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Abstract

Distillation attacks create a deployment trade-off
for model providers: the same outputs that make
a model more useful can also make it easier to
imitate. We study this trade-off through a mini-
max game between a utility-constrained teacher
and an adaptive student. Our framework yields
tractable one-sided response rules: an adaptive
evaluation rule in which the student reweights
high-value examples, and a teacher-side defense
template that suppresses outputs most useful for
distillation. From a cheap proxy for example
value, we derive Product-of-Experts (PoE), a
simple forward-pass-only defense that combines
the teacher with a proxy student during gener-
ation. Empirically, adaptive evaluation reveals
a large passive—adaptive gap: on state-of-the-art
defenses, adaptive students recover substantially
more capability than passive evaluation suggests
on GSM8K and MATH. Under this stronger eval-
uation, the apparent robustness gap between ex-
pensive defenses and PoE narrows considerably,
while PoE remains substantially cheaper and pre-
serves higher-quality reasoning traces. Over-
all, our results suggest that strong distillation re-
mains difficult to stop, and that progress on an-
tidistillation should be judged against adaptive
students rather than passive ones.

1. Introduction

As model providers expose richer outputs, they also expose
more reusable training signal for distillation attacks. Any
interface that reveals model capabilities—through answers,
intermediate reasoning, tool-use sequences, error correc-
tions, feedback on candidate solutions, or other multi-step
interactions—can in principle be aggregated into a dataset
for imitation. This creates a real deployment trade-off: the
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same richness that makes a system more useful, transpar-
ent, and interactive can also make its capabilities easier to
distill. Reasoning traces are a particularly visible example
because they expose intermediate structure explicitly, but
the underlying issue is broader than chain-of-thought alone.
This matters not only because distillation can copy capabil-
ities that were costly to build, but also because it can ac-
celerate the diffusion of safety-relevant capabilities (Irock-
man & Savani, P76). Scientifically, this makes distillation
a useful lens for studying which exposed model behaviors
contain reusable learning signal.

Recent work has begun to study defenses against distil-
lation, a.k.a. antidistillation, by modifying the outputs
a teacher reveals, especially in reasoning-oriented set-
tings (Savaniefall, P075; Ciefall, PO075; Ding et all, 2075;
Zheng et al], Z025; Ma“ef all, DO76). Across this literature,
defense and evaluation are typically studied in isolation: a
defense proposes a rule for modifying teacher outputs, and
is then evaluated against a distiller that trains uniformly
on the released data. This separation leaves two questions
unanswered. First, what kind of distiller should the defense
be judged against? A realistic attacker need not train uni-
formly on released data; after observing defended outputs,
it can filter, reweight, or concentrate on the examples that
carry the greatest learning value. Without accounting for
this adaptation, evaluations risk a cat-and-mouse cycle in
which each new defense is tested only against the weak
distiller it implicitly assumes (Athalye et all, P0T8). Sec-
ond, different defenses encode different implicit theories
of what makes an output useful to a distiller, but no com-
mon framework has been available to compare them or to
ask which notion of usefulness a defense should target. We
address both questions with a single minimax framework:
its attacker-side best response gives a principled adaptive
evaluation rule, and its defender-side best response unifies
existing methods and enables designing new ones like our
PoE defense, which is designed to be cheap and also pre-
serves trace quality better.

Distillation attacks are not just a theoretical concern. Fron-
tier model providers already limit the information exposed
through reasoning-oriented interfaces, for example by hid-
ing full chain-of-thought or replacing it with shorter sum-
maries (Google, 2075; OpenAl, 2075; Anthropid, 2075).
Public reporting also suggests that distillation attacks are
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Step 1:
Query the Teacher

The attacker asks many questions
and collects answers from a strong
teacher.

Step 2:
Score using
value function and reweight

Each answer is scored for usefulness
and assigned a training weight.

Step 3:
Weighted Training Data

The attacker uses the weights to
focus on what teaches most.
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Figure 1. An adaptive attacker does not train uniformly on all teacher outputs; it estimates the usefulness of each queried sample and

assigns larger training weight to higher-value responses.

a live operational issue rather than a hypothetical one (An
thropid, Z076K). But limiting explicit traces does not re-
solve the underlying problem, because the useful signal
available to a distiller is not confined to verbatim chain-
of-thought. In our experiments with commercial frontier-
model summaries (Appendix O and Fig. H), even passive
students recover nontrivial capability, suggesting that sum-
marization alone should not be assumed to eliminate dis-
tillation risk. More generally, once some useful signal is
released, a realistic distiller may further filter or reweight
the data it observes, motivating evaluation against adaptive
students permitted by the threat model rather than only pas-
sive ones.

1.1. Contributions

Our main contribution is a game-theoretic framework for
distillation attacks and defenses. We model the teacher
as choosing a released model 7 that remains close to
a reference teacher m..r, while the student chooses an ef-
fective distribution g that remains close to the released
model but can adaptively concentrate on more useful out-
puts. Writing x for a prompt and y for a corresponding
output, let v(x,y) denote the value of that prompt-output
pair for downstream distillation. This leads to the minimax
objective:

Y (e, p) = inf sup

Trel €11 (Trer) mroge €11, (rer)

()
Above, Z is the prompt distribution, II. (7cf) is the set of
released models within the teacher’s fidelity budget ¢, and
I1,(7re1) is the set of effective student distributions within
the adaptation budget p; Section O gives the precise KL-
based definitions. This objective is central because, once
v and the budgets are specified, it yields explicit best re-
sponses for adaptive evaluation on the student side and a
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corresponding template for teacher-side defense. Our con-
tributions include:

* Game formulation. We formulate distillation defense
as a minimax game between a utility-constrained
teacher and an adaptive student. This gives a common
framework for specifying adaptive evaluation proto-
cols and deriving teacher-side defense rules. By mak-
ing the attacker and defender explicit in one tractable
model, it provides a methodological foundation for
designing and evaluating future distillation defenses
against adaptive students.

* Adaptive evaluation and attack. We derive the stu-
dent’s best response in our framework, which con-
centrates on examples with higher learning value and
yields a principled adaptive evaluation rule. Em-
pirically, this exposes a large adaptive-passive gap
on both GSM8K and MATH: for state-of-the-art de-
fenses, adaptive evaluation increases downstream stu-
dent accuracy by roughly 50% relative to passive eval-
uation.

 Practical defense. We instantiate our teacher defense
principle with a cheap proxy for learning value and
derive Product-of-Experts (PoE), a gradient-free gen-
eration rule that combines the teacher with a proxy
student. Under adaptive evaluation, the apparent ro-
bustness gap between stronger expensive defenses and
PoE narrows, while PoE remains substantially cheaper
to run; on GSMSK, for example, it incurs about 1.6x
teacher-time overhead rather than 2.9x for the state-
of-the-art. Besides being efficient, this proxy induces
a conservative defense bias: it suppresses outputs with
large teacher-over-student likelihood gaps while stay-
ing close to outputs the teacher itself finds plausible.
Indeed, our rubric-based LLM judge evaluation sug-
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gests that PoE produces higher-quality traces.

1.2. Related Work

Defenses against distillation. Our work is closest to
Savani_ef_all (2025), who propose antidistillation sam-
pling (ADS), an inference-time method that modifies the
teacher’s next-token distribution using finite-difference gra-
dient estimates through a proxy model. Our framework pro-
vides a game-theoretic foundation for their approach: ADS
arises as the teacher’s best response in our minimax formu-
lation under a specific approximation. Crucially, our adap-
tive student evaluation reveals that ADS is substantially
less effective against an adaptive distiller than passive eval-
uation suggests. There is another line of work that aims not
to suppress distillation directly, but to detect or attribute it
after the fact (Xuefall, P076; Kirchenbaneref all, 2023). i
ef-all (2025) and Fang et all (2076) take a complementary
approach: rather than modifying the sampling distribution
at inference time, they fine-tune the teacher model itself to
defend against distillation. DOGe (LCiefall, 2075) adversar-
ially trains only the final linear layer to maximize KL diver-
gence from a proxy student, while Fang et al] (Z026) learn a
logit transformation matrix guided by a conditional mutual
information objective. A practical advantage of inference-
time methods such as ours is that the defense strength can
be adjusted via a single parameter at decoding time, with-
out retraining. Neither work evaluates against an adaptive
distillation attack.

Trace rewriting and inversion. Another line of work mod-
ifies the content of reasoning traces after generation to de-
grade their usefulness for distillation (Maef-all, 2076; Ding
efall, 2075). This approach is orthogonal to our decoding-
time framework: one could first apply PoE sampling and
then rewrite the resulting traces. Again, neither work eval-
uates against a student that reweights traces by learning
value, which is the central threat our formulation addresses.
Zhang et all] (2026) introduce trace inversion, where a
separate model is trained to reconstruct detailed chain-of-
thought from the summaries and answers exposed by a tar-
get model, and the resulting synthetic traces are used for
student fine-tuning. Our adaptive student addresses the
same goal-improving the effectiveness of SFT for the dis-
tiller, but through a far simpler mechanism: reweighting ex-
isting traces by their learning value rather than generating
new ones.

Decoding-time combination of language models. Our
PoE rule belongs to a broader family of decoding-time
methods that combine language models at the logit level.
DExperts (Cin—ef-all, P021) generates from a geometric
combination of a base model with expert and anti-expert
models to steer toward desired attributes, and contrastive
decoding (LCi—ef-all, P023) subtracts a small model’s log-

likelihood from a large one’s to amplify the capability gap
and improve generation quality. We derive our PoE rule
from first principles as the teacher’s best response in the dis-
tillation game under the likelihood-ratio value, and it adds
rather than subtracts the proxy student’s logits, since the
teacher-student gap is precisely what the student stands to
learn and the defense must therefore pull the released dis-
tribution toward the student rather than away from it.

2. Problem Statement: Distillation Game

We now formalize the distillation game between a teacher
and a student. We first define the models and their allow-
able deviations, then introduce a value function that mea-
sures how useful an output is for downstream distillation,
and finally combine these ingredients into a minimax ob-
jective.

Setup and models. Let 2" denote the space of contexts,
such as user prompts, drawn from a distribution &, and let
% denote the space of outputs, such as reasoning traces and
final answers, and A (%) the set of probability distributions
over %. A language model is represented by a conditional
distribution 7(- | ) € A(#) over outputs given a context
x € Z. Wewrite Z = 2 x % and denote examples
by z = (x,y) € Z. Our main formulation involves three
objects: (i) Reference teacher Tyer: the undefended teacher
model; (ii) Released teacher m..: the defended model ac-
tually exposed to users; and (iii) effective student distribu-
tion Teg: the distribution induced by the student’s reweight-
ing of released outputs. Here e is not the (final) student
model 7g,, but the effective training distribution seen by
the student.

2.1. Teacher fidelity and student adaptation budgets

The released teacher should remain close to the reference
teacher in order to preserve output quality. To formalize
it, we use KL divergence to capture closeness as is custom-
ary in the alignment literature (see (Schulman et all, DOT;
Rafailovef all, P073)). We define the teacher fidelity set:

L (Mret) := {m € A(¥) : Eangp [Dri(7 (- | @) | Mot (- | 2))] <€}

@)
The budget £ > 0 controls how much the released teacher
may depart from the reference teacher. This direction of KL,
penalizes the released model for placing mass on outputs
that the reference teacher considers unlikely, so it naturally
captures a fidelity constraint.

A passive student trains uniformly on samples from the
released teacher. A stronger student may instead filter,
reweight, or subsample those samples, thereby inducing an
effective training distribution. We model this by requiring
this effective distribution to remain close to the released
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teacher:

ILy(mrer) := {7 € A(Z) : Bynip [Dii( (- | @) || meaa(- | 2))] < p} -
3)

Here p > 0 is the student adaptation budget. When p = 0,
the student is passive and trains on the released distribution
as given. Larger values of p allow progressively more selec-
tive concentration on high-value outputs. The intuition for
this restriction is that the attacker cannot invent an entirely
new data source. Rather, we want to model a practical at-
tacker that can only filter, reweight, or subsample outputs
that were actually released. Indeed, the attacker chooses
a change of measure that is absolutely continuous with re-
spect to the released distribution.

