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Abstract

Influence functions approximate how removing a training example changes a1

quantity of interest, called the target function, such as a held-out loss. To estimate2

the influence of a group of examples, the standard practice is to sum the individual3

influences of its members. However, this sum does not capture how examples4

jointly affect the target: a pair of examples may be redundant or complementary,5

but the sum cannot distinguish these cases. We propose an interaction-aware6

influence function that characterizes how interactions between examples influence7

the target. By expanding the target to second order around the trained parameters,8

we obtain an estimator that augments the standard sum with a pairwise interaction9

term that captures the alignment between two examples’ effects on the target. We10

empirically evaluate our estimator in two settings. First, on six dataset–model11

pairs spanning logistic regression, MLPs, and ResNet-9, our estimator tracks12

leave-group-out retraining substantially better than first-order influence across13

all settings. Second, when used as a greedy selection rule for instruction-tuning14

data on Llama-3.1-8B, it beats prior influence-based and representation-similarity15

baselines on five of seven downstream tasks, in a regime where standard influence-16

based selection underperforms random selection. Code is available at https:17

//anonymous.4open.science/r/Interaction_IF-45D6.18

1 Introduction19

Quantifying how training examples shape a trained model is a foundational problem in machine20

learning, with applications including selecting valuable training data [18, 59, 64], understanding21

what kinds of data benefit a model [22, 24], and fairly compensating data providers [10, 20]. The22

conceptual gold standard is leave-one-out retraining: remove a training example, retrain the model,23

and measure how some quantity of interest has changed. Since retraining for every example is24

prohibitive, influence functions [29] estimate this counterfactual in closed form by modeling two25

things in turn: how reweighting a training example would shift the trained parameters, and how those26

shifted parameters would change the quantity of interest. The quantity of interest, called the target27

function, is left to the user. It can be the loss on a held-out example [29], an average over a validation28

set, the likelihood of a downstream task answer [10, 59], or any other smooth function of the model.29

This flexibility is what lets a single approximation serve so many applications.30

Most of these applications, including subset selection, group-robustness analysis, and data valuation,31

ultimately ask about groups of examples rather than single ones. The textbook extension scores a32

group as the sum of its members’ individual influences [30], implicitly assuming examples contribute33

independently. This assumption is rarely true. Two near-duplicate examples each look highly34

influential on their own, yet adding both has roughly the same effect as adding one, so additive35

scoring double-counts the overlap and overestimates the group’s true effect [25, 26]. The same blind36

spot makes top-k influence-based data selection produce subsets that are highly redundant rather than37
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collectively useful [67], since the most individually influential examples tend to be similar. Basu et al.38

[5] previously addressed this with a second-order correction that makes the estimator non-additive,39

but their construction refines only how the trained parameters shift, missing how the target function40

responds to those shifts.41

We argue that group attribution is fundamentally about how training examples affect the target.42

Therefore, interactions between examples should be characterized in terms of their joint effect on43

the target, not just on the parameter shift. To this end, we propose an interaction-aware influence44

function that augments the standard sum of individual influences with a pairwise interaction term over45

examples in the group. The pairwise term captures the joint effect on the target: it is positive when the46

two examples push the model in similar directions and negative when they push in opposite directions.47

We further derive a closed-form factorization of the interaction term across classification settings,48

proving that two similar examples are jointly complementary when their labels differ and redundant49

when their labels agree, formally recovering classical principles in supervised learning [7, 15, 39, 46].50

As an application, we use the interaction term to discount candidates whose effects overlap with51

already selected examples, addressing the redundancy in top-k influence-based selection.52

We evaluate the method in two settings. First, we test whether our estimator faithfully tracks53

leave-group-out retraining across six dataset–model pairs, by assessing Spearman rank correlation54

with ground-truth retraining effects. It substantially outperforms prior influence-based training data55

attribution methods, demonstrating the importance of accounting for interactions in group attribution.56

Second, we evaluate the data selection method at scales ranging from small MLPs to instruction-57

tuning of Llama-3.1-8B [21]. On small-scale models, our method selects subsets with class diversity58

comparable to random selection, whereas baselines collapse onto a few classes and fall below random.59

In instruction-tuning data selection, our method consistently improves over random selection and60

achieves the strongest overall performance on five of seven downstream tasks.61

2 Preliminary62

We first review the classical influence function and its standard extension to group attribution. We63

summarize the notation used throughout the paper in Table 2 of Appendix A. Let D = {zi}Ni=1 be64

the training set of size N , where each example zi = (xi, yi) consists of an input xi and a label yi,65

and let ℓ(zi, θ) denote the loss of example zi at parameter θ ∈ Θ. For any subset A ⊆ D, define the66

empirical risk and its minimizer as67

RA(θ) :=
1

|A|
∑
zi∈A

ℓ(zi, θ), θ̂A := argmin
θ
RA(θ). (1)

We write θ̂ := θ̂D for the parameter trained on the full dataset. For a subset S ⊆ D, the parameter68

obtained by retraining after removing S is θ̂D\S .69

Let f : Θ→ R be a differentiable scalar target function of the trained parameters that we treat as a70

quantity to be minimized, such as the loss on a test example or the average loss on a validation set.171

The exact leave-group-out effect of removing S is72

I−(S) := f(θ̂D\S)− f(θ̂). (2)

For a singleton S = {zi}, this reduces to the usual leave-one-out effect. Computing I−(S) exactly73

requires retraining the model without S, which is expensive even for a single example and infeasible74

for many candidate groups.75

Influence functions approximate this retraining effect through infinitesimal reweighting [29]. Instead76

of removing S directly, consider the parameter obtained after adding a small weight ϵ to the losses of77

examples in S:78

θ̂(ϵ; S) := argmin
θ

{
1

N

∑
zi∈D

ℓ(zi, θ) + ϵ
∑
zi∈S

ℓ(zi, θ)

}
. (3)

At ϵ = 0, this recovers the original parameter θ̂. Since each example has weight 1/N in the empirical79

risk, setting ϵ = −1/N removes the contribution of every example in S. Thus, leave-group-out80

retraining can be viewed as a finite step along the reweighting path θ̂(ϵ; S).81

1A target to be maximized can be handled by negating f .

2



The influence function replaces this finite step with two first-order approximations. Let H :=82
1
N

∑
zi∈D∇2

θℓ(zi, θ̂) be the Hessian of the training objective. Assuming that ℓ(zi, ·) is twice continu-83

ously differentiable for every zi ∈ D and that H is nonsingular at θ̂, the first approximation linearizes84

the reweighting path θ̂(ϵ; S) in ϵ at ϵ = 0, yielding the parameter shift induced by removing S as85

θ̂D\S − θ̂ ≈
1

N
H−1

∑
zi∈S
∇θℓ(zi, θ̂). (4)

To simplify the notation, let ui := H−1∇θℓ(zi, θ̂) denote the per-example parameter shift induced86

by zi, and let uS :=
∑
zi∈S ui denote its aggregate over S. The second approximation linearizes the87

target function f around θ̂, giving the standard group influence-function estimate of I−(S):88

Î−lin(S) :=
1

N
∇θf(θ̂)⊤uS . (5)

The derivations of Equation (4) and Equation (5) are provided in Appendix B. Letting Î−lin(zi) denote89

the singleton case, the standard group estimate is additive: Î−lin(S) =
∑
zi∈S Î

−
lin(zi). This additivity90

is a consequence of the first-order approximation, not a property of the exact retraining effect I−(S).91

As a result, standard influence functions cannot capture interactions among examples in a group,92

which motivates the interaction-aware approximation developed in the next section.93

3 Method94

We now develop our interaction-aware influence function, which captures how examples in a group95

jointly affect a target function. Section 3.1 derives a group-attribution estimator by expanding the96

target function to second order, yielding the standard additive influence plus a pairwise interaction97

term. Section 3.2 then extends the estimator to a greedy data-selection procedure that discounts98

candidates whose effect overlaps with already-selected examples. Full derivations and proofs for this99

section are provided in Appendix C.100

3.1 Interaction-aware influence functions101

The standard influence function loses interaction information because the first-order approximation102

treats each example’s effect as independent of the others. We extend the first-order approximation to103

a second-order one to recover the interaction information.104

Second-order expansion of the target function. We expand the target function f to second order105

around θ̂:106

f(θ̂D\S)− f(θ̂) = ∇θf(θ̂)⊤δS + 1
2 δ

⊤
SHf δS + O(∥δS∥3), (6)

where δS := θ̂D\S − θ̂ is the parameter shift induced by removing S and Hf := ∇2
θf(θ̂) is the107

Hessian of the target at θ̂. Substituting Equation (4) into Equation (6) yields our interaction-aware108

influence function, an estimator of I−(S):109

Î−(S) :=
1

N
∇θf(θ̂)⊤uS︸ ︷︷ ︸

first-order influence

+
1

2N2
u⊤SHf uS︸ ︷︷ ︸

interaction term (ours)

. (7)

The first term recovers the standard first-order estimate Î−lin(S) from Equation (5). The second term,110

which we call the interaction term, is a curvature correction induced by the target function and is the111

source of non-additivity across examples in S.112

The same expansion applies to the data-addition setting, which arises in problems such as data113

selection and active learning. Adding S to D flips the sign of the linear term while leaving the114

quadratic term unchanged, giving115

Î+(S) := − 1

N
∇θf(θ̂)⊤uS +

1

2N2
u⊤SHf uS . (8)

