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Abstract
Shampoo-based methods, such as KL-Shampoo and SOAP, have demonstrated strong performance in
training neural networks and leverage QR decompositions. As existing QR implementations require
single-precision arithmetic and remain computationally expensive, these methods become time- and
memory-intensive when their preconditioning matrices are large. Moreover, using half-precision
(BFP16) storage to reduce memory can degrade the performance of Shampoo-based methods. We
propose a reparametrization of the preconditioner that supports half-precision storage, and also
enables efficient QR-based updates in subspaces while retaining single-precision arithmetic and
thereby reducing both computational cost and memory overhead. It applies broadly to Shampoo-
based methods that employ QR decomposition, including KL-Shampoo and SOAP. Our approach
mitigates the performance degradation of these methods under half-precision storage and, overall,
makes them more memory- and time-efficient.

1. Introduction

Shampoo-based methods, such as Shampoo [11, 23], SOAP [25], and KL-Shampoo/SOAP [16],
have recently attracted considerable attention because of their strong performance in training neural
networks [6, 8, 15]. They employ non-diagonal preconditioners and, for a matrix-valued weight,
use a Kronecker-factored preconditioner together with its inverse matrix root for preconditioning.
To compute this root, pure Shampoo-based methods often perform eigendecompositions of each
Kronecker factor, Si = QiDiag(λi)Q

⊤
i , and store λi,Qi,Si [7, 23]. SOAP-type methods also rely

on eigendecomposition because they run Adam in the eigenbasis Qi. However, eigendecomposi-
tion becomes expensive for large matrices, and existing implementations require single-precision
arithmetic (e.g., LAPACK [2] on CPUs and cuSOLVER/MAGMA [13, 19] on GPUs, as used in
JAX [5] and PyTorch [20]). As a result, preconditioning factors such as Qi and Si are typically
stored in single precision [3, 7, 23]. More recently, QR decomposition has been proposed as a
cheaper approximation to eigendecomposition, reducing computational cost while retaining the same
arithmetic [7, 16, 25]. Still, QR decomposition remains the main computational bottleneck and is
expensive relative to other subroutines (e.g., matrix multiplications; see fig. 1, right). One possible
way to reduce this cost is to consider subspace updates. However, it remains unclear how to do so
using the current optimizer state.

In this work, we propose a reparametrization of the preconditioning factors in Shampoo-based
methods to address these limitations. Specifically, for each Kronecker factor Si, we store {λi,Qi,Pi}
instead of {λi,Qi,Si}, where Pi := Q⊤

i SiQi, and we directly update Pi without materializing Si:

© .
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Figure 1: (a): Performance of full-basis and
subspace KL-Shampoo (with half-precision stor-
age) on Llama3 598M trained on FineWeb 4.1B.
(b): Computational cost for a weight matrix
in Rd1×d2 with di = 6000, and in a sub-
space with dsub = Bdi, on an H100 GPU. (c):
Test loss and per-method gap (old− new) on
Llama 3 119M trained on FineWeb 4.1B for KL-
Shampoo, SOAP, and KL-SOAP, showing that
the reparametrized variants outperform the origi-
nal baselines when using BFloat16 storage and
full-basis updates. This gap highlights the perfor-
mance degradation caused by BFloat16 storage
under the original parametrization.

• This enables efficient updates of a subset of the (orthogonal) basis vectors in Qi via QR in
subspaces of Pi, thereby significantly reducing the cost of QR (see the top right of fig. 1) while
supporting memory-efficient half-precision storage.

• It is compatible with a variety of subspace selection strategies, including random selection
and Jacobi-style selection [24, 26] originally designed for subspace eigendecomposition.
This approach applies broadly to Shampoo-based methods that employ QR decomposition,
including KL-Shampoo, SOAP, and KL-SOAP.

• Empirically, our approach improves the performance of SOAP-type methods and closes the
performance gap between KL-Shampoo and KL-SOAP reported by Lin et al. [16] (see bottom
left of fig. 1 and section 3), even with full-basis QR updates, when all preconditioning factors
are stored in half precision. Our approach also narrows the runtime gap between KL-Shampoo
and Muon and opens new directions to further improvement. (see section E).

2. Reparametrization for Reducing Time and Memory Costs

For a detailed discussion regarding existing Shampoo based methods and their drawbacks, we refer
to section A. We propose to reduce time and memory costs by reparametrizing the preconditioning
factors Si as Pi = Q⊤

i SiQi. This reparametrization enables Shampoo-based methods to support
both full-basis and subspace orthogonal updates, as well as half-precision storage, while empirically
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mitigating performance degradation. As we will show, these updates require performing QR de-
composition on a subspace of Pi (see fig. 3). This motivates directly storing and using Pi as the
reparametrization of the preconditioning factor Si.