2.2. Value function

The last ingredient is a scalar value functionv : £ X% —
R that measures how useful a released example (z, y) is for
distillation. Intuitively, v(z,y) is large if and only if train-
ing on (x,y) helps the student more on the downstream
task. Our game formulation only requires such a scalar no-
tion of usefulness; it does not depend on any particular stu-
dent update rule or parameterization.

A natural first-order proxy is obtained by asking how up-
weighting an example changes a downstream objective. Let
0 denote the student parameters, initialized at 0y, and let
Z(0) be the downstream task loss at 6. If we locally ap-
proximate student training by a gradient step on the proxy
student’s negative log-likelihood, then the value of (x, y) is

Ugrad(xv y) = <v9$(00)7 v@ 1Og 7Tstu(y | Z; 9)|9:90> .
4)

We use vgraq here only as an illustrative instance. The game
and best-response analysis in the next section apply to any
choice of v. Later, in Section B2, we introduce a cheaper
proxy value based on the log-likelihood ratio, which leads
to a practical defense.

Remark (Proxy students). In practice, a defender need not
know the attacker’s exact model. It can optimize against
a proxy model 7r&,, typically chosen to be substantially
cheaper than the teacher, with the goal of approximating
which outputs are highly informative for distillation. This
proxy-based approximation is a common design pattern in
prior work on distillation defenses (Savanief-all, P075; Ci
ef-all, 2079), and is also used in our experiments.

2.3. The distillation game

We now combine the previous ingredients into a single
minimax objective. Given a value function v, the teacher
chooses a released model within its fidelity budget, while
the student chooses an effective training distribution within

Algorithm 1 Adaptive distillation attack with gradient-
based value function

Require: Traces .7 = {(z(®,y(")}7 | sampled from 7,
student init 6, stepsize «, sharpness 7,
Require: Student downstream loss .Z(6) (e.g., NLL on a
held-out validation set)
1: for each training step / minibatch B C .7 do
2 g Vo Z(0) > Downstream task gradient
3: for each trace (z,y) € B do
4: Ugrad(x’ y) - <97 Vi log msty (y | €T 0)>
exp (n-vgmd(m,y))
Z(m/,y/)EB exXp (n'vgmd(llxy/))
Normalize weights over the batch
6: end for

7: 0+ 0—aVy [Z(m,y)EB w(z,y) >, —logp(yit1 |

Yi:t, T3 9)}
8: end for
9: return 0

bl

w(z,y)

its adaptation budget:

V(e p) = inf sup
Tret €10e (Trer) mroge €11, (Mre1)

&)

The inner maximization identifies the strongest student re-
sponse to a fixed released model: among all effective dis-
tributions that remain close to 7], the student chooses the
one with largest expected value. The outer minimization
identifies the teacher’s best defense: among all released
models that remain close to the reference teacher, it chooses
the one that minimizes the student’s attainable value.

This formulation separates the two design choices in the
problem. The budgets (&, p) specify the threat model, while
the value function v specifies what makes an output useful
for distillation. In the next section, we show that for fixed
v, both the student and teacher best responses admit simple
closed forms. Different choices of v then lead to different
attack and defense rules.

3. Best Responses and Implications

We now show that the student’s response to a released
teacher and the teacher’s response to a fixed student value
take exponential-tilt forms. These best responses are also
useful algorithmically: they directly give an adaptive eval-
uation rule for the student and a family of teacher-side de-
fenses. We state the result first, whose proof is in Appendix
A, and then unpack its two main implications.

Theorem 3.1 (Best responses). Assume % is finite." For

'The same formulas hold on general measurable spaces under
the usual absolute continuity and integrability assumptions; we

Eond, ymmese(J2) [0(2, )]
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High-value trace

I'm trying to figure out how many miles Jack has driven over the past 9
years. He drives 37,000 miles every four months. First, I need to find
out how many sets of four months are in 9 years. I know there are 12
months in a year, so in 9 years, there are 9 X 12 = 108 months.

There are 3 four-month periods in a year, so he drives 37,000 X 3 = 111,000 miles
per year. Multiplying by 9 years gives 111,000 X 9 = 999,000 miles. Final Answer:

999000
Low-value trace

First, I recognize that the spaceship’s speed is halved
for every additional 100 people beyond the initial 200.
raiding raiding raiding raiding raiding ...

raiding raiding raiding raiding raiding ...

Figure 2. An adaptive student filters traces using downstream gra-
dient alignment vgraq. High-value traces contain useful reason-
ing; low-value traces are repetitive or uninformative.

value function v, the student’s best response to a fixed re-
leased policy 7. and the teacher’s best response to a fixed
student are respectively, forevery y € % and x € Z":

mar(y | @) o< mei(y | ) eV, ©)

*

Ty | 2) o Tret(y | ) e V@), )

where 17, A > 0 are dual variables. When the global KL con-
straints are active, 77 and \ are unique constants chosen such
that the expected budgets are tight, i.e., E; o [Dxr, (75 (- |
2)||mee (- | )] = pand Epng[Drr (g (- [ )] mrer (- |
x))] =e.

Theorem Bl above characterizes the two one-sided best re-
sponses, which are what our adaptive evaluation rule and
defense template use. In Appendix B, we complement this
with an analysis of the full Stackelberg game (B), providing
closed-form expression for optimal teacher-student pair.

3.1. Implication 1: Adaptive Student

The student’s best response in Theorem Bl is an exponen-
tial tilt toward high-value examples. For a fixed released
teacher 7], the effective student distribution satisfies:

Te(y | ©) o< ma(y | z) exp{no(z,y)}.  (8)

This gives a principled adaptive evaluation rule. Rather
than training uniformly on released traces as given, the stu-
dent first reweights them exponentially according to their
value and then trains on the resulting weighted dataset. The
sharpness parameter 7 controls how selective this reweight-
ing is: 7 = 0 recovers passive training, while larger values
of n place progressively more mass on high-value traces.

restrict to finite space to avoid measurability and existence issues.

Algorithm 2 Product-of-Experts (PoE) Sampling

Require: Prompt x;.,, max tokens [V, teacher model 0,
proxy student model fg, mixture weight v € (0, 1),
temperature 7T

I: fort=n,n+1,...,N—1do

2: Compute teacher log-probabilities: zp(-) <«
logp(- | w145 07)
3: Compute proxy log-probabilities: zg(:) <«

log p(- [ @1.4;05)
4: Draw next token from the combined geometric mix-
ture distribution:
Te+1 X eXp(% {(1 —)er(s) + ’YZS()D
6: end for
7: return ri.n

Algorithm [0 implements this idea as a stochastic minibatch
procedure. The population rule in Theorem B defines an
exponential tilt over the released distribution, while the im-
plementation estimates value scores on each minibatch and
normalizes weights within that minibatch.

3.2. Implication 2: Teacher-Side Defenses

The teacher’s best response in Theorem B shows that,
once a value function v has been specified, the released
teacher should tilt away from outputs with high value to
the student. For a fixed value function and letting A > 0
control the strength of the defense, the best-response rule
takes the form

Tra(y | ) o Mot (y | ) exp{—=Av(z,y)}.  (9)

This turns any choice of v into a corresponding teacher-side
defense. A first instantiation uses the gradient-based value
from Section 2.3,

’Ugrad(x» y) - — <v0$(00)7 v@ log ’/Tstu(y | X, 9) ‘9=90> .
(10)
Substituting this into the teacher best response gives

Ty | @) o< mrer(y | @) exp{A(Vo-2 (00),

(1D

Vo log mstu (Y | x;9)|6:60>}.
This captures the principle behind the antidistillation sam-
pling (ADS) method by (Savani_ef all, P075): the teacher
suppresses outputs whose student gradient is most aligned
with reducing downstream risk. Thus, our framework gives
a game-theoretic interpretation of the objective that ADS
approximates under a first-order gradient-based notion of
example value.

The main drawback of the above method is computational
cost. Evaluating vgraq during decoding requires gradient
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Dataset  Teacher Teacher Acc. T  Passive Acc. | Adaptive! Acc. | ‘ Rel. Gain  Time Cost
Standard 87.22%+0.04 57.24%+0.25 56.74%+0.17 | —0.87% 1.00x

GSMS8K ADS (\ = 0.052) 82.13%-+0.43 34.33%+0.17 51.50%+1.46 50.04% 2.93x
PoE" (v = 0.65) 81.61%+0.46 39.26%+3.33 49.46%+1.10 | 25.98% 1.64x
Standard 61.78%+0.33 15.17%+0.29 15.29%10.40 0.75% 1.00x

MATH ADS (A = 0.08) 61.16%+0.36 8.96%-+1.30 13.45%40.99 50.07% 3.85x
PoE" (v = 0.75) 60.07%+0.4s 9.00%-+2.86 12.92%+1.13 | 43.56% 2.33x

Table 1. Representative points on the utility—distillability frontier. T denotes our method/evaluation. Passive and adaptive columns
report student accuracy after distillation larger values indicate greater leakage. Rel. gain is the relative improvement from adaptive
evaluation. Teachers include the standard model, ADS (Savaniefall, PT173), and our PoE" defense. Time cost is the generation time
overhead relative to the standard teacher. GSM8K shows the clearest separation, while MATH shows the same qualitative trend with higher

variance. Entries report standard error of the mean over 3 seeds.

information from the student, which is expensive in autore-
gressive generation. This motivates a cheaper proxy value
function that avoids gradient computation altogether:

Ugap(w7y) = 1Og 71-ref(y | x) - IOg 7Ts‘cu(y | m) (12)

This quantity is large when the teacher assigns much higher
likelihood than the proxy student to an output. Such out-
puts mark regions where the teacher has capability or confi-
dence not yet matched by the proxy, and are therefore plau-
sible carriers of distillation value. Substituting vg,, into the
same best-response rule gives:

ity 1) o mly | ) exp{ Atog LI 13

which simplifies to:

*

7Trel(y | Z‘) S8 7Tref<y | w)l_Aﬂ-stu(y | x)A~ (14)

This is a geometric mixture of the teacher and student,
which we refer to as a Product-of-Experts (PoE). Intuitively,
the defense downweights outputs on which the teacher has
a large likelihood advantage over the student. The name
follows the work of (Hinfon, PZ007), where multiple proba-
bilistic models are combined by multiplying their densities.
Here, the product form arises as a proxy teacher response
in our game, rather than as a generative modeling assump-
tion. In Algorithm D and henceforth, we write the mixture
weight as v € [0, 1], to differentiate from the ADS parame-
ter \.

In practice, PoE is cheap because it is forward-pass-only: it
combines teacher and (proxy) student log-probabilities dur-
ing generation and requires no gradient estimates through
the student. The ideal rule is defined over complete out-
put sequences, but exact sequence-level sampling is in-
tractable for autoregressive language models. We there-
fore use a standard token-level approximation, interpolat-
ing the teacher and proxy-student predictions at each decod-
ing step, as is common for inference-time methods ([Yang

& Klein, PO21; Kranse et all, PO21; Lief all, P0273; Savani
efall, DO75).

Unlike the earlier gradient-based defenses, this rule does
not directly optimize for making the student’s training up-
date unhelpful; instead, it regularizes the released policy to-
ward outputs that remain plausible under both models. This
suggests a qualitative advantage that we test empirically in
Section B: because PoE preferentially retains continuations
supported by both the teacher and proxy student, it may
distort reasoning traces less severely than gradient-based
shaping.