The full derivation for the data-addition setting is provided in Appendix C.2. In practice, we use a116

damped Gauss–Newton Hessian approximation to ensure invertibility, and apply EK-FAC [19, 22]117

and low-rank gradient projection [10] for scalable Hessian computation. Details of these practical118

approximations are provided in Appendix D.119
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Interpreting the pairwise structure of the interaction term. The interaction term decomposes120

into a sum of pairwise contributions between examples in S:121

u⊤SHf uS =
∑

zi,zj∈S
κ(zi, zj), κ(a, b) := u⊤aHf ub. (9)

For interpretive clarity, we first consider the case in which Hf is positive definite; κ(a, b) is then the122

inner product of the parameter shifts ua and ub under the metric induced by Hf . A positive value123

indicates that the two shifts are aligned under this metric, meaning the examples perturb the parameters124

in directions that produce similar changes in the target function, while orthogonal or opposing shifts125

produce values near zero or negative. In this sense, κ(a, b) quantifies how similarly two examples126

act on the target. This similarity perspective explains why the additive approximation underestimates127

the exact retraining effect on groups of similar examples [25]. Such groups produce large pairwise128

interactions that the additive approximation discards, leading to systematic underestimation. In the129

more general setting where Hf is indefinite, κ(a, b) generalizes from an inner product to a symmetric130

bilinear form. We provide a spectral analysis of this case in Appendix C.4.131

Relation between the first-order and interaction terms. A concrete scenario clarifies how the132

two terms combine. Suppose we wish to identify a group S whose removal would most reduce a133

target loss f . The first-order term, which sums individual influences, picks out examples whose134

per-example influence 1
N∇θf(θ̂)

⊤ui is negative, since each such removal individually lowers f . On135

a group of near-duplicate examples of this kind, the additive sum predicts a large benefit, scaling136

linearly with group size. The interaction term, however, is non-negative whenever Hf is positive137

semidefinite, and scales superlinearly with group size when the per-example shifts align. Adding it138

back therefore shrinks the predicted benefit, capturing the diminishing returns of removing redundant139

examples.140

In the addition setting, the linear term flips sign while the quadratic term is unchanged. In this141

case, the two terms genuinely trade off: the linear term rewards candidates whose addition would142

individually lower f , capturing quality, while the interaction term penalizes similarity within the143

chosen group, capturing redundancy. This trade-off resonates with a recurring principle in data144

selection [67] and active learning [3, 11, 28]: effective subsets pair individually helpful examples145

with non-overlapping ones, typically by combining a per-example score with an explicit diversity146

term. Here, the same balance emerges directly from a second-order expansion of the target, rather147

than from an externally imposed design. The greedy procedure in Section 3.2 exploits this trade-off,148

balancing per-example quality against group diversity at every step.149

Interpreting the pairwise interaction in binary logistic regression. To better understand the150

pairwise interaction, we analyze a tractable case in which the interaction admits a closed form: binary151

logistic regression with ℓ2 regularization. Let σ denote the sigmoid function, and write σi := σ(θ̂⊤xi)152

for the predicted probability on example i.153

Proposition 1 (Closed-form factorization of κ). For binary logistic regression at θ̂ with yi ∈ {0, 1},154

κ(a, b) = (σa − ya)(σb − yb) · ⟨xa, xb⟩M ,

where ⟨u, v⟩M := u⊤M v is the bilinear form induced by M := H−1Hf H
−1.155

The proof relies on the closed-form gradient ∇θℓ(zi, θ̂) = (σi − yi)xi. Full details are given in156

Appendix C.5.157

Proposition 1 shows that when ⟨xa, xb⟩M > 0, so that xa and xb are similar under the bilinear158

form induced by M , the sign of κ(a, b) is determined by the sign of the class-agreement factor159

(σa − ya)(σb − yb). Since σi ∈ [0, 1], this factor is positive for same-class pairs and negative for160

cross-class pairs. Because the target is a quantity to be minimized, this implies that adding two similar161

examples with different labels benefits the classifier beyond their individual effects, while adding162

similar examples with the same label yields diminishing returns.163

This formally recovers two well-known principles of supervised learning: cross-class pairs with164

similar features shape the decision boundary and are thus complementary [15, 46, 50], whereas same-165

class pairs with similar features provide overlapping evidence and yield diminishing returns [7, 39, 52].166

Proposition 1 shows that the interaction term encodes both principles directly, with the sign of κ(a, b)167
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Algorithm 1 Greedy selection with interaction-aware influence

Require: Candidate pool Dpool = {zi}Pi=1, budget K, precomputed {ui}, {wi := Hf ui}, {qi :=
u⊤i wi}, target gradient ∇θf(θ̂), training set size N := |D|

Ensure: Selected subset S with |S| ≤ K
1: Initialize S ← ∅ and accumulator w ← 0, where w tracks Hf uS
2: for t = 1, . . . ,K do
3: for i /∈ S do
4: m(zi | S)← − 1

N∇θf(θ̂)
⊤ui +

1
N2 w

⊤ui +
1

2N2 qi
5: end for
6: i⋆ ← argmini/∈Sm(zi | S)
7: S ← S ∪ {zi⋆}, w ← w + wi⋆
8: end for
9: return S

aligning with the role each pair plays in shaping the classifier. For clarity of exposition, we have168

presented this analysis in the binary logistic regression setting. Both the factorization and these169

conclusions hold for deep multi-class classifiers, as we develop in Appendix C.6.170

Remark (Comparison with Basu et al. [5]). Our framework expands the target function to second171

order, while the same second-order treatment can equally be applied to the reweighted minimizer172

θ̂(ϵ;S). Basu et al. [5] pursue this alternative for group attribution. The two approaches yield173

structurally distinct estimators: ours decomposes into pairwise contributions between examples in S,174

which enables the similarity interpretation and the closed-form analysis in Proposition 1, while theirs175

operates at the parameter level without an analogous pairwise structure. The two approaches also176

differ in stability: θ̂(ϵ;S) need not be a smooth function of ϵ in non-convex settings, so its second-177

order expansion in ϵ is poorly conditioned, while the target functions we consider, such as the held-out178

loss, are twice continuously differentiable in θ and avoid this source of ill-conditioning. Consistent179

with this analysis, Basu et al. [5] themselves report degraded performance of their estimator on180

non-linear models, a finding that aligns with our empirical comparison in Section 4.181

3.2 Interaction-aware data selection182

We now propose a data selection method that exploits the interaction term to select examples from a183

candidate pool for addition to the training set. This problem reduces directly to group attribution:184

finding the group that most reduces the target when added to the training data. Formally, given a185

model trained onD and a candidate poolDpool, we seek a subset S ⊆ Dpool of sizeK that minimizes186

the following objective:187

S⋆ := argmin
|S|=K

f
(
θ̂D∪S

)
, (10)

where θ̂D∪S denotes the minimizer of the empirical risk on the augmented set D ∪ S. Since f(θ̂)188

does not depend on S, subtracting it from the objective preserves the minimizer, so this is equivalent189

to minimizing the inclusion effect I+(S) := f(θ̂D∪S)− f(θ̂). As I+(S) is intractable to evaluate190

exactly, we use its estimator Î+(S) from Equation (8) as our selection criterion.191

Greedy procedure. Exact combinatorial optimization of Î+(S) is intractable, so we instead adopt192

a greedy procedure that, starting from S = ∅, repeatedly appends the candidate zi minimizing193

Î+(S ∪ {zi}). We quantify this change through the marginal score of adding zi /∈ S to a current194

subset S:195

m(zi | S) := Î+(S ∪ {zi})− Î+(S). (11)
Substituting Equation (8) into Equation (11) and using uS∪{zi} = uS + ui, which follows from the196

definition of uS , to expand the quadratic term gives197

m(zi | S) ≈ −
1

N
∇θf(θ̂)⊤ui +

1

N2
u⊤SHf ui +

1

2N2
u⊤i Hf ui. (12)

The first term is the standard first-order influence of zi, which captures its individual contribution198

to reducing the target. The second term is the key novelty of our procedure: it accumulates the199
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Figure 1: Spearman rank correlation between estimated and ground-truth group influences across six
dataset–model pairs, where F, B, and I denote the first-order influence function, the second-order
term from Basu et al. [5], and our interaction term, respectively.

pairwise interactions analyzed in Section 3.1 between the candidate zi and each example in the200

already-selected subset S. When zi is similar to examples in S, the second term takes a large positive201

value and increases the marginal score. The procedure thereby avoids selecting such candidates. The202

third term depends only on the candidate zi itself, measuring how strongly its own parameter shift203

would perturb the target. At each iteration we append the candidate minimizing m(zi | S) until204

|S| = K; the full procedure is given in Algorithm 1.205

The interaction-aware structure of Equation (12) sets our procedure apart from selection based on206

the first-order influence [59], which chooses the top-k examples by individual influence score. Since207

high-influence examples tend to share characteristics [67], this top-k rule yields redundant subsets and208

consequently diminishing returns. Our second term addresses this limitation by penalizing candidates209

similar to already-selected examples, thereby promoting diversity.210

Complexity. The per-candidate quantities {ui}, {wi := Hf ui}, and {qi := u⊤i wi} in Algorithm 1211

depend on the candidate pool and target f but not on the iterates S, so we precompute them once212

before the greedy loop. Each iteration then reduces to O(P ) inner products in the dimension d213

of ui plus a single update of the accumulator w, yielding a total cost of O(KPd). Wall-clock214

measurements are reported in Appendix E.4.215

4 Faithfulness to Retraining216

We validate the interaction-aware estimator developed in Section 3.1 along two axes. We first measure217

how faithfully each estimator tracks the leave-group-out retraining effect on small-scale models,218

where exact ground truth can be computed, and compare against first-order influence and prior219

attribution methods. We then examine the pairwise interaction term’s behavior across class pairs to220

illustrate the class-agreement structure of Proposition 1.221

Setup. We report the Spearman rank correlation between estimated and ground-truth group influ-222

ences. The ground-truth I−(S) is obtained by retraining from scratch on D \ S and measuring the223

change in average held-out test loss. This evaluation is analogous to the linear datamodeling score224

