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Beyond Raw Competence: Logical Equivariance in
Diffusion Language Models
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Abstract
Diffusion language models (dLLMs) replace strict
left-to-right generation with iterative denoising,
theoretically bypassing the causal serialization
bottleneck. However, do they truly solve the un-
derlying logical state, or do they merely memorize
favorable 1D presentations? We argue that gen-
uine reasoning requires logical equivariance (LE),
defined as consistency across symmetric transfor-
mations of an input. Introducing SUDOKU-AC-
ORBIT, an exact correctness-preserving bench-
mark, we expose a severe “orbit gap”: models
solve canonical 1D layouts but fail catastrophi-
cally when the exact same logical constraints are
geometrically transformed. We theoretically trace
this fragility to a positional obstruction, proving
via the Row-major Toeplitz–D4 Rigidity Theorem
that standard 1D positional encodings inherently
clash with 2D grid symmetries and leak presen-
tation information. Finally, while Logical Tra-
jectory Supervision (LTS) massively boosts raw
solver competence, achieving presentation-stable
reasoning requires explicit multi-view exposure
(LTS+D4). Ultimately, scaling raw competence
does not automatically yield the logical equivari-
ance necessary for robust machine intelligence.

1. Introduction
Diffusion language models (dLLMs) replace strict left-to-
right generation with iterative denoising and bidirectional
refinement (Austin et al., 2021; Ou et al., 2024; Sahoo et al.,
2024; Shi et al., 2024; Nie et al., 2025; Ye et al., 2025). This
architectural flexibility is highly appealing for structured
reasoning tasks, where the answer does not naturally emerge
in a single causal order (Kim et al., 2025; Liu et al., 2024;
Kim et al., 2025; Peng et al., 2025; Ni et al., 2026). However,
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this raises a fundamental question: freed from causal serial-
ization, do dLLMs truly solve the underlying logical state,
or do they merely process a favorable 1D presentation? We
argue that transcending shallow pattern matching requires
logical equivariance (LE): the ability of a model’s internal
logic to remain stable across all symmetric transformations
of an input.

Sudoku provides a clean, zero-noise testbed for this property,
as its constraints are strictly defined by 2D grid topology
and invariant under the D4 dihedral group (rotations and
reflections) (Seely et al., 2025). A model with genuine struc-
tural understanding should recognize that logically identical
targets remain identical under these transformations, produc-
ing correspondingly transformed answers across the entire
D4 (Lu et al., 2022; Liu et al., 2023). If success is tethered
to a specific canonical orientation, the model is solving the
presentation, not the logic. Failure of LE is therefore highly
informative: it proves the model relies on the artificial 1D
layout rather than internalizing the true quotient logical state,
exposing a deep reliance on memorized training distribu-
tions.

To rigorously measure this, we introduce SUDOKU-AC-
ORBIT, a correctness-preserving benchmark that separates
two axes of reasoning: solver competence (the capacity
to solve a state in at least one favorable layout) and logi-
cal equivariance (the consistency across all equivalent lay-
outs) (Cho et al., 2025). Our experiments reveal a severe
“orbit gap” in current dLLMs: even as models scale up and
achieve high raw competence, they suffer from pervasive
LE violations. We theoretically explain this gap via a po-
sitional obstruction. Our Row-major Toeplitz–D4 Rigidity
theorem proves that standard 1D positional kernels (Su et al.,
2023) inherently clash with 2D grid symmetries. By forcing
asymmetric relative sequence distances between logically
symmetric cells, row-major serialization embeds a struc-
tural distortion. This creates a “certificate gap” that the
arbitrary-order denoising of dLLMs cannot automatically
close.

To close this gap, we systematically evaluate post-training
interventions that decouple trajectory quality from geomet-
ric exposure. We find that isolated data augmentation or
stronger local supervision alone is insufficient. When we
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Logical Equivariance in Diffusion Language Models

Figure 1. Presentation Bias in Diffusion Language Models. While dLLMs offer flexible generation orders, their reasoning remains
sensitive to input formatting. (Left) For LLaDA-8B on a 4x4 Sudoku state, rotating the board by 90◦ completely alters the internal
unmasking order, demonstrating a lack of structural invariance. (Right) Confidence levels for identical logical cells shift significantly
across these views, even though the underlying logical state and target uniqueness are strictly invariant under D4 transformations.
This illustrates how high accuracy can be a byproduct of lucky 1D layouts rather than robust logical comprehension.

train models strictly on mathematically sound intermedi-
ate steps using Logical Trajectory Supervision (LTS) (Shah
et al., 2024), we observe massive gains in raw solver compe-
tence. However, LTS alone still leaves the model overfitted
to the canonical layout. Achieving true presentation-stable
reasoning requires combining LTS with explicit multi-view
exposure (LTS+D4). This synergy provides a crucial insight:
robust machine intelligence requires not only high-quality
reasoning trajectories to boost competence, but also the
geometric stability to decouple logic from layout.

In summary, our core contributions are:

1. Diagnose. We introduce SUDOKU-AC-ORBIT to ex-
plicitly separate solver competence from logical equiv-
ariance, exposing severe presentation bias in current
dLLMs.

2. Explain. We theoretically prove a positional obstruc-
tion (Row-major Toeplitz–D4 Rigidity Theorem) that
explains why 1D sequence position mechanisms inher-
ently leak presentation information.

3. Improve. We establish that combining Logical Trajec-
tory Supervision with D4 exposure (LTS+D4) is essen-
tial to achieve robust, presentation-stable reasoning.

2. Related Work
Diffusion Language Models. Diffusion language mod-
els (Austin et al., 2021; Ou et al., 2024; Sahoo et al., 2024;
Shi et al., 2024; Nie et al., 2025; Ye et al., 2025) replace
left-to-right generation with iterative denoising, often us-
ing masked or discrete diffusion objectives. Recent large
dLLMs such as LLaDA and Dream show that this family
can scale to strong language (Gokaslan & Cohen, 2019),
math (Cobbe et al., 2021; Hendrycks et al., 2021), and
code (Chen et al., 2021) performance while allowing non-
left-to-right refinement (Sahoo et al., 2024; Nie et al., 2025;
Ye et al., 2025; Ben-Hamu et al., 2025). Our question is
different. We do not ask whether diffusion decoding (Wu

et al., 2025; Wei et al., 2025) can produce a correct answer
somewhere in a large candidate pool. We ask whether the
same logical state is solved consistently under all equivalent
presentations.

Equivariance and Structural Generalization. Equivari-
ance (Cohen & Welling, 2016; Lee et al., 2019) ensures
a model respects task symmetries. Group-equivariant net-
works enforce this architecturally by tying computations
across rotations and reflections. We apply this principle
to evaluate language models. Without assuming equivari-
ance by design, we check if outputs remain equivariant after
canonicalization across the Sudoku D4 orbit. Failure im-
plies predictions depend on the presentation view, not just
the logical state.