We begin by modifying an existing update scheme to use this reparametrization. To this end,
we establish the mathematical equivalence between the existing parametrization (e.g., Si) and
our reparametrization (e.g., Pi) in the full-basis setting. We then show that, unlike the existing
parametrization, our reparametrization not only supports half-precision storage without compromising
performance in the full-basis setting, but also enables efficient subspace orthogonal updates (e.g.,
updates of a subset of basis vectors in Qi via QR on a subspace of Pi). Notably, we keep the updates
of the eigenvalues (e.g., λi for pure Shampoo-based methods or d for SOAP-type methods) and
preconditioning factors (e.g., Pi) in the full basis (see Step 2 & 3 in fig. 2). This is essential for
mitigating performance degradation of these methods under subspace updates while reducing the
cost of QR decomposition, the main computational bottleneck (see the top-right panel of fig. 1).

2.1. Full-basis Update: Memory Reduction via Half-precision Storage

For simplicity, we assume in this section that a QR implementation returns a unique decomposition.
See section B for making any QR implementation unique.

Recall that existing QR-based Shampoo methods [16, 25] store Si and compute Q(new)
i via a

full-basis QR decomposition Q(new)
i R(new)

i = SiQ
(old)
i to approximate an orthogonal eigenbasis of

Si, for i ∈ {1, 2}, For example, consider the KL-Shampoo update in fig. 2.

Mathematical equivalence for deriving our update scheme Modifying the existing QR-based
update scheme for our reparametrization builds on the observation that performing QR decomposition
on the reparametrized matrix P (old)

i := Q(old)⊤
i SiQ

(old)
i yields

OiR̄i=P (old)
i =Q(old)⊤

i

[
SiQ

(old)
i

]
=Q(old)⊤

i

[
Q(new)

i R(new)
i

]
=
[
Q(old)⊤

i Q(new)
i

]
R(new)

i (1)

We then use the equivalence established in eq. (1) to obtain a new update rule for computing Qi

under our reparametrization. Notice that both the left-hand side and the right-hand side of eq. (1)
are QR decompositions of P (old)

i . Because the QR decomposition for non-singular P (old)
i is unique

under our assumption, we obtain the relationship

Oi = Q(old)⊤
i Q(new)

i , R̄i = R(new)
i .

This implies that Q(new)
i = Q(old)

i Oi because Q(old)
i Q(old)⊤

i = I . This relationship leads to the
following update scheme for Qi under our reparametrization: perform QR decomposition on P (old)

i

to obtain Oi, and then update Qi via

Q(new)
i = Q(old)

i Oi. (2)

Importantly, this scheme enables efficient subspace update schemes, as discussed in section 2.2.
Since Pi depends on Qi, we need to update Pi via

P (new)
i := Q(new)⊤

i SiQ
(new)
i = O⊤

i Q
(old)⊤
i SiQ

(old)
i Oi = O⊤

i P
(old)
i Oi, (3)

which avoids explicitly forming Si when the basis is changed from Q(old)
i to Q(new)

i .
If Qi is held fixed while Si is updated via an exponential moving average (EMA) with ∆i shown

in Step 2 in fig. 2, then Pi is equivalently updated using ∆̃i := Q⊤
i ∆iQi:

Q⊤
i S

(new)
i Qi = (1− β2)Q

⊤
i S

(old)
i Qi + β2Q

⊤
i ∆iQi ⇐⇒ P (new)

i = (1− β2)P
(old)
i + β2∆̃i. (4)
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Method Parame-
terization

nanoGPT (123M)
FP32→ BFP16

llama3 (119M)
FP32→ BFP16

KL-Shampoo
old 3.244

+0.006−−−−→ 3.250 3.345
+0.000−−−−→ 3.345

new 3.245
+0.001−−−−→ 3.246 3.345

−0.001−−−−→ 3.344

KL-SOAP
old 3.240

+0.017−−−−→ 3.257 3.351
+0.011−−−−→ 3.362

new 3.237
+0.007−−−−→ 3.244 3.346

+0.000−−−−→ 3.346

SOAP
old 3.248

+0.014−−−−→ 3.262 3.358
+0.014−−−−→ 3.372

new 3.250
+0.000−−−−→ 3.250 3.353

+0.006−−−−→ 3.359

Table 1: Performance of each
method in terms of test loss.
Each cell shows the result
with FP32 storage followed
by BFP16 storage; the num-
ber above the arrow is the
(BFP16−FP32) delta. Small
deltas indicate the parame-
terization is robust to half-
precision storage.