4. Empirical Results

We evaluate three questions. First, does adaptive evalua-
tion reveal more distillation leakage than passive evalua-
tion? Second, how do ADS and PoE compare along the
utility—distillability frontier, where teacher accuracy mea-
sures utility and student accuracy measures leakage? Third,
how does this comparison change once runtime and trace
quality are taken into account?

4.1. Experimental setup

We report our main experimental setup below, and de-
fer full details to Appendix . Our code is avail-
able at https://anonymous.4open.science/r/
strategic—-distillation—-BAS8D.

Datasets and models. We evaluate on GSM8K (Cohbe
ef_all, P021)) and MATH (Hendrycks et all, PO2T), two
standard benchmarks for mathematical reasoning. Both
require multi-step reasoning traces for strong perfor-
mance and are therefore natural testbeds. Our teacher
model is DeepSeek-R1-Distill-Qwen-7B (Guad
ef_all, D075). We use Qwen2.5-3B (Baiefall, X023)
as the proxy student used for teacher defense, and
Llama-3.2-3B (Graffafiorief all, P0024) as the final stu-
dent. We keep the teacher, proxy, and final student fixed
across datasets and teacher conditions.
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Figure 3. Utility—distillability frontiers under passive and adaptive evaluation. Adaptive evaluation shifts the frontier upward, revealing
substantially more leakage than passive evaluation. Curves are smooth fits to seed-level points, and error bars show standard error of the

mean across 3 seeds.

Teacher types. We compare three teacher types: standard
(no defense), ADS (the current state-of-the-art by (Savani
ef"all, P0735)), and our PoE teacher. We record the reason-
ing trace for each prompt by each teacher. For ADS and
PoE, we sweep the defense strength to trace out a utility—
distillability frontier, with teacher accuracy measuring util-
ity and downstream student accuracy measuring leakage.
Table [ reports representative points, while Figure B shows
the full frontier. The aforementioned representative points
are chosen to compare defenses at similar and reasonable
teacher accuracies.

Passive and adaptive students. For each teacher, we train
two students using the same distillation pipeline and dif-
fering only in how released traces are weighted. The pas-
sive student trains on released traces as given. The adaptive
student applies our best-response evaluation rule, exponen-
tially reweighting traces with higher estimated value before
training.

Training and metrics. We fine-tune the student with
LoRA (Hu“efall, 2027) for 3 epochs using rank 128, o =
128, learning rate 5 X 10~4, cosine decay, batch size 6, gra-
dient accumulation 4, and maximum sequence length 2,048.
Our main metrics are teacher accuracy and student accu-
racy after distillation. We also report the relative gain of
the adaptive student over the passive student. Unless other-
wise noted, all results are mean =+ standard error over three
seeds.

4.2. Results

Adaptive evaluation reveals substantially more leakage
than passive evaluation. Across datasets, defenses ap-
pear much more robust under passive evaluation than un-
der adaptive evaluation. On GSM8K, ADS reduces student

accuracy to 34% under passive evaluation, but the adaptive
student reaches 52% against the same teacher; PoE shows
the same pattern, rising from 39% to 49%. MATH is noisier
but directionally identical: both ADS and PoE rise from 9%
to 13%, ignoring decimals. These gaps are large enough to
change the qualitative interpretation of the defenses: meth-
ods that look strong against a passive student can leak much
more under an adaptive one.

Under adaptive evaluation, the gap between ADS and
PoE narrows substantially. At comparable teacher accu-
racy, ADS usually looks stronger than PoE under passive
evaluation. On GSM8K, for example, ADS reaches lower
passive student accuracy than PoE (34% vs. 39%), but the
difference is much smaller under adaptive evaluation (52%
vs. 49%). The practical comparison changes further once
runtime is included: on GSM8K, PoE increases teacher gen-
eration time by 64% (1.64x), whereas ADS increases it
by 193% (2.93x). Overall, ADS appears stronger under
passive evaluation at comparable teacher accuracy, but this
advantage largely disappears under adaptive evaluation. At
the representative GSM8K operating point in Table [, PoE
even yields slightly lower adaptive student accuracy than
ADS while being substantially cheaper. Thus, the main
conclusion is not that either method uniformly dominates,
but that adaptive evaluation and runtime cost substantially
change the practical comparison, with the latter favoring
PoE.

PoE preserves higher-quality reasoning traces. Stu-
dent accuracy does not capture whether the teacher’s rea-
soning traces remain useful to a user. To measure this,
we score trace quality with a rubric-based Claude Sonnet
4.6 (Anthropid, 20764) judge that evaluates whether rea-
soning steps are identifiable, relevant, and checkable. The
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Figure 4. Trace-quality distributions under our Claude Sonnet 4.6 rubric-based judge. PoE produces more high-scoring traces than ADS
on both datasets and remains closer to the standard teacher, suggesting better preservation of human-auditable reasoning.

rubric scores traces from 1 (no auditable reasoning) to 5
(every step is identifiable, relevant, and checkable), and
explicitly instructs the judge to ignore length and style
so that verbose and concise traces are treated equally;
see Appendix 3 for the full prompt. Figure B shows
that PoE produces more high-scoring traces than ADS on
both datasets, while remaining much closer to the standard
teacher. Qualitative examples in Appendix 4 show the
same pattern. This suggests that PoE better preserves au-
ditable reasoning while still reducing distillation leakage.
This is consistent with the design of PoE: it suppresses
outputs with large teacher-student likelihood gaps while
retaining those that are likely under the teacher, whereas
ADS directly optimizes against the student’s learning sig-
nal and may more strongly distort readable reasoning. To
sanity-check the rubric-based judge, we collected human
ratings on 30 traces sampled evenly across teacher types.
The human rater was blind to which teacher produced each
trace and used the same 15 auditability rubric as the judge.
Quadratic-weighted Cohens x between human and judge
ratings was 0.76, and the judge’s mean absolute error rel-
ative to human ratings was 0.40 rubric points, with mean
signed error +0.13. This suggests that the judge is reason-
ably well calibrated for the auditability rubric, with no large
systematic offset.

Defenses shift the frontier, but much less under adap-
tive attack. Both ADS and PoE improve the utility—
distillability trade-off relative to the standard teacher, but
the gain is much smaller against adaptive than against
passive evaluation. On GSM8K, ADS sacrifices about 5
teacher-accuracy points and reduces student accuracy by
23 points under passive evaluation, but by only 5 points
under adaptive evaluation. PoE shows the same flattening:
for about a 6-point teacher-accuracy loss, it reduces student
accuracy by 18 points under passive evaluation but only 7
points under adaptive evaluation. The threat-model impli-
cation is as follows: if the adversary is assumed to be pas-
sive, ADS looks stronger, but under an adaptive adversary

the gap between ADS and PoE narrows substantially, mak-
ing PoE especially attractive once runtime and trace quality
are taken into account.

5. Conclusion and Future Work

We introduced a game-theoretic view of distillation attacks
and defenses in which a utility-constrained teacher inter-
acts with an adaptive student. Once a value function is
specified, the framework yields both an adaptive evaluation
protocol for the student and a template for teacher-side de-
fense. Using a cheap proxy for example value, we further
derived Product-of-Experts (PoE), a simple forward-pass-
only defense that combines the teacher with a proxy student
during generation.

Our findings suggest that progress on antidistillation should
be judged against adaptive rather than passive students.
Across GSM8K and MATH, defenses that appear strong
against passive students leak substantially more under adap-
tive evaluation. This changes the practical comparison be-
tween defenses: ADS appears stronger under passive eval-
uation, but its advantage narrows substantially under adap-
tive evaluation, while PoE is cheaper to run and preserves
higher-quality reasoning traces.

Our framework deliberately focuses on adaptive reweight-
ing, a simple and practical form of attacker adaptation
that yields tractable response rules and implementable eval-
uation protocols. This focus is useful because it cap-
tures a capability that realistic distillers already have—
choosing which released examples to emphasize—while
remaining simple enough to connect defense design and
evaluation in a single model. Natural extensions include
richer adaptive attacks, broader model and task families,
and stronger proxy choices for estimating distillation value.
More broadly, we hope this perspective encourages future
antidistillation work to specify not only how a teacher is de-
fended, but also what adaptive student the defense is meant
to withstand.
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A. Proof of Theorem B.1

‘We restate the theorem for convenience.

Theorem 3.1 (Best responses). Assume % is finite.? For value function v, the student’s best response to a fixed released
policy 7, and the teacher’s best response to a fixed student are respectively, for every y € % and x € 2"

e (y | @) o< Ty | ) eV, (6)
Ty | ) o mer(y | ) eV, ™

where 77, A\ > 0 are dual variables. When the global KL constraints are active, 7 and A are unique constants chosen such that
the expected budgets are tight, i.e., E; o [Dkr (7% (- | 2)||me (- | 2))] = p and Ep o [Dkr (77 (- | @) ||t (- | 2))] = €.

Throughout this section, ¢ is finite for each context. Hence for each fixed context x € 27, all probability measures on &
can be identified with vectors in the simplex A(%/), all expectations are finite, and all optimization problems below attain
their optima on compact feasible sets.

For n € [0, +00) and a released policy 7|, define the exponential tilt:

Teel(y | z)en @)

= , Yye# Vexe Z. 15
7Tifff,’f](y | .’E) Zy/e@/ Wrel(y/ | x)env(z,y,) Y t ( )
Likewise, for A € [0, +00) and a nominal teacher 7, define
—v(z,y)
e (y | 2)e . WeEX NreX. (16)

7Tre|,A(y | CC) = Z

ey Teef (Y | )e=Av(@y")

The same formulas hold on general measurable spaces under the usual absolute continuity and integrability assumptions; we restrict
to finite space to avoid measurability and existence issues.
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For 17 = +o00, we interpret 7ef ,, as an arbitrary policy supported on

arg max v(z,y),
y: 71'rel(yl$)>0

and for A = 400, we interpret 7 » as an arbitrary policy supported on

ar min v(x,y).
gy:ﬂ'vef(ylw)>0 ( y)

These are exactly the limiting policies of 7efr ,, and mrer x as 7, A — +o00.

A.l. Student best response

We first prove the student part of the theorem.

Proposition 1. Fix 7. and p > 0. Then the optimization problem

sup {Efm% yr~mess (-] ) [v(x,y)] : Teft, ExNQ[DKL(']TefF(' | )||7el (- | x))] < p}

a7

(13)

admits an optimizer. Every optimizer is of the form 7 ,, for some 7 € [0, +00]. Moreover, if the KL constraint is active,

then n < oo and
Esna [DKL(Teff (- | 2)||Tra(- | 2))] = p.

Proof. Since ¢/ is finite for each context, the feasible set
{Tett : Exng [DKL(Test (- | 2)|| Tl (- | 2))] < p}

is compact, and the objective Tefr > Ey9, yrme(-|2)[V(7, y)] is continuous. Hence an optimizer exists.

We first treat the case n < oo. Fix x € £ and define:

Lt (z,m) = Z 7T-rel(y ‘ x)em)(-ny)_
yed

Then for any 7 < e, i.€., 7 is absolutely continuous w.r.t. 7, Wwe have:

e o | ) low T 12)
B [Drar( [ et 1)) =Bans | 3wty | 2)log o 0
) n(y | @)

= Exw.@ Z W(y | {E) log

vew ey | 2)e @) [ 2 ()

= Eong [Dxr(n(- | 2)[|Tee(- | 2))] = 1 EBong, yor(j2) [0(2,Y)] + Exng [log Zr,, (x,1)].

