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Abstract

Influence functions approximate how removing a training example changes a
quantity of interest, called the target function, such as a held-out loss. To estimate
the influence of a group of examples, the standard practice is to sum the individual
influences of its members. However, this sum does not capture how examples
jointly affect the target: a pair of examples may be redundant or complementary,
but the sum cannot distinguish these cases. We propose an interaction-aware
influence function that characterizes how interactions between examples influence
the target. By expanding the target to second order around the trained parameters,
we obtain an estimator that augments the standard sum with a pairwise interaction
term that captures the alignment between two examples’ effects on the target. We
empirically evaluate our estimator in two settings. First, on six dataset-model
pairs spanning logistic regression, MLPs, and ResNet-9, our estimator tracks
leave-group-out retraining substantially better than first-order influence across
all settings. Second, when used as a greedy selection rule for instruction-tuning
data on Llama-3.1-8B, it beats prior influence-based and representation-similarity
baselines on five of seven downstream tasks, in a regime where standard influence-
based selection underperforms random selection. Code is available at https:
//anonymous .4open.science/r/Interaction_IF-45D6.

1 Introduction

Quantifying how training examples shape a trained model is a foundational problem in machine
learning, with applications including selecting valuable training data [18, 59, 64], understanding
what kinds of data benefit a model [22, 24], and fairly compensating data providers [10, 20]. The
conceptual gold standard is leave-one-out retraining: remove a training example, retrain the model,
and measure how some quantity of interest has changed. Since retraining for every example is
prohibitive, influence functions [29] estimate this counterfactual in closed form by modeling two
things in turn: how reweighting a training example would shift the trained parameters, and how those
shifted parameters would change the quantity of interest. The quantity of interest, called the rarget
function, is left to the user. It can be the loss on a held-out example [29], an average over a validation
set, the likelihood of a downstream task answer [10, 59], or any other smooth function of the model.
This flexibility is what lets a single approximation serve so many applications.

Most of these applications, including subset selection, group-robustness analysis, and data valuation,
ultimately ask about groups of examples rather than single ones. The textbook extension scores a
group as the sum of its members’ individual influences [30], implicitly assuming examples contribute
independently. This assumption is rarely true. Two near-duplicate examples each look highly
influential on their own, yet adding both has roughly the same effect as adding one, so additive
scoring double-counts the overlap and overestimates the group’s true effect [25, 26]. The same blind
spot makes top-k influence-based data selection produce subsets that are highly redundant rather than
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collectively useful [67], since the most individually influential examples tend to be similar. Basu et al.
[5] previously addressed this with a second-order correction that makes the estimator non-additive,
but their construction refines only how the trained parameters shift, missing how the target function
responds to those shifts.

We argue that group attribution is fundamentally about how training examples affect the target.
Therefore, interactions between examples should be characterized in terms of their joint effect on
the target, not just on the parameter shift. To this end, we propose an interaction-aware influence
function that augments the standard sum of individual influences with a pairwise interaction term over
examples in the group. The pairwise term captures the joint effect on the target: it is positive when the
two examples push the model in similar directions and negative when they push in opposite directions.
We further derive a closed-form factorization of the interaction term across classification settings,
proving that two similar examples are jointly complementary when their labels differ and redundant
when their labels agree, formally recovering classical principles in supervised learning [7, 15, 39, 46].
As an application, we use the interaction term to discount candidates whose effects overlap with
already selected examples, addressing the redundancy in top-k influence-based selection.

We evaluate the method in two settings. First, we test whether our estimator faithfully tracks
leave-group-out retraining across six dataset—-model pairs, by assessing Spearman rank correlation
with ground-truth retraining effects. It substantially outperforms prior influence-based training data
attribution methods, demonstrating the importance of accounting for interactions in group attribution.
Second, we evaluate the data selection method at scales ranging from small MLPs to instruction-
tuning of Llama-3.1-8B [21]. On small-scale models, our method selects subsets with class diversity
comparable to random selection, whereas baselines collapse onto a few classes and fall below random.
In instruction-tuning data selection, our method consistently improves over random selection and
achieves the strongest overall performance on five of seven downstream tasks.

2 Preliminary

We first review the classical influence function and its standard extension to group attribution. We
summarize the notation used throughout the paper in Table 2 of Appendix A. Let D = {z;}Y, be
the training set of size N, where each example z; = (x;, y;) consists of an input x; and a label y;,
and let £(z;, 0) denote the loss of example z; at parameter § € ©. For any subset A C D, define the
empirical risk and its minimizer as

1 A
Ra(0) =1 > £(z:,0),  0a:=argminRa(6). (1)
Al 7= 0
We write § == 973 for the parameter trained on the full dataset. For a subset S C D, the parameter
obtained by retraining after removing S is fp\ g.

Let f : © — R be a differentiable scalar target function of the trained parameters that we treat as a
quantity to be minimized, such as the loss on a test example or the average loss on a validation set.'
The exact leave-group-out effect of removing S is

(9= f(éD\S) — f(0). 2

For a singleton S = {z;}, this reduces to the usual leave-one-out effect. Computing Z~ (.S) exactly
requires retraining the model without .S, which is expensive even for a single example and infeasible
for many candidate groups.

Influence functions approximate this retraining effect through infinitesimal reweighting [29]. Instead
of removing S directly, consider the parameter obtained after adding a small weight € to the losses of
examples in .S:

A ) 1
O(e; S) == argmin § Z 0(z,0) + € Z 0(z;,0) ¢ . 3)
z; €D z, €S
At e = 0, this recovers the original parameter §. Since each example has weight 1/N in the empirical
risk, setting ¢ = —1/N removes the contribution of every example in S. Thus, leave-group-out
retraining can be viewed as a finite step along the reweighting path (e; .9).

I A target to be maximized can be handled by negating f.
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The influence function replaces this finite step with two first-order approximations. Let H =
~ 2 ..ep Val(zi, 0) be the Hessian of the training objective. Assuming that £(z;, -) is twice continu-
ously differentiable for every z; € D and that H is nonsingular at 0, the first approximation linearizes
the reweighting path 6 (e; S) in € at € = 0, yielding the parameter shift induced by removing S as

. L1 .
Opr\s — 0 ~ ~H ! Z Vol(z,0). 4)
z; €S
To simplify the notation, let u; == H 1V gl(2;, é) denote the per-example parameter shift induced
by z;, and let ug = Zz,i s wi denote its aggregate over S. The second approximation linearizes the

target function f around 6, giving the standard group influence-function estimate of Z~(.5):

Z.(S) = %vo 10 Tus. )
The derivations of Equation (4) and Equation (5) are provided in Appendix B. Letting fh*n(zi) denote
the singleton case, the standard group estimate is additive: Z;;. (S) = doses Z;7..(2i). This additivity
is a consequence of the first-order approximation, not a property of the exact retraining effect Z~ (.59).
As a result, standard influence functions cannot capture interactions among examples in a group,
which motivates the interaction-aware approximation developed in the next section.

3 Method

We now develop our interaction-aware influence function, which captures how examples in a group
jointly affect a target function. Section 3.1 derives a group-attribution estimator by expanding the
target function to second order, yielding the standard additive influence plus a pairwise interaction
term. Section 3.2 then extends the estimator to a greedy data-selection procedure that discounts
candidates whose effect overlaps with already-selected examples. Full derivations and proofs for this
section are provided in Appendix C.

3.1 Interaction-aware influence functions

The standard influence function loses interaction information because the first-order approximation
treats each example’s effect as independent of the others. We extend the first-order approximation to
a second-order one to recover the interaction information.

Second-order expansion of the target function. We expand the target function f to second order
around 6: . ) )

flbp\s) = f(0) = Vef(0)"ds + 335Hsds + O(|ds]l*), (©)
where 0g = ép\ 5 — 0 is the parameter shift induced by removing S and H; = V2f (é) is the
Hessian of the target at 0. Substituting Equation (4) into Equation (6) yields our interaction-aware
influence function, an estimator of Z~ (S):

. 1 . 1
(9) = Nng(G)TuS + Wung us . (7
first-order influence interaction term (ours)

The first term recovers the standard first-order estimate fn_n(S ) from Equation (5). The second term,
which we call the interaction term, is a curvature correction induced by the target function and is the
source of non-additivity across examples in .S.

The same expansion applies to the data-addition setting, which arises in problems such as data
selection and active learning. Adding S to D flips the sign of the linear term while leaving the
quadratic term unchanged, giving

. 1 R 1
I7(S) = —Nng(H)Tus + Wung ug. (8)

The full derivation for the data-addition setting is provided in Appendix C.2. In practice, we use a
damped Gauss—Newton Hessian approximation to ensure invertibility, and apply EK-FAC [19, 22]
and low-rank gradient projection [10] for scalable Hessian computation. Details of these practical
approximations are provided in Appendix D.
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Interpreting the pairwise structure of the interaction term. The interaction term decomposes
into a sum of pairwise contributions between examples in S:

ulHpus = Z K(2i, 2j), w(a, b) = u, Hyup. ©)

zi,2; €S

For interpretive clarity, we first consider the case in which H is positive definite; x(a, b) is then the
inner product of the parameter shifts u, and u; under the metric induced by Hy. A positive value
indicates that the two shifts are aligned under this metric, meaning the examples perturb the parameters
in directions that produce similar changes in the target function, while orthogonal or opposing shifts
produce values near zero or negative. In this sense, x(a, b) quantifies how similarly two examples
act on the target. This similarity perspective explains why the additive approximation underestimates
the exact retraining effect on groups of similar examples [25]. Such groups produce large pairwise
interactions that the additive approximation discards, leading to systematic underestimation. In the
more general setting where H y is indefinite, x(a, b) generalizes from an inner product to a symmetric
bilinear form. We provide a spectral analysis of this case in Appendix C.4.

Relation between the first-order and interaction terms. A concrete scenario clarifies how the
two terms combine. Suppose we wish to identify a group S whose removal would most reduce a
target loss f. The first-order term, which sums individual influences, picks out examples whose

per-example influence %Vef (é)Tuz is negative, since each such removal individually lowers f. On
a group of near-duplicate examples of this kind, the additive sum predicts a large benefit, scaling
linearly with group size. The interaction term, however, is non-negative whenever H is positive
semidefinite, and scales superlinearly with group size when the per-example shifts align. Adding it
back therefore shrinks the predicted benefit, capturing the diminishing returns of removing redundant
examples.

In the addition setting, the linear term flips sign while the quadratic term is unchanged. In this
case, the two terms genuinely trade off: the linear term rewards candidates whose addition would
individually lower f, capturing quality, while the interaction term penalizes similarity within the
chosen group, capturing redundancy. This trade-off resonates with a recurring principle in data
selection [67] and active learning [3, 11, 28]: effective subsets pair individually helpful examples
with non-overlapping ones, typically by combining a per-example score with an explicit diversity
term. Here, the same balance emerges directly from a second-order expansion of the target, rather
than from an externally imposed design. The greedy procedure in Section 3.2 exploits this trade-off,
balancing per-example quality against group diversity at every step.

