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Abstract

We introduce a novel framework of ranking with
abstention, where the learner can abstain from
making prediction at some limited cost c. We
present a extensive theoretical analysis of this
framework including a series of J-consistency
bounds for both the family of linear functions
and that of neural networks with one hidden-layer.
These theoretical guarantees are the state-of-the-
art consistency guarantees in the literature, which
are upper bounds on the target loss estimation
error of a predictor in a hypothesis set H, ex-
pressed in terms of the surrogate loss estimation
error of that predictor. We further argue that our
proposed abstention methods are important when
using common equicontinuous hypothesis sets in
practice. We report the results of experiments
illustrating the effectiveness of ranking with ab-
stention.

1. Introduction

In many applications, ranking is a more appropriate formula-
tion of the learning task than classification, given the crucial
significance of the ordering of the items. As an example, for
movie recommendation systems, an ordered list of movies
is preferable to a comprehensive list of recommended titles,
since users are more likely to watch those ranked highest.

The problem of learning to rank has been studied in a large
number of publications. Ailon & Mohri (2008; 2010) distin-
guish two general formulations of the problem: the score-
based setting and the preference-based setting. In the score-
based setting, a real-valued function over the input space
is learned, whose values determine a total ordering of all
input points. In the preference-based setting, a pairwise
preference function is first learned, typically by training a

!Courant Institute of Mathematical Sciences, New York, NY;
Google Research, New York, NY. Correspondence to: Angi Mao
<agmao @cims.nyu.edu>, Mehryar Mohri <mohri @ google.com>,
Yutao Zhong <yutao@cims.nyu.edu>.

Proceedings of the 40" International Conference on Machine
Learning, Honolulu, Hawaii, USA. PMLR 202, 2023. Copyright
2023 by the author(s).

classifier over a sample of labeled pairs; next, that function
is used to derive an ordering, potentially randomized, of any
subset of points.

This paper deals with the score-based ranking formulation
both in the general ranking setting, where items are not as-
signed any specific category, and the bipartite setting, where
they are labeled with one of two classes. The evaluation of
a ranking solution in this context is based on the average
pairwise misranking metric. In the bipartite setting, this
metric is directly related to the AUC (Area Under the ROC
Curve), which coincides with the average correct pairwise
ranking (Hanley & McNeil, 1982; Cortes & Mohri, 2003),
also known as the Wilcoxon-Mann-Whitney statistic.

For most hypothesis sets, directly optimizing the pairwise
misranking loss is intractable. Instead, ranking algorithms
resort to a surrogate loss. As an example, the surrogate loss
for RankBoost (Freund et al., 2003; Rudin et al., 2005) is
based on the exponential function and that of SVM ranking
(Joachims, 2002) on the hinge loss. But, what guarantees
can we rely on when minimizing a surrogate loss instead of
the original pairwise misranking loss?

The property often invoked in this context is Bayes consis-
tency, which has been extensively studied for classification
(Zhang, 2004; Bartlett et al., 2006; Tewari & Bartlett, 2007).
The Bayes consistency of ranking surrogate losses has been
studied in the special case of bipartite ranking: in partic-
ular, Uematsu & Lee (2017) proved the inconsistency of
the pairwise ranking loss based on the hinge loss and Gao
& Zhou (2015) gave excess loss bounds for pairwise rank-
ing losses based on the exponential or the logistic loss (see
also (Menon & Williamson, 2014)). A related but distinct
consistency question has been studied in several publica-
tions (Agarwal et al., 2005; Kotlowski et al., 2011; Agarwal,
2014). It is one with respect to binary classification, that
is whether a near minimizer of the surrogate loss of the
binary classification loss is a near minimizer of the bipartite
misranking loss (Cortes & Mohri, 2003).

However, as recently argued by Awasthi, Mao, Mohri, and
Zhong (2022a), Bayes consistency is not a sufficiently in-
formative notion since it only applies to the entire class of
measurable functions and does not hold for specific subsets,
such as sub-families of linear functions or neural networks.
Furthermore, Bayes consistency is solely an asymptotic con-
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cept and does not offer insights into the performance of
predictors trained on finite samples. In response, the au-
thors proposed an alternative concept called J-consistency
bounds, which provide non-asymptotic guarantees tailored
to a given hypothesis set J{. They proceeded to establish
such bounds within the context of classification both in bi-
nary and multi-class classification (Awasthi et al., 2022a;b),
see also (Mao et al., 2023b;a; Zheng et al., 2023). These
are stronger and more informative guarantees than Bayes
consistency.

But, can we derive JH-consistency bounds guarantees for
ranking? We propose a novel framework of ranking with
abstention, where the learner can abstain from making pre-
diction at some limited cost ¢, in both the general pairwise
ranking scenario and the bipartite ranking scenarios. For
surrogate losses of these abstention loss functions, we give a
series of H-consistency bounds for both the family of linear
functions and that of neural networks with one hidden-layer.
A key term appearing in these bounds is the minimizability
gap, which measures the difference between the best-in-
class expected loss and the expected infimum of the point-
wise expected loss. This plays a crucial role in these bounds
and we give a detailed analysis of these terms.

We will further show that, without abstention, deriving
non-trivial J{-consistency bounds is not possible for most
hypothesis sets used in practice, including the family of
constrained linear models or that of the constrained neural
networks, or any family of equicontinuous functions with
respect to the input. In fact, we will give a relatively simple
example where the pairwise misranking error of the Rank-
Boost algorithm remains significant, even after training with
relatively large sample sizes. These results further imply the
importance of our proposed abstention methods.

We also present the results of experiments illustrating the
effectiveness of ranking with abstention.

Technical novelty. The primary technical differences and
challenges between the ranking and classification settings
(Awasthi et al., 2022a) stem from the fundamental distinc-
tion that ranking loss functions take as argument a pair of
samples rather than a single one, as is the case for binary
classification loss functions. This makes it more challeng-
ing to derive J{-consistency bounds, as upper bounding the
calibration gap of the target loss by that of the surrogate loss
becomes technically more difficult.

Additionally, this fundamental difference leads to a nega-
tive result for ranking, as J{-consistency bounds cannot be
guaranteed for most commonly used hypothesis sets, in-
cluding the family of constrained linear models and that
of constrained neural networks, both of which satisfy the
equicontinuity property concerning the input. As a result, a
natural alternative involves using ranking with abstention,

for which H-consistency bounds can be proven. In the
abstention setting, an extra challenge lies in carefully mon-
itoring the effect of a threshold  to relate the calibration
gap of the target loss to that of the surrogate loss.

Furthermore, the bipartite ranking setting introduces an
added layer of complexity, as each element of a pair of
samples has an independent conditional distribution, which
results in a more intricate calibration gap.

Structure of the paper. The remaining sections of this pa-
per are organized as follows. In Section 2, we study general
pairwise ranking with abstention. We provide a series of
explicit H{-consistency bounds in the case of the pairwise
abstention loss, with multiple choices of the surrogate loss
and for both the family of linear functions and that of neural
networks with one hidden-layer. We also study bipartite
ranking with abstention in Section 3. Here too, we present
H-consistency bounds for bipartite abstention loss, for lin-
ear hypothesis sets and the family of neural networks with
one hidden-layer. In Section 4, we show the importance
of our abstention methods by demonstrating that without
abstention, there exists no meaningful H{-consistency bound
for general surrogate loss functions with an equicontinuous
hypothesis set J{, in both the general pairwise ranking (Sec-
tion 4.1) and the bipartite ranking (Section 4.2) scenarios. In
Section 5, we report the results of experiments illustrating
the effectiveness of ranking with abstention.

We give a detailed discussion of related work in Appendix A.

2. General Pairwise Ranking with Abstention

In this section, we introduce a novel framework of general
pairwise ranking with abstention. We begin by introducing
the necessary definitions and concepts.

2.1. Preliminaries

We study the learning scenario of score-based ranking in
the general pairwise ranking scenario (e.g. see (Mohri et al.,
2018)). Let X denote the input space and Y = {1, +1} the
label space. We denote by JH a hypothesis set of functions
mapping from X to R. The general pairwise misranking
loss Lo_1 is defined for all h in 3, 2,2’ in X and y in Y by

LO*l(hv‘fL‘ax,,y) = ]ly:tsign(h(w’)—h(m))a (h

where sign(u) = 1,50 — Ly<o. Thus, h incurs a loss of
one on the labeled pair (z,2’,y) when it ranks the pair
(x,z") opposite to the sign of y, where, by convention,
2’ is considered as ranked above x when h(z’) > h(x).
Otherwise, the loss incurred is zero.