Rearranging gives
Eong, yor(12) (2, 9)] — %Ew@[DKL(W(‘ | @)l mrer(- | )]
= 2B 108 Zny 0.3)] = 1 Bans [Drct (7( | )] ).
Therefore, for every ) € (0, +00), the unique maximizer of the penalized problem
sup {Ewm, yr(-lo) [0(2, )] — %Em@[DKL(WC | )7 (- | w))]}

is Teff,n-

We now pass to the constrained problem. Since the feasible set has nonempty relative interior (for example, ™ = 7
is feasible), strong duality holds for this finite-dimensional convex program. Thus there exists a Lagrange multiplier

12
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corresponding to the KL constraint. If the constraint is active at the optimum, then the KKT conditions imply that any
optimizer must maximize a penalized objective of the form above for some finite 7 > 0, hence must equal 7ef ,,, and
complementary slackness gives

Ezng [DKL(TefF,n(' | x)Hﬂ-@(' | .Z‘))} =P

It remains to consider the inactive case. If the KL constraint is inactive, then the optimum is the same as that of the

unconstrained linear functional 7 — E, %, yr(.|2)[v(2,y)] over the simplex subject only to ™ < . Such an optimizer
is any policy supported on

ar max vx, .
gy:ﬂ'rel(ylz)>o ( y)

This is exactly our definition of Teff o .

Hence every optimizer is of the form ¢ ,, for some 1 € [0, +o0], with 7 < oo and

Eong [DKL(Tett.n (- | 2)[[ el (- [ 2))] = p

whenever the KL constraint is active. O

A.2. Teacher best response

The teacher part is the corresponding minimization problem.

Proposition 2. Fix m.f and € > 0. Then the optimization problem

inf {Eyng, yom (o) [0(@,9)] : Trel, Bang [Dir(mei(- | 2)[|7et (- | 2))] < e}

admits an optimizer. Every optimizer is of the form 7  for some A € [0, +0c]. Moreover, if the KL constraint is active,
then A\ < oo and

Ezng [DKL(Treian (- | @) |7t (- | )] = €.

Proof. The argument is the same as for Proposition [, applied to the minimization problem. Since ¢ is finite for each
context, the feasible set

{Wrel 1]E;c~9[DKL(7Tre|(' | 2)[|mees (- | x))] < 5}
is compact, and the objective el = Ep g,y (-|2) [V(, y)] is continuous, so an optimizer exists.
For A € (0, +00), define

Zni(, ) = Z Tret (y | ©)e @),

yewW

Then for any 7 < mef,

Eina [DKL(T‘-(' ‘ x)”ﬂ'rel,)\(' | l‘))]

— B | 3 wly | 2)log 21D
yew 7Tre|,>\(y | m)

m(y | x)
=E;a w(y | z)log

=Eong [Dru(n( | )|t (- | 2))] + ABong, yor (o) (@, y)] + Eang [log Zr (2, N)].

Rearranging gives

Epng, yor (o) V(T y)] + %Em@[DKL(W(' | @) |17ef (- | )]

1 1
= *XEm@[lOg Zr (@, N)] + X]Em@[DKL(?T(' | @) ||mrein (- | 2))].

13
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Thus, for every A € (0, +00), the unique minimizer of

i { Bav, (106028 + FBon [Dra (- ) | )]

1S Trel -

As above, strong duality holds because the feasible set has nonempty relative interior (for example, m = 7 is feasible).
Hence if the KL constraint is active, the KKT conditions imply that any optimizer must equal 7 5 for some finite A > 0,
and complementary slackness gives

Egno [DKL(ﬂ-reI,A(' | x)”ﬂ-ref(' | JE))] =¢&.

If the KL constraint is inactive, then the optimum coincides with that of minimizing the linear functional =
Eyna, yor (o) [v(2,y)] over all 1 < meer. Any optimizer is then supported on

arg min  v(z,y),
Y eef (y]2) >0

which is exactly our definition of 7ye| o .

Hence every optimizer is of the form 7y » for some A € [0, +o00], with A < co and

Eino [DKL(ﬂ'reI,)\(' | J3>||7Tre1’<' ‘ $))] =€

whenever the KL constraint is active. O

A.3. Proof of the theorem

Proof of Theorem BZ. The student statement is Proposition [, and the teacher statement is Proposition D. The formulas
displayed in the theorem are exactly the definitions of 7ef ,, and 7l , With the cases 7 = oo and A = oo understood as
the limiting policies described above. O

B. Stackelberg equilibrium of the distillation game

In this section, we analyze the full game

V(Ea P) = inf sup Eww@, yr~oTess (-] 2) [v(x, y)]
e €11 (”ref) ﬂefrenp (T{'re‘)

For the finite-dimensional compactness arguments below, we work in the finite-Z setting; since Z is fixed throughout, this
is equivalent to working with the induced joint laws of the policies.

B.1. Variational form of the student’s problem

For fixed ¢, define

U(mrel) i= sup  Epig yom () [0(@, 1))
Weffenp(ﬂ'rel)

Lemma B.1. For every .,
p+logE, g, Yoo (|2) [eﬂv(x,y)]

\Il(ﬂ'rel) = %I;% n - >

where the inactive-constraint case is recovered by the limit  — co.

Proof. Fix 7 > 0 and define
el (y | )’ (@)

yEW Trel (Y | x)eﬁv(r,y’) :

Teft,n (Y | ) = 5
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Then for every Tesr << Trel,
E;na DL (Teit (- | @)||7eft,n (- | )]
=E;v2 [DKL(WefF(' | 33)||7Tre|(' ‘ .Z‘))] - nEmwﬁ, y~es (-] x) [U(LL‘, y)] + 10g Emw@, Y~ (-] ) [env(w,y)].

Rearranging gives
1
Bind, yrmer (1o V(25 9)] — 5Em~@ [Dxr (7t (- | 2) || mrei(- | 2))]
1 nv(z,y) 1
= 108 Es, a4 €7 = B [Dis (| ) ] ).
Since By [DL (et (- | )| Teft,y (- | )] > 0, we obtain

1 1
Eon, yome(-|2) [0(T,4)] — 5Ex~@[DKL(7Teff(' | 2)|| e (- | 2))] < 510g]E:c~@, g () [€77 ],

with equality if and only if Tefr = Tefr, -
Now let megr € II,(mrer). Then
Esng [Dir (et (- | 2)||mrel (- | 2))] < p,

SO
PHIEE 9, (o) [€7Y)]

n

Exm@, yr~mesr (+|x) [v(a:, y)] <
Since this holds for every > 0,

U(mrer) < inf ptlogEeng, ymaCl2) [env(mﬁy)]
re — n>0 n ’

For the reverse inequality, fix an optimizer 7 € Hp(me|), which exists because & is finite. If the KL constraint is active,
then by Proposition [ there exists n* € (0, 4+00) such that

Trel(y | x)en*v(z,y)

yEY Trel (Y | x)e”*v(r,y’)

mer(y [ 2) = 5 and  Epng [Dir(nl (- | 2)llme(- [ 2))] = p.

Substituting 73 = 7efr,+ into the KL identity gives

p=n"Esna, yNWe*ﬁ(.\x)[U(x, Y)] —108Esng, yroma(la) [eﬂ*v(w,y)]'

Therefore .
P + IOg Exw@, Y~Trel (+] ) [677 v(z,y)]

,rl*

\Ij(’n—fd) = EEN@, yr~m ke (-|x) [’U(l’, y)] =

)

so equality holds.

If the KL constraint is inactive, then by Proposition [l the optimizer is supported on the maximizers of v on supp(me). In
that case,

WU (7m.e) = max v(z),
( el) 2: Pr (2)>0 ( )
and the same value is obtained as the limit of
P + 1Og EINQ, Y~rel (-] ) [em)(a:,y)]
n

as 17 — oo. Hence the formula remains valid. O
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B.2. Teacher optimization for fixed 7

For fixed n > 0, define
gy(z,y) = (@)
By Lemma BT, the teacher is led to the problem

inf Eind yeomo(-lz S Y)|.
maEhna(mef) 7, y~malt| )[gn(x y)]

Lemma B.2. Fix n > 0. Then the problem

inf  Fomo von . ,
! (o) 9n (T, Y)]

admits an optimizer. Every optimizer is of the form
-
Tretn (Y | ) o Tref (y | @)e29n(w)
for some A € [0, +o0]. If the KL constraint is active, then A < oo and

Eong [DKL(Tre (- | 2)l|me (- | 2))] = .

Proof. This is Proposition @ applied to the function g,. Since 2 is finite, g, is bounded, so all assumptions are satisfied.
O

B.3. Reduction of the game

We now reduce the full game to an optimization over 7 and 7.

Lemma B.3. The game value satisfies

p+ IOg Exw@, y~re (¢ ) [env(:c,y)]

Ve, p) = inf inf
( p) 71'reIel—IE(ﬂ'ref) n>0 77
Equivalently,
+logE,. oo ol nv(z,y)
Viep)=inf  inf  PTIBErgvmenl Yy gy
N>0 7 €TTc (rer) n

For each fixed n > 0, the inner minimization over 7 is solved by a policy of the form

_ v(z,v)
’/Trel,n(y | fﬂ) (&8 ﬂ—ref(y | ZL’)@ Ac? ’

for some \ € [0, +o0].

Proof. Substituting Lemma B into the definition of ¥ (¢, p) gives

+ 108 Epm gy (-2 [€7Y)
Ve, p) = inf  inf P & 2, yraCle)| ]
71'relel—ls(ﬂ'ref) >0 n

The second identity follows because both sides equal the infimum of the same function over the product set IT (7ef) X
(0, 4+00).
For fixed n > 0, the map
p+108Eorg, yumy(-ls) [ Y)]
Ui

Trel =

is minimized by minimizing
v(x,
Eona, gl [€7EY)],

since p and 7 are fixed and the logarithm is strictly increasing. The stated form of the optimizer then follows from
Lemma B2 0
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B.4. Existence and coupled form of an optimal pair

We now show that the game admits an optimal teacher—student pair, and we identify its coupled form when the relevant
constraints are active.

Theorem B.4. There exists 7}

€ II. (mef) such that

V(e p) = sup E;ng, yNﬂ'eFF("w)[’U(x7y)}'
et €11, (7))

Moreover, there exists 7% € II, () such that
4//(67 p) = Ea:rv@, yr~ml(-|x) [U(.I‘, y)]

If the outer infimum in Lemma B3 is attained at some * > 0, and if both the student and teacher KL constraints are active
at the corresponding optimizers, then

* yxon*u(z,y)
me(y | @) ocmiy(y [ w)e” V) mi(y | a) o mer(y | )e T

for some finite n*, A\* > 0, with
Epng [DrL(ml (- | ) [mg (- | 2)] = p, Bang [DriL(my(- | 2)|Imer(- | 2))] = .

Proof. Define

(I)(Wrel) = sSup EIN-“% y~es (+]) [U(l‘,y)]
7Teffer[p(ﬂre\)

Since % is finite, the feasible set II. (7rf) is compact. We first show that ® is continuous on T, (7ref).

By Lemma B,

. P + IOg Ezw@, ~Tel (| [env(x7y)]
(I)(Trrel) = éI;fOF(WreM?), F(ﬂ-relan) = yn ) .

Because % is finite, v is bounded. Let

= mi M = .
m = mig v(z), Izréa’%gv(z)

Then for every 7 and every n > 0,
1 <108 By, yromalay €™ V)] < M,

SO

Hence
lim sup  F(me,n) < M.

17790 g1 €11 (Trref)

More importantly, for every 7|,
O(me) < max  wv(z) < M.
z: Pr (2)>0

Therefore, given any ¢ > 0, choosing > p/§ yields
F(ﬂ—relyn) <M+56
uniformly in 7. Since @ (7)) < M, it follows that

q) re = i f F rels
(Trrel) ot (Trvel; M)

17



The Distillation Game: Adaptive Attacks & Efficient Defenses

up to an error at most d, uniformly in 7,e. On each compact strip IL. (7ef) X [10,71] With 0 < 1o < 71 < 00, the function
F' is continuous in (7, 7). It follows that ® is the uniform limit of continuous functions on the compact set I, (7ref),
hence is continuous.

