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ABSTRACT

We prove that a minimal Transformer with frozen weights emulates a broad class
of algorithms by in-context prompting. We formalize two modes of in-context
algorithm emulation. In the task-specific mode, for any continuously differentiable
function f : R — R, we construct a single-head softmax attention layer whose for-
ward pass reproduces functions of the form f(w " —1) to arbitrary precision. This
general template subsumes many popular machine learning algorithms (e.g., gradi-
ent descent, linear regression, ridge regression). In the prompt-programmable mode,
we prove universality: a single fixed-weight two-layer softmax attention module
emulates all algorithms from the task-specific class (i.e., each implementable by a
single softmax attention) via only prompting. Our key idea is to construct prompts
that encode an algorithm’s parameters into token representations, creating sharp
dot-product gaps that force the softmax attention to follow the intended computa-
tion. This construction requires no feed-forward layers and no parameter updates.
All adaptation happens through the prompt alone. Numerical results corroborate
our theory. These findings forge a direct link between in-context learning and algo-
rithmic emulation, and offer a simple mechanism for large Transformers to serve as
prompt-programmable interpreters of algorithms. They illuminate how GPT-style
foundation models may swap algorithms via prompts alone, and establish a form
of algorithmic universality in modern Transformer models.

1 INTRODUCTION

We show that a minimal Transformer architecture with frozen weights is capable of emulating a broad
class of algorithms through prompt design alone. This stylized problem setting isolates the core of in-
context computation and provides an analytic lens on fundamental questions in Transformer models:
How do fixed-weight models execute diverse tasks from context alone? How does a prompt turn into
an algorithmic procedure? How do prompt-encoded parameters and query-key routing realize task
identification and stepwise execution? What minimal architectural ingredients suffice for general in-
context capability? As foundation models rise to prominence in modern Al (Bommasani, 2021), these
questions are central, since much of their practical utility comes from in-context learning (prompting)
rather than explicit retraining (Brown et al., 2020; Liu et al., 2023). Against this backdrop, this work
offers a rigorous basis for in-context task learning', supplies a simple mechanism for Transformers
to act as prompt-programmable algorithm libraries, and shows how GPT-style models may swap
algorithms via prompts alone, shedding light on their general-purpose capabilities.

Large Transformer models exhibit ability to adapt to a new task by conditioning on examples or
instructions provided in the prompt without any gradient updates. This capability is known as In-
Context Learning (ICL) (Min et al., 2022; Brown et al., 2020). Prior work on Transformer in-context

*Equal contribution. Part of the work done during JH’s internship at Ensemble Al. Code is available at
https://github.com/MAGICS-LAB/algo_emu. Latest version is at https://arxiv.org/abs/2508.17550.
'We use “task” to highlight algorithm-level adaptation (to diverse tasks), not mere pattern completion.
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Figure 1: Prompt-Programmable In-Context Algorithm Emulation Overview. X denotes the data input,
and W™ encodes the instructions of the algorithm we aim to emulate. We show that even a 2-layer softmax
attention module suffices to emulate a broad class of algorithms by changing prompt (Theorem 4.1), i.e., the
W™ in the prompt. This separates algorithm information (in the prompt) from “model parameters” (frozen). By
sending the algorithm-specific information (e.g., instructions + data) to a fixed-weight model, the prompt acts as
the program and the frozen transformer as the interpreter. This makes the “weights-as-data” mechanism explicit
and is the core mechanism of prompt-programmability: a minimal frozen Transformer serves as a modular
interface in which swapping the prompt swaps the algorithm with no retraining.

learning falls into two strands. One trains models that learn in context for a specific function class
(Garg et al., 2022; Akyiirek et al., 2023; Li et al., 2023; Ahn et al., 2023; Zhang et al., 2024). The
other hand-engineers Transformers to enact particular algorithms with fixed weights (Bai et al., 2023;
Von Oswald et al., 2023; Wu et al., 2025). In particular, Bai et al. (2023) demonstrate that task-specific
attention layers — attention mechanisms with weights designed for a given task — implement a
variety of algorithms without gradient updates. For example, a single Transformer with fixed, task-
tailored weights achieves near-optimal performance on algorithms such as least-squares/ridge/lasso
regressions, and gradient descent (Bai et al., 2023; Wu et al., 2025), PCA (He et al., 2025), time
series regression (Wu et al., 2026), Newton’s method (Giannou et al., 2024; Fu et al., 2024), Bayesian
network (Cao et al., 2025), causal learning (Nichani et al., 2024; Edelman et al., 2024). These results
suggest that Transformers are capable of in-context algorithm emulation. Yet these approaches
retrain per task or hard-wire per algorithm. They do not give a single fixed architecture that is
prompt-programmable across many algorithms with explicit guarantees and minimal components.

To combat this, we advance this line of research by omitting the need for designing a new Transformer
block for every algorithm. We propose a frozen Transformer architecture to emulate a library of
attention-based algorithms in context without weight updates. We achieve this by embedding
algorithm-specific information into input prompts. Specifically, we formalize two emulation modes,
and establish explicit guarantees and constructive minimal designs for both. In the task-specific
mode (Section 3), a dedicated attention module with fixed weights (single- or multi-head) executes
one algorithm in context. In the prompt-programmable mode (Section 4), by contrast, a single
Transformer module with fixed weights re-programs itself through different prompts to execute
multiple algorithms on the fly. These constructions yield universality and minimality results for
in-context algorithm emulation. Specifically, we demonstrate a minimalist model of internal algorithm
swapping, where prompts serve as the context carrying algorithmic instructions.

Contributions. We establish a new form of in-context learning universality for algorithm emulation,
limited to attention-implementable algorithms. Our contributions are three-fold:

+ Task-Specific Emulation of f(w 'z — y)z. A single-head, single-layer softmax attention with
a linear map universally approximates functions of the form f(w "z — y)x for any continuous f,
with frozen weights and a suitable prompt. This general result subsumes, for example, computing
per-sample gradients and performing gradient descent updates (by choosing f as a loss derivative),
as well as solving linear and ridge regression in one forward pass.

* Constructive, Interpretable Prompt Design for Algorithm Emulation. We give an explicit
prompt design strategy that encodes the target task’s parameters and induces large query-key
margins so softmax follows the intended pattern, furnishing an interpretable, verifiable recipe for
prompt-programming a fixed attention-only module.

* A Simple Mechanism for Internal Algorithm Swapping of Transformer Models. Changing
only the prompt-encoded algorithm weights swaps the algorithm executed by the fixed attention-
only module, without retraining. Theory (finite libraries) and experiments (e.g., Lasso, ridge,
linear regression) confirm high-fidelity swapping. Altogether, these results shed light on the
general-purpose capability of GPT-style Transformer models to select and swap internal routines
via prompts (our formal proofs concern attention-only modules).
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In conclusion, we show a minimalist transformer architecture serve as a general-purpose algorithm
emulator in context through prompt design. Our findings contribute to a sharp theoretical foundation
for viewing in-context learning as in-context algorithm emulation. They suggest that large pretrained
softmax attention models (such as GPT-style Transformers) encode a library of algorithms, and swap
among them based on prompts. This is achieved within a unified attention architecture and without
any parameter updates. We believe this perspective opens new opportunities for understanding the
emulation ability of Transformer models.

Organization. Section 2 presents ideas we build on. Section 3 presents illustrative examples of
learning statistical models in-context with fask-specific attention heads. Section 4 presents our main
results. Appendix A presents our proof strategies. Section 5 presents numerical validations.

Related Work. Due to page limits, we defer related work discussions to Appendix B.

Notations. We denote the index set {1,...,T} by [I]. We use lowercase letters for vectors and
uppercase letters for matrices. The vector e;n) € R™ denotes the one-hot vector with 1 in the j-th

position and 0 elsewhere. We write X € R?*" for the input sequence, where d is the token dimension
and n is the sequence length. We denote the number of attention heads by H. We use || - ||« and
|| - ||2 for the vector co-norm and 2-norm, respectively.

2 PRELIMINARIES: ATTENTION, IN-CONTEXT LEARNING AND EMULATION

Softmax Attention. We define a multi-layer self-attention layer with softmax activation as follows.

Definition 2.1 (Softmax Attention Layer). For any input sequence X € R*", the multi-head
attention output (with A heads) is

H
Attng (X) = 3 W X Softmax((WY X) TWS X) WS € Rdoxno,
h=1 ~——

doXn nxn nxn,

where W, W5 € R4, W) € Réx4, and WS € R™" for h € [H]. We use Attn, to
denote single-head self-attention.

Following the notation of (Hu et al., 2025a), we pick non-identical dimensions for weight matrices
Wi, Wgq, Wy for generality of our analysis”.

In the common K := Wk X, Q := Wg X,V := Wy X notation, a single-layer softmax attention
takes a set of key vectors K = {kq, ..., k,}, value vectors V' = {v1,...,v,}, and a query vector g,
to produce an output as a weighted sum of the value vectors. The weights on v; is Softmax(k,' ¢),
emphasizing values whose keys are most similar to the query. That is, the softmax attention uses the
query as a cue to retrieve the most relevant information from the values (via their keys).

Linear Transformation Layer Linear(-). Throughout this paper, we sometimes compose atten-
tion with an additional linear mapping for flexibility and simplicity of our proofs®. Such a linear
transformation layer uses learned parameters to increase expressivity in attention-based constructions.

Definition 2.2. Let Z = [z1,..., z,] € R?*™ be the input sequence with columns z; € R%. We
use Linear : R¥*™ — RP*™ (for some output length m) to denote column-wise linear affine maps.
Each output column depends only on one input column, possibly with replication or an additive bias.
We write Linear when dimensions are clear (input/output shapes chosen to match attention).

This layer is a generic column-wise affine operator. It preprocesses the input to an attention mech-
anism or post-processes its output. For example, Attn, o Linear(Z) applies a per-token affine
projection (optionally with replication, so m # n) before single-head attention. It subsumes the

’The right-multiplying W(()h) in Definition 2.1 is nonstandard. Yet, this it not an issue. One can recover
standard left-multiplying W(()h) (i.e., Attn, (X) = Zflzl W(()h)VSOftmaX(K TV)) by including two extra
attention layers following (Hu et al., 2025a, Section G & Remark E.2). All our results still hold. We adopt this
convention for simplicity of the proofs of Section 3. Our Section 4 does not rely on the presence of W(()h).

>We remark that, one can replace all Linear(-) throughout this paper following (Hu et al., 2025a, Remark
E.1) via extra input preprocessing. We use Linear(-) in this paper for simplicity of our proofs.
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practical per-token linear layer as the special case m = n with shared parameters and optional bias:
Linear(Z) = AZ +bl,] € RP*"™ with A € RP*4, b € RP and 1, the all-ones vector. In all cases,
columns are processed independently (no cross-column mixing).

In-Context Learning Setup. In in-context learning, a fixed model (e.g., a pretrained Transformer)
performs a new task without parameter updates. Formally, the model aims to approximate an unknown
function f : X — Y given a few examples of f in the input prompt. At inference, we provide n
exemplar pairs and a query x,, and concatenate them into a single sequence

1 X9 .. Tn
Y1 Y2 - Yn
Namely, the model receives (X, z,) as the input prompt. The goal of ICL is for the model, given

input prompt (X, z,), to (i) infer f from the exemplars and (ii) apply it to x, to predict y, = f(z,).
All the learning happens in the forward pass through the sequence X in an implicit fashion.

X = e RUFDX™ and g, € RO, 2.1)

Task-Specific Attention. Task-specific attention uses fixed parameters to carry out a particular task
when the prompt follows the required structure (see (Bai et al., 2023) for examples.)

Definition 2.3. An attention layer is fask-specific if there exists a prompt family P such that, for
any prompt P € P constructed from task parameters/data, the attention’s forward pass implements
the task’s mapping on the query token(s), with no parameter change.

In particular, we embed the task’s defining transformations (e.g. a linear mapping corresponding to f
or part of f) into the attention weight matrices. Given a well-formed prompt of exemplar and query
tokens, the attention selects and combines these tokens to compute the correct output. Effectively,
this allows an attention layer to approximate diverse functions in context without weight updates.

Terminology: Task-Specific vs. Prompt-Programmable In-Context Emulation. In-context
algorithm emulation refers to executing an algorithm through a forward pass without weight updates.
The core contribution of this work is to formalize two in-context modes and study their scope:

 Task-Specific In-Context Emulation: for each algorithm A, there exists an attention module
(possibly multi-head) whose forward pass on a well-formed prompt implements .4 on the query
token(s). Each algorithm therefore requires its own dedicated parameters.

* Prompt-Programmable In-Context Emulation (via single frozen module): there exists a single
attention module with fixed weights Attn* such that, for every A in a target class, a suitable prompt
P4 makes Attn* implement A on the query token(s). All adaptation occurs through the prompt
rather than through weight changes. Namely, one Attn” implements a library of algorithms.

These modes are complementary: the first reflects the conventional dedicated-module view (e.g.,
(Bai et al., 2023)), while the second is stronger — one fixed-weight attention module emulates many
algorithms via prompts (our contribution). In the remainder of the paper, Section 3 develops the
task-specific case. Section 4 establishes the prompt-programmable case by showing how the latter
subsumes the former via in-context simulation of task-specific modules.

3 TASK-SPECIFIC IN-CONTEXT ALGORITHM EMULATION

We present multiple examples demonstrating how softmax attention modules mimic behaviors of
various learning algorithms including gradient descent and linear regression. We begin with a very
general result showing that even a single-layer, single-head attention mechanism is a universal
approximator for a broad class of functions defined in the prompt.

In-Context Universal Approximation of f(w'z — y)z.Letz € R% y € R, w € R?, and let
f : R — R be continuously differentiable. We consider functions of the form f(w "z — y)x, where
f acts on the residual w " = — . This template is very general: many learning rules for linear models
take this form, including many residual/gradient-style updates*. Hence f(w "z — )z subsumes a
wide family of residual-driven updates central to machine learning. Thus, their in-context realization
explains much of in-context learning. To this end, showing that attention is capable of emulating any
continuous f(w 'z — y)z indicates a powerful and general capability. It means the attention module

*For example, f(t) = t corresponds to the raw residual (w 'z — )z, f(-) = V(- corresponds to per-
sample gradients V., £(w " — y)x linear regression or classification with loss £(-), and nonlinear f (sigmoid,
step, etc.) corresponds to perceptron updates or other error-correcting rules.
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implements any continuous adjustment or mapping based on the prediction w "« and the label 3. The

next theorem shows how a single-head attention approximates [f(w " z; — y;)z;]7, arbitrarily well.

