂

)
and, 𝑝𝑖 𝑗 B exp

(
−
𝐵𝑖, 𝑗

𝜂

)
. (D.15)
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Let us verify the conditions of Lemma D.1 with 𝑎 B 𝑒𝜀/𝜂 :

By (D.13) and (D.14), for all 𝑖 ∈ V \Q, 𝑗 ∈ V with 𝑖 ≠ 𝑗 , 𝑥 ∈ V𝑖:

𝑎𝑝𝑖 𝑗 ≤ ℚK
V (𝑥,V 𝑗 ) ≤ 𝑎𝑝𝑖 𝑗 . (D.16)

Now we can apply Lemma D.1 to obtain that for 𝑥 ∈ V𝑖:

𝑎−3×4𝑟 𝑒
𝐸 (Q | 𝑖)
𝜂 ≤ 𝔼𝑥 [�̃�𝐾Q] ≤ 𝑎

3×4𝑟 𝑒
𝐸 (Q | 𝑖)
𝜂 . (D.17)

Recalling that 𝑎 = 𝑒𝜀/𝜂 , the bounds in (D.17) become:

𝑒
𝐸 (Q | 𝑖)−3×4𝑟 𝜀

𝜂 ≤ 𝔼𝑥 [�̃�𝐾Q] ≤ 𝑒
𝐸 (Q | 𝑖)+3×4𝑟 𝜀

𝜂 , (D.18)

which concludes the proof since 𝜀 > 0 was arbitrary.

■

Definition 14. Let us now define, for 𝑥 ∈ ℝ𝑑 ,

𝐸 (Q | 𝑥) =
[

max
𝑖∈V\Q

(𝐸 (Q | 𝑖) − 𝐵𝑥𝑖)
]
+
. (D.19)

with the convention that these quantities are zero if 𝑥 ∈ ⋃
𝑗∈Q V 𝑗 or equal to the quantities defined in Definition 13 if

𝑥 ∈ ⋃𝐾
𝑖=1 V𝑖 .

Note that these quantities defined in Definition 14 are non-negative and finite by Assumption 9.

Lemma D.4. For any 𝑥0 ∈ ℝ𝑑 , for any 𝜀 > 0, for V1, . . . ,V𝑁crit neighborhoods of C1, . . . , C𝑁crit small enough, there is
𝜂0 > 0 such that for all 0 < 𝜂 < 𝜂0,

𝑒
𝐸 (Q | 𝑥0 )−𝜀

𝜂 ≤ 𝔼𝑥
[
�̃�𝐾Q

]
≤ 𝑒

𝐸 (Q | 𝑥0 )+𝜀
𝜂 . (D.20)

Proof. If 𝑥0 ∈
⋃𝐾
𝑖=1 V𝑖 , then Lemma D.3 applies and yields the result. if 𝑥0 ∈

⋃𝑁crit
𝑖=𝐾+1 V𝑖 , then the result holds trivially. Let

us now consider the general case where 𝑥0 ∈ ℝ𝑑 \
⋃𝑁crit
𝑖=1 V𝑖 and let us first prove the upper bound, the lower bound follows

similarly.

By Lemma D.3 and Lemma C.13: for small enough neighborhoods V𝑖 of C𝑖 , 𝑖 = 1, . . . , 𝑁crit, there exists 𝜂0 > 0 such that
for all 0 < 𝜂 < 𝜂0, 𝑖 ∈ {1, . . . , 𝐾}, 𝑥′ ∈ V𝑖 , both

𝔼𝑥′ [�̃�𝐾Q] ≤ exp
(
𝐸 (Q | 𝑖) + 𝜀

𝜂

)
(D.21)

and,

ℚK
V (𝑥0,V𝑖) ≤ exp

(
−
𝐵𝑥0 ,𝑖

𝜂
+ 𝜀
𝜂

)
(D.22)

hold.

Using the strong Markov property at time 𝜏𝜂
𝐾

(which is finite almost surely by Corollary C.1), we have:

𝔼𝑥0 [�̃�𝐾Q] =
𝑁crit∑︁
𝑖=1

𝔼𝑥0

[
(1 + 𝔼𝑥𝜂

𝜏
𝜂
𝐾

[�̃�𝐾Q]) 1
{
𝑥
𝜂

𝜏
𝜂

𝐾

∈ V𝑖
}]

= 1 +
𝐾∑︁
𝑖=1

𝔼𝑥0

[
𝔼𝑥𝜂

𝜏
𝜂
𝐾

[�̃�𝐾Q] 1
{
𝑥
𝜂

𝜏
𝜂

𝐾

∈ V𝑖
}]
+

𝑁crit∑︁
𝑖=𝐾+1

0 × 1
{
𝑥
𝜂

𝜏
𝜂

𝐾

∈ V𝑖
}

≤ 1 +
𝐾∑︁
𝑖=1

exp
(
𝐸 (Q | 𝑖) − 𝐵𝑥0 ,𝑖 + 2𝜀

𝜂

)
, (D.23)
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where we used (D.21) and (D.22) in the last inequality. Bounding the sum as follows

1 +
𝐾∑︁
𝑖=1

exp
(
𝐸 (Q | 𝑖) − 𝐵𝑥0 ,𝑖 + 2𝜀

𝜂

)
≤ (𝐾 + 1) exp

(0 ∨max𝑖∈{1,...,𝐾 }
(
𝐸 (Q | 𝑖) − 𝐵𝑥0 ,𝑖 + 2𝜀

)
𝜂

)
= (𝐾 + 1) exp

(
𝐸 (Q | 𝑥0) + 2𝜀

𝜂

)
, (D.24)

yields the upper bound.

The lower bound follows similarly using Lemma C.14 and the lower bound from Lemma D.3.

■

Theorem D.1. For any 𝑥0 ∈ ℝ𝑑 , for any 𝜀 > 0, for V1, . . . ,V𝑁crit neighborhoods of C1, . . . , C𝑁crit small enough, there is
𝜂0 > 0 such that for all 0 < 𝜂 < 𝜂0,

𝑒
𝐸 (Q | 𝑥0 )−𝜀

𝜂 ≤ 𝔼𝑥0

[
𝜏
𝜂

Q

]
≤ 𝑒

𝐸 (Q | 𝑥0 )+𝜀
𝜂 . (D.25)

Proof. The result follows directly by combining Lemmas D.2 and D.4.

Specifically, by Lemma D.4, for any 𝜀 > 0, for small enough neighborhoods V𝑖 of C𝑖 , 𝑖 = 1, . . . , 𝑁crit, there exists 𝜂0 > 0
such that for all 0 < 𝜂 < 𝜂0:

𝑒
𝐸 (Q | 𝑥0 )+𝜀

𝜂 ≤ 𝔼𝑥0

[
�̃�𝐾Q

]
≤ 𝑒

𝐸 (Q | 𝑥0 )+𝜀
𝜂 . (D.26)

Then by Lemma D.2, potentially reducing 𝜂0, we have:

𝔼𝑥0 [�̃�𝐾Q] ≤ 𝔼𝑥0 [𝜏
𝜂

Q] ≤ 𝔼𝑥0 [�̃�𝐾Q] × 𝑒
𝜀
𝜂 . (D.27)

Combining these inequalities and using the fact that 𝜀 > 0 was arbitrary concludes the proof. ■

The following lemma, though looking at first weaker than Theorem D.1, will be useful later due to its uniformity in the
initial condition in neighborhoods of the components.
Lemma D.5. Under Assumption 9, for any 𝑖 ∈ V \Q, for any 𝜀 > 0, for V1, . . . ,V𝑁crit neighborhoods of C1, . . . , C𝑁crit small
enough, there is 𝜂0 > 0 such that for all 0 < 𝜂 < 𝜂0, for any 𝑥 ∈ V𝑖 ,

𝑒
𝐸 (Q | 𝑖)−𝜀

𝜂 ≤ 𝔼𝑥

[
𝜏
𝜂

Q

]
≤ 𝑒

𝐸 (Q | 𝑖)+𝜀
𝜂 . (D.28)

Proof. The result follows directly by combining Lemmas D.2 and D.3.

Specifically, by Lemma D.3, for any 𝜀 > 0, for small enough neighborhoods V𝑖 of C𝑖 , 𝑖 = 1, . . . , 𝑁crit, there exists 𝜂0 > 0
such that for all 0 < 𝜂 < 𝜂0, for any 𝑥 ∈ V𝑖:

𝑒
𝐸 (Q | 𝑖)+𝜀

𝜂 ≤ 𝔼𝑥
[
�̃�𝐾Q

]
≤ 𝑒

𝐸 (Q | 𝑖)+𝜀
𝜂 . (D.29)

Then by Lemma D.2, potentially reducing 𝜂0, we have:

𝔼𝑥 [�̃�𝐾Q] ≤ 𝔼𝑥 [𝜏𝜂Q] ≤ 𝔼𝑥 [�̃�𝐾Q] × 𝑒
𝜀
𝜂 . (D.30)

Combining these inequalities and using the fact that 𝜀 > 0 was arbitrary concludes the proof. ■

Another technical lemma that will be useful later is the following.
Lemma D.6. For any 𝑥0 ∈ ℝ𝑑 , for any 𝜀 > 0, for V1, . . . ,V𝑁crit neighborhoods of C1, . . . , C𝑁crit small enough, there is
𝜂0 > 0 such that for all 0 < 𝜂 < 𝜂0,

𝑒
𝐸 (Q | 𝑥0 )−𝜀

𝜂 ≤ 𝔼𝑥0 [�̃�Q] (D.31)

Proof. This result follows directly from Lemma D.4 and the fact that �̃�Q ≤ �̃�𝐾Q . ■
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D.3 Hitting time of SGD

Leveraging the bounds on the hitting time of the accelerated process, we can now derive bounds on the hitting time of SGD.
Denote by 𝜏 the hitting time of V =

⋃
𝑗∈Q V 𝑗 for the SGD sequence:

𝜏 B inf

{
𝑛 ≥ 0 : 𝑥𝑛 ∈

⋃
𝑗∈Q

V 𝑗

}
. (D.32)

It corresponds to the hitting time of SGD defined in the main text (10) in the simpler case where each V 𝑗 is of the form
V 𝑗 = U𝛿 (C 𝑗 ) for 𝑗 ∈ Q. We now state our first main results on the actual SGD sequence (B.12). The theorem below is a
corollary of Theorem D.1 which concerned the subsampled process (B.16).

Theorem D.2. For any 𝑥0 ∈ ℝ𝑑 , for any 𝜀 > 0, for V1, . . . ,V𝑁crit neighborhoods of C1, . . . , C𝑁crit small enough, there is
𝜂0 > 0 such that for all 0 < 𝜂 < 𝜂0,

𝔼𝑥0 [𝜏] ≤ 𝑒
𝐸 (Q | 𝑥0 )+𝜀

𝜂 . (D.33)

Proof. This result follows from Theorem D.1 and the fact that, by construction,

𝜏 ≤ 𝜏𝜂Q
⌈
𝜂−1⌉ , (D.34)

with ⌈𝜂−1⌉ ≤ 𝑒
𝜀
𝜂 for small enough 𝜂. ■

Corollary D.1. For any 𝑥0 ∈ ℝ𝑑 , for any Δ > 0, for V1, . . . ,V𝑁crit neighborhoods of C1, . . . , C𝑁crit small enough, there is
𝜂0 > 0 such that for all 0 < 𝜂 < 𝜂0,

ℙ𝑥

(
𝜏 < exp

(
𝐸 (Q | 𝑥0) + Δ

𝜂

))
≤ 𝑒−

Δ
2𝜂 . (D.35)

Proof. By Markov’s inequality and Theorem D.2, for any 𝑥0 ∈ ℝ𝑑 , for V1, . . . ,V𝑁crit neighborhoods of C1, . . . , C𝑁crit small
enough, there exists 𝜂0 > 0 such that for all 0 < 𝜂 < 𝜂0:

ℙ𝑥

(
𝜏 ≥ exp

(
𝐸 (Q | 𝑥0) + Δ

𝜂

))
≤ 𝔼𝑥 [𝜏]

exp
(
𝐸 (Q | 𝑥0 )+Δ

𝜂

) (D.36)

≤
exp

(
𝐸 (Q | 𝑥0 )+Δ/2

𝜂

)
exp

(
𝐸 (Q | 𝑥0 )+Δ

𝜂

) = exp(−Δ/2𝜂) . (D.37)

■

Let us now focus on the lower-bound which requires more care. We will require the following additional assumption:

Assumption 10. Assume that there exist 𝜇 > 0, 𝜎2
∞ < +∞, 𝑅 > 0, such that,

1. clU𝑅 (Q 𝑗 ), 𝑗 = 1, . . . , 𝑁targ are pairwise disjoint.

2. for all 𝑗 = 1, . . . , 𝑁targ, 𝑥 ∈ clU𝑅 (Q 𝑗 ), 𝑢(𝑥, 𝜔) is a 𝜎2
∞-sub-Gaussian:

∀𝑝 ∈ ℝ𝑑 , log𝔼
[
𝑒⟨𝑝,𝑢(𝑥,𝜔) ⟩

]
≤ 𝜎

2
∞

2
∥𝑝∥2 . (D.38)

3. for all 𝑗 = 1, . . . , 𝑁targ, 𝑥 ∈ clU𝑅 (Q 𝑗 ), there exists 𝑥′ ∈ projQ 𝑗
(𝑥) a projection of 𝑥 on Q 𝑗 such that:

⟨∇ 𝑓 (𝑥), 𝑥 − 𝑥′⟩ ≥ 𝜇

2
∥𝑥 − 𝑥′∥2 (D.39)
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Note that, by Assumption 2 and compactness of crit( 𝑓 ), such a 𝜎2
∞ always exists since one can take

𝜎2
∞ = sup

{
𝜎2
∞ ( 𝑓 (𝑥)) : 𝑥 ∈

𝑁targ⋃
𝑗=1

clU𝑅 (Q 𝑗 )
}
. (D.40)

In particular, if 𝜎2
∞ is constant, then one can simply take 𝜎2

∞ = 𝜎2
∞.