Interpreting the pairwise interaction in binary logistic regression. To better understand the
pairwise interaction, we analyze a tractable case in which the interaction admits a closed form: binary
logistic regression with /5 regularization. Let o denote the sigmoid function, and write o; = U(éTxi)
for the predicted probability on example .

Proposition 1 (Closed-form factorization of x). For binary logistic regression at 0 with y; € {0,1},
K(a, b) = (0a = Ya) (o6 — 4) - (Ta: o) 01,
where (u,v) pr = u' M v is the bilinear form induced by M = H~*H; H~'.

The proof relies on the closed-form gradient Vy/(z;,0) = (0; — y;)x;. Full details are given in
Appendix C.5.

Proposition 1 shows that when (x,,xp)pr > 0, so that 2, and x; are similar under the bilinear
form induced by M, the sign of k(a, b) is determined by the sign of the class-agreement factor
(04 — Ya)(ob — yp). Since o; € [0, 1], this factor is positive for same-class pairs and negative for
cross-class pairs. Because the target is a quantity to be minimized, this implies that adding two similar
examples with different labels benefits the classifier beyond their individual effects, while adding
similar examples with the same label yields diminishing returns.

This formally recovers two well-known principles of supervised learning: cross-class pairs with
similar features shape the decision boundary and are thus complementary [15, 46, 50], whereas same-
class pairs with similar features provide overlapping evidence and yield diminishing returns [7, 39, 52].
Proposition 1 shows that the interaction term encodes both principles directly, with the sign of k(a, b)
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Algorithm 1 Greedy selection with interaction-aware influence

Require: Candidate pool Dpo01 = {z}F |, budget K, precomputed {u;}, {w; = H ruit, {g =
u; w;}, target gradient Vg f(6), training set size N = |D|
Ensure: Selected subset S with |S| < K
1: Initialize S < () and accumulator w < 0, where w tracks Hyug
2. fort=1,...,K do

32 fori¢ Sdo .

4: m(z; | S) + —xVof(0) Tui+ 5z w u; + 537 @
5:  end for

6: 1" < argmingggm(z; | S)

7. S+ SU{zin}, w<—w+twpi

8: end for

9: return S

aligning with the role each pair plays in shaping the classifier. For clarity of exposition, we have
presented this analysis in the binary logistic regression setting. Both the factorization and these
conclusions hold for deep multi-class classifiers, as we develop in Appendix C.6.

Remark (Comparison with Basu et al. [S]). Our framework expands the target function to second
order, while the same second-order treatment can equally be applied to the reweighted minimizer

0(e; S). Basu et al. [5] pursue this alternative for group attribution. The two approaches yield
structurally distinct estimators: ours decomposes into pairwise contributions between examples in S,
which enables the similarity interpretation and the closed-form analysis in Proposition 1, while theirs
operates at the parameter level without an analogous pairwise structure. The two approaches also
differ in stability: 0(¢; S) need not be a smooth function of € in non-convex settings, so its second-
order expansion in € is poorly conditioned, while the target functions we consider, such as the held-out
loss, are twice continuously differentiable in 6 and avoid this source of ill-conditioning. Consistent
with this analysis, Basu et al. [5] themselves report degraded performance of their estimator on
non-linear models, a finding that aligns with our empirical comparison in Section 4.

3.2 Interaction-aware data selection

We now propose a data selection method that exploits the interaction term to select examples from a
candidate pool for addition to the training set. This problem reduces directly to group attribution:
finding the group that most reduces the target when added to the training data. Formally, given a
model trained on D and a candidate pool Dp,01, We seek a subset S C Dy, 0f size K that minimizes
the following objective:

S* o= argminf(épus) , (10)

[S|=K

where 6p_g denotes the minimizer of the empirical risk on the augmented set D U S. Since f (9)
does not depend on S, subtracting it from the objective preserves the minimizer, so this is equivalent

to minimizing the inclusion effect Z+(S) := f(fpus) — f(0). As ZT(S) is intractable to evaluate
exactly, we use its estimator Z (S) from Equation (8) as our selection criterion.

Greedy procedure. Exact combinatorial optimization of Z+ (S) is intractable, so we instead adopt
a greedy procedure that, starting from S = &, repeatedly appends the candidate z; minimizing
Z+(S U {z}). We quantify this change through the marginal score of adding z; ¢ S to a current
subset S: . .

m(z | S) = ZT(SU{z}) —Z7(S). (11)
Substituting Equation (8) into Equation (11) and using usyy.,} = us + u;, which follows from the
definition of ug, to expand the quadratic term gives

1 A 1 1
The first term is the standard first-order influence of z;, which captures its individual contribution
to reducing the target. The second term is the key novelty of our procedure: it accumulates the
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Figure 1: Spearman rank correlation between estimated and ground-truth group influences across six
dataset—-model pairs, where F, B, and I denote the first-order influence function, the second-order
term from Basu et al. [5], and our interaction term, respectively.

pairwise interactions analyzed in Section 3.1 between the candidate z; and each example in the
already-selected subset S. When z; is similar to examples in .S, the second term takes a large positive
value and increases the marginal score. The procedure thereby avoids selecting such candidates. The
third term depends only on the candidate z; itself, measuring how strongly its own parameter shift
would perturb the target. At each iteration we append the candidate minimizing m(z; | S) until
|S| = K; the full procedure is given in Algorithm 1.

The interaction-aware structure of Equation (12) sets our procedure apart from selection based on
the first-order influence [59], which chooses the top-k examples by individual influence score. Since
high-influence examples tend to share characteristics [67], this top-k rule yields redundant subsets and
consequently diminishing returns. Our second term addresses this limitation by penalizing candidates
similar to already-selected examples, thereby promoting diversity.

Complexity. The per-candidate quantities {u;}, {w; = Hyu;}, and {q; := u, w; } in Algorithm 1
depend on the candidate pool and target f but not on the iterates S, so we precompute them once
before the greedy loop. Each iteration then reduces to O(P) inner products in the dimension d
of u; plus a single update of the accumulator w, yielding a total cost of O(K Pd). Wall-clock
measurements are reported in Appendix E.4.

4 Faithfulness to Retraining

We validate the interaction-aware estimator developed in Section 3.1 along two axes. We first measure
how faithfully each estimator tracks the leave-group-out retraining effect on small-scale models,
where exact ground truth can be computed, and compare against first-order influence and prior
attribution methods. We then examine the pairwise interaction term’s behavior across class pairs to
illustrate the class-agreement structure of Proposition 1.

Setup. We report the Spearman rank correlation between estimated and ground-truth group influ-
ences. The ground-truth Z~ (S) is obtained by retraining from scratch on D \ S and measuring the
change in average held-out test loss. This evaluation is analogous to the linear datamodeling score
(LDS) [43], but we avoid the term to prevent ambiguity, as our attribution is not a linear combination
of individual scores.

We consider six dataset—model pairs spanning classification (MNIST [34], FashionMNIST [60],
CIFAR-10 [32]) and regression (Concrete [63], Parkinsons [53]), with models ranging from logistic
regression (LR) to MLPs and ResNet-9 [23]. To evaluate our estimator under conditions that are
challenging for group attribution, we construct groups with high intra-group similarity, where existing
group estimators are known to break down [25].



232
233
234
235
236
237

239
240
241
242
243
244
245
246
247
248
249

250
251
252
253
254
255

256
257
258
259
260
261
262
263

264

265
266
267

268

269
270
271

272
273
274
275
276
277
278
279
280

We compare our practical estimator against three influence-based methods. Throughout, we use
F to denote the first-order influence term, B for the second-order term from Basu et al. [5], and
I for our interaction term. The baselines are then the first-order influence function [29] (F), its
second-order variant [5] (F+B), and our estimator augmented with the Basu term (F+I1+B). Our
method corresponds to F+1. We additionally compare against two attribution methods aggregated
to the group level by summing individual scores: TRAK [43] and TracIn [44]. Group construction,
training, and influence computation details are provided in Appendix E.

Results. Figure 1 reports the Spearman rank correlation Lowest K Highest

across the six dataset-model pairs. The accuracy of first-
order influence (F) varies substantially across settings, rang- 3 5 2 S 313 3|3
ing from strong correlation on MNIST to near-zero on the i3 cd K 5 1] Y
3 5 3 3
5 al [

harder pairs. Our estimator (F+1/) achieves the highest corre-
%‘ k [
alern A LE

lation in every setting, improving upon first-order influence

by up to 0.67 and yielding meaningfully positive correla-

tions even where first-order influence performs poorly. This »
supports our claim that the interaction term captures infor- Pullover
mation that first-order influence systematically overlooks. |
The second-order variant (F+B) shows instability, empiri-

cally confirming the ill-conditioning of expanding 0(e; S)

g -— ‘_'; -
discussed in Section 3.1. The same correction applied to ~ Truck  Car Truck  Truck
our estimator (F+/+B) yields either a negligible change or
a substantial drop. TRAK and TracIn perform comparably
to first-order influence. These findings are robust to the
damping hyperparameter, as shown in Appendix F.

Figure 2: Representative images from
the class pairs with the lowest (left)
and highest (right) average pairwise
interaction.

Pairwise interaction analysis across classes. Given a multiclass classification problem, we identify
the class pairs whose joint effect on the test loss differs most from the sum of their individual
influences. For each pair of classes (i, j), including within-class pairs ¢ = j, we compute the average
pairwise interaction x over all example pairs with one example in class ¢ and the other in class j.
Figure 2 shows representative images from the class pairs with the lowest and highest averages for
MNIST/LR, FashionMNIST/MLP, and CIFAR-10/ResNet-9. The lowest-« pairs are visually similar
examples from different classes, while the highest-x pairs come from the same class, consistent with
Proposition 1.

S Application to Subset Selection

We now evaluate our estimator as a selection criterion via Algorithm 1. Section 5.1 validates the
procedure at a scale where ground-truth subset quality can be measured by retraining. Section 5.2
then tests whether the gains scale to instruction-tuning data selection for Llama-3.1-8B [21].

5.1 Validation on Small-Scale Models

This subsection isolates the contribution of the interaction term to selection quality. We compare
against influence-function variants on the held-out test loss after retraining, and additionally analyze
the diversity of the selected subsets through their class composition.

Setup. We apply Algorithm 1 to two-layer MLPs on MNIST and FashionMNIST. For each
dataset, we construct a candidate pool Dpeo1 Of |Dpool| = 5,000 examples sampled uniformly
at random from the training set. For each selection method, we form a subset S C D0l
of size K € {500, 1000,...,5000}, retrain the MLP from scratch on S, and report the result-
ing held-out test loss. To diagnose selection diversity, we additionally report the class entropy
H(S) == =", pe(S)logp.(S) of the selected subset, where p.(.S) is the fraction of examples in S
belonging to class ¢, with higher values indicating more uniform class coverage. We compare our
method (F+1) against the same influence-function baselines as in Section 4 (F, F+B, F+I+B) and
random selection. Further details are in Appendix E.
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Figure 3: Held-out test loss after retraining on the selected subset on MNIST (left) and FashionMNIST
(middle); class entropy of the subset on MNIST (right). Across selection sizes, lines and shaded
regions show the mean and standard deviation over five seeds.