The framework we propose is that of general pairwise rank-
ing with abstention. In this framework, the learner abstains
from making a prediction on input pair (z, ") if the distance
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between x’ and x is relatively small, in which case a cost ¢
is incurred. Let | - || denote the norm adopted, which is typi-
cally an £,-norm, p € [1, +oo]. The pairwise abstention loss
is defined as follows for any h € H and (x,2',y) € XxXxY:

LaPS (h, z, ', y)
= 1y#sign(h(;c’)—h(;c))]1H;c—;c’”>",/ + C]]'H.'IJ—.'L"HS’Y7 (2)

where  is a given threshold value. For v = 0, Lab 1 reduces

to the pairwise misranking loss Ly_; without abstentlon

In Section 4, we will show the importance of our proposed
abstention methods when using common equicontinuous hy-
pothesis sets in practice. Optimizing the pairwise misrank-
ing loss Lo_; or pairwise abstention loss L3 is intractable
for most hypothesis sets. Thus, general ranking algorithms
rely on a surrogate loss function L instead of Ly_;. The
general pairwise ranking surrogate losses widely used in
practice admit the following form:

L‘I)(hvw7$,>y) = q)(y(h(l”) - h(l‘))), (3)

where ® is a non-increasing function that is continuous
at 0 and upper bounding v — 1, over R. We will an-
alyze the properties of such surrogate loss functions with
respect to both Lo_; and L3>, We will specifically con-
sider the hinge loss @h,nge(t) = max{0,1 - ¢}, the expo-
nential loss ®ex, () = e and the sigmoid loss Pie (1) =
1 —tanh(kt), k > 0 as auxiliary functions ®.

Let D denote a distribution over X x X x Y. We denote by
n(z,z") = DY = +1|(X, X") = (z,2")) the conditional
probability of Y = +1 given (X, X’) = (z,2"). We also
denote by R (h) the expected L-loss of a hypothesis h and
by R} () its infimum over H:

jQL(h) = [L(h,l‘,.’)ﬁ’7y)]

(2,3 y)~D Ri(H) = ﬁ?yfc RL(h)

H-consistency bounds. We will analyze the J{-consistency
bounds properties (Awasthi et al., 2022a) of such surrogate
loss functions. An H-consistency bound for a surrogate loss
L and a target loss L is a guarantee of the form:

VheH, Rp(h)-R(H) < f(RL(h) - R (H)),

for some non-decreasing function f:R, — R,, where L
can be taken as Lo_; or L3P;. This provides a quantitative
relationship between the estimation loss of L and that of
the surrogate loss L. The guarantee is stronger and more
informative than Bayes consistency, or H{-consistency, (-
calibration or the excess error bounds (Zhang, 2004; Bartlett
et al., 2006; Steinwart, 2007; Mohri et al., 2018) discussed
in the literature.

A key quantity appearing in J{-consistency bounds is the
minimizability gap, which is the difference between the best-
in-class expected loss and the expected pointwise infimum

of the loss:

ML(H) = RE(H) - E [inf E[L(h,2,2,y) | (x,x')]].
(z,2")LheIH y

By the super-additivity of the infimum, the minimizability

gap is always non-negative.

We will specifically study the hypothesis set of linear hy-
potheses, Hyyp = {z > w-z+b| |w], < W,[b] < B} and
the hypothesis set of one-hidden-layer ReLU networks:
Han = {2 = Tigui(wy -2 +05)4 | July < A Jw; g <
W, |b;| < B}, where (-); = max(-,0).

Let p,q € [1, +o0] be conjugate numbers, that is % + % =1.
Without loss of generality, we consider X = Bf(1) and ||-|
in (2) to be the ¢, norm. The corresponding conjugate /,
norm is adopted in the hypothesis sets J(};, and Hyy. In the
following, we will prove J{-consistency bounds for L = Lg
and L = L3P} when using as an auxiliary function ® the
hinge loss, the exponential loss, or the sigmoid loss, in the
case of the linear hypothesis set Iy, or that of one-hidden-
layer ReLU networks .

2.2. H-consistency bounds for pairwise abstention loss

Theorem 2.1 shows the HH-consistency bounds for Lg with
respect to L3P} when using common auxiliary functions.
The bounds in Theorem 2.1 depend directly on the threshold
value v, the parameter W in the linear models and parame-
ters of the loss function (e.g., k£ in sigmoid loss). Different
from the bounds in the linear case, all the bounds for one-
hidden-layer ReLU networks not only depend on W, but
also depend on A, which is a parameter appearing in Hy.

Theorem 2.1 (JH-consistency bounds for pairwise ab-
stention loss). Let H be Hyiy, or Hnn. Then, for any h € H
and any distribution,

Ry (1) = R e (30) + Mygos (30)
< Fq)(fRLé (h) - :RL;, (:H:) + ML@ (j{))ﬂ

2W
where Iy (t) = mm{wv e max{\/_ 2(62W7+}) } and
m for ® = Qringe, Pexp and Dg;g respectively. W
is replaced by AW for H = Hyxn.

As an example, for H = Hy, or Hyn, when using as ©
the exponential loss function, modulo the minimizability
gaps (which are zero when the best-in-class error coin-
cides with the Bayes error or can be small in some other
cases), the bound implies that if the surrogate estimation
loss Ry, (h)-R[, (CJ-C) is reduced to ¢, then, the target

estlmatlon loss :RLabs (h) RLaba (H) is upper bounded by

. (€). For sufficiently small Values of ¢, the dependence
of Fq>exp on ¢ exhibits a square root relationship. However,
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if this is not the case, the dependence becomes linear, sub-
ject to a constant factor depending on the threshold value -,
the parameter W in the linear models and the one-hidden-
layer ReLU networks, and an additional parameter A in the
one-hidden-layer ReLU networks.

The proofs consist of analyzing calibration gaps of the target
loss and that of each surrogate loss and seeking a tight lower
bound of the surrogate calibration gap in terms of the target
one. As an example, for ® = ®.,,, we have the tight lower
bound AGL%XPJ{(h’ x, x') > AGL%Xp 7:}((}10, x, Jj') =

\IICXP(AGLSE?H(h,;C,x’)), where hg can be the null hy-
pothesis when A€ avs g¢(h,2,2") # 0 and Weyp, is an in-

creasing and piecewise convex function on [0, 1] defined by
e2W~y71

].—\/].—tQ, tﬁm

B B 2w~ 7, where
1—%6“”—%6‘”7, t>< 1

‘IIeXp(t) = {
PElEwY
W is replaced by AW for H = Hyn. The detailed proofs

and the expression of the corresponding minimizability gaps
are included in Appendix C.

3. Bipartite Ranking with Abstention

As with the general pairwise ranking case, we introduce a
novel framework of bipartite ranking with abstention. We
first introduce the relevant definitions and concepts.

3.1. Preliminaries

In the bipartite setting, each point z admits a label y €
{~1,+1}. The bipartite misranking loss Lo_1 is defined for
all b in H, and (z,y), («',y") in (X x Y) by

Eo,l (h7 z, {L',7 Y, y,) =
1
Ly-y)(h(@)-h(@))<0 + 5 L(h(@)=h@ DAy ()

The framework we propose is that of bipartite ranking with
abstention. In this framework, the learner can abstain from
making prediction on a pair (z,z") with x and 2’ relatively
close. The bipartite abstention loss is defined as follows for
any h € H and (z,y), (z',y') e X x Y:

L2 (h,z,2",y,y")

=Loo1(hy2, 2", 9,y )L jomarfony + CLjgarjcrs  (5)

where ~ is a given threshold value. When v = 0, L3
reduces to bipartite misranking loss L_; without abstention.

Optimizing the bipartite misranking loss Loy or bipartite
abstention loss tg?sl is intractable for most hypothesis sets
and bipartite ranking algorithms rely instead on a surrogate
loss L. The bipartite ranking surrogate losses widely used
in practice, admit the following form:

<y—y'><h<x>—h(ac')))]1 6
2 y#y’

E@(h,ﬁt,l’,,y,y/):@(

where ® is a non-increasing function that is continuous
at 0 upper bounding v ~ 1,< over R. We will ana-
lyze the J(-consistency bounds properties (Awasthi et al.,
2022a) of such surrogate loss functions with respect to both
Lo_1 and [3P3. As with the general pairwise ranking case,
we will specifically consider the hinge loss ®hinge(t) =
max{0, 1 - ¢}, the exponential loss ®ex,(t) = ™" and the
sigmoid loss @i (t) = 1 - tanh(kt), k > 0 as auxiliary
functions .