Lemma D.7. Under Assumption 10, for any 𝑗 ∈ Q, there exists 𝜂0 > 0 such that for all 0 < 𝜂 < 𝜂0, for any 𝑥0 ∈ ℝ𝑑

satisfying 𝑑 (𝑥0,Q 𝑗 ) ≤ 𝑅
12 , we have, for SGD started at 𝑥0:

ℙ𝑥0

(
∀𝑛 ≥ 0, 𝑑 (𝑥𝑛,Q 𝑗 ) ≤ 𝑅

)
≥ 1 − exp

(
− 𝜇𝑅2

1152𝜎2
∞𝜂

)
. (D.41)

Proof. Let us denote by K B clU𝑅 (Q 𝑗 ) Given 𝑥0 ∈ K, we define the projected SGD sequence as{
𝑝0 = 𝑥0

𝑝𝑛+1 ∈ projK (𝑝𝑛 − 𝜂∇ 𝑓 (𝑝𝑛) + 𝜂𝑢𝑛) , where 𝑢𝑛 = 𝑢(𝑝𝑛, 𝜔𝑛) .
(D.42)

By Assumption 10, for any 𝑛 ≥ 0, there exists 𝑦𝑛 ∈ projQ 𝑗
(𝑝𝑛) such that:

⟨∇ 𝑓 (𝑝𝑛), 𝑝𝑛 − 𝑦𝑛⟩ ≥
𝜇

2
∥𝑝𝑛 − 𝑦𝑛∥2 . (D.43)

Define the martingale sequence (𝑀𝑛)𝑛≥0 by:

𝑀𝑛 B
𝑛∑︁
𝑘=0
(1 − 𝜇𝜂)𝑛−𝑘 ⟨𝑢𝑘 , 𝑝𝑘 − 𝑦𝑘⟩ . (D.44)

We recursively compute the moment generating function of 𝑀𝑛: for 𝛼 ≥ 0, 𝑛 ≥ 0, by the tower property of conditional
expectation and Assumption 10:

𝔼
[
𝑒𝛼𝑀𝑛

]
≤ exp

(
𝛼2𝑅2𝜎2

∞
2

)
exp

(
(1 − 𝜇𝜂)2𝛼2𝜎2

∞
2

)
. . . exp

(
(1 − 𝜇𝜂)2𝑛𝛼2𝜎2

∞
2

)
= exp

(
𝛼2𝑅2𝜎2

∞
2

× 1 − (1 − 𝜇𝜂)2(𝑛+1)
1 − (1 − 𝜇𝜂)2

)
≤ exp

(
𝛼2𝑅2𝜎2

∞
2𝜇𝜂

)
, (D.45)

provided that 𝜂 is small enough so that 𝜇𝜂 < 1. Note that we used that the iterates of (D.42) are at distance at most 𝑅 from
Q 𝑗 by construction.

Since
(
𝑒𝛼𝑀𝑛

)
𝑛≥0 is a convex function of the martingale sequence (𝑀𝑛)𝑛≥0, it is a sub-martingale. We can apply Doob’s

maximal inequality to the non-negative sub-martingale (𝑀𝑛)𝑛≥0 to obtain that for any Δ > 0, 𝑁 ≥ 0:

ℙ

(
sup

𝑛≤𝑁−1
𝑀𝑛 ≥ Δ

)
≤ ℙ

(
sup

𝑛≤𝑁−1
𝑒𝛼𝑀𝑛 ≥ 𝑒𝛼Δ

)
≤ exp

(
𝛼2𝑅2𝜎2

∞
2𝜇𝜂

− 𝛼Δ
)
, (D.46)

where we used (D.45) in the last inequality. Optimizing the right-hand side of (D.46) with respect to 𝛼 and setting 𝛼 =
𝜇𝜂Δ

𝑅2𝜎2
∞

,
we obtain:

ℙ

(
sup

𝑛≤𝑁−1
𝑀𝑛 ≥ Δ

)
≤ exp

(
− 𝜇𝜂Δ2

2𝑅2𝜎2
∞

)
. (D.47)
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Taking Δ← Δ/𝜂 and 𝑁 → +∞, we obtain that, by monotone continuity of probability measures, for any Δ > 0:

ℙ

(
sup
𝑛≥0

𝜂𝑀𝑛 ≥ Δ

)
≤ exp

(
− 𝜇Δ2

2𝜂𝑅2𝜎2
∞

)
. (D.48)

Denote by 𝐺 B sup𝑥∈K,𝜔∈Ω∥−∇ 𝑓 (𝑥) + 𝑢(𝑥, 𝜔)∥ the bound on the gradient and on the noise on K, which is finite by
Assumptions 5 and 7.

Let us now derive a recursive inequality for the distance to Q 𝑗 . For any iterate 𝑛 ≥ 0, by non-expansiveness of the projection,
we have:

𝑑2 (𝑝𝑛+1,Q 𝑗 ) ≤ ∥𝑝𝑛+1 − 𝑦𝑛∥2

≤ ∥𝑝𝑛 − 𝜂∇ 𝑓 (𝑝𝑛) + 𝜂𝑢𝑛 − 𝑦𝑛∥2

= ∥𝑝𝑛 − 𝑦𝑛∥2 + 𝜂2∥∇ 𝑓 (𝑝𝑛) − 𝑢𝑛∥2

− 2𝜂⟨∇ 𝑓 (𝑝𝑛), 𝑝𝑛 − 𝑦𝑛⟩ + 2𝜂⟨𝑢𝑛, 𝑝𝑛 − 𝑦𝑛⟩
≤ (1 − 𝜇𝜂)∥𝑝𝑛 − 𝑦𝑛∥2 + 𝜂2𝐺2 + 2𝜂⟨𝑢𝑛, 𝑝𝑛 − 𝑦𝑛⟩ , (D.49)

where we used (D.43) in the last inequality.

Iterating this inequality and using that 𝑑 (𝑝𝑛,Q 𝑗 ) = ∥𝑝𝑛 − 𝑦𝑛∥, we obtain:

𝑑2 (𝑝𝑛,Q 𝑗 ) ≤ (1 − 𝜇𝜂)𝑛𝑑2 (𝑥0,Q 𝑗 ) + 𝜂2𝐺2
𝑛−1∑︁
𝑖=0
(1 − 𝜇𝜂)𝑖

+ 2𝜂
𝑛−1∑︁
𝑖=0
(1 − 𝜇𝜂)𝑛−1−𝑖 ⟨𝑢𝑖 , 𝑝𝑖 − 𝑦𝑖⟩

= (1 − 𝜇𝜂)𝑛𝑑2 (𝑥0,Q 𝑗 ) + 𝜂2𝐺2 1 − (1 − 𝜇𝜂)𝑛
𝜇𝜂

+ 2𝜂𝑀𝑛−1

≤ (1 − 𝜇𝜂)𝑛𝑑2 (𝑥0,Q 𝑗 ) +
2𝜂𝐺2

𝜇
+ 2𝜂𝑀𝑛−1 . (D.50)

Using that 𝑑 (𝑥0,Q 𝑗 ) ≤ 𝑅
12 by assumption, requiring that 𝜂 > 0 be small enough so that 2𝜂𝐺2

𝜇
≤ 𝑅2

12 and taking Δ← 𝑅2

24 in

(D.48), we obtain that for any 𝑛 ≥ 0, with probability at least 1 − exp
(
− 𝜇𝑅2

1152𝜎2
∞𝜂

)
:

𝑑2 (𝑝𝑛,Q 𝑗 ) ≤
𝑅2

4
. (D.51)

In addition, take 𝜂 > 0 small enough so that 𝑅
2 + 𝜂𝐺 ≤

𝑅
2 : this implies that if 𝑥 ∈ ℝ𝑑 so that 𝑑 (𝑥,Q 𝑗 ) ≤ 𝑅

2 , then
𝑥 − 𝜂∇ 𝑓 (𝑥) + 𝜂𝑢(𝑥, 𝜔) ∈ K. Combining this remark with (D.51), we can show recursively that the sequences (𝑥𝑛)𝑛≥0 and
(𝑝𝑛)𝑛≥0 coincide with probability at least 1 − exp

(
− 𝜇𝑅2

1152𝜎2
∞𝜂

)
, yielding the desired result.

■

Define by �̃�Q the hitting time of
⋃
𝑗∈Q V 𝑗 by the induced chain (𝑧𝑛)𝑛≥0 (see Definition 8).

Lemma D.8. Define
B∞ B max

𝑖∈V\Q
min
𝑗∈Q

B𝑖, 𝑗 + 1 . (D.52)

For any 𝑥0 ∈ ℝ𝑑 , for V1, . . . ,V𝑁crit neighborhoods of C1, . . . , C𝑁crit small enough, there is 𝜂0 > 0 such that for all 0 < 𝜂 < 𝜂0,
for any 𝑛 ≥ 0,

ℙ𝑥0 (�̃�Q > 𝑛) ≤
(
1 − 𝑒−

B∞
𝜂

)𝑛
. (D.53)

Note that Assumption 9 ensures that B∞ is finite.
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Proof. Fix some 𝑥0 ∈ ℝ𝑑 . By definition of B∞, for any vertex 𝑖 ∈ V \Q, there exists 𝑗 ∈ Q such that:

B𝑖, 𝑗 ≤ B∞ − 1 . (D.54)

Fix 𝜀 ← 1. By Lemma C.4, for small enough neighborhoods V𝑖 of C𝑖 , 𝑖 = 1, . . . , 𝑁crit, there exists 𝜂0 > 0 such that for all
𝑖 ∈ V \Q, 𝑥 ∈ V𝑖 , 0 < 𝜂 < 𝜂0:

ℚV

(
𝑥,

⋃
𝑗∈Q

V 𝑗

)
≥ max

𝑗∈Q
ℚV (𝑥,V 𝑗 )

≥ exp
(
−

min 𝑗∈Q B𝑖, 𝑗
𝜂

− 𝜀
𝜂

)
≥ exp

(
−B∞
𝜂

)
. (D.55)

Therefore, for any 𝑛 ≥ 1, by the strong Markov property, we have:

ℙ𝑥0 (�̃�Q > 𝑛) = 𝔼𝑥0

[
1{�̃�Q > 𝑛 − 1} 1{𝑧𝑛 ∉

⋃
𝑗∈Q

V 𝑗 }
]

= 𝔼𝑥0

[
1{�̃�Q > 𝑛 − 1}𝔼𝑧𝑛−1

[
1{𝑧𝑛 ∉

⋃
𝑗∈Q

V 𝑗 }
] ]

≤
(
1 − exp

(
−B∞
𝜂

))
ℙ𝑥0 (�̃�Q > 𝑛 − 1) , (D.56)

where we used the (D.55) in the last inequality. Iterating (D.56), we obtain the desired result.

■

Theorem D.3. Fix 𝑥0 ∈ ℝ𝑑 . Under Assumption 10 and assuming that,

𝜇𝑅2

1152𝜎2
∞
> B∞ − 𝐸 (Q | 𝑥0) , (D.57)

for any 𝜀 > 0, for V1, . . . ,V𝑁crit neighborhoods of C1, . . . , C𝑁crit small enough, there is 𝜂0 > 0 such that for all 0 < 𝜂 < 𝜂0:

𝔼𝑥0 [𝜏] ≥ 𝑒
𝐸 (Q | 𝑥0 )−𝜀

𝜂 . (D.58)

Remark D.1. Note that the condition (D.57) is implied by the stronger condition

𝜇𝑅2

1152𝜎2
∞
> B∞ . (D.59)

In particular, B∞ does not depend on 𝑓 nor on the noise distribution on the interior of the basins of attraction of Q1, . . . ,Q𝑁targ .
Indeed, by definition, B∞ is equal to

B∞ = max
𝑖∈V\Q

min
𝑗∈Q

B𝑖, 𝑗 + 1 , (D.60)

and, for 𝑖 ∈ V \Q, 𝑗 ∈ Q, thanks to Lemma B.6, we have that

B𝑖, 𝑗 = inf

{
S𝑇 (𝛾) : 𝛾 ∈ C ( [0, 𝑇]) 𝛾0 ∈ C𝑖 , 𝛾𝑇 ∈ Attr(C 𝑗 ), 𝛾𝑛 ∉

⋃
𝑘∈V

C𝑘 ∀𝑛 ∈ 1, . . . , 𝑇 − 1

}
, (D.61)

since for any 𝑥 ∈ Attr(C 𝑗 ), the gradient flow started at 𝑥 converges to C 𝑗 and has zero action cost (Lemma B.4).

Hence, this condition assumption will be satisfied for functions with a sufficiently sharp profile near Q1, . . . ,Q𝑁targ and a
given profile away from it.
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Proof. Let us first begin by invoking Lemma D.6: for V1, . . . ,V𝑁crit neighborhoods of C1, . . . , C𝑁crit small enough, there is
𝜂0 > 0 such that for all 0 < 𝜂 < 𝜂0,

𝑒
𝐸 (Q | 𝑥0 )−𝜀

𝜂 ≤ 𝔼𝑥0 [�̃�Q] . (D.62)

Also require that, for all 𝑗 ∈ Q, V 𝑗 ⊂
{
𝑥 ∈ ℝ𝑑 : 𝑑

(
𝑥,Q 𝑗

)
≤ 𝑅

12
}

with 𝑅 as in Assumption 10.

If 𝑥0 ∈
⋃
𝑗∈Q V 𝑗 , then the result is trivial so let us assume that 𝑥0 ∉

⋃
𝑗∈Q V 𝑗 .