(LDS) [43], but we avoid the term to prevent ambiguity, as our attribution is not a linear combination225

of individual scores.226

We consider six dataset–model pairs spanning classification (MNIST [34], FashionMNIST [60],227

CIFAR-10 [32]) and regression (Concrete [63], Parkinsons [53]), with models ranging from logistic228

regression (LR) to MLPs and ResNet-9 [23]. To evaluate our estimator under conditions that are229

challenging for group attribution, we construct groups with high intra-group similarity, where existing230

group estimators are known to break down [25].231
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We compare our practical estimator against three influence-based methods. Throughout, we use232

F to denote the first-order influence term, B for the second-order term from Basu et al. [5], and233

I for our interaction term. The baselines are then the first-order influence function [29] (F), its234

second-order variant [5] (F+B), and our estimator augmented with the Basu term (F+I+B). Our235

method corresponds to F+I. We additionally compare against two attribution methods aggregated236

to the group level by summing individual scores: TRAK [43] and TracIn [44]. Group construction,237

training, and influence computation details are provided in Appendix E.238

Lowest κ Highest κ

3 5 3 3

Coat Pullover Coat Coat

Truck Car Truck Truck

Figure 2: Representative images from
the class pairs with the lowest (left)
and highest (right) average pairwise
interaction.

Results. Figure 1 reports the Spearman rank correlation239

across the six dataset–model pairs. The accuracy of first-240

order influence (F) varies substantially across settings, rang-241

ing from strong correlation on MNIST to near-zero on the242

harder pairs. Our estimator (F+I) achieves the highest corre-243

lation in every setting, improving upon first-order influence244

by up to 0.67 and yielding meaningfully positive correla-245

tions even where first-order influence performs poorly. This246

supports our claim that the interaction term captures infor-247

mation that first-order influence systematically overlooks.248

The second-order variant (F+B) shows instability, empiri-249

cally confirming the ill-conditioning of expanding θ̂(ϵ;S)250

discussed in Section 3.1. The same correction applied to251

our estimator (F+I+B) yields either a negligible change or252

a substantial drop. TRAK and TracIn perform comparably253

to first-order influence. These findings are robust to the254

damping hyperparameter, as shown in Appendix F.255

Pairwise interaction analysis across classes. Given a multiclass classification problem, we identify256

the class pairs whose joint effect on the test loss differs most from the sum of their individual257

influences. For each pair of classes (i, j), including within-class pairs i = j, we compute the average258

pairwise interaction κ over all example pairs with one example in class i and the other in class j.259

Figure 2 shows representative images from the class pairs with the lowest and highest averages for260

MNIST/LR, FashionMNIST/MLP, and CIFAR-10/ResNet-9. The lowest-κ pairs are visually similar261

examples from different classes, while the highest-κ pairs come from the same class, consistent with262

Proposition 1.263

5 Application to Subset Selection264

We now evaluate our estimator as a selection criterion via Algorithm 1. Section 5.1 validates the265

procedure at a scale where ground-truth subset quality can be measured by retraining. Section 5.2266

then tests whether the gains scale to instruction-tuning data selection for Llama-3.1-8B [21].267

5.1 Validation on Small-Scale Models268

This subsection isolates the contribution of the interaction term to selection quality. We compare269

against influence-function variants on the held-out test loss after retraining, and additionally analyze270

the diversity of the selected subsets through their class composition.271

Setup. We apply Algorithm 1 to two-layer MLPs on MNIST and FashionMNIST. For each272

dataset, we construct a candidate pool Dpool of |Dpool| = 5,000 examples sampled uniformly273

at random from the training set. For each selection method, we form a subset S ⊆ Dpool274

of size K ∈ {500, 1000, . . . , 5000}, retrain the MLP from scratch on S, and report the result-275

ing held-out test loss. To diagnose selection diversity, we additionally report the class entropy276

H(S) := −
∑
c pc(S) log pc(S) of the selected subset, where pc(S) is the fraction of examples in S277

belonging to class c, with higher values indicating more uniform class coverage. We compare our278

method (F+I) against the same influence-function baselines as in Section 4 (F, F+B, F+I+B) and279

random selection. Further details are in Appendix E.280
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Figure 3: Held-out test loss after retraining on the selected subset on MNIST (left) and FashionMNIST
(middle); class entropy of the subset on MNIST (right). Across selection sizes, lines and shaded
regions show the mean and standard deviation over five seeds.

Results. The left and middle plots in Figure 3 report the held-out test loss attained by retraining on281

each method’s selected subset. Our method (F+I) outperforms every baseline on both datasets and at282

every selection size, indicating that the interaction term translates into substantially better subsets.283

The first-order influence function (F) degrades sharply and falls below random selection. We attribute284

this to the redundancy of the subsets it selects and analyze it in detail in the class-entropy analysis285

below. The second-order variant of Basu et al. [5] (F+B) improves over F but still trails random286

selection at most budgets.287

The right plot of Figure 3 reports the class entropy of subsets selected by each method. At small288

budgets, both F and F+B collapse onto a few classes, whereas our method matches the entropy of289

random selection throughout, confirming that the interaction term penalizes redundant candidates.290

A subset that omits entire classes cannot train a competitive classifier, which directly accounts for291

the test-loss degradation observed above. The corresponding plot for FashionMNIST is provided in292

Appendix F.293

5.2 Data Selection for LLM Instruction Tuning294

We now evaluate our selection method at LLM scale by fine-tuning Llama-3.1-8B on selected295

instruction-tuning subsets and measuring downstream task performance.296

Setup. We use the LESS pool [59] of approximately 270K instruction-tuning examples as the297

candidate pool. Following standard practice in influence-based data selection for LLMs [59], we298

adopt a warmup-then-select pipeline: we first fine-tune Llama-3.1-8B on a small random subset to299

obtain a warmup checkpoint, which serves as θ̂ in our framework. We then compute per-example300

projected gradients uj and target-curvature factors Hf uj at this checkpoint using LoGra [10], and301

run Algorithm 1 to select K = 13,534 examples, amounting to 5% of the pool, independently302

for each target task. The target function f is the instruction-masked likelihood, evaluated on the303

official validation set when available and on a held-out split of the training set otherwise. We then304

re-finetune from the original pretrained checkpoint on the selected subset. Training details, including305

warmup configuration, optimizer, LoRA setup, damping, and per-method runtimes, are provided in306

Appendix E.307

We evaluate on seven downstream tasks covering three reasoning capabilities. For mathematical308

reasoning, we use GSM8K [13] and AQuA [36]. For commonsense and science reasoning, we use309

ARC-Easy [12], HellaSwag [66], PIQA [8], and ECQA [2]. For reading comprehension, we use310

SQuAD [45]. We report exact match for GSM8K, F1 for SQuAD, and accuracy for the multiple-311

choice tasks.312

We compare against two influence-based baselines, two representation-similarity baselines, and a313

random baseline. The influence-based baselines select examples with the highest target-influence314

scores: Additive IF uses the standard first-order influence function [29], sharing our pipeline and315

differing only in the absence of the interaction term. LESS [59] uses cosine similarity between316

low-rank projections of training and target gradients. The representation-similarity baselines select317

examples whose feature embeddings most closely match those of the target task: RDS+ [27] uses318

pretrained-LM hidden states as features, and NV-Embed [35] uses embeddings from a retrieval-trained319

LLM. Random selection samples K examples uniformly from the pool.320
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Table 1: Test performance of fine-tuned Llama-3.1-8B on seven target tasks. We report the mean and
standard deviation over five seeds; the best result in each column is shown in bold.

Method GSM8K AQuA ARC-E HellaSwag PIQA ECQA SQuAD Avg.