Let D be a distribution over X x Y. We denote by n(x) =
D(Y = +1| X = z) the conditional probability of ¥ =
+1 given X = x. We will use a definition and notation
for the expected L-loss of h € H, its infimum, and the
minimizability gaps similar to what we used in the general
pairwise misranking setting:

Rp(h) = (I,I,I?y)ND[L(h,x,w )] RE(H) = inf Ry (h)
M (3H)
=RL(FH) - E |inf E [L(hz,2",y,y")]|(2,2")]].

(z,2")| heH (y,y")

3.2. H-consistency bounds for bipartite abstention
losses

Theorem 3.1 presents a series of JH{-consistency bounds for
Lo when using as an auxiliary function ® the hinge loss,
the exponential loss, or the sigmoid loss. The bounds in
Theorem 3.1 depend directly on the threshold value -, the
parameter IV in the linear models and parameters of the loss
function (e.g., k in sigmoid loss). Different from the bounds
in the linear case, all the bounds for one-hidden-layer ReLU
networks not only depend on W, but also depend on A, a
parameter in JH{ny.

Theorem 3.1 (H-consistency bounds for bipartite ab-
stention losses). Let H be Hyy, or Hnn. Then, for any
h € H and any distribution,

:ng‘gbl' (h) - Rt i(j‘f) + Mfg‘j;‘ (%0

Tab
[

<To (ath) (h) = RE (30) + M, (SJ-C))

where T (t) equals m max{\/z_f, (isz;%) t}
and mﬁ?r ® equals Pringe, Poxp and Dgig respec-
tively. W is replaced by AW for H = Hnn.

As an example, for H = Hy;, or Hnn, when adopting the
exponential loss function as ®, modulo the minimizabil-
ity gaps (which are zero when the best-in-class error coin-
cides with the Bayes error or can be small in some other
cases), the bound implies that if the surrogate estimation
loss R, (h)- :R%@ex (%) is reduced to ¢, then, the target

xp X
Lo %
estimation loss RLSE? (h) - :ng‘j;‘ (

J) is upper bounded by
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Table 1: General pairwise abstention loss for the Rankboost loss on CIFAR-10; mean + standard deviation over three runs

for various ~ and cost c.

v 0 0.3 0.5 0.7 0.9

Cost0.1 833%+0.15% 833%+0.15% 8.33% +0.15% 8.25% +0.07%  8.54%= 0.07%
Cost 0.3 833%+0.15% 8.33%+0.15% 8.35% +0.15% 9.73% +0.11%  20.41%=+ 0.06%
Cost0.5 8.33% +0.15% 8.33% +0.15% 8.36% +0.14% 11.20% = 0.14%  32.28% + 0.07%

I'y,,, (€). For sufficiently small values of ¢, the dependence
of I's,,., on € exhibits a square root relationship. However,
if this is not the case, the dependence becomes linear, sub-
ject to a constant factor depending on the threshold value +,
the parameter W in the linear models and the one-hidden-
layer ReLU networks, and an additional parameter A in the

one-hidden-layer ReL.U networks.

As with the general pairwise ranking setting, the proofs con-
sist of analyzing calibration gaps of the target loss and that
of each surrogate loss and seeking a tight lower bound of
the surrogate calibration gap in terms of the target one. Ad-
ditionally, the bipartite ranking setting introduces an added
layer of complexity, as « and z’ in a pair have independent
conditional distributions n(x) and 7(«"), which results in a
more intricate calibration gap that is harder to address.

As an example, for ® = P, the exponential loss func-
tion, we have the lower bound ACr, 4 (h,z,2") >
Pexp?

\IICXP(AGLSE?H(h,x,x’)), where Wy, is an increasing
and piece-wise convex function on [0,2] defined by
s 2 (W4 p
Uerp(t) = mln{t , (e2Wv—1 ) t}, where W is replaced by
AW for H = Hnn. The detailed proofs and the expression
of the corresponding minimizability gaps are included in

Appendix D.

4. Importance of abstention

In this section, we show the importance of our abstention
methods by demonstrating the impossibility of deriving non-
trivial H-consistency bounds with respect to Ly_; or [
for widely used surrogate losses and hypothesis sets.

4.1. Negative Results for General Pairwise Ranking

Here, we give a negative result for standard general pairwise
ranking. We will say that a hypothesis set is regular for
general pairwise ranking if, for any x # x’ € X, we have
{sign(h(z') — h(z)):h € H} = {-1,+1}. Hypothesis sets
commonly used in practice all admit this property.

The following result shows that the common surrogate losses
do not benefit from a non-trivial H-consistency bound when
the hypothesis set used is equicontinuous, which includes
most hypothesis sets used in practice, in particular the family
of linear hypotheses and that of neural networks.

Theorem 4.1 (Negative results). Assume that X contains

an interior point xo and that H is regular for general pair-
wise ranking, contains 0 and is equicontinuous at xo. If
for some function f that is non-decreasing and continu-
ous at 0, the following bound holds for all h € 7 and any
distribution,

Rig, (h) =R, (F0) < f(Rig (h) = RE, (30)),
then, f(t) > 1 foranyt > 0.

Theorem 4.1 shows that for equicontinuous hypothesis sets,
any H-consistency bound is vacuous, assuming that f is a
non-decreasing function continuous at zero. This is because
for any such bound, a small Lg-estimation loss does not
guarantee a small Ly_;-estimation loss, as the right-hand
side remains lower-bounded by one.

The proof is given in Appendix E, where we give a simple ex-
ample on pairs whose distance is relatively small for which
the standard surrogate losses including the RankBoost algo-
rithm (Lexp) fail (see also Section 5). It is straightforward
to see that the assumptions of Theorem 4.1 hold for the case
H = Hyjn or H = Hyn. Indeed, we can take xg = 0 as the
interior point and thus for any h € Hyy,, |h(z) - h(xo)| =
lw-x| < € for any z € {xeX: l]l,, < %}, which
implies that JHy, is equicontinuous at x. As
with the linear hypothesis set, for any h € Hyn,
A () = h(zo)| = [Ty wj(wj @ +b;)s = Ty uj(by)+] =
|Z;’:1 ui[(w;-x+bj)s - (bj)+]| < AW/|z|, < e, for any
z e {zeX: l]l,, < ﬁ}, which implies that Hyy is
equicontinuous at zg. In fact, Theorem 4.1 holds for any
family of Lipschitz constrained neural networks, since a
family of functions that share the same Lipschitz constant is
equicontinuous.

It is straightforward to verify that the proof of Theorem 4.1
also holds in the deterministic case where n(x, z") equals 0
or 1 for any z # z’, which yields the following corollary.

Corollary 4.2 (Negative results in the deterministic
case). In the deterministic case where n(x,z") equals 0
or 1 for any x # ', the negative result of Theorem 4.1 still
holds.

4.2. Negative Results for Bipartite Ranking

Here, as in the general pairwise misranking scenario, we
present a negative result in the standard bipartite setting. We
say that a hypothesis set is regular for bipartite ranking if,
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for any x + z’ € X, there exists h, € H such that h,(x) <
hy(z") and h_ € H such that h_(z) > h_(z"). Hypothesis
sets commonly used in practice all admit this property.

As with the general pairwise ranking, we show that common
surrogate losses do not benefit from JH-consistency bounds
when H is an equicontinuous family.

Theorem 4.3 (Negative results for bipartite ranking).
Assume that X contains an interior point xo and that H
is regular for bipartite ranking, contains 0 and is equicon-
tinuous at xo. If for some function f that is non-decreasing
and continuous at 0, the following bound holds for all h € H
and any distribution,

Re, , (h) = RE (3) < f(Re, (h) - R (30)),
then, f(t) > %for anyt > 0.

As with Theorem 4.1, Theorem 4.3 shows that in the bi-
partite ranking setting, any J{-consistency bound with an
equicontinuous hypothesis set is vacuous, assuming a non-
decreasing function f continuous at zero. The proof is given
in Appendix F. It is straightforward to verify that the proof
holds in the deterministic case where n(z) equals 0 or 1 for
any x € X, which yields the following corollary.