Theorem 3.1 (In-Context Emulation of f(w'z — y)z with Single-Head Attention). Let
[Linin, Lmax) be a bounded interval containing all values of w " 2 — v, and let

_ 1 T - I 6R(dJrl)xn and W::[w W e ’U)]G]Rdxn,
Y Y2 - Yn

where z; € R?, y; € R, and w € R? is the coefficient vector. Define the input as:

1 X9 PP Ty X
Zi=|p g2 -y [W]GR(“*”X”- 3.1)
w w . w

Assume max{|| X ||oo, [|[W]|oo} < B. For any continuously differentiable function f : R — R and
any € > 0, there exists a single-head attention Attns with a linear layer Linear such that

|Attn, o Linear(Z) — [f(w @1 —y1)z1 -+ fw @p — yn)xs] oo <€, forany e>0.

Proof. See Appendix D.1 for a detailed proof. O

Theorem 3.1 establishes that even the simplest softmax attention alone suffices to encode any
continuous function of the form f(w'x — y)x by incorporating weights in the prompt. A direct
implication is by replacing f with the derivatives of differentiable loss function as follows.

Example 1: In-Context Emulation of Single-Step GD. Building on Theorem 3.1, we show that a
softmax attention layer emulates Gradient Descent (GD) in-context. First, we replace the continuous
function f(-) in Theorem 3.1 with V{(-), where £ : R — R is any differentiable loss function. We
show that the softmax attention emulates per-sample gradients in context.

Corollary 3.1.1 (In-Context Emulation of Per-Sample Gradients). Let?: R — R be differentiable
and ¢/ : R — R for its scalar derivative, ¢'(t) = 4/(t). For z := w'2z — y withz € R%, y € R,
w € RY, denote V,,£(z) := £'(z). Set f(-) = ¢'(-) in Theorem 3.1. With Z = [X; W] as in (3.1),
for any e > 0, there exist a single-head attention Attn,(-) and a linear map Linear(-) such that,

| Attng o Linear(Z) — [ (wTzy —y))z1, - (W T — Yn)Zn] |loo < €

=:G approximated per-sample gradient matrix =:G 1arget per-sample gradient matrix

Corollary 3.1.1 shows that a single-layer single-head softmax attention with a linear map approximates
the individual (per-sample) gradient terms {¢'(w " z; — y;)z; }?_,. Moreover, the layer outputs all
per-sample gradient terms in parallel. Next, we extend Corollary 3.1.1 to show that a fixed attention
layer implements the full gradient-descent update across all samples in-context.

Aggregating the per-sample gradients gives one GD step
1 — ~ 1 <&
== lw'zi—y), VIp(w)==Y l(w z—y)z; =g
a2t — ), VEo(w) = 23 ¢ e —wn =g

From Corollary 3.1.1, let G be the attention output and choose the readout v := 1 -1, € R"
(equivalently, right- multlply by Wo = wu in Definition 2.1). Define the attention estimate of the

average gradient as g := Gu. Then § g =~ g, and the target update is wgD =w— nVL,L( ). Feeding
w in the prompt and applying the same readout produces a single d-dimensional update vector from
the layer. The next corollary states the precise approximation guarantee.

Corollary 3.1.2 (In-Context Emulation of a Single GD Step). Let ¢ : R — R be differentiable

and define L, (w) ;== 1 "  f(w a; — y;). For any step size 7 > 0 and any ¢ > 0, there exist

a single-head attention Attn and a linear map Linear such that, with Z = [X; W] as in (3.1),

choosing the readout v := %ln (equivalently, right-multiply by W = w in Definition 2.1), we have
Gu=g

@ap = w + (Attn, o Linear(Z))u € R? and |[@ap — (w — nVLn(w)) [l < €.
—_——

w—ng wly
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Proof. See Appendix D.2 for a detailed proof. O

Corollary 3.1.2 shows that a single-layer, single-head softmax attention with a linear map aggregates
the per-sample gradients via the output projection. It produces a d-vector wgp that approximates the

GD update wE;D =w— nVEn(w). Notably, each output column encodes a copy of w together with
a scaled per-sample gradient term. Averaging via the readout u = %ln then recovers wé‘D up to e.

Example 2: In-Context Emulation of Multi-Step GD. We extend the single-step construction to
show that a multi-layer softmax attention network emulates multi-step gradient descent. In particular,
an (L+1)-layer transformer approximates L steps of gradient descent.

Stack (L+1) copies of the single-head layer from Corollary 3.1.2. Atlayer ¢t (0 < ¢ < L), use the
readout u(¥ = 11, and the prompt Z®) = [X; W®] with W® := (@) - @) ], Define

@g)])j =w, and wggl) := Attn, o Linear(Z®)u®.
For the target iterates, set wél)) = w and wggl) = (t nVL (wé%)) By Corollary 3.1.2,
LemmaD.4 and || - ||oo < || - ||2, we arrive

~(t t
B8] — wipllee < te, te[L].

Example 3: In-Context Emulation of Linear Regression. We now present the construction for
squared loss. We show that a multi-layer softmax attention emulates linear regression in-context.

Corollary 3.1.3 (In-Context Emulation of Linear Regression). For any dataset {(x;, y;) }7_; with
z; € RY y; € R and any € > 0, there exists a depth-L stack of single-head attention layers
{Attn!} 7!, linear maps {Linearl}fz_ol, and a readout u € R™ such that the iterates

Diipear = Diinear + (Attn; 0 Linear' (Z'))u, £=0,...,L -1,
with Z! := [X; W' and W := [@}, o1y - - - 5 Whipen) @8 in (3.1) (for any fixed bounded w'), satisfy

leinear - wlinear”oo <,

where Wiinear 1= argmin ¢ pa ﬁ Z?zl(@u, x;) — yi)2.

Proof. See Appendix D.3 for detailed proof. O

Example 4: In-Context Emulation of Ridge Regression. We add regularization term and show that
a multi-layer softmax attention emulates ridge regression with Lo penalty.

Corollary 3.1.4 (In-Context Emulation of Ridge Regression). For any input-output pair (z;, y;),
where z; € R%,y; € R,i € [n], and any € > 0, there exists a depth-L stack of single-head attention

layers {Attnls}le}Jl, linear maps {Linear’ }', and a readout u € R™ such that the iterates

@ﬁi’gglc o= @ndge (Attn o Linear (Zl)) w, £=0,...,L—1,

with Z! := [X; W' and W' := [@hgge, - - - » Whigee] as in (3.1) (for any fixed bounded w'), satisfy

||w£dge - wridge”oo < €,

where Wyigge 1= argmin,, cpa 5= >0, ((w, 2;) — y;)? + 5 ||w||3 with regularization term A > 0.

Proof. See Appendix D.4 for detailed proof. O

So far our constructions in Section 3 show that, given freedom to choose parameters per algorithm,
attention modules emulate gradient descent, linear regression, ridge regression, and related updates in
context. These results establish the expressive power of task-specific in-context emulation, akin to
(Bai et al., 2023). In Section 4, we build on this foundation and prove a stronger universality: a single
frozen attention module Attn*, via prompt programming, simulates all such task-specific modules.

4 PROMPT-PROGRAMMABLE IN-CONTEXT ALGORITHM EMULATION

This section presents our main results: softmax attention is capable of (i) emulating rask-specific
attention heads in-context (Section 4.1), (ii) emulating statistical models in-context (Section 4.2),
and (iii) emulating any network (with linear projections) in-context (Section 4.3). Unlike Section 3
requiring a separate task-specific module for each algorithm, here we fix one frozen module Attn* and
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show that suitable prompts instruct it to emulate every algorithm in the target class. This establishes
universality: one set of weights executes a library of algorithms through prompt programming.

4.1 IN-CONTEXT EMULATION OF ATTENTION

We first specify the input prompt with weight encoding.

Definition 4.1 (Vectorization). For any matrix X € R% %4 we define X := vec(X) € R such
that X;_1yq4; = Xi,j foralli € [dy] and j € [d].

Definition 4.2 (Input Prompt of In-Context Emulation of Attention). Let X € R?X™ be the input
sequence, and let Wx, Wqo, Wy, € R?»*4 be the weight matrices of the target attention head to be
emulated. Define the vectorizations

Wy = vec(Wk) € R¥" W, = vec(Wg) € R¥", Wy, = vec(Wy) € R%",

and w = [Wg; EQ; Wyl e R3ddn where w is the concatenation of W K EQ , W,. Finally, define
the extended input X, for in-context emulation of the attention head specified by Wx, Wq, Wy, as

0w 1w 2w - (n—1)-w € ROdnxn

X
Xp = lWi ] with Wi, =
w w wo e w

I

In other words, Wi, is a 2 X n block matrix whose j-th column consists of j - w € R4 (in the first
block-row) and w € R%" (in the second block-row), for j = 0,1,...,n — 1. Appending Wi, as
additional rows to X produces the prompt X, that encodes the target weights.

Using this weight-encoding prompt, we now design a two-layer attention mechanism to reproduces
the effect of the target attention head in-context.

Theorem 4.1 (In-Context Emulation of Attention). Let X € R%*" be an input sequence, and let
Wk, Wg, Wy € R¥*d be the weight matrices of the target attention head we wish to emulate
in-context. Assume ||[Wx X ||co, [WoX||co, [Wv X |loo < Brgv with Bggy > 0. Then, for any
€ > 0, there exists a two-layer attention network — a multi-head attention layer Attn,, followed by
a single-head attention layer Attns — such that

|| Attng o Attn,, (X,) — Wy X Softmaxs (WrgX) TWoX) [le <€,

Emulator Target

where X, is the prompt defined in Definition 4.2.

Proof. See Appendix A.1 for the proof sketch and Appendix D.5 for a detailed proof. O

Remark 4.1 (Permutation Equivariance). Our construction keeps the permutation equivariance of
attention in its approximation. This means changing the order of columns in X results in an identical
change in the order of the columns in Attng o Attn,, (X,).

We now provide an alternative formulation of the above result. In this variant, a single-head attention
layer comes first, followed by a multi-head layer with sequence-wise linear projections.

Theorem 4.2 (In-Context Emulation of Attention; Alternative Formulation). Let X € R**™ be the
input sequence, and let Wy, Wq, Wy, € R"™*? be the weight matrices of the target attention. Assume
B = max{|X||os, Wit locs [Wa loos IW lloo} and [Wie X oo, WX lloo, Wy X|oo < Brqv
for Bxgy > 0. Then, for any € > 0, there exists a single-head attention layer Attn, followed by a
multi-head attention layer with linear projections such that

| Attn, o (3 Attn, o Linear;( | 4 | ) — Wy X Softmaxs (W X) T WoX) [l < e
— N—— (S
J=1 WV nxn nxn
Proof. See Appendix A.2 for the proof sketch and Appendix D.6 for a detailed proof. O

Theorems 4.1 and 4.2 allow us to approximate arbitrary target one-layer attention using another
two-layer attention. This construction requires no feed-forward layers and no parameter updates. All
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approximation happens through the prompt alone (by embedding target attention weights and input
X into the prompt).

Discussion: Target Attention Approximation for Algorithm Emulation. Theorems 4.1 and 4.2
present a general algorithm emulation result: a fixed-weight two-layer softmax attention mod-
ule emulates all algorithms implementable by softmax attention via only prompting. For exam-
ple, if we choose the input sequence X € R?*™ in Theorem 4.1 and Theorem 4.2 to be the
Linear(Z) € R2(Rd+n+2)xn(P+1) i Theorem 3.1, then we are able to approximate all one-layer
attentions implementing target algorithms of the f(w "2 — y)x class: Corollaries 3.1.1 to 3.1.4. Thus,
we achieve in-context emulation of the entire class of algorithms expressible as f(w 'z — y).

This provides a constructive toy model of fixed-weight transformer exhibiting general-purpose ability
(i.e., one fixed-weight model for many tasks). Moreover, the construction is explicit, interpretable,
and softmax-native. A few remarks are in order.

Remark 4.2 (Differences between Theorems 4.1 and 4.2). Theorems 4.1 and 4.2 both establish that
a fixed multi-head attention network can approximate any given attention head in-context. We present
two versions of the construction using different formulations and analytical techniques. In particular,
Theorem 4.1 encodes the target algorithm into the token representations (keeping the sequence length
fixed), whereas Theorem 4.2 achieves a similar effect by encoding the weights as additional tokens in
the input sequence (keeping each token’s dimension fixed).

Remark 4.3. Our constructions may contain non-standard choices, including encoding information
along the embedding dimension and using 3n parallel attention heads. We emphasize that the methods
apply to approximate a more realistic attention with far fewer hidden dimensions and number of
heads in practice. Section 5 provides further details.

Remark 4.4 (Comparison with Prior Work). We remark that our results differ from prior work in
three key aspects. First, we study the practical softmax attention rather than linear or ReLU attention
(Bai et al., 2023; Von Oswald et al., 2023; Vladymyrov et al., 2024). Second, our results in Section 4
go beyond task-specific ICL and establish that fixed-weight Transformers are prompt-programmable
(Bai et al., 2023; Wu et al., 2025; Li et al., 2025). Third, our results are constructive, providing
concrete emulation examples in contrast to prior prompting expressivity (Wang et al., 2023; Furuya
et al., 2024) or Turing-completeness results (Pérez et al., 2021; Giannou et al., 2023; Qiu et al., 2024).
The closest works to ours are (Bai et al., 2023; Giannou et al., 2023):

* Bai et al. (2023) show that Transformers can execute several standard algorithms in-context. How-
ever, their constructions use ReLU-based attention and require a separate customized Transformer
for each algorithm (i.e., task-specific). By contrast, we study Transformers with softmax attention,
as used in practice, and give constructive results. We show that a single fixed attention module
emulates a broad class of algorithms through prompt changes, with explicit mechanisms and
guarantees. In particular, Section 3 establishes softmax-attention counterparts of their main results.