Results. The left and middle plots in Figure 3 report the held-out test loss attained by retraining on
each method’s selected subset. Our method (F+1) outperforms every baseline on both datasets and at
every selection size, indicating that the interaction term translates into substantially better subsets.
The first-order influence function (F) degrades sharply and falls below random selection. We attribute
this to the redundancy of the subsets it selects and analyze it in detail in the class-entropy analysis
below. The second-order variant of Basu et al. [5] (F+B) improves over F but still trails random
selection at most budgets.

The right plot of Figure 3 reports the class entropy of subsets selected by each method. At small
budgets, both F' and F+B collapse onto a few classes, whereas our method matches the entropy of
random selection throughout, confirming that the interaction term penalizes redundant candidates.
A subset that omits entire classes cannot train a competitive classifier, which directly accounts for
the test-loss degradation observed above. The corresponding plot for FashionMNIST is provided in
Appendix F.

5.2 Data Selection for LLM Instruction Tuning

We now evaluate our selection method at LLM scale by fine-tuning Llama-3.1-8B on selected
instruction-tuning subsets and measuring downstream task performance.

Setup. We use the LESS pool [59] of approximately 270K instruction-tuning examples as the
candidate pool. Following standard practice in influence-based data selection for LLMs [59], we
adopt a warmup-then-select pipeline: we first fine-tune Llama-3.1-8B on a small random subset to

obtain a warmup checkpoint, which serves as # in our framework. We then compute per-example
projected gradients u; and target-curvature factors Hy u; at this checkpoint using LoGra [10], and
run Algorithm 1 to select K = 13,534 examples, amounting to 5% of the pool, independently
for each target task. The target function f is the instruction-masked likelihood, evaluated on the
official validation set when available and on a held-out split of the training set otherwise. We then
re-finetune from the original pretrained checkpoint on the selected subset. Training details, including
warmup configuration, optimizer, LoORA setup, damping, and per-method runtimes, are provided in
Appendix E.

We evaluate on seven downstream tasks covering three reasoning capabilities. For mathematical
reasoning, we use GSM8K [13] and AQuA [36]. For commonsense and science reasoning, we use
ARC-Easy [12], HellaSwag [66], PIQA [8], and ECQA [2]. For reading comprehension, we use
SQuAD [45]. We report exact match for GSM8K, F1 for SQuAD, and accuracy for the multiple-
choice tasks.

We compare against two influence-based baselines, two representation-similarity baselines, and a
random baseline. The influence-based baselines select examples with the highest target-influence
scores: Additive IF uses the standard first-order influence function [29], sharing our pipeline and
differing only in the absence of the interaction term. LESS [59] uses cosine similarity between
low-rank projections of training and target gradients. The representation-similarity baselines select
examples whose feature embeddings most closely match those of the target task: RDS+ [27] uses
pretrained-LM hidden states as features, and NV-Embed [35] uses embeddings from a retrieval-trained
LLM. Random selection samples K examples uniformly from the pool.
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Table 1: Test performance of fine-tuned Llama-3.1-8B on seven target tasks. We report the mean and
standard deviation over five seeds; the best result in each column is shown in bold.

Method GSMSK AQuA ARC-E  HellaSwag  PIQA ECQA SQUAD  Avg.

Random 46.75+2.69  24.652072  90.03+0.19  56.46+0.69  77.50+047 69.85+0.22  75.76x0.55 63.00
Additive IF  19.35+1.07  20.63+£1.03 88.72+030 48.66x1.99  77.38+0.79 69.52+029 76.92+030 57.31

LESS 41.83+1.32 8.82+2.87  90.11x0.15 62.11+087  77.40+049 71.19+0.12 76.73x051 61.17
RDS+ 58.44+1.29 24.65+287 88.70+032  52.19+1.03  75.14%1.14 70.88+041 57.60+1.91 61.09
NV-Embed  57.97+0.47 8.43+1.06  89.01x0.16  53.94+0.74  75.13%044 71.75x024 76.52+1.10 61.82
Ours 52.692096  30.94+0.72 90.44+0.11  63.43+0.3¢  79.39+0.32 71.17x0.19 79.87+0.34 66.85

Results. Table 1 reports the mean and standard deviation over five seeds. Our method attains
the best performance on five of the seven tasks and surpasses random selection on every task. The
two influence-based baselines, Additive IF and LESS, are outperformed on six of the seven tasks;
Additive IF, which ablates our interaction term, even falls below random on most tasks, isolating
the contribution of interaction-aware selection. LESS and NV-Embed further drop to below 9%
accuracy on AQuA, whereas our method remains stable across all tasks. On GSM8K, although our
method outperforms random selection and the influence-based baselines, the representation-similarity
baselines perform especially well. We conjecture this stems from GSM8K’s narrow design: problems
are restricted to elementary arithmetic, single integer answers, and short, simple descriptions. This
concentrated distribution plays to the strength of representation-similarity selection, which directly
retrieves semantically near-identical examples from the pool.

6 Related Work

Data attribution and influence functions. Data attribution methods quantify the contribution of
individual training examples to a model’s learned parameters or predictions on a target [20, 29, 43, 44].
Among these, influence functions [29] approximate this counterfactual via local linearization, with
subsequent work improving scalability through random-projection approaches [43], trajectory-based
methods [44], efficient curvature approximations [22, 49, 54], and extensions to large language
and generative models [1, 9, 10, 33, 40]. Complementary work studies the fragility of influence
estimates [6, 17, 31, 47]. Ye et al. [62] also expand the validation loss to second order, but only for
single-example influence in noisy-label settings, without group attribution. Prior work also shows
that summing individual attributions mismeasures group-level effects [25, 30, 48]. Closest to our
setting, Basu et al. [5] address this additive gap via a response-side expansion; we instead expand the
target function, yielding closed-form pairwise interactions. Wang et al. [56] and Wei et al. [58] also
model joint influence but focus on trajectory-accumulated rather than counterfactual effects.

Training data selection. Data selection methods score examples by influence [1, 10, 16, 59], diver-
sity [42], learned utility [18, 64], or Shapley-style contributions [20]. Scalable variants leverage influ-
ence distillation or small-model trajectories [41, 61]. Redundancy-aware pruning further penalizes
similar examples via pairwise similarity objectives [51]. However, individually influential examples
need not form the best subset once interactions make collective effects non-additive [25, 26, 55, 65].
Our second-order expansion of the target function enables interaction-aware selection by updating
each candidate’s marginal utility against the already-selected set.

7 Conclusion

We presented an interaction-aware influence function obtained from a second-order expansion of
the target function, decomposing group attribution into a standard first-order term and a pairwise
interaction term. Empirically, our method improves Spearman correlation with ground-truth retraining
effects on six dataset—model pairs. In subset selection, it outperforms random selection on every task
and beats existing influence-based and representation-similarity baselines on five of seven downstream
tasks. Two limitations suggest natural directions for future work: our greedy selection performs
strongly in practice but lacks formal optimality guarantees, and our estimator inherits approximation
error from the underlying Hessian approximations. Advances in scalable inverse-Hessian estimation
would directly improve robustness.
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A Notation

Table 2 consolidates the notation used throughout the paper. The symbols are grouped into five
categories: data and model objects, group-level effects on the target function, parameter shifts and
curvature matrices, the pairwise interaction term, and quantities specific to data selection. Within
each category, definitions are listed in the order they first appear in the main text, and we use the
same symbols in the appendix derivations.

Table 2: Summary of notation used throughout the main text and appendices, organized by category.

Symbol

Description

Data and model
D= {21}5\7:1

zi = (i, Yi)
SCD

0 € R?P

6

Op\s

Opus

O(c; S)

£(z,0)

L(O) = & 3, (z.0)
f(0)

Training dataset of N examples

¢-th training example with input x; and label y;
Subset (group) of training examples

Model parameters

Parameters obtained by training on D
Parameters obtained by retraining on D \ S
Parameters obtained by retraining on D U S
Parameters when examples in S are upweighted by €
Per-example loss

Empirical training loss

Target function (e.g., loss on a held-out example)

Group-level effects
Z-(9)
7+(5)
z;l?n (S)
71,(9)
(S
TH(s

—

Removal effect: f(é[)\s) — f(0)
Inclusion effect: f(Opus) — f(0)
First-order estimate of Z~(S)

First-order estimate of Z7(.S)

Our interaction-aware estimator of Z~ (.5)
Our interaction-aware estimator of Z*(.5)

Parameter shifts and curvature
gi = VQE(ZZ', é)

H = V3L(0)

G

Hy = V3 f(0)
M=H'HH "
Ui = Hﬁlgi

us = Zzies Ui

Per-example gradient at 6

Training-loss Hessian at 0

Gauss—Newton Hessian of the training loss at 6
Target-function Hessian at 6

Bilinear form arising in Proposition 1
Per-example parameter shift

Aggregate parameter shift over S

Pairwise interaction term

K(zis 2j) = ui Hyu,

Pairwise interaction between z; and z;

Data selection
Dpool
K

St
m(z; | S)

Candidate pool of examples

Selection budget (target subset size)

Selected subset after ¢ greedy iterations
Marginal score of adding z; to current subset S

B Derivation of the First-Order Influence Function

We derive Equation (4) and Equation (5), the first-order Taylor approximations of (i) the parameter
shift induced by removing S and (ii) the resulting change in the target function f. Throughout, we
maintain the assumptions stated in Section 2: ¢(z;, -) is twice continuously differentiable for every
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z; € D, and the training-loss Hessian
_ 1 2 A
H:= N Z Vil(zi,0)
2z, €D

is nonsingular at 0, and the target function f is differentiable at 0.

Proof strategy. Our goal is to approximate the target change f (ép\ s)— f(6) caused by removing S,
which we obtain in two first-order Taylor-expansion steps. The first step approximates the parameter

shift éD\ 5 — 0: as noted in Section 2, this parameter shift corresponds to a finite perturbation from
€ =0toe = —1/N along the reweighting path 6(e; S), and we approximate it by a first-order Taylor
expansion of 0 (¢ 9) in ¢, yielding Equation (4). The second step substitutes the resulting parameter
shift into a first-order Taylor expansion of f around 0, yielding Equation (5). The only quantity we
need to compute for the first step is the slope dé(e; S)/de at e = 0. To compute it, we use the fact
that é(e; S) minimizes the perturbed objective for every ¢, so the gradient of the perturbed objective

at 6(¢; S) remains zero as e varies. Differentiating this zero-gradient identity in € yields a closed form
for the slope.