Let us denote by
𝐻 B

{
∀𝑛 ≥ 0, 𝑑 (𝑥𝑛+𝜏 ,Q 𝑗 ) ≤ 𝑅 with 𝑥𝜏 ∈ V 𝑗

}
(D.63)

the event that, after SGD hits
⋃
𝑘∈Q V𝑘 at V 𝑗 , it stays in V 𝑗 forever. Note that Theorem D.2 ensures that 𝜏 is finite almost

surely. By the strong Markov property, we thus obtain from Lemma D.7 that

ℙ𝑥0 (𝐻) ≥ 1 − exp

(
− 𝜇𝑅2

1152𝜎2
∞𝜂

)
. (D.64)

Let us now start from 𝔼𝑥0 [�̃�Q] where �̃�Q is the hitting time of
⋃
𝑗∈Q V 𝑗 by the induced chain (𝑧𝑛)𝑛≥0 (see Definition 8), for

which we have a lower-bound from Lemma D.6. We write

𝔼𝑥0 [�̃�Q] = 𝔼𝑥0 [�̃�Q 1𝐻 ] + 𝔼𝑥0 [�̃�Q 1𝐻𝐶 ] . (D.65)

We begin with the first term of the RHS of (D.65). With the notations from Definition 8, let us consider 𝑘 ≥ 0 such that
𝜏
𝜂

𝑘
⌊𝜂−1⌋ < 𝜏 ≤ 𝜏𝜂

𝑘+1⌊𝜂
−1⌋ (which is is possible since these hitting times are finite almost surely and 𝜏 > 0). But, on the

event 𝐻, 𝑧𝑘+1 = 𝑥
𝜂

𝜏
𝜂

𝑘+1
= 𝑥𝜏𝜂

𝑘+1⌊𝜂−1⌋ must be in V 𝑗 . This means that, on 𝐻, �̃�Q = 𝑘 + 1. Moreover, 𝜏 ≤ 𝑘 ⌊𝜂−1⌋ so that, on 𝐻

�̃�Q ≤
𝜏

⌊𝜂−1⌋
+ 1 . (D.66)

and,

𝔼𝑥0 [�̃�Q 1𝐻 ] ≤ 𝔼𝑥0

[
𝜏

⌊𝜂−1⌋
+ 1

]
. (D.67)

Let us now focus on the second term of the RHS of (D.65). By Fubini’s theorem for non-negative integrands, we can rewrite
the expectation as:

𝔼𝑥0 [�̃�Q 1𝐻𝐶 ] = 𝔼𝑥0

[∫ +∞

0
1{�̃�Q > 𝑡} 1𝐻𝐶 𝑑𝑡

]
=

∫ +∞

0
ℙ𝑥0

(
�̃�Q > 𝑡, 𝐻𝐶

)
𝑑𝑡 . (D.68)

Let us now split the integral into two parts. For 𝑇 > 0, we have:

𝔼𝑥0 [�̃�Q 1𝐻𝐶 ] =
∫ 𝑇

0
ℙ𝑥0

(
�̃�Q > 𝑡, 𝐻𝐶

)
𝑑𝑡 +

∫ +∞

𝑇

ℙ𝑥0

(
�̃�Q > 𝑡, 𝐻𝐶

)
𝑑𝑡

≤
∫ 𝑇

0
ℙ𝑥0

(
𝐻𝐶

)
𝑑𝑡 +

∫ +∞

𝑇

ℙ𝑥0 (�̃�Q > 𝑡)𝑑𝑡 . (D.69)

By (D.64), the first term of the RHS of (D.69) is upper-bounded as:∫ 𝑇

0
ℙ𝑥0

(
𝐻𝐶

)
𝑑𝑡 ≤ 𝑇 exp

(
− 𝜇𝑅2

1152𝜎2
∞𝜂

)
. (D.70)

By (D.57), take 𝜀 > 0 small enough so that

𝜇𝑅2

1152𝜎2
∞
≥ B∞ − 𝐸 (Q | 𝑥0) + 3𝜀 , (D.71)
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and define

𝑇 B exp

(
𝜇𝑅2

1152𝜎2
∞𝜂
+ 𝐸 (Q | 𝑥0) − 2𝜀

𝜂

)
. (D.72)

(D.70) now becomes: ∫ 𝑇

0
ℙ𝑥0

(
𝐻𝐶

)
𝑑𝑡 ≤ 𝑒

𝐸 (Q | 𝑥0 )−2𝜀
𝜂 (D.73)

By Lemma D.8, the second term of the RHS of (D.69) can be upper-bounded as:∫ +∞

𝑇

ℙ𝑥0 (�̃�Q > 𝑡)𝑑𝑡 ≤
∫ +∞

𝑇

(
1 − 𝑒−

B∞
𝜂

) 𝑡
𝑑𝑡

≤
∫ +∞

𝑇

exp
(
𝑒
− B∞
𝜂 𝑡

)
𝑑𝑡

= 𝑒
B∞
𝜂 exp

(
−B∞
𝜂
𝑇

)
, (D.74)

where we used 1 − 𝑥 ≤ 𝑒−𝑥 for any 𝑥 ∈ ℝ in the last inequality. Injecting the definition of 𝑇 (D.72), this bound becomes∫ +∞

𝑇

ℙ𝑥0 (�̃�Q > 𝑡)𝑑𝑡 ≤ exp

(
B∞
𝜂
− exp

(
𝜇𝑅2

1152𝜎2
∞𝜂
+ 𝐸 (Q | 𝑥0) − B∞ − 2𝜀

𝜂

))
≤ exp

(
B∞
𝜂
− exp

(
𝜀

𝜂

))
, (D.75)

where we used (D.71) in the last inequality. With 𝜂 > 0 small enough, we finally obtain∫ +∞

𝑇

ℙ𝑥0 (�̃�Q > 𝑡)𝑑𝑡 ≤ 1 . (D.76)

Combining (D.73) and (D.76) in (D.69), we obtain:

𝔼𝑥0 [�̃�Q 1𝐻𝐶 ] ≤ 𝑒
𝐸 (Q | 𝑥0 )−2𝜀

𝜂 + 1 , (D.77)

and, combining (D.67) and (D.77) above in (D.65), we get:

𝔼𝑥0 [�̃�Q] ≤ 𝔼𝑥0

[
𝜏

⌊𝜂−1⌋
+ 1

]
+ 𝑒

𝐸 (Q | 𝑥0 )−2𝜀
𝜂 + 1 . (D.78)

Plugging in (D.62) yields:

𝑒
𝐸 (Q | 𝑥0 )−𝜀

𝜂 ≤ 𝔼𝑥0

[
𝜏

⌊𝜂−1⌋
+ 1

]
+ 𝑒

𝐸 (Q | 𝑥0 )−2𝜀
𝜂 + 1 , (D.79)

which yields the desired result by taking 𝜂 > 0 small enough.

■

Let us state a variant of Theorem D.3 that will be useful later.
Lemma D.9. Fix 𝑖 ∈ {1, . . . , 𝑁crit}. Under Assumption 10 and assuming that,

𝜇𝑅2

1152𝜎2
∞
> B∞ − 𝐸 (Q | 𝑖) , (D.80)

for any 𝜀 > 0, for V1, . . . ,V𝑁crit neighborhoods of C1, . . . , C𝑁crit small enough, there is 𝜂0 > 0 such that for all 0 < 𝜂 < 𝜂0,
𝑥 ∈ V𝑖:

𝔼𝑥 [𝜏] ≥ 𝑒
𝐸 (Q | 𝑖)−𝜀

𝜂 . (D.81)

The only difference with Theorem D.3 is that the result is uniform over the initial state in V𝑖 instead of being specific to a
given initial point. Its proof is identical to the proof of Theorem D.3: it simply uses Lemma D.5 to obtain the necessary
variant of Lemma D.6 and then follows the same steps. It is therefore omitted.
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D.4 Basin-dependent convergence result

Let us recall the potential function from [5].

Definition 15 (Potential, [5, Def. 4]). Define, for 𝑥 ∈ ℝ𝑑

𝑈∞ (𝑥) = 2𝛼∞ ◦ 𝑓 (𝑥) (D.82)

where 𝛼∞ : ℝ𝑑 → ℝ is a twice continuously differentiable primitive of 1/𝜎2
∞.

Lemma D.10. For any 𝛾 ∈ C ( [0, 𝑇]), 𝑡 ∈ [0, 𝑇], we have

𝑈∞ (𝛾(𝑡)) −𝑈∞ (𝛾(0)) ≤ S0,𝑇 (𝛾) . (D.83)

Proof. We have that, with𝑈∞ defined in Definition 15, by Young’s inequality,

𝑈∞ (𝛾𝑡 ) −𝑈∞ (𝛾0) = 2
∫ 𝑡

0

⟨ ¤𝛾𝑠 ,∇ 𝑓 (𝛾𝑠)⟩
𝜎2
∞ ◦ 𝑓 (𝛾𝑠)

𝑑𝑠

≤
∫ 𝑡

0

∥ ¤𝛾𝑠 ∥2

2𝜎2
∞ ◦ 𝑓 (𝛾𝑠)

𝑑𝑠 +
∫ 𝑡

0

∥∇ 𝑓 (𝛾𝑠)∥2

2𝜎2
∞ ◦ 𝑓 (𝛾𝑠)

𝑑𝑠 +
∫ 𝑡

0

⟨ ¤𝛾𝑠 ,∇ 𝑓 (𝛾𝑠)⟩
𝜎2
∞ ◦ 𝑓 (𝛾𝑠)

𝑑𝑠

=

∫ 𝑡

0

∥ ¤𝛾𝑠 + ∇ 𝑓 (𝛾𝑠)∥2

2𝜎2
∞ ◦ 𝑓 (𝛾𝑠)

𝑑𝑠

≤
∫ 𝑡

0
L(𝛾𝑠 , ¤𝛾𝑠) 𝑑𝑠

≤ S0,𝑇 (𝛾) . (D.84)

where we used Lemma B.2 in the last inequality. ■

Lemma D.11. 𝑈∞ is coercive i.e.,𝑈∞ (𝑥) → +∞ as ∥𝑥∥ → +∞.

Proof. By Assumption 8, 𝜎2
∞ (𝑠) = 𝑜(𝑠2) as 𝑠→∞ and therefore 𝛼 a primitive of 1/𝜎2

∞ must be coercive. By coercivity of
𝑓 (Assumption 5),𝑈∞ = 2𝛼 ◦ 𝑓 is also coercive. ■

Lemma D.12. For any K ⊂ ℝ𝑑 compact, for any 𝑐 > 0, the set{
𝛾(𝑡) : 𝑡 ∈ [0, 𝑇], 𝛾 ∈ C ( [0, 𝑇]), 𝑇 ∈ ℕ, 𝛾0 ∈ K, S𝑡 ,𝑇 (𝛾) ≤ 𝑐

}
(D.85)

is included in the set {
𝑥 ∈ ℝ𝑑 : 𝑈∞ (𝑥) ≤ 𝑐 + sup

K
𝑈∞

}
, (D.86)

which is compact.

Proof. Consider such a path 𝛾 ∈ C ( [0, 𝑇]) with 𝑇 ∈ ℕ. By Lemma D.10, we have, for any 𝑡 ∈ [0, 𝑇],

𝑈∞ (𝛾(𝑡)) −𝑈∞ (𝛾(0)) ≤ S0,𝑇 (𝛾) ≤ 𝑐 . (D.87)

Hence the set from (D.85) is included in {
𝑥 ∈ ℝ𝑑 : 𝑈∞ (𝑥) ≤ 𝑐 + sup

K
𝑈∞

}
. (D.88)

Now, by Lemma D.11, the set of (D.88) is compact, so that the set of (D.85) is bounded. ■

The following lemma is a slight refinement of [5, Lem. D.33]. For any 𝐶 ⊂ crit( 𝑓 ) connected component of the set of
critical points, we define its basin of attraction as the set of points from which the gradient flow converges to 𝐶:

Attr(𝐶) B
{
𝑥 ∈ ℝ𝑑 : lim

𝑡→+∞
𝑑 (Θ𝑡 (𝑥), 𝐶) = 0

}
. (D.89)
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Lemma D.13. For any 𝐶 ⊂ crit( 𝑓 ) connected component which is minimizing, for 𝛿 > 0 small enough, for 𝛿′ ∈ [0, 𝛿)
small enough,

B(U𝛿′ (𝐶),ℝ𝑑 \ U𝛿 (𝐶)) > 0 . (D.90)

Moreover, U𝛿 (𝐶) can be assumed to be contained in Attr(𝐶).

Proof. Since 𝐶 is minimizing, there exists 𝛿0 > 0 such that, for any 𝑥 ∈ U𝛿0 (𝐶) \ 𝐶, 𝑓 (𝑥) > 𝑓𝐶 where 𝑓𝐶 is the value of 𝑓
on 𝐶. Moreover, by Lemma B.9, taking 𝛿 > 0 small enough also ensures that U𝛿0 (𝐶) ⊂ Attr(𝐶).

Take 𝛿 ≤ 𝛿0, U B U𝛿 (𝐶) and Δ B min
{
𝑈∞ (𝑥) − 𝛼∞ ( 𝑓𝐶 ) : 𝑥 ∈ ℝ𝑑 , 𝑑 (𝑥, 𝐶) = 𝛿/2

}
. By the continuity of𝑈∞ and the fact

that 𝛼∞ is (strictly) increasing, we have that Δ > 0.

Finally, take 𝛿′ ∈ [0, 𝛿/2) small enough so that, for any 𝑥 ∈ U𝛿′ (𝐶), 𝑓 (𝑥) ≤ 𝛼∞ ( 𝑓𝐶 ) + Δ/2. To conclude the proof of this
lemma, we now show that B(U𝛿′ (𝐶),ℝ𝑑 \U𝛿 (𝐶)) > 0. Consider some 𝑇 > 0 and 𝛾 ∈ C ( [0, 𝑇],ℝ𝑑) such that 𝛾0 ∈ U𝛿′ (𝐶),
𝛾𝑇 ∈ ℝ𝑑 \ U𝛿 (𝐶). By continuity of 𝛾 and 𝑑 (·, 𝐶), there exists 𝑡 ∈ [0, 𝑇] such that 𝑑 (𝛾𝑡 , 𝐶) = 𝛿/2. By Lemma D.10, we
have that

Δ ≤ 𝑈∞ (𝛾𝑡 ) − 𝛼∞ ( 𝑓𝐶 )
= 𝑈∞ (𝛾𝑡 ) −𝑈∞ (𝛾0) +𝑈∞ (𝛾0) − 𝛼∞ ( 𝑓𝐶 )

≤ S0,𝑇 (𝛾) +
Δ

2
. (D.91)

Since this is valid for any 𝛾, we obtain that B(U𝛿′ (𝐶),ℝ𝑑 \ U𝛿 (𝐶)) ≥ Δ/2 > 0. ■

We now proceed to the key result of this section.

Lemma D.14. For any 𝐶 ⊂ crit( 𝑓 ) connected component which is minimizing, for any 𝑥 ∈ Attr(𝐶),

B(𝑥,ℝ𝑑 \ Attr(𝐶)) > 0 . (D.92)

Proof. First, let us invoke Lemma D.13 to obtain some 0 < 𝛿′ < 𝛿 such that

B(U𝛿′ (𝐶),ℝ𝑑 \ U𝛿 (𝐶)) > 0 . (D.93)

and U𝛿 (𝐶) ⊂ Attr(𝐶).

Then, by Lemma D.12 and continuity of 𝑓 and 𝜎2
∞, the set{

𝜎2
∞ ( 𝑓 (𝛾(𝑡))) : 𝑡 ∈ [0, 𝑇], 𝛾 ∈ C ( [0, 𝑇]), 𝑇 ∈ ℕ, 𝛾0 = 𝑥, S𝑡 ,𝑇 (𝛾) ≤ 1

}
(D.94)

is bounded by some finite constant 𝑎 ∈ (0, +∞).