* Giannou et al. (2023) are closest in spirit, since they also use one fixed model for many tasks.
However, their goal is arbitrary program execution via Turing completeness. They achieve this
with a much heavier 13-layer construction with looping. Our scope is narrower but cleaner: we
show that a fixed two-layer attention-only module emulates any algorithm implementable by a
softmax attention layer. The prompt supplies the program, and the model executes it. While our
results are also extensible to looped setting (i.e., Corollary 3.1.2), our focus is different: we use an
attention-only, FFN-free model and analyze its algorithmic universality constructively. This yields
a more transparent mechanism for algorithm emulation and a sharper theory of internal algorithm
execution in softmax Transformers.

4.2 IN-CONTEXT EMULATION OF STATISTICAL METHODS

Theorem 4.2 shows that a frozen attention module approximates a target attention head by embedding
the head’s weights into its input prompt. We now leverage this idea to emulate a broader class of
algorithms. In essence, we replace the embedded target attention weights with the parameters of an
arbitrary statistical method that we aim to emulate. By the same principle, the fixed attention module
then mimics the behavior of diverse statistical models within the in-context learning framework.

Corollary 4.2.1 (In-Context Emulation of Statistical Methods). Let .A be the set of all algorithms
implementable by a single-layer attention network in-context. For any finite collection of algorithms
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{a1,as,...,ar} := Ao C A, there exists a two-layer attention network (a single-head layer Attn,
composed with a multi-head layer Attn,,,) such that for each a € Ay in the collection

3n
I Z Attn, o Attn; o Linear; ([;4) —a(X)|leo <,

j=1
where W is the W defined as Definition 4.2 using W, Wé, We.

Proof. See Appendix D.7 for detailed proof. [
We show that a fixed attention module emulates an arbitrary finite library of in-context algorithms by
varying its prompt. This result highlights the flexibility of softmax attention: unlike prior work that
requires re-training or fine-tuning of the model, here we provably achieve task-specific behavior by
modifying the input prompt. In effect, a pretrained Transformer internalizes a small set of fundamental
procedures and later deploys them, via prompting, across a wide range of data distributions. Since
the number of distinct algorithms is far smaller than the number of possible datasets, a model that
learns a handful of algorithms can leverage them to handle many different scenarios.

4.3 ATTENTION MAKES EVERY (LINEAR) NETWORK IN-CONTEXT

We now extend the above ideas to show that softmax attention emulates any network (comprised of
linear transformations) in-context. Consider any layer of a neural network that applies a trainable
linear map z — Oz with weight matrix ©. Our results imply that if © is provided as part of the
input sequence, a fixed attention module is capable of approximating this transformation to arbitrary
precision. Hence linear layers in standard architectures are replaceable with attention whose effective
weights are encoded in the prompt rather than learned. This substitution turns the network into an
in-context learner in place of, or alongside, conventional training.

Remark 4.5 (In-Context Emulation of Linear Layers). For example, suppose a model contains a
linear layer f(x) = ©x with weight matrix ©. By including © (appropriately encoded) in the input
as in our constructions above, a single softmax attention layer emulates f(x) in-context to arbitrary
precision. In other words, any trainable linear mapping in the original network is replicable with a
prompt-programmable attention layer whose parameters are set by the input sequence. This enables
the overall network to adjust that layer’s behavior on-the-fly via prompts, rather than having to learn

O through pre-training. Number of Heads Plot
4
5 NUMERICAL STUDIES 2 3
[e]
This section provides numerical results to back 51
up our theory. We validate two building blocks g
on synthetic data: (i) approximation of contin- = 1

uous functions (Section 5.1); and (ii) approxi-
mation of attention heads (Section 5.2). These
studies quantify approximation error and its re-
lation to model size and the number of heads.

2 4 6 8 10 12
Number of Heads

Figure 2: Sensitivity of Attention Emulation to the
Number of Heads. We report loss (MSE) as the mean
5.1 PROOF-OF-CONCEPT and one standard deviation (shaded region) over 10 ran-
EXPERIMENT ON THEOREM 3.1 dom seed runs. We use synthetic data of 50000 data

points with sequence length being 20 and input dimen-
Objective: Verifying Attention Approximates sjon being 24. We set batch size to be 32 and hidden
f(wTz — y)x. We investigate accuracy of soft- dimension to be 48. Each multi-head model and the
max attention approximating f(w 'z — y)z by single-head softmax attention layer is trained for 50

training a single-head softmax attention with ~epochs. The optimizer used is Adam with learning rate
linear connection. 0.001. We visualize the performance (MSE =+ Std) for

1,2,4,6,8, 12 heads.
Data Generation. We randomly generate X €
R™*4 drawn from a normal distribution, X ~ 10 - N(0,1) — 5. We also generate weight matrix
W e R"*d and y € R™, both randomly drawn from a standard normal distribution, N (0, 1). Here, n
represents the sequence length and d represents input dimension. The true label is f(w 'z — y)z,
where we choose f(-) = tanh(-).

Model Architecture. We train a single-head attention network to approximate tanh(w 'z — y)z.
We first apply linear transformation to both [X; y] and W. We then train the single-head attention
model to approximate our target function as shown in the proof of Theorem 3.1.
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Results. As shown in Figure 2, evaluated on Mean Square Error loss, the model approximates the
target tanh (w "= — )z with minimal error. This experiment proves our theory.

5.2 PROOF-OF-CONCEPT EXPERIMENT ON EMULATING ATTENTION HEADS

Objective: Verifying Approximation Rates. We investigate the affect of the number of attention
heads H on the accuracy of softmax attention approximating softmax attention head.

Data Generation. We randomly generate a sequence of tokens X = [z1, 29, - ,2,] € R¥X™,
where each entry x; is drawn independently from a normal distribution,

X ~2-N(0,1) — 1.

We also generate weight matrices K = Wx X ',Q = WX T € R"" and V = Wy X T € R*",
Each parameter matrix is randomly drawn from a standard normal distribution, N (0, 1). Here, n,d, h
represents the sequence length, token dimension, and hidden dimension, respectively. The true label
Y € R?*™ results from applying a single-layer softmax attention mechanism on inputs X, K, Q, V.

Model Architecture. We train a multi-layer attention network to approximate softmax attention.
We first train separate multi-head models to approximate K, (), and V. Then, we use a single-head
softmax attention layer to approximate softmax attention function as in the proof.

Results. AS shown in Figur e2and Table I, the  myple 1: Sensitivity to the Number of Heads. Emula-
result Vallqates Qur.clalm that a multi-head Sth‘ tion MSE (mean = std) for multi-head softmax attention
max attention mimics a target softmax attention with 1,2,4,6,8, and 12 heads.

head to arbitrary precision. Moreover, it demon-

strates the convergence of multi-head softmax at-  Heads 1 2 4 6 8 12
tention emulating softmax-based attention map- “\ieE” 3460 2802 1222 1012 0793 0.686
ping as the number of heads increases. The s 0381 0413 0603 0204 0.127 0.171
approximation rate is in the trend of O(1/H)
where H is the number of heads. The small and decreasing MSE error indicates that the simple
softmax attention model approximates softmax attention head with stability.

Additional Experiments. Due to page limits, we defer several experimental results to Appendix C.
These include simulations of statistical algorithms (Appendix C.1) and approximations of statistical
models on real-world datasets where the model does not have access to the true algorithm weights
(Appendix C.2). They further illustrate the approximation capabilities of Transformer in practice.

6 DISCUSSION AND CONCLUSION

We study in-context algorithm emulation in fixed-weight Transformers and formalize two modes:
task-specific (Section 3) and prompt-programmable algorithm emulation (Section 4). For the former,
we show that even a single-layer, single-head module suffices for emulating core families (of the form
f(wTx — y)x) such as one-step gradient descent and linear/ridge regression, achieving architectural
minimality (Theorem 3.1). For the latter, we show that a two-layer multi-head softmax attention
module emulates a broad class of algorithms by embedding the algorithm’s weights into the input
prompt (Theorem 4.1). Altogether, a fixed softmax attention module becomes a prompt-programmable
library of algorithms: weights remain frozen, and the prompt selects the routine.

Mechanism. The mechanism is constructive. By encoding target weights in the input and creating
large dot-product margins, softmax attention routes along the intended computation without weight
updates. Numerical studies support the theory: on synthetic data the model accurately approximates
continuous maps of the form f({w,x) — y) x and emulates attention heads. Approximation error
decreases as the number of heads grows. On a real dataset (Ames Housing), the frozen module-driven
by prompts rather than true algorithm weights-achieves low error against standard statistical models.

Implications. Our results tighten the link between in-context learning and algorithmic emulation.
Viewing prompts as callable subroutines that select and configure algorithms within a frozen model,
we draw three takeaways: (i) prompt engineering becomes interface design for algorithm selection,
(ii) pretraining objectives could, in future work, be designed to encourage learning compact libraries
of reusable procedures, and (iii) analyses of internal routing help clarify how foundation models select
among algorithms. This lens explains the breadth of in-context generalization, guides prompt design,
and motivates new pretraining objectives for more effective algorithm installation and utilization.

10
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IMPACT STATEMENT

We prove that a single frozen softmax attention head emulates a broad library of attention-
implementable algorithms via prompt design, establishing pretrained Transformers as universal
algorithm stores and reducing the need for task-specific fine-tuning. This sharpens the theoretical
basis of in-context learning, offers a principled recipe for prompt engineering, and equips auditors
with a clear test for hidden prompt-encoded behaviors, all without releasing new models or data.
Therefore, the work advances foundational understanding, lowers compute and energy demands, and
introduces minimal societal risk.

LIMITATIONS AND FUTURE DIRECTION

Prompt length grows linearly with the weight dimension, which limits practicality. The proofs
assume exact real-valued softmax and ignore token discretizations or numerical noise. Prompts
are hand-crafted. Learning them automatically is open. Language and vision inputs are untested.
Weight encoding happens along embedding dimension. The construction is not permutation invariant,
but permutation equivariant of the input data. Lastly, we leave tighter constants, shorter prompts,
extensions to deeper models and connection with model pretraining to future work.

LLM USAGE DISCLOSURE

We used large language models (LLMs) to aid and polish writing, such as improving clarity, grammar,
and conciseness. We also used LLMs for retrieval and discovery, for example exhausting literature to
identify potential missing related work. All technical content, proofs, experiments, and results are
original contributions by the authors.

14



Published as a conference paper at ICLR 2026

X Attn,, Concatenate
b Predicted Values
Input Data X
. K’ Softmax
Weight Encoding W Recovering Q’ Attns
Position Encoding 1, Wy X v
Approx.
Error
Concatenate
True Values
) K Softmax
Real Weight W i R
Calculating Q Attns
Wy X v

Figure 3: Visualization of Proof Sketch for Theorem 4.1. We visualize our proof technique. We combine
input data, weight encoding, and position encoding into X, as input to the multi-head attention Attn,, to recover
approximate key, query, and value representations. We then compare the single-head attention Attns outputs
from approximate values with ground truth values to obtain approximation error.

A PROOF SKETCHES

We present our proof strategies here.

A.1 PROOF SKETCH FOR THEOREM 4.1

We construct a two-layer Transformer (single-head layer Attng followed by multi-head layer Attn,,)
that replicates the target attention to within any error € > 0. Recall from Theorem 4.1:

Step 3 Step 1
rathm = T
[l Attng o Attn,, ( X, ) — Wy XSoftmax((WrX) WoX) |leo <e.
Step 2 Target
Emulator

The high-level idea is: (Step 1) augment the input with a prompt encoding of the target weights
Wi, Wq, Wy, (Step 2) use groups of heads in Attn,, to approximate the matrices K = Wg X,
Q = WgX,V = WyX in-context (up to small error), and (Step 3) apply Attn, with fixed
weights to assemble the Attn,, output: the approximators K’, @', V'. We then argue in (Step 4) the
approximation error can be made < ¢ via a stability bound on softmax attention.

Step 1: In-Context Weight Encoding. We augment the input X € R?*™ by appending special
tokens encoding the matrices Wx, Wq, Wy,. We denote the augmented input as X,,. This allows the
transformer Attn, o Attn,, to “read” the relevant weight parameters in its attention heads.

Explicitly, we embed both the data sequence and the target head into the input (Definition 4.2):

X
X, = |W| with Wy o= [0 Tow 2owoee (=1
where w = [W ., W/, Wy ]T concatenates every column of W[, W, Wyl following Defini-

tion 4.2. The block I,, provides token-position codes used in our construction.
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The idea of this augmentation is to emulate the target computation Wy X Softmax((Wx X) T W X)
with the emulator: a two-layer transformer Attng o Attn,,. To achieve this, Attn, o Attn,, must
access the information of X, Wy, W and Wy, in-context. The augmentation above encodes these
parameters (target algorithm’s specifications) in the prompt.

Step 2: Multi-Head Decomposition for In-Context Recovery of K, Q,V. We devote the first
attention layer (Attn,,) to recovering the key, query, and value matrices that the target attention
would compute. By definition, each row in K, ), and V takes the form: ;' X, ¢ X and v;' X. Here
k', q] and v, are rows in Wy, Wg and Wy Our goal is, for each data token z; (the i-th column of
X), to approximate k;rxi, quxZ-, and v;rxl To do this, we design Attn,, to have a fixed number of
heads partitioned into three groups, corresponding to K, (), and V respectively. Combining heads’
outputs within each group yields approximations of K, (7, and V. Explicitly, in the first multi-head

layer Attn,,, we split the heads so that:

* A group of heads jointly approximates Wx X. By (Hu et al., 2025a, Theorem 3.2), the
heads in this group admit further subdivision into sub-groups. Each sub-group outputs a
linear transformations of X, namely k, X for rows k., X of K.

* Another group of heads approximates Wy X in a similar manner.

* A final group approximates Wy X.

Concatenate or combine these head outputs so that the final embedding from Attn,, (X,) contains
(up to small error) the blocks [K; Q; V] for all positions in X.