Since ® is continuous and II. (7ef) is compact, there exists 75, € IL. (7yef) such that

V(e p) = (my)-

For this fixed 7*

rel”

I1,(m},) such that

the set I1,(7};) is compact, and 7efr + By, yeormg (o) [V(2,y)] is continuous, so there exists 7l €

(I)(Wr):el) = Emw@, yr~mle(-]x) [’U(:I?7 y)]
This proves the existence of an optimal pair.

Assume now that the outer infimum in Lemma B33 is attained at some n7* > 0, and that both KL constraints are active at
the corresponding optimizers. By Lemma B3 and Lemma B, the teacher optimizer for that fixed n* has the form

_aren (@)
Ty | ) oc me(y | 2)e X" T

for some finite A* > 0, and activity of the teacher constraint gives

Eong [Diw(me (- | 2)llmer(- | 2))] =e.

Given this 7%, Lemma B implies that the student’s best response has the form

rel®
ey | 2) o mg(y | @)e o),

and activity of the student constraint gives

Ezng [Diw (- | 2)ma( [ 2))] = p.

This proves the coupled form. l

C. Additional experiments and experimental details

In this section, we provide details of our experiments as well as some additional experiments.

C.1. Experimental details

Datasets and splits. We evaluate on GSM8K and MATH. For GSM8K, we use the standard training split and materialize
disjoint train, holdout, and test subsets with fixed random seeds; the runs underlying the main figures use 5,238/2,246/1,319
prompts for train/holdout/test, respectively. For MATH, we construct a pooled dataset from the standard subject-area
subsets and materialize 5,000/2,500/5,000 train/holdout/test examples.

Teacher, proxy, and student models. Across all experiments, the reference teacher is DeepSeek-R1-Distill-Qwen-7B,
the proxy student used for teacher-side is Qwen2.5-3B, and the final distilled student is Llama-3.2-3B. We use bfloat 16
inference/training with flash_attention_2 (Daoefall, 2027). This proxy/final-student mismatch is intentional and
follows prior work such as (Savani_ef-all, 2075): the teacher is designed against an internal proxy, but evaluated against a
different attacker architecture, so the setting is a transfer-style antidistillation evaluation rather than a matched white-box
one.

Teacher generation. Teacher traces are generated with temperature 0.6 and top-p 0.95, with prompts truncated to 512
tokens and generations capped at 1,024 new tokens. We also append a short answer-forcing suffix that allocates up to 32
additional tokens for the boxed final answer. For the defense families, we compare a standard teacher, ADS, and PoE. In
the representative tables, we report GSM8K ADS at A = 0.052 and PoE at v = 0.65, and MATH ADS at A = 0.08 and
PoE at v = 0.75; broader sweep results are shown in the trade-off plots.

For GSMS8K, ADS is swept on A € {0.043,0.044,0.046,0.047,0.049, 0.050, 0.052,0.055,0.060} and PoE is swept
on v € {0.50,0.55,0.60,0.63,0.65,0.68,0.70,0.73,0.75}. For MATH, we report the sweeps: ADS is swept on
A € {0.07,0.075,0.0775,0.08,0.085, 0.0875, 0.09} and PoE is swept on v € {0.70,0.725,0.75, 0.80, 0.825, 0.85,0.90}.

18



The Distillation Game: Adaptive Attacks & Efficient Defenses
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Figure 5. Student accuracy after distillation from commercial frontier-model (GPT-5.4 mini, Claude Sonnet 4.6, Gemini 3 Flash Preview)
outputs under different exposure formats. Summary traces provide less information than full reasoning traces but still yield nontrivial

student recovery, while answer-only outputs are generally less informative. Results are averaged over 3 seeds; error bars show standard
error of the mean.

Student distillation. All students are trained with the same supervised fine-tuning pipeline and differ only in how training
traces are weighted. We fine-tune the final student with LoRA for 3 epochs using rank 128, LoRA a = 128, dropout 0,
learning rate 5 x 10~*, weight decay 0.1, gradient clipping at 1.0, cosine decay with warmup ratio 0.03, per-device batch
size 6, gradient accumulation 4, and maximum sequence length 2,048. The passive student uses uniform weighting over
released traces. The adaptive student uses sharpness parameter 3, = 0.5.

Reporting and hardware. Our main metrics are teacher accuracy and downstream student accuracy under passive and
adaptive evaluation. All reported numbers are averaged over three seeds (123, 456, 789), and we report standard errors
across seeds. Experiments were run on NVIDIA B200, H200, and A100 machines.

C.2. Distillation using frontier models

We also evaluate whether traces from commercial frontier models (GPT-5.4 mini, Claude Sonnet 4.6, Gemini 3 Flash
Preview) can serve as effective supervision for a smaller open-weight student. Figure B shows that fine-tuning Llama-3.2-
3B on frontier-model traces yields dramatic gains over both the untuned base model and a baseline trained only on question—
answer pairs. On GSMS8K, the student improves from 0.76% in the base setting and 3.43% with Q&A-only supervision
to 51.75%, 53.57%, and 54.78% when distilled from Gemini, Claude, and GPT traces, respectively. On MATH, the
same pattern holds, with accuracy rising from 1.01% at base and 11.25% with Q&A-only supervision to 12.09%, 16.33%,
and 14.83% using Gemini, Claude, and GPT traces. These results show that frontier-model traces contain substantial
reusable learning signal beyond final answers alone, while also indicating meaningful variation across source models in
how effectively that signal transfers to the student.

C.3. LLM-as-a-Judge prompt for trace auditability

To evaluate the utility of the generated reasoning traces, we employ Claude Sonnet 4.6 as an automated judge. We provide
the judge with the original math problem and the model’s generated trace, instructing it to evaluate the trace based strictly
on its auditability. The exact system prompt and rubric provided to the model are detailed below. Each trace is judged
independently, without revealing the defense type. The judge receives the problem statement, final answer, and reasoning
trace. The order of examples is randomized before scoring.
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System Prompt: Trace Auditability

You are a judge for the quality of reasoning traces. You will be given a math problem and a reasoning trace. Score the trace on
a 1-5 scale using the rubric below.

#i## Rubric: Auditability of Reasoning

Criteria: Can a human reader audit the reasoning in this trace? For each step, assess whether it is (a) identifiable as a distinct
reasoning step, (b) relevant to the problem, and (c) checkable against the previous step or the problem statement. Verbose but
coherent traces and concise traces should score equally if both are auditable.

* Score 1 — No auditable reasoning. The trace is dominated by non-reasoning content (repeated tokens, garbled text, or irrele-
vant material). A reader cannot identify any checkable steps.

* Score 2 — Few auditable steps. Some reasoning is present but is interleaved with substantial non-reasoning content (filler
tokens, irrelevant tangents, or corrupted text) making it unclear which parts to trust.

* Score 3 — Partially auditable. The core reasoning steps are identifiable but some steps lack clear justification, or the reader
must ignore non-trivial amounts of irrelevant content to follow the argument.

¢ Score 4 — Mostly auditable. Nearly every step is identifiable, relevant, and checkable. Minor issues such as a redundant
restatement or one unclear transition do not prevent verification.

¢ Score 5 — Fully auditable. Every step is identifiable, relevant to the problem, and independently checkable. The trace may be
long or short — what matters is that no step requires guesswork to verify.

To sanity-check the automated judge, we collected human ratings for 30 traces, sampled evenly across teacher conditions:
10 Standard, 10 PoE, and 10 ADS. Human raters used the same 1-5 trace-auditability rubric as the automated judge.
We report quadratic-weighted Cohen’s «, a chance-corrected agreement measure for ordinal ratings that penalizes larger
disagreements more heavily (Cohen, T968; Fleiss & Cohen, T973). We also report mean absolute error, % Z?:l |75 — hals
and mean signed error, % Z?:l( ji — h;), where h; is the human rating and j; is the judge rating. The judge achieves
x = 0.76, mean absolute error 0.40, and mean signed error +0.13, indicating strong agreement with only a small upward
offset on the 1-5 scale.

C.4. Comparison of the traces

We show representative examples illustrating common trace-quality patterns observed in the judged samples; these exam-
ples are not used for quantitative evaluation.

Semantic comparison. Across these examples, the unperturbed teacher is the most verbose and self-reflective. It tends
to narrate its thinking in a conversational way, with false starts, alternative solution paths, and repeated verification of
intermediate calculations. PoE is consistently more compressed and polished. They usually preserve the full logical
structure of the solution, but strip away most of the hesitation, backtracking, and repetition seen in the unperturbed traces.
ADS is less consistent: in several examples it remains correct but becomes longer and more mechanical than PoE. We show
quantitatively in Fig. B that PoE often produces significantly shorter traces.

Style of reasoning comparison. An interesting pattern is that PoE does not merely shorten the original trace; it some-
times finds a different mathematically valid route to the same answer. For example, in the functional-equation problem, the
unperturbed and ADS traces first derive the general form f(x) = k/z, whereas the PoE trace directly substitutes © = 30
andy = % into the identity to obtain f(40) immediately. Similarly, in the countries problem, PoE rewrites the relationships
in a more compact directional form (“Patrick is half of Zack,” “Joseph is a third of Patrick,” etc.), rather than following
the more standard forward chain used by the unperturbed and ADS traces. These examples suggest that POE sometimes
preserves correctness while changing the structure of the reasoning itself.

Example of weighting chosen by the strategic student. In Fig. [, we show two examples where the strategic student
assigns very different scores. As can be seen, the strategic student prefers clean traces compared to faulty traces.
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Figure 6. Comparison of word counts for various reasoning traces. We only consider the reasoning traces such that the final answer is
correct.

21



The Distillation Game: Adaptive Attacks & Efficient Defenses

Unperturbed Teacher Trace

Okay, so I've got this problem here about airplane seats and how many won’t be occupied. Let me try to break it down step by step.
Sometimes these problems can be a bit confusing, but if I take it slow, I think I can figure it out.

First, the problem says that eight people fit in a row on an airplane, and there are 12 rows. Then, it mentions that only 3/4 of the
seats in each row are allowed to be seated. The question is asking how many seats will not be occupied on the plane.

Hmm, okay. So let’s parse this out. There are 12 rows, each with 8§ seats. But only 3/4 of those seats are occupied. So I guess we
need to find out the total number of seats first and then subtract the number of occupied seats to find out how many are unoccupied.
Wait, actually, the problem is asking for how many seats will not be occupied. So that’s the total seats minus the occupied seats.
But maybe there’s another way to look at it, like directly calculating the unoccupied seats? Let me think.

Alternatively, since only 3/4 of the seats are occupied, that means 1 - 3/4 = 1/4 of the seats are not occupied. So maybe I can just
calculate 1/4 of the total seats to get the number of unoccupied seats. That seems simpler.

But let me go through it the long way to make sure I don’t make any mistakes. So, first, I need to find the total number of seats on
the plane. Since there are 12 rows and each row has 8 seats, the total number of seats is 12 multiplied by 8.

Let me write that down: Total seats = 12 rows * 8 seats/row. So 12 * 8. Hmm, 12 times 8. I think 12 times 8 is 96. Let me check
that: 10 times 8 is 80, plus 2 times 8 is 16, so 80 + 16 is 96. Yeah, that’s right.

So total seats on the plane are 96. Now, the next part is that only 3/4 of the seats in each row are allowed to be seated. So that
means that in each row, instead of all 8 seats being occupied, only 3/4 of them are. So the number of occupied seats per row would
be 3/4 * 8.

Let me write that down: Occupied seats per row = 3/4 * 8. So 3/4 of 8. Well, 8 divided by 4 is 2, and then multiplied by 3 is 6. So
6 seats per row are occupied.