Generalization to other Shampoo-based methods Although we describe the changes for KL-
Shampoo in fig. 2, our approach applies directly to many other Shampoo-based methods that use
QR decomposition. Pure Shampoo-based methods often differ in how they compute ∆i in Step 2 of
fig. 2. Thus, our approach also applies to them. SOAP-type methods do not require Step 3, but they
do require a further modification of Step 5 in fig. 2 to run Adam in the basis Qi, which requires only
knowledge of Qi rather than Si. Therefore, our approach also applies to SOAP-type methods.

Our reparametrization supports half-precision storage While the existing parametrization and
our reparametrization are mathematically equivalent, our empirical results (see section 3) show that
our reparametrization, unlike the old parametrization, preserves the performance of Shampoo-based
methods under half-precision storage, thereby enabling half-precision storage without compromising
performance. Moreover, Pi is often close to diagonal, which can to further reduce memory usage.

2.2. Subspace Update: Computational Cost Reduction via QR Decomposition in Subspaces

Our update scheme under the reparametrization directly supports updating a subset of the orthogonal
basis vectors in Qi via QR in subspaces of Pi. Interestingly, the scheme in eqs. (2) and (3) resembles
block Jacobi-type methods [24, 26] for subspace approximation via eigendecomposition. Thus,
our reparametrization supports efficient subspace updates via either QR or eigendecomposition. In
this work, however, we focus on a QR-based local orthogonal factor within a selected subspace
because subspace QR is computationally cheaper (see the top right of fig. 1) while empirically
achieving performance similar to that of subspace eigendecomposition for Shampoo-based methods
(see table 5). We discuss how this parameterization enables the use of subspaces in section C.

3. Experiments

We conduct five experiments to demonstrate the benefits of our reparametrization. In Experiment
1, we consider the Shampoo-based methods KL-Shampoo, SOAP, and KL-SOAP. The remaining
experiments focus on KL-Shampoo as a representative Shampoo-based method because of limited
computational resources. Our subspace approach directly applies to SOAP and KL-SOAP, too. See
section D for additional experimental details and discussions of Experiments 4 and 5.

Experiment 1: Our reparametrization preserves performance under BFloat16 storage In this
set of experiments (see section 3), we show that our reparametrization preserves the performance
of Shampoo-based methods when switching the storage format from FP32 to BFP16, even in the
full-basis setting. The existing parametrization does not maintain performance under BFP16 storage.
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Table 2: This shows that performing multi-
subspace updates in KL-Shampoo (ours, BFP16,
QR, greedy) can improve accuracy at the cost
of increased runtime. We update the basis via
multi-step procedures in subspaces. We consider
different subspace sizes Cell colors encode the
wall-clock runtime ratio relative to the full-basis
QR baseline ; see colorbar below.

T B K
nanoGPT

(123M)
llama3
(119M)

llama3
(313M)

10 1 1 3.245 3.345 3.183

10 1/2
1 3.247 3.344 3.187
3 3.245 3.344 3.187
5 3.244 3.345 3.184

10 1/4
1 3.251 3.347 3.192
3 3.251 3.346 3.189
5 3.248 3.345 3.184

10 1/6
1 3.256 3.346 3.195
3 3.251 3.346 3.189
5 3.252 3.346 3.187

0.8 0.9 1.0 1.1 1.2
runtime ratio

Table 3: This shows that updating the KL-
Shampoo basis (ours, BFP16, QR, greedy) more
frequently (T = 2, 3, 4, 5) can be beneficial
even when updating only a subset of the basis
(dsub,i = Bdi). A cheap subspace update can
be useful when the basis is updated more fre-
quently.

T B K
nanoGPT

(123M)
llama3
(119M)

llama3
(313M)

2
1/3

1
3.247 3.344 3.183

1/4 3.250 3.345 3.184
1/5 3.252 3.345 3.184

3
1/3

1
3.246 3.344 3.184

1/4 3.251 3.345 3.184
1/5 3.253 3.346 3.186

4
1/3

1
3.247 3.345 3.184

1/4 3.252 3.346 3.188
1/5 3.250 3.346 3.190

5
1/3

1
3.249 3.345 3.186

1/4 3.252 3.347 3.187
1/5 3.254 3.347 3.190

According to section 3, our reparametrization also closes the performance gap between KL-Shampoo
and KL-SOAP reported by Lin et al. [16] when BFP16 storage is used (see bottom-left of fig. 1).