Explicitly, for each row kJT of Wy (and similarly for q;r and UJT), we prepend the corresponding
heads with a token-wise linear map A(-). A(X,,) pulls out the target row (i.e., k;) from w and repeats
it n times. The resulting sub-prompt A(X,,) has the form

X
O'kj 1'k‘j (n—l)-k:j
ki ke kj ’
I,

so the corresponding softmax heads return ijX up to any error € by the truncated-linear interpolation
theorem (Theorem D.1). With H = [2(b — a)/((n — 2)eg)] heads per sub-group, we cover all dy,
rows in K (and similarly for @) and V). Altogether, the 3N = 3d;, H heads satisfy

dp, 2dp, 3dp,
130 At (X,) Kl <cor | Y. AP(X,) ~Qlloe < o, | Y Attn! (X,) V]l < co.
Jj=1 Jj=dn+1 j=2dp+1
=K' =Q vV

We collect these outputs column-wise into

K’ K7 [K
[Q/] , and || lQ’] - lQ] loo < €0
% % 1%

Step 3: Single-Head Assembly for Emulated Map. We consider the second layer Attn, as
a single-head attention with fixed weights chosen to “read” the K’,Q’, V' triples from Z :=
Attn,,(X,) and perform the “emulated” attention mechanism. Explicitly, apply a single-head
attention layer Attng, whose parameters are set to read off the K, (), and V' sub-blocks in each token
embedding:

Attng(Z) := Wy ZSoftmax(W( 2)T (WS 7).
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For Z := Attn,, (X)), we choose fixed weights

WI((S) = [OdhXth Idh]’ WC(QS) = [Idh Odh><2dh]v WX(/S) = [Odthh Idh Odthh]7

so that
W Z 2 WX, WS'Z~=WoX, WPZ~WyX.
Hence,
K/
Attng(Z) = Attng o Attn,, (X,) = Attn,(| Q' |) = V'Softmax((K') " Q")
V/

~ Wy X Softmax((Wx X) T WoX).

To be precise, because K', Q', V' differ from K,Q,V by at most ¢ (in || - ||o0), a first-order
perturbation argument for softmax (uniform Lipschitz in sup-norm) shows

K’ K
|Attns (| Q' |) — Attng(|Q |)]| < €0 + nBrover,
Vv’ Vv

where B gy bounds X, Wy, Wg, Wy and €1 = O(e).

Step 4: Error Bound. Finally, we make the approximation arbitrarily precise. Because we are
capable of making each head’s linear approximation arbitrarily close, we ensure

Attng o Attn,, ([X; W]) — Wy XSoftmax(WrX) " WoX)||eo <€,
Q

for any € > 0. This completes the construction, proving in-context emulation of the target attention.
Please see Appendix D.5 for a detailed proof and Figure 3 for proof visualization.

A.2 PROOF SKETCH FOR THEOREM 4.2

We outline how to emulate the desired attention step-by-step with a fixed two-layer transformer.
Similar to Theorem 4.1 (and Theorem D.1), our construction ensures each token’s representation in
the intermediate layer carries an approximate copy of its key, query, and value vectors, which the
final layer uses to perform the softmax attention. All necessary components (including the weight
matrices Wy, Wg, Wy themselves) are encoded into the input, so the network’s weights remain
untrained and generic.

Step 1: Encoding Weights into the Input. Let X € R%*" be the input tokens. Append a “weight
encoding” matrix ¥ that contains the rows of Wy, W, Wy, (the weight matrices of the target
attention head). This forms an extended input [X; W]. The entries of X and W remain within a
bounded range [— B, B]. This bound ensures that all inner products remain finite.

Step 2: Multi-Head Approximation of K, (), V. The first layer has many heads. Partition them
into three groups. One group approximates K := W X; one approximates ) := W .X; and one
approximates V' := Wy, X. Then

* Simulating Dot Products on a 1D Grid. Consider a single entry ijxc. All entries in
K, Q,V lie between [—dB?, d B?], since the entries of X and W remain within a bounded
range [— B, B]. We create grid points Lo < - -+ < Lp covering [—~dB?, dB?]. We design
the head’s key and query so that the softmax assigns each grid point L; a weight based on
its distance to ija:c. We set the value vector to encode L;. Thus, the head output for token

Z. approximates ij z.. Fine grids reduce the error.
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Concatenate

True Values
) K Softmax
Real Weight Calculating 0 Attng
Wy X B

Figure 4: Visualization of Proof Sketch for Theorem 4.2. We visualize our proof technique. We combine
input data and weight encoding as input. Each key, query, and value has a unique set of linear transformation of
input (Linear) and multi-head attention (Attn,,). We feed the input into each set to attain the approximate key,
query, and value representations, respectively. We then compare the single-head attention Attns outputs from
approximate values with ground truth values to obtain approximation error.

* Reconstructing Full K, Q, V. Repeat this idea for every entry in K, (), V. Each row uses

one head to approximate kz;rX , qJTX , or UJTX . Combine these approximations to obtain the

matrices K/, QQ', V'. The sup norm

K’ K
I lQ’] - [Q] lo, can be made arbitrarily small.
v’ v

Step 3: Single-Head Assembly of the Attention Output. The second layer, Attng, has one head.
We set its weight matrices W;{s ), Wés), W‘(/S) to pick out K/, Q’, V' from each token’s embedding.
Then, Attn, computes

V’Softmax((K') " Q') ~ Wy X Softmax((Wx X)W X),

since K/ ~ K,Q ' ~Qand V' = V.

Step 4: Error Bound. Softmax and matrix multiplication are continuous. Small errors in K, Q’, V'
cause a small error in the final output. By refining the grid (and using enough heads), we make the
sup norm error below any € > (. Please see Appendix D.6 for a detailed proof and Figure 4 for proof
visualization.

B RELATED WORK
Our results diverge from prior findings on Transformer universality and in-context learning.

B.1 CORE RELATED WORK

Universal Approximation. Prior studies establish that Transformers approximate arbitrary
sequence-to-sequence functions, but they do not address in-context learning and often assume
complex architectures. For example, Yun et al. (2020) prove that deep multi-head Transformers
with feed-forward layers are universal approximators of continuous sequence-to-sequence functions.
Subsequent advances tighten this finding: Kajitsuka and Sato (2024); Hu et al. (2025b) show that even
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a single-layer Transformer realizes any continuous sequence function. However, these results treat
Transformers as parametric function approximators. The model requires re-training and re-prompting
to adapt to a new target function instead of handling multiple tasks through context. In contrast, we
prove that a minimal Transformer architecture, even a single-layer, single-head attention module with
no feed-forward network, emulates a broad class of algorithms without weight updates by varying
its prompt. This result achieves a new level of generality through context alone (i.e. prompt-based
conditioning) despite a fixed minimalist model.

In-Context Learning and Algorithm Emulation. Another line of recent theory bridges Trans-
formers with in-context learning by designing model components to carry out specific algorithms.
For example, Bai et al. (2023) show that Transformers execute a broad range of standard algorithms
in-context, but each algorithm requires a distinct, tailored attention head. In comparison, we extend
this approach by showing that one fixed attention mechanism emulates any specialized attention head
via prompt encoding. Rather than crafting a different attention module for each algorithm, a single
frozen softmax-based attention layer takes its instructions from the prompt to perform all tasks in
context. This minimal model thus becomes a unified and compact in-context algorithm emulator. It
switches behaviors by changing only its input prompt, setting it apart from earlier approaches that
required per-task reparameterization.

B.2 BROADER DISCUSSION

Universal Approximation and Expressivity of Transformers. Transformers exhibit strong ex-
pressive power as sequence models. Recent theory shows even minimal Transformer architectures
approximate broad classes of functions. Kajitsuka and Sato (2024); Hu et al. (2025b) prove a
single-layer, single-head Transformer can memorize any finite dataset perfectly. Kajitsuka and
Sato (2024) achieve this with low-rank attention matrices, while Hu et al. (2025b) use attention
matrices of any rank. Adding two small feed-forward layers makes it a universal approximator for
continuous sequence functions under permutation-equivariance. More recently, Hu et al. (2025a)
show self-attention layers alone are universal approximators. Specifically, two attention-only layers
approximate continuous sequence-to-sequence mappings, and even a single softmax-attention layer
suffices for universal approximation. Similarly, Liu et al. (2025) also demonstrate that one single-head
attention connected with linear transformations is sufficient to approximate any continuous function
in Lo, norm. These results eliminate the need for feed-forward networks, improving on earlier
constructions. Overall, these findings highlight the inherent expressiveness of minimal attention
mechanisms.

Transformers as In-Context Learners and Algorithm Emulators. Large Transformers also learn
in-context by conditioning on examples in their prompts, without updating weights (Brown et al.,
2020). Recent work formally explains this by showing attention-based models implement standard
learning algorithms internally. Bai et al. (2023) construct Transformer heads executing algorithms
such as linear regression, ridge regression, Lasso, and gradient descent steps, achieving near-optimal
predictions. Wu et al. (2025) further build Transformers explicitly simulating multiple gradient
descent iterations for training deep neural networks, with provable convergence guarantees. Empirical
and theoretical studies confirm Transformers internalize learning algorithms when meta-trained on
task families. Garg et al. (2022) show meta-trained Transformers mimic classical algorithms, such
as ordinary least squares regression, in-context. Similarly, Akyiirek et al. (2023); Von Oswald et al.
(2023); Zhang et al. (2024) analyze Transformers trained on linear regression tasks and demonstrate
their outputs mimic gradient descent steps precisely. Overall, existing literature shows that sufficiently
trained or carefully designed Transformers emulate step-by-step computations of standard algorithms
through prompt conditioning.

Prompt-Tuning. Prompt-tuning adapts frozen models by learning a short continuous prefix (Lester
etal., 2021; Li and Liang, 2021; Liu et al., 2022). It keeps backbone weights fixed and updates only
prompt embeddings. Our setting is stricter: prompts are hand-designed, not learned, and we give
exact approximation bounds. Thus we expose the theoretical limit of prompt control: a single frozen
softmax head can mimic any task-specific head.
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Encoding Context Along Embedding Dimension. Recent work in in-context learning explores
encoding and manipulating context in the embedding space rather than sequence dimension. For
example, Liu et al. (2024) propose In-Context Vectors for steering the model’s behavior by adding
task-specific vectors along the embedding space. Zhuang et al. (2025) extend this idea by showing
that manipulating embedding vectors such as interpolation makes in-context learning more control-
lable. Abernethy et al. (2024) showcase that appending additional information along the embedding
dimension allows the model to perform sample-efficient in-context learning.

Comparison to Our Work. The above results demonstrate the versatility of Transformer networks,
but they require task-specific weights, training, or learned prompts. For instance, Bai et al. (2023)
design a different task-specific head for each algorithm of interest, raising the question of whether
a single fixed attention mechanism could instead serve as a universal emulator for any algorithm
given the right prompt. Our work directly addresses this question. In contrast, we prove one fixed
softmax head emulates any specialized head through prompt encoding alone. No additional weights
or training are required. Even the simplest attention (one layer, one head) acts as a universal algorithm
emulator when given the right prompt, shifting focus from architecture to prompt design.

C ADDITIONAL NUMERICAL STUDIES

We extend the synthetic validation to statistical algorithms (Appendix C.1) and include a real-world
study (Appendix C.2). The frozen attention module emulates linear, ridge, and lasso on synthetic
data. On the Ames Housing dataset, the model operates without access to true algorithm weights and
achieves low approximation error. In addition, we validate Theorem 4.2 through handcrafted frozen
attention weights and parameters as constructed in the proof (Appendix C.3).

C.1 PROOF-OF-CONCEPT EXPERIMENT ON EMULATING STATISTICAL MODELS

Objective: Emulation of Statistical Models. We investigate the accuracy of a frozen softmax
attention approximating statistical models including Lasso, Ridge and linear regression by only
varying the input prompts.

Data Generation. We simulate an in-context dataset by randomly generating a sequence of input
tokens X = [r1,%2,...,%,] € R"™*? where each x; is independently drawn from a scaled standard
normal distribution,

zi ~2-N(0,1) — 1.

A task-specific prompt vector w € RP*! is sampled from N (0, 1). In the case of Lasso, we randomly
zero out entries in w with probability 0.5 to induce sparsity. We generate the output sequence
Y € R™*! via a noisy linear projection: Y = Xw + ¢, where ¢ ~ N(0, 02) is Gaussian noise. For
Ridge, we calculate weights using (X ' X + AI;) ' X TY with A = 5.

Model Architecture and Training. We use a mixture of statistical data to train a single-layer
attention network with linear transformation. Each input sample consists of X € R™*¢ and algorithm-
specific prompt w € RP. We replicate w across the sequence length and concatenate it with X
along the feature dimension to obtain an augmented input [X;w] € R™* (4+P) We pass it through
a multi-head attention layer. We train the model for 300 epochs using the Adam optimizer with a
learning rate of 0.001. We use 6 attention heads, a hidden dimension of 48, an input dimension of
24, a batch size of 32, and 50000 synthetic samples. After training, we freeze the attention weights,
resulting in a fixed softmax attention layer. We evaluate the frozen model on its ability to emulate
various statistical algorithms using test data.

Baseline Architecture. We train three separate attention models for Lasso, Ridge, and linear
regression. That is, each attention model weights are adaptive to its corresponding algorithm. We use
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these models as baselines for comparison with the frozen attention model we propose. All baseline
models use the same hyper-parameters as the frozen model.

Results. As shown in Table 2, we compare mean MSE and standard deviation over 5 random
seed runs for the frozen attention model against baseline for Lasso, Ridge, and linear regression
on the synthetic data. The frozen attention model performs as well as the baseline models trained
individually on each algorithm. It achieves lower MSE on Lasso and linear regression tasks compared
to their corresponding baselines. It shows that a frozen attention mechanism generalizes across these
tasks given task-specific prompts. Moreover, the frozen model exhibits lower variance across all
tasks, suggesting increased stability and robustness. These results support our claim that a frozen
softmax attention layer, when conditioned on task-specific prompts, emulates statistical algorithms in
context without much performance degradation.