Alternatively, since 3/4 is 0.75, I could do 8 * 0.75, which is also 6. Either way, it comes out to 6 occupied seats per row.

Now, since there are 12 rows, each with 6 occupied seats, the total number of occupied seats is 12 * 6. Let me calculate that: 12
times 6 is 72. So total occupied seats are 72.

But the question is asking how many seats will not be occupied. So that’s the total seats minus the occupied seats. So 96 - 72 is 24.
So 24 seats will not be occupied.

Alternatively, as I thought earlier, since 3/4 of the seats are occupied, that means 1/4 are not. So 1/4 of 96 is 24. Yep, same answer.
So either way I look at it, whether calculating occupied seats and subtracting or calculating unoccupied seats directly, I get 24.
Wait, just to make sure I didn’t make a mistake in my calculations. Let me double-check.

Total seats: 12 rows * 8 seats per row. 12#8=96. Correct.

Occupied seats per row: 3/4 of 8. 3/4*8=6. Correct.

Total occupied seats: 12 rows * 6 seats per row=72. Correct.

Total unoccupied seats: 96 -72=24. Correct.

Alternatively, 1/4 of 96 is 24. Correct.

So yeah, I think that’s solid. I don’t see any errors in my reasoning or calculations.

So, in summary:

- Total seats: 12 rows * 8 seats/row = 96 seats. - Occupied seats per row: 3/4 * 8 seats = 6 seats. - Total occupied seats: 12 rows *
6 seats/

PoE Teacher Trace

To solve the problem, let’s break it down step by step.

1. **Calculate the total number of seats in the airplane:** - There are 12 rows. - Each row has 8 seats. - Total seats = 12 rows * §
seats/row = 96 seats.

2. **Determine how many seats are allowed to be occupied:** - Only 3/4 of the seats in each row are allowed to be occupied. - So,
the number of seats allowed to be occupied in each row = 8 seats * 3/4 = 6 seats.

3. **Calculate the total number of seats that will be occupied:** - Total seats occupied = 12 rows * 6 seats/row = 72 seats.

4. **Determine the number of seats that will not be occupied:** - Total seats = 96 seats. - Seats occupied = 72 seats. - Seats not
occupied = 96 seats - 72 seats = 24 seats.

Therefore, the number of seats that will not be occupied on the plane is .
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ADS Teacher Trace

raideight people fit in a row on an airplane, and there are 12 rows. Only 3/4 of the seats in each row are allowed to be seated. How
many seats will not be occupied on that plane?
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airplane, and there are twelve rows. Only three-fourths of the seats in each row are allowed to be seated. How many seats will not
be occupied on that plane?
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Zack has traveled to twice the number of countries Patrick traveled to. Patrick traveled to three times the number of countries

Joseph traveled to. Joseph traveled to half the number of countries George traveled to. If George traveled to 6 countries, how many
countries did Zack travel to?
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Unperturbed Teacher Trace

Okay, so I need to figure out how many countries Zack traveled to. Let me start by breaking down the information given step by
step.

First, George traveled to 6 countries. That’s straightforward. Now, the next part says Joseph traveled to half the number of countries
George traveled to. So, if George went to 6, Joseph went to half of that. Half of 6 is 3. So Joseph traveled to 3 countries.

Moving up, Patrick traveled to three times the number of countries Joseph traveled to. Joseph went to 3, so Patrick went to 3 times
3. Let me calculate that: 3 times 3 is 9. So Patrick traveled to 9 countries.

Now, Zack traveled to twice the number of countries Patrick traveled to. Patrick went to 9, so twice that number is 2 times 9.
Calculating that: 2 times 9 is 18. So Zack traveled to 18 countries.

Wait, let me double-check to make sure I didn’t miss anything. George: 6. Joseph: half of George, which is 3. Patrick: three times
Joseph, which is 9. Zack: twice Patrick, which is 18. Yep, that seems right.

So, Zack traveled to 18 countries. </think>

Zack traveled to 18 countries.

**Step-by-Step Explanation:**

1. **George’s Countries: ** George traveled to 6 countries.

2. **Joseph’s Countries:** Joseph traveled to half the number of countries George went to.

Joseph = % X George = % x6=3

3. **Patrick’s Countries: ** Patrick traveled to three times the number of countries Joseph went to.
Patrick = 3 x Joseph =3 x 3 =9

4. **Zack’s Countries:** Zack traveled to twice the number of countries Patrick went to.

Zack = 2 x Patrick = 2 x 9 = 18

PoE Teacher Trace

Zack traveled to twice the number of countries Patrick traveled to. Patrick traveled to three times the number of countries Joseph
traveled to. Joseph traveled to half the number of countries George traveled to. If George traveled to 6 countries, how many
countries did Zack travel to?

Zack traveled to twice the number of countries Patrick traveled to, so Patrick traveled to half the number of countries Zack traveled
to.

Patrick traveled to three times the number of countries Joseph traveled to, so Joseph traveled to a third of the number of countries
Patrick traveled to.

Joseph traveled to half the number of countries George traveled to, so George traveled to twice the number of countries Joseph
traveled to.

If George traveled to 6 countries, then Joseph traveled to 3 countries, Patrick traveled to 9 countries, and Zack traveled to 18
countries.

So, Zack traveled to countries.
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ADS Teacher Trace

Alright, let’s tackle this problem step by step. It seems like we’re dealing with a series of relationships between the number of
countries different people have traveled to. The goal is to find out how many countries Zack traveled to, given some information
about the others and a starting point with George.

First, let’s break down the information given:

1. George traveled to 6 countries. 2. Joseph traveled to half the number of countries George traveled to. 3. Patrick traveled to three
times the number of countries Joseph traveled to. 4. Zack traveled to twice the number of countries Patrick traveled to.

Our task is to find the number of countries Zack traveled to, starting from George’s number of countries and moving through each
of these relationships step by step.

Let’s assign variables to each of these individuals to make it easier:

- Let G represent the number of countries George traveled to. - Let J represent the number of countries Joseph traveled to. - Let P
represent the number of countries Patrick traveled to. - Let Z represent the number of countries Zack traveled to.

Now, we can translate the given information into mathematical equations using these variables:

1. G =6 (given) 2. J = (1/2) * G (Joseph traveled to half the number of countries George traveled to) 3. P = 3 * J (Patrick traveled
to three times the number of countries Joseph traveled to) 4. Z = 2 * P (Zack traveled to twice the number of countries Patrick
traveled to)

Now, we can substitute the values step by step to find Z.

Starting with G:

G=6

Now, calculate J:

I=12)*GI=(1/2)*6J=3

Next, calculate P:

P=3*JP=3%3P=9

Finally, calculate Z:

Z=2*PZ=2%97Z=18

So, Zack traveled to 18 countries.

Wait, let me just double-check my calculations to make sure I didn’t make any mistakes:

Starting with George:

G=6

Joseph:

IJ=(1/2)*G=(1/2)*6 =3

Patrick:

P=3%¥]=3%*3=9

Zack:

Z=2%P=2%9=18

Yes, that seems correct. Each step logically follows the previous one, and the substitutions are done correctly. I don’t see any errors
in the calculations or the logic applied.

Therefore, the final answer is 18 countries. </think>

We are asked to find the number of countries Zack traveled to. Let’s break down the information step by step:

1. George traveled to 6 countries. 2. Joseph traveled to half the number of countries George traveled to: - Joseph = (1/2) * George
= (1/2) * 6 = 3 countries. 3. Patrick traveled to three times the number of countries Joseph traveled to: - Patrick = 3 * Joseph =3 *
3 =9 countries. 4. Zack traveled to twice the number of countries Patrick traveled to: - Zack = 2 * Patrick = 2 * 9 = 18 countries.
Therefore, the number of countries Zack traveled to is .

In the final game of the basketball season, four players scored points. Chandra scored twice as many points as did Akiko. Akiko
scored 4 more points than did Michiko, and Michiko scored half as many points as did Bailey. If Bailey scored 14 points, how
many points in total did the team score in the final game of the season?
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Okay, let’s tackle this basketball scoring problem step by step. I need to find out the total points scored by the team in the final
game. The problem mentions four players: Chandra, Akiko, Michiko, and Bailey. Each of them scored points based on certain
relationships.

First, I’11 list out the information given:

1. Chandra scored twice as many points as Akiko. 2. Akiko scored 4 more points than Michiko. 3. Michiko scored half as many
points as Bailey. 4. Bailey scored 14 points.

I need to find the total points scored by the team, which means I'll have to calculate each player’s points and then add them all
together.

Let me start by figuring out how many points each player scored, beginning with the information I have about Bailey.

I know that Bailey scored 14 points. The problem says that Michiko scored half as many points as Bailey. So, to find Michiko’s
points, I'll take half of 14.

Let me write that down:

Michiko = (1/2) * Bailey Michiko = (1/2) * 14 Michiko = 7 points.

Alright, so Michiko scored 7 points. Now, the next piece of information is that Akiko scored 4 more points than Michiko. So,
Akiko’s points will be Michiko’s points plus 4.

Let me calculate that:

Akiko = Michiko + 4 Akiko =7 + 4 Akiko = 11 points.

Got it. So Akiko scored 11 points. Now, moving on to Chandra. The problem states that Chandra scored twice as many points as
Akiko. Since Akiko scored 11 points, Chandra’s points will be double that.

Let me compute Chandra’s points:

Chandra = 2 * Akiko Chandra =2 * 11 Chandra = 22 points.

Okay, so Chandra scored 22 points. Now, I have all the players’ scores except for one more. Wait, hold on. The players mentioned
are Chandra, Akiko, Michiko, and Bailey. So, I have all four players: Chandra (22), Akiko (11), Michiko (7), and Bailey (14).
Wait a second, I just realized that in the problem, it says Chandra scored twice as many points as Akiko, which we already accounted
for. So, now, I have all four players’ scores.

Let me just recap to make sure I didn’t miss anyone:

- Chandra: 22 points - Akiko: 11 points - Michiko: 7 points - Bailey: 14 points

Now, to find the total points scored by the team, I need to add up all these individual points.

So, let’s do that:

Total = Chandra + Akiko + Michiko + Bailey Total =22 + 11 + 7 + 14

Let me compute that step by step:

First, 22 + 11 is 33.

Then, 33 + 7 is 40.

Finally, 40 + 14 is 54.

So, the total points scored by the team in the final game is 54.

Wait, just to make sure I didn’t make a mistake in my calculations, let me add them again:

22 (Chandra) + 11 (Akiko) = 33

33 + 7 (Michiko) = 40

40 + 14 (Bailey) = 54

Yes, that’s correct.

Let me also verify each player’s score to ensure there were no errors in computation:

- Michiko: Half of Bailey’s 14 is 7. Correct. - Akiko: Michiko’s 7 + 4 is 11. Correct. - Chandra: Akiko’s 11 * 2 is 22. Correct. -
Bailey: Given as 14. Correct.

All individual scores check out, so adding them up gives the total.

Therefore, the team scored a total of 54 points in the final game.

I think that’s it. I don’t see any mistakes in my reasoning or calculations.

PoE Teacher Trace

To solve this problem, I'll break it down step by step and use the given information to find the points scored by each player.

1. Bailey scored 14 points. 2. Michiko scored half as many points as Bailey, so Michiko scored 14 /2 = 7 points. 3. Akiko scored
4 more points than Michiko, so Akiko scored 7 + 4 = 11 points. 4. Chandra scored twice as many points as Akiko, so Chandra
scored 11 * 2 =22 points.

Now, I’ll sum up the points scored by all four players to find the total points scored by the team in the final game of the season.
Total points = Chandra’s points + Akiko’s points + Michiko’s points + Bailey’s points Total points = 22 + 11 + 7 + 14 Total points
=54

Therefore, the team scored a total of 54 points in the final game of the season.
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Alright, let’s tackle this basketball scoring problem step by step. I'm going to break it down and make sure I understand each part
before moving on. Hopefully, I won’t miss anything!