1D Positional Geometry and Layout-Sensitive Reason-
ing. Transformers (Vaswani et al., 2023) process struc-
tured objects through a one-dimensional sequence, so their
positional mechanism can disagree with the task geometry.
RoPE (Su et al., 2023) encodes position through rotations
and induces relative-position dependence in attention, which
is effective for text but does not by itself certify geometric
symmetries of a grid (Dosovitskiy et al., 2021; Cohen &
Welling, 2016). Sudoku exemplifies this mismatch: a hori-
zontal neighbor (offset 1) becomes vertical (offset 9) under
90◦ rotation. Our rigidity theorem proves any D4-invariant
scalar row-major kernel on a 9× 9 grid collapses to three
classes: diagonal, nonzero-even, and odd offsets.

Presentation Bias and Brittle Reasoning. Language
model reasoning is notoriously sensitive to input presen-
tation. Studies like GSM-Symbolic (Mirzadeh et al., 2025)
and others (Lu et al., 2022) show that models fail when
variables are renamed or premises are reordered, even if
the underlying logic is identical. While these works expose
brittleness in natural language, our work isolates this exact
presentation bias in a zero-noise environment.
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3. Logical Equivariance
This section formalizes logical equivariance as a measure of
presentation stability. Importantly, equivariance is distinct
from correctness. A model can be perfectly equivariant
yet consistently wrong, much like a reasoner that applies a
flawed rule regardless of the grid’s orientation.

However, we argue that equivariance is a necessary condi-
tion for robust intelligence. While correctness measures the
model’s ability to reach the true logical target, equivariance
measures whether the model has internalize the underlying
logical rules independent of their geometric presentation.
If a model’s success depends on a specific 1D layout, its
accuracy is a brittle artifact of the training distribution rather
than a reflection of robust reasoning. A failure of this prop-
erty leads to the severe presentation bias shown in Figure 1,
where a simple 90◦ rotation scrambles the model’s internal
unmasking trajectories and causes its confidence to fluctuate
wildly on identical logical cells.

3.1. Logical Equivariance Over a Finite Group

Let G be a finite group acting bijectively on inputs X and
outputs Y . In our benchmark, G = D4, the eight rotations
and reflections of a Sudoku (Seely et al., 2025). We in-
clude an invalid parse symbol ⊥, set g⊥ = ⊥, and write
Y⊥ = Y ∪ {⊥}. For a probability measure Q on Y⊥, the
pushforward under g is

(g#Q)(B) = Q(g−1B). (1)

A deterministic decoder D : X → Y⊥ is logically equivari-
ant if

D(gx) = gD(x) ∀g ∈ G, x ∈ X . (2)

For a stochastic predictor Kθ(· | x), distributional logical
equivariance requires

Kθ(· | gx) = g#Kθ(· | x) ∀g ∈ G, x ∈ X . (3)

This is the same commutation idea used in group-equivariant
architectures, but we use it as an evaluation criterion rather
than as an architectural constraint (Cohen & Welling, 2016).

For a fixed base state x, define the canonicalized output law
under view g as

Kc
g(· | x) := g−1

# Kθ(· | gx). (4)

Distributional logical equivariance on the orbit of x is equiv-
alent to

Kc
g(· | x) = Kc

e(· | x) ∀g ∈ G. (5)

Thus, after we rotate or reflect the input and pull the output
back to the canonical coordinate system, the view label
should disappear.

3.2. Correctness-Preserving Orbit Metrics

Equivariance alone does not measure correctness. We there-
fore score every view after canonicalizing the prediction
back to the same output space. Let y⋆(x) ∈ Y be the unique
correct canonical output for base state x. Our benchmark
construction ensures gold equivariance:

y⋆(gx) = gy⋆(x) ∀g ∈ G. (6)

For a deterministic decode under view g, define

ŷg(x) = g−1D(gx), cg(x) = 1[ŷg(x) = y⋆(x)]. (7)

We report

Acc(x) =
1

|G|
∑
g∈G

cg(x),

ANY(x) = max
g∈G

cg(x), ALL(x) = min
g∈G

cg(x).

(8)

ANY measures favorable-view capacity: the state is solved
under at least one presentation. ALL measures orbit com-
petence: the same state is solved under every equivalent
presentation.

We also use orbit consistency,

OC(x) = 1[ŷg(x) = ŷh(x) ∀g, h ∈ G]. (9)

Because the target is unique,

ALL(x) = ANY(x)OC(x),

ANY(x)− ALL(x) = ANY(x)(1−OC(x)).
(10)

This identity explains what the ANY–ALL gap measures. A
large gap means that the model can solve the logical state in
some presentation, but its canonicalized predictions are not
stable over the orbit.

To summarize robustness among states the model can solve
at least once, we define canonical logical equivariance

cLE =
E[ALL(x)]

E[ANY(x)]
, E[ANY(x)] > 0. (11)

Thus cLE asks: among states solved in at least one view,
how often is the entire orbit solved?

For stochastic decoding, let

pg(x) := Pr
Y∼Kθ(·|gx)

[g−1Y = y⋆(x)] (12)

be the per-view canonical success probability. We use

Cmax(x) = max
g∈G

pg(x), Rmin(x) = min
g∈G

pg(x),

sECR =
E[Rmin(x)]

E[Cmax(x)]
.

(13)

when E[Cmax(x)] > 0. Here Cmax is best-view stochastic
capacity and Rmin is worst-view stochastic reliability. As
with ANY and ALL, the gap between them is the main
signal.
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4. Method
We separate two distinct goals in reasoning evaluation:
solver competence (if the model can solve the problem at all)
and logical equivariance or LE (if it solves the exact same
logical state consistently, regardless of how it is rotated or
reflected).

This distinction is important because training recipes often
improve one metric without the other. For instance, training
the model exclusively on logically sound reasoning paths
(Logical Trajectory Supervision, LTS) boosts raw success,
but it does not inherently force the model to treat equivalent
geometric views identically. We use LTS to establish a
strong competence baseline, which allows us to isolate and
explicitly test true presentation stability.

4.1. SUDOKU-AC-ORBIT: A Forced-Target Test

We evaluate on anchored-completion states, xAC(A,U,R),
where A are visible clues, U are target cells, and R are
unresolved blanks. We filter these states so that the target
cells U have exactly one logically valid digit based on A:

{sU : s ∈ S(A)} = {s⋆U}. (14)

Because Sudoku’s rules are symmetric under D4 rotations
and reflections, if a target is forced in the standard view,
it remains forced in every transformed view. We formally
prove this bijection in Appendix A.1. This ensures that a
performance drop on a rotated board is not caused by a
changed or ambiguous logical target. The logical target is
the same; only the presentation has changed.

4.2. The Intervention Suite: Trajectory Quality Versus
View Exposure

We employ a suite of post-training interventions as diagnos-
tic probes. Our goal is to disentangle two potential drivers of
stable reasoning: the logical quality of the training trajectory
and the geometric diversity of the input presentation. By
comparing these interventions, we can determine whether
equivariance emerges naturally from high-quality reasoning
or requires explicit geometric supervision.