Setup. Recall the perturbed objective from Equation (3),
1
R(0:¢,8) = > Uz 0) +e > U(z,0), (13)
2, €D z, €S
and its minimizer é(e; S) = argming R(6; ¢, S). At e = 0 the perturbation vanishes and we recover
6(0;S) = 6. Ate = —1/N, substituting into Equation (13) cancels the loss terms for z; € S:

1 1 1
L1 — 9 — — 0 = — .
R(O; =% 8) =5 D_ U 0) =5 D U=t =5 D Lz0).
2, €D z, €S Z/L'E'D\S
This differs from the empirical risk Rp\ 5(0) = ﬁ > ..ep\s {(#i,0) defined in Section 2 only by

a positive constant factor, so its minimizer coincides with the leave-group-out parameter ép\ 5.

Zero-gradient identity at the minimizer. Since 0(¢; S) is a minimizer of R(-; €, S), the gradient
of R in 0 is zero at 0(¢; S). Concretely, computing VR (6; €, .S) from Equation (13) and evaluating
atd = 0(¢; S) gives

% Z ng(zi,é(e; S)) +€ Z ng(%ﬁ(e;S)) =0. (14)
z; €D 2, €S
This identity holds for every € in a neighborhood of 0. By the implicit function theorem, the
nonsingularity of H further ensures that the minimizer path é(e; S) is differentiable in € near € = 0,
so we may differentiate both sides of the identity in e to extract the desired slope df(e; S)/de|.—o.

Differentiatingin c. Each per-example gradient V/(z;, 0(¢; S)) depends on € only through (e; S).
Differentiating Equation (14) in € and applying the chain rule to each such term gives

1 N A dé(e; S) A

i Z Vil(z,0(e;9)) + € Z V(%((zi,ﬁ(és))] Cde + Z Vol (zi,0(e; S)) = 0. (15)

€
2, €D z; €8 z, €S

Hessian of R(-;€,S)
At e = 0, the second summand inside the bracket is zero due to its € prefactor, and the bracket reduces

to H. Using g; := Vg{(z;,0) as defined in Section 2, Equation (15) becomes
di(e; S)

Y (16)
€ e=0 2,E€S8
Since H is invertible, we solve for the slope:
do €S _
(d e > o (17)
€ e=0 z; €S
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Parameter-shift approximation (Equation (4)). We now use the slope in Equation (17) inside the
first Taylor expansion promised in the strategy. Expanding 6(¢; S) to first order around € = 0 gives

. dé(e; S)

0(e;S) ~ 6 +e =f—eH ! Zgi. (18)
€ e=0 2, €S
Setting e = —1/N, which corresponds to leaving .S out, recovers Equation (4):
R s 1
Op\s =0~ - H %gi. (19)

Target-change approximation via the parameter shift (Equation (5)). For the second step, a
first-order Taylor expansion of the target f around € gives

fbp\s) — F(8) = Vof(0) (bprs —0). (20)

Substituting the parameter shift from Equation (19) yields the standard first-order group influence
estimate of Equation (5):

- _ 1 NT pr—1

Ti(8) = Vol (O)TH .Zesgi' 1)
The additivity follows immediately, since the right-hand side depends on .S only through the linear
sum ) g Gi-

C Derivations and Proofs for the Interaction-Aware Influence Function

C.1 Derivation of the interaction-aware influence function

We derive the interaction-aware influence function in Equation (7) by combining the second-order
Taylor expansion of the target function with the first-order parameter shift induced by removing S.

Recall from Equation (4) in Section 2 that the parameter shift induced by removing S admits the
first-order approximation

A A 1 1
bs = Op\s—0~ GH 'Y g = us, (22)
z; €S
where the last equality uses u; == H 'g; and ug = ZZ s U;- The second-order Taylor expansion
of f around 0 in Equation (6) is

FOp\s) = J(8) = Vof(0)"6s + 305Hsbs + O(los]?). (23)
Substituting Equation (22) into the linear term of Equation (23) gives
Vof(0) s ~ % Vof(0) us. (24)
Substituting the same approximation into the quadratic term gives
30sHpds ~ 3 <]1, US)THf (;f US> = #UEHJ‘US’ (25)

where the factor 1/N 2 arises from the two factors of 1 /N in dg. Combining Equations (24) and (25)
and recalling that the leave-group-out effect is 7~ (S) = f(0p\g) — f(0) yields
_ 1 - 1
I7(8) = + Vel (0)Tus + 5z ugHyus, (26)
which is Equation (7) in the main text. The remainder term O(||dg||®) is dropped, consistent with

the second-order approximation. The first term recovers the standard first-order estimate fn_n(S )
from Equation (5), and the second term is the curvature-induced interaction term that gives rise to
non-additivity across examples in S.
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C.2 Derivation for the data-addition setting

We now derive the addition-setting influence function in Equation (8). The argument parallels
Appendix C.1, with the only change appearing in the sign of the parameter shift induced by adding S
rather than removing it.

Consider the reweighted objective in Equation (3) with weight € assigned to the examples in S.
Setting ¢ = —1/N removes the contribution of S, recovering the leave-group-out parameter éD\ s
as a finite step along the reweighting path; setting ¢ = +1/N instead adds an extra copy of each
example in S with weight 1/N, which corresponds to retraining on the augmented set D U S with
each new example carrying the same per-example weight as in D. The first-order parameter shift

induced by this addition is therefore
R A 1 1
Opus —0 ~ ——H 'Y g = ——
pus R N

us, 27

which differs from Equation (22) only in sign. A complete derivation through the implicit function
theorem is given in Appendix B; the sign flip reflects the opposite direction of the reweighting step.

Substituting Equation (27) into the second-order Taylor expansion of f around 0 yields
1 I 1
R . - )
f(@pug) — f(@) ng(&) <N US) + 3 <N U5> Hf <N US)
1 ~ T 1 T

= fNV(af(@) us + 5o usHyus. (28)
The linear term flips sign because the parameter shift itself is negated, while the quadratic term is
invariant under this negation: the two factors of —1/N in the bilinear form combine to a positive
1/N2. Recalling that 7+ (S) = f(0pus) — f(0) gives Equation (8) in the main text.
This sign asymmetry has a direct consequence for our selection criterion in Section 3.2. When f is

to be minimized, a more negative Z© (S) is preferable, so the linear term rewards candidates whose

parameter shifts align with —Vg f (é) The quadratic term, in contrast, contributes the same sign in
both removal and addition settings, reflecting the fact that interactions among examples in S depend
on their joint geometry rather than on the direction of the perturbation.

Q

C.3 Pairwise decomposition of the interaction term

The interaction term ug Hy ug in Equations (7) and (8) admits a pairwise decomposition used in
Section 3.1, which we derive below.

Pairwise decomposition. Recall that ug = ZZie g u; is the aggregate of per-example shifts.
Substituting this definition into the bilinear form and expanding gives

-
usHpus = <Zuz> H; Zuj = Z ZuiTHfuj = Z K(zi, zj),  (29)

z;, €S ZjES ZiGSZJ‘ES ZiA,ZjGS

where x(a, b) = u] H rup as defined in Equation (9). This recovers the pairwise form used
throughout Section 3.1.

Self and cross contributions. The double sum in Equation (29) ranges over ordered pairs and can
be further separated into diagonal and off-diagonal contributions:

T _
ugHpug = g k(zi, z;) + 2 g K(zi, 2j), (30)
z; €S {zi,2;}CS, i#]
self contribution cross contribution

where the cross contribution sums over unordered pairs {z;, z;} with i % j and the factor of two
reflects the symmetry x(z;, z;) = k(z;, 2;) inherited from H; = HfT The self contribution
>, k20, z) = Y, u) Hy u; is determined entirely by the individual examples and would persist
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even if examples in S were processed independently. The cross contribution is the part of the
interaction term that genuinely encodes interactions between distinct examples and is the source of
non-additivity beyond the additive baseline. In the main text we present the unified double-sum form
in Equation (9) so that the analysis remains agnostic to whether self or cross terms dominate. The
split into self and cross contributions in Equation (30) becomes useful when isolating the genuinely
interactional content, which we exploit in the marginal score derivation in Appendix C.7.

C.4 Spectral interpretation of the pairwise interaction

We provide a spectral interpretation of the pairwise interaction x(a, b) that holds in the general
setting where the target Hessian Hy may be indefinite, going beyond the inner-product reading of
Section 3.1.

Spectral decomposition of the interaction term. Since f is twice continuously differentiable at 0,
H is symmetric and admits the eigendecomposition

Hy = mpopvy, (31)
k

where {p} are the real eigenvalues and {v;} form an orthonormal basis of unit eigenvectors.
Substituting Equation (31) into the definition of the interaction term % (a, b) = u] H fuyp yields

k(a, b) = Z'“k (v w) (v up). (32)

k

Each summand isolates the contribution of a single eigendirection v;. The product (v, u,) (v, up)
measures how the parameter shifts of a and b are aligned along v;,. The eigenvalue iy, then specifies
how strongly this alignment contributes to x(a, b), as well as its sign. The spectral view thus provides
additional information beyond the bilinear-form definition, allowing «(a, b) to be read as a sum of
independent contributions, one per eigendirection of H¢.

Reading the decomposition as a weighted similarity score. A useful way to read Equation (32) is
as an aggregate similarity score. The shifts u, and w; are compared from multiple perspectives, one
per eigendirection vy. These per-direction comparisons are then combined through a weighted sum,
with the eigenvalues i, acting as importance weights. When H ¢ is positive definite all weights 4z,
are positive, so alignment along any eigendirection contributes consistently in the positive direction
to the aggregate score. This recovers the inner-product reading of Section 3.1 in spectral form. The
additional insight is that the weight assigned to each perspective is precisely the curvature of f along
that direction.

Extension to the indefinite case. When H is instead indefinite, x(a, b) is no longer an inner
product but a symmetric bilinear form. The eigendecomposition in Equation (31) remains valid, so
the per-direction decomposition of x(a, b) in Equation (32) still applies. The only change is that
some eigenvalues p; may now be negative. Concretely, suppose u, and u; are aligned along an
eigendirection vy, that is, (v} ug) (v up) > 0:

* if ur > 0 (a locally convex direction), the per-direction contribution is positive, so this
aligned perspective increases the second-order correction and is harmful under the loss-
minimization convention;

* if p;, < 0 (alocally concave direction), the per-direction contribution is negative, so this
aligned perspective decreases the second-order correction and is beneficial under the same
convention.

The same logic applies with reversed signs when the two shifts are anti-aligned along v. In that case,
anti-alignment along a positive-curvature direction contributes negatively, while anti-alignment along
a negative-curvature direction contributes positively. The interaction term thus evaluates pairwise
behavior in a curvature-aware manner. The alignment between two examples can either drive f
toward worse values or pull it toward better ones, depending on the sign of the curvature along that
direction.
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C.5 Proof of Proposition 1

We prove the closed-form factorization of x(a, b) stated in Proposition 1. We work in the binary

logistic regression setting with ¢5 regularization of strength 8 > 0, and let § denote the regularized
empirical risk minimizer. The proof proceeds in three steps: deriving the closed-form per-example
gradient and the corresponding Hessian of the regularized objective, expressing the per-example
parameter shift in factored form, and substituting into the definition of x(a, b).