Corollary 4.4 (Negative results in the bipartite deter-
ministic case). In the bipartite deterministic case where
n(x) equals 0 or 1 for any x € X, the same negative result
as in Theorem 4.3 holds.

The negative results in Section 4.1 and Section 4.2 suggest
that without abstention, standard pairwise ranking with the-
oretical guarantees is difficult with common hypothesis sets.
The inherent issue for pairwise ranking is that for equicon-
tinuous hypotheses, when z and x’ are arbitrarily close, the
confidence value |h(z) — h(a")| can be arbitrary close to
zero. These results further imply the importance of ranking
with abstention, where the learner can abstain from making
prediction on a pair (z,z") with z and z’ relatively close,
as illustrated in Section 2 and Section 3.

5. Experiments

In this section, we provide empirical results for general
pairwise ranking with abstention on the CIFAR-10 dataset
(Krizhevsky, 2009).

We used ResNet-34 with ReLLU activations (He et al., 2016).
Here, ResNet-n denotes a residual network with n convolu-
tional layers. Standard data augmentations, 4-pixel padding
with 32 x 32 random crops and random horizontal flips are
applied for CIFAR-10. For training, we used Stochastic Gra-
dient Descent (SGD) with Nesterov momentum (Nesterov,
1983). We set the batch size, weight decay, and initial learn-
ing rate to 1,024, 1 x 10~* and 0.1 respectively. We adopted

the cosine decay learning rate schedule (Loshchilov & Hut-
ter, 2016) for a total of 200 epochs. The pairs (x,x’,y) are
randomly sampled from CIFAR-10 during training, with
y = +1 indicating if x is ranked above or below x’ per the
natural ordering of labels of x and z’.

We evaluated the models based on their averaged
pairwise abstention loss (2) with 7 selected from
{0.0,0.3,0.5,0.7,0.9} and the cost ¢ selected from
{0.1,0.3,0.5}. We randomly sampled 10,000 pairs (z,z")
from the test data for evaluation. The /., distance is adopted
in the algorithm. We averaged losses over three runs and
report the standard deviation as well.

We used the surrogate loss (3) with ®(t) = exp(-t) the
exponential loss, Lg,, ,, which coincides with the loss func-
tion of RankBoost. Table 1 shows that when ~y is as small
as 0.3, no abstention takes place and the abstention loss
coincides with the standard misranking loss (v = 0) for
any cost c. As 7y increases, there are more samples that are
abstained. When using a minimal cost ¢ of 0.1 (as demon-
strated in the first row of Table 1), abstaining on pairs with
a relatively small distance (y = 0.7) results in a lower target
abstention loss compared to the scenario without absten-
tion (v = 0). Conversely, abstaining on pairs with larger
distances (y = 0.9) led to a higher abstention loss. This can
be attributed to the fact that rejected samples at v = 0.7 had
lower accuracy compared to those at v = 0.9. This empiri-
cally verifies that the surrogate loss Ls,, , is not favorable on
pairs whose distance is relatively small, for equicontinuous
hypotheses. When the cost c is larger, the abstention loss,
in general, increases with -, since the number of samples
rejected increases with .

Overall, the experiment shows that, in practice, for small ,
abstention actually does not take place. Thus, the abstention
loss coincides with the standard pairwise misranking loss in
those cases, and the surrogate loss is consistent with respect
to both of them. Our results also indicate that the surrogate
loss prexp, a commonly used loss function, for example for
RankBoost, is not optimal for pairs with a relatively small
distance. Instead, rejecting these pairs at a minimal cost
proves to be a more effective strategy.

6. Conclusion

We introduce a novel framework of ranking with absten-
tion, in both the general pairwise ranking and the bipartite
ranking scenarios. Our proposed abstention methods are
important when using common equicontinuous hypothe-
sis sets in practice. It will be useful to explore alternative
non-equicontinuous hypothesis sets that may be of practical
use, and to further study the choice of the parameter ~y for
abstention in practice. We have also initiated the study of
randomized ranking solutions with theoretical guarantees.
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A. Related work

The notions of Bayes consistency (also known as consistency) and calibration have been extensively studied for classification
(Zhang, 2004; Bartlett et al., 2006; Tewari & Bartlett, 2007). The Bayes consistency of ranking surrogate losses has been
studied in the special case of bipartite score-based ranking: in particular, Uematsu & Lee (2017) proved the inconsistency of
the pairwise ranking loss based on the hinge loss and Gao & Zhou (2015) gave excess loss bounds for pairwise ranking
losses based on the exponential or the logistic loss. Later, these results were further generalized by Menon & Williamson
(2014). A related but distinct consistency question has been studied in several publications (Agarwal et al., 2005; Kotlowski
etal., 2011; Agarwal, 2014). It is one with respect to binary classification, that is whether a near minimizer of the surrogate
loss of the binary classification loss is a near minimizer of the bipartite misranking loss (Cortes & Mohri, 2003).

Considerable attention has been devoted to the study of the learning to rank algorithms and their related problems: including
one-pass AUC pairwise optimization (Gao et al., 2013), preference-based ranking (Cohen et al., 1997; Clemencgon et al.,
2008), subset ranking with Discounted Cumulative Gain (DCG) (Cossock & Zhang, 2008; Buffoni et al., 2011), listwise
ranking (Xia et al., 2008), subset ranking based on Pairwise Disagreement (PD) (Duchi et al., 2010; Lan et al., 2012), subset
ranking using Normalized Discounted Cumulative Gain (NDCG) (Ravikumar et al., 2011), subset ranking with Average
Precision (AP) (Calauzenes et al., 2012; Ramaswamy et al., 2013), general multi-class problems (Ramaswamy & Agarwal,
2012; Ramaswamy et al., 2014) and multi-label problems (Gao & Zhou, 2011; Zhang et al., 2020).

Bayes consistency only holds for the full family of measurable functions, which of course is distinct from the more restricted
hypothesis set used by a learning algorithm. Therefore, a hypothesis set-dependent notion of J{-consistency has been
proposed by Long & Servedio (2013) in the realizable setting, which was used by Zhang & Agarwal (2020) for linear
models, and generalized by Kuznetsov et al. (2014) to the structured prediction case. Long & Servedio (2013) showed that
there exists a case where a Bayes-consistent loss is not H-consistent while inconsistent loss functions can be J{-consistent.
Zhang & Agarwal (2020) further investigated the phenomenon in (Long & Servedio, 2013) and showed that the situation
of loss functions that are not J{-consistent with linear models can be remedied by carefully choosing a larger piecewise
linear hypothesis set. Kuznetsov et al. (2014) proved positive results for the H{-consistency of several multi-class ensemble
algorithms, as an extension of J{-consistency results in (Long & Servedio, 2013).

Recently, Awasthi et al. (2022a) presented a series of results providing J{-consistency bounds in binary classification. These
guarantees are significantly stronger than the J{-calibration or J{-consistency properties studied by Awasthi et al. (2021a;b).
Awasthi et al. (2022b) and Mao et al. (2023b) (see also (Zheng et al., 2023)) generalized H{-consistency bounds to the
scenario of multi-class classification. Awasthi et al. (2023b) proposed a family of loss functions that benefit from such
H-consistency bounds guarantees for adversarial robustness (Goodfellow et al., 2014; Madry et al., 2017; Tsipras et al.,
2018; Carlini & Wagner, 2017; Awasthi et al., 2023a). Mao et al. (2023a) used JH-consistency bounds in the context of
ranking. J{-consistency bounds are also more informative than similar excess error bounds derived in the literature, which
correspond to the special case where J{ is the family of all measurable functions (Zhang, 2004; Bartlett et al., 2006; Mohri
et al., 2018). Our work significantly generalizes the results of Awasthi et al. (2022a) to the score-based ranking setting,
including both the general pairwise ranking and bipartite ranking scenarios.

B. General tools

To begin with the proof, we first introduce some notation. In general pairwise ranking scenario, we denote by D a distribution
over X x X x Y and by P a set of such distributions. We further denote by n(z,z') = D(Y =1|(X,X’) = (z,2')) the
conditional probability of Y = 1 given (X, X’) = (z,2z"). Without loss of generality, we assume that n(z,z) = 1/2.
The generalization error for a surrogate loss L can be rewritten as Ry (k) = Ex[C(h,z,z")], where C(h,z,z") is the
conditional L-risk, defined by

CL(h,z,2") =n(z,2")L(h,z,2",+1) + (1 - n(z,2"))L(h, z,2', -1).