Marginal CE baselines. These baselines serve as our
control group to test whether simply seeing more views is
enough to induce stability. All marginal Cross-Entropy (CE)
models are trained using random masking on non-anchor
cells. Canonical SFT trains only on the original dataset
in its fixed, standard orientation. This serves as a baseline
to measure the presentation bias that emerges when the
model is never exposed to alternative geometric views dur-
ing training. Random-D4 SFT exposes the model to the full
symmetry group by applying a randomly sampled dihedral
transformation to each instance. Unlike the canonical ver-

sion, this approach ensures the model sees all eight possible
orientations throughout training, though they are shuffled
randomly across different batches. Random-D4 grouped
further enforces geometric consistency by grouping all eight
transformed views of a single puzzle into the same batch. By
calculating a joint averaged loss over the entire orbit simul-
taneously, this variant explicitly encourages the model to
learn a more unified representation of the underlying logical
state. Crucially, these baselines provide no explicit guidance
on the reasoning process itself, allowing us to isolate the
effect of view exposure from trajectory quality.

Logical Trajectory Supervision (LTS). LTS (Shah et al.,
2024) supervises the model on partial boards that follow a
valid, step-by-step solving order. This ensures the model
learns the causal structure of logical deduction rather than
just static pattern completion. Starting from the initial clues
A0, we use an offline Sudoku oracle to iteratively construct a
reasoning trajectory. At each step t, the oracle identifies the
“logical frontier” Ft (the set of cells immediately implied
by At via one-wave deduction). The anchor set is then
expanded:

Ft = O1wave(s
⋆, At), At+1 = At ∪ Ft. (15)

For steps where no immediate one-wave deductions are
available, a higher-order solver completes the expansion to
ensure a full, well-defined sequence.

The training objective at each step t is to predict the entire
hidden board from the partial state xt (where only At is
visible):

LLTS =
1

|C \At|
∑

i∈C\At

CE (pθ(· | xt)i, s
⋆
i ) , (16)

where C is the set of all 81 cells. This formulation ensures
that while the oracle provides a structured sequence of logi-
cal states, the model still receives a dense supervision signal
over all masked cells.

LTS+D4. To test what actually improves LE, we compare
LTS against LTS+D4 (LTS applied across the full D4 or-
bit). The goal of this comparison is to answer a specific
question: when the reasoning trajectory is already logically
sound, does view exposure further reduce sensitivity to lay-
out shifts?

4.3. View Leakage: What LE Failure Leaves Behind

If a model’s prediction changes when the board is rotated, its
canonicalized output retains information about the hidden
rotation. We call this view leakage.

Fix a base state x. Sample a hidden rotation V , generate an
answer from V x, and pull the answer back to canonical coor-
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dinates: Y c = V −1Y . Let Pg = Kc
g(· | x) be the canonical-

ized output law under view g, and let P = m−1
∑

g∈G Pg.
The KL view leakage is:

Lout(x) = I(V ;Y c) =
1

m

∑
g∈G

DKL(Pg∥P ). (17)

We decompose this leakage into a view spectrum across the
irreducible representations ρ of G. Write rg = dPg/dP
and r̂ρ(y) = m−1

∑
g∈G rg(y)ρ(g)

∗. The nontrivial view
spectrum is:

χ2
G(x) =

∑
ρ̸=1

dρ

∫
∥r̂ρ(y)∥2HS dP (y). (18)

Theorem 4.1 (Output view spectrum). For each fixed x,

χ2
G(x) =

∫
1

m

∑
g∈G

(rg(y)− 1)2 dP (y). (19)

Moreover, there are constants 0 < am ≤ bm < ∞, depend-
ing only on m = |G|, such that:

amχ2
G(x) ≤ Lout(x) ≤ bmχ2

G(x). (20)

Practical Meaning. This theorem provides a mathemati-
cal diagnostic tool: any presentation bias leaves a measur-
able geometric signature in the nontrivial group modes of
the output distribution. Appendix A.2 also proves that high
ANY with low ALL forces nonzero view leakage. Since full-
joint leakage is intractable to measure in large models, we
use token-marginal leakage and view-classifiers as empirical
proxies to detect retained presentation information.

4.4. Why Standard 1D Position Does Not Certify LE

While group equivariance is well-established for layer-level
symmetry preservation (e.g., Group-equivariant CNNs (Co-
hen & Welling, 2016)), our focus is on evaluating the inher-
ent clash between 1D row-major positional algebra and 2D
grid symmetries like D4.

A standard row-major positional component illustrates why
LE is not certified. Consider two horizontally adjacent cells
(1D offset of 1). Rotate the board 90◦, and they become
vertically adjacent (1D offset of 9). A scalar row-major
positional component that certifies D4 symmetry must treat
these offsets consistently. Standard 1D position encodings
(like RoPE) are designed to distinguish sequence offsets,
not to certify the geometry of a rotated grid.

Let Tn be the space of standard scalar 1D row-major kernels,
and Cn be the space of D4-invariant kernels.

Theorem 4.2 (Row-major Toeplitz–D4 rigidity). For the
9 × 9 Sudoku grid (n = 9), every 1D kernel that is also

Table 1. Large dLLM results on SUDOKU-AC-ORBIT. Values are
percentages. ANY measures favorable-view capacity, while ALL
measures true orbit competence across the D4 group. All models
exhibit a significant gap between best-view and orbit-consistent
performance, highlighting the persistence of presentation bias in
large-scale diffusion models.

Model Window Acc. ↑ ANY ↑ ALL ↑ cLE ↑

LLaDA-8B AC16 49.7 97.7 1.8 1.8
LLaDA-8B AC24 20.3 75.2 0.1 0.1
LLaDA-8B AC32 3.9 24.9 0.0 0.0

Dream-7B AC24 89.3 100.0 53.8 53.8
Dream-7B AC32 68.0 98.9 17.4 17.6

D4-invariant (Tn ∩ Cn) collapses to just three classes:

Buv =


α, d = 0

β, d ̸= 0 and d ≡ 0 (mod 2)

γ, d ≡ 1 (mod 2)

(21)

where d = p(v)− p(u).

Practical Meaning. This theorem establishes a strict
trade-off. If a 1D positional encoding is perfectly D4-
invariant, it collapses into a nearly uninformative odd/even
parity check. If it distinguishes actual sequence distances,
that scalar positional component is no longer a D4-invariant
certificate. This does not prove that a full Transformer
cannot learn equivariant behavior; rather, it shows that the
standard 1D positional component does not provide the
certificate by itself.

5. Experiments
Our experiments test one core claim: solver competence
(raw solving ability) and logical equivariance (presentation
stability) are distinct axes. A model can successfully solve
a puzzle but still fail if the exact same puzzle is presented in
a different layout. We therefore report raw solving metrics
and LE metrics separately.

The section is organized around four questions:

1. Do large off-the-shelf dLLMs already possess logical
equivariance?

2. Does scaling the model size naturally close the presen-
tation gap?

3. Does Logical Trajectory Supervision (LTS) improve
raw competence, and does view exposure make it
presentation-stable?

4. Are the observed presentation gaps genuine, or simply
finite-sample statistical noise?

5
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Table 2. Controlled MDLM scaling on SUDOKU-AC-ORBIT. Scaling improves raw solver competence (MeanSucc16 and R̂16
min), but

full-orbit one-shot competence (ALL1) remains bottlenecked at 2–3%. Token view leakage decreases slightly with scale but persists,
confirming that scaling alone does not eliminate structural presentation bias.