Step 1: per-example gradient and training-loss Hessian. For binary logistic regression, the
per-example data loss takes the form

0(z,0) = —yilogo (0 w;) — (1—yi)log(1—0o(0"x)), (33)
where y; € {0, 1} is the binary label. Using the standard identity a'(t) = o(t)(1 — o(t)) and writing
o; = (0T z;), the per-example gradient evaluated at 6 is

Vol(z:,0) = (05— i) wi. (34
The training objective is the regularized empirical risk

1
R() = Y0 + Sl 65)

Differentiating once gives VoR(0) = & >, Vol(z;,0) + 3 6. Differentiating once more yields the
training-loss Hessian

A 1 A 1
H = VR() = szgﬂ(zi,ﬁ) + BI = NZJi(l—Ui)xixiT + BI, (36)

where the last equality uses the closed-form per-example Hessian of the binary logistic loss. The data-
dependent part % Yool —o0y) x;x] is positive semidefinite as a sum of rank-one outer products
with non-negative weights, and the regularizer contributes 51 with 8 > 0. Their sum H is therefore
positive definite and hence invertible. We use Equation (34) as the per-example gradient driving the
influence approximation throughout the remainder of the proof.

Step 2: per-example parameter shift. Substituting the closed-form gradient into the definition
w; = H 1Vl(z;,0) gives

u, = H 'Y (os —yi)xi] = (07 —yi) H 'ay, 37

where the second equality uses the linearity of matrix-vector multiplication and the fact that (o; —y;) is
a scalar. Each per-example parameter shift therefore factors into a scalar prediction residual (o; — y;)
and a vector H'x; that depends only on the input feature z; through the inverse training-loss
Hessian.

Step 3: factorization of (a, b). Substituting Equation (37) into the definition x(a, b) :== u} H up
from Equation (9) gives

_ T _
k(a, b) = [(aa —ya) H 1xa] Hy [(ab —yp) H 1%}
= (04— Ya)(Ob — Up) xIH_IHf H 2y
= (00 = Ya)(ob = Yb) (Ta, Tv) 0, (38)
where the second equality factors the two scalar residuals out of the bilinear form and uses the
symmetry of H ', which holds because H is symmetric and positive definite, and the third equality

applies the definition M := H-'H; H~" together with (u,v)y = u' M v. This is exactly the
factorization claimed in Proposition 1, completing the proof.
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C.6 Extension of Proposition 1 to deep classifiers

Proposition 1 establishes a closed-form factorization of x(a, b) for binary logistic regression. We
now extend this result to deep classifiers, treating binary and multi-class classification in turn. The
argument is in both cases a direct consequence of chain rule applied to the per-example gradient: the
same scalar-residual-input-feature factorization that drives the proof of Proposition 1 survives when
the input feature x; is replaced by the logit Jacobian

Ji = Vo fs(xi), (39
where fy : X — R is the network logit output, with C' = 1 for binary classification and C' > 2
for multi-class classification. The bilinear-form matrix M := H~'H; H~"' from Proposition 1 is
unchanged. We treat the binary case first as it offers the cleanest correspondence with Proposition 1,
then state and prove the multi-class generalization.

Binary case. For binary classification (C' = 1), J; € R? is a vector. Writing o; := o(f;(x;)), the

per-example loss £(z;, 0) = — y; log o(fo(2:)) — (1 —y;) log(1 — o (fe(;))) has gradient at § given
by chain rule as
Vol(zi,0) = (o1 —:) i, (40)
which differs from Equation (34) only in that the input feature x; is replaced by the logit Jacobian J;.
Steps 2 and 3 of the proof of Proposition 1 therefore carry over verbatim with z; — J;, yielding
k(a, b) = (0a = ya) (oo — ) (Jas Jo)mr- 41
The class-agreement scalar is unchanged because it depends only on the network’s predictions and the
labels. The input-similarity term (x,, ) s generalizes to a Jacobian bilinear form (.J,, Jp) a7, which

is an M -weighted empirical neural tangent kernel evaluated at 6 when H t is positive semidefinite.

Decomposing the Jacobian bilinear form via the last layer. Writing § = (¢, w) for the feature-
extractor parameters and the last-layer weight, and decomposing f(x) = w ' ¢y () where ¢y, : X —
R% denotes the learned feature representation, the logit Jacobian .J; admits the block decomposition
() Tw N O09y(xi)
corresponding to gradients with respect to v (top block) and w (bottom block). Substituting into
the Jacobian bilinear form exposes both the learned feature representation and the feature Jacobian
directly: .
() Tw J¢(xb)Tw}
ot = [ e[ @)
In Equation (43), the bottom-block component ¢(x;) takes the place of the raw input feature z; in
Proposition 1. Since the network’s representation is well known to map visually similar examples
to similar ¢(x;), such examples contribute to x(a, b) through this block in the same way that input
similarity contributes in the LR setting. The top-block component J(z,(xi)Tw captures how the feature
representation responds to feature-extractor parameter perturbations along the readout direction w,
an additional structure unique to deep classifiers that has no counterpart in the LR setting.

Multi-class case. For multi-class classification with C' > 2, J; € RP*C is a matrix whose c-
th column is the gradient of the c-th logit with respect to all parameters. Write p; € A¢~! for
the softmax of f;(z;) and y; € {0,1}“ for the one-hot label. The cross-entropy loss £(z;, ) =

— chzl Yic log pi (6) has gradient at 6 given by chain rule as

Vol(z,0) = Jiri, 7= pi—y; € RO, (44)
Equation (44) generalizes Equation (34) in two parallel ways: the scalar residual (o; — y;) becomes
the vector residual 7;, and the input feature x; becomes the matrix Jacobian J;.
Substituting Equation (44) into the definition u; := H ~* Vyl(z;, é) gives u; = H~1J; r;. Plugging
this into the pairwise interaction (a, b) == u,| H t up from Equation (9) and factoring yields

Kk(a,b) = (H 'Jara) Hy (H ' Jymy)
=l JJH'H; H Jymy

= 14 Ky(za,2p) 70, (45)
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where the second equality uses the symmetry of H ~*, and the third equality defines the matrix-valued
bilinear form
Kuy(za, 1) == J] MJ, € RE*C, (46)

which is a matrix-valued empirical neural tangent kernel when H ¢ is positive semidefinite. The
factorization in Equation (45) is the multi-class generalization of Equation (38): the scalar residual
product (o, — ya)(0p — yp) is replaced by the bilinear form r] Ky, and the scalar feature
similarity (x,,xp) ps is replaced by the matrix-valued bilinear form K s (x,,xp). The binary case in
Equation (41) is recovered when C' = 1, with r; = 0; — y; and Kp; = (J,, Jp) 0 @ scalar.

Connection to the class-agreement structure. Proposition 1 identifies cross-class similar pairs
as beneficial and same-class similar pairs as redundant, with the sign of x(a, b) controlled by the
residual product (0, — y4)(0p — yp). The multi-class factorization in Equation (45) preserves the
structural form residual structure x Jacobian similarity, with the residual product replaced by the
bilinear form | K s r,. A direct calculation yields the residual-alignment identity

o = (PasDb) — Payys — Poye + LYa = 8], (47)

in which the indicator term contributes +1 for same-class pairs and 0 for cross-class pairs. For
predictions biased toward their true classes, this indicator drives the sign of the residual alignment
positive for same-class pairs and negative for cross-class pairs; for example, with p; . = (1—90) L[c =
yi] + 6/(C — 1) on the remaining classes, a short calculation gives r] 7, = §2C/(C — 1) > 0 for
same-class pairs and ] 7, = —0% C/(C — 1)? < 0 for cross-class pairs. When two examples are
similar so that J, ~ Jj, and M is positive semidefinite, K s (24, 2p) ~ JJ M J,, which is symmetric
PSD, and k(a, b) inherits the sign of the residual alignment. This recovers the cross-class-beneficial
and same-class-redundant structure of Proposition 1 and is consistent with the Figure 2 observation
that this class-pair structure carries over from logistic regression to MLPs and ResNet-9.

r

C.7 Derivation of the marginal score

We derive the marginal score in Equation (12) from the definition m (z; | S) == Z+(SU{z;})—Z*(S)
in Section 3.2. The derivation amounts to substituting the estimator 7 *(+) into the definition and
expanding the resulting quadratic form using the linearity of the aggregate parameter shift.

Recall from Equation (8) that the addition-setting estimator is

R 1 A 1

IH(8) = =5 Vol (0)Tus + xzusHyus, (48)
and that the aggregate approximated shift over a subset 7" is up = >
with z; ¢ S, the linearity of the sum gives

.,er Wi For T = SU {z}

USU{z;} = US T Uj. 49)
Substituting Equation (49) into the linear term of Equation (48) evaluated at S U {z;} gives

1 ~ 1 A 1 o
N Vof(0) "usugs,y = N Vof(0)Tus — Nvef(e)Tugﬂ (50)

The first term on the right cancels with the corresponding linear term in 7 *(S), leaving only the
contribution of z;.

Substituting Equation (49) into the quadratic term and expanding gives

1 1
oz Usupn Hrusogsy = g3z (us +ug) T Hy (us +uy)
1 1 1
= o737 ug Hyus + ﬁugﬂfuj + 5Nz u) Hyuj, (51)

where the cross terms uJ H u; and ujTH 7 ug combine into a single term with coefficient 1/N?
because Hy is symmetric, which gives u;rH fus = u:ng fuj. The first term on the right of
Equation (51) is the quadratic term in Z*(S) itself and cancels in the difference Z+(S U {2;}) —
1+(8).
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Combining the surviving contributions from Equations (50) and (51) yields

m(z; | S) ~ —NV(;f(G) uj + ﬁﬂstUj + oN2 W Hyuj, (52)
which is exactly Equation (12) in the main text. The three surviving terms admit the interpretation
given in Section 3.2: the first term is the standard first-order influence of the candidate z;, the second
term measures the curvature-driven interaction between z; and the already-selected subset .S, and the
third term is the candidate’s self-contribution to the curvature correction.

This decomposition aligns with the self versus cross distinction developed in Appendix C.3. The

cross term > ug Hy u; in Equation (52) is precisely the contribution of z; to the cross part of the

pairwise decomposition, while the self term 73 ujT H ¢ u; is its contribution to the diagonal part.
The greedy procedure in Algorithm 1 therefore exploits the same self versus cross structure to update
each candidate’s marginal utility based on its interaction with previously selected examples, without

recomputing the full quadratic form at each iteration.