We denote by Cf (H,z,z") = infjeq € (h,z,z") the minimal conditional L-risk. Then, the minimizability gap can be
rewritten as follows:

ML(H) = R{(H) - Ex[CL(H, )]
We further refer to C (h, z,z") — C; (3, x, ") as the calibration gap and denote it by AC 5 (h,z,z").
In bipartite ranking scenario, we denote by D a distribution over X x Y and by P a set of such distributions. We further

denote by n(xz) = D(Y = 1| X = z) the conditional probability of Y = 1 given X = z. The generalization error for a

10
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surrogate loss L can be rewritten as Rp(h) =Ex [G—E(h, x, x’)], where Cp-(h,z,2") is the conditional L-risk, defined by
Cr(hya,a’) = n(z)(1 = n(z"))L(h, 2, 2", +1,-1) + n(2") (1 = n(2))L(h, 2,2 = 1,+1).

We denote by CX(H, z,2") = infpegc Cp(h, 2, 2") the minimal conditional L-risk. Then, the minimizability gap can be
rewritten as follows:

Mp(H) = RE(H) - Ex[C(H, z)].

We further refer to Cp(h, z,2") — CX(3, z,2”) as the calibration gap and denote it by ACr 4 (h, z,2"). For any € > 0, we
will denote by (t)_ the e-truncation of ¢ € R defined by t1,...

We first prove two general results, which provide bounds between any loss functions L; and L, in both general pairwise
ranking scenario and bipartite ranking scenario.

Theorem B.1. Assume that there exists a convex function U:R, — R with W(0) > 0 and € > 0 such that the following holds
forallheH, xeX, 2’ € X and D € P:

U((ACL, 3c(h,x,2")),) < (ACL, 3c(h,x,2")),. (7
Then, the following inequality holds for any h € H and D € P:
(R, (h) = R, (30) + Mo, (30)) < R, (B) = RE, (30 + Mo, (30 +max{(0), (e)}- ®)
Proof. By the definition of the generalization error and the minimizability gap, for any h € H and D € P, we can write the
left hand side of (8) as
U(Ry, (h) - RE, (F) + My, (j{)) = ‘I’(RLz(h) - E(X,X')[GEQ(}Q xvxl)]) = ‘I’(E(X,X')[AeLz,ﬂ(h7$a 1")])

Since W is convex, by Jensen’s inequality, it can be upper bounded by E(x x/)[W(ACL, ¢ (h,z,2"))]. Due to the
decomposition
ACL, 3¢(h,z,2") = (ACL, ¢ (h, z,2")), + ACL, 3¢ (h, 2,2 ) L acy, 4 (hzan)<es

and the assumption ¥(0) > 0, we have the following inequality:
E(xxn[W(ACL, sc(h,x,2"))] < Ex,xn [Y((ACL, gc(h, ,2)) )| + Ex,xn [V (ACL, 5¢ (h, 2, 2" ) L sy, oo (hoary<e) |-
By assumption (7), the first term can be bounded as follows:

Ecx.xn[P((ACL 3¢ (h,z,2")),)] < E(x.xn[ACL, ac(hyz,2")] = Re, (h) = RE (3) + My, (30).

Since ACL, 5¢(h, x,2") I ae,, 4 (haa<e € [0,€], we can bound E(X,X')[‘I’(AGL2,H(h7$7m’)]lAeLQ,g{(h,z,m')ge)] by
SUPyefo,e) ¥ (%), which equals max{W¥(0), ¥(e)} due to the convexity of W. O

Theorem B.2. Assume that there exists a non-decreasing concave function I':R, — R and € > 0 such that the following
holds forall h e H, x € X, ' € X and D € P:

(ACL, gc(h,x,2")), <T((ACL 3¢ (h, z,2")),). 9)
Then, the following inequality holds for any h € H and D € P:
Ri,(h) = RE,(H) < F(iRLl (h) = R{(F0) + M, (9—()) =M, (H) +e. (10)
Proof. By the definition of the generalization error and the minimizability gap, for any h € H and D € P, we can write the
left hand side of (10) as

R, (h) = R, (F0)
= ]E(X,X') [AGLZJ{(}L,(IJ, {E,)] - MLz (g{)
= E(X_’Xr)[(AeL%g—((h,l‘, 33’))6] + E(X,X’)[AGL27J{(h7 x,x')]lAeLQﬁ(hyx,I/)se] - MLZ (j‘()
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By assumption (9) and that I" is non-decreasing, the following inequality holds:
Ecxxn[{ACL 3c(h,z,2")) .| < E(x,xn [T (ACL, 3c(h,z,2"))].
Since I is concave, by Jensen’s inequality,
E(x,xn)[D(ACL 3¢ (h, z,2"))] <T(E(x,x)[ACL, s¢(h,x,2")]) = T(Ry, (k) = R{, () + My, (H)).

We complete the proof by noting that Ex x) [AGLz,g{(h, T, x’)]lAeLQ’M(h’myy)ge] <e O

C. J{ - consistency bounds for general pairwise ranking with abstention (Proof of Theorem 2.1)

We first characterize the minimal conditional L™ -risk and the calibration gap of L35 for a broad class of hypothesis sets.
We let H(z,2") = {h € H:sign(h(z") - h(x))(?n(:c z") = 1) < 0} for convenience.

Lemma C.1. Assume that I is regular for general pairwise ranking. Then, the minimal conditional L3

1-risk is
GESE; (CH:a xvxl) = min{n(xvxl)a 1- 77(33737,)}]1|\z—x'|\>7 + C]l\x—az’\sv'

The calibration gap of L%Ei’ can be characterized as

AC e gc(hyz,2") = [20(2,2") =1L 5y ) Lot

Labs

Proof. By the definition, the conditional L§>-risk is

eLSEﬁ (h? Zz, '/E,) = (77(% m,)-ﬂh(m”)<h(z) + (1 - 77(% x,))]lh(a:’)zh(x))]1|\x—z’|\>'y + C]1|xfz’\5'y'

For any (x,2") such that |z — 2’| <yand h € K, CLavs (h,z,x) = C’Lam(ﬂ{ x,x) = c. Forany («,2") such that | — 2’| >+,

by the assumption, there exists h* € H such that 51gn(h*(x’) h*(m)) = sign(2n(x,x") — 1). Therefore, the optimal

conditional L35 -risk can be characterized as for any z,z’ € X,

el)(_-é';‘j:ﬁl (‘('H:a a:,x') = eLgEi (h*a Z‘,J?,) = min{n($7xl)7 1- n(x7x,)}]l”cc—z’”>'y + C]l\z—a:’\i’y'

which proves the first part of lemma By the definition, for any (z,z’) such that |x-2'| < v and h € XK,
ACLavs gc(h,x,2") = Cpave (b, @,2") - Lm (H,z,2") = 0. . For any (z,z") such that |z — 2’| >y and h € K,
ACave gc(h, =, x') = Cravs (h, , x') - GESEi (H,x,z")
= T](JZ, x,)]lh(x’)<h(z) + (1 - 77(377 x,))]lh(m’)zh(z) - mln{n('ra l‘l), 1- T](JZ, Z‘,)}
_ ‘277(17793,)_”7 hEﬁ(:E,l‘,),
- 0, otherwise.
This leads to
AC e gc(hyz,2") = [20(2,2") = 1L 5y ) Lo
O

Theorem 2.1 (H-consistency bounds for pairwise abstention loss). Let H be Hyyy, or Hnn. Then, for any h € H and
any distribution,
Rigos (7) = R s (3) + Mygos (30) < Lo (R, (h) = RY, (F) + M, (F)),
here Tap(t) = ——Lt—— V2, 2( Gt ) ¢} and ———— for ® = Dpipnge, P d Oy ively, Wi
where T's(t) = ST max{ , (62W7_1) }an N CITE) Jfor @ = ®pinge, Pexp and Dy, respectively. is
replaced by AW for H = Hnn
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Proof. Since H;, and Hny satisfy the condition of Lemma C.1, by Lemma C.1 the (Lgl_)s1 , thn)-minimizability gap and
the (Lg?ﬁ, CJ-CNN)-minimizability gap can be expressed as follows:

MLgEi (g{lin) = Ria\ji (g{lin) - IE(X,X’) [min{n(% .Z‘,), 1- 77(% x,)}‘ﬂ”zﬂc’ﬂyy + Cﬂ|zfm’\5’y]
Migrs (Hnn) = Rige: (Hn) = Ex,xn[min{n(z,2"),1 - n(@, 2" )} jzeurjsy + ¢ Ljparjer- |-
By the definition of H1;,, and H, for any (z,2") € X x X, {h(2") - h(z) | h e Hyn} = [-W |z - ', Wz - ac’Hp] and

{h(x’) —h(x)|he fHNN} = [—AW”QZ -2, AW |z - x’Hp]. In the following, we will prove the bounds for Hj;,. Similar
proofs with B replaced by A B hold for Hyx.