Table 2: Comparison Between Baseline and Frozen Attention Layer on Synthetic Dataset. We compare
loss (MSE) as the mean and one standard deviation over 5 random seed runs for baseline vs. frozen model
on different algorithms. We train on 50000 training data points evaluate on 10000 testing data points for each
algorithm.

Model Lasso Ridge Regression Linear Regression
Baseline 0.068+0.015 0.0044-0.0003 0.14740.067
Frozen Attention 0.059+0.001 0.071£0.0002 0.120£0.003

C.2 REAL-WORLD EXPERIMENT ON EMULATING STATISTICAL MODELS

Objective: Real-World Emulation of Statistical Models. Building on Appendix C.1, we use
real-world data to investigate the accuracy of a frozen softmax attention emulating algorithms.

Data Collection and Processing. We collect data from Ames Housing Dataset (De Cock, 2011).
This dataset consists of 2930 observations and 79 features. We process the data by log-transforming
the target variable, encoding categorical variables with one-hot vectors, replacing missing entries
with median values, and standardizing numerical features. The resulting data consists of 262 features.
We fit the processed data to Lasso, Ridge, and linear regression models to obtain algorithm weights
as part of the input.

Model Architecture and Training. We use a mixture of statistical data to train a single-layer
attention network with linear transformation. The input is passed through a multi-head attention layer
with a linear transformation. We train the model for 300 epochs using the Adam optimizer with a
learning rate of 0.001. We use 8 attention heads, a hidden dimension of 524, and a batch size of 32.
After training, we freeze the attention weights, resulting in a fixed softmax attention layer. The frozen
model is then evaluated on its ability to emulate various statistical algorithms using test data. We
train the baseline models the same way as the synthetic experiment.

Table 3: Comparison Between Baseline and Frozen Attention Layer on Ames Housing Dataset. We
compare loss (MSE) as the mean and one standard deviation over 5 random seed runs for baseline vs. frozen
model on different algorithms. We train on 80% training data and evaluate on 20% testing data for each
algorithm.

Model Lasso Ridge Regression Linear Regression

Baseline 0.03541+0.0000  0.0132+0.0000 0.0288-+0.0000
Frozen Attention 0.0322+0.0000  0.0252+0.0000 0.0250+0.0000

Results. As shown in Table 3, we compare mean MSE and standard deviation over 5 random seed
runs for the frozen attention model against baseline for Lasso, Ridge, and linear regression on Ames
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Housing Data. The results shows the frozen attention model performs as well as the baseline models
trained individually. We use an auxiliary network to approximate the required weight encoding. Our
experiment validates that the mechanism works even when the exact weights are not supplied in real
world scenarios.

C.3 PROOF-OF-CONCEPT EXPERIMENT ON THEOREM 4.2

Objective: Verifying Handcrafted Frozen Attention Approximates Attention. We validate that
the frozen attention prescribed in Theorem 4.2 approximates softmax attention with low error. In
particular, we handcraft the weights as in the proof of Theorem 4.2.

Data Generation. We create a synthetic dataset. Number of Interpolation Points Plot
We randomly generate X € R™*? drawn from a 0.6

uniform distribution over [-1,1], X ~ U(-1,1). @

For each sample, we generate three weight matrices S 0.4

Wi, W, Wy € R™*4 drawn from standard nor- ¢

mal distribution N(0,1). We then compute K = @ 0.2

WkXT,Q = WoXT,V = WyXT e Rwxn, =

The true target attention output is therefore given 0.0

by Y = VSoftmax(K Q) € R"*™, 2030 40 60 .80
Number of Interpolation Points

Model Architecture. Following the proof in Ap- Figure 5: Sensitivity of Handcrafted Atten-
pendix D.6, we hard-wire the linear layer weights, tion Emulation to the Number of Interpolation
attention weights, and interpolation points for the Points. We report loss (MSE) as the mean and one
two-layer softmax attention module as our emulator. standard deviation (shaded region) over 4 sample
The model operates in a zero-shot, one-pass setting ~data points. Each data point has sequence length

with no training or parameter updates. n = 12 and input dimension d = 24. We set soft-
max temperature S = 2. We visualize the perfor-

mance (MSE = Std) for P = 20, 30, 40, 60, 80.

Results. We report the results in Table 4 and Figure 5. We compare the MSE loss between the
emulator output and the target attention output. Specifically, we fix the number of data points
n, input dimension d, softmax temperature /3, and number of samples for testing. We vary the
number of interpolation points P. The result validates our claim that the handcrafted frozen attention
approximates the target attention. Moreover, we show that as P increases, the approximation error
and standard deviation both further decrease.

Table 4: Sensitivity to the Number of Interpolation Points. We report MSE loss (mean std) between outputs
of handcrafted frozen attention and target attention varying number of interpolation points P over 4 samples.
We choose n = 12,d = 4, § = 2, samples = 4 for evaluation.

P 20 30 40 60 80
Mean MSE  4.002 x 107! 2442 x 1072 5.852 x 10~* 5.770 x 1079 5.037 x 10~ 14
Std 2393 x 1071 1451 x 1072 8538 x 107™° 1.994 x 1072 1.620 x 10~

D PROOFS OF MAIN TEXT

To prepare our proofs, we state the following axillary definitions and lemmas.
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Definition D.1 (Truncated Linear Function). We define the truncated linear function as follows:

r<a

a )
Rangey, ;) (v) = {2 @ <b,
b .

<z
b<zx
Intuitively, Rangey, ;(-) is the part of a linear function whose value is in [a, b)].
We then define the interpolation points in [a, b] that are used in later proofs.

Definition D.2 (Interpolation). Let [a,b] C R be an interval with a < b and let p € N* be a positive
integer. We define

Egl’b] = a, Z][f’b] = b, Zga’b] —at - (b—a), i=[p—1].
p

Hence, Lo < Ly < -+ < Zp forms a uniform partition of [a, b]. We also write
AL := LI Tl e ).

We often omit the superscript [a, b] when the context is clear.

We also propose the following lemma to show Hardmax property that is capable of being approximated
by Softmax.

Lemma D.1 (Lemma F.1 in (Hu et al., 2025a): Approximating Hardmax with Finite-Temperature
Softmax). Letz = [x1,Z2,...,%,] € R", € > 0. Define Softmaxg(-) as

_ew(Bn) el
Z?:l exp(fx;)’ Z?:l exp(Bz;)"

Softmaxg(x) :

The following statements hold:

¢ Case of a Unique Largest Entry. Assume x; = maX;c[, @; is unique, and 2o =
maX;e(n)\{1} Zi- Then, if 3 > (In(n — 1) —In(e))/ (w1 — z2), we have

HSoftmaXB(x) — elH <k,
oo

where e; € R"™ is the one-hot vector corresponding to to the maximal entry of x (i.e., z;.)

e Case of Two Largest Entries (Tied or Separated by /). Assume x; and x5 are the
first and second largest entries, respectively, with § = 1 — x5 > 0. Let z3 be the third
largest entry and is smaller than x; by a constant v > 0 irrelevant to the input. Then, if
B > (In(n —2) —Ine€) /v, we have

1 e=Po
T 14 e BT Ty e m?

HSoftmaxﬁ(a:) H <e.

The following technical lemma is used in the proof of Theorem D.1.
Lemma 12.2 (~Reﬁned Version of Lemma F.2 in (Hu et al., 2025a): Cases of All Heads in Attn? ).
For a € [Lo, L (n—2)]. For any h € [H], define three cases of the relationship between a and h

* Case1: a € [L(n_1y(n_2)> Lh(n_2)-1);
e Case2: a ¢ [L(hfl)(nfg),l, Lh(n72)]'
* Case 3: a € [L(n—1)(n-2)-1, L(n—1)(n-2)] U [Lh(n—2)—1, Ln(n—2)]-
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These cases includes all possible situation. Then for all &, only two cases exists

* ¢ falls in Case 1 for an h and Case 2 for all others.
* ¢ falls in Case 3 for two adjacent h and Case 2 for all others.

Proof. Because a € [EO, EH(H,Q)} and
(Lo, Li(n—2)) = UE_1[L(h-1)(n—2)» Ln(n—2)}»

we have

a € [Liny, ~1)(n—2)» L, (n—2)] (D.1)

for an arbitrary h,.

This leads to only two possible cases

e Case 1*: a € [Z(hafl)(n72)a Zha(nf2)fl]-

e Case2*: a € [Eha(n,z),l,iha(n,g)].

Case 1*: a € [E(hafl)(n72)7 Zha(n72)71]' Because a € [E(hafl)(n72)a Eha(n72)71]’ for h 75 ha,
we have

Lhin-2)-2Li(n-2) < Lh,—1)(n—2)s " <ha

Lhtn-2+1, Lih—1y(n-2)-1 > Liy(n-2)-1, > ha.

Thus

[L(hs—1)(n—-2)s Lina (n-2)1] N [L(h-1)(n—2)—1s Li(n—2)] = 0
[L(hy—1)(n—2)s Ly (n—2)—1] N [Lh=1)(n—2)=1, Li(n—2)] = 0
for all b # h,.

This means that a does not fall into Case 1 nor Case 3 for other h € [H]. Thus a has to fall into Case
2 for other h.

Case 2%: a € [L(n, —1)(n—2) L, —1)(n-2)+1] U [Lho(n—2)—1, L, (n—2))- Without loss of general-
ity, assume a to be in the left half [Z(ha_l)(n_Q), E(ha_l)(n_z)ﬂ]. Because

[E(ha—l)(n—2)aZ(ha—l)(n—2)+1] = [Z(ha—l)(n—2)—1aZ(ha—l)(n—Q)]» (Case 3 of hy — 1)
[L(ha,—l)(n—Q)a L(hn,—l)(n—2)+1] = [L(h,,,—l)(n_z)_l, L(ha,—l)(n—Q)]? (Cuse 3 of //,u>

this means q falls into Case 3 for h, and h, — 1.

This completes the proof. O
We are now ready to prove a refined version of (Hu et al., 2025a, Theorem 3.2).

Theorem D.1 (Multi-Head Attention Approximate Truncated Linear Models In-Context). Let
X € R4 be the input. Fix real numbers a < b, and let the truncation operator Range, ;) (+) follow
Definition D.1. Let w4 denote the linear coefficient and ¢ denote the bias of the in-context truncated
linear model. Define W, as

W, = 0-ws 1l-ws -+ (n—1)- ws

c ]R2d><n'
ws ws PR ws
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For a precision parameter p > n with ¢ = O(1/p), number of head H = p/(n — 2) there exists a
single-layer, H-head self-attention Attn® with a linear transformation A : R4Xn — RBd+n)xn
such that Attn? o A : R¥*" — R% X" satisfies, for any i € [n)],

X
b—a
[Attn o A(| Wy |).: — Range(, ) (w] @i + t)eg [loo < max{|al, [b]} - €0+ m—2H
. — 2 _
¢ In finite- 3 softmax error N———
interpolation error
Here e;  is the one-hot vector with a 1 at position Ei-th index and 0 elsewhere, and

ki
’];i = G(kz) € [do], with k; = argmin (721‘?’[01' — 2t; + Zg aF Zk) -k,
ke{0,1,-- ,p—1}

where G : [p] — [d,] denotes any set-to-constant function sending each selected interpolation index
k; into an appropriate integer k; € [d,] for i € [n].

Remark D.1. We remark that, the same in-context approximation guarantee holds for bias-less
truncated linear model (i.e., generalized ReLU) Rangey, ;) (w] Ti)e; .

Proof. Define A : R¥*™ — R(B4+1)%7 for the input sequence X as

e X
I3d4n 0(3d+n)xn W
A(X) = + W, | + (3d+n) —
0n><(3d+n) t-1 n t-In
token-wise linear """ positional encoding In
(3d+n)xn (3d+2n) xn

Thus, A is a token-wise linear layer augmented with positional encoding, as it applies a linear
projection to each token and then adds a unique per-token bias.

Let p be a precision parameter, without loss of generality, let it be divisible by n — 2 and denote
p/(n—2)as H.

Now we define the multi-head attention Attn of H heads. Denote ¢}, := k(Ly, + Lo) for k € [p]
following Definition D.2. Let ¢; := —2k. We denote the h-th head as Attny,, and define the weight
matrices as

; ded *QId 72[(h71)(77,72)71]]d den 0 0 0
WI(J):fﬁ O1xd  O1xa 014 O1xn Lih—1)(n—2)—1 L(h—1)(n—2) Chin—2)
O1xd  Oixa O1xa Oixn  Ch—1)(n-2)-1 C(h-1)(n—2) Ch(n—2)
(d+2) x (3d+2n)
*) Ii  Ogx2d4 Odxn Odxn
Wo ' = |0ixa Oix2a Oixn  lixnl|,
O1xd O1x2d lixn Oixn
(d+2) % (3d+2n)
h ~ ~ ~
W‘(/): {Odox((}d—&-l) L(h—l)(n—2)€‘;;(h71)(n72) L(h—1)(n—2)+leE(h,1)(n,2>+1 Lh(n—Z)—leEh(n,Q),l Oa

for every h € [H].

Here 8 > 0 is a coefficient we use to control the precision of our approximation. The attention
reaches higher precision as 3 gets larger.

Let With the construction of weights, we are also able to calculate the K, @), V matrices in Attn

KM =wl . AXx)
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X
_wm | W
=W t-I,
I,
——
(3d+2n)xn
I T2 Tn
0-ws 1-w, (n—1) ws
= W]((h) . Ws Ws Ws
t-eln) t-egn) t-eE{‘)
egn) egn) esLn)
ded —ZId —2[(h — 1)(77, - 2) — 1]Id den 0 0 0
= —p3-|0ixa Oixa O1xd O1xn Lh—1)(n—2)-1 Lh—1)(n—2) Ch(n—2))
O1xa  O1xa O1xd O1xn  Ch—1)(n-2)-1 Clh—1)(n—2) Ch(n—2)
(d+2) x (3d+2n)
T ZTo Tn
0-ws 1-ws (n—1) ws
Ws Ws Ws
t- egn) t- egn) t- e%n)
egn) eén) esln)
(3d+2n)xn
=2[(h—1)(n—2) — 1w —2h(n — 2)w
- B Lh—1)(n—2)-1 Chin—2) ; (D.2)
C(h—1)(n—2)—1 Ch(n—2)
(d+2)xn
where the last equality comes from multiplying X with 0, thus this is a extraction of non-zero entries
in WK.
For (), we have
QM =Wh - A(X)
_ X
Ii Odx2d  Odxn Odxn W
= |01xda O1x24 Oixn lixn 0T
O1xd  O1x24 lixn Oixn ja
(3d+2n) x
r X
= |lixn (D.3)
_tlxn
——
(d+1)xn
For V', we have
v =W AX)
X
= o 0 0401 L ex L ex 04,1 W
= dox3d doXn dox1 (h—1)(n—2) E(h—1)(n—2) h(n—2)—1 Eh(n_2)-1 dox1 t. In
I,
dox (3d+2n) :
(3d+2n)xn
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- [OdO Lh=1)n=2€k, 1y sy LO-D0-24188, a1 7 Dhen—1€R, Od"]'

doXn

(D.4)

Given that all Ej, where j € [p], share the same number in [d,], we denote this number by k¢.