With (Θ𝑡 (𝑥))𝑡≥0 the gradient flow starting from 𝑥 (Definition 4), by definition of Attr(𝐶), there exists 𝑆 > 0 such that

Θ𝑆 (𝑥) ∈ U𝛿/2 (𝐶) . (D.95)

Now, consider some 𝑇 ∈ ℕ and 𝛾 ∈ C ( [0, 𝑇]) such that 𝛾0 = 𝑥, 𝛾𝑇 ∈ ℝ𝑑 \ Attr(𝐶) and S𝑇 (𝛾) ≤ 1.

We now define
𝑔𝑡 B

1
2
∥𝛾𝑡 − Θ𝑡 (𝑥)∥2 . (D.96)

In particular, 𝛾 must be differentiable almost everywhere and so we have

¤𝑔𝑡 = ⟨ ¤𝛾𝑡 − ¤Θ𝑡 (𝑥), 𝛾𝑡 − Θ𝑡 (𝑥)⟩
= ⟨∇ 𝑓 (Θ𝑡 (𝑥)) − ∇ 𝑓 (𝛾𝑡 ), 𝛾𝑡 − Θ𝑡 (𝑥)⟩ + ⟨ ¤𝛾𝑡 + ∇ 𝑓 (𝛾𝑡 ), 𝛾𝑡 − Θ𝑡 (𝑥)⟩

≤ 𝛽∥𝛾𝑡 − Θ𝑡 (𝑥)∥2 +
1
2
∥ ¤𝛾𝑡 + ∇ 𝑓 (𝛾𝑡 )∥2 +

1
2
∥𝛾𝑡 − Θ𝑡 (𝑥)∥2

=

(
𝛽 + 1

2

)
𝑔𝑡 +

1
2
∥ ¤𝛾𝑡 + ∇ 𝑓 (𝛾𝑡 )∥2 , (D.97)
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where in the last inequality we used the smoothness of 𝑓 (Assumption 5) and Young’s inequality.

Rewriting (D.97), we have

𝑑

𝑑𝑡

(
𝑒−(𝛽+ 1

2 )𝑡𝑔𝑡
)
≤ 𝑒−(𝛽+1)𝑡 1

2
∥ ¤𝛾𝑡 + ∇ 𝑓 (𝛾𝑡 )∥2

≤ 1
2
∥ ¤𝛾𝑡 + ∇ 𝑓 (𝛾𝑡 )∥2 , (D.98)

so that integrating yields, for any 𝑡 ∈ [0, 𝑇],

𝑔𝑡 ≤
𝑒 (𝛽+

1
2 )𝑡

2

∫ 𝑡

0
∥ ¤𝛾𝑠 + ∇ 𝑓 (𝛾𝑠)∥2 𝑑𝑠 (D.99)

where we used that Θ0 (𝑥) = 𝑥 = 𝛾0.

Furthermore, introducing 𝑎, we have

𝑔𝑡 ≤ 𝑎𝑒 (𝛽+
1
2 )𝑡

∫ 𝑡

0

∥ ¤𝛾𝑠 + ∇ 𝑓 (𝛾𝑠)∥2

𝜎2
∞ ( 𝑓 (𝛾𝑠))

𝑑𝑠

≤ 𝑎𝑒 (𝛽+ 1
2 )𝑡S0,𝑡 (𝛾) , (D.100)

by Lemma B.2.

Hence, we have that, for any 𝑡 ∈ [0, 𝑇],

∥𝛾𝑡 − Θ𝑡 (𝑥)∥2 ≤ 2𝑎𝑒 (𝛽+
1
2 )𝑡S0,𝑡 (𝛾) . (D.101)

Therefore, if we consider 𝛾 such that, in addition, S𝑇 (𝛾) ≤ 𝑒
−(𝛽+ 1

2 )𝑆

2𝑎 × 𝛿′2

4 , we have that, for 𝑡 = min(𝑇, 𝑆),

∥𝛾𝑡 − Θ𝑡 (𝑥)∥ ≤
𝛿′

2
. (D.102)

We now distinguish two cases:

• If 𝑡 = 𝑆 i.e., 𝑆 ≤ 𝑇 , then (D.102) combined with (D.95) yields that 𝛾𝑆 ∈ U𝛿′ (𝐶). But 𝛾𝑇 must be in ℝ𝑑 \ Attr(𝐶) and so
in ℝ𝑑 \ U𝛿 (𝐶), so that one must have

A𝑇 (𝛾) ≥ B(U𝛿′ (𝐶),ℝ𝑑 \ Attr(𝐶)) . (D.103)

• If 𝑡 = 𝑇 i.e., 𝑇 ≤ 𝑆, we extend the path 𝛾 to 𝜑 ∈ C ( [0, 𝑆]) such that 𝜑𝑡 = 𝛾𝑡 for 𝑡 ∈ [0, 𝑇] and 𝜑𝑡 = Θ𝑡 (𝑥) for 𝑡 ∈ [𝑇, 𝑆].
In particular, S𝑆 (𝜑) = S𝑇 (𝛾) ≤ 𝑒

−(𝛽+ 1
2 )𝑇

2𝑎 × 𝛿′2

4 so that the same computations leading to (D.102) can be applied to 𝜑 to
yield that

∥𝜑𝑆 − Θ𝑆 (𝑥)∥ ≤
𝛿′

2
. (D.104)

This means that 𝜑𝑆 ∈ U𝛿′ (𝐶) which is included in Attr(𝐶). This is contradiction since this means that 𝛾𝑇 is in Attr(𝐶).
Therefore, this case cannot happen.

Therefore, we have shown that, for any 𝛾 ∈ C ( [0, 𝑇]) such that 𝛾0 = 𝑥 and 𝛾𝑇 ∈ ℝ𝑑 \ Attr(𝐶), it holds that

S𝑇 (𝛾) ≥ min

(
1,
𝑒−(𝛽+

1
2 )𝑇

2𝑎
× 𝛿
′2

4
,B

(
U𝛿′ (𝐶),ℝ𝑑 \ U𝛿 (𝐶)

))
, (D.105)

which is positive by (D.93). ■

We are now ready to prove the main result of this section.
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Theorem D.4. Consider 𝑥0 ∈ ℝ𝑑 that belongs to Attr(C𝑖) for some 𝑖 ∈ {1, . . . , 𝑁crit} such that C𝑖 is minimizing. Then,
for any 𝜀 > 0, for V1, . . . ,V𝑁crit neighborhoods of C1, . . . , C𝑁crit small enough, there is 𝜂0 > 0, an event 𝐻 and a positive
constant 𝐴 such that for all 0 < 𝜂 < 𝜂0,

ℙ𝑥0 (𝐻) ≥ 1 − 𝑒−𝐴/𝜂 (D.106)

and,

𝑒
𝐸 (Q | 𝑖)−𝜀

𝜂 ≤ 𝔼𝑥0

[
𝜏
𝜂

Q | 𝐻
]
≤ 𝑒

𝐸 (Q | 𝑖)+𝜀
𝜂 . (D.107)

Proof. First, Lemma D.14 ensures that B(𝑥0,ℝ
𝑑 \Attr(C𝑖)) > 0 so that, for any 𝑗 ∈ V , 𝑗 ≠ 𝑖, it holds B(𝑥0, C 𝑗 ) > 0. Define

𝐴 B min
𝑗∈V , 𝑗≠𝑖

B(𝑥0, C 𝑗 ) > 0 . (D.108)

Let us now apply Lemma C.11 to obtain that, for any small enough neighborhoods V𝑖 of C𝑖 , 𝑖 = 1, . . . , 𝑁crit , there is some
𝜂0 > 0 such that for all 𝑗 ∈ {1, . . . , 𝑁crit}, 0 < 𝜂 < 𝜂0,

ℚV (𝑥,V 𝑗 ) ≤ 𝑒−
𝐴

2𝜂 . (D.109)

Now define the event 𝐻 as

𝐻 B

{
𝑥
𝜂

𝜏
𝜂

1
∈ V𝑖

}
(D.110)

with the notation of Definition 8. (D.109) then ensures that

ℙ𝑥0 (𝐻) ≥ 1 − 𝑒−
𝐴

4𝜂 , (D.111)

provided that 𝜂 is small enough so that 𝑒−
𝐴

4𝜂 𝑁crit ≤ 1. If 𝑖 ∈ Q, the result is immediate. In the following, we assume that
𝑖 ∉ Q.

Let us now invoke Lemma D.5 to obtain that, at the potential cost of requiring smaller V1, . . . ,V𝑁crit neighborhoods of
C1, . . . , C𝑁crit or of reducing 𝜂0, it holds that, for any 0 < 𝜂 < 𝜂0, 𝑥 ∈ 𝑥0,

𝑒
𝐸 (Q | 𝑖)−𝜀

𝜂 ≤ 𝔼𝑥

[
𝜏
𝜂

Q

]
≤ 𝑒

𝐸 (Q | 𝑖)+𝜀
𝜂 . (D.112)

To conclude the proof, write, by the strong Markov property,

𝔼𝑥0

[
𝜏
𝜂

Q | 𝐻
]
=

𝔼𝑥0

[
1𝐻 𝜏

𝜂

Q

]
ℙ𝑥0 (𝐻)

=

𝔼𝑥0

[
1𝐻

(
1 + 𝔼𝑥𝜂

𝜏
𝜂

1

[
𝜏
𝜂

Q

] )]
ℙ𝑥0 (𝐻)

≤
𝔼𝑥0 [1𝐻 ]𝑒

𝐸 (Q | 𝑖)+2𝜀
𝜂

ℙ𝑥0 (𝐻)

= 𝑒
𝐸 (Q | 𝑖)+2𝜀

𝜂 , (D.113)

where we used (D.112) in the last inequality and taking 𝜂 small enough so that 𝑒
𝜀
𝜂 ≥ 2. We have thus shown the RHS of the

inequality of the statement, and the LHS is obtained by the same argument.

■

Similarly to how Theorem D.2 was obtained from Theorem D.1, we immediately obtain the following corollary.
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Theorem D.5. Consider 𝑥0 ∈ ℝ𝑑 that belongs to Attr(C𝑖) for some 𝑖 ∈ {1, . . . , 𝑁crit} such that C𝑖 is minimizing. Then,
for any 𝜀 > 0, for V1, . . . ,V𝑁crit neighborhoods of C1, . . . , C𝑁crit small enough, there is 𝜂0 > 0, an event 𝐻 and a positive
constant 𝐴 such that for all 0 < 𝜂 < 𝜂0,

ℙ𝑥0 (𝐻) ≥ 1 − 𝑒−𝐴/𝜂 (D.114)

and,

𝔼𝑥0 [𝜏 | 𝐻] ≤ 𝑒
𝐸 (Q | 𝑖)+𝜀

𝜂 . (D.115)

We now turn our attention to the lower-bound counterpart of Theorem D.5.

Theorem D.6. Consider 𝑥0 ∈ ℝ𝑑 that belongs to Attr(C𝑖) for some 𝑖 ∈ {1, . . . , 𝑁crit} such that C𝑖 is minimizing. Under
Assumption 10 and assuming that,

𝜇𝑅2

1152𝜎2
∞
> B∞ − 𝐸 (Q | 𝑖) , (D.116)

for any 𝜀 > 0, for V1, . . . ,V𝑁crit neighborhoods of C1, . . . , C𝑁crit small enough, there is 𝜂0 > 0, an event 𝐻 and a positive
constant 𝐴 such that for all 0 < 𝜂 < 𝜂0,

ℙ𝑥0 (𝐻) ≥ 1 − 𝑒−𝐴/𝜂 (D.117)

and,

𝔼𝑥0 [𝜏] ≥ 𝑒
𝐸 (Q | 𝑖)−𝜀

𝜂 . (D.118)

Theorem D.6 is obtained by combining Lemma D.9 with Lemma D.14 in the same way as Theorem D.4 was obtained from
Lemma D.5.

D.5 Full transition costs

Definition 16. We define, for 𝑖, 𝑗 ∈ {1, . . . , 𝑁crit},

𝐶𝑖, 𝑗 B inf
{
A𝑁 (𝜉) : 𝑁 ≥ 1, 𝜉 ∈ D𝑟 (𝑁), 𝜉0 ∈ C𝑖 , 𝜉𝑁−1 ∈ C 𝑗

}
= inf

{
S𝑇 (𝛾) : 𝑇 ∈ ℕ, 𝛾 ∈ D𝑟 (𝑇), 𝛾0 ∈ C𝑖 , 𝛾𝑇 ∈ C 𝑗

}
. (D.119)

With the same arguments as Lemma C.2, we can show the alternate expression for 𝐶𝑖, 𝑗 .

Lemma D.15. For any 𝑖, 𝑗 ∈ {1, . . . , 𝑁crit}, it holds that

𝐶𝑖, 𝑗 = lim
𝛿→0

𝐶 𝛿𝑖, 𝑗 , (D.120)

where

𝐶 𝛿𝑖, 𝑗 B inf
{
A𝑁 (𝜉) : 𝑁 ≥ 1, 𝜉 ∈ D𝑟 (𝑁), 𝜉0 ∈ U𝛿 (C𝑖), 𝜉𝑁−1 ∈ U𝛿 (C 𝑗 )

}
= inf

{
S𝑇 (𝛾) : 𝑇 ∈ ℕ, 𝛾 ∈ D𝑟 (𝑇), 𝛾0 ∈ U𝛿 (C𝑖), 𝛾𝑇 ∈ U𝛿 (C 𝑗 )

}
. (D.121)

We can also relate 𝐶𝑖, 𝑗 in terms 𝐵𝑖, 𝑗 .

Lemma D.16. For any 𝑖 ∈ {1, . . . , 𝐾}, 𝑗 ∈ {1, . . . , 𝑁crit}, it holds that

𝐶𝑖, 𝑗 ≤ 𝐵𝑖, 𝑗 , (D.122)

and, if 𝐶𝑖, 𝑗 < 𝐵𝑖, 𝑗 , then there must exist 𝑙 ∈ Q such that 𝐵𝑖,𝑙 ≤ 𝐶𝑖, 𝑗 < 𝐵𝑖, 𝑗 .

This lemma is a direct consequence of the definitions of 𝐶𝑖, 𝑗 (Definition 16) and 𝐵𝑖, 𝑗 (Definition 10) and is therefore omitted.