Random 46.75±2.69 24.65±0.72 90.03±0.19 56.46±0.69 77.50±0.47 69.85±0.22 75.76±0.55 63.00
Additive IF 19.35±1.07 20.63±1.03 88.72±0.30 48.66±1.99 77.38±0.79 69.52±0.29 76.92±0.30 57.31
LESS 41.83±1.32 8.82±2.87 90.11±0.15 62.11±0.87 77.40±0.49 71.19±0.12 76.73±0.51 61.17
RDS+ 58.44±1.29 24.65±2.87 88.70±0.32 52.19±1.03 75.14±1.14 70.88±0.41 57.60±1.91 61.09
NV-Embed 57.97±0.47 8.43±1.06 89.01±0.16 53.94±0.74 75.13±0.44 71.75±0.24 76.52±1.10 61.82

Ours 52.69±0.96 30.94±0.72 90.44±0.11 63.43±0.34 79.39±0.32 71.17±0.19 79.87±0.34 66.85

Results. Table 1 reports the mean and standard deviation over five seeds. Our method attains321

the best performance on five of the seven tasks and surpasses random selection on every task. The322

two influence-based baselines, Additive IF and LESS, are outperformed on six of the seven tasks;323

Additive IF, which ablates our interaction term, even falls below random on most tasks, isolating324

the contribution of interaction-aware selection. LESS and NV-Embed further drop to below 9%325

accuracy on AQuA, whereas our method remains stable across all tasks. On GSM8K, although our326

method outperforms random selection and the influence-based baselines, the representation-similarity327

baselines perform especially well. We conjecture this stems from GSM8K’s narrow design: problems328

are restricted to elementary arithmetic, single integer answers, and short, simple descriptions. This329

concentrated distribution plays to the strength of representation-similarity selection, which directly330

retrieves semantically near-identical examples from the pool.331

6 Related Work332

Data attribution and influence functions. Data attribution methods quantify the contribution of333

individual training examples to a model’s learned parameters or predictions on a target [20, 29, 43, 44].334

Among these, influence functions [29] approximate this counterfactual via local linearization, with335

subsequent work improving scalability through random-projection approaches [43], trajectory-based336

methods [44], efficient curvature approximations [22, 49, 54], and extensions to large language337

and generative models [1, 9, 10, 33, 40]. Complementary work studies the fragility of influence338

estimates [6, 17, 31, 47]. Ye et al. [62] also expand the validation loss to second order, but only for339

single-example influence in noisy-label settings, without group attribution. Prior work also shows340

that summing individual attributions mismeasures group-level effects [25, 30, 48]. Closest to our341

setting, Basu et al. [5] address this additive gap via a response-side expansion; we instead expand the342

target function, yielding closed-form pairwise interactions. Wang et al. [56] and Wei et al. [58] also343

model joint influence but focus on trajectory-accumulated rather than counterfactual effects.344

Training data selection. Data selection methods score examples by influence [1, 10, 16, 59], diver-345

sity [42], learned utility [18, 64], or Shapley-style contributions [20]. Scalable variants leverage influ-346

ence distillation or small-model trajectories [41, 61]. Redundancy-aware pruning further penalizes347

similar examples via pairwise similarity objectives [51]. However, individually influential examples348

need not form the best subset once interactions make collective effects non-additive [25, 26, 55, 65].349

Our second-order expansion of the target function enables interaction-aware selection by updating350

each candidate’s marginal utility against the already-selected set.351

7 Conclusion352

We presented an interaction-aware influence function obtained from a second-order expansion of353

the target function, decomposing group attribution into a standard first-order term and a pairwise354

interaction term. Empirically, our method improves Spearman correlation with ground-truth retraining355

effects on six dataset–model pairs. In subset selection, it outperforms random selection on every task356

and beats existing influence-based and representation-similarity baselines on five of seven downstream357

tasks. Two limitations suggest natural directions for future work: our greedy selection performs358

strongly in practice but lacks formal optimality guarantees, and our estimator inherits approximation359

error from the underlying Hessian approximations. Advances in scalable inverse-Hessian estimation360

would directly improve robustness.361
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549

A Notation550

Table 2 consolidates the notation used throughout the paper. The symbols are grouped into five551

categories: data and model objects, group-level effects on the target function, parameter shifts and552

curvature matrices, the pairwise interaction term, and quantities specific to data selection. Within553

each category, definitions are listed in the order they first appear in the main text, and we use the554

same symbols in the appendix derivations.555

Table 2: Summary of notation used throughout the main text and appendices, organized by category.
Symbol Description

Data and model
D = {zi}Ni=1 Training dataset of N examples
zi = (xi, yi) i-th training example with input xi and label yi
S ⊆ D Subset (group) of training examples
θ ∈ Rp Model parameters
θ̂ Parameters obtained by training on D
θ̂D\S Parameters obtained by retraining on D \ S
θ̂D∪S Parameters obtained by retraining on D ∪ S

θ̂(ϵ; S) Parameters when examples in S are upweighted by ϵ
ℓ(z, θ) Per-example loss
L(θ) = 1

N

∑
i ℓ(zi, θ) Empirical training loss

f(θ) Target function (e.g., loss on a held-out example)

Group-level effects
I−(S) Removal effect: f(θ̂D\S)− f(θ̂)

I+(S) Inclusion effect: f(θ̂D∪S)− f(θ̂)

Î−
lin(S) First-order estimate of I−(S)

Î+
lin(S) First-order estimate of I+(S)

Î−(S) Our interaction-aware estimator of I−(S)

Î+(S) Our interaction-aware estimator of I+(S)

Parameter shifts and curvature
gi := ∇θℓ(zi, θ̂) Per-example gradient at θ̂
H := ∇2

θL(θ̂) Training-loss Hessian at θ̂
G Gauss–Newton Hessian of the training loss at θ̂
Hf := ∇2

θf(θ̂) Target-function Hessian at θ̂
M := H−1HfH

−1 Bilinear form arising in Proposition 1
ui := H−1gi Per-example parameter shift
uS :=

∑
zi∈S ui Aggregate parameter shift over S

Pairwise interaction term
κ(zi, zj) := u⊤

i Hfuj Pairwise interaction between zi and zj

Data selection
Dpool Candidate pool of examples
K Selection budget (target subset size)
St Selected subset after t greedy iterations
m(zj | S) Marginal score of adding zj to current subset S

B Derivation of the First-Order Influence Function556

We derive Equation (4) and Equation (5), the first-order Taylor approximations of (i) the parameter557

shift induced by removing S and (ii) the resulting change in the target function f . Throughout, we558

maintain the assumptions stated in Section 2: ℓ(zi, ·) is twice continuously differentiable for every559
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zi ∈ D, and the training-loss Hessian560

H :=
1

N

∑
zi∈D

∇2
θℓ(zi, θ̂)

is nonsingular at θ̂, and the target function f is differentiable at θ̂.561

Proof strategy. Our goal is to approximate the target change f(θ̂D\S)−f(θ̂) caused by removing S,562

which we obtain in two first-order Taylor-expansion steps. The first step approximates the parameter563

shift θ̂D\S − θ̂: as noted in Section 2, this parameter shift corresponds to a finite perturbation from564

ϵ = 0 to ϵ = −1/N along the reweighting path θ̂(ϵ;S), and we approximate it by a first-order Taylor565

expansion of θ̂(ϵ;S) in ϵ, yielding Equation (4). The second step substitutes the resulting parameter566

shift into a first-order Taylor expansion of f around θ̂, yielding Equation (5). The only quantity we567

need to compute for the first step is the slope dθ̂(ϵ;S)/dϵ at ϵ = 0. To compute it, we use the fact568

that θ̂(ϵ;S) minimizes the perturbed objective for every ϵ, so the gradient of the perturbed objective569

at θ̂(ϵ;S) remains zero as ϵ varies. Differentiating this zero-gradient identity in ϵ yields a closed form570

for the slope.571

Setup. Recall the perturbed objective from Equation (3),572

R(θ; ϵ, S) := 1

N

∑
zi∈D

ℓ(zi, θ) + ϵ
∑
zi∈S

ℓ(zi, θ), (13)

and its minimizer θ̂(ϵ;S) := argminθR(θ; ϵ, S). At ϵ = 0 the perturbation vanishes and we recover573

θ̂(0;S) = θ̂. At ϵ = −1/N , substituting into Equation (13) cancels the loss terms for zi ∈ S:574

R
(
θ; − 1

N , S
)
=

1

N

∑
zi∈D

ℓ(zi, θ)−
1

N

∑
zi∈S

ℓ(zi, θ) =
1

N

∑
zi∈D\S

ℓ(zi, θ).

This differs from the empirical riskRD\S(θ) =
1

|D\S|
∑
zi∈D\S ℓ(zi, θ) defined in Section 2 only by575

a positive constant factor, so its minimizer coincides with the leave-group-out parameter θ̂D\S .576

Zero-gradient identity at the minimizer. Since θ̂(ϵ;S) is a minimizer ofR(·; ϵ, S), the gradient577

ofR in θ is zero at θ̂(ϵ;S). Concretely, computing ∇θR(θ; ϵ, S) from Equation (13) and evaluating578

at θ = θ̂(ϵ;S) gives579

1

N

∑
zi∈D

∇θℓ
(
zi, θ̂(ϵ;S)

)
+ ϵ

∑
zi∈S
∇θℓ

(
zi, θ̂(ϵ;S)

)
= 0. (14)

This identity holds for every ϵ in a neighborhood of 0. By the implicit function theorem, the580

nonsingularity of H further ensures that the minimizer path θ̂(ϵ;S) is differentiable in ϵ near ϵ = 0,581

so we may differentiate both sides of the identity in ϵ to extract the desired slope dθ̂(ϵ;S)/dϵ|ϵ=0.582

Differentiating in ϵ. Each per-example gradient∇θℓ(zi, θ̂(ϵ;S)) depends on ϵ only through θ̂(ϵ;S).583

Differentiating Equation (14) in ϵ and applying the chain rule to each such term gives584 [
1

N

∑
zi∈D

∇2
θℓ
(
zi, θ̂(ϵ;S)

)
+ ϵ

∑
zi∈S
∇2
θℓ
(
zi, θ̂(ϵ;S)