Proof for Lg, . For the hinge loss function ®pinge(u): = max{0,1 - u}, for all h € Hy;, and (z,2") such that |2 - 2’|, >

Y

CLa,,,,. (h,@,2")

= 77($7 ‘r,)L(bhinge(h(ml) - h({IJ)) + (1 - n(x7xl))l‘q>hinge(h(x) - h(xl))

=n(z, 2" ) max{0,1 - h(z") + h(z)} + (1 - n(z,2")) max{0, 1 + h(z") - h(z)}.
Then,

g{hn(x,x') = inf GLq)hmge(h,:z:,x') =1-2n(x,2") - 1|min{W\|z - z'Hp, 1}.

*
Lo, . n
Phinge’ heHiin

The (La,,,., Hiin )-minimizability gap is

Mg, (Hin) = RE, (Hin) ~Egxxn[€L,, g, (2.7)]
- Ry (Hiin) - Exxn [1 - 20(z, 2") = 1 min{W |z - 2'| ,,1}].

L(I)hinge

(1)

Therefore, Vh € Hy (x,2"),

Ael-@hingeyj'flin (h,z, ,’L‘,)

. 4 * /
> inf Clayie (h,z,z") - Cla,. T (x,2")
heFHiin (z,27) mee

=n(z, 2" ) max{0,1 -0} + (1 - n(x,2")) max{0,1+0} - CE(}]. 3¢, (T, z')
hinge ’ n

=1-[1-2n(z,2") - 1| min{ Wz - ', 1}]

=2n(z,2") - 1 min{WHx - x’Hp, 1}

2 |2'f]($, QZ‘,) - 1| mln{W’Y? 1}
which implies that for any h € 3y, and (2, 2) such that |2 - 2’|, > 7,

A€, ot () > minf W, 1200, 2") ~ )z, oary = ACugps gy, (hs,").

Thus, by Theorem B.1 or Theorem B.2, setting ¢ = 0 yields the H);,-consistency bound for Lo, ., valid for all & € H;p:

h) - :R* ge (g{lin) + MLq’hinge (:}flin)

Loyin

min{W-~,1}

Lq)hinge (

Riavs (h) = Rigyi (Hain) < = Mavs (Hin)- (12)

Proof for Lo, . For the exponential loss function ®exp(u):= €™, for all h € Hiyin and (z,2”) such that |z - 2’|, >,

Cly,,, (M 2,2") = n(w,2")La., (h(2") = h(2)) + (1 - n(2,2"))La,,, (h(z) - h(z"))
_ n(x’ x/)e—h(x')ﬂz(:c) " (1 _ ,'7(.137 m/))eh(x')—h(x).

13



Ranking with Abstention

Then,

Gt@cxp ,:}C]in (x’ :C,)

= ifr}lcf Cle.,, (hyz,2")

heFiin
) {2\/77(%96’)(1 —n(x,2")) Yiog 2e) N < W - 2],
-Wlz—2’ . Wz-z’ z,z
max {5, 2"), 1= n(z,2") el minfn(z, 2),1 - n(z,2") e Llog )l s W e - o

The (Lq,cxp,J—Chn)-minimizability gap is:

Mg, (Hin) = Rf, (Him) = Eox x| €1, s, (2,21)]

= Ri,,. (Fin) - IE(X,X')[2\/77(ffa z’)(1-n(z, $'))]1%|10g _nGeat) sW\Iw—w’HP]

1-n(x,z")

’ ’ -W|z—2'| (13)
- E(X,X’) max{n(xa z )7 1- 77(% z )}6 p]llllog n(z,z’) SW|z-a/|
2 1-n(x,z’) P
. W|z—z’
—E(X’X,)[mm{n(z,:c'),l —n(z,z")}e H ”p]11|1og 1) || ]
2 T-n(z,2") p
Therefore, Vh € Hyy (z,2),
Ael—‘l’exp7:}(1in(h7x’ Z‘,)
> _inf  Cp, (h,z,2") - GE@CX 30, (T, x")
heFiin (z,x") P
= 'r](x, gj’)e—o + (1 - 77(33, ,7;’))@0 _ eipexpﬂflin(x?x,)
1-2y/n(z, ") (1= n(z,a")) Liog 2e) | < W - 27,
L= max(n(z,2), 1= (o) eI minfy(a,2), 1= 0,2} Hog 2GS s Wi -0,
S 1- 2\/7](‘7:7 33,)(1 - 77(95795')) % IOg 1?_7571(:,;@)/) < W7
# |1 - max{n(z, ), 1 - (. ') bW —minfn(z, 2'),1 - n(z, )} Hiog 2E 5wy

= ‘I'eXp(|277(33,33,) - 1)),

where Wy, is the increasing and convex function on [0, 1] defined by

2W ey
_\J1_+2 e -1
1 1-1t2, U< Swag
_tHl Wy _ 1t W W
1-re 7€ > o

Ve [0,1], Uexp(t) = {

which implies that for any h € 3y and (z,2") such that |2 - 2’|, > 7,
ACLy,.., 96 (B2, 7") 2 Wesep ( ACLws 5, (hy,2))-

To simplify the expression, using the fact that

2
1-V1-t2>—,
2
1 t+1 o 1=t 1 eV e‘W7+eW7—e_W7t
- e - e’ T=1- - ;
2 2 2 2 2
Yexp can be lower bounded by

2 " e2W_q

Uesp () =4 7f 2wy _Gwr

i(ezww)tv t> owag



Ranking with Abstention

Thus, we adopt an upper bound of U~ as follows:

V2, t<3(Swert
o(zird)is o> 4(Gwat)

_max{f 2( W”l)t}.

Thus, by Theorem B.1 or Theorem B.2, setting € = 0 yields the 3{(;,,-consistency bound for Lg

Do (1) = Vo (1) =

valid for all h € H;;y,:

exp?

Riavs (h) = RL'xbs (Hin) <Ta,, (RL%XP (h) - fRE(I)eXp (Hin) + M, (9'flin)) = Myavs (Hiin)- (14)

where 'y, (t) = max{\/_ 2( ;ﬁ?} ) t}.
Proof for Lg_,. For the sigmoid loss function ®gig(u):= 1 - tanh(ku), k > 0, for all h € Hy;, and (z,2") such that
|z =", >~
GL&Sig (h7 €z, I,)
= (2,2 )L (&) — h(2)) + (1 = (2, 2")) L, (h()  h('))
=n(z,2")(1 - tanh(k[h(z") - h(x)])) + (1 - n(x,2")) (1 + tanh (k[ (") - h(2)])).
Then,

e (J'Chn)(a: x') = mf Cly,, (h,x,m') =1-|1- 2n(a:,x')\tanh(kWHx—:c'Hp).

Fliin

Py

The (La,,, , Hiin )-minimizability gap is:

sig?

Mg, (Fiin) = RS, (Hiin) = Egx,xn[ €6, o, (2:2)]

. (15)
=R, (Hiin) = Ex.xn[1 -1 - 2n(z,2") [ tanh (kW |z - 2| ) ].

Therefore, Vh € Hyy (x,2"),

ACL, 36, (hyz,2') > inf CLa,, (h,z,2") - Gf(bsig)g{“n (z,2")

e’ heFn (z,a7)
=1-|1-2n(z,z")|tanh(0) - C’E(Psig,:}chn (z,2")
=[1-2n(z,2")| tanh (kW |z - 2| )
> |1 -2n(z,z")| tanh (kW)

which implies that for any h € 3y and (2, 2") such that |2 - 2'|, > 7,

ACL, . g¢,, (hyz,2") > tanh(kW*y)AGLSEi,%m(h, x,x').

sig?

Thus, by Theorem B.1 or Theorem B.2, setting ¢ = 0 yields the J;;,-consistency bound for Lg_._, valid for all h € Hyjy:

Rig,, (h) =R(,  (Fhin) + Mig (Fin)
tanh(kW’y)

sig?