One sample / view K = 16 samples / view Leakage

Params Window ANY1 ↑ ALL1 ↑ cLE1 ↑ MeanSucc16 ↑ R̂16
min ↑ sECR16 ↑ SLS16 ↓ L̂tok ↓

5M AC16 66.49 0.12 0.18 16.87 6.18 20.53 23.91 0.096
5M AC24 57.24 0.05 0.09 12.76 3.69 14.89 21.07 0.097

10M AC16 84.03 1.27 1.51 30.13 16.20 35.52 29.41 0.083
10M AC24 80.02 0.84 1.05 26.31 12.88 31.08 28.56 0.085

50M AC16 88.79 2.86 3.22 36.27 21.61 41.24 30.79 0.076
50M AC24 86.07 2.14 2.48 32.85 18.71 38.53 29.86 0.077

100M AC16 87.32 2.55 2.92 34.61 20.32 40.61 29.72 0.076
100M AC24 84.68 1.90 2.25 31.07 17.24 37.15 29.16 0.077

We place pass-style candidate diagnostics, smoothing details
for leakage estimates, and hyperparameters in the appendix
to focus the main text on presentation stability.

5.1. Protocol

Data. We use the KAGGLE-3M Sudoku dataset (Radcliffe,
2018). We allocate 500 unique puzzles for the test set, which
are augmented across all 8 dihedral views to create a total
of 4,000 test instances for our main benchmark. Addition-
ally, we set aside 2,000 puzzles for validation and 80,000
puzzles specifically for the post-training interventions. The
remainder of the dataset, approximately 2.9 million puzzles,
is used for pretraining. This setup ensures that the model’s
logical equivariance is evaluated across a robust and diverse
set of logical states while maintaining a strict separation
between training and evaluation instances.

Benchmark. The primary diagnostic benchmark is
SUDOKU-AC-ORBIT. To construct these anchored com-
pletion (AC) states, we pair each base puzzle with a de-
terministic solver trace s1, s2, . . . , sm. For a chosen trace
index t and window length k, we define the visible anchors
as At = givens ∪ {s1, . . . , st−1} and the target cells as
Ut = {st, . . . , st+k−1}. The model is tasked to complete
the logically forced targets in Ut, while all remaining cells
are treated as unknown. We denote this setting as ACk (e.g.,
AC16, AC24).

Crucially, we use the AC settings to evaluate the baseline rea-
soning stability of pretrained and non-post-trained models.
For the main results concerning post-training interventions,
however, we evaluate models on the full completion task,
where the model must fill all original blanks in the puzzle.
All evaluations are conducted across all eight D4 views,
with predictions canonicalized before scoring to ensure a
rigorous measure of logical equivariance.

Models. We evaluate two large dLLMs, LLaDA-8B (Nie
et al., 2025) and Dream-7B (Ye et al., 2025), to test whether
large-scale masked diffusion naturally acquires presentation-
stable reasoning. We also train controlled MDLMs from
scratch on KAGGLE-3M with four scales (5M, 10M, 50M,
and 100M parameters) to isolate scaling effects from post-
training interventions. For MDLM pretraining, we use
DiT backbones with SUBS parameterization and sequence
length 81. The maximum training steps are scale-dependent:
500K(5M, 10M, 50M), and 700k (100M). For all models,
we selected the best checkpoint based on validation perfor-
mance. The global batch size is 512 for 5M/10M/50M and
256 for 100M. For sampling-based evaluation, we fix the
random seed to 0.

Metrics. To clearly decouple raw solver competence from
presentation stability, we categorize our metrics into three
analytical axes.

1. Competence (Raw Capacity): For deterministic decoding,
we report Acc (average per-view accuracy) and ANY (solved
in at least one view). For stochastic decoding (K = 16
samples per view), we report mean success (MeanSucc16)
and best-view capacity (Ĉ16

max).

2. Logical Equivariance (Presentation Stability): To evalu-
ate how consistently the model solves puzzles across views,
we report deterministic orbit competence (ALL) and canon-
ical logical equivariance (cLE). For stochastic decoding,
we measure worst-view reliability (R̂16

min), stochastic orbit
consistency (sECR16), and the success spread (SLS16):

sECR16 =
E[R̂16

min(x)]

E[Ĉ16
max(x)]

,

SLS16 = E
[
Ĉ16

max(x)− R̂16
min(x)

]
.

(22)

To detect retained bias in the output distribution, we report
token-marginal view leakage (L̂tok(x)), which measures
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Table 3. Post-training Interventions and Statistical Validation of Logical Equivariance. Competence metrics show raw solving capacity,
while Logical Equivariance and Robustness metrics reveal presentation stability. Combining trajectory supervision with explicit view
exposure (LTS +D4) offers the best robustness-aware tradeoff, significantly closing the RobustGap and minimizing SLSGap.

Competence Logical Equivariance Robustness

Recipe MeanSucc16↑ Ĉ16
max ↑ R̂16

min ↑ sECR16 ↑ SLS16 ↓ L̂tok ↓ RobustGap ↑ SLSGap ↓

Pretrained 31.53 47.29 17.41 36.82 29.88 0.0775 -0.51 1.24
Canonical 80k 41.58 57.79 25.94 44.88 31.85 0.0712 -1.69 2.79
Canonical 10k 43.12 59.76 27.43 45.89 32.34 0.0714 -1.56 3.64
D4 42.16 58.46 26.64 45.56 31.82 0.0709 -1.20 2.88
D4 grouped 41.15 57.35 25.60 44.64 31.75 0.0709 -1.27 2.16
LTS 45.74 65.81 26.16 39.75 39.65 0.0783 -6.04 11.11
LTS+D4 47.00 63.89 30.50 47.74 33.39 0.0684 -2.34 4.05

the KL divergence between view-specific and orbit-average
token distributions:

L̂tok(x) =
1

|U |
∑
i∈U

1

|G|
∑
g∈G

DKL

(
p̂g,i∥p̂i

)
. (23)

3. Robustness (Diagnostic Gaps): To separate true struc-
tural bias from statistical extrema noise inherent in finite
sampling, we evaluate against a canonical pseudo-orbit (Sec-
tion 5.5) and define:

RobustGap = R̂16,real
min − R̂16,pseudo

min ,

SLSGap = SLSreal16 − SLSpseudo16 .
(24)

A negative RobustGap and a positive SLSGap collectively
confirm that the observed fragility is driven by genuine
structural blind spots rather than sampling noise.

5.2. Large dLLMs Show Capacity Without Presentation
Stability

We first test the optimistic hypothesis that large diffusion
models naturally become presentation-stable due to their
flexible generation order. If true, favorable-view capacity
(ANY) and orbit competence (ALL) would be nearly identi-
cal, because the underlying logical constraints are strictly
invariant across all eight D4 transformations.

Table 1 shows the opposite. LLaDA-8B (Nie et al., 2025)
successfully solves many states when presented in a lucky
geometric layout (ANY), but fails catastrophically across the
full orbit (ALL). While Dream-7B (Ye et al., 2025) demon-
strates stronger raw accuracy, it still exhibits a massive
81.5% presentation gap (ANY minus ALL) on the harder
AC32 window. This confirms that even highly capable
dLLMs often rely on incidental 1D text layouts rather than
true structural comprehension. Large-scale diffusion de-
coding, despite its flexibility, does not automatically certify
logical equivariance.