)]
︸ ︷︷ ︸

Hessian of R(·;ϵ,S)

dθ̂(ϵ;S)

dϵ
+
∑
zi∈S
∇θℓ

(
zi, θ̂(ϵ;S)

)
= 0. (15)

At ϵ = 0, the second summand inside the bracket is zero due to its ϵ prefactor, and the bracket reduces585

to H . Using gi := ∇θℓ(zi, θ̂) as defined in Section 2, Equation (15) becomes586

H · dθ̂(ϵ;S)
dϵ

∣∣∣∣
ϵ=0

+
∑
zi∈S

gi = 0. (16)

Since H is invertible, we solve for the slope:587

dθ̂(ϵ;S)

dϵ

∣∣∣∣
ϵ=0

= −H−1
∑
zi∈S

gi. (17)
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Parameter-shift approximation (Equation (4)). We now use the slope in Equation (17) inside the588

first Taylor expansion promised in the strategy. Expanding θ̂(ϵ;S) to first order around ϵ = 0 gives589

θ̂(ϵ;S) ≈ θ̂ + ϵ · dθ̂(ϵ;S)
dϵ

∣∣∣∣
ϵ=0

= θ̂ − ϵH−1
∑
zi∈S

gi. (18)

Setting ϵ = −1/N , which corresponds to leaving S out, recovers Equation (4):590

θ̂D\S − θ̂ ≈
1

N
H−1

∑
zi∈S

gi. (19)

Target-change approximation via the parameter shift (Equation (5)). For the second step, a591

first-order Taylor expansion of the target f around θ̂ gives592

f(θ̂D\S)− f(θ̂) ≈ ∇θf(θ̂)⊤
(
θ̂D\S − θ̂

)
. (20)

Substituting the parameter shift from Equation (19) yields the standard first-order group influence593

estimate of Equation (5):594

Î−lin(S) :=
1

N
∇θf(θ̂)⊤H−1

∑
zi∈S

gi. (21)

The additivity follows immediately, since the right-hand side depends on S only through the linear595

sum
∑
zi∈S gi.596

C Derivations and Proofs for the Interaction-Aware Influence Function597

C.1 Derivation of the interaction-aware influence function598

We derive the interaction-aware influence function in Equation (7) by combining the second-order599

Taylor expansion of the target function with the first-order parameter shift induced by removing S.600

Recall from Equation (4) in Section 2 that the parameter shift induced by removing S admits the601

first-order approximation602

δS := θ̂D\S − θ̂ ≈
1

N
H−1

∑
zi∈S

gi =
1

N
uS , (22)

where the last equality uses ui := H−1gi and uS :=
∑
zi∈S ui. The second-order Taylor expansion603

of f around θ̂ in Equation (6) is604

f(θ̂D\S)− f(θ̂) = ∇θf(θ̂)⊤δS + 1
2 δ

⊤
SHf δS + O(∥δS∥3). (23)

Substituting Equation (22) into the linear term of Equation (23) gives605

∇θf(θ̂)⊤δS ≈
1

N
∇θf(θ̂)⊤uS . (24)

Substituting the same approximation into the quadratic term gives606

1
2 δ

⊤
SHf δS ≈ 1

2

(
1

N
uS

)⊤

Hf

(
1

N
uS

)
=

1

2N2
u⊤SHf uS , (25)

where the factor 1/N2 arises from the two factors of 1/N in δS . Combining Equations (24) and (25)607

and recalling that the leave-group-out effect is I−(S) = f(θ̂D\S)− f(θ̂) yields608

I−(S) ≈ 1

N
∇θf(θ̂)⊤uS +

1

2N2
u⊤SHf uS , (26)

which is Equation (7) in the main text. The remainder term O(∥δS∥3) is dropped, consistent with609

the second-order approximation. The first term recovers the standard first-order estimate Î−lin(S)610

from Equation (5), and the second term is the curvature-induced interaction term that gives rise to611

non-additivity across examples in S.612
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C.2 Derivation for the data-addition setting613

We now derive the addition-setting influence function in Equation (8). The argument parallels614

Appendix C.1, with the only change appearing in the sign of the parameter shift induced by adding S615

rather than removing it.616

Consider the reweighted objective in Equation (3) with weight ϵ assigned to the examples in S.617

Setting ϵ = −1/N removes the contribution of S, recovering the leave-group-out parameter θ̂D\S618

as a finite step along the reweighting path; setting ϵ = +1/N instead adds an extra copy of each619

example in S with weight 1/N , which corresponds to retraining on the augmented set D ∪ S with620

each new example carrying the same per-example weight as in D. The first-order parameter shift621

induced by this addition is therefore622

θ̂D∪S − θ̂ ≈ −
1

N
H−1

∑
zi∈S

gi = − 1

N
uS , (27)

which differs from Equation (22) only in sign. A complete derivation through the implicit function623

theorem is given in Appendix B; the sign flip reflects the opposite direction of the reweighting step.624

Substituting Equation (27) into the second-order Taylor expansion of f around θ̂ yields625

f(θ̂D∪S)− f(θ̂) ≈ ∇θf(θ̂)⊤
(
− 1

N
uS

)
+ 1

2

(
− 1

N
uS

)⊤

Hf

(
− 1

N
uS

)
= − 1

N
∇θf(θ̂)⊤uS +

1

2N2
u⊤SHf uS . (28)

The linear term flips sign because the parameter shift itself is negated, while the quadratic term is626

invariant under this negation: the two factors of −1/N in the bilinear form combine to a positive627

1/N2. Recalling that I+(S) = f(θ̂D∪S)− f(θ̂) gives Equation (8) in the main text.628

This sign asymmetry has a direct consequence for our selection criterion in Section 3.2. When f is629

to be minimized, a more negative I+(S) is preferable, so the linear term rewards candidates whose630

parameter shifts align with −∇θf(θ̂). The quadratic term, in contrast, contributes the same sign in631

both removal and addition settings, reflecting the fact that interactions among examples in S depend632

on their joint geometry rather than on the direction of the perturbation.633

C.3 Pairwise decomposition of the interaction term634

The interaction term u⊤SHf uS in Equations (7) and (8) admits a pairwise decomposition used in635

Section 3.1, which we derive below.636

Pairwise decomposition. Recall that uS =
∑
zi∈S ui is the aggregate of per-example shifts.637

Substituting this definition into the bilinear form and expanding gives638

u⊤SHf uS =

(∑
zi∈S

ui

)⊤

Hf

∑
zj∈S

uj

 =
∑
zi∈S

∑
zj∈S

u⊤i Hf uj =
∑

zi,zj∈S
κ(zi, zj), (29)

where κ(a, b) := u⊤aHf ub as defined in Equation (9). This recovers the pairwise form used639

throughout Section 3.1.640

Self and cross contributions. The double sum in Equation (29) ranges over ordered pairs and can641

be further separated into diagonal and off-diagonal contributions:642

u⊤SHf uS =
∑
zi∈S

κ(zi, zi)︸ ︷︷ ︸
self contribution

+ 2
∑

{zi,zj}⊂S, i̸=j

κ(zi, zj)︸ ︷︷ ︸
cross contribution

, (30)

where the cross contribution sums over unordered pairs {zi, zj} with i ̸= j and the factor of two643

reflects the symmetry κ(zi, zj) = κ(zj , zi) inherited from Hf = H⊤
f . The self contribution644 ∑

i κ(zi, zi) =
∑
i u

⊤
i Hf ui is determined entirely by the individual examples and would persist645
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even if examples in S were processed independently. The cross contribution is the part of the646

interaction term that genuinely encodes interactions between distinct examples and is the source of647

non-additivity beyond the additive baseline. In the main text we present the unified double-sum form648

in Equation (9) so that the analysis remains agnostic to whether self or cross terms dominate. The649

split into self and cross contributions in Equation (30) becomes useful when isolating the genuinely650

interactional content, which we exploit in the marginal score derivation in Appendix C.7.651

C.4 Spectral interpretation of the pairwise interaction652

We provide a spectral interpretation of the pairwise interaction κ(a, b) that holds in the general653

setting where the target Hessian Hf may be indefinite, going beyond the inner-product reading of654

Section 3.1.655

Spectral decomposition of the interaction term. Since f is twice continuously differentiable at θ̂,656

Hf is symmetric and admits the eigendecomposition657

Hf =
∑
k

µk vkv
⊤
k , (31)

where {µk} are the real eigenvalues and {vk} form an orthonormal basis of unit eigenvectors.658

Substituting Equation (31) into the definition of the interaction term κ(a, b) = u⊤aHf ub yields659

κ(a, b) =
∑
k

µk (v
⊤
k ua)(v

⊤
k ub). (32)