Experiment 2: Our reparametrization supports subspace selection methods This set of ex-
periments (see table 4) illustrates the use of subspace selection methods with a K-step inner loop.
A straightforward block-selection strategy is random selection via uniform sampling. Thus, we
consider both this random strategy and the greedy method described in section 2.2. From table 4, we
can see that the greedy selection is generally more effective than random selection. On nanoGPT, the
greedy method performs much better because of nanoGPT’s aggressive learning schedule. Based on
these results, we focus on the greedy selection method in the remaining experiments.

Experiment 3: Our reparametrization supports efficient subspace QR updates Block Jacobi
methods often employ an inner loop and perform multi-step iterations (e.g., K = 1, 3, 5) in We
investigate whether using the same loop is necessary for Shampoo-based methods. (I) With the inner
loop: We begin by fixing the decomposition frequency for both full-basis and subspace updates. As
shown in table 2, subspace updates can achieve performance comparable to that of full-basis updates
when using the same loop given a sufficient subspace size. Using multi-step subspace updates can
improve accuracy at the cost of increased runtime. By contrast, using a single step is inexpensive
but inaccurate. (II) Without the inner loop: Unlike the classical setting, Pi is ever-changing
rather than fixed. This motivates us to vary the decomposition frequency and use a single subspace
update (i.e., K = 1). This has a similar spirit to using QR decomposition as an approximation to
eigendecomposition. Our experiments show (see table 3) that a single subspace update can achieve
decent performance relative to the full-basis method while reducing the total runtime. This finding
highlights an accuracy-performance trade-off for improving Shampoo-based methods.
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Appendix A. Background

Notation Because each weight matrix is treated independently in Shampoo-based methods, we
focus on a single weight matrix, denoted by Θ ∈ Rd1×d2 , rather than on all weight matrices in neural
network optimization, in order to simplify the notation. To further simplify the discussion, we omit
weight decay and momentum, which are also used in Shampoo-based methods. Here, G denotes
the gradient matrix with respect to Θ, and g := vec(G) ∈ Rd1d2×1 denotes the flattened form of G.
We use diag(·) to extract the diagonal entries of an input matrix, while Diag(·) denotes the diagonal
matrix whose diagonal entries are given by the input vector.

Pure Shampoo-based methods These methods, such as Shampoo [7, 18, 23] and KL-Shampoo
[16], employ a Kronecker-factorized preconditioning matrix Sshampoo = S1 ⊗ S2 for each matrix-
valued weight Θ and perform the following preconditioning step using an inverse matrix square
root:

θ ← θ − γS
−1/2
shampoo g ⇐⇒ Θ← Θ− γS

−1/2
1 GS

−1/2
2 ,

where θ := vec(Θ), ⊗ denotes the Kronecker product, γ > 0 is the step size, Si ∈ Rdi×di is a
Kronecker factor matrix, and the equivalence follows from properties of the Kronecker product.

Eigendecomposition simplifies the computation of the matrix root Many existing works [7, 23]
suggest performing an eigendecomposition of each Kronecker factor, Si = QiDiag(λi)Q

⊤
i for

i ∈ {1, 2}, in order to compute the inverse square root. This yields

S
−1/2
shampoo = (Q1Diag(λ

⊙−1/2
1 )Q⊤

1 )⊗ (Q2Diag(λ
⊙−1/2
2 )Q⊤

2 ) = QDiag(λ
⊙−1/2
1 ⊗ λ

⊙−1/2
2 )Q⊤,

where ⊙ denotes an elementwise operation, Qi is the orthogonal factor obtained from the decompo-
sition, and Q := Q1 ⊗Q2 is the eigenbasis of Sshampoo.

SOAP-type methods Methods such as SOAP [25] and KL-SOAP [16] require eigendecomposi-
tion or its approximations because they employ an augmented matrix Ssoap := QDiag(d)Q⊤ for
preconditioning, where d ∈ Rd1d2×1 is known as Adam’s second-moment vector in the basis Q.
Notably, d cannot be expressed as a Kronecker product, such as λ1 ⊗ λ2, as in pure Shampoo-based
methods [16]. Thus, a SOAP-type method requires eigendecomposition or its approximations in
order to estimate d.