Hence we rewrite V() as
VW =104, Lpn-1ym-2ers L-t)m-2)11€ks ~* Lnm-2-1€ks Oa,]-

We define m,, as
m, = max{|al,|b|}.

By the definition of V(") we have

Voo < ggﬁ;i{ii} < my. D.5)

Remark D.2 (Intuition of the Construction of V(h)). As previously mentioned, fi, for i € [p],
are all the interpolation points. In this context, V(") encompasses the (n — 2) elements of these
interpolations (i.e., (b — 1)(n — 2) to h(n — 2) — 1). Meanwhile, the value on the two ends of V"
are both set to 04, , because we suppress the head and let it output O when the input X is not close
enough to the interpolations of the head.

Now we are ready to calculate the output of each Attny

Attny, (A(X))
= VW Softmax((KM)TQM)
h-Dn—2)—1w - —2h(n—2w] [ X
= VW Softmax | —3 £(h—1)(n—2)-1 T Ch(n-2) lhx"] ’
C(h—1)(n—2)—1 e Ch(n—2) tixn

where last line is by plug in (D.2) and (D.3). Note the ¢-th column of the attention score matrix (the
Softmax nested expression) is equivalent to the following expressions

Softmax((K™)TQM). ;

—2[(h—=1)(n—=2)=w" Lp_1)m-2-1 Ch-1)(n-2)-1 X 7
= Softmax(—4 : : : |}1><n )i
—2h(n —2)w’ Chin—2) Ch(n—2) brxn ]
[—2[(h = 1)(n —2) — 1]wTTl‘z‘ +lh-1)(n-2)-1 T C(h—1)(n—2)—-1 "t
—2h—=1(n—-2)w'z; +h—1)(n—-2) + C(h—1)(n—2) - t
_ Softmax | 3 (h—1) ) (-1 (n=2) + ¢r-1)(n-2)
i —2h(n — Q)wai + gh(n,g) + Cp(n—2) -t
(pick column ¢)
[[(h = 1)(n—2) = 1](=2w" z; + Lp—1)(n2)1 + Lo) = 2[(h = 1)(n — 2) — 1]t
(h=1)(n —2)(=2w " z; + L(p—1)(n—2) + Lo) — 2(h — 1)(n — 2)t
= Softmax | —f ]
L h(n —2)(=2w @ + Lygn_2) + Lo) — 2h(n — 2)t
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(=22 w =2t + Lo + Lp-1)(n-2)-1) - [(h — 1)(n — 2) — 1]AL]
— Softmax _i (7258:1[) —2t+ Lo + L(h—l)(n—2)) . (h - 1)(TL — Q)AL
B AL :
L (=227 w — 2t + Lo + Lyn_2)) - h(n — 2)AL |
(By mutiplying and dividing by AL)
[(—22] w— 2t + on E(}L—l)(n—2)—1) : @(h—1)(n—2)—1 - Lo)
— Softmax B (=2x] w =2t + Lo + L(h—1)(n—2)) - (L(h—1)(n—2) — Lo)
AL :
L (=227 w — 2t + Lo + Lintn_2)) - (Lnn—2) — Lo) -
(By kAL = Ly — Lo)
_(721’;10 —2t) - Z(Q—l)(n—Q)—l + (E(h—l)(n—Q)—l)2 + (x?w + t)2
—oftmax | _ B (22w —2t) - Lp_1)(n-2) + (L(h-1)(n—2))* + (& w +1)°
B AL ;
L (—2z]w—2t)- Zh(n72) + (Eh(n72))2 + (z) w+1)?
(2] w+t - Z@4)(%2)71)2
zf w4+t — Li_1y(n_2))>
— Softmax ,% ( : (h=1)(n=2)) (D.6)
L (xfw+t— Eh(n_z)ﬁ

Here, the second-last equality arises from the fact that the softmax function is shift-invariant, allowing
us to subtract and add a constant across all coordinates. To be more precise, we first expand the
product for k-th coordinate of the column vector

(7258?’([} — 2t + Zo + Zk)(zk — Zo)
= (—2x] w—2t)Ly + LoLy + L} — (—2x] w — 2t)Lo — L% — LoLy,
= (—2x] w—2t)Ly + L} — (—22] w — 2t)Lo — L2.

constant across the column vector

Then, dropping the constant and adding another constant (z w + t)? across all coordinates, the
above equation becomes

(—2z] w—20) Ly + L2 + (] w+1)? = (z] w +t — L)%

Hence we finish the derivation of (D.6). Thus we have

(x:w + t— ZLh_l)(n_Q)_1)2
B | @lwtt— L 1ym-2)

_ _bk
Attnp (A(X)).; = V" Softmax AL

(D.7)

(z7w -+t — Ly(ns))?

For a specific h, we calculate the result of (D.7) column by column. Let X; denote any column
(token) of the matrix X. We partition the situation at each column (token) into three distinct cases:

e Case 1: w'X; + t is strictly within the interpolation range of Attn, (X &
[L(h—1)(n—2), Lh(n—2)—1]). This excludes the following range at the edge of the inter-

polation range of

[L(h—1)(n—2)—1> Lh—1)(n—2)) U [Li(n—2)—1> Ln(n_2)]-
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s Case 2: w' X; +t is not within the interpolation range of Attny,:

wTXi +1 ¢ [E(h—l)(n—Q)—la Eh(n—2)]‘

s Case 3: w' X; +t is on the edge (region) of the interpolation range of Attn,:

wTXi +te [E(h—l)(n—Q)—la E(h—l)(n—Q)] U [zh(n—Q)—la Eh('n—2)]‘

Two remarks are in order.

Remark D.3 (Cases of a Single Head Attention). The H heads split the approximation of the
truncated linear map across disjoint intervals. For head h,

[Attn, (X) — Rangey, v-a (4 _1)(n—2)-1),a+ 2=2 h(n—2)] (X)lloc < €1,
where € > 0 is arbitrarily small.

With this understanding, w " X; + t:

 Case 1: falls into the interior of the interpolation range of the h-th head Attny,, denoted
as Range(a . (s—a)((h—1)(n-2)~1)/p.a+(b-a)h(n—2)/pl-

 Case 2: remains outside of the interpolation range of the h-th head Attny,.

¢ Case 3: falls on the boundary of the interpolation range of the h-th head Attny,.

Remark D.4 (Cases of All Attention Heads). According to Lemma D.2, for all heads in
Attn? | there are two possible cases:

¢ Case 1*: z falls into Case 1 for a head, and Case 2 for all other heads.

e Case 2*: 7 falls into Case 3 for two heads with adjacent interpolation ranges, and Case
2 for other heads.

This also means that when Case 1 appears in Attn? | the situation of all head in Attn® falls
into Case 1*. And when Case 3 appears in Attn? | the situation of all head in Attn’? falls into
Case 2*. Thus, We discuss Case 2* in the discussion of Case 3.

Casel: X; € [E(hfl)(n72)7 Zh(n,z),l]. In this case, our goal is to demonstrate this attention head
outputs a value close to Rangey, ; (w' X; + ).

Let ZS and Esﬂ be the two interpolants such that

w'X; +t € [Ly,Lota]. (D.8)

Then, s and s + 1 are also the labels of the two largest entries in

(U)TXi +t— ELh—l)(n—Q)—l)2
B | WX+t = Lgitye2)?

AL :
(w'X; 4+t - zh(n—2))2
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since
argmax —ﬁ(wTXZ- +t—Lg)?
ke{(h—1)(n—2)—1,h(n—2)} AL
= argmin (w' X; +t — Ly)?
ke{(h—1)(n—2)—1,h(n—2)}
= argmin lw" X; +t— Ek|

ke{(h—1)(n—2)—1,h(n—2)}

We also note that the distance of w ' X; +¢ to interpolants beside fs and st differs from w ' X; +¢
foratleast Ly — Ls_1 = (b—a)/por Lsr1 — Ls = (b—a)/p.

This is equivalent to the occasion when x; — x3 in Lemma D.1 is larger than

ﬁ Ty T 2 Ty, T \2 B Ty, T 2 Ty, T 2
maX{AL(w Xz+t_Ls—1) _(w Xz+t_Ls) ’AL(w Xz+t_Ls+2) _(w Xz+t_Ls+1) }
I3 b—a
2 ( )27
AL P

which is invariant to X;.
Thus according to Lemma D.1 and the fact that the s and s + 1 are the two largest entries in the i-th
column of the attention score matrix, we have

(W' X;+t— Eihfl)(n72)71)2
B | W'Xi+t—Lo—1)mn-2)> 1 e B0

HSOftmaX AL : Tt e P 1o @H =
c nx1 nx1
(W' X; 4+t — Lp(n_2))?
for any e > 0.
This yields that
(W X; +t— ZLh—l)(n—Q)—1)2_
T 2
B (w' Xi +t = Lip—1)(n-2)) 1 e P
HVSoftmaX AL f — Vmes — VWBSHHOO
(wTX; +t—Lym_0)? |
(w' X; +t— Lgl—l)(n—z)—1)2
(W' Xi +t = Lp—1)(n-2)) 1 e P
< HSoftmaX _E : — 1+e_5565_ 1+€_6565+1H00-||VH00
(W X+t — Lign_2))?
< [Vlcéo-

This is equivalent to

- 0B

|V Softmax(K ' Q). ; — WL(h—l)(n—2)+s—16kc - WL(h—l)(n—m-ﬁ—sekc oo
< Voo - €2 (By |ABJ| < [|Al - [I1B]I)
< myéa, (D.9)

where the last line is by (D.5).
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From (D.8), we derive that

1 ~ 6_56 ~
WL(hfl)(nf2)+sfl + m[/(hfl)(nfers — (W' Xi + t)ewg o

1 —B6

~ 6 ~
< ||W(L(h—l)(n—2)+s—l — (0" Xi + terg) oo + ||W(L(h—1)(n—2)+s — ("X + 1)l
By convex combination of ’uiX, + t) and triangle inequality
(By ( ) gle inequality)
< 1 b—a+ e B0 b—a (By (D.8))
“1l4e B p 1+e B  p s
h—
_2-e (D.10)
p
Combing (D.9) and (D.10) yields
|[VSoftmax(K ' Q).; — (w' X; + )|l
1 ~ e P
< ||VSoftmax(K ' Q).; — m[/(hq)(n—z)ﬂ—l - m@hq)(n—mﬂ”m
1 ~ e P T
+ ||m[/(h71)(n72)+571 + WL(hfl)(nfﬂJrs —(w Xi+t)ers |
(By triangle incquulity)
b—
< myes + —o, (D.11)
p

where the first inequality comes from adding and subtracting the interpolation points’ convex combi-
nation and then applying triangle inequality.

Case 2: X ¢ [E(h_l)(n_g)_l, Eh(n_g)]. In this case, X; falls out of the range of interpolation
covered by Attny,.

Without loss of generality, suppose w ' X; + t to lie left to the range of interpolation of Attny,.

This yields that Z(h_l)(n_z)_l is the closest interpolant within Attny, to w ' X; 4 t. Furthermore,

the second closest interpolant L j,_1)(,—2) is at least further for at least (b— a)/p, which is a constant
irrelevant to X;

Then by Lemma D.1, we have

(W X; +t— ZLh—l)(n—2)—1)2
B | W'Xi+t—Lo—1)mn-2))>

Soft -2 - H < es,
H ortmax AL €1 o = €3
o nx1
(W' X; 4+t — Ly(n_2))?
for any e > 0.
This yields that
(w'X; +1t— th—l)(n—Z)—l)Q
T 2
8 (w' Xs +t— Lp—1)(n—2))
VSoftmax | —— -V e |eo
[ - 5 L
~ nXx
(W' X; 4+t — Lpn-2))?
< Voo - €3 (By 1IAB| < [|All - [IBII)
< myes,
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where the last line is by (D.5).

This is equivalent to

(w'X; +t— Ef(vhfl)(n72)fl)2
B | (W'Xi+t—Lp-1yn-2)?

HVSOftmaX -

— < . .
AT odOHOO < myes (D.12)

(T X; +t = Li(n-2))?

Case 1*. According to Lemma D.2, when Case 1 occurs for one head in the H heads of Attn™ , all
other head will be in Case 2.

Combining with the result in Case 2, we have the output of all heads as

1Attn "™ (A(X):i — (w0 X; + t)erg oo
= Y Attuy, 0 AX).iflee + [Attny 0 AX).; — (w' X + t)erg [l

B

ho€[H]/{h}
b _
= (H — 1)my€ez + myea + a (By (D.11) and (D.12))
b—a
= (H — 1)m, v + .
( )m es+m €2+H(n_2)
Setting €9, €3 to be
€0
€y = 5
ST oH - Dm

yields the final result.

Case 3 (and Case 2%): X € [L(h—l)(n—Q)—h L(h—l)(n—2)] U [Lh(n—2)—1a Lh(n—2)]' In this case,
w ' X; +t is the boundary of the interpolation range of Attny,,. By Lemma D.2, it should also fall on
the boundary of a head with neighboring interpolation range. Without loss of generality, we set it to
be Attny,—1. Furthermore, Lemma D.2 indicates that w" X; + ¢ should fall on no other interpolation
range of any heads beside Attny, and Attny,_;.