D Scalable Approximations: EK-FAC and Low-Rank Gradient Projection

The estimators Z~ (S) and Z () defined in Equation (7) and Equation (8) require applying H !
to per-example gradients. Since H has p? entries in p parameters and is moreover not guaranteed
to be positive definite away from a minimum, this is intractable for the models considered in our
experiments. We therefore approximate H by the damped Gauss—Newton matrix G + AI, where G is

the Gauss—Newton Hessian of the training loss at fand A > 0Oisa damping constant. This appendix
collects the three approximations that make our estimator tractable at scale: the Gauss—Newton
approximation itself, its block-diagonal EK-FAC factorization, and a low-rank gradient projection for
large language models. The damping constant ) is treated as a hyperparameter and its selection is
described in Appendix E.

D.1 Damped Gauss—Newton approximation

Following standard practice in influence-function analysis [4, 22], we approximate the training

Hessian by the Gauss—Newton Hessian G of the training loss at #, damped by AI to ensure positive
definiteness. The Gauss—Newton Hessian is positive semidefinite by construction and discards the
indefinite residual term that arises in the exact Hessian, making it a natural surrogate when the goal is
to invert a curvature matrix.

The losses considered in this paper are all negative log-likelihoods of exponential-family distributions:
cross-entropy with softmax outputs for classification, squared error with a Gaussian likelihood
for regression, and token-level negative log-likelihood for instruction tuning. For such losses, the
Gauss—Newton Hessian coincides with the Fisher information matrix taken under the model’s output
distribution [37]. This equivalence is what licenses the use of curvature approximations developed
for the Fisher information matrix, and it is the same identification adopted by Grosse et al. [22] for
influence-function analysis of transformer language models. We accordingly state our approximations
in terms of G throughout, with the understanding that G may equivalently be read as the model-
distribution Fisher information.

D.2 Block-diagonal structure and EK-FAC

Even with the Gauss—Newton substitution, G remains a p X p matrix and cannot be inverted directly
at the parameter counts considered in our experiments. We therefore further approximate G as
block-diagonal across layers, treating cross-layer curvature as zero. This reduces the inversion to one
block per layer.

Within each block, we apply the Eigenvalue-Corrected Kronecker-Factored Approximate Curvature
(EK-FAC) approximation [19, 22]. EK-FAC builds on K-FAC [38], which factorizes the per-layer
Gauss—Newton block as a Kronecker product of two small matrices: the second-moment matrix of
the layer’s input activations and the second-moment matrix of the gradient with respect to the layer’s
pre-activations. EK-FAC retains the eigenbasis defined by these Kronecker factors but replaces the
implied Kronecker-structured eigenvalues with the exact diagonal of GG in that eigenbasis, estimated
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from training data. The resulting approximation is provably at least as accurate as K-FAC under
the Frobenius norm [19] while preserving the same favorable scaling: each per-layer block can be
inverted, and inverse-vector products evaluated, at a cost dominated by the layer’s activation and
pre-activation dimensions rather than its full parameter count. In practice, the per-example shifts
u; required by Equation (7) and Equation (8) are computed as (G + AI)~'V4/(z;, 6) by applying
this block-wise EK-FAC inverse to per-example gradients. We refer the reader to George et al. [19]
for the original derivation of EK-FAC and to Grosse et al. [22] for a detailed treatment of its use in
influence-function analysis.

D.3 Low-rank gradient projection for large language models

At the scale of Llama-3.1-8B, the per-layer EK-FAC blocks remain large enough that materializing
and storing one projected gradient u; per training example, as required by the greedy procedure in
Algorithm 1, is itself the dominant cost. To address this, we adopt the low-rank gradient projection of
LoGra [10], which introduces a shared low-dimensional subspace and projects all per-example gradi-
ents into that subspace before any subsequent inner product or curvature operation is performed. The
projection is applied consistently to gradients and to the target-side quantities entering Algorithm 1,
so that all inner products in the greedy loop are evaluated in the projected dimension d rather than in
the full parameter dimension p.

This projection is what reduces the per-iteration cost of Algorithm 1 to O(P) inner products in
dimension d, yielding the overall greedy-loop complexity of O(K Pd) stated in Section 3.2. We
use the projection dimension and hyperparameters reported in Appendix E, and refer the reader to
Choe et al. [10] for the construction of the projection operator and a full treatment of the resulting
estimator.

E Experimental Details

E.1 Small-scale Attribution Experiments

The attribution experiments in Section 4 consider six dataset—-model pairs: logistic regression and
MLP on MNIST, MLP on FashionMNIST, MLP on Concrete and Parkinsons, and ResNet-9 on
CIFAR-10. All datasets use their standard train/test splits.

Models. LR uses ¢ regularization with strength 0.01. The MLP has two hidden layers of width
128 and 64 with ReLLU activations. ResNet-9 follows the standard DAWNBench architecture [14],
trained from scratch.

Training. Training configurations are summarized in Table 3 and follow standard settings for each
model.

Table 3: Training configurations for small-scale models. The cosine schedule decays the learning rate
to zero by the end of training.

Model Optimizer Momentum LR LR Schedule Weight Decay Batch Size  Epochs

LR SGD 0.0 0.01 constant 0.01 64 200
MLP SGD 0.0 0.01 constant 0.01 64 200
ResNet-9 SGD 0.9 0.01 cosine 0.01 64 50

Group construction. Each group consists of an anchor sampled uniformly at random from the
training set, together with its |.S| — 1 nearest neighbors in softmax output space (under L? distance).
We set |\S| = 400, yielding 50 subsets per dataset-model pair, except for Concrete where we set
|S| = 100 due to its small training set. For regression tasks, the prediction itself replaces the softmax
output.

Ground truth. For each subset .S, we retrain the model from scratch on D \ S and report the mean
change in held-out test loss.
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Table 4: Compute cost of selection methods on the LESS pool with Llama-3.1-8B, in GPU-hours.

Method Warmup  Selection  Total
Additive IF 9.2 22 31
LESS [59] 9.2 306 315
RDS+ [27] - 23 23
NV-Embed [35] - 109 109
Ours 9.2 22 31

Table 5: Per-component GPU-hours of our selection pipeline on the LESS pool with Llama-3.1-8B.

Component GPU-hours Scope
Warmup fine-tuning 9.2 shared
Pool gradient extraction (LoGra) 22 shared
Selection step 0.07 per target

Influence computation. For LR, the Hessian is computed and inverted exactly. For MLPs and
ResNet-9, we use the damped Gauss—Newton approximation of the training Hessian, G + AI, and
approximate its inverse via EK-FAC. The damping ) is set to 10~2 for all influence-based methods.
The target Hessian H y is approximated as block-diagonal, with H ¢-vector products computed directly
without inversion.

Baselines. F is the standard first-order influence function [29]. F+B applies the second-order
response-function correction of Basu et al. [5], computed under the same curvature approximation
as our method. F+I+B combines our interaction term with the Basu correction under identical
approximations. For TRAK [43], we use projection dimension 2048 and ridge 0.01. For Tracln [44],
we use 10 evenly spaced checkpoints. For both TRAK and Tracln, group scores are obtained by
summing individual attributions.

E.2 Small-Scale Selection Experiments

The selection experiments in Section 5.1 use a two-hidden-layer MLP (784 — 128 — 64 — 10) with
ReLU activations and dropout rate 0.1. For each dataset, a candidate pool Dy, of 5,000 training

examples is drawn by a fixed permutation of the original training set, and the reference parameter
is obtained by training the MLP on this pool for 200 epochs with vanilla SGD (learning rate 10~2,
batch size 64, weight decay 3 x 10~2). The Hessian-inverse H ! is approximated via EK-FAC with
the GGN Fisher and damping A = 5x 10~!. Each selection picks K € {500, 1,000, ...,5,000}
examples in increments of 500 from the same pool Dj,,,1, and each selected subset is retrained from
scratch with the same training configuration. Held-out test loss is averaged over five random seeds
and reported; the class-entropy panel reports the Shannon entropy of the empirical class distribution
among the K selected examples.

E.3 LLM Data Selection Experiments

We fine-tune Llama-3.1-8B on subsets selected from the LESS pool of approximately 270K
instruction-tuning examples.

Warmup and selection. Following Xia et al. [S9], a warmup model @ is obtained by fine-tuning the
base model on a random subset of size 13,534 using LoRA (rank 8, scaling 16, applied to q_proj,
k_proj, v_proj, o_proj, gate_proj, up_proj, and down_proj), AdamW with peak learning
rate 10~4, cosine schedule with warmup ratio 0.03, effective batch size 128, sequence length 2048,
in bf16, for four epochs. At 6, we compute per-example projected gradients u; and curvature terms
H ju; using LoGra [10] with projection dimension 16, and apply Algorithm 1 to select K = 13,534
examples (5% of the pool) independently for each target task. The target function f is the instruction-
masked likelihood, evaluated on the official task validation set when available and on a held-out
training split otherwise. The selected indices for all seven target tasks are released alongside our code,
enabling reproduction of the fine-tuning results without rerunning the selection pipeline.

24



915
916
917
918
919

920
921
922
923

924
925
926
927
928
929
930

931

932
933

934
935
936
937
938

939
940
941
942
943
944

945

946
947

949
950

MNIST (MLP) FMNIST (MLP) FMNIST (MLP)

p 0.8 2.25[® S S T —
0.8 —
2.00
<6 20.6 2
c 0. < o ..o
& H S— | Er7s e - Random
* < ——
g 0.4 g 0.4 @ 1.50 F
1]
] o ——
o o 8125 F+B
Vo.2 v o.2 o = F+[+B
1.00
Ours
0.0 0.0 0.75
0.005 0.01 0.02 0.05 0.1 0.005 0.01 0.02 0.05 0.1 1000 2000 3000 4000 5000
damping A damping A # selected examples

Figure 4: Sensitivity analysis of the two-layer MLP over the damping hyperparameter on MNIST
(left) and FashionMNIST (middle), and class entropy on FashionMNIST (right).

Final fine-tuning. Selected subsets are used to fine-tune the original pretrained Llama-3.1-8B
checkpoint (rather than the warmup model) under the same LoRA configuration as warmup: AdamW
with peak learning rate 10~%, cosine schedule with warmup ratio 0.03, effective batch size 128,
sequence length 2048, and bf16 precision. We train for four epochs on GSMS8K, whose loss does not
converge within a single epoch, and one epoch on the remaining tasks.

Evaluation. We evaluate on GSM8K, AQuA, ARC-Easy, HellaSwag, PIQA, ECQA, and SQuAD
using the Tulu chat template [57]. All tasks use 0-shot prompting. We report exact match for GSMS8K,
F1 for SQuAD, and accuracy for the multiple-choice tasks, with the latter scored by length-normalized
log-likelihood. Results are averaged over five random seeds.

Baselines. All methods share the same candidate pool, selection budget, and final fine-tuning
protocol; influence-based methods additionally share the same warmup checkpoint. Additive IF
uses our warmup checkpoint and projected gradients but selects the top-K examples by first-order
influence, omitting the interaction term. LESS [59] uses Adam-adjusted gradient cosine similarity
with projection dimension 8192 on the same warmup checkpoint. RDS+ [27] uses position-weighted
mean-pooled hidden states from the warmup checkpoint with cosine similarity. NV-Embed [35] uses
embeddings from nvidia/NV-Embed-v2. Random uniformly subsamples from the pool.