Lemma D.17. For any 𝑖 ∈ {1, . . . , 𝑁crit},

𝐸 (Q | 𝑖) ≤ min

{ ∑︁
𝑘→𝑙∈𝑔

𝐶𝑘,𝑙 : 𝑔 ∈ G (Q)
}
−min

{ ∑︁
𝑘→𝑙∈𝑔

𝐶𝑘,𝑙 : 𝑔 ∈ G (𝑖 ̸; Q)
}
. (D.123)
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Proof. By Definition 13, we have that
𝐸 (Q | 𝑖) = 𝐸 (Q) − 𝐸 (𝑖 ̸; Q) . (D.124)

Let us begin by lower-bounding the second term. By Lemma D.16, it holds that

𝐸 (𝑖 ̸; Q) = min

{ ∑︁
𝑘→𝑙∈𝑔

𝐵𝑘,𝑙 : 𝑔 ∈ G (𝑖 ̸; Q)
}

≥ min

{ ∑︁
𝑘→𝑙∈𝑔

𝐶𝑘,𝑙 : 𝑔 ∈ G (𝑖 ̸; Q)
}
. (D.125)

Now, let us turn our attention to the first term: by Lemma D.16, we have that

𝐸 (Q) B min

{ ∑︁
𝑘→𝑙∈𝑔

𝐵𝑘,𝑙 : 𝑔 ∈ G (Q)
}

≥ min

{ ∑︁
𝑘→𝑙∈𝑔

𝐶𝑘,𝑙 : 𝑔 ∈ G (Q)
}
. (D.126)

But, for any 𝑔 ∈ G (Q) which reaches that minimum, all its edges 𝑘 → 𝑙 must be such 𝐵𝑘,𝑙 = 𝐶𝑘,𝑙 by Lemma D.16
(otherwise we would replace it by an edge to Q with a lower cost). Therefore, we must also have that

min

{ ∑︁
𝑘→𝑙∈𝑔

𝐶𝑘,𝑙 : 𝑔 ∈ G (Q)
}
≥ min

{ ∑︁
𝑘→𝑙∈𝑔

𝐵𝑘,𝑙 : 𝑔 ∈ G (Q)
}
, (D.127)

which shows that

𝐸 (Q) = min

{ ∑︁
𝑘→𝑙∈𝑔

𝐶𝑘,𝑙 : 𝑔 ∈ G (Q)
}
. (D.128)

This concludes the proof. ■

Finally, let us restate a result from [5]that will be relevant in the following.

Lemma D.18 ([5, Lem. D.31]). If C𝑖 is not asymptotically stable, then there exists 𝑗 ∈ V such that 𝐵𝑖, 𝑗 = 0 and such that C 𝑗
is asymptotically stable.

D.6 Link to topological properties of the loss landscape

The goal of this section is to prove the following result.

Proposition D.1. The following properties are equivalent:

(i) For all 𝑥 ∈ ℝ𝑑 , 𝐸 (Q | 𝑥) = 0.

(ii) For all 𝑖 ∈ {1, . . . , 𝐾}, 𝐸 (Q | 𝑖) = 0.

(iii) For all 𝑖 ∈ {1, . . . , 𝐾}, K𝑖 is not locally minimizing.

Proof. Items (𝑖) and (𝑖𝑖) are equivalent by definition of 𝐸 (Q | 𝑥) (Definition 14). We thus focus on the equivalence of (𝑖𝑖)
and (𝑖𝑖𝑖).

First, let us consider the case where there is some 𝑖 ∈ {1, . . . , 𝐾} such that K𝑖 is locally minimizing. By Lemma D.13, there
exists 𝛿 > 0 small enough such that

B(K𝑖 ,ℝ𝑑 \ U𝛿 (K𝑖)) > 0 . (D.129)

As a consequence, for any 𝑗 ≠ 𝑖, 𝐵𝑖, 𝑗 > 0.

Consider 𝑔 ∈ G (V) such that
𝐸 (Q) =

∑︁
𝑘→𝑙∈𝑔

𝐵𝑘,𝑙 . (D.130)
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Consider the graph 𝑔′ obtained by removing the edge in graph that exits 𝑖. This edge must have positive cost and therefore∑︁
𝑘→𝑙∈𝑔

𝐵𝑘,𝑙 >
∑︁

𝑘→𝑙∈𝑔′
𝐵𝑘,𝑙 ≥ 𝐸 (𝑖 ̸; Q) . (D.131)

Combining (D.130) and (D.131), we obtain that 𝐸 (Q | 𝑖) > 0.

Let us now turn to the case where there is no 𝑖 ∈ {1, . . . , 𝐾} such that K𝑖 is locally minimizing. Take any 𝑖 ∈ {1, . . . , 𝐾}.
We bound 𝐸 (Q | 𝑖) with Lemma D.17:

𝐸 (Q | 𝑖) ≤ min

{ ∑︁
𝑘→𝑙∈𝑔

𝐶𝑘,𝑙 : 𝑔 ∈ G (Q)
}
−min

{ ∑︁
𝑘→𝑙∈𝑔

𝐶𝑘,𝑙 : 𝑔 ∈ G (𝑖 ̸; Q)
}
. (D.132)

Take any 𝑔 ∈ G (𝑖 ̸; Q). By Lemma D.18, there exists 𝑗 ∈ V such that 𝐵𝑖, 𝑗 = 0 and K 𝑗 is asymptotically stable. By
assumption, 𝑗 must thus belong to Q. Consider 𝑔′ ∈ G (Q) obtained by adding the edge 𝑖 → 𝑗 to 𝑔. (D.132) then yields that
𝐸 (Q | 𝑖) = 0. ■
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E Potential-based Bounds

E.1 Noise assumptions

Assumption 11 introduces key requirements for the noise behavior through bounds on H̄ and L̄ around the gradient ∇ 𝑓 (𝑥).
Intuitively, the bound on H̄ controls how large the noise can be (upper bound), while the bound on L̄ ensures the noise
maintains sufficient variance in all directions (lower bound) around the gradient. We then present two ways to satisfy these
requirements:

Gaussian noise. The first approach, detailed in Lemma E.2, considers the case when the noise follows a truncated Gaussian
distribution. This is a standard Gaussian with variance 𝜎2 ( 𝑓 (𝑥)), but restricted to stay within a ball of radius 𝑅( 𝑓 (𝑥)).

Support and covariance conditions. Lemma E.1 provides a more general approach with two main requirements:

• A support condition ensuring the noise can be large enough in any direction around ∇ 𝑓 (𝑥) with some positive probability

• A lower bound on the covariance matrix of the noise

This second approach is more flexible as it allows for non-Gaussian noise distributions. A key example is discrete noise
distributions, where 𝑢(𝑥, 𝜔) takes values in a finite set. The support condition then requires that some points in the support
are sufficiently far from ∇ 𝑓 (𝑥) in every direction.

Assumption 11. For some 𝑋 ⊂ ℝ𝑑 , there exist 𝜎2, 𝜎2 : ℝ→ (0, +∞) continuous functions such that, for all 𝑥 ∈ 𝑋 , it holds
that

∀𝑝 ∈ ℝ𝑑 s.t. ∥𝑝∥ ≤ 2∥∇ 𝑓 (𝑥)∥
𝜎2 ( 𝑓 (𝑥))

, H̄(𝑥, 𝑝) ≤ 𝜎
2 ( 𝑓 (𝑥))∥𝑝∥2

2

∀𝑣 ∈ ℝ𝑑 s.t. ∥𝑣 − ∇ 𝑓 (𝑥)∥ ≤ ∥∇ 𝑓 (𝑥)∥ , L̄(𝑥, 𝑣) ≤ ∥𝑣∥2
2𝜎2 ( 𝑓 (𝑥))

. (E.1)

Remark E.1. Assumption 11 is a generalized and detailed version of Assumption 4. Indeed, our blanket assumptions on the
noise Assumption 7 already imply an upper-bound on H̄(𝑥, 𝑝) with 𝜎2 = 𝜎2

∞ for any 𝑥, 𝑝 ∈ ℝ𝑑 . Assumption 11 allows for
refined results when a tighter upper-bound on H̄(𝑥, 𝑝) is available for a restricted set of 𝑥 and 𝑝.

Note that, in general, we will have 𝜎2 ≥ 𝜎2, hence the notation.

Lemma E.1. Assume that, for some 𝑋 ⊂ ℝ𝑑 relatively compact,

• there exists 𝑎 > 0 such that,

𝑏 B inf
{
ℙ(⟨𝑢(𝑥, 𝜔) − ∇ 𝑓 (𝑥), 𝑞⟩ ≥ 𝑎 + ∥∇ 𝑓 (𝑥)∥) : 𝑥 ∈ 𝑋, 𝑞 ∈ 𝕊𝑑−1} > 0 , (E.2)

• there exists 𝜁2 : ℝ→ (0, +∞) continuous function such that, for all 𝑥 ∈ 𝑋 , it holds that

cov 𝑢(𝑥, 𝜔) ≽ 𝜁2 ( 𝑓 (𝑥))𝐼 , (E.3)

Then, for any 𝑥 ∈ 𝑋 , 𝑣 ∈ ℝ𝑑 such that ∥𝑣 − ∇ 𝑓 (𝑥)∥ ≤ ∥∇ 𝑓 (𝑥)∥, it holds that

L̄(𝑥, 𝑣) ≤ max
(
1,

log 𝑏−1

𝑎𝑐

)
∥𝑣∥2

𝜁2 ( 𝑓 (𝑥))
, (E.4)

where 𝑐 > 0 is a constant small enough such that

∀𝑥 ∈ 𝑋, 𝑝 ∈ 𝔹(0, 𝑐),


Hess𝑝 H̄(𝑥, 𝑝) − cov 𝑢(𝑥, 𝜔)



 ≤ 1
2
𝜁2 ( 𝑓 (𝑥)) , (E.5)

for the matrix norm associated with the Euclidean norm.

Note that 𝑐 always exists by the relative compactness of 𝑋 and the fact that

Hess𝑝 H̄(𝑥, 0) = cov 𝑢(𝑥, 𝜔) . (E.6)
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Proof. The first part of the proof consists in showing that, for 𝑥 ∈ 𝑋 , 𝑝 ∈ ℝ𝑑 , it holds that

H̄(𝑥, 𝑝) ≤ 𝜁2 ( 𝑓 (𝑥))min(𝑐, ∥𝑝∥)∥𝑝∥
4

. (E.7)

Let us first consider the case where ∥𝑝∥ ≤ 𝑐. Since both H̄(𝑥, 0) = 0 and ∇𝑝H̄(𝑥, 0) = 𝔼[𝑢(𝑥, 𝜔)] = 0, we have that

H̄(𝑥, 𝑝) = 1
2

∫ 1

0

〈
𝑝,Hess𝑝 H̄(𝑥, 𝑡 𝑝)𝑝

〉
𝑑𝑡

≥ 1
2

(∫ 1

0
⟨𝑝, cov 𝑢(𝑥, 𝜔)𝑝⟩𝑑𝑡 − 1

2
𝜁2 ( 𝑓 (𝑥))∥𝑝∥2

)
≥ 𝜁2 ( 𝑓 (𝑥))∥𝑝∥2

4
, (E.8)

where we successively used Cauchy-Schwarz inequality, (E.5) and (E.3). (E.8) readily yields (E.7) when ∥𝑝∥ ≤ 𝑐.

Let us now consider the case where ∥𝑝∥ > 𝑐. By concavity of the function 𝑠 ↦→ 𝑠𝑐/∥ 𝑝∥ 𝑠 on ℝ+ and Jensen’s inequality, we
have that

H̄(𝑥, 𝑝) ≥ ∥𝑝∥
𝑐

H̄
(
𝑥, 𝑐

𝑝

∥𝑝∥

)
≥ ∥𝑝∥

𝑐

𝜁2 ( 𝑓 (𝑥))∥𝑐 𝑝

∥ 𝑝∥ ∥
2

4
=
𝜁2 ( 𝑓 (𝑥))𝑐∥𝑝∥

4
, (E.9)

where we used (E.8) in the last inequality. This concludes the proof of (E.7).

The second step of this proof now consists in showing that, for 𝑥 ∈ 𝑋 , 𝑣 ∈ ℝ𝑑 such that ∥𝑣 − ∇ 𝑓 (𝑥)∥ ≤ ∥∇ 𝑓 (𝑥)∥, it holds
that

arg max
𝑝∈ℝ𝑑

{
⟨𝑝, 𝑣⟩ − H̄(𝑥, 𝑝)

}
= arg min

𝑝∈ℝ𝑑

{
H̄(𝑥, 𝑝) − ⟨𝑝, 𝑣⟩

}
⊂ 𝔹

(
0,

log 𝑏−1

𝑎

)
. (E.10)

For 𝑥 ∈ 𝑋 , 𝑝 ∈ ℝ𝑑 , we can lower-bound H̄(𝑥, 𝑝) using (E.2):

H̄(𝑥, 𝑝) = log𝔼[exp(⟨𝑝, 𝑢(𝑥, 𝜔)⟩)]
= ⟨𝑝,∇ 𝑓 (𝑥)⟩ + log𝔼[exp(⟨𝑝, 𝑢(𝑥, 𝜔) − ∇ 𝑓 (𝑥)⟩)]

≥ ⟨𝑝,∇ 𝑓 (𝑥)⟩ + log𝔼
[
𝑒 ∥ 𝑝∥ (𝑎+∥∇ 𝑓 (𝑥 ) ∥ ) 1

{〈
𝑢(𝑥, 𝜔) − ∇ 𝑓 (𝑥), 𝑝

∥𝑝∥

〉
≥ 𝑎 + ∥∇ 𝑓 (𝑥)∥

}]
≥ ⟨𝑝,∇ 𝑓 (𝑥)⟩ + ∥𝑝∥(𝑎 + ∥∇ 𝑓 (𝑥)∥) + log 𝑏 . (E.11)

As a consequence, for 𝑣 ∈ ℝ𝑑 such that ∥𝑣 − ∇ 𝑓 (𝑥)∥ ≤ ∥∇ 𝑓 (𝑥)∥, we obtain that

H̄(𝑥, 𝑝) − ⟨𝑝, 𝑣⟩ ≥ ⟨𝑝,∇ 𝑓 (𝑥) − 𝑣⟩ + ∥𝑝∥(𝑎 + ∥∇ 𝑓 (𝑥)∥) + log 𝑏
≥ ∥𝑝∥𝑎 + log 𝑏 , (E.12)

where we used Cauchy-Schwarz inequality and the condition on 𝑣.

In particular, (E.12) implies that 𝑝 ↦→ H̄(𝑥, 𝑝) − ⟨𝑝, 𝑣⟩ is coercive on ℝ𝑑 and therefore arg min𝑝∈ℝ𝑑
{
H̄(𝑥, 𝑝) − ⟨𝑝, 𝑣⟩

}
is

well-defined.