First, let’s read the problem again and identify the key information:

- There are four players: Chandra, Akiko, Michiko, and Bailey. - Each player scored points in the final game. - The relationships
between their scores are given in terms of multiples and additions/subtractions. - We’re given specific values for some players and
need to find the total points scored by the team.

The goal is to find the total points scored by the team in the final game. To do this, we’ll need to find each player’s score and then
add them all together.

Let’s list out the information we have:

1. Chandra scored twice as many points as Akiko. 2. Akiko scored 4 more points than Michiko. 3. Michiko scored half as many
points as Bailey. 4. Bailey scored 14 points.

Now, let’s assign variables to each player’s score to make it easier to work with:

- Let C = Chandra’s points - Let A = Akiko’s points - Let M = Michiko’s points - Let B = Bailey’s points

We’re given that B = 14 points. So we can plug that into the equations we have.

Now, let’s write down the relationships as equations:

1. C=2* A (Chandra scored twice as many as Akiko) 2. A = M + 4 (Akiko scored 4 more than Michiko) 3. M = (1/2) * B
(Michiko scored half as many as Bailey) 4. B = 14 (Given)

So, we can start solving these equations step by step, beginning with the one we know the value for (B) and working our way up to
find each player’s score.

Let’s start with equation 3:

3. M =(1/2) * B We know B = 14, so let’s plug thatin: M = (1/2) * 14 M =7

So Michiko scored 7 points.

Now, let’s move to equation 2:

2. A=M+4 We just found that M =7,s0: A=7+4A=11

So Akiko scored 11 points.

Next, we’ll use equation 1:

1.C=2*AWeknow A=11,50: C=2*11C=22

Therefore, Chandra scored 22 points.

Now we have all the individual scores:

- Chandra (C) = 22 points - Akiko (A) = 11 points - Michiko (M) = 7 points - Bailey (B) = 14 points

To find the total team score, we just need to add up all these individual scores:

Total=C+A+M+BTotal =22+ 11+7 + 14

Let’s add them step by step:

22+11=3333+7=4040+14=54

So the total points scored by the team in the final game is 54 points.

The function f(x) satisfies

_f=@)
flzy) = ”

for all positive real numbers z and y. If f(30) = 20, find f(40).
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Okay, so I have this problem here about a function f(x) that satisfies a certain equation for all positive real numbers x and y. The
equation is f(xy) = f(x)/y. And I'm given that f(30) = 20, and I need to find f(40). Hmm, interesting.

Let me try to break this down. First, the function f takes a positive real number and returns another positive real number, right? So,
for any x and y, if I multiply them and apply f, it’s the same as taking f(x) and dividing it by y.

Wait, so f(xy) = f(x)/y. That seems like a functional equation. I remember that functional equations often have solutions that are
power functions, like f(x) = kx" or something like that. Maybe I can assume a form for f(x) and see if it fits the equation.

Let me suppose that f(x) is of the form f(x) = kz™, where k and n are constants. Let’s see if that works.

Substituting into the equation: f(zy) = k(zy)™ = kz"y"™. On the other hand, f(z)/y = (kz™)/y = ka™/y. So, equating both
sides: kz"y™ = kx™ /y.

Hmm, that would mean y™ = 1/y, which implies y("H) = 1. But this has to hold for all positive real numbers y, which would
only be possible if n + 1 = 0, so n = —1. So, n would have to be —1.

So,if n = —1, then f(z) = kx~' = k/x. Let’s check if that works.

So, f(zy) = k/(xy). On the other hand, f(z)/y = (k/z)/y = k/(zy). So, yes, they are equal. So, f(z) = k/xz is a solution.
So, f(x) is a constant divided by x.

Therefore, f(z) = k/z. So, that would mean that f(x) is inversely proportional to x.

So, given that f(30) = 20, I can find k, and then use that to find f(40).

So, f(30) = k/30 = 20. Therefore, k = 20 x 30 = 600. So, k = 600.

Therefore, f(x) = 600/x.

Therefore, f(40) = 600/40. Let’s compute that: 600 divided by 40. Well, 40 x 15 is 600, so 600/40 is 15. Therefore, f(40) = 15.
Wait, that seems straightforward, but let me double-check to make sure I didn’t make any mistakes.

So, I assumed that f(x) is of the form k/x, which seems to satisfy the functional equation. Plugging in f(zy) = k/(zy), and
f(x)/y = (k/z)/y = k/(zy), which is equal. So, that works.

Then, using f(30) = 20, I found & = 600. So, f(z) = 600/z. Then, f(40) = 600/40 = 15. Yep, that seems correct.

Is there another way to approach this problem without assuming the form of f(x)? Maybe by manipulating the functional equation
directly?

Let’s see. The functional equation is f(zy) = f(z)/y for all positive x and y.

I can try to express f in terms of f at another point. Maybe, set y = 1. Then, f(z - 1) = f(z)/1, so f(z) = f(z). Hmm, that
doesn’t help.

Alternatively, set z = 1. Then, f(y) = f(1)/y. So, f(y) = f(1)/y. So, that gives me f(y) = C/y, where C is a constant, f(1).
So, that shows that f(x) must be of the form C'/x. So, that gives me the same result as before.

Therefore, f(x) is C/x, so using f(30) = 20, find C' = 600, so f(40) = 15. So, that’s consistent.

PoE Teacher Trace

Let’s start by analyzing the given functional equation f(zy) = £ (yz) for all positive real numbers x and y.

We are given that f(30) = 20 and need to find f(40).
First, let’s substitute z = 30 and y = % = % into the functional equation:

/ <30, %) _ f(zo)

Simplifying the left side:

30
3
We know that f(30) = 20, so we substitute this value in:
f0y =22 —90.3 —15
g 4

Thus, the value of f(40) is .
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Okay, I've got this problem here about a function f(x) that satisfies the equation f(xy) = f(z)/y for all positive real numbers x
and y. I know that f(30) = 20 and I need to find f(40). Hmm, I need to figure out how this function behaves based on the given
condition and the functional equation.

Let’s start by trying to understand the functional equation f(zy) = f(z)/y. I notice that the function takes the product of x and y
and divides the function value by y. This suggests that the function might have something to do with the reciprocal or the inverse
of x or y. I wonder if I can find a general form for f(x) based on this equation.

Maybe I can assume a form for f(x) and see if it fits the functional equation. I’ll try a simple form first and see if I can adjust it later.
Let’s suppose f(z) = k/z, where k is a constant. I’ll plug this into the functional equation and see if it works.

If I plug f(z) = k/z into the equation f(zy) = f(z)/y, I get:

f(zy) = k/(zy)

f(@)/y = (k[x)/y = k/(zy)

So both sides are equal, which means my assumption f(z) = k/z satisfies the functional equation. That’s great! I now know the
general form of the function f(z) = k/z. I just need to find the constant k using the given condition f(30) = 20.

Let’s plug in = 30 and f(30) = 20 into the equation f(z) = k/x:

20 = k/30

To find k, I can multiply both sides by 30:

k =20 x 30 = 600

So the function f(x) is f(z) = 600/z. Now I can use this to find f(40):

f(40) = 600/40 = 15

Wait a minute, I got f(40) = 15. I should double-check my work to make sure I didn’t make any mistakes. I'll go through the
steps again:

1. Tassumed f(z) = k/x and checked if it satisfies the functional equation. 2. I found that it does satisfy the equation. 3. I used
the given condition f(30) = 20 to find the constant & = 600. 4. I then calculated f(40) = 600/40 = 15.

Everything seems to check out. I don’t see any errors in my calculations or reasoning. I think I’ve arrived at the correct answer:
f(40) = 15.

I wonder if I can approach the problem differently to confirm my answer. Maybe I can use the functional equation directly without
assuming a form for f(x). I'll try that approach now.

Let’s write the functional equation again: f(zy) = f(x)/y. I need to find f(40) given f(30) = 20. I can try to express f(40) in
terms of f(30) by choosing appropriate values of x and y such that zy = 40 and z = 30.

IfI'let x = 30 and y = 40/30 = 4/3, then I have:

f(30-(4/3)) = f(30)/(4/3)

Simplifying the left side:

f(40) = f(30)/(4/3) = 20/(4/3) = 20 x (3/4) = 15

Yes! I get the same result using this method. I can confidently say that f(40) = 15. I think I've solved the problem correctly using
two different approaches and I'm satisfied with the answer I got.

Solve the following system of equations:

3z — by = —11,
Tr+ 2y = —12.

Express your answer as an ordered pair (z, y).
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Alright, so I have this system of equations to solve. Let me write them down again so I don’t get confused.

The first equation is: 3x minus S5y equals -11. So, 3x - 5y =-11.

The second equation is: 7x plus 2y equals -12. So, 7x + 2y =-12.

Okay, so I need to solve for x and y. I remember there are a couple of methods to do this: substitution or elimination. Substitution is
where you solve one equation for one variable and then substitute that into the other equation. Elimination is where you manipulate
the equations to get rid of one variable by adding or subtracting them.

Looking at these equations, elimination might be a good approach because the coefficients are manageable, and it might be easy to
eliminate one of the variables.

Let me see. If I try to eliminate y, I need the coefficients of y in both equations to be the same (or negatives). The first equation has
-5y, and the second has +2y. So, if [ multiply the first equation by 2 and the second equation by 5, then the coefficients of y would
be -10 and +10. That way, when I add the equations, the y terms would cancel out.

Wait, let me check: 2#(3x -5y) = 2*(-11) would give me 6x -10y = -22.

And 5*%(7x +2y) = 5*(-12) would give me 35x +10y = -60.

So, now I have:

6x -10y = -22

35x +10y = -60

Now, if I add these two equations together, the y terms will eliminate each other.

Adding them:

6x +35x =41x

-10y +10y =0

-22 + (-60) = -82

So, 41x =-82

Therefore, x = -82 divided by 41. Let me compute that.

-82 divided by 41 is -2, because 41*2 is 82, so with the negative sign, it’s -2.

So, x is -2.

Now that I have x, I can plug this value back into one of the original equations to find y. Let me choose the second equation because
it looks simpler.

The second equation is: 7x + 2y = -12.

Plugging x = -2 into this:

T*(-2) +2y=-12

Compute 7*(-2): that’s -14.

So, -14 + 2y =-12

Now, let’s solve for y.

First, I can add 14 to both sides to get 2y by itself.

-14+14+2y=-12+ 14

Simplify: 0 + 2y =2

So,2y=2

Divide both sides by 2:

y=1

So, yis 1.

Let me just check these values in both equations to make sure I didn’t make any mistakes.

First equation: 3x -5y =-11

Plugging x =-2 and y =1:

3%(-2) -5%(1) =-6 -5 = -11. That’s correct.

Second equation: 7x +2y =-12

Plugging x =-2 and y =1:

T#(-2) +2*(1) = -14 +2 = -12. That’s correct too.

So, both equations are satisfied with x = -2 and y =1. Therefore, the solution is (-2, 1).

I think that’s it. I didn’t make any calculation errors, and I checked both solutions, so I’'m confident this is correct.

**Final Answer** The solution to the system of equations is | (—2,1) |
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To solve the system of equations, I will use the method of elimination. First, I will multiply the first equation by 2 and the second
equation by 5 to make the coefficients of y in both equations opposites. This gives me:

6z — 10y = —22,
35z 4 10y = —60.

Next, [ will add the two equations together to eliminate y. This gives me:
41lx = —82.

Solving for x, I find that x = -2. Now, I will substitute this value of x back into one of the original equations to solve for y. I will
use the first equation:

3(—2) — by = —11.
Simplifying, I get:
—6 — by = —11.