E.4 Compute Resources

All small-scale experiments were conducted on a single NVIDIA RTX A6000 (48 GB), and all LLM
experiments on 8x NVIDIA RTX A6000 (48 GB).

Table 4 reports the GPU-hours required by each selection method on the LESS pool of approximately
270K instruction-tuning examples, summed over all devices used. Warmup fine-tunes a LoRA adapter
on a random subset of size 13,534 for four epochs. Additive IF and our method share the same
warmup checkpoint and LoGra-projected gradients, so their selection costs differ only in the greedy
step, which contributes approximately 50 seconds per target.

Table 5 decomposes the selection cost of our pipeline into its individual components. Warmup
fine-tuning and pool gradient extraction are shared across all seven targets, while the selection step
is paid once per target. The selection step itself further decomposes into four sub-steps: a one-time
covariance-state merge that is shared across targets, validation-set gradient extraction that scales per
target, first-order influence and target-curvature inner products, and the greedy selection loop. These
four sub-steps together account for the 0.07 GPU-hours per target reported in Table 5.

F Additional Experiments

In this section, we present two additional experiments on the two-layer MLP that complement the
small-scale attribution accuracy results of Section 4 and the small-scale selection quality results of
Section 5.1. The first examines the sensitivity of each method to the damping hyperparameter A used
in the EK-FAC, and the second extends the class entropy analysis from MNIST to FashionMNIST.
The results are summarized in Figure 4.
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Setup. Both experiments inherit the protocols of their counterparts in the main text, modified as
follows. For the damping sensitivity analysis, we follow the attribution setup of Section 4 but vary
A € {0.005,0.01,0.02,0.05,0.1} instead of fixing A = 10~2. All other elements of the protocol,
including group construction, ground-truth retraining, and the influence-function methods (F, F+B,
F+I+B, Ours), are unchanged. For the class entropy analysis, we run the selection procedure of
Section 5.1 on FashionMNIST instead of MNIST, keeping all other choices unchanged.

Damping sensitivity. The left and middle panels of Figure 4 report the Spearman correlation as a
function of the damping A on MNIST and FashionMNIST. Ours and F+I+B remain nearly constant
across the tested range on both datasets, while F and F+B are somewhat less stable, with F+B showing
the most pronounced decline at larger A on MNIST.

Class entropy on FashionMNIST. The right panel of Figure 4 reports the class entropy of the
subsets selected by each method on FashionMNIST. The pattern matches the MNIST result reported
in Figure 3: at small budgets, F and F+B collapse onto a few classes and F+I+B shows a milder but
still noticeable drop, while our method matches the entropy of random selection across all selection
sizes. This confirms that the diversity-promoting behavior of the interaction term is not specific to
MNIST and carries over to FashionMNIST.
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1. Claims

Question: Do the main claims made in the abstract and introduction accurately reflect the
paper’s contributions and scope?

Answer: [Yes]

Justification: The abstract and introduction state three claims: (i) we propose an interaction-
aware influence function from a second-order target-side expansion (formalized in Section 3),
(1) for logistic regression, the pairwise interaction term identifies cross-class pairs as
beneficial and same-class pairs as redundant (Proposition 1), and (iii) the estimator improves
Spearman correlation with retraining ground truth by up to 0.67 across six dataset—-model
pairs and outperforms random selection on Llama-3.1-8B instruction tuning (Section 5).
Each claim is supported by the corresponding theoretical or empirical result.

Guidelines:
e The answer [N/A] means that the abstract and introduction do not include the claims
made in the paper.

* The abstract and/or introduction should clearly state the claims made, including the
contributions made in the paper and important assumptions and limitations. A or
[N/A] answer to this question will not be perceived well by the reviewers.

* The claims made should match theoretical and experimental results, and reflect how
much the results can be expected to generalize to other settings.

* It is fine to include aspirational goals as motivation as long as it is clear that these goals
are not attained by the paper.

. Limitations

Question: Does the paper discuss the limitations of the work performed by the authors?
Answer: [Yes]

Justification: We discuss limitations in the conclusion, noting that our greedy selection
procedure lacks formal optimality guarantees and that our estimator inherits approximation
error from the underlying Hessian approximations.

Guidelines:

* The answer [N/A] means that the paper has no limitation while the answer means
that the paper has limitations, but those are not discussed in the paper.

* The authors are encouraged to create a separate “Limitations” section in their paper.

The paper should point out any strong assumptions and how robust the results are to
violations of these assumptions (e.g., independence assumptions, noiseless settings,
model well-specification, asymptotic approximations only holding locally). The authors
should reflect on how these assumptions might be violated in practice and what the
implications would be.

* The authors should reflect on the scope of the claims made, e.g., if the approach was
only tested on a few datasets or with a few runs. In general, empirical results often
depend on implicit assumptions, which should be articulated.

* The authors should reflect on the factors that influence the performance of the approach.
For example, a facial recognition algorithm may perform poorly when image resolution
is low or images are taken in low lighting. Or a speech-to-text system might not be
used reliably to provide closed captions for online lectures because it fails to handle
technical jargon.

* The authors should discuss the computational efficiency of the proposed algorithms

and how they scale with dataset size.

If applicable, the authors should discuss possible limitations of their approach to

address problems of privacy and fairness.

* While the authors might fear that complete honesty about limitations might be used by
reviewers as grounds for rejection, a worse outcome might be that reviewers discover
limitations that aren’t acknowledged in the paper. The authors should use their best
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judgment and recognize that individual actions in favor of transparency play an impor-
tant role in developing norms that preserve the integrity of the community. Reviewers
will be specifically instructed to not penalize honesty concerning limitations.

3. Theory assumptions and proofs

Question: For each theoretical result, does the paper provide the full set of assumptions and
a complete (and correct) proof?

Answer: [Yes]

Justification: The first-order influence approximation states the standard assumptions (twice
continuous differentiability of ¢, nonsingularity of H) in Section 2, and the derivation is
provided in Appendix B. Proposition 1 states its assumption (binary logistic regression with
{5 regularization) and is proved in Appendix C.5. All theorems and equations are numbered
and cross-referenced.

Guidelines:

* The answer [N/A] means that the paper does not include theoretical results.

* All the theorems, formulas, and proofs in the paper should be numbered and cross-
referenced.

* All assumptions should be clearly stated or referenced in the statement of any theorems.

* The proofs can either appear in the main paper or the supplemental material, but if
they appear in the supplemental material, the authors are encouraged to provide a short
proof sketch to provide intuition.

* Inversely, any informal proof provided in the core of the paper should be complemented
by formal proofs provided in appendix or supplemental material.

* Theorems and Lemmas that the proof relies upon should be properly referenced.

. Experimental result reproducibility

Question: Does the paper fully disclose all the information needed to reproduce the main ex-
perimental results of the paper to the extent that it affects the main claims and/or conclusions
of the paper (regardless of whether the code and data are provided or not)?

Answer: [Yes]

Justification: Algorithm 1 specifies the selection procedure end-to-end. Datasets, model
architectures, training configurations, group construction, ground-truth retraining protocol,
EK-FAC and damping settings, baseline hyperparameters, warmup pipeline, LoRA configu-
ration, evaluation protocol, and seed averaging are described in Appendix E. All datasets
used are publicly available.

Guidelines:

* The answer [N/A] means that the paper does not include experiments.

* If the paper includes experiments, a answer to this question will not be perceived
well by the reviewers: Making the paper reproducible is important, regardless of
whether the code and data are provided or not.

* If the contribution is a dataset and/or model, the authors should describe the steps taken
to make their results reproducible or verifiable.

* Depending on the contribution, reproducibility can be accomplished in various ways.
For example, if the contribution is a novel architecture, describing the architecture fully
might suffice, or if the contribution is a specific model and empirical evaluation, it may
be necessary to either make it possible for others to replicate the model with the same
dataset, or provide access to the model. In general. releasing code and data is often
one good way to accomplish this, but reproducibility can also be provided via detailed
instructions for how to replicate the results, access to a hosted model (e.g., in the case
of a large language model), releasing of a model checkpoint, or other means that are
appropriate to the research performed.

* While NeurIPS does not require releasing code, the conference does require all submis-
sions to provide some reasonable avenue for reproducibility, which may depend on the
nature of the contribution. For example

(a) If the contribution is primarily a new algorithm, the paper should make it clear how
to reproduce that algorithm.
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(b) If the contribution is primarily a new model architecture, the paper should describe
the architecture clearly and fully.

(c) If the contribution is a new model (e.g., a large language model), then there should
either be a way to access this model for reproducing the results or a way to reproduce
the model (e.g., with an open-source dataset or instructions for how to construct
the dataset).

(d) We recognize that reproducibility may be tricky in some cases, in which case
authors are welcome to describe the particular way they provide for reproducibility.
In the case of closed-source models, it may be that access to the model is limited in
some way (e.g., to registered users), but it should be possible for other researchers
to have some path to reproducing or verifying the results.

5. Open access to data and code

Question: Does the paper provide open access to the data and code, with sufficient instruc-
tions to faithfully reproduce the main experimental results, as described in supplemental
material?

Answer: [Yes]

Justification: An anonymized code repository containing implementations of our estimator,
the greedy selection procedure, the selected indices for all seven target tasks, and scripts
to reproduce the small-scale and LLLM experiments is provided as supplementary material
at https://anonymous.4open.science/r/Interaction_IF-45D6. All datasets used
(MNIST, FashionMNIST, Concrete, Parkinsons, CIFAR-10, the LESS instruction-tuning
pool, and the seven evaluation tasks) are publicly available; instructions for accessing and
preprocessing them are included in the repository README.

Guidelines:

* The answer [N/A] means that paper does not include experiments requiring code.

* Please see the NeurIPS code and data submission guidelines (https://neurips.cc/
public/guides/CodeSubmissionPolicy) for more details.

* While we encourage the release of code and data, we understand that this might not

be possible, so is an acceptable answer. Papers cannot be rejected simply for not
including code, unless this is central to the contribution (e.g., for a new open-source
benchmark).

* The instructions should contain the exact command and environment needed to run to
reproduce the results. See the NeurIPS code and data submission guidelines (https:
//neurips.cc/public/guides/CodeSubmissionPolicy) for more details.

* The authors should provide instructions on data access and preparation, including how
to access the raw data, preprocessed data, intermediate data, and generated data, etc.

* The authors should provide scripts to reproduce all experimental results for the new
proposed method and baselines. If only a subset of experiments are reproducible, they
should state which ones are omitted from the script and why.

* At submission time, to preserve anonymity, the authors should release anonymized
versions (if applicable).

* Providing as much information as possible in supplemental material (appended to the
paper) is recommended, but including URLSs to data and code is permitted.