Riavs (h) = RESE? (Fin) < = Mavs (Hiin)- (16)

O

D. 3 - consistency bounds for bipartite ranking with abstention (Proof of Theorem 3.1)

We first characterize the minimal conditional Lgbi' -risk and the calibration gap of LaLbS for a broad class of hypothesis sets.
We let H(z,2") = {h € H: (h(x) = h(z"))(n(x) - n(z")) <0} and H(z,2') = {h € 3: h(x) = h(z")} for convenience.

15



Ranking with Abstention

Lemma D.1. Assume that 3 is regular for bipartite ranking. Then, the minimal conditional Egljsl—risk is
Chans (3, 2,2) = min{n(z) (1 = n(")), (") (1= n(@)) M 0ty + Lparjey-
The calibration gap of Eglﬁ can be characterized as
1
Ae’l:aﬁiy‘}((h7 €, I,) = |77(‘T) - T](I,)|]]‘h€ﬁ'vc(gj7x’)ﬂHl'—£E’H>’Y + §|T](I) - n(xl)“lhe}a((xyml)ﬂHx—z’H>'y~

Proof. By the definition, the conditional ESEi—risk is
Crave (h, 2, z')
1 1
= (77(3?)(1 - n(x,))[ﬂh(m)—h(ac’)<0 + §1h(x)=h(x')] +n(2") (1~ n(x))[ﬂh(m)—h(m’)>0 + §ﬂh(m)=h(m’):|)IlHatfx’Hyy*'Cﬂ\mfm'\S'y'

For any (x,z") such that |z — 2’| <yand h € H, Crups (h, 2, 2) = €%, (H,x,2) = c. Forany (x,z") such that |z — 2’| > ~,
0-1

abs
L0—1

by the assumption, there exists h* € JH such that

(h*(x) = h* (")) (n(x) = n(2")) Ly ()en(ar) > 0.

Therefore, the optimal conditional Egljsl -risk can be characterized as for any ., z’ € X,

e{'glﬁ (fH:,.T, 1”) = efg‘ji (h*,fﬂ, ZL’/) = Inln{n(x)(l - 77(3”,)),77@,)(1 - n(x))}]lﬂw—z’ﬂyy + C]l|z—a:’|3'y'

which proves the first part of lemma. By the definition, for any (z,z’) such that |z -2'| < v and h € K,
Aetgﬁsl,:}c(h’m’x,) = Gtgl_)ﬁ (hyz,z")-C%, (H,z,2") =0. . For any (z,2") such that |z — 2’| >y and h € K,

Tabs
L071

ACESE?’H(h,x,x') = efgki(h7$7x,) -G, (H,z,2")

abs
LO—l

1
=n(z)(1- n(ﬁil))[ﬂh(m)—h(m')w + §1h(z)=h(;p')]

+n(x")(1 - n(x))[]lh(x)—h(x’)>0 + %]lh(z)=h(x’):|
—min{n(2)(1 -n(2")),n(=") (1 -n(z))}
In(z)(1-n(2")) —n(2")(1-n(z))l, he 9?(33, '),
sin(@) (1 =n(2") -n(@") (1 -n(2))], heH(z,z"),
0, otherwise.
In(z) —n(z")|, he fff(ﬂ:,x’%

sin(@) =0, hedH(z,a),

0, otherwise.

This leads to
1
(Aefgki,ﬂf(h’ z, x'))g = (In(@) = (@)L et (w o Liw-arf>y + <§|’7(I) - n(z,)|>€1heﬂtf(z,m’)]l“95*517'“>’Y'

O

Theorem 3.1 (H-consistency bounds for bipartite abstention losses). Let H be Hyy, or Hnn. Then, for any h € H and
any distribution,

Rz () = R (3€) + Mgne (30) < Do (R, (k) - R (30) + M, (30))
w
where T'g (t) equals W, max{\/z_f, (%) t} and m for @ equals Ppinge, Pexp and Vg respectively.
W is replaced by AW for H = Hyn.
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Ranking with Abstention

Proof. Since Hy;, and Hyny satisfy the condition of Lemma D.1, by Lemma D.1 the (tg?sl , f]{hn)-minimizability gap and
the (ESESD fHNN)-minimizability gap can be expressed as follows:

Migp (Fiin) = Re (Fin) = B 0n [min{n(@) (1 = n(2")), 1) (1= 0(2) ) joarjsry + € Lpacr]
Migps (Fn) = Re (FON) = B on [min{n(@) (1= n(2")), 12" ) (1= 0(2) D} josrjory + € Lparcn ]
By the definition of Hy;,, and Hnn, for any (z,2") € X x X, {h(w’) —h(x)|he J—Clin} = [—WH:U -2, Wz - x’Hp] and

{h(z") = h(x) | he Hnn} = [-AW |z - o', AWz - x'Hp]. In the following, we will prove the bounds for Hy;,,. Similar
proofs with B replaced by AB hold for Hyn.

Proof for E¢l‘i!‘ge. For the hinge loss function ®pinge(u): = max{0,1 - u}, for all h € Iy, and (x,z") such that |z — 2’| >

- P
€, (hz,2)
=1(@)(1 - n(2")) Phinge (h(z) = h(z")) + 1(2") (1 = 7(2)) Pringe (h(2) — h(z))
=n(z)(1 -n(2")) max{0,1 - h(z) + h(z")} + n(z’)(1 - n(z)) max{0,1 + h(z) - h(z")}.
Then,
L st (B0 = E C  (hoz,a’) = n(2)(1-n(@") +n(@) (1 - n(2)) - In(@) - n(2") min{W |z - '], 1}.

The (Lg,,,,,. . Hiin )-minimizability gap is

Mt@hinge (J{Iin)
=R, (M) ~Ecxoxn [eﬁ}hmge e z')] (17)
SR, () ~ B [0(2) (1 n(@) 0 )1 n@) - ne) - n()min Wz - 2/],, 1]

Therefore, Vh € f(lin(x, x') Ujiflin (x,2"),

!
Ae’r_{q’hinge 79{“1‘ (h’ x, z )
. ! * A
> inf Cr, (hz,2")- ¢, 5, (z,z")
heHim (z,0) U Fin (z,27) - hinge hinge 77 n

=n(z)(1-n(2")) max{0,1 -0} +n(z")(1 - n(z)) max{0,1+ 0} - €£

= In(x) = n(")| min{W|z - 2’| ,, 1}
> |n(z) = n(z")|min{W~, 1}

which implies that for any h € 3y and (2, 2) such that |2 - 2’|, > 7,

’
PhingerJlin (x’ r )

AC FHin (h’ T, J),) 2 min{W’Y? 1}Aet83i71}6(h, x, -’If,).

tq’hinge ’
Thus, by Theorem B.1 or Theorem B.2, setting ¢ = 0 yields the J{(};;,-consistency bound for E<I>mnge’ valid for all h € H;p,:

Ry (h) - R& (Hiin) + Mg, (Hiin)

Phinge Phinge hinge

:Rtg]fi (h) - R (fH:lin) <

. = Mians (Fliin) - 18
L5 min{W+~,1} LOEI( ln) (18)

Proof for t¢exp. For the exponential loss function ®ex,(u):= €™, for all h € Hyiy and (z,2") such that |z - 2'|, > 7,

C’t@exp (hyz,2")
=n(z)(1 = n(2")) Pexp (h(@) = h(2")) + n(2") (1 = n(2)) Pexp (h(") = h())

= n(x)(l — n(x’))e—h($)+h(x') " 7’](3],)(1 _ n(x))eh(x)_h(x/).

17



Ranking with Abstention

Then,
GE%XP . (z,2")
i B ()
2¢/n(x)n(2") (1 -n(2))(1-n(2'))

el (z)(1-n(z"))
if 3flog ZOER < Wz - 2],

max{n(x)(1-n(")),n(a")(1 - n(x)ye V= b minfn(@) (1 - n@’)), (") (1 -n))ye 12l

el (z)(1-n(z"))
if i‘log m > W”x - .%',Hp.