Using stale eigenbasis can reduce the runtime cost with the price of performance degradation
Many existing works perform eigendecomposition infrequently because of its high computational
cost (see fig. 1). The eigenbasis Q obtained from the most recent decomposition is stored and reused
for preconditioning in order to avoid performing the decomposition at every iteration. To make
Shampoo-based methods competitive, the decomposition interval T must be large (e.g., performing
the decomposition every T = 50 gradient steps). However, a large decomposition interval can
significantly degrade the performance of Shampoo-based methods [7, 23, 25] because of the staleness
of the eigenbasis. Thus, we cannot simply reduce the cost of this decomposition by increasing the
interval without sacrificing performance.

QR decomposition is a cheaper approximation to improve runtime and reduce performance
degradation Motivated by the trade-off between performance and computational cost, QR de-
composition has been proposed as a cheaper approximation to eigendecomposition [7, 16, 25]:
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Q(new)
i = qr(SiQ

(old)
i ) for i ∈ {1, 2}, to reduce computational cost (see fig. 1) while maintaining

the performance of Shampoo-based methods, where Q(old)
i is a stale eigenbasis. This is possible

because QR decomposition allows a smaller decomposition interval (e.g., T = 10) to improve the
performance while keeping the cost low.

Tracking eigenvalues is essential when using stale bases Because QR decomposition can only ap-
proximate eigenbases, existing works propose tracking eigenvalues separately, for example, through
estimation schemes for pure Shampoo-based methods [16] and SOAP-type methods [25]. Eschen-
hagen et al. [7], Lin et al. [16] further show that updating eigenvalues at each step is essential when
using outdated bases Qi to reduce runtime cost. We will show our reparametrization is compatible
with these schemes (see Step 3 of fig. 2).

A.1. Limitations induced by matrix decomposition

As we discussed before, matrix decomposition is required by SOAP-type methods and recommended
for pure Shampoo-based methods. However, there are limitations in using matrix decomposition that
must be overcome to further unlock the potential of these methods for neural network optimization.

Half-precision may degrade performance, whereas single precision increases memory consump-
tion Existing implementations of eigendecomposition and QR decomposition in LAPACK and
cuSOLVER/MAGMA, as used in JAX and PyTorch, require single-precision arithmetic in order to
remain numerically stable. This is because these algorithms are typically studied and analyzed in
single-precision and, in some cases, double-precision settings [10]. Decomposition algorithms that
support half-precision computation are not yet widely available and remain under active development
[12]. As a result, preconditioning factor matrices are often stored in full precision [3, 23]. Unfor-
tunately, this increases memory consumption. Although mixed-precision schemes [16, 25], such
as combining half-precision storage with full-precision decomposition, are possible, half-precision
storage can degrade the performance of Shampoo-based methods. For example, Lin et al. [16] report
that KL-SOAP underperforms KL-Shampoo when half-precision storage is used.

Matrix decomposition is the dominant computational cost Matrix decomposition algorithms
such as eigen- and QR decomposition have cubic complexity and, unlike matrix multiplication, they
require full-precision arithmetic and are difficult to parallelize on GPUs. Figure 1 shows that matrix
decompositions are main computational bottleneck in Shampoo-based methods. Thus, making QR
decomposition faster can make these methods more competitive.

Appendix B. Make any QR Implementation Unique

For a non-singular square matrix A, we can always make any QR implementation unique by requiring
the upper-triangular matrix R to have positive diagonal entries. This is possible because R must
have non-zero diagonal entries when A is non-singular. We then use the following procedure to
make the decomposition unique

qr(A) = QR︸︷︷︸
non-unique QR

= QD︸︷︷︸
=Q̄

D⊤R︸ ︷︷ ︸
=R̄

9



REPARAMETRIZING SHAMPOO

KL-Shampoo (Old) KL-Shampoo (Reparameterized)
Optimizer state Optimizer state

{λi,Qi,Si | i = 1, 2} {λi,Qi,Pi := Q⊤
i SiQi | i = 1, 2}

1: Compute gradient g := ∇ℓ(θ), G := Mat(g) ∈ Rd1×d2

2: Estimate preconditioning factors (each iteration, full-basis)

G′
1 := GQ2Diag(λ

−1/2
2 )/

√
d2 # 1mm

G′
2 := G⊤Q1Diag(λ

−1/2
1 )/

√
d1 # 1mm

∆i := G′
iG

′⊤
i # 2mms

Si ← (1− β2)Si + β2∆i

G̃′ := Q⊤
1 GQ2 # 2mms

G̃′
1 := G̃′Diag(λ

−1/2
2 )/

√
d2

G̃′
2 := G̃′⊤Diag(λ

−1/2
1 )/

√
d1

∆̃i := G̃′
iG̃

′⊤
i ≡ Q⊤

i ∆iQi # 2mms

Pi ← (1− β2)Pi + β2∆̃i

3: Track eigenvalues via EMA (each iteration, full-basis)
G̃′

i := Q⊤
i G

′
i # 2mms

diag(∆̃i) = (G̃′
i ⊙ G̃′

i)1

Use ∆̃i for free

λi ← (1− β2)λi + β2 diag(∆̃i)