5.3. Controlled MDLM Scaling

To eliminate language priors, formatting biases, and uncon-
trolled training noise present in off-the-shelf large models,
we train symbolic MDLMs (Sahoo et al., 2024) from scratch,
holding the data, corruption process, and evaluation strictly
constant.

If scale alone resolved presentation sensitivity, both ANY
and ALL would improve together. However, as Table 2
shows, increasing parameters heavily inflates favorable-view
capacity (ANY) but leaves a massive real-orbit gap. This
indicates that while larger models become highly proficient
at solving specific 1D layouts, scale alone does not foster
true structural comprehension or eliminate geometric bias.

5.4. Post-Training Decouples Competence from Logical
Equivariance

All models in Table 3 are fine-tuned from a pretrained 50M
MDLM for 9,000 steps. To control for data scale, Canonical
10k and 80k SFT serve as base controls, while Random-D4

SFT applies all eight symmetries to the 10k base puzzles.
Crucially, our trajectory methods operate on a stricter budget.
LTS filters the 10k puzzles to 4.6k strictly logically solvable
instances, expanding them into 41k intermediate reasoning
states. LTS+D4 then augments these 41k states across the
full D4 orbit. Metrics are categorized into Competence,
Logical Equivariance, and Robustness to decouple these
performance axes.

Table 3 demonstrates that competence and equivariance im-
prove independently. Standard scaling (Canonical 80k) in-
creases raw success but leaves large robustness gaps, while
naive view exposure (D4) yields only moderate equivari-
ance gains. This decoupling is most evident in the LTS
results. Focusing exclusively on reasoning paths yields the
highest peak competence (Ĉ16

max), yet it actively degrades
presentation stability. Worst-view performance (R̂16

min) re-
mains weak, and performance volatility (SLS16) alongside
view leakage (L̂tok) noticeably worsens.
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LTS+D4 successfully resolves this imbalance. By com-
bining sound logical trajectories with explicit geometric
exposure, it delivers the definitive robustness-aware tradeoff.
While peak capacity (Ĉ16

max) slightly drops compared to LTS
alone, LTS+D4 achieves the highest average competence
(MeanSucc16) overall by significantly narrowing the gap
between the best and worst views. Furthermore, it drasti-
cally reduces performance volatility (SLS16), improves orbit
consistency (sECR16), and minimizes view leakage. This
confirms our central claim: trajectory supervision builds
raw competence, but explicit multi-view exposure is strictly
required to achieve stable logical equivariance.

5.5. Real Orbit Versus Pseudo-Orbit

Because taking the minimum or maximum over eight views
with finite samples (K = 16) naturally introduces statistical
extrema bias, we use a canonical pseudo-orbit to verify
that our observed presentation sensitivity is not a statistical
artifact. As described in Section 5.1, we define RobustGap
and SLSGap to rigorously isolate true structural bias from
sampling noise.

For a model to be considered truly equivariant, its perfor-
mance should be indistinguishable from the pseudo-orbit
baseline, resulting in gaps near zero. A distinctly nega-
tive RobustGap indicates that the model’s failure on rotated
views is genuinely worse than what random chance predicts,
while a positive SLSGap confirms that the performance
volatility is driven by layout sensitivity rather than finite-
sample variance.

As shown in Table 3, despite its high raw competence,
LTS yields a massive RobustGap (−6.04%) and SLSGap
(11.11%). This clearly demonstrates that its worst-case fail-
ures are genuine structural blind spots rather than statistical
artifacts. Conversely, LTS+D4 significantly closes these
gaps (e.g., reducing SLSGap to 4.05%), confirming that our
proposed method successfully neutralizes layout-dependent
volatility and achieves true presentation stability.

5.6. Experimental Takeaways

Our results separate the factors driving reasoning perfor-
mance:

• Scaling up parameters dramatically improves
favorable-view capacity, but leaves the model
fundamentally sensitive to presentation shifts.

• Logical Trajectory Supervision (LTS) delivers the
strongest raw competence gain by ensuring the model
learns only from mathematically sound steps.

• However, LTS alone does not prevent the model from
overfitting to the canonical layout. Combining it with

view exposure (LTS+D4) yields the best overall perfor-
mance.

The strongest recipe is not simply more augmentation, nor
is it stronger local supervision alone. It is their combination:
LTS supplies a sound reasoning path, and D4 exposure
ensures it is geometrically stable.

6. Limitations & Discussions
Our results show that arbitrary-order flexibility in dLLMs
does not guarantee true structural comprehension. While
LTS maximizes raw competence, explicit geometric expo-
sure (LTS+D4) is essential to overcome 1D sequence biases.
Theoretically, extending our Rigidity Theorem from scalar
encodings to full multi-layer attention remains an important
future direction. Empirically, a critical next step is adapting
our exact orbit-based metrics to evaluate softer invariances
in broader domains, such as semantic equivalence in math
or functional equivariance in code.

7. Conclusion
In this work, we challenged the hypothesis that the non-
autoregressive flexibility of diffusion language models
(dLLMs) naturally yields robust structural reasoning. Using
the Sudoku-AC-Orbit benchmark, we exposed a pervasive
“presentation bias”: models successfully solve states under
favorable 1D layouts but fail catastrophically when the exact
same logical constraints are geometrically transformed.

Theoretically, our Row-major Toeplitz–D4 Rigidity Theo-
rem proves that this fragility stems from standard 1D po-
sitional encodings clashing with 2D grid symmetries, in-
evitably leaking presentation information. To address this,
our post-training interventions demonstrated that while Log-
ical Trajectory Supervision (LTS) drastically improves raw
solver competence, it cannot prevent layout overfitting on its
own. Only by combining LTS with explicit view exposure
(LTS+D4) can we effectively close the real-orbit gap and
restore quotient-state reasoning.

Ultimately, arbitrary-order generation is not a substitute for
presentation stability. Advancing structured reasoning re-
quires training and evaluating models to capture underlying
logical structures rather than relying on incidental text lay-
outs. As our results demonstrate, raw solving competence
does not automatically guarantee presentation stability. By
exposing and addressing this gap, our work establishes a crit-
ical milestone for the transition from layout-dependent pat-
tern matching to true, presentation-stable reasoning, defin-
ing a new frontier for the development of robust machine
intelligence.
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A. Appendix

A. Additional Proofs and Protocol Details
All logarithms are natural. The group size is denoted by m = |G|. In the experiments, G = D4 and m = 8. The output
space includes the invalid parse symbol ⊥, with g⊥ = ⊥. All probability statements below are for a fixed base logical state
x unless stated otherwise.

A.1. Forced-target validity of SUDOKU-AC-ORBIT

This appendix proves the claim used in Section 4.1: if the target cells are forced in the canonical board, then the corresponding
target cells are forced in every rotated or reflected view. This matters because then an accuracy drop under a transformed
view cannot be explained by a harder or more ambiguous puzzle.

Let Λ = {1, . . . , 9}2 be the set of Sudoku cells. A completed Sudoku solution is a function s : Λ → {1, . . . , 9} satisfying
the row, column, and 3× 3 box constraints. For a set of anchors A, let S(A) be the set of valid completed Sudoku grids that
agree with the anchored digits. For U ⊆ Λ, write sU for the restriction of s to U .