6. Experimental setting/details

Question: Does the paper specify all the training and test details (e.g., data splits, hyperpa-
rameters, how they were chosen, type of optimizer) necessary to understand the results?

Answer: [Yes]

Justification: For the small-scale attribution experiments, optimizer, momentum, learning
rate and schedule, weight decay, batch size, and training budget for each model are sum-
marized in Table 3; group construction, damping, and baseline-specific hyperparameters
are described in Appendix E. For the LLM data selection experiments, warmup and final
fine-tuning configurations (LoRA setup, AdamW, scheduler, batch size, sequence length,
precision, epochs) and selection-pipeline hyperparameters (LoGra projection dimension,
selection budget) are also provided in Appendix E.
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Guidelines:

» The answer [N/A] means that the paper does not include experiments.

» The experimental setting should be presented in the core of the paper to a level of detail
that is necessary to appreciate the results and make sense of them.

* The full details can be provided either with the code, in appendix, or as supplemental
material.

. Experiment statistical significance

Question: Does the paper report error bars suitably and correctly defined or other appropriate
information about the statistical significance of the experiments?

Answer: [Yes]

Justification: Table 1 reports mean =+ standard deviation over 5 random seeds for the LLM
experiments, where the seed varies fine-tuning initialization and data shuffling.

Guidelines:

* The answer [N/A] means that the paper does not include experiments.

¢ The authors should answer [ Yes] if the results are accompanied by error bars, confidence
intervals, or statistical significance tests, at least for the experiments that support the
main claims of the paper.

* The factors of variability that the error bars are capturing should be clearly stated (for
example, train/test split, initialization, random drawing of some parameter, or overall
run with given experimental conditions).

* The method for calculating the error bars should be explained (closed form formula,
call to a library function, bootstrap, etc.)

* The assumptions made should be given (e.g., Normally distributed errors).

* It should be clear whether the error bar is the standard deviation or the standard error
of the mean.

e It is OK to report 1-sigma error bars, but one should state it. The authors should
preferably report a 2-sigma error bar than state that they have a 96% CI, if the hypothesis
of Normality of errors is not verified.

» For asymmetric distributions, the authors should be careful not to show in tables or
figures symmetric error bars that would yield results that are out of range (e.g., negative
error rates).

* If error bars are reported in tables or plots, the authors should explain in the text how
they were calculated and reference the corresponding figures or tables in the text.

8. Experiments compute resources

Question: For each experiment, does the paper provide sufficient information on the com-
puter resources (type of compute workers, memory, time of execution) needed to reproduce
the experiments?

Answer: [Yes]

Justification: Compute resources, including GPU type, number of devices, and approximate
GPU-hours per fine-tuning run and total, are reported in the Compute Resources subsection
of Appendix E.

Guidelines:

* The answer [N/A] means that the paper does not include experiments.

* The paper should indicate the type of compute workers CPU or GPU, internal cluster,
or cloud provider, including relevant memory and storage.

* The paper should provide the amount of compute required for each of the individual
experimental runs as well as estimate the total compute.

* The paper should disclose whether the full research project required more compute
than the experiments reported in the paper (e.g., preliminary or failed experiments that
didn’t make it into the paper).

9. Code of ethics
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10.

11.

Question: Does the research conducted in the paper conform, in every respect, with the
NeurIPS Code of Ethics https://neurips.cc/public/EthicsGuidelines?

Answer: [Yes]

Justification: The research uses publicly available datasets and pretrained models, does not
involve human subjects, and conforms with the NeurIPS Code of Ethics.

Guidelines:
¢ The answer [N/A] means that the authors have not reviewed the NeurIPS Code of
Ethics.
* If the authors answer , they should explain the special circumstances that require a

deviation from the Code of Ethics.

* The authors should make sure to preserve anonymity (e.g., if there is a special consid-
eration due to laws or regulations in their jurisdiction).

Broader impacts

Question: Does the paper discuss both potential positive societal impacts and negative
societal impacts of the work performed?

Answer: [N/A]

Justification: This work develops a foundational data attribution and selection method. It
is not tied to a specific deployment or application, and we do not foresee a direct path to
negative societal impact beyond the standard considerations that apply to any data-attribution
or instruction-tuning methodology.

Guidelines:

e The answer [N/A] means that there is no societal impact of the work performed.

* If the authors answer [N/A] or , they should explain why their work has no societal
impact or why the paper does not address societal impact.

» Examples of negative societal impacts include potential malicious or unintended uses
(e.g., disinformation, generating fake profiles, surveillance), fairness considerations
(e.g., deployment of technologies that could make decisions that unfairly impact specific
groups), privacy considerations, and security considerations.

* The conference expects that many papers will be foundational research and not tied
to particular applications, let alone deployments. However, if there is a direct path to
any negative applications, the authors should point it out. For example, it is legitimate
to point out that an improvement in the quality of generative models could be used to
generate Deepfakes for disinformation. On the other hand, it is not needed to point out
that a generic algorithm for optimizing neural networks could enable people to train
models that generate Deepfakes faster.

* The authors should consider possible harms that could arise when the technology is
being used as intended and functioning correctly, harms that could arise when the
technology is being used as intended but gives incorrect results, and harms following
from (intentional or unintentional) misuse of the technology.

« If there are negative societal impacts, the authors could also discuss possible mitigation
strategies (e.g., gated release of models, providing defenses in addition to attacks,
mechanisms for monitoring misuse, mechanisms to monitor how a system learns from
feedback over time, improving the efficiency and accessibility of ML).

Safeguards

Question: Does the paper describe safeguards that have been put in place for responsible
release of data or models that have a high risk for misuse (e.g., pre-trained language models,
image generators, or scraped datasets)?

Answer: [N/A]

Justification: We do not release new pretrained models, generative models, or scraped
datasets. Our LLM experiments fine-tune the publicly released Llama-3.1-8B model on a
publicly available instruction-tuning pool.

Guidelines:
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* The answer [N/A] means that the paper poses no such risks.

* Released models that have a high risk for misuse or dual-use should be released with
necessary safeguards to allow for controlled use of the model, for example by requiring
that users adhere to usage guidelines or restrictions to access the model or implementing
safety filters.

 Datasets that have been scraped from the Internet could pose safety risks. The authors
should describe how they avoided releasing unsafe images.

* We recognize that providing effective safeguards is challenging, and many papers do
not require this, but we encourage authors to take this into account and make a best
faith effort.

12. Licenses for existing assets

Question: Are the creators or original owners of assets (e.g., code, data, models), used in
the paper, properly credited and are the license and terms of use explicitly mentioned and
properly respected?

Answer: [Yes]

Justification: All datasets (MNIST, FashionMNIST, Concrete, Parkinsons, CIFAR-10,
GSMSK, AQuA, ARC-Easy, HellaSwag, PIQA, ECQA, SQuAD), the LESS instruction-
tuning pool, the Llama-3.1-8B model (used under the Llama 3.1 Community License), and
external tools (EK-FAC, LoGra, Tulu chat template) are cited at first use. We use them under
their respective public licenses and terms of use.

Guidelines:

* The answer [N/A] means that the paper does not use existing assets.
* The authors should cite the original paper that produced the code package or dataset.

* The authors should state which version of the asset is used and, if possible, include a
URL.

* The name of the license (e.g., CC-BY 4.0) should be included for each asset.

* For scraped data from a particular source (e.g., website), the copyright and terms of
service of that source should be provided.

o If assets are released, the license, copyright information, and terms of use in the
package should be provided. For popular datasets, paperswithcode.com/datasets
has curated licenses for some datasets. Their licensing guide can help determine the
license of a dataset.

* For existing datasets that are re-packaged, both the original license and the license of
the derived asset (if it has changed) should be provided.

« If this information is not available online, the authors are encouraged to reach out to
the asset’s creators.

13. New assets

Question: Are new assets introduced in the paper well documented and is the documentation
provided alongside the assets?

Answer: [Yes]

Justification: We release an anonymized code repository at https://anonymous.4open.
science/r/Interaction_IF-45D6 containing implementations of our interaction-aware
influence estimator, the greedy selection procedure, the selected indices for all seven target
tasks, and scripts to reproduce the small-scale attribution and LLM data selection experi-
ments. The repository includes a README describing dependencies, dataset access and
preprocessing, and step-by-step instructions to reproduce each experiment. We do not
release new datasets or pretrained models.

Guidelines:

* The answer [N/A] means that the paper does not release new assets.

* Researchers should communicate the details of the dataset/code/model as part of their
submissions via structured templates. This includes details about training, license,
limitations, etc.
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14.

15.

16.

* The paper should discuss whether and how consent was obtained from people whose
asset is used.
¢ At submission time, remember to anonymize your assets (if applicable). You can either
create an anonymized URL or include an anonymized zip file.
Crowdsourcing and research with human subjects

Question: For crowdsourcing experiments and research with human subjects, does the paper
include the full text of instructions given to participants and screenshots, if applicable, as
well as details about compensation (if any)?

Answer: [N/A]
Justification: The paper does not involve crowdsourcing or research with human subjects.
Guidelines:
* The answer [N/A] means that the paper does not involve crowdsourcing nor research
with human subjects.

* Including this information in the supplemental material is fine, but if the main contribu-
tion of the paper involves human subjects, then as much detail as possible should be
included in the main paper.

* According to the NeurIPS Code of Ethics, workers involved in data collection, curation,
or other labor should be paid at least the minimum wage in the country of the data
collector.

Institutional review board (IRB) approvals or equivalent for research with human
subjects

Question: Does the paper describe potential risks incurred by study participants, whether
such risks were disclosed to the subjects, and whether Institutional Review Board (IRB)
approvals (or an equivalent approval/review based on the requirements of your country or
institution) were obtained?

Answer: [N/A]

Justification: The paper does not involve research with human subjects and therefore does
not require IRB approval.

Guidelines:

* The answer [N/A| means that the paper does not involve crowdsourcing nor research
with human subjects.

* Depending on the country in which research is conducted, IRB approval (or equivalent)
may be required for any human subjects research. If you obtained IRB approval, you
should clearly state this in the paper.

* We recognize that the procedures for this may vary significantly between institutions
and locations, and we expect authors to adhere to the NeurIPS Code of Ethics and the
guidelines for their institution.

* For initial submissions, do not include any information that would break anonymity (if
applicable), such as the institution conducting the review.

Declaration of LLM usage

Question: Does the paper describe the usage of LLMs if it is an important, original, or
non-standard component of the core methods in this research? Note that if the LLM is used
only for writing, editing, or formatting purposes and does not impact the core methodology,
scientific rigor, or originality of the research, declaration is not required.

Answer: [N/A]

Justification: LLMs are not used as a component of the core methodology. Llama-3.1-8B
appears as the experimental subject for instruction-tuning data selection only.

Guidelines:

* The answer [N/A] means that the core method development in this research does not
involve LLMs as any important, original, or non-standard components.

* Please refer to our LLM policy in the NeurIPS handbook for what should or should not
be described.
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