Each summand isolates the contribution of a single eigendirection vk. The product (v⊤k ua)(v
⊤
k ub)660

measures how the parameter shifts of a and b are aligned along vk. The eigenvalue µk then specifies661

how strongly this alignment contributes to κ(a, b), as well as its sign. The spectral view thus provides662

additional information beyond the bilinear-form definition, allowing κ(a, b) to be read as a sum of663

independent contributions, one per eigendirection of Hf .664

Reading the decomposition as a weighted similarity score. A useful way to read Equation (32) is665

as an aggregate similarity score. The shifts ua and ub are compared from multiple perspectives, one666

per eigendirection vk. These per-direction comparisons are then combined through a weighted sum,667

with the eigenvalues µk acting as importance weights. When Hf is positive definite all weights µk668

are positive, so alignment along any eigendirection contributes consistently in the positive direction669

to the aggregate score. This recovers the inner-product reading of Section 3.1 in spectral form. The670

additional insight is that the weight assigned to each perspective is precisely the curvature of f along671

that direction.672

Extension to the indefinite case. When Hf is instead indefinite, κ(a, b) is no longer an inner673

product but a symmetric bilinear form. The eigendecomposition in Equation (31) remains valid, so674

the per-direction decomposition of κ(a, b) in Equation (32) still applies. The only change is that675

some eigenvalues µk may now be negative. Concretely, suppose ua and ub are aligned along an676

eigendirection vk, that is, (v⊤k ua)(v
⊤
k ub) > 0:677

• if µk > 0 (a locally convex direction), the per-direction contribution is positive, so this678

aligned perspective increases the second-order correction and is harmful under the loss-679

minimization convention;680

• if µk < 0 (a locally concave direction), the per-direction contribution is negative, so this681

aligned perspective decreases the second-order correction and is beneficial under the same682

convention.683

The same logic applies with reversed signs when the two shifts are anti-aligned along vk. In that case,684

anti-alignment along a positive-curvature direction contributes negatively, while anti-alignment along685

a negative-curvature direction contributes positively. The interaction term thus evaluates pairwise686

behavior in a curvature-aware manner. The alignment between two examples can either drive f687

toward worse values or pull it toward better ones, depending on the sign of the curvature along that688

direction.689
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C.5 Proof of Proposition 1690

We prove the closed-form factorization of κ(a, b) stated in Proposition 1. We work in the binary691

logistic regression setting with ℓ2 regularization of strength β > 0, and let θ̂ denote the regularized692

empirical risk minimizer. The proof proceeds in three steps: deriving the closed-form per-example693

gradient and the corresponding Hessian of the regularized objective, expressing the per-example694

parameter shift in factored form, and substituting into the definition of κ(a, b).695

Step 1: per-example gradient and training-loss Hessian. For binary logistic regression, the696

per-example data loss takes the form697

ℓ(zi, θ) = − yi log σ(θ⊤xi) − (1− yi) log
(
1− σ(θ⊤xi)

)
, (33)

where yi ∈ {0, 1} is the binary label. Using the standard identity σ′(t) = σ(t)(1− σ(t)) and writing698

σi := σ(θ̂⊤xi), the per-example gradient evaluated at θ̂ is699

∇θℓ(zi, θ̂) = (σi − yi)xi. (34)

The training objective is the regularized empirical risk700

R(θ) =
1

N

∑
i

ℓ(zi, θ) +
β

2
∥θ∥2. (35)

Differentiating once gives ∇θR(θ) = 1
N

∑
i∇θℓ(zi, θ) + β θ. Differentiating once more yields the701

training-loss Hessian702

H := ∇2
θR(θ̂) =

1

N

∑
i

∇2
θℓ(zi, θ̂) + β I =

1

N

∑
i

σi(1− σi)xix⊤i + β I, (36)

where the last equality uses the closed-form per-example Hessian of the binary logistic loss. The data-703

dependent part 1
N

∑
i σi(1− σi)xix⊤i is positive semidefinite as a sum of rank-one outer products704

with non-negative weights, and the regularizer contributes βI with β > 0. Their sum H is therefore705

positive definite and hence invertible. We use Equation (34) as the per-example gradient driving the706

influence approximation throughout the remainder of the proof.707

Step 2: per-example parameter shift. Substituting the closed-form gradient into the definition708

ui := H−1∇θℓ(zi, θ̂) gives709

ui = H−1[(σi − yi)xi] = (σi − yi)H−1xi, (37)

where the second equality uses the linearity of matrix-vector multiplication and the fact that (σi−yi) is710

a scalar. Each per-example parameter shift therefore factors into a scalar prediction residual (σi − yi)711

and a vector H−1xi that depends only on the input feature xi through the inverse training-loss712

Hessian.713

Step 3: factorization of κ(a, b). Substituting Equation (37) into the definition κ(a, b) := u⊤aHf ub714

from Equation (9) gives715

κ(a, b) =
[
(σa − ya)H−1xa

]⊤
Hf

[
(σb − yb)H−1xb

]
= (σa − ya)(σb − yb)x⊤aH−1Hf H

−1xb
= (σa − ya)(σb − yb) ⟨xa, xb⟩M , (38)

where the second equality factors the two scalar residuals out of the bilinear form and uses the716

symmetry of H−1, which holds because H is symmetric and positive definite, and the third equality717

applies the definition M := H−1Hf H
−1 together with ⟨u, v⟩M := u⊤M v. This is exactly the718

factorization claimed in Proposition 1, completing the proof.719
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C.6 Extension of Proposition 1 to deep classifiers720

Proposition 1 establishes a closed-form factorization of κ(a, b) for binary logistic regression. We721

now extend this result to deep classifiers, treating binary and multi-class classification in turn. The722

argument is in both cases a direct consequence of chain rule applied to the per-example gradient: the723

same scalar-residual–input-feature factorization that drives the proof of Proposition 1 survives when724

the input feature xi is replaced by the logit Jacobian725

Ji := ∇θfθ̂(xi), (39)
where fθ : X → RC is the network logit output, with C = 1 for binary classification and C ≥ 2726

for multi-class classification. The bilinear-form matrix M := H−1Hf H
−1 from Proposition 1 is727

unchanged. We treat the binary case first as it offers the cleanest correspondence with Proposition 1,728

then state and prove the multi-class generalization.729

Binary case. For binary classification (C = 1), Ji ∈ Rp is a vector. Writing σi := σ(fθ̂(xi)), the730

per-example loss ℓ(zi, θ) = − yi log σ(fθ(xi))− (1− yi) log(1− σ(fθ(xi))) has gradient at θ̂ given731

by chain rule as732

∇θℓ(zi, θ̂) = (σi − yi) Ji, (40)
which differs from Equation (34) only in that the input feature xi is replaced by the logit Jacobian Ji.733

Steps 2 and 3 of the proof of Proposition 1 therefore carry over verbatim with xi 7→ Ji, yielding734

κ(a, b) = (σa − ya)(σb − yb) ⟨Ja, Jb⟩M . (41)
The class-agreement scalar is unchanged because it depends only on the network’s predictions and the735

labels. The input-similarity term ⟨xa, xb⟩M generalizes to a Jacobian bilinear form ⟨Ja, Jb⟩M , which736

is an M -weighted empirical neural tangent kernel evaluated at θ̂ when Hf is positive semidefinite.737

Decomposing the Jacobian bilinear form via the last layer. Writing θ = (ψ,w) for the feature-738

extractor parameters and the last-layer weight, and decomposing fθ(x) = w⊤ϕψ(x) where ϕψ : X →739

Rdϕ denotes the learned feature representation, the logit Jacobian Ji admits the block decomposition740

Ji =

[
Jϕ(xi)

⊤w
ϕ(xi)

]
, Jϕ(xi) :=

∂ϕψ(xi)

∂ψ
, (42)

corresponding to gradients with respect to ψ (top block) and w (bottom block). Substituting into741

the Jacobian bilinear form exposes both the learned feature representation and the feature Jacobian742

directly:743

⟨Ja, Jb⟩M =

[
Jϕ(xa)

⊤w
ϕ(xa)

]⊤
M

[
Jϕ(xb)

⊤w
ϕ(xb)

]
. (43)

In Equation (43), the bottom-block component ϕ(xi) takes the place of the raw input feature xi in744

Proposition 1. Since the network’s representation is well known to map visually similar examples745

to similar ϕ(xi), such examples contribute to κ(a, b) through this block in the same way that input746

similarity contributes in the LR setting. The top-block component Jϕ(xi)⊤w captures how the feature747

representation responds to feature-extractor parameter perturbations along the readout direction w,748

an additional structure unique to deep classifiers that has no counterpart in the LR setting.749

Multi-class case. For multi-class classification with C ≥ 2, Ji ∈ Rp×C is a matrix whose c-750

th column is the gradient of the c-th logit with respect to all parameters. Write pi ∈ ∆C−1 for751

the softmax of fθ̂(xi) and yi ∈ {0, 1}C for the one-hot label. The cross-entropy loss ℓ(zi, θ) =752

−
∑C
c=1 yi,c log pi,c(θ) has gradient at θ̂ given by chain rule as753

∇θℓ(zi, θ̂) = Ji ri, ri := pi − yi ∈ RC . (44)
Equation (44) generalizes Equation (34) in two parallel ways: the scalar residual (σi − yi) becomes754

the vector residual ri, and the input feature xi becomes the matrix Jacobian Ji.755

Substituting Equation (44) into the definition ui := H−1∇θℓ(zi, θ̂) gives ui = H−1Ji ri. Plugging756

this into the pairwise interaction κ(a, b) := u⊤aHf ub from Equation (9) and factoring yields757

κ(a, b) = (H−1Ja ra)
⊤Hf (H

−1Jb rb)

= r⊤a J
⊤
a H

−1Hf H
−1 Jb rb

= r⊤a KM (xa, xb) rb, (45)
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where the second equality uses the symmetry of H−1, and the third equality defines the matrix-valued758

bilinear form759

KM (xa, xb) := J⊤
a M Jb ∈ RC×C , (46)

which is a matrix-valued empirical neural tangent kernel when Hf is positive semidefinite. The760

factorization in Equation (45) is the multi-class generalization of Equation (38): the scalar residual761

product (σa − ya)(σb − yb) is replaced by the bilinear form r⊤a KM rb, and the scalar feature762

similarity ⟨xa, xb⟩M is replaced by the matrix-valued bilinear form KM (xa, xb). The binary case in763