Proposition A.1 (Forced targets are preserved under D4). Let g ∈ D4. Then

S(gA) = gS(A) := {gs : s ∈ S(A)}. (25)

Consequently, if
{sU : s ∈ S(A)} = {s⋆U}, (26)

then
{tgU : t ∈ S(gA)} = {(gs⋆)gU}. (27)

Proof. Every element of D4 is a rotation or reflection of the 9× 9 square. It maps rows to rows or columns, columns to
columns or rows, and 3×3 boxes to 3×3 boxes. Thus s satisfies the Sudoku constraints if and only if gs satisfies the Sudoku
constraints. Also, s agrees with anchors A if and only if gs agrees with transformed anchors gA. Hence S(gA) = gS(A).

If t ∈ S(gA), then by the first part there exists s ∈ S(A) with t = gs. Therefore tgU = (gs)gU = g(sU ). Since sU = s⋆U
for all s ∈ S(A), the transformed restriction is always (gs⋆)gU . This proves target uniqueness in every view.

A.2. View leakage and the output view spectrum

This appendix proves the two facts used in Section 4.3. First, zero view leakage is exactly distributional logical equivariance
on the orbit of x. Second, the χ2-version of view leakage decomposes exactly into the nontrivial Fourier modes of the group.
The KL leakage Lout is not itself an exact Fourier norm; it is equivalent to that Fourier norm up to constants depending only
on |G|.

Sample V ∼ Unif(G), generate Y ∼ Kθ(· | V x), and canonicalize Y c = V −1Y . Let

Pg := g−1
# Kθ(· | gx), P :=

1

m

∑
g∈G

Pg. (28)

Then the conditional law of Y c given V = g is Pg , and the marginal law of Y c is P .

Proposition A.2 (Zero leakage is distributional LE).

Lout(x) := I(V ;Y c) =
1

m

∑
g∈G

DKL(Pg∥P ). (29)

Moreover,
Lout(x) = 0 ⇐⇒ Pg = Ph ∀g, h ∈ G. (30)

Proof. The joint law of (V, Y c) is

Pr(V = g, Y c ∈ B) =
1

m
Pg(B). (31)
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The marginal law of Y c is P . Therefore

I(V ;Y c) = DKL( Pr
V,Y c

∥Pr
V

⊗Pr
Y c

) =
1

m

∑
g∈G

DKL(Pg∥P ). (32)

Mutual information is zero if and only if V and Y c are independent. Since all views have positive probability, independence
is equivalent to Pg = P for every g, which is equivalent to Pg = Ph for all g, h ∈ G.

We now decompose the view dependence by irreducible representations. Let Ĝ be a set of unitary irreducible representations
of G. For ρ ∈ Ĝ, let dρ be its dimension. The trivial representation is denoted by 1.

Because P is an average containing each Pg , we have Pg ≪ P . Define

rg(y) :=
dPg

dP
(y). (33)

Then 0 ≤ rg(y) ≤ m for P -almost every y, and

1

m

∑
g∈G

rg(y) = 1. (34)

For each y, view g 7→ rg(y) as a function on the group, and define its Fourier coefficient by

r̂ρ(y) :=
1

m

∑
g∈G

rg(y)ρ(g)
∗. (35)

Theorem A.3 (Output view spectrum). Define

χ2
G(x) :=

∫
1

m

∑
g∈G

(
rg(y)− 1

)2
dP (y). (36)

Then
χ2
G(x) =

∑
ρ̸=1

dρ

∫
∥r̂ρ(y)∥2HS dP (y). (37)

Furthermore, there exist constants 0 < am ≤ bm < ∞, depending only on m = |G|, such that

amχ2
G(x) ≤ Lout(x) ≤ bmχ2

G(x). (38)

Proof. For each fixed y, apply the normalized Plancherel identity on the finite group:

1

m

∑
g∈G

|f(g)|2 =
∑
ρ∈Ĝ

dρ∥f̂(ρ)∥2HS, f̂(ρ) =
1

m

∑
g∈G

f(g)ρ(g)∗. (39)

Use f(g) = rg(y). The trivial coefficient is

r̂1(y) =
1

m

∑
g∈G

rg(y) = 1. (40)

Thus Plancherel gives
1

m

∑
g∈G

(
rg(y)− 1

)2
=

∑
ρ̸=1

dρ∥r̂ρ(y)∥2HS. (41)

Integrating over P proves Eq. (37).

For the KL comparison, let
φ(t) := t log t− t+ 1, φ(0) := 1. (42)
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Since
∫
rg dP = 1,

DKL(Pg∥P ) =

∫
rg log rg dP =

∫
φ(rg) dP . (43)

The ratio φ(t)/(t − 1)2, with value 1/2 at t = 1 by continuous extension, is positive and finite on the compact interval
[0,m]. Hence there are constants am, bm such that

am(t− 1)2 ≤ φ(t) ≤ bm(t− 1)2 ∀t ∈ [0,m]. (44)

Apply this pointwise to t = rg(y), average over g, and integrate over P .

The following proposition connects the spectrum to the correctness metrics. It is useful because it turns an observed Any–All
gap into a lower bound on nontrivial view information.
Proposition A.4 (Orbit failure forces view leakage). For deterministic decoding,

Lout(x) ≥ h2(1/m)
(
Any(x)−All(x)

)
, (45)

where h2(p) = −p log p− (1− p) log(1− p). For stochastic decoding, if pg(x) = Pg({y⋆(x)}), then

Lout(x) ≥
(Cmax(x)−Rmin(x))

2

m
. (46)

Proof. For deterministic decoding, Y c = ŷV (x) is a deterministic function of V , so Lout(x) = H(Y c). If Any(x) −
All(x) = 0, the stated inequality is immediate. If the gap is one, then one canonicalized prediction equals the unique target
and at least one does not. Hence Y c is a nonconstant function of a uniform m-point variable. The minimum entropy of such
a nonconstant image occurs when one fiber has size 1 and another has size m− 1, giving H(Y c) ≥ h2(1/m).

For stochastic decoding, let C = 1[Y c = y⋆(x)]. Data processing gives I(V ;Y c) ≥ I(V ;C). With p = m−1
∑

g pg ,

I(V ;C) =
1

m

∑
g∈G

kl(pg∥p). (47)

Pinsker’s inequality for Bernoulli laws gives kl(pg∥p) ≥ 2(pg − p)2. Let δ = Cmax −Rmin. Choose views g+, g− attaining
the maximum and minimum. Then

|pg+ − p|+ |pg− − p| ≥ δ, (48)

and therefore
(pg+ − p)2 + (pg− − p)2 ≥ δ2/2. (49)

Thus

Lout(x) ≥ I(V ;C) ≥ 2

m

∑
g

(pg − p)2 ≥ δ2

m
. (50)

A.3. Row-major Toeplitz–D4 rigidity

This appendix proves the positional obstruction stated in Section 4.4. The statement is only about scalar pair kernels that
depend on row-major offset. It is not an impossibility theorem for a full Transformer.