The (t@cxp , fJ-Chn)-minimizability gap is:

Mti>cxp (g{lin) = :R~ b (J‘flm) E(X X [GLEBXP,U-CIH‘(x7(E,):|

SRz, (9m) = B [2Va@nG@) T @)= 1@y, ool |

n(r’)(l n(l))

19)

-Wiz—x
oo | max{n(@).n@)} = n(@n@ e bt i ]

n(z")(1-n(x))

. Wlz—2"
B ]E(X,X')[[mm{ﬂ(fﬂ)a n(a")} = n(@)n(a’)]e | ”p]l%|log n(x)(1-n(z")) >WHw—w’Hp]'

n(z")(1-n(x))

Therefore, Vh € ﬂfflin(x, x') Uﬂiflin (z,2"),
ACr

Lagxp s Hiin (h’ z, ml)

> inf G'E«p\ (h,z,z") - (‘fl_I> 5, (z,2")
heHin (z,2") U Hiin (z,2") > expoT T

=) (L= )e + ) (1= n@)e - €, o (@a)

n(z)(1=n(a")) +n(z") (1 =n(z)) = 2¢/n(@)n(’) (1 - n(x)) (1 -n(z))
i 3 flos St | < Whe =1,

(max{n(z),n(z")} - n@yn()](1- e ) + [mingn(2), n2)} - n@yn()](1-e"10)
S| > Wl -4l

()1 =n(z")) +n(a") (1 -n(x)) - 2¢/n(z)n(z) (1 - n(z))(1 -n(z"))

1 @)
if §[log NN < Wy

[max{n(x),n(z")} —n(=)n(@)](1-e"7) + [min{n(a),n(z")} -n()n()](1-"7)
if 3[log ZOGE R 5wy

if %‘bg

\Y%

n(z)(1-n(x))

2
n(z)(1-n())-n(=)(1-n(z)) it 1[log 2@ 0A=nG)) | < 7
(\/n(m)(ly(z’))+, n(mf)(l—n(m))) if 3o TN et
DDA (9 — =W W) 4 L(a)  p(a)| (V7 W7 if Lflog HDAAEN] 5y

& (@) (A-n(x))
2Wy
> min{(n(l’) n()), ( ) In(e) - n(a’ )|}
which implies that for any h € 3y and (2, 2") such that |2 - 2’|, > 7,
Aetq>exp ,Hiin (h, x, xl) > \Ijexp(Ae’Egtji’j{(h, x, ,13,))

where Wy, is the increasing function on [0, 2] defined by

2W
B . 2 e +1
Vte[0,1], Wep(t) —mm{f ((mu)t}

18



Ranking with Abstention

Thus, by Theorem B.1 or Theorem B.2, setting ¢ = 0 yields the J{(};;,-consistency bound for t.:p valid for all h € H;;y,:

exp?

Rep (1) = R (H) < T, (R, ()= RE, () + M, | (3i) ) ~ Mg, (Fin) (20)

T

where 'y, (1) = max{\/l_f, (22:;7:1) t}.

Proof for ’Eq;.ﬁig. For the sigmoid loss function ®g;,(u):= 1 — tanh(ku), k > 0, for all h € Hy;, and (x,2") such that
|z =", >~

e, (h,z,2")

=n(2) (1 - n(z")) Psig (h(x) = h(z")) + n(z") (1 - n(2)) Lsig(h(a") - h(x))
=n(z)(1-n(2"))(1 - tanh(k[h(z) - h(2")])) + n(z") (1 - n(2))(1 + tanh(k[A(z) - h(z)]))

Then,
GLP:H (z,2") = hlglcfl L., (h,z,2") = n(z)(1 - n(z")) +n(z") (1 -n(2)) - [n(z) - n(a")| tanh (kW ||z - 2" ).
The (Lo, , Hiin )-minimizability gap is

Mg, (Flin) =g, (Fin) - Ecxx) [n(z) (1 =n(z")) +n(2") (1 =n(x)) = In(z) = n(") tanh (kW | - 2" )].
. 1)
Therefore, Yh € Fyn (2, 2') U Hipn (2, 27),

Aet%g’%m (h,z,2")

\2

. A * !
> inf etq,._(hvxﬁ)_et@, %, (z,z")
heFin (z,2") U Hiin (z,2) o8 sig?7Tn

=) (1= () 0(@) =6, e ()
= [n(x) - n(a")|tanh (kW |z - 2", )
2 [n(x) = n(a")| tanh (kW)

which implies that for any % € 3y, and (z,2") such that |z - z'[, >,

Ae’tq} L Hin (h, Z, I,) > tanh(kW”y)Aeth;g{(h, x, Jj’).

Thus, by Theorem B.1 or Theorem B.2, setting ¢ = 0 yields the J{(};;,-consistency bound for t@sig, valid for all h € H;y,:

:thpﬁig (h) - :R%‘I’sig (j{lin) + Mt‘psig (j{lin)

tanh (kW)

R () = R

Lavs (Hiin) < = Mavs (Hiin)- (22)

O

E. Negative results for general pairwise ranking (Proof of Theorem 4.1)

Theorem 4.1 (Negative results). Assume that X contains an interior point x and that H is regular for general pairwise
ranking, contains 0 and is equicontinuous at xo. If for some function f that is non-decreasing and continuous at 0, the
following bound holds for all h € H and any distribution,

Rigy () = RE, (IO < f(Reg (R) = RE, (30)),
then, f(t) 2 1 foranyt > 0.
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Proof. Assume x(y € X is an interior point and hy = 0 € J{. By the assumption that x( is an interior point and I is
equicontinuous at g, for any € > 0, we are able to take z’ # z¢ € X such that |h(z") — h(z)]| < € for all h € F. Consider the
distribution that supports on {(xo,2")} with n(xg,x") = 0. Then, for any h € I,

Rig, (h) = €Ly, (hywo,2") = Lpy(arysh(ao) 2 0,
where the equality can be achieved for some h € H since H is regular for general pairwise ranking. Therefore,
Ri,(H)=Cf_ (H,xg,2") = }glgff Cry_, (h,xo,2") = 0.
Note Ry,_, (ho) = 1. For the surrogate loss Lg, for any h € J,
Ri, (h) = CLy (h, w0, 3") = @(h(20) = h(a")) € [D(e), D(=¢)]
since |h(z") — h(zo)| < € and ® is non-increasing. Therefore,
Ri,(F0) = Cf (H,xg,2") 2 P(e).

Note R, (ho) = ®(0). If for some function f that is non-decreasing and continuous at 0, the bound holds, then, we obtain
for any h e H and € > 0,

Rioy (h) =0 < f(Rey (h) = RE, (30) < F(Re, (h) = 2(€)).

Let h = hyg, then f(®(0) — ®(¢)) > 1 for any € > 0. Take ¢ — 0, we obtain f(0) > 1 using the fact that ® and f are both
continuous at 0. Since f is non-decreasing, for any ¢ € [0,1], f(¢) > 1. O

F. Negative results for bipartite ranking (Proof of Theorem 4.3)

Theorem 4.3 (Negative results for bipartite ranking). Assume that X contains an interior point xy and that H is regular
for bipartite ranking, contains 0 and is equicontinuous at xq. If for some function f that is non-decreasing and continuous
at 0, the following bound holds for all h € H and any distribution,

R, , (h) - RE (30 < f(Re, (h) - R (30)),

then, f(t) > 5 foranyt > 0.

Proof. Assume x( € X is an interior point and hg = 0 € . By the assumption that x is an interior point and J is
equicontinuous at xg, for any € > 0, we are able to take " + 2o € X such that |h(z") — h(zg)| < € for all h € H. Consider the
distribution that supports on {zg,z’} with n(z¢) = 1 and n(z") = 0. Then, for any h € X,
1
Re,, (h) =Cr _ (h,20,2") = Lp(ag)<n(ar) + 2 Lhtao)=h(a) 2 0,
where the equality can be achieved for some h € JH since I is regular for bipartite ranking. Therefore,

Ri, (H)=Cf  (H,xp,2") = }gljf{ CLy_, (h, g, 2") = 0.

Note Ry,_, (ho) = % For the surrogate loss Lg, for any h € K,
RL@(h’) = eL@(haw()vw,) = (I)(h($0) - h((E,)) € [<I>(e),<1>(—e)]
since |h(z") — h(xo)| < € and P is non-increasing. Therefore,
Ri () = Cf (H,xg,2") > P(e).

Note R, (ho) = ®(0). If for some function f that is non-decreasing and continuous at 0, the bound holds, then, we obtain
forany h e H and € > 0,

Ry (h) = 0< f(Riy (h) = RE, (30)) < f(Re, (h) = @(e)).

Let h = hg, then f(®(0) - ®(¢)) > 1 for any € > 0. Take € - 0, we obtain f(0) > $ using the fact that  and f are both
continuous at 0. Since f is non-decreasing, for any ¢ € [0,1], f(t) > 3. O
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