Combining this with case 2, we have
H
Attn" (A(X)).; = > Attny, 0 A(X).;
h=1
€ [(—(H - 2)mv€3 + Attny, o A(X)J + Attnp,—1 0 A(X):,i),

((H — 2)myes + Attny, o A(X).; + Attng,—1 0 A(X). )]
(By (D.12))

By Lemma D.1, let § denote
8= Lin1ymn—ayts — (0 Xi +terg — [Lin1yn_s)trs — (0 Xi +t)erg],

we have

1 e P

(T )y _
ISoftmax((K™) Q™) — (=g e1 + T o—m€

)
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and
1 e~ P

11 o—ps 1 + men)ll < es,

ISoftmax((&*~1)T Q1) — (
for any €4, €5 > 0.
Thus we have
[V Softmax((K M) TQM) 4 V=Y Softmax((K"~1)TQ"h=1)
e~ Po 1 e~ Po
-V e me T T emontt 1 gmon)le
< |[Vloo (€4 + €5)-

se1t

1+e 8 1+e

This is equivalent to

V"W Softmax((K M) TQM) + V=N Softmax((K ") T Q1)
1 e P9 ~ 1 ~ —Bé
- (3 o Ot T m e bi-nm-v+s + T s tra - -2 4a F —55¢ke) * Olloo

e
1+e 1+e
< Voo - (€4 + e€5).

Thus we have

|V ® Softmax((K ") TQM) + V=D Softmax((K ") TQ"h-Y)
e~ B9 ~ 1 ~
_ (1 i €7ﬁ6 ek:GL(hfl)(n72)+s + 1 +767185 ekGL(hfl)(n72)+sfl)||oo

SV loo (s + €5),
which implies

H =83 _ 1 ~
l Z Attnh(A(X)):,i - (WekcL(h—1)(n—2)+s =+ mekcL(h—l)(n—m-i-s—l)Hoo
h=1

< (H — 2)myez + |V |loo (€4 + €5). (D.13)

Finally, since

—Bé ~

e
Wekc%—l)(n—ms +

1 ~ b—a
sk L1y (n-2)4s-1 — (W' Xi +1 < )
1+ 6_55 (& e (h—1)(n—2)+s—1 (w i+ )ekc ||OO > D

(By (D.10))

combining with (D.13), we have

H
1> Attny (A(X))ei — (w X; + t)erg oo
h=1

H —Bs
e ~ 1 ~
<l ZAttnh(A(X)):,i - (WekcL(h—l)(n—z)Jrs + WekcL(h—l)(n—2)+s—l)”oo
h=1

B
e -~ 1 =~ T
+ ”(WekcL(h—l)(n—QH-s + WekcL(h—l)(n—2)+s—l) — (w' X; 4+ t)eng oo
(By triangle inequality )
b—a
< + (H = 2)myes + [|V][oc (€4 + €5)

p
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< Hl()n_a2) + (H — 2) max{|al, |b|}e3 + max{]al, |b|} (€4 + €5).

Setting €3, €4, €5 to be

__f
3(H —2)

€0
€4 = €5 = —

€3 =

yields the final result.
This completes the proof. O

Lemma D.3 (Attention Prepended with Token-Wise Linear Transformation is Still a Transformer).
For any attention Attn and any linear transformation A, Attn o A is still an attention.
Proof. We denote the transformation matrix of A also as M 4. Denote the attention Attn as
Attn(Z2) := WVZSOftmaX((WKZ)TWQZ).
Then we have
Attn o A(Z) = Wy MaZSoftmax((Wx MaZ) WoMaZ).

It is a new attention with parameters Wx Ma,WoM 4 and Wy M 4. O

Lemma D.4 (Lemma 14 in (Bai et al., 2023): Composition of Error for Approximating Convex GD).
Suppose f : R — R is a convex function. Let w* € argmin, cga f(w), R > 2||w*||2, and assume
that V£ is L s-smooth on B(R). Let sequences {@*},>0 C R? and {w§p }e>0 C RY be given by
w0 = w%D =0,

{@“1 =@ V@) +e, |2 <e
w&s = whp — 1V f(whp),

forall ¢ > 0. Then as long as n < 2/Ly, forany 0 < L < R/(2¢), it holds that | 0” — w&p||2 < Le
and |[@F|]s < &+ Le < R.

Corollary D.1.1 (Corollary A.2 in (Bai et al., 2023): Gradient Descent for Smooth and Strongly

Convex Function). Suppose L : R¢ — R is a a-strongly convex and $-smooth for som 0 < o < 3.

Then, the gradient descent iterates wgg V= wip — nVL(w§p) with learning rate n = 1/ and

initialization wQp, € R? satisfies for any ¢ > 1,

~

lwhp — w3 < exp(—) el — w2,

=

o B 3 2
L(wgp) — L(w*) < Fexpl—— ) lwgp — w*|3,

where k := [3/a is the condition number of L, and w* := argmin,,cpa L(w).

D.1 PROOF OF THEOREM 3.1
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Definition D.3 (Interpolation Points). Define P + 1 interpolation points of the effective domain of
f,ie., the range of w 'z — v, as

I (Linax — Lunin), for j€0,1,...,P,

Lj = Lmin + P

where [Lin, Limax| is @ bounded interval containing all values of w'lz —y.

Theorem D.2 (In-Context Emulation of f(w 'z — y)z with Single-Head Attention; Theorem 3.1
Restate). Let [Lin, Lmax] be a bounded interval containing all values of wle — 1y, and let

_|T o x2 e T 6R(d+1)><n and W::[w w - w]ERdX",
Y Y2 - Yn

where z; € R?, y; € R, and w € R? is the coefficient vector. Define the input as:

Z =

T o oo xn X
Vi Y2 o Yn| = {W] € R(Zd+D)xn (D.14)
w w .« .. w

Assume max{|| X||co, [|W||s} < B. For any continuously differentiable function f : R — R and
any e > 0, there exists a single-head attention Attns with a linear layer Linear such that

|Attns o Linear(Z) — [f(w'z1 —y1)z1 -+ f(w' @n — Yn)Tn] [l <€, forany e>0.

Proof. We define the linear transformation of Z as a concatenation of two functions with some
manual padding of zeros:

Linear, (X)

Linear(Z) = Linearw(W) 0(2d+n+2)><nP ’

2(2d+n+2)xn(P+1)

where we define Linear, € R(2d+n+2)xn(P+1) and Linear,, € R24+7+2)xn 44 pelow.

We define Linear,, as:

0d><n w
Id _]-1><n _11><n
Linears (W) l:o(d+n+2)><d:| J+ 1dx ldX
dxn 1xn 1xn
(2d4+n+2)xd I, 1,
——
(2d+n+2)xn  (2d+n+2)xn
We define Linear, as:
Linear, (X)
— Id+1 (n) (n) (n)
T ; |:O(d+1+n)><(d+1) (d\l)f)-/ [OnX(ifl)(PH) 2Loe; 2Ly ¢; -+ 2Lpe; Onx(nfi)(P+1):|
= +1)Xxn
(2d+n+2) X (d+1) nxn(P+1)

n | O@+1)xd  Oa+1) » % o
*Z la Od X [Onx(i—l)(P-i-l) f(Lo)e;” f(La)e;” -+ f(Lp)e;

OTLX(TL—i)(P+1):|

i=1 |Omt1)xd  Ont1 | (@41)xn N
nxn

(2d+n+2) x (d+1)
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Od+nyx(P+1)  + O@dr1yx(P+1)
" S S
Oeg”)llx(pﬂ) Cegln)llx(P-&-l)
(2d4+n+2)xn(P+1)
=N T - T,
(2d+n+2)xn(P+1)

where {L;}7_ are the P + 1 interpolation points (Definition D.3); e!™ € R is the one-hot vector

with 1 at index 7 and O elsewhere; C is a constant to be determined later, and

11><(P+1) = [1 1 - 1],
—_———
1x(P+1)
Si=[-I2 —L? - L],
1x(P+1)
2L0.’£7; 2L1$Z cee 2Lsz
2Loy; 2Lvy; -+ 2Lpy;
T, := f(Lo)xs  f(Li)xy -+ f(Lp)w;
—L3 —L2 e —L%
Ce™ ce™ ... cel™
(2d4+n+2)x (P+1)
So our Linear(Z) is:
i 2L0{L‘1 R 2LP$1 2L0£L'n 2Lp1‘n
2L0y1 e 2LPy1 2L0yn 2LPyn
T T, - T, f(Lo)Ql’l f(Lngl f(Lo)an f(LP%%
Wasxn  Odaxnp _L(o) _LF’) —L(o) _l(’P)
. —lixn  Oixnp Cei" e O Cey' . Cey'
L Z = = 1 1 n n
lnear( ) Odxn Odxnp Waixn Odgxnp
11><7L O1><nP _]-1><n 01><np
Iy Onxnp Odxn Odxnp
2(2d+n+2)xn(P+1) Lixn O1xnp
L In OanP
2(2d4+n+2)xn(P+1)

Now we construct Wx, Wq, Wy, Wo to be:

Wik = [T2atn+2  O@dtn+2)x(2drnt2)],

(2d+n+2)x2(2d+n+2)

Wq = [O(2d+n+2)><(2d+n+2) I2d+n+2],

(2d4+n+2)x2(2d+n+2)

Wy = [Oax(d+1) T Oax(2d+2n+3)],

dx2(2d+n+2)

I,
WO o |:0nP><n:| ’

——
n(P+1)xn
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Thus,
WiLinear(Z) = [Ty T T,
(2d4+n+2)xn(P+1)
Waixn  Odxnp
_11><n 01><nP
WQLinear(Z) = 0d><'n. 0ai><nP 5
11><n 01><nP
In OanP
(2d+n+2)xn(P+1)
WyLinear(Z) = [F1  F» Fy],
dxn(P+1)
where we define F; as:
Fy=[f(Lo)zi f(L1)w; f(Lp)wi].
dx (P+1)

Therefore,

Attng o Linear(Z2)
= Wy Linear(Z) - Softmaxs((Wx Linear(Z)) " WqLinear(Z)) - Wo

(Wk selects the T blocks in Lill(‘%\l‘(Z))

(W selects the bottom (2d + n + 2) rows in Linear(Z))

(Wv selects the (d 4 2)-th row in T})

n(P+1)xn(P+1)
Waxn  Odaxnp
T _11><n 01><nP I
= [Fl F2 Fn] SoftmaxB([Tl T2 Tn] Oan OanP ) |:0 an :| . (DlS)
dxn(P+1) n(P+1)x (2d+n+2) 11><'VL OanP R
I, Onxnp n(P+1)xn
(2d+n+2)xn(P+1)
For simplicity of presentation, we define
T=[Ty T T.".
n(P+1)x(2d+n+2)

For the Softmaxg part in (D.15), we have:

Softmaxs (W Linear(Z)) " WgLinear(Z)) - Wo

den OanP
- —lixn Oixnp I
:Softman( T Oaxn Odxnp )|:0 " :|
n(P+1)x (2d+n+2) Lixn O1xnP LP;X_“/
n Onxnp n(P+1)xn
(2d4+n+2)xn(P+1)
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den Od><nP
. _11><n . 01><nP I
= Softmaxg( [T | Oaxn T |Oaxnp [0 " ]
lixn O1xnp | | LPXn]
I, Onxnp n(P+1)xn

n(P+1)xn n(P+1)xXnP

(By distributivity of matrix multiplication over block concatenation)

den OanP

. _11><n ~ 01><nP I
= |Softmaxg(T | Ogxn |) Softmaxg(T |Oaxnp|) {0 n }

Lixn O1xnp nPxn
I, Onxnp n(P+1)xn
n(P+1)xn n(P+1)xnP
(By the column-wise operation nature of Softmax)
den
T _11><n I
= SoftmaXﬂ([Tl T - Tn] Odxn | )- ({0 F:' } selects the first Softmaxg block)
1 n Xn
n(P+1)x (2d+n+2) Lxn
L,
—_———
(2d4+n+2)xn

Since our target is a token-wise approximation, we focus on a single token. We consider the c-th
column (¢ € [n]) in the Softmaxs part, and we have

" w
T,y -1
(SoftmaX5((WKLinear(Z))TWQLinear(Z)) -Wo).,c = Softmaxg( : . Old
T )
n(P+1)x(2d+n+2) (2d+n+2)x1
Ml,c
M2,c
= Softmaxg( : ),
Mn,c
——
n(P+1)x1
where each sub-block M; . € RPHDX1 for j € [n] is
w
-1
Mi,c = TiT . Od
~~ 1
(P+1)x (2d+n+2) o)
Hc,_/
(2d+n+2)x1
2Lox]  2Loys  f(Lo)z] —L§ Cle{)T w
2wl 2Lay; f(Le]  —IF CE)T| | !
= . . . . ) 04 (By transpose of 'I‘,)
: : : : : 1
2Lpl‘;r 2pri f(Lp)J};r —L%; C’(egn))—r e&n)
——
(P+1)x(2d4+n+2) (2d+n+2)x1
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2L0$;F’LU - 2L0yz - Lg + Cli:c
2L1xZTw — 2L1y7 — L% + C]li:c

2pr;rw —2Lpy; — L% + C1,;—,

(P+1)x1

where 1;_. denotes the indicator function of 7 = c.