Let
Λn := {0, . . . , n− 1}2, p(r, c) := nr + c. (51)

A scalar row-major relative-position kernel has the form

Buv = ap(v)−p(u). (52)

Let Tn be the vector space of all such kernels. Let

Cn := {B : Bgu,gv = Buv ∀g ∈ D4, u, v ∈ Λn} (53)

be the space of D4-invariant scalar pair kernels.
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Theorem A.5 (Row-major Toeplitz–D4 rigidity). For n ≥ 2,

dim(Tn ∩ Cn) =

{
2, n even,
3, n odd.

(54)

More explicitly, if n is even, then every B ∈ Tn ∩ Cn has the form

Buv = α1[p(v)− p(u) = 0] + β1[p(v)− p(u) ̸= 0]. (55)

If n is odd, then every B ∈ Tn ∩ Cn has the form

Buv = α1[d = 0] + β1[d ̸= 0 and d even] + γ1[d odd], d = p(v)− p(u). (56)

In particular, for the 9× 9 Sudoku grid, the certified row-major scalar relative-position algebra has only the three classes 0,
nonzero-even, and odd.

Proof. For a pair of cells u = (r, c) and v = (r′, c′), define the displacement

(x, y) := (r′ − r, c′ − c), x, y ∈ {−(n− 1), . . . , n− 1}. (57)

The row-major offset is
δ(x, y) := p(v)− p(u) = nx+ y. (58)

The group D4 acts on displacements by sign changes and coordinate swaps:

(x, y) 7→ (±x,±y), (x, y) 7→ (±y,±x), (59)

with the signs constrained by the chosen rotation or reflection.

The only subtle point is that the same offset may have several feasible displacement representations. For example,
nx+ y = nx′ + y′ can hold with (x, y) ̸= (x′, y′). Define an equivalence relation ∼ on offsets by the following generators:
two offsets are equivalent if they are the same integer, or if they arise from feasible displacements related by a D4

transformation. Then B ∈ Tn ∩ Cn exactly means ad = ad′ whenever d ∼ d′. Thus the dimension of Tn ∩ Cn is the number
of equivalence classes of offsets.

First, offset 0 is a singleton class. If nx+ y = 0 with |x|, |y| ≤ n− 1, then x ̸= 0 would imply |nx| ≥ n > |y|, impossible.
Hence x = y = 0.

Second, every nonzero offset is equivalent to one of 1, . . . , n − 1. By a 180◦ rotation, d ∼ −d, so take d > 0. Write
d = nq + r with 0 ≤ r ≤ n− 1. If q = 0, then d = r ∈ {1, . . . , n− 1}. If q ≥ 1 and r = 0, then

d = δ(q, 0) ∼ δ(0, q) = q < d. (60)

If q ≥ 1 and r > 0, then
d = δ(q, r) ∼ δ(q,−r) = nq − r < d. (61)

Repeating this strict descent reaches a positive offset in {1, . . . , n− 1}.

Third, for every 1 ≤ k ≤ n− 3,
k ∼ k + 2. (62)

Indeed,

k = δ(1, k − n) (63)
∼ δ(n− k,−1) (64)
= n(n− k)− 1 (65)
= δ(n− k − 1, n− 1) (66)
∼ δ(−(n− k − 1), n− 1) (67)
= δ(−(n− k − 2),−1) (68)
∼ δ(1, k + 2− n) (69)
= k + 2. (70)
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All displacements used above lie in [−(n− 1), n− 1]2 when 1 ≤ k ≤ n− 3.

Now suppose n is odd. Since
δ(x, y) = nx+ y ≡ x+ y (mod 2), (71)

and D4 only changes signs and swaps coordinates, offset parity is invariant. By Eq. (62), all positive small odd offsets are
equivalent and all positive small even offsets are equivalent. The descent argument then shows that all nonzero odd offsets
form one class and all nonzero even offsets form one class. Together with the singleton class {0}, this gives three classes.

Finally suppose n is even. For n = 2, direct inspection gives 1 = δ(0, 1) ∼ δ(1, 0) = 2, so all nonzero offsets are equivalent.
For n ≥ 4,

1 = δ(1, 1− n) ∼ δ(1, n− 1) = 2n− 1 = δ(2,−1) ∼ δ(1,−2) = n− 2. (72)

The offset n− 2 is even. By Eq. (62), it is equivalent to 2. Hence 1 ∼ 2, so the odd and even nonzero classes merge. The
descent argument then shows that all nonzero offsets form one class. Together with {0}, this gives two classes.

Consequence for 1D RoPE. Let Md be the matrix used by a 1D relative positional component at row-major offset d. For
fixed query/key contents a, b, the scalar positional term has form

Ba,b
uv = a∗Mp(v)−p(u)b. (73)

If this scalar term is D4-invariant for every a, b, then Theorem A.5 forces Md = Md′ whenever d and d′ lie in the same
offset class. On a 9×9 grid, this means all nonzero odd offsets must share the same matrix, including 1, 9, and −9. Standard
nondegenerate 1D RoPE separates these offsets. Therefore row-major 1D RoPE does not provide a component-level scalar
D4 positional certificate.

This conclusion is deliberately limited. It does not say that a full Transformer with 1D RoPE cannot learn an equivariant
function. It says that the standard scalar row-major positional component does not enforce the certificate by itself.

A.4. Representation-wise denoising accounting

This appendix proves the accounting statement in Section ??. The result is a posterior L2 identity, not a KL identity. It
tracks the nontrivial representation modes of the hidden view label through the reverse denoising chain.

Let V ∼ Unif(G). For any random variable S, define the posterior likelihood ratio of the view label by

αS(g) :=
Pr(V = g | S)
Pr(V = g)

= mPr(V = g | S). (74)

Then m−1
∑

g αS(g) = 1. For ρ ∈ Ĝ, define

α̂S,ρ :=
1

m

∑
g∈G

αS(g)ρ(g)
∗. (75)

For nontrivial ρ ̸= 1, define the ρ-view energy in S by

Eρ(S) := dρ ES

[
∥α̂S,ρ∥2HS

]
. (76)

For two random variables S, T , define the conditional innovation

Jρ(T ;V | S) := dρ ES,T

[
∥α̂S,T,ρ − α̂S,ρ∥2HS

]
. (77)

Lemma A.6 (Posterior Pythagorean identity). For any S, T and any nontrivial ρ,

Eρ(S, T ) = Eρ(S) + Jρ(T ;V | S). (78)

The same identity holds with S and T interchanged.
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Proof. Bayes posterior averaging gives
αS(g) = E[αS,T (g) | S]. (79)

Fourier transform in the group variable is linear, so

α̂S,ρ = E[α̂S,T,ρ | S]. (80)

The Hilbert-space conditional variance identity gives

E∥A∥2HS = E∥E[A | S]∥2HS + E∥A− E[A | S]∥2HS, (81)

with A = α̂S,T,ρ. Multiplying by dρ proves the result.