Adding 6 to both sides, I find that -5y = -5. Dividing both sides by -5, I find that y = 1. Therefore, the solution to the system of
equations is the ordered pair (-2, 1). | (=2, 1)

31



The Distillation Game: Adaptive Attacks & Efficient Defenses

ADS Teacher Trace

Okay, I have to solve this system of equations. Let me write them down again:

3x -5y =-11

TX +2y=-12

Hmm, I can use either substitution or elimination. I think elimination might be easier here because I can try to eliminate one of the
variables by making the coefficients equal. Let me see... I have two equations with x and y. I need to find a way to eliminate one of
them. I’1l try to eliminate y first because I have negative coefficients there.

In the first equation, I have -5y and I need to make the coefficient of y the same as the second equation. I can multiply the entire
second equation by something to make the coefficients of y the same. I'll see... I have -5y and I want to get the same coefficient
as I have in the second equation which I have +2y. I can find the least common multiple of 5 and 2 which is 10. I can make the
coefficients of y equal by multiplying the first equation by 2 and the second equation by 5. That way I will have:

First equation multiplied by 2:

2%(3x -5y) = 2*%(-11) => 6x -10y = -22

Second equation multiplied by 5:

5*(7x +2y) =5*%(-12) =>35x +10y = -60

Now I can add these two equations together to eliminate y:

6x -10y +35x +10y = -22 + (-60)

Simplify:

41x =-82

Oh, I can solve for x now. I just divide both sides by 41:

x =-82 /41

Simplify the fraction:

X=-2

Wait a second, I thought I was going to solve for x and I got x = -2. I should check if I made a mistake somewhere because I have
negative coefficients and I ended up with x being a whole number. I’1l go back and check my steps. I multiplied the first equation
by 2 and the second equation by 5 correctly:

First equation: 6x -10y = -22

Second equation:35x +10y = -60

Adding them together:

6x +35x -10y +10y = -22 -60

41x =-82

x=-2

Okay, I didn’t make a mistake there. I’ll plug x = -2 back into one of the original equations to find y. I’ll choose the second equation
because I think the numbers will be smaller:

Tx +2y =-12

Substitute x = -2:

T*(-2) 42y =-12

-14 42y =-12

Now I can solve for y:

2y =-12 +14

2y =2

y=1

Wait, I got y =1? I need to check if I made a mistake here as I thought I should have a negative coefficient. I'll plug x =-2 and y =1
back into the first equation to verify:

3x -5y =-11

3%(-2) -5*%(1) =-11

-6-5=-11

-11=-11

Okay, it checks out. I think I did it right. I just want to make sure I didn’t make any calculation errors. I'll go through the steps
again:

First equation multiplied by 2:

6x -10y = -22

Second equation multiplied by5:

35x +10y = -60

Adding them:

41x =-82

x=-2

Plugging into the second equation:

T*(-2) +2y =-12

-14 42y =-12
2y =2
y=1

Yes, I think I did it correctly. I was just confused because I thought I might have made a mistake with the signs, but I checked it
and it’s correct. I'll write the final answer as the ordered pair (-2,1). I think I should present it in the box as | (—2, 1) |.
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In order for Mateen to walk a kilometer(1000m) in his rectangular backyard, he must walk the length 25 times or walk its perimeter
10 times. What is the area of Mateen’s backyard in square meters?

Unperturbed Teacher Trace

Okay, let me try to figure out this problem step by step. So, we have Mateen who wants to walk a kilometer in his rectangular
backyard. There are two ways he can do this: either by walking the length 25 times or by walking the perimeter 10 times. We need
to find the area of his backyard in square meters.

First, let me note down the important information:

- 1 kilometer = 1000 meters. - He can walk 1000 meters by either: - Walking the length 25 times, or - Walking the perimeter 10
times.

So, let me denote:

- Let the length of the backyard be L meters. - Let the width be W meters.
Therefore, the area we need to find is L * W.

Now, let’s analyze the two scenarios given.

First scenario: Walking the length 25 times equals 1000 meters.

So, 25 * L = 1000.

From this, we can solve for L.

L =1000/25.

Let me compute that.

1000 divided by 25 is 40. So, L = 40 meters.

Okay, so the length is 40 meters.

Second scenario: Walking the perimeter 10 times equals 1000 meters.
So, 10 * (Perimeter) = 1000.

First, let’s compute the perimeter.

Perimeter of a rectangle is 2*(L + W).

So, Perimeter = 2*(40 + W).

But according to the second scenario:

10 * Perimeter = 1000.

So, 10 * (2*(40 + W)) = 1000.

Let me write that equation.

10 * 2 * (40 + W) = 1000.

Simplity:

20 * (40 + W) = 1000.

Now, let me solve for (40 + W):

40 + W = 1000 / 20.

1000 divided by 20 is 50. So,

40 + W = 50.

Therefore, W = 50 - 40.

Which is W = 10 meters.

So, the width is 10 meters.

Now, we have both length and width.

Length L = 40 meters.

Width W = 10 meters.

Therefore, the area is L * W =40 * 10.

Compute that:

40 * 10 = 400.

So, the area is 400 square meters.

Let me just double-check my calculations to make sure I didn’t make any mistakes.
First scenario:

25 * L = 1000.

L =1000 /25 = 40. That seems correct.

Second scenario:

Perimeter = 2*(L + W) = 2*(40 + W).

10 * Perimeter = 1000.

So, 10 * 2*(40 + W) = 1000.

20*(40 + W) = 1000.

40 + W = 50.

W = 10. That also seems correct.

Therefore, area is 40 * 10 = 400. Yep, that’s right.

I think that’s all. I don’t see any mistakes here.
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To determine the area of Mateen’s backyard, we need to find the dimensions of the rectangular backyard. We know that walking the
length 25 times equals 1000 meters, so the length of the backyard is 1000 meters divided by 25, which is 40 meters. We also know
that walking the perimeter 10 times equals 1000 meters, so the perimeter of the backyard is 1000 meters divided by 10, which is
100 meters. The perimeter of a rectangle is given by the formula P = 2(L + W), where L is the length and W is the width. We can
plug in the values we know to find the width: 100 = 2(40 + W). Simplifying, we get 50 = 40 + W, so W = 10 meters. The area
of a rectangle is given by the formula A = L x W, so the area of Mateen’s backyard is 40 meters x 10 meters, which is 400 square

meters. Therefore, the area of Mateen’s backyard is square meters.

ADS Reasoning Trace

Okay, I'm going to try to solve this problem step by step. Let’s read it again carefully and make sure I understand what it’s asking
for.

Mateen has a rectangular backyard. To walk a kilometer (1000 meters), he has two options: either walk the length of the backyard
25 times or walk the perimeter of the backyard 10 times. I need to find the area of Mateen’s backyard in square meters.

Alright, I know I need to find the area of a rectangle. I remember the formula for the area of a rectangle is length multiplied by
width (A =1%* w). I also know I need to find the length and the width of the backyard to calculate the area.

Now I need to figure out the length and the width of the backyard using the information provided. The problem gives me two
different ways to walk a kilometer and I need to translate those into equations to find the length and the width.

First, let’s consider the option where Mateen walks the length of the backyard 25 times to cover a kilometer. I can write this as an
equation:

25 * length = 1000 meters

From this equation, I can solve for the length of the backyard:

length = 1000 meters / 25 length = 40 meters

Great, I now know the length of the backyard is 40 meters. I need to find the width now. I can use the second option given in the
problem to find the width. The problem states that walking the perimeter of the backyard 10 times also covers a kilometer. I can
write this as another equation:

10 * perimeter = 1000 meters

I know the perimeter of a rectangle is calculated as twice the length plus twice the width (P = 21 + 2w). I can substitute the length I
found earlier into this equation and solve for the width.

First, I can rewrite the perimeter equation using the known length:

10 * (2 * length + 2 * width) = 1000 meters

Let’s plug in the length I found earlier (40 meters):

10 * (2 * 40 meters + 2 * width) = 1000 meters

Now I can simplify the equation step by step:

10 * (80 meters + 2 * width) = 1000 meters

Divide both sides of the equation by 10 to make it simpler:

80 meters + 2 * width = 100 meters

Now I can solve for the width:

2 * width = 100 meters - 80 meters 2 * width = 20 meters width = 20 meters / 2 width = 10 meters

Alright, I found the width of the backyard to be 10 meters. I can now use the area formula I mentioned earlier to find the area of
the backyard:

Area = length * width Area = 40 meters * 10 meters Area = 400 square meters

Wait a minute, I just want to double-check my work to make sure I didn’t make any mistakes. I'll go through the steps again
quickly:

1. I converted the distance walked by the length into the equation and solved for the length: - 25 * length = 1000 meters - length =
40 meters

2. I used the perimeter equation and the fact that walking the perimeter 10 times equals a kilometer: - 10 * perimeter = 1000 meters
- perimeter = 100 meters

3. I calculated the perimeter of the rectangle using the length I found: - Perimeter = 2 * length + 2 * width - 100 meters = 2 * 40
meters + 2 * width - 100 meters = 80 meters + 2 * width - 2 * width = 20 meters - width = 10 meters

4. I multiplied the length and width to find the area: - Area = 40 meters * 10 meters = 400 square meters

Everything seems to check out. I don’t think I made any calculation errors. I can confidently say the area of Mateen’s backyard is
400 square meters.

C.5. Adaptive student scores



The Distillation Game: Adaptive Attacks & Efficient Defenses

weight=High (v(z) > 0)

DIEC I'm trying to figure out how many miles Jack has driven over the past 9 years. He
drives 37,000 miles every four months. First, I need to find out how many sets of four
months are in 9 years.

I know there are 12 months in a year, so in 9 years, there are 9 times 12, which is 108
months. Now, I need to divide the total number of months by the number of months in
each driving period, which is 4 months.

So, I'll divide 108 months by 4 months per period, which gives me 27 periods.

Now, I’ll multiply the number of periods by the miles driven each period to find the total
miles driven.

That means 27 periods times 37,000 miles per period equals... let me do the multiplication
step by step.

27 times 30,000 is 810,000 miles. 27 times 7,000 is 189,000 miles. Adding those together
gives me 810,000 + 189,000 = 999,000 miles.

Wait, I think I made a mistake in the multiplication earlier. Let me try it again more
carefully.

37,000 miles per four months times 27 periods.

I can break it down as (30,000 + 7,000) times 27. 30,000 times 27 is 810,000. 7,000 times
27 is 189,000. Adding those together gives me 810,000 + 189,000 = 999,000 miles.

Wait, I think I'm still getting the same result, but I'm not sure if it’s correct. Maybe I
should try another method to verify my answer.

Alternatively, I can calculate how many miles Jack drives in a year and then multiply by 9
years.

He drives 37,000 miles every four months. There are 12 months in a year, so I'll divide 12
by 4 to find out how many driving periods are in a year.

12 divided by 4 is 3 periods.

So, in one year, he drives 37,000 times 3, which is 111,000 miles per year.

Now, multiplying the annual miles by 9 years gives me 111,000 times 9.

111,000 times 9 is... let’s see: 100,000 times 9 is 900,000, and 11,000 times 9 is 99,000.
Adding those together gives me 999,000 miles.

Okay, now I'm confident that the correct answer is 999,000 miles. </think>

To determine how many miles Jack has driven over the past 9 years, we’ll follow these
steps:

1. **Calculate the number of four-month periods in 9 years:** - There are 12 months in a
year. - In 9 years: 9 X 12 = 108 months. - Number of four-month periods: % =27
periods.

2. **Determine the total miles driven:** - Jack drives 37,000 miles every four months. -
Total miles: 27 X 37,000 = 999, 000 miles.

**Final Answer:**| 9

weight=Low (v(z) < 0)

First, I recognize that the spaceship’s speed is halved for every additional 100 people be-
yond the initial 200.
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Figure 7. An adaptive student filters traces based on downstream gradient alignment.
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