Remarking that H̄(𝑥, 0) − ⟨0, 𝑣⟩ = 0, we can now conclude that arg min𝑝∈ℝ𝑑
{
H̄(𝑥, 𝑝) − ⟨𝑝, 𝑣⟩

}
must be included in

{
𝑝 ∈ ℝ𝑑 : ∥𝑝∥𝑎 + log 𝑏 ≤ 0

}
= 𝔹

(
0,

log 𝑏−1

𝑎

)
, (E.13)

which completes the proof of (E.10).
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To conclude the proof of this lemma, we now use (E.10) to obtain that, for 𝑥 ∈ 𝑋 , 𝑣 ∈ ℝ𝑑 such that ∥𝑣−∇ 𝑓 (𝑥)∥ ≤ ∥∇ 𝑓 (𝑥)∥,

L̄(𝑥, 𝑣) = sup
𝑝∈ℝ𝑑

{
⟨𝑝, 𝑣⟩ − H̄(𝑥, 𝑝)

}
= sup

{
⟨𝑝, 𝑣⟩ − H̄(𝑥, 𝑝) : 𝑝 ∈ 𝔹

(
0,

log 𝑏−1

𝑎

)}
≤ sup

{
⟨𝑝, 𝑣⟩ − 𝜁

2 ( 𝑓 (𝑥))min(𝑐, ∥𝑝∥)∥𝑝∥
4

: 𝑝 ∈ 𝔹
(
0,

log 𝑏−1

𝑎

)}
, (E.14)

where we used (E.7) in the last inequality.

Now, we note that, for any 𝑝 ∈ 𝔹
(
0, log 𝑏−1

𝑎

)
, it holds that

𝜁2 ( 𝑓 (𝑥))min(𝑐, ∥𝑝∥)∥𝑝∥
4

≥
{
𝜁 2 ( 𝑓 (𝑥 ) ) ∥ 𝑝∥2

4 if ∥𝑝∥ ≤ 𝑐
𝑎

log 𝑏−1
𝜁 2 ( 𝑓 (𝑥 ) )𝑐∥ 𝑝∥2

4 if ∥𝑝∥ > 𝑐

≥ min
(
1,

𝑎𝑐

log 𝑏−1

)
𝜁2 ( 𝑓 (𝑥))∥𝑝∥2

4
. (E.15)

Plugging (E.15) into (E.14), we obtain that

L̄(𝑥, 𝑣) ≤ sup
{
⟨𝑝, 𝑣⟩ −min

(
1,

𝑎𝑐

log 𝑏−1

)
𝜁2 ( 𝑓 (𝑥))∥𝑝∥2

4
: 𝑝 ∈ 𝔹

(
0,

log 𝑏−1

𝑎

)}
≤ sup

{
⟨𝑝, 𝑣⟩ −min

(
1,

𝑎𝑐

log 𝑏−1

)
𝜁2 ( 𝑓 (𝑥))∥𝑝∥2

4
: 𝑝 ∈ ℝ𝑑

}
= max

(
1,

log 𝑏−1

𝑎𝑐

)
∥𝑣∥2

𝜁2 ( 𝑓 (𝑥))
, (E.16)

which concludes the proof of this lemma. ■

The following lemma is an immediate consequence of Lemma G.1.

Lemma E.2. Consider 𝜀 > 0. Assume that 𝑢(𝑥, 𝜔) follows a Gaussian distribution N (0, 𝜎2 ( 𝑓 (𝑥))𝐼) conditioned on being
in 𝔹(0, 𝑅( 𝑓 (𝑥)) for all 𝑥 ∈ ℝ𝑑 and some continuous function 𝜎2, 𝑅 : ℝ→ (0, +∞). Assume that 8∥∇ 𝑓 (𝑥)∥ ≤ 𝑅( 𝑓 (𝑥)) for
all 𝑥 ∈ ℝ𝑑 and that inf𝑥∈ℝ𝑑

𝑅 ( 𝑓 (𝑥 ) )
𝜎 ( 𝑓 (𝑥 ) ) ≥ O(log 1/𝜀). Then Assumption 11 holds with 𝑋 = ℝ𝑑 , 𝜎2 ( 𝑓 (𝑥)) = (1 + 𝜀)𝜎2 ( 𝑓 (𝑥))

and 𝜎2 ( 𝑓 (𝑥)) = (1 − 𝜀)𝜎2 ( 𝑓 (𝑥)) for all 𝑥 ∈ ℝ𝑑 .

E.2 Potentials and path reversal

Let us now define the potentials associated to the variance functions 𝜎2 and 𝜎2 introduced in Assumption 11.

Definition 17. Given 𝜎2, 𝜎2 : ℝ→ (0, +∞) continuous functions, we define the potentials𝑈,𝑈 : ℝ→ ℝ as

𝑈 (𝑥) B 2𝛼( 𝑓 (𝑥)) where 𝛼 : ℝ→ ℝ is a primitive of 1/𝜎2 (E.17)

𝑈 (𝑥) B 2𝛼( 𝑓 (𝑥)) where 𝛼 : ℝ→ ℝ is a primitive of 1/𝜎2 . (E.18)

We begin by adapting [5, Lem .E.1] to the current setting.

Lemma E.3. Consider 𝛾 ∈ C ( [0, 𝑇]). Then, there exists �̃� ∈ C ( [0, 𝑆]) a reparametrization of 𝛾 such that, for any 𝑡 ∈ [0, 𝑆],

∥ ¤̃𝛾𝑠 ∥ = ∥∇ 𝑓 (�̃�𝑠)∥ . (E.19)

and, under Assumption 11,

S𝑇 (𝛾) ≥
∫ 𝑆

0

∥ ¤̃𝛾𝑠 + ∇ 𝑓 (�̃�𝑠)∥2

2𝜎2 ( 𝑓 (�̃�𝑠))
𝑑𝑠 . (E.20)
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Proof. By the proof Freidlin & Wentzell [22, Chap. 4, Lem. 3.1], there exists 𝑡 (𝑠) change of time such that, with �̃�𝑠 = 𝛾𝑡 (𝑠) ,
∥ ¤̃𝛾𝑠 ∥ = ∥∇ 𝑓 (�̃�𝑠)∥.

We have that

S𝑇 (𝛾) =
∫ 𝑡−1 (𝑇 )

0
¤𝑡 (𝑠)L(�̃�𝑠 , (¤𝑡 (𝑠))−1 ¤̃𝛾𝑠) 𝑑𝑠 , (E.21)

so it suffices to bound L(�̃�𝑠 , ¤̃𝛾𝑠) from below: by definition, we have

L(�̃�𝑠 , (¤𝑡 (𝑠))−1 ¤̃𝛾𝑠) ≥ sup
{
⟨𝑝, (¤𝑡 (𝑠))−1 ¤̃𝛾𝑠 + ∇ 𝑓 (�̃�𝑠)⟩ − H̄(�̃�𝑠 , 𝑝) : ∥𝑝∥ ≤ 2∥∇ 𝑓 (�̃�𝑠)∥

𝜎2 ( 𝑓 (�̃�𝑠))

}
≥ sup

{
⟨𝑝, (¤𝑡 (𝑠))−1 ¤̃𝛾𝑠 + ∇ 𝑓 (�̃�𝑠)⟩ −

𝜎2 ( 𝑓 (�̃�𝑠))
2

∥𝑝∥2 : ∥𝑝∥ ≤ 2∥∇ 𝑓 (�̃�𝑠)∥
𝜎2 ( 𝑓 (�̃�𝑠))

}
, (E.22)

by Assumption 11. Applying Lemma G.2 with 𝑣 ← (¤𝑡 (𝑠))−1 ¤̃𝛾𝑡 , 𝑤 ← ∇ 𝑓 (�̃�𝑠) and 𝜆 ← (¤𝑡 (𝑠))−1, now exactly yields, for
almost all 𝑠,

L(�̃�𝑠 , (¤𝑡 (𝑠))−1 ¤̃𝛾𝑠) ≥ (¤𝑡 (𝑠))−1 sup

{
⟨𝑝, ¤̃𝛾𝑠 + ∇ 𝑓 (�̃�𝑠)⟩ −

𝜎2 ( 𝑓 (�̃�𝑠))
2

∥𝑝∥2 : ∥𝑝∥ ≤ 2∥∇ 𝑓 (�̃�𝑠)∥
𝜎2 ( 𝑓 (�̃�𝑠))

}
= (¤𝑡 (𝑠))−1 ∥ ¤̃𝛾𝑠 + ∇ 𝑓 (�̃�𝑠)∥2

2𝜎2 ( 𝑓 (�̃�𝑠))
, (E.23)

since 𝑝 ↦→ ⟨𝑝, ¤̃𝛾𝑠 + ∇ 𝑓 (�̃�𝑠)⟩ −
𝜎2 ( 𝑓 (𝛾𝑠 ) )

2 ∥𝑝∥2 reaches it maximum at 𝑝∗ =
¤̃𝛾𝑠+∇ 𝑓 (𝛾𝑠 )
𝜎2 ( 𝑓 (𝛾𝑠 ) )

whose norm satisfies ∥𝑝∗∥ ≤
2∥∇ 𝑓 (𝛾𝑠 ) ∥
𝜎2 ( 𝑓 (𝛾𝑠 ) )

. ■

An important consequence of Assumption 11 is that the action cost of going from 𝑥 to 𝑥′ can be related to the action cost of
going from 𝑥′ to 𝑥. This is formalized in Lemma E.4.

Lemma E.4. For any 𝑇 > 0, 𝑥, 𝑥′ ∈ ℝ𝑑 , 𝛾 ∈ C ( [0, 𝑇]) such that 𝛾0 = 𝑥 and 𝛾𝑇 = 𝑥′, under Assumption 11, if 𝛾 is contained
in 𝑋 , it holds that,

S𝑇 (𝛾) ≥ inf
𝑥∈𝑋

𝜎2 ( 𝑓 (𝑥)
𝜎2 ( 𝑓 (𝑥))

×
(
B(𝑥, 𝑥′) +𝑈 (𝑥′) −𝑈 (𝑥)

)
, (E.24)

Proof. Let us first invoke Lemma E.3: there exists �̃� ∈ C ( [0, 𝑆]) a reparametrization of 𝛾 such that, for any 𝑡 ∈ [0, 𝑆],

∥ ¤̃𝛾𝑠 ∥ = ∥∇ 𝑓 (�̃�𝑠)∥ . (E.25)

and,

S𝑇 (𝛾) ≥
∫ 𝑆

0

∥ ¤̃𝛾𝑠 + ∇ 𝑓 (�̃�𝑠)∥2

2𝜎2 ( 𝑓 (�̃�𝑠))
𝑑𝑠

≥ inf
𝑥∈𝑋

𝜎2 ( 𝑓 (𝑥)
𝜎2 ( 𝑓 (𝑥))

×
(∫ 𝑆

0

∥ ¤̃𝛾𝑠 + ∇ 𝑓 (�̃�𝑠)∥2

2𝜎2 ( 𝑓 (�̃�𝑠))
𝑑𝑠

)
. (E.26)

It now suffices to lower-bound the integral on the RHS of (E.26). We have∫ 𝑆

0

∥ ¤̃𝛾𝑠 + ∇ 𝑓 (�̃�𝑠)∥2

2𝜎2 ( 𝑓 (�̃�𝑠))
𝑑𝑠 =

∫ 𝑆

0

∥− ¤̃𝛾𝑠 + ∇ 𝑓 (�̃�𝑠)∥2

2𝜎2 ( 𝑓 (�̃�𝑠))
𝑑𝑠 +

∫ 𝑆

0

2⟨ ¤̃𝛾𝑠 ,∇ 𝑓 (�̃�𝑠)⟩
𝜎2 ( 𝑓 (�̃�𝑠))

𝑑𝑠 . (E.27)

By definition of𝑈 (Definition 17) the second integral is equal to∫ 𝑆

0

2⟨ ¤̃𝛾𝑠 ,∇ 𝑓 (�̃�𝑠)⟩
𝜎2 ( 𝑓 (�̃�𝑠))

𝑑𝑠 =

∫ 𝑆

0
⟨ ¤̃𝛾𝑠 ,∇𝑈 (�̃�𝑠)⟩ 𝑑𝑠
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= 𝑈 (𝑥′) −𝑈 (𝑥) . (E.28)

For the first integral in (E.27), define the path (𝜑𝑠)𝑠∈[0,𝑆 ] by 𝜑𝑠 = �̃�𝑆−𝑠 . We have that∫ 𝑆

0

∥− ¤̃𝛾𝑠 + ∇ 𝑓 (�̃�𝑠)∥2

2𝜎2 ( 𝑓 (�̃�𝑠))
𝑑𝑠 =

∫ 𝑆

0

∥ ¤𝜑𝑠 + ∇ 𝑓 (𝜑𝑠)∥2
2𝜎2 𝑓 (𝜑𝑠))

𝑑𝑠

≥
∫ 𝑆

0
L̄(𝜑𝑠 , ¤𝜑𝑠 + ∇ 𝑓 (𝜑𝑠)) 𝑑𝑠

= S𝑆 (𝜑)
≥ B(𝑥, 𝑥′) , (E.29)

where we used Assumption 11 in the first inequality with 𝑣 ← ¤𝜑𝑠 + ∇ 𝑓 (𝜑𝑠) whose norm satisfies the condition of
Assumption 11 by (E.25). Plugging (E.29) and (E.29) into (E.27) and then into (E.26) yields the desired result. ■

E.3 Graph representation

Let us reuse the notation of Appendix D. In Appendix D, we consider graphs over the set of vertices V = {1, . . . , 𝑁crit} and
the set of edges (V \Q) × V where Q =

{
1, . . . , 𝑁targ

}
.

Let us consider a set of particular edges Ẽ ⊂ (V \Q) × V such that

Ẽ B
{
𝑖 → 𝑗 ∈ (V \Q) × V : 𝑖 ≠ 𝑗 , cl Attr(C𝑖) ∩ cl Attr(C 𝑗 ) ≠ ∅

}
. (E.30)

Note that by Lemma B.8, we have that Attr(C𝑖), 𝑖 ∈ {1, . . . , 𝑁crit} is a partition of ℝ𝑑 . Therefore, (V , Ẽ) still satisfies that,
from every 𝑖 ∈ V there is a path that leads to Q.