4: Estimate eigenbasis via QR (every T ≥ 1 iterations)
Zi←SiQi # 2mms
Qi← qr(Zi) # O(d3i )

Oi← qr(Pi) # O(d3i )
Qi←QiOi # 2mms
Pi←O⊤

i PiOi # 4mms

5: Precondition using Q := Q1 ⊗Q2 and learning rate γ

θ ← θ − γ(QDiag(λ1 ⊗ λ2)
−1/2Q⊤)g # O(d21d2 + d1d

2
2)

Figure 2: Side-by-side comparison of KL-Shampoo (left) and its reparameterized variant (right).
The reparameterized variant stores Pi := Q⊤

i SiQi instead of Si; given equivalent initial state, the
two variants produce equivalent iterates (see section 2.1), justifying the term reparameterization.
Color code. Symbols in red mark where the two variants differ. Symbols in blue mark the rotated
factors G̃′

i = Q⊤
i G

′
i: the old variant forms them in step 3 to extract diag(∆̃i), while the reparameter-

ized variant obtains them from the shared intermediate G̃′ = Q⊤
1 GQ2 in step 2 and reuses them to

update Pi — thereby reusing work that is already done. Cost. Gray annotations count matrix–matrix
products (mm), summed over i = 1, 2. The covariance/eigenvalue update (steps 2–3, every iteration)
is 2mm cheaper for the reparameterized variant, whereas the eigenbasis update (step 4, every T ≥ 1
iterations) costs 4mm more; the latter amortizes for any T ≥ 2, so the reparameterization is strictly
cheaper in the regime T ≥ 2 used in practice.

where DD⊤ = I and D := Diag(sign(diag(R))) is constructed to be a diagonal sign matrix so
that R̄ := DR has positive diagonal entries. Note that Q̄ is orthogonal and R̄ is upper-triangular.
Thus, we obtain a unique QR decomposition of A via A = Q̄R̄.

10



REPARAMETRIZING SHAMPOO

Appendix C. QR Decomposition in Subspaces

We now describe how our reparametrization directly enables a single subspace update step. For
illustration, suppose that Pi is partitioned as

Pi =

[
P

(XX)
i P

(XY )
i

P
(Y X)
i P

(Y Y )
i

]
with Pi[:, Ii] =

[
P

(XX)
i

P
(Y X)
i

]
,

and that the block P
(XX)
i = Pi[Ii, Ii], highlighted in red, is selected for the update.

Conceptually, we perform QR decomposition only on P
(XX)
i to obtain a local orthogonal factor

O
(XX)
i , and then define Oi = O

(XX)
i ⊕ I(Y Y ), where ⊕ represents the direct sum of matrices to

form a block diagonal matrix and I(Y Y ) is an identity matrix. We then use this block-diagonal
orthogonal matrix in the full-basis update rules shown in eqs. (2) and (3). Substituting this form of
Oi into eq. (2) yields the following subspace update Q(new)

i = Q(old)
i Oi =[

(Q(old)
i )(XX) (Q(old)

i )(XY )

(Q(old)
i )(Y X) (Q(old)

i )(Y Y )

]
old basis

[
O

(XX)
i 0

0 I(Y Y )

]
=

[
(Q(old)

i )(XX)O
(XX)
i (Q(old)

i )(XY )

(Q(old)
i )(Y X)O

(XX)
i (Q(old)

i )(Y Y )

]
new subspace basis unchanged basis

.

(5)

Similarly, we update Pi in the subspace by substituting this form of Oi into eq. (3)

P (new)
i = O⊤

i P
(old)
i Oi =

[(
O

(XX)
i

)⊤
P

(XX)
i O

(XX)
i

(
O

(XX)
i

)⊤
P

(XY )
i

P
(Y X)
i O

(XX)
i P

(Y Y )
i

]
(6)

Mathematically, Q(new)
i remains orthogonal because it is the product of two orthogonal matrices,

and Oi is orthogonal by construction. The update in eqs. (5) and (6) recovers the block-Jacobi-type
update [26] when using eigen-decomposition on P

(XX)
i rather than QR decomposition. Thus, our

reparametrization supports subspace updates via either QR or eigen-decomposition.