Equation (41) is recovered when C = 1, with ri = σi − yi and KM = ⟨Ja, Jb⟩M a scalar.764

Connection to the class-agreement structure. Proposition 1 identifies cross-class similar pairs765

as beneficial and same-class similar pairs as redundant, with the sign of κ(a, b) controlled by the766

residual product (σa − ya)(σb − yb). The multi-class factorization in Equation (45) preserves the767

structural form residual structure × Jacobian similarity, with the residual product replaced by the768

bilinear form r⊤a KM rb. A direct calculation yields the residual-alignment identity769

r⊤a rb = ⟨pa, pb⟩ − pa,yb − pb,ya + 1[ya = yb], (47)

in which the indicator term contributes +1 for same-class pairs and 0 for cross-class pairs. For770

predictions biased toward their true classes, this indicator drives the sign of the residual alignment771

positive for same-class pairs and negative for cross-class pairs; for example, with pi,c = (1−δ)1[c =772

yi] + δ/(C − 1) on the remaining classes, a short calculation gives r⊤a rb = δ2 C/(C − 1) > 0 for773

same-class pairs and r⊤a rb = −δ2 C/(C − 1)2 < 0 for cross-class pairs. When two examples are774

similar so that Ja ≈ Jb and M is positive semidefinite, KM (xa, xb) ≈ J⊤
a MJa, which is symmetric775

PSD, and κ(a, b) inherits the sign of the residual alignment. This recovers the cross-class-beneficial776

and same-class-redundant structure of Proposition 1 and is consistent with the Figure 2 observation777

that this class-pair structure carries over from logistic regression to MLPs and ResNet-9.778

C.7 Derivation of the marginal score779

We derive the marginal score in Equation (12) from the definitionm(zj | S) := Î+(S∪{zj})−Î+(S)780

in Section 3.2. The derivation amounts to substituting the estimator Î+(·) into the definition and781

expanding the resulting quadratic form using the linearity of the aggregate parameter shift.782

Recall from Equation (8) that the addition-setting estimator is783

Î+(S) := − 1

N
∇θf(θ̂)⊤uS +

1

2N2
u⊤SHf uS , (48)

and that the aggregate approximated shift over a subset T is uT :=
∑
zi∈T ui. For T = S ∪ {zj}784

with zj /∈ S, the linearity of the sum gives785

uS∪{zj} = uS + uj . (49)

Substituting Equation (49) into the linear term of Equation (48) evaluated at S ∪ {zj} gives786

− 1

N
∇θf(θ̂)⊤uS∪{zj} = − 1

N
∇θf(θ̂)⊤uS −

1

N
∇θf(θ̂)⊤uj . (50)

The first term on the right cancels with the corresponding linear term in Î+(S), leaving only the787

contribution of zj .788

Substituting Equation (49) into the quadratic term and expanding gives789

1

2N2
u⊤S∪{zj}Hf uS∪{zj} =

1

2N2
(uS + uj)

⊤Hf (uS + uj)

=
1

2N2
u⊤SHf uS +

1

N2
u⊤SHf uj +

1

2N2
u⊤j Hf uj , (51)

where the cross terms u⊤SHf uj and u⊤j Hf uS combine into a single term with coefficient 1/N2790

because Hf is symmetric, which gives u⊤j Hf uS = u⊤SHf uj . The first term on the right of791

Equation (51) is the quadratic term in Î+(S) itself and cancels in the difference Î+(S ∪ {zj}) −792

Î+(S).793
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Combining the surviving contributions from Equations (50) and (51) yields794

m(zj | S) ≈ −
1

N
∇θf(θ̂)⊤uj +

1

N2
u⊤SHf uj +

1

2N2
u⊤j Hf uj , (52)

which is exactly Equation (12) in the main text. The three surviving terms admit the interpretation795

given in Section 3.2: the first term is the standard first-order influence of the candidate zj , the second796

term measures the curvature-driven interaction between zj and the already-selected subset S, and the797

third term is the candidate’s self-contribution to the curvature correction.798

This decomposition aligns with the self versus cross distinction developed in Appendix C.3. The799

cross term 1
N2 u

⊤
SHf uj in Equation (52) is precisely the contribution of zj to the cross part of the800

pairwise decomposition, while the self term 1
2N2 u

⊤
j Hf uj is its contribution to the diagonal part.801

The greedy procedure in Algorithm 1 therefore exploits the same self versus cross structure to update802

each candidate’s marginal utility based on its interaction with previously selected examples, without803

recomputing the full quadratic form at each iteration.804

D Scalable Approximations: EK-FAC and Low-Rank Gradient Projection805

The estimators Î−(S) and Î+(S) defined in Equation (7) and Equation (8) require applying H−1806

to per-example gradients. Since H has p2 entries in p parameters and is moreover not guaranteed807

to be positive definite away from a minimum, this is intractable for the models considered in our808

experiments. We therefore approximate H by the damped Gauss–Newton matrix G+ λI , where G is809

the Gauss–Newton Hessian of the training loss at θ̂ and λ > 0 is a damping constant. This appendix810

collects the three approximations that make our estimator tractable at scale: the Gauss–Newton811

approximation itself, its block-diagonal EK-FAC factorization, and a low-rank gradient projection for812

large language models. The damping constant λ is treated as a hyperparameter and its selection is813

described in Appendix E.814

D.1 Damped Gauss–Newton approximation815

Following standard practice in influence-function analysis [4, 22], we approximate the training816

Hessian by the Gauss–Newton Hessian G of the training loss at θ̂, damped by λI to ensure positive817

definiteness. The Gauss–Newton Hessian is positive semidefinite by construction and discards the818

indefinite residual term that arises in the exact Hessian, making it a natural surrogate when the goal is819

to invert a curvature matrix.820

The losses considered in this paper are all negative log-likelihoods of exponential-family distributions:821

cross-entropy with softmax outputs for classification, squared error with a Gaussian likelihood822

for regression, and token-level negative log-likelihood for instruction tuning. For such losses, the823

Gauss–Newton Hessian coincides with the Fisher information matrix taken under the model’s output824

distribution [37]. This equivalence is what licenses the use of curvature approximations developed825

for the Fisher information matrix, and it is the same identification adopted by Grosse et al. [22] for826

influence-function analysis of transformer language models. We accordingly state our approximations827

in terms of G throughout, with the understanding that G may equivalently be read as the model-828

distribution Fisher information.829

D.2 Block-diagonal structure and EK-FAC830

Even with the Gauss–Newton substitution, G remains a p× p matrix and cannot be inverted directly831

at the parameter counts considered in our experiments. We therefore further approximate G as832

block-diagonal across layers, treating cross-layer curvature as zero. This reduces the inversion to one833

block per layer.834

Within each block, we apply the Eigenvalue-Corrected Kronecker-Factored Approximate Curvature835

(EK-FAC) approximation [19, 22]. EK-FAC builds on K-FAC [38], which factorizes the per-layer836

Gauss–Newton block as a Kronecker product of two small matrices: the second-moment matrix of837

the layer’s input activations and the second-moment matrix of the gradient with respect to the layer’s838

pre-activations. EK-FAC retains the eigenbasis defined by these Kronecker factors but replaces the839

implied Kronecker-structured eigenvalues with the exact diagonal of G in that eigenbasis, estimated840
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from training data. The resulting approximation is provably at least as accurate as K-FAC under841

the Frobenius norm [19] while preserving the same favorable scaling: each per-layer block can be842

inverted, and inverse-vector products evaluated, at a cost dominated by the layer’s activation and843

pre-activation dimensions rather than its full parameter count. In practice, the per-example shifts844

ui required by Equation (7) and Equation (8) are computed as (G+ λI)−1∇θℓ(zi, θ̂) by applying845

this block-wise EK-FAC inverse to per-example gradients. We refer the reader to George et al. [19]846

for the original derivation of EK-FAC and to Grosse et al. [22] for a detailed treatment of its use in847

influence-function analysis.848

D.3 Low-rank gradient projection for large language models849

At the scale of Llama-3.1-8B, the per-layer EK-FAC blocks remain large enough that materializing850

and storing one projected gradient ui per training example, as required by the greedy procedure in851

Algorithm 1, is itself the dominant cost. To address this, we adopt the low-rank gradient projection of852

LoGra [10], which introduces a shared low-dimensional subspace and projects all per-example gradi-853

ents into that subspace before any subsequent inner product or curvature operation is performed. The854

projection is applied consistently to gradients and to the target-side quantities entering Algorithm 1,855

so that all inner products in the greedy loop are evaluated in the projected dimension d rather than in856

the full parameter dimension p.857

This projection is what reduces the per-iteration cost of Algorithm 1 to O(P ) inner products in858

dimension d, yielding the overall greedy-loop complexity of O(KPd) stated in Section 3.2. We859

use the projection dimension and hyperparameters reported in Appendix E, and refer the reader to860

Choe et al. [10] for the construction of the projection operator and a full treatment of the resulting861

estimator.862

E Experimental Details863

E.1 Small-scale Attribution Experiments864

The attribution experiments in Section 4 consider six dataset–model pairs: logistic regression and865

MLP on MNIST, MLP on FashionMNIST, MLP on Concrete and Parkinsons, and ResNet-9 on866

CIFAR-10. All datasets use their standard train/test splits.867

Models. LR uses ℓ2 regularization with strength 0.01. The MLP has two hidden layers of width868

128 and 64 with ReLU activations. ResNet-9 follows the standard DAWNBench architecture [14],869

trained from scratch.870

Training. Training configurations are summarized in Table 3 and follow standard settings for each871

model.