Now run the reverse denoising chain under input V x and pull each state back to canonical coordinates:

Zc
H , Zc

H−1, . . . , Z
c
0, Y

c. (82)

For each step define
Aρ

h := Jρ(Z
c
h−1;V | Zc

h), Bρ
h := Jρ(Z

c
h;V | Zc

h−1), (83)

and for the readout define
Aρ

R := Jρ(Y
c;V | Zc

0), Bρ
R := Jρ(Z

c
0;V | Y c). (84)

Theorem A.7 (Representation-wise denoising accounting). For every nontrivial representation ρ ̸= 1,

Eρ(Y c) = Eρ(Zc
H) +

H∑
h=1

(Aρ
h −Bρ

h) +Aρ
R −Bρ

R. (85)

Consequently,

Eρ(Y c) ≤ Eρ(Zc
H) +

H∑
h=1

Aρ
h +Aρ

R. (86)

Proof. Apply Lemma A.6 to (S, T ) = (Zc
h, Z

c
h−1) and to (S, T ) = (Zc

h−1, Z
c
h). The two expressions for Eρ(Zc

h, Z
c
h−1)

give
Eρ(Zc

h−1)− Eρ(Zc
h) = Aρ

h −Bρ
h. (87)

Summing over h = 1, . . . , H gives

Eρ(Zc
0) = Eρ(Zc

H) +

H∑
h=1

(Aρ
h −Bρ

h). (88)

Apply the same argument to (Zc
0, Y

c) to obtain

Eρ(Y c)− Eρ(Zc
0) = Aρ

R −Bρ
R. (89)

Combining the two displays proves Eq. (85). Since all Bρ
h and Bρ

R are nonnegative by definition, dropping them proves
Eq. (86).

Corollary A.8 (A nonzero output mode requires a nonzero source). Assume the initial canonical noise state carries no
ρ-view mode, Eρ(Zc

H) = 0, and the readout injects no new ρ-view mode, Aρ
R = 0. If Eρ(Y c) > 0, then at least one reverse

denoising step has Aρ
h > 0. In particular,

max
1≤h≤H

Aρ
h ≥ Eρ(Y c)

H
. (90)

Proof. Under the assumptions, Eq. (86) becomes

Eρ(Y c) ≤
H∑

h=1

Aρ
h. (91)

If the left side is positive, the sum is positive, so at least one term is positive. The displayed lower bound follows by
averaging.
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If the canonicalized reverse transition at step h is independent of V given Zc
h, then Zc

h−1 ⊥ V | Zc
h, which implies Aρ

h = 0
for every nontrivial ρ. Thus Aρ

h > 0 is a one-way witness: the transition cannot be view-independent on the posterior
support. The converse need not hold, because a transition may depend on the view in a way that is outside the posterior
support or invisible to the particular representation mode.

A.5. Finite-K extrema and the pseudo-orbit control

This appendix explains why the stochastic metrics are averaged over base states and why pseudo-orbits are reported. With
K samples per view, empirical maxima and minima are biased: maxima tend to be too high and minima tend to be too low.
This can create a gap even when all views have the same true success probability.

For fixed x, let p̂g,K(x) be the empirical mean of K Bernoulli success samples with mean pg(x). Hoeffding’s inequality
and a union bound give

Pr

[
max
g∈G

|p̂g,K(x)− pg(x)| > ϵ

]
≤ 2|G|e−2Kϵ2 . (92)

On the complementary event,

|Ĉmax,K(x)− Cmax(x)| ≤ ϵ, |R̂min,K(x)−Rmin(x)| ≤ ϵ. (93)

This controls concentration, but it does not remove extrema bias.

The canonical pseudo-orbit estimates that bias directly. For each base state x, draw |G|K samples from the canonical layout
only. Randomly split them into |G| groups of size K and compute the same max/min metrics as if those groups were views.
Because all pseudo-views come from the same layout, any pseudo gap is due to finite-sample extrema. A larger real-orbit
gap indicates presentation sensitivity beyond sampling noise.

All confidence intervals are computed by paired bootstrap over base logical states. The eight transformed views of a single
base state are not treated as eight independent test examples.

B. Experimental details
This appendix gives the details needed to reproduce the experiments in Section 5. The main paper states the logic of each
experiment. Here we state how the data, parser, sampling controls, and uncertainty estimates are implemented.

B.1. Anchored-completion generation

We generate anchored-completion states only after the base Sudoku puzzle split. For each base puzzle, we choose anchors
A, target cells U , and unresolved cells R. We keep the state only if the values of U are forced by A:

{sU : s ∈ S(A)} = {s⋆U}. (94)

The verification uses a Sudoku solver that enumerates completions until either two different target assignments are found or
the target assignment is certified unique. The full grid need not be unique. Only the target assignment must be unique.

After a state is retained, we apply all eight elements of D4. Because rotations and reflections preserve Sudoku row, column,
and box constraints, every transformed state has the corresponding transformed target. During scoring, every prediction is
mapped back to canonical coordinates before comparison.

B.2. Parsing and scoring

The model is asked to output the values of the target cells. A prediction is valid only if it can be parsed into exactly one digit
for each requested target cell. If the output is malformed, incomplete, contains an invalid digit, or assigns two different
values to the same target cell, it is mapped to the invalid symbol ⊥ and scored as incorrect.

We report invalid-parse rate separately from wrong-but-valid rate. This separation matters because a parser failure and a
logically wrong assignment are different errors. For all orbit metrics, ⊥ is fixed by the group action: g⊥ = ⊥.
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B.3. Stochastic sampling

For stochastic evaluation, we draw K = 16 samples per view unless otherwise stated. For each base state x and view g, the
empirical success probability is

p̂g,K(x) =
1

K

K∑
k=1

1[g−1Yg,k = y⋆(x)]. (95)

We then compute
ĈK

max(x) = max
g∈G

p̂g,K(x), R̂K
min(x) = min

g∈G
p̂g,K(x). (96)

The extrema are computed within each base state and then averaged over base states. We do not pool transformed views as
independent examples.

B.4. Canonical pseudo-orbit control

The pseudo-orbit control estimates the best-view/worst-view gap caused only by finite sampling. For each base state, we
draw |G|K samples from the canonical layout, randomly split them into |G| groups of size K, and compute the same
extrema used for the real orbit:

ĈK,pseudo
max (x), R̂K,pseudo

min (x). (97)

The pseudo-orbit has no true geometric view shift. Therefore, if the real orbit has a much lower R̂K
min or a much larger view

gap than the pseudo-orbit, the difference is evidence of presentation sensitivity rather than extrema bias.

B.5. Token view-leakage diagnostic

For each target cell i and view g, we estimate a token distribution p̂g,i from the K canonicalized samples. We add a small
symmetric smoothing constant ϵ to every digit count before normalization. The reported token view-leakage proxy is

L̂tok(x) =
1

|U |
∑
i∈U

1

|G|
∑
g∈G

DKL(p̂g,i∥p̂i), p̂i =
1

|G|
∑
g∈G

p̂g,i. (98)

This diagnostic uses token marginals only. It can show that views disagree at the cell level, but it cannot certify that the full
joint output distributions agree. The main correctness claims therefore use ALL, R̂K

min, and the real-vs-pseudo gap.

We also report per-view success plots. These plots show whether failures concentrate on rotations, reflections, or a particular
canonical layout. They are useful for diagnosing the geometry of the failure, but the orbit metrics remain the primary
summary.
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