Inner loop and early termination Block Jacobi methods approximate a fixed matrix Pi by
introducing an inner loop that repeatedly selects a block of Pi, computes a local orthogonal update
Oi, and updates Qi through eq. (2). Motivated by this idea, we can introduce the same K-step
loop into our scheme. Unlike block Jacobi-type methods, however, Pi changes at each gradient
step in Shampoo-based methods. This new setting allows us to terminate the loop early, trading
approximation accuracy for runtime, since we do not need to approximate the ever-changing Pi

precisely. Importantly, this reduces the cost of QR by replacing a full-basis decomposition with
a small number of subspace decompositions. Empirically, using a single QR step in a subspace
(K = 1) is often sufficient for Shampoo-based methods when the decomposition interval is small
(see table 3).

Our reparametrization facilitates greedy block selections Both our approach and Jacobi-type
methods use Qi to approximate an eigenbasis of Si. Like block Jacobi-type methods, our approach
requires selecting a block of Pi from which to compute a local orthogonal factor. There is no
closed-form solution for selecting an optimal block, and many greedy block-selection strategies have
therefore been considered in the literature. In the ideal case, Pi = Q⊤

i SiQi is diagonal. Motivated by
this observation, Jacobi-type greedy methods commonly use the Frobenius norm of the off-diagonal
part of Pi, as a guide for selection. Because our reparametrization stores Pi explicitly, evaluating
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KL-Shampoo (Old) KL-Shampoo (Reparameterized)
4: Estimate eigenbasis via subspace QR (every T ≥ 1 iterations)

4a: Select index set Ii of dsub,i columns of Pi

(i.e. |Ii| = dsub,i = Bdi, 0 < B < 1)
Pi := Q⊤

i SiQi # 4mms Use Pi for free
Ii := select(Pi)

4b: Perform subspace QR on Pi

Oi ← qr(Pi[Ii, Ii]) # O(d3sub,i)

4c: Update only the dsub,k orthogonal bases
Qi[:, Ii]← Qi[:, Ii]Oi # 2smms

Rotate Pi in subspace:
Pi[:, Ii]← Pi[:, Ii]Oi # 2smms
Pi[Ii, :]← O⊤

i Pi[Ii, :] # 2smms

Figure 3: Step 4
with subspace QR:
side-by-side com-
parison. Drop-in
replacement for
Step 4 which uses
subspace QR. The
reparameterization
avoids the cost of
forming Pi at every
QR step, since Pi

stays up-to-date.
Cost. An smm
(subspace mm)
costs B2 of an mm.

such objectives is inexpensive, whereas doing so under the existing parametrization (i.e., storing Si)
is more costly. Thus, our reparametrization makes it easy both to use existing greedy block-selection
strategies and to design new greedy ones.

GPU-friendly greedy selection Existing block Jacobi-type selection methods [4, 26] require an
additional loop to select a block. We instead consider a loop-free, GPU-friendly alternative: a greedy
two-phase method inspired by the Jacobi method. In phase 1, we select the classical greedy Jacobi
pair [9],

phase 1 : (k∗, j∗) = argmax
k ̸=j

P 2
k,j ,

and in phase 2, we expand this pair into a block of size b by choosing the b − 2 indices with the
largest total coupling to (k∗, j∗),

phase 2 : S∗ = arg max
S⊆[d]\{k∗,j∗}

|S|=b−2

∑
x∈S

(
P 2
x,k∗ + P 2

x,j∗

)
.

Here we drop the subscript of Pi, b is the block size, Ii := S∗ ∪ {k∗, j∗} is the selected index set,
and Pk,j denotes the (k, j)-th entry of Pi. This can be implemented efficiently with torch.topk.

Appendix D. Additional Experimental Details

We consider the following baseline training methods: SOAP [25], KL-Shampoo/SOAP [16], and
Muon [17]. We train language models—nanoGPT [14] (123M) and Llama 3 [21] (119M, 313M,
and 598M)—on the FineWeb dataset. We use the official implementations of SOAP [25] and KL-
Shampoo/SOAP [16]. For Muon, we use the polar express implementation [1]. For each baseline,
we tune all available hyperparameters, including the learning rate, weight decay, damping, β1, and
β2, using random search over 120 runs. For Shampoo-based methods, we set the decomposition
interval to T = 10, as suggested by Vyas et al. [25] and Lin et al. [16]. In our experiments, the
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Table 4: This demonstrates how subspace selec-
tion methods supported by our reparametriza-
tion can affect the performance of KL-Shampoo
(ours, BFP16, QR) on test loss. As shown below,
the greedy method is preferred over the random
method due to its robustness on different models.