Lemma E.5. For any 𝑖 → 𝑗 ∈ Ẽ , let us define

𝑥𝑖, 𝑗 ∈ arg min
𝑥∈cl Attr(C𝑖 )∩cl Attr(C 𝑗 )

𝑓 (𝑥) . (E.31)

Then, under Assumption 11, if 𝑋 is large enough so that it contains the bounded set{
𝑥 ∈ ℝ𝑑 : 𝑓 (𝑥) ≤ max

𝑖∈V\Q, 𝑗∈V ,𝑖≠ 𝑗
𝑓 (𝑥𝑖, 𝑗 ) + 1

}
, (E.32)

for any 𝑖 → 𝑗 ∈ Ẽ , it holds that
𝐶𝑖, 𝑗 ≤ 𝑈 (𝑥𝑖, 𝑗 ) −𝑈 (C𝑖) . (E.33)

Proof. Note that the coercivity of 𝑓 (Assumption 5) ensure that 𝑥𝑖, 𝑗 is well-defined and the set of (E.32) is bounded.

Take 𝑖 ∈ V \Q, 𝑗 ∈ V , 𝑖 ≠ 𝑗 . We first consider the case where ∇ 𝑓 (𝑥𝑖, 𝑗 ) ≠ 0. Fix 𝜀 > 0.

By Lemma D.15, we have that there exists 𝛿0 > 0 such that, for any 𝛿 ∈ (0, 𝛿0),

𝐶𝑖, 𝑗 ≤ 𝐶 𝛿𝑖, 𝑗 + 𝜀 . (E.34)

At the potential cost of reducing 𝛿0 > 0, assume that, for any 𝑥 ∈ 𝔹(𝑥𝑖, 𝑗 , 𝛿0/2), it holds that

𝑎 ≤ ∥∇ 𝑓 (𝑥)∥ ≤ 𝑏 and 𝜎2
∞ ( 𝑓 (𝑥)) ≥ 𝑐 , (E.35)

for some 0 < 𝑎 ≤ 𝑏 and 𝑐 > 0. Moreover, by continuity of 𝑓 and 𝑈, also assume that 𝛿0 is small enough so that, for any
𝑥 ∈ 𝔹(𝑥𝑖, 𝑗 , 𝛿0/2), it holds that

𝑈 (𝑥) ≤ 𝑈 (𝑥𝑖, 𝑗 ) + 𝜀 (E.36)

and,
𝑓 (𝑥) ≤ 𝑓 (𝑥𝑖, 𝑗 ) + 1 . (E.37)
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Finally, also assume that 𝛿0 is small enough such that, for any 𝑥 ∈ U𝛿 (C𝑖), it holds that

𝑈 (𝑥) ≥ 𝑈 (C𝑖) − 𝜀 . (E.38)

Fix 𝛿 ∈ (0, 𝛿0) such that 𝛿 ≤ 𝜀. Now, since 𝑥𝑖, 𝑗 ∈ cl Attr(C𝑖) ∩ cl Attr(C 𝑗 ), there exist 𝑥𝑖 ∈ Attr(C𝑖) ∩ 𝔹(𝑥𝑖, 𝑗 , 𝛿/2) and
𝑥 𝑗 ∈ Attr(C 𝑗 ) ∩ 𝔹(𝑥𝑖, 𝑗 , 𝛿/2). By construction, the gradient flows started at 𝑥𝑖 and 𝑥 𝑗 converge respectively to C𝑖 and C 𝑗 .
Hence, there exists 𝑇 ≥ 1 integer such that Θ𝑇−𝛼/2 (𝑥𝑖) ∈ U𝛿 (C𝑖) and Θ𝑇−𝛼/2 (𝑥 𝑗 ) ∈ U𝛿 (C 𝑗 ) for all 𝛼 B 𝛿/𝑎.

Let us now estimates the action costs of the paths (Θ𝑇−𝛼/2−𝑡 (𝑥𝑖))𝑡∈[0,𝑇−𝛼/2] and (Θ𝑡 (𝑥 𝑗 ))𝑡∈[0,𝑇−𝛼/2] . By (E.37) and
definition of the flow, the whole path (Θ𝑇−𝛼/2−𝑡 (𝑥𝑖))𝑡∈[0,𝑇−𝛼/2] is contained in (E.32) and therefore in 𝑋 . Therefore, by
Assumption 11, we have that

S𝑇−𝛼/2 (Θ𝑇−𝛼/2−· (𝑥𝑖)) =
∫ 𝑇−𝛼/2

0
L(Θ𝑇−𝛼/2−𝑡 (𝑥𝑖),∇ 𝑓 (Θ𝑇−𝛼/2−𝑡 (𝑥𝑖))) 𝑑𝑡

=

∫ 𝑇−𝛼/2

0
L̄(Θ𝑇−𝛼/2−𝑡 (𝑥𝑖), 2∇ 𝑓 (Θ𝑇−𝛼/2−𝑡 (𝑥𝑖))) 𝑑𝑡

≤
∫ 𝑇−𝛼/2

0

4∥∇ 𝑓 (Θ𝑇−𝛼/2−𝑡 (𝑥𝑖))∥2

2𝜎2 ( 𝑓 (Θ𝑇−𝛼/2−𝑡 (𝑥𝑖)))
𝑑𝑡 , (E.39)

where we used Assumption 11 in the last inequality. Rewriting this integral we obtain,

S𝑇−𝛼/2 (Θ𝑇−𝛼/2−· (𝑥𝑖)) ≤
∫ 𝑇−𝛼/2

0

2⟨∇ 𝑓 (Θ𝑇−𝛼/2−𝑡 (𝑥𝑖)), ¤Θ𝑇−𝛼/2−𝑡 (𝑥𝑖)⟩
𝜎2 ( 𝑓 (Θ𝑇−𝛼/2−𝑡 (𝑥𝑖)))

𝑑𝑡

=

∫ 𝑇−𝛼/2

0
2⟨∇𝑈 (Θ𝑇−𝛼/2−𝑡 (𝑥𝑖)), ¤Θ𝑇−𝛼/2−𝑡 (𝑥𝑖)⟩ 𝑑𝑡

= 𝑈 (𝑥𝑖) −𝑈 (Θ𝑇−𝛼/2 (𝑥𝑖))
≤ 𝑈 (𝑥𝑖, 𝑗 ) −𝑈 (C𝑖) + 2𝜀 , (E.40)

by (E.36) and (E.38).

For the path (Θ𝑡 (𝑥 𝑗 ))𝑡∈[0,𝑇−𝛼/2] , since it is a trajectory of the gradient flow, we have that

S𝑇−𝛼/2 (Θ· (𝑥 𝑗 )) = 0 . (E.41)

Finally, let us consider the path (𝛾𝑡 )𝑡∈[0,𝛼] defined by 𝛾𝑡 = 𝑥𝑖 + 𝛼−1𝑡 (𝑥 𝑗 − 𝑥𝑖). We have ¤𝛾𝑡 = 𝛼−1 (𝑥 𝑗 − 𝑥𝑖) so that
∥ ¤𝛾𝑡 ∥ ≤ 𝛿/𝛼 = 𝑎 ≤ ∥∇ 𝑓 (𝛾𝑡 )∥ by (E.35). Moreover, (E.37) ensures that 𝛾𝑡 ∈ 𝑋 for all 𝑡 ∈ [0, 𝛼].

Therefore, by Assumption 11, we have that

S𝛼 (𝛾) =
∫ 𝛼

0
L(𝛾𝑡 , ¤𝛾𝑡 ) 𝑑𝑡

=

∫ 𝛼

0
L̄(𝛾𝑡 ,∇ 𝑓 (𝛾𝑡 ) ¤𝛾𝑡 ) 𝑑𝑡

≤
∫ 𝛼

0

∥ ¤𝛾𝑡 + ∇ 𝑓 (𝛾𝑡 )∥2

2𝜎2 ( 𝑓 (𝛾𝑡 ))
𝑑𝑡

≤ 𝛼 (𝑎 + 𝑏)
2

2𝑐

=
𝛿(𝑎 + 𝑏)2

2𝑎𝑐

≤ 𝜀(𝑎 + 𝑏)
2

2𝑎𝑐
. (E.42)
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Putting the three paths (Θ𝑇−𝛼/2−· (𝑥𝑖))𝑡∈[0,𝑇−𝛼/2] , (𝛾𝑡 )𝑡∈[0,𝛼] and (Θ𝑡 (𝑥 𝑗 ))𝑡∈[0,𝑇−𝛼/2] together, we obtain a path that goes
from U𝛿 (C𝑖) to U𝛿 (C 𝑗 ) in integer time 2𝑇 and whose action cost is upper-bounded by

𝑈 (𝑥𝑖, 𝑗 ) −𝑈 (C𝑖) + 2𝜀 + 𝜀(𝑎 + 𝑏)
2

2𝑎𝑐
. (E.43)

Combined with (E.34), this yields

𝐶𝑖, 𝑗 ≤ 𝑈 (𝑥𝑖, 𝑗 ) −𝑈 (C𝑖) + 3𝜀 + 𝜀(𝑎 + 𝑏)
2

2𝑎𝑐
, (E.44)

which yields the result.

Let us now briefly discuss the case where ∇ 𝑓 (𝑥𝑖, 𝑗 ) = 0. In this case, 𝑥𝑖, 𝑗 belongs to some C𝑙 , 𝑙 ∈ V . To adapt the proof
above, it suffices to require that 𝑥𝑖 and 𝑥 𝑗 are close enough to 𝑥𝑖, 𝑗 so that they belong to W𝜀 (C𝑙) (give by Lemma B.6) and
to use Lemma B.7 to build a path from 𝑥𝑖 to 𝑥 𝑗 with cost at most 𝜀. ■

We provide an iterated version of Lemma E.5 that will be convenient in the following.

Corollary E.1. For any 𝑖 ∈ V \Q, 𝑗 ∈ V , define

𝐶𝑖, 𝑗 B min

{
𝑁−1∑︁
𝑛=0

𝑈 (𝑥 𝑗𝑛 , 𝑗𝑛+1 ) −𝑈 (C 𝑗𝑛 ) : 𝑗0 = 𝑖, 𝑗𝑁 = 𝑗 , 𝑗𝑛 → 𝑗𝑛+1 ∈ Ẽ
}
. (E.45)

Then, under the same assumptions as Lemma E.5, it holds that

𝐶𝑖, 𝑗 ≤ 𝐶𝑖, 𝑗 . (E.46)

Let us now specify how big enough we will need the set 𝑋 from Assumption 11 to be.

Lemma E.6. Define
𝐶∞ B max

𝑖, 𝑗∈V\Q
𝐶𝑖, 𝑗 + 1 < +∞ . (E.47)

Then, if 𝑋 is large enough so that it contains the bounded set{
𝑥 ∈ ℝ𝑑 : 𝑈∞ (𝑥) ≤ sup

𝑖∈V\Q,𝑥∈C𝑖
𝑈 (𝑥) + 𝐶∞

}
, (E.48)

then, for any 𝑖, 𝑗 ∈ V \Q, it holds that 𝐶𝑖, 𝑗 is equal to

inf
{
S𝑇 (𝛾) : 𝛾 ∈ C ( [0, 𝑇]), 𝑇 ∈ ℕ, 𝛾0 ∈ C𝑖 , 𝛾𝑇 ∈ C 𝑗 , {𝛾(𝑡) : 𝑡 ∈ [0, 𝑇]} ⊂ 𝑋

}
. (E.49)

Proof. Note that 𝐶∞ is finite by Assumption 9. The rest of the result is then a direct consequence of Lemma D.12. ■

We can now combine Lemma E.4 with Lemma E.6 to obtain the following result.

Lemma E.7. Under Assumption 11, if 𝑋 is large enough so that it satisfies the requirement of Lemma E.6, then for any
𝑖, 𝑗 ∈ V \Q, 𝑖 ≠ 𝑗 , it holds that

𝐶 𝑗 ,𝑖 − 𝐶𝑖, 𝑗 ≤ Δ𝐶 𝑗 ,𝑖 + (1 − Δ) (𝑈𝑖 −𝑈 𝑗 ) , (E.50)

where Δ ∈ [0, 1] satisfies

Δ ≥ sup
𝑥∈𝑋

1 −
𝜎2 ( 𝑓 (𝑥))
𝜎2 ( 𝑓 (𝑥))

. (E.51)

Proof. Lemma E.6 allows us to consider only paths that are contained in 𝑋 to compute 𝐶𝑖, 𝑗 . Taking the infimum over such
paths in Lemma E.4 yields:

𝐶𝑖, 𝑗 ≥ (1 − Δ) (𝐶 𝑗 ,𝑖 + (𝑈 𝑗 −𝑈𝑖)) . (E.52)

Rearranging the terms, we obtain the result. ■
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To simplify the notation for the following lemma, let us define, for 𝑖 ∈ V \Q, 𝑗 ∈ V , 𝑖 ≠ 𝑗 ,

𝑈𝑖, 𝑗 B 𝑈 (𝑥𝑖, 𝑗 ) and 𝑈 𝑗 B 𝑈 (C 𝑗 ) . (E.53)

Lemma E.8. Assume that Assumption 11 holds with 𝑋 satisfying the assumptions of Lemmas E.5 and E.6.

For any 𝑖0 ∈ V \Q, 𝑔 ∈ G (𝑖0 ↛ Q), there exists 𝑖 ∈ V \Q such that there is a path from 𝑖0 to 𝑖 in 𝑔 and there is 𝑔′ ∈ G such
that the cost difference between 𝑔 and 𝑔′ ∑︁

𝑘→𝑙∈𝑔′
𝐶𝑘,𝑙 −

∑︁
𝑘→𝑙∈𝑔

𝐶𝑘,𝑙 (E.54)

is upper-bounded by

min
{

max
𝑙=0,..., 𝑝−1

max
(
𝑈 𝑗𝑙 , 𝑗𝑙+1 −𝑈 𝑗𝑙 ,𝑈 𝑗𝑙 , 𝑗𝑙+1 −𝑈𝑖

)
+ 2Δ(𝑁crit

2 + 1) sup
𝑋

𝑈 :

𝑗0 = 𝑖, 𝑗𝑝 ∈ Q, 𝑗𝑙 ∈ V \Q, 𝑗𝑙 → 𝑗𝑙+1 ∈ Ẽ , 𝑙 = 0, . . . , 𝑝 − 1
}
, (E.55)

where Δ ∈ [0, 1] satisfies

Δ ≥ sup
𝑥∈𝑋

1 −
𝜎2 ( 𝑓 (𝑥))
𝜎2 ( 𝑓 (𝑥))

. (E.56)

Proof. By definition of G (𝑖0 ↛ Q) (Appendix D.1), there exists 𝑖 ∈ V \Q, 𝑗 ∈ V , 𝑖 ≠ 𝑗 such that if we were to add the
edge 𝑖 → 𝑗 to 𝑔, it would be a Q-graph. In other words, 𝑖 → 𝑗 is not in 𝑔 and there are paths from 𝑖0 → 𝑖 and 𝑗 → Q in 𝑔.