Table 3: Training configurations for small-scale models. The cosine schedule decays the learning rate
to zero by the end of training.

Model Optimizer Momentum LR LR Schedule Weight Decay Batch Size Epochs

LR SGD 0.0 0.01 constant 0.01 64 200
MLP SGD 0.0 0.01 constant 0.01 64 200
ResNet-9 SGD 0.9 0.01 cosine 0.01 64 50

872

Group construction. Each group consists of an anchor sampled uniformly at random from the873

training set, together with its |S| − 1 nearest neighbors in softmax output space (under L2 distance).874

We set |S| = 400, yielding 50 subsets per dataset–model pair, except for Concrete where we set875

|S| = 100 due to its small training set. For regression tasks, the prediction itself replaces the softmax876

output.877

Ground truth. For each subset S, we retrain the model from scratch on D \ S and report the mean878

change in held-out test loss.879
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Table 4: Compute cost of selection methods on the LESS pool with Llama-3.1-8B, in GPU-hours.
Method Warmup Selection Total

Additive IF 9.2 22 31
LESS [59] 9.2 306 315
RDS+ [27] – 23 23
NV-Embed [35] – 109 109
Ours 9.2 22 31

Table 5: Per-component GPU-hours of our selection pipeline on the LESS pool with Llama-3.1-8B.
Component GPU-hours Scope

Warmup fine-tuning 9.2 shared
Pool gradient extraction (LoGra) 22 shared
Selection step 0.07 per target

Influence computation. For LR, the Hessian is computed and inverted exactly. For MLPs and880

ResNet-9, we use the damped Gauss–Newton approximation of the training Hessian, G+ λI , and881

approximate its inverse via EK-FAC. The damping λ is set to 10−2 for all influence-based methods.882

The target HessianHf is approximated as block-diagonal, withHf -vector products computed directly883

without inversion.884

Baselines. F is the standard first-order influence function [29]. F+B applies the second-order885

response-function correction of Basu et al. [5], computed under the same curvature approximation886

as our method. F+I+B combines our interaction term with the Basu correction under identical887

approximations. For TRAK [43], we use projection dimension 2048 and ridge 0.01. For TracIn [44],888

we use 10 evenly spaced checkpoints. For both TRAK and TracIn, group scores are obtained by889

summing individual attributions.890

E.2 Small-Scale Selection Experiments891

The selection experiments in Section 5.1 use a two-hidden-layer MLP (784→ 128→ 64→ 10) with892

ReLU activations and dropout rate 0.1. For each dataset, a candidate pool Dpool of 5,000 training893

examples is drawn by a fixed permutation of the original training set, and the reference parameter θ̂894

is obtained by training the MLP on this pool for 200 epochs with vanilla SGD (learning rate 10−2,895

batch size 64, weight decay 3×10−2). The Hessian-inverse H−1 is approximated via EK-FAC with896

the GGN Fisher and damping λ = 5×10−1. Each selection picks K ∈ {500, 1,000, . . . , 5,000}897

examples in increments of 500 from the same pool Dpool, and each selected subset is retrained from898

scratch with the same training configuration. Held-out test loss is averaged over five random seeds899

and reported; the class-entropy panel reports the Shannon entropy of the empirical class distribution900

among the K selected examples.901

E.3 LLM Data Selection Experiments902

We fine-tune Llama-3.1-8B on subsets selected from the LESS pool of approximately 270K903

instruction-tuning examples.904

Warmup and selection. Following Xia et al. [59], a warmup model θ̂ is obtained by fine-tuning the905

base model on a random subset of size 13,534 using LoRA (rank 8, scaling 16, applied to q_proj,906

k_proj, v_proj, o_proj, gate_proj, up_proj, and down_proj), AdamW with peak learning907

rate 10−4, cosine schedule with warmup ratio 0.03, effective batch size 128, sequence length 2048,908

in bf16, for four epochs. At θ̂, we compute per-example projected gradients uj and curvature terms909

Hfuj using LoGra [10] with projection dimension 16, and apply Algorithm 1 to select K = 13,534910

examples (5% of the pool) independently for each target task. The target function f is the instruction-911

masked likelihood, evaluated on the official task validation set when available and on a held-out912

training split otherwise. The selected indices for all seven target tasks are released alongside our code,913

enabling reproduction of the fine-tuning results without rerunning the selection pipeline.914
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Figure 4: Sensitivity analysis of the two-layer MLP over the damping hyperparameter on MNIST
(left) and FashionMNIST (middle), and class entropy on FashionMNIST (right).

Final fine-tuning. Selected subsets are used to fine-tune the original pretrained Llama-3.1-8B915

checkpoint (rather than the warmup model) under the same LoRA configuration as warmup: AdamW916

with peak learning rate 10−4, cosine schedule with warmup ratio 0.03, effective batch size 128,917

sequence length 2048, and bf16 precision. We train for four epochs on GSM8K, whose loss does not918

converge within a single epoch, and one epoch on the remaining tasks.919

Evaluation. We evaluate on GSM8K, AQuA, ARC-Easy, HellaSwag, PIQA, ECQA, and SQuAD920

using the Tulu chat template [57]. All tasks use 0-shot prompting. We report exact match for GSM8K,921

F1 for SQuAD, and accuracy for the multiple-choice tasks, with the latter scored by length-normalized922

log-likelihood. Results are averaged over five random seeds.923

Baselines. All methods share the same candidate pool, selection budget, and final fine-tuning924

protocol; influence-based methods additionally share the same warmup checkpoint. Additive IF925

uses our warmup checkpoint and projected gradients but selects the top-K examples by first-order926

influence, omitting the interaction term. LESS [59] uses Adam-adjusted gradient cosine similarity927

with projection dimension 8192 on the same warmup checkpoint. RDS+ [27] uses position-weighted928

mean-pooled hidden states from the warmup checkpoint with cosine similarity. NV-Embed [35] uses929

embeddings from nvidia/NV-Embed-v2. Random uniformly subsamples from the pool.930

E.4 Compute Resources931

All small-scale experiments were conducted on a single NVIDIA RTX A6000 (48 GB), and all LLM932

experiments on 8× NVIDIA RTX A6000 (48 GB).933

Table 4 reports the GPU-hours required by each selection method on the LESS pool of approximately934

270K instruction-tuning examples, summed over all devices used. Warmup fine-tunes a LoRA adapter935

on a random subset of size 13,534 for four epochs. Additive IF and our method share the same936

warmup checkpoint and LoGra-projected gradients, so their selection costs differ only in the greedy937

step, which contributes approximately 50 seconds per target.938

Table 5 decomposes the selection cost of our pipeline into its individual components. Warmup939

fine-tuning and pool gradient extraction are shared across all seven targets, while the selection step940

is paid once per target. The selection step itself further decomposes into four sub-steps: a one-time941

covariance-state merge that is shared across targets, validation-set gradient extraction that scales per942

target, first-order influence and target-curvature inner products, and the greedy selection loop. These943

four sub-steps together account for the 0.07 GPU-hours per target reported in Table 5.944

F Additional Experiments945

In this section, we present two additional experiments on the two-layer MLP that complement the946

small-scale attribution accuracy results of Section 4 and the small-scale selection quality results of947

Section 5.1. The first examines the sensitivity of each method to the damping hyperparameter λ used948

in the EK-FAC, and the second extends the class entropy analysis from MNIST to FashionMNIST.949

The results are summarized in Figure 4.950
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Setup. Both experiments inherit the protocols of their counterparts in the main text, modified as951

follows. For the damping sensitivity analysis, we follow the attribution setup of Section 4 but vary952

λ ∈ {0.005, 0.01, 0.02, 0.05, 0.1} instead of fixing λ = 10−2. All other elements of the protocol,953

including group construction, ground-truth retraining, and the influence-function methods (F, F+B,954

F+I+B, Ours), are unchanged. For the class entropy analysis, we run the selection procedure of955

Section 5.1 on FashionMNIST instead of MNIST, keeping all other choices unchanged.956

Damping sensitivity. The left and middle panels of Figure 4 report the Spearman correlation as a957

function of the damping λ on MNIST and FashionMNIST. Ours and F+I+B remain nearly constant958

across the tested range on both datasets, while F and F+B are somewhat less stable, with F+B showing959

the most pronounced decline at larger λ on MNIST.960

Class entropy on FashionMNIST. The right panel of Figure 4 reports the class entropy of the961

subsets selected by each method on FashionMNIST. The pattern matches the MNIST result reported962

in Figure 3: at small budgets, F and F+B collapse onto a few classes and F+I+B shows a milder but963

still noticeable drop, while our method matches the entropy of random selection across all selection964

sizes. This confirms that the diversity-promoting behavior of the interaction term is not specific to965

MNIST and carries over to FashionMNIST.966

26



NeurIPS Paper Checklist967

1. Claims968
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