T B K Select nanoGPT
(123M)

llama3
(119M)

10 1/2

1
random 3.249 3.345
greedy 3.247 3.344

3
random 3.249 3.344
greedy 3.245 3.344

5
random 3.249 3.345
greedy 3.244 3.345

Table 5: This demonstrates that subspace or-
thogonal bases of KL-Shampoo (ours, BFP16,
greedy) can be updated via an eigen- or QR-
decomposition, as supported by our represen-
tation. As shown below, both decomposition
methods perform similarly on test loss. This mo-
tivates the use of QR, as it is lower-cost.

T B K Basis nanoGPT
(123M)

llama3
(119M)

10 1/2

1
Eig 3.247 3.345
QR 3.247 3.344

3
Eig 3.245 3.344
QR 3.245 3.344

5
Eig 3.245 3.344
QR 3.244 3.345

reparametrized methods (e.g., SOAP, KL-Shampoo, and KL-SOAP), including both full-basis and
subspace variants, simply reuse the optimal hyperparameters found for the original parametrization
via random search. By default, we use BFloat16 storage for each method.

We conduct five sets of experiments on four language models—nanoGPT (123M) and Llama
3 (119M, 313M, and 598M)—using the FineWeb dataset from Hugging Face. We use the de-
fault train/test split in all experiments. As strong baselines for training matrix-valued weights in
neural networks, we consider Muon [17] with the polar express backend [1], SOAP [25], and KL-
Shampoo/SOAP [16]. For vector-valued weights, such as those in normalization layers, we use
AdamW.

In the nanoGPT experiments [14], we use a constant learning rate with linear warm-up and
cool-down, a batch size of 512, and a sequence length of 1024. In all Llama 3 experiments [22], we
use cosine learning-rate scheduling, a batch size of 768, and a sequence length of 512. For each
method, we tune all available hyperparameters using random search with 120 runs. Our search
follows a two-stage policy. In Stage 1, we explore a wider search range with 60 runs and narrow
the range based on test loss. In Stage 2, we refine the search range and perform an additional 60
runs. For smaller models, namely nanoGPT (123M) and Llama 3 (119M), we train on four L40S
GPUs. For larger models, namely Llama 3 (313M) and Llama 3 (598M), we train on two H100
GPUs. Due to the limited computational resources, we train each model for 10,000 iterations and
report the performance of each method.

Experiment 4: Our reparametrization supports subspace updates via eigendecomposition or
QR decomposition As discussed in section 2.2, our QR-based update scheme coincides with
block Jacobi methods. As a result, our reparametrization also supports subspace updates via eigen-
decomposition. In this set of experiments, we provide empirical evidence for this claim. These
experiments also support the use of QR decomposition in a subspace. From table 5, we can see that
eigendecomposition and QR decomposition perform similarly. However, QR decomposition is much
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faster than eigendecomposition in practice (see top right of fig. 1). This echoes the findings of Vyas
et al. [25] and further motivates using QR to replace eigendecomposition, even in subspaces.

Experiment 5: Using our reparametrization reduces the runtime of Shampoo-based methods
In this set of experiments, we consider (pre-)training a larger model and demonstrate the benefits
of using subspace updates. From the top-left panel of fig. 1, we can see that subspace methods can
outperform full-basis methods in runtime, at the cost of slightly degraded per-step performance.

Appendix E. Limitations and Future Work

In this paper, we show that our method narrows the runtime performance gap between KL-Shampoo
and Muon. Unfortunately, it still does not outperform Muon in runtime. This remains a limitation of
the current submission.

However, we believe that our reparametrization can further reduce runtime by combining full-
basis updates with subspace updates—for example, by using cheap subspace updates together
with occasional expensive full-basis updates. Another promising direction is to use the adaptive
decomposition frequency suggested by Eschenhagen et al. [7]. This approach requires computing Pi

to determine the update frequency automatically. Thus, our reparametrization enables an efficient
implementation of this idea.

Finally, we can adapt the parallel-subspace techniques studied in the Jacobi literature and perform
QR updates on multiple smaller non-overlapping subspaces in parallel to further reduce runtime.
Our reparametrization naturally supports these extensions. With these improvements, we believe
KL-Shampoo can be made even faster and may further close the runtime gap in future work.
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