Now, take consider a path that goes from 𝑖 to 𝑗 with only edges from Ẽ : 𝑗0 = 𝑖, 𝑗𝑝 = 𝑗 and 𝑗𝑙 ∈ V \ Q, 𝑗𝑙 → 𝑗𝑙+1 ∈ Ẽ ,
𝑙 = 0, . . . , 𝑝 − 1.

Define 𝑘 ≥ 0 to be the smallest integer such that there is a path from 𝑗𝑘 to Q in 𝑔. Such a 𝑘 exists since there is a path from
𝑗 to Q in 𝑔, and 𝑘 ≥ 1 since there is no path from 𝑖 to Q in 𝑔. In particular, there is no path from 𝑗𝑘−1 to Q in 𝑔. From the
definition of the graphs G (𝑖0 ↛ Q), this implies either there is a path from 𝑖 to 𝑗𝑘−1 in 𝑔 or a path from 𝑗𝑘−1 to 𝑖 in 𝑔.

• If there is a path from 𝑖 to 𝑗𝑘−1 in 𝑔, then we consider the graph 𝑔′ ∈ G (Q) obtained by adding the edge 𝑗𝑘−1 → 𝑗𝑘 to 𝑔.
Since 𝑗𝑘−1 → 𝑗𝑘 is in Ẽ , by Lemma E.5, the cost of adding that edge is bounded as

𝐶 𝑗𝑘−1 , 𝑗𝑘 ≤ 𝑈 𝑗𝑘−1 , 𝑗𝑘 −𝑈 𝑗𝑘−1 , (E.57)

in which case (E.55) is immediately satisfied.

• If there is a path from 𝑗𝑘−1 to 𝑖 in 𝑔, then we consider the graph 𝑔′ ∈ G (Q) obtained by reversing the path from 𝑗𝑘−1 to 𝑖 in
𝑔 and adding the edge 𝑗𝑘−1 → 𝑗𝑘 . Let us denote by 𝑚0 = 𝑗𝑘−1, 𝑚𝑞 = 𝑖 and 𝑚𝑙 ∈ V \Q, 𝑚𝑙 → 𝑚𝑙+1 ∈ 𝑔, 𝑙 = 0, . . . , 𝑞 − 1
the path from 𝑗𝑘−1 to 𝑖. By Lemmas E.5 and E.7 the cost of reversing that path and adding the edge 𝑗𝑘−1 → 𝑗𝑘 is
upper-bounded by

𝑞−1∑︁
𝑙=0

(
𝐶𝑚𝑙+1 ,𝑚𝑙 −

𝑝−1∑︁
𝑙=0

𝐶𝑚𝑙 ,𝑚𝑙+1

)
+ 𝐶 𝑗𝑘−1 , 𝑗𝑘 ≤

𝑞−1∑︁
𝑙=0

(
Δ𝐶𝑚𝑙+1 ,𝑚𝑙 + (1 − Δ) (𝑈𝑚𝑙 −𝑈𝑚𝑙+1 )

)
+𝑈 𝑗𝑘−1 , 𝑗𝑘 −𝑈 𝑗𝑘−1

=

𝑞−1∑︁
𝑙=0

Δ𝐶𝑚𝑙+1 ,𝑚𝑙 + (1 − Δ) (𝑈 𝑗𝑘−1 −𝑈𝑖) +𝑈 𝑗𝑘−1 , 𝑗𝑘 −𝑈 𝑗𝑘−1 . (E.58)

Now, Corollary E.1 ensures that the sum
∑𝑞−1
𝑙=0 Δ𝐶𝑚𝑙+1 ,𝑚𝑙 is upper-bounded by 2𝑁crit

2Δ sup𝑋𝑈 so we obtain that the RHS
of (E.58) is upper-bounded by

2𝑁crit
2Δ sup

𝑋

𝑈 +𝑈 𝑗𝑘−1 , 𝑗𝑘 −𝑈𝑖 + 2Δ sup
𝑋

𝑈 , (E.59)

which concludes the proof.

■
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To obtain the main result, we will require the following lemma.

Lemma E.9. Under Assumption 11, if 𝑋 is large enough so that it satisfies the assumptions of Lemma E.6, then for any
𝑖, 𝑗 ∈ V \Q, 𝑖 ≠ 𝑗 , it holds that For any 𝑖 ∈ V \Q, 𝑗 ∈ V , 𝑖 ≠ 𝑗 , it holds that

𝐶𝑖, 𝑗 ≥ 𝐶𝑖, 𝑗 B inf
{
sup
𝑠<𝑡

(
𝑈 (𝛾𝑡 ) −𝑈 (𝛾𝑠)

)
: 𝛾 ∈ C ( [0, 𝑇]), 𝑇 ∈ ℕ, 𝛾0 ∈ C𝑖 , 𝛾𝑇 ∈ C 𝑗

}
. (E.60)

Proof. This lemma follows the same proof as Lemma D.10 with the additional use of Lemma E.6 to be able to leverage
Assumption 11. ■

We are now finally ready to prove the main result.

Theorem E.1. Assume that Assumption 11 holds with 𝑋 satisfying the assumptions of Lemmas E.5 and E.6.

For any 𝑖0 ∈ V \Q, define

𝑟 B min

{ ∑︁
𝑘→𝑙∈𝑔

𝐶𝑘,𝑙 : 𝑔 ∈ G (𝑖0 ̸; Q)
}
. (E.61)

there exists 𝑖 ∈ V \Q such that 𝐶
𝑖0 ,𝑖
≤ 𝑟 such that 𝐸 (Q | 𝑖0) is upper-bounded by

min
{

max
𝑙=0,..., 𝑝−1

max
(
𝑈 𝑗𝑙 , 𝑗𝑙+1 −𝑈 𝑗𝑙 ,𝑈 𝑗𝑙 , 𝑗𝑙+1 −𝑈𝑖

)
+ 2Δ(𝑁crit

2 + 1) sup
𝑋

𝑈 :

𝑗0 = 𝑖, 𝑗𝑝 ∈ Q, 𝑗𝑙 ∈ V \Q, 𝑗𝑙 → 𝑗𝑙+1 ∈ Ẽ , 𝑙 = 0, . . . , 𝑝 − 1
}
, (E.62)

where Δ ∈ [0, 1] satisfies

Δ ≥ sup
𝑥∈𝑋

1 −
𝜎2 ( 𝑓 (𝑥))
𝜎2 ( 𝑓 (𝑥))

. (E.63)

Proof. By Lemma D.16, 𝐸 (Q | 𝑖0) is upper-bounded as

𝐸 (Q | 𝑖0) ≤ min

{ ∑︁
𝑘→𝑙∈𝑔

𝐶𝑘,𝑙 : 𝑔 ∈ G (Q)
}
−min

{ ∑︁
𝑘→𝑙∈𝑔

𝐶𝑘,𝑙 : 𝑔 ∈ G (𝑖0 ̸; Q)
}
. (E.64)

By Corollary E.1, we have that

min

{ ∑︁
𝑘→𝑙∈𝑔

𝐶𝑘,𝑙 : 𝑔 ∈ G (𝑖0 ̸; Q)
}
≤ min

{ ∑︁
𝑘→𝑙∈𝑔

𝐶𝑘,𝑙 : 𝑔 ∈ G (𝑖0 ̸; Q)
}
= 𝑟 . (E.65)

Hence, take 𝑔 ∈ arg min
{∑

𝑘→𝑙∈𝑔 𝐶𝑘,𝑙 : 𝑔 ∈ G (Q↛ Q)
}

and it must satisfy∑︁
𝑘→𝑙∈𝑔

𝐶𝑘,𝑙 ≤ 𝑟 . (E.66)

Apply Lemma E.8 to obtain that there exists 𝑖 ∈ V \Q such that there is a path from 𝑖0 to 𝑖 in 𝑔 and there is 𝑔′ ∈ G such that
the cost difference between 𝑔 and 𝑔′ is bounded by (E.62). Combined with (E.64), this yields that 𝐸 (Q | 𝑖0) is upper-bounded
by (E.62).

Finally, denote by 𝑗0 = 𝑖0, 𝑗𝑝 = 𝑖 and 𝑗𝑙 ∈ V \Q, 𝑗𝑙 → 𝑗𝑙+1 ∈ 𝑔, 𝑙 = 0, . . . , 𝑝 − 1 the path from 𝑖0 to 𝑖 in 𝑔. (E.66) ensures
that

𝑟 ≥
𝑝−1∑︁
𝑙=0

𝐶 𝑗𝑙 , 𝑗𝑙+1 ≥ 𝐶𝑖0 ,𝑖 , (E.67)

which, combined with Lemma E.9, implies that 𝐶
𝑖0 ,𝑖
≤ 𝑟. ■
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(a) Loss landscape and hitting time statistics for the Styblinski–Tang function (F.1a).

(b) Loss landscape and hitting time statistics for the Himmelblau function (F.1b).

Figure 4: Visualization and hitting time statistics for the Styblinski–Tang (top) and Himmelblau functions (bottom). In both cases,
the loss landscape is superimposed on the stable and unstable manifolds of the function’s critical points, which define the edges of its
transition graph (the arrows indicate the direction of the gradient flow, and hence the transitions which come at no cost).

F Numerical validation
In this last appendix, we provide some more numerical experiments as validation of the estimates provided by Theorems 1
and 2. For concreteness, we consider the following multimodal test functions:

(a ) The Styblinski–Tang function:

𝑓 (𝑥1, 𝑥2) =
1
2

𝑑∑︁
𝑖=1
(𝑥4
𝑖 − 16𝑥2

𝑖 + 5𝑥𝑖) (F.1a)

(b ) The Himmelblau function:
𝑓 (𝑥1, 𝑥2) = (𝑥2

1 + 𝑥2 − 11)2 + (𝑥1 + 𝑥2
2 − 7)2 (F.1b)

For the Styblinski–Tang function, we treat the 2-dimensional case in order to facilitate comparisons with the other examples,
and for ease of visualization.

In Fig. 4, we plot the landscape of 𝑓 for each of the above cases, as well as the runtime statistics of (SGD) in each case. As
in Fig. 2, we considered different values of the algorithm’s learning rate 𝜂, and for each value of 𝜂, we performed 500 runs
of (SGD) with Gaussian noise (𝜎 = 50). Then, for each “particle” of (SGD), we recorded the number of iterations required
to reach the vicinity of 𝑝1 (within 𝛿 = 10−2) from the same, fixed initialization. The resulting boxplots are displayed in
Fig. 4 in log-inverse scale, with a point density overlay to illustrate the full empirical distribution of 𝜏 for every 𝜂.
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In both cases, we plotted the theoretical prediction of Theorem 1 (labeled “Theory”), against a linear regression plot of
the observed runtime data (labeled “Data”).13 For the Styblinski–Tang function, we observe a situation similar to the
three-hump-camel example of Fig. 2: Both theory and experiment indicate that the global convergence time 𝜏 of (SGD)
scales exponentially in the inverse of the algorithm’s step-size 𝜂, and there is excellent agreement between theory and
experiment (𝑅2 = 0.973 and 𝑅2 = 0.989 respectively). By contrast, in the Himmelblau case, runtimes are significantly
slower, and the slope of the theoretical estimator is 0: This is because the Himmelblau function does not have any spurious
minima, so 𝜏 enters the subexponential regime; this is confirmed by the fact that the algorithm’s runtime is several orders of
magnitude smaller, with strong agreeemnt between our theoretical estimate and the numerically measured values (𝑅2 = 0.913
and 𝑅2 = 0.976 respectively).

13In more detail, we plotted a linear fit with slope given by Theorem 1.
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G Auxiliary results

G.1 Truncated Gaussian distribution

Let us restate two technical lemmas from [5]on which we rely. The first one provides bounds on the Hamiltonian and
Lagrangian of a truncated Gaussian distribution.

Lemma G.1 ([5, Lem. F.2]). Consider 𝑋 ∼ N (0, 𝜎2𝐼) a multivariate Gaussian distribution with 𝜎2 > 0. For 𝑅 > 0, define
the truncated Gaussian random variable (r.v.) 𝑋𝑅 by conditioning 𝑋 to the ball 𝔹(0, 𝑅). Define

H̄(𝑝) B log𝔼
[
𝑒⟨𝑝,𝑋𝑅 ⟩

]
(G.1)

L̄(𝑝) B H̄∗ (𝑝) , (G.2)

and

𝐸 (𝜎2, 𝑅) B 𝑒
− 𝑅2

16𝜎2 2𝑑+3 (𝑑 + 1) (G.3)

and assume that 𝑅 > 0 satisfies
𝑅 ≥ 4𝜎

√︁
(𝑑 + 3) log 2 + log(𝑑 + 1) . (G.4)

Then, for any 𝑝 ∈ ℝ𝑑 such that ∥𝑝∥ ≤ 𝑅

2𝜎2 , 𝑣 ∈ ℝ𝑑 such that ∥𝑣∥ ≤ 𝑅
4 , it holds that(

1 − 𝐸 (𝜎2, 𝑅)
) 𝜎2∥𝑝∥2

2
≤H̄(𝑝) ≤

(
1 + 𝐸 (𝜎2, 𝑅)

) 𝜎2∥𝑝∥2
2

(G.5)(
1 − 2𝐸 (𝜎2, 𝑅)

) ∥𝑣∥2
2𝜎2 ≤L̄(𝑣) ≤

(
1 + 2𝐸 (𝜎2, 𝑅)

) ∥𝑣∥2
2𝜎2 . (G.6)

We will also require the following technical lemma.

Lemma G.2 ([5, Lem. F.3]). Consider 𝑣, 𝑤 ∈ ℝ𝑑 such that 0 < ∥𝑤∥ ≤ 𝜇𝑅

2 for some 𝑅, 𝜇 > 0. Define,

𝑓 (𝑢) = sup
𝑝∈ℝ𝑑 :∥ 𝑝∥≤𝑅

⟨𝑝, 𝑢⟩ − 𝜇
2
∥𝑝∥2 , (G.7)

then, with 𝜆 =
∥𝑣∥
∥𝑤∥ ,

𝜆 𝑓

( 𝑣
𝜆
+ 𝑤

)
≤ 𝑓 (𝑣 + 𝑤) . (G.8)
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