For simplicity, let

u’ ==2L;x] w—2L;y; — L7, for je{0,...,P}, (D.16)
such that

uy) + Clize
’Ulgl) + C]li:C

i =

Wl + Ol

(P+1)x1
This means that

(Softmaxs (W Linear(Z)) " WoLinear(Z)) - Wo). .
Ml,c
MZ,C
= Softmax (s
My
——
n(P+1)x1

exp{ B + Clize) }
=1 =0 Dy E;D/:o exp{B(UEf') + C]li/:c)}

L(n(P+1)
(=D (P+D)+(G+1) -
—_———

n(P+1)x1
(By the definition of S()ff]llzil\’j>

Thus we have

Attng o Linear(Z2). .
= Wy Linear(Z) - (Softmaxs ((WgLinear(Z)) " WgLinear(Z)) - Wo). ..
n P exp ﬁ(u(.i) +C1;—.)
=[F - F)] Z Z { J } (n(P+1))

€. .
——— SR L {8 + Clim) } LDEFDEHD,
dxn(P+1) i=1 j=0 Zz =1 EJ =0 &XP ﬂ(uj + C]lz _C) (P11

= [f(Lo)xx --- f(Lp)xi -+ f(Lo)xn -+ f(Lp)zy]- (By the definitoin of F3)
dxn(P+1)

(i) _
exp{ﬁ(uj 1 C]llzc)} i)

€. .
n i’ (i—=1)(P+1)+(j+1)
S ST S e { Bl + 1)} DD
n(P+1)x1

exp{ﬂ(uy) + Cﬂz‘:c)}
pr i) S Zf’:o exp{ﬁ(ugfl) + C’L":c)}
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[f(Lo)ay -+ f(Lp)ar o f(Lo)an - f(Lp)wa]-e( 0o o
N——
dxn(P+1) n(P+1)x1

(By distributivity of matrix multiplication)

> F(L) i .

P 3!
ST S e {BW +Cl) )R
(The one-hot vector retrieves the ((i — 1)(P + 1) + (j + 1))-th column)

n P exp{ﬂ(uy) + C]ll-:C)}

g

Again, our goal is to approximate f(z]w — y.)z. with:

n_ P exp{ﬂ(u@ + C’]li:C)}
Attn, o Linear(Z). . = Z Z G f(Lj)z;. (D7)
SIS o o] Al + Ol |

We start to analyze the summation of weights Zf:o (+-+) fori = cand i # c. We use the result of
this analysis to bound our target approximation || Attn o Linear(Z). . — f(z) w — y.)z.|| o later.

* For every i € [n], if i # ¢, we have

n 7’ (B}/ Jl/,:’« =0 for 7 # (:)
Zz’:l Z]’*O eXp{ﬁ(u;, ) + C]lz’—c)}
Zf:o exp{ﬁu;i)}
S5 (&) (D.18)
Z V. oeXp{ﬁ( j/ +O)}
= (D.19)

where (D.18) is by taking only the i = ¢ term, and the last line is by the softmax-shift
equality

Zf o€ Z;D 0€"
ZP Oev]/-‘rc GCZ Oe IG

for any constant C' and choosing C' := M — = ln €0 = (max; L;) - (2dB*+2B) — % ln €0
with ¢ > 0>

Thus, the weight assigned to 7 # c is tiny.

*More explicitly, recall (D.16): ugi) = 2L;x{ w — 2L;y; — L3. Since max{|| X ||, [|W|le} < B, we
have

[zille < B, |ys| < B, [Jwl]les < B,

which implies ||w]|]1 < dB. Let L, := max; |L;|. For a fixed pair of 4, ', we have

uf? =l = 2L - (@i = wr) w = (g — i)

<2|L;| - (|(zi — x0) T w| + |(yi — yir))) (By triangle inequality )
<2L, - (Jlwi — zirlloo - lwlls + |(yi — yar)|) (By L. := max; |L;| and Holder’s inequality )
<2L, - ((Jlzilloo + [|zirlloo) - Jwllr + yil + yar)|) (By triangle ineg U‘llltv)
< 2L, - ((2B) - dB + 2B) (By [|#i]|oo < B, |y| < Band ||w|y < dB)
< 2L, - (2dB* +2B) =: M.
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e For i = ¢, we have

>, exp{ﬂ(ug.C) + 0})
Yoo ZI-D,ZO exp{ﬂ(u(f/) + C]li/:c)}
Z#CZ Oexp{ ( )+ Cl,;= c)}

S S oexp{ 4O}
B} Z/#( Z:;U( o ) + Z:L( Z:;u( )= l)
>1—(n—1)e, (D.21)

=1

where the last inequality follows from (i.e., (D.19))

s Tico o B + Clize)}
i 25:0 eXp{ﬁ(uﬁ') + Cﬂi':c)}

< (n—1)eg,

and setting 0 < €9 < 1/(n — 1). Therefore, the weight concentrates at i = c.

From (D.19), (D.21), and our target approximation
||Attng o Linear(Z2). . — f(xz—w — Ye)Tel oo

n P exp{ B + Clize) }
- . F(L)z — flalw—yo)ze]oos  (D.22)
z::z:: Sy E;D,:O eXP{/B(U;f)—FC]li/:c)} (Lj)x (. w—yeo)xc|

we split (D.22) into two terms

ex u<i) i=c
||ZZ p{ﬁ( + 01 )}

() f(Ly)w; — f(x;rw —Ye)Zelloo
=1 j= OZ/ 12/ Oexp{ (Jl +C]]~i’:c)}

eafl?) .
) ”#Z”Zo ST TR M
exp{,@(u@ + C’)}

+ " f(L)xz - f(x;rw - yc)xc”oo
JZ;) di— Z i’ Oexp{ﬁ(ugf )+ CL‘/:C)} !

(By splitting the summation over 7 into two parts: ¢ = c and i # (:)

Hence, we have u( 9 < u —|— M, which implies

(i) "
ePuit < eMePU T forall je{0,..., P} (D.20)
Then, (D.18) becomes, for any constant C,

Zf:o exp{ﬂuy)} . oAM Zf . exp{ﬁu(i,)}
exp{BC} Z;ZO exp{ﬂugf,)} efc Z 0 exp{ﬁu(, >}

B(M—-0)

Choosing C' := M — ln €0 = (max; L;) - (2dB? + 2B) — ln €0, we obtain the desired bound €.
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eXp{ﬂ(uy))}
< ” f(Lj)zilloo (D.23)
;JZO S Shgep{ Al + Clis}
(I
exp b’(u(»i) +O)
+HZ { ’ (i) } f(Lj)xi_f(chw_yc)xcHoo;
=0 2= 12’ Oexp{ 3! +C]li’20)}

(1)
(By triangle incquality)

where we are capable of bounding term (I) with (D.19) and term (I7) as follows.

For term (7) in (D.23), we have

(1)

(4)
exp1 B(u:”)
i#c j=0 Z ir— 12 o OeXp{ ( j’ +C]li/:(;)}
(@)
exp1 B(u;”)
s Z Z I { - (i% F(Lj)willoo (By triangle inequality)
e =0 Dg— 12, Oexp{ﬁ(uj, +C]1i,:c)}
exp{ﬁ(u(-i))}
= Z Z ) } IIf(L )x1||oO (By non-negativity of cxponcmial)
)

i#c j= OZ/ 12/ OeXp{ (U§ —|—C]ll_c
)

_ ZZ eXp{ﬂ( f)}

e =0 S e oeXp{ (Wl + C1o—e

LF(L)] - lilloo
o
(By | f(Lj)willoo = | f(Ly)] - H;l:le>
St {500}
T Xeexp{ Bl + Clizo) |

B;-B

(By By = max | f| and max{|| X ||cc, [|[W|lee} < B)
< (n—1)egBsB, (By (D.19))

where we define By := max | f| as the bound for f.

For term (I7) in (D.23), we have

(11)
P X 5 U(c) +C

Iy ,fp{ o (Z,,))} F(Ly) e~ Falw— o) e e
= i Do (B0 + Ol )5 Pt
P exp B(u(-c)—i—C)

-l Vo (e~ T w— o))

i'=1 ka—o eXP{ﬂ(U(i/) + C’L":c)}
= Oexp{ u, —i—C}
S Srpexp{B(uf” + Clizo) |
YA

(ByY, 4 B;— D=3, 4 (B; — D) — (1 — =4\ D)

_(1_ )f(chW—yJﬂ?cHoo
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exp{ﬂ(ugc) + C)} . Zf/:o exp{ﬂ(uif) + C)}
= ioep{ 8 + O} Ti Tl ep{s”) + Ol |
Z;.D,:O exp{ﬁ(ugf) + C)}

- (1- Iy ) - f( ;rw_yc)xcnoo
S Sl ep{ Bl + C1io)}

(By X2, % (B; - D) — (1 = =8 D = 50, 4 E(B; - D) — (1 - =224 D)
P expd B(ul? + O)
<> — 150 5 } S(f(Ly) = flalw —ye))ae
j=0 ij:o eXp{ﬁ(“j' + C)}
ZP,: exp ﬁ(u(-?)—i—C)
-(- Gl } ) Flaw—yo)zeloo (By Z<1)

St Yo exp{ B + Cli) |
exp{ Blul + C)}
> exp{ Bul) +0)
Srh_eexp{Bl) +0)}
S S exp{ Bl + Clizy)

(By triangle inequality, and ||av||ec < |a| - [|v]|oc Where a € R and v € R?)

P
<y
3=0

} | f(Ly) = f(x;rw —ye)| -+ [|7elloo

1—

—~

}) : ‘f(chw —ye)| - [|7elloo

P (c)
_ eXp{ﬂ(U] +O)} . Iy T ' B B
= Z P © |f(Lj) = f(@ew —ye)| - lzelloo + (0 — D)eo Byllzel oo
i=0 2 jr=0 eXp{ﬁ(ug" + C)}
(By (D.21) and By := max |f])
s exp ﬁugc)
-2 { 0 }@} ALy = f@lw =yl zelloo + (n = Deo By B
j=0 §/=0 exp Uj/
(By (\xp{ff(u,v[‘y/"\> + (,')} = (3}{]){‘))’1[(,/'(‘) } exp{AC} and max{|| X| oo, [|[W||eo} < B)
P T 2
exp{—pB(z, w—y. — L;)
= i3 { = ) = F(Ly) = flagw—ye)| - lzelloo + (n — 1)eo By B,
j=0 Ej’:o exp{—B(z/w—y. — Ly )*} T
::(11-1)
(D.24)

where the last equality follows from completing the square

u§~c) =2L;x)w—2L;y. — L? = —(Lj — (z]w—y)? + (] w —y.)*

For term (I1-1) in (D.24), we have
(I1-1)
B exp{—B(z]w —y. — L;)*}
S gexp{—Ba]w —ye — L)%}
- exp{—B(z, w—y. — L;)*}

- 2 > —ooxp{—B(xlw — ye — L;:)?}

JilLj— (2] w=ye)|[<AL

NF(Ly) = fladw = ye)l - el

NF(L) = Fladw = ye)l - loelloo
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: |f(LJ) - f(x;rw = ¥e)| - |zl oo,

N ZP: exp{—ﬁ(m;rw—yc —Lj)z}
P
s woioan Sl D=0 — b Ly )
(D.25)

where we define AL := (Lyax — Lin)/ P and divide the interpolation points into two groups with
one group at least AL away from ! w — y., and the other within AL.

For the first term in (D.25), we set AL to be sufficiently small (P large enough) such that,
f&) - fE) <ea, Ve >0,
when |t —¢/| < AL.

For the second term in (D.25), we set 3 to be sufficiently large such that

Z exp{—B(z, w—y. — L;)*}

P
JilLj— (2l w—ye)|>AL Zj’:o exp{—B(zw —y. — L;)?}

< €2, (D.26)

forany 0 < eg < 1.
Thus, for term (I1-1), we have

(II-1)

P
exp{ —Bzlw —y. — L;)*} T
- (L) = fleew = ye)| - [lzelloo
j=|L.7‘—(rCT§w:—yc)SAL Z;‘:":o exp{—B(z/w —y. — L)’} ’
P
exp{—B(z/w —y. — L;)?} T
+ (L) = flzew—ye)| - [[zell
j:Lj—(wZzw:—yc)|>AL Z;’D’:O exp{—ﬁ(xjw —Ye — Lj’)2} ’
_ i exp{—p(z,w -y — L;)*} e B
il epi<ar Sg—o exp{=Balw —y. — Lj)?}
P AT T2
N Z eXP{ B(JTCUJ Ye LJ) } ~(\f(Lj)|+|f(xZw*yc)|)'B

P T
gl Lj—(xf w—yc)|>AL Zj':O eXp{—ﬁ(JCC W =Y — Lj/)Q}
(By | f(Lj) — flzlw —ye)| < er, max{|| X ||co, [[W]leo} < B, and triangle inequality )

IS exp{-Brlw -y~ L}
i P : 1 :
LT ayel<ar =0 XP{=B(zlw = ye — L;)?}
P T 2
_ —yo— L
+ Z GXp{ B(xc vy j) } -2By-B (By By := max|f )
o esp{— el w — ye — L)}
JiLj—(al w—yc)|>AL £~j'=0 exp{ TeW=Ye 7'
P “BlxTw— 1. — L2
S Z exp{ ﬁ(xc w Ye ]) } €1 - B + € - 2Bf . B (B} (D26)>

P
Lyt ayol<ar =0 XP{=Bxlw —ye — L)}

=R

<€ -B+e-2By-B. (By/»;<l)
Combining (I), (I1-1), and (I1-2), we have:

|Attn, o Linear(Z). . — f(x) w — ye)2el|oo < (n — 1)eoBf B4 €1 B +2¢2Bs B+ (n — 1)eg By B .

from (1) from (I1-1) from (11-2)
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Since €, €1 and €, are arbitrarily small, we have
||Attns o Linear(Z2). . — f( Iw —Y)Te|loo < €

for any € > 0.
This completes the proof. O

D.2 PROOF OF COROLLARY 3.1.2

Corollary D.2.1 (In-Context Emulation of a Single GD Step; Corollary 3.1.2 Restate). Let/: R —
R be differentiable and define L, (w) := £ 3"  ¢(w"z; —y;). For any step size n > 0 and any € >

0, there exist a single-head attention Attgs and a linear map Linear such that, with Z = [X; W] as
in (3.1), choosing the readout v := %ln (equivalently, right-multiply by W = w in Definition 2.1),

we have
Gu=3g
@ap = w + (Attn, o Linear(Z))u € RY and |[@gp — (w — nVLp(w)) [los < €
—_—

wW=rie

¥
Wep

Proof. From Theorem 3.1 and Corollary 3.1.1, let f(-) := —n¢'(-), and we derive that ||(Attn, o
Linear); — (—nVl(w 2; — y;)x;)| s < eforalli € [n]. Let readout u := 11,,. Then, we have

1 n
Attn, o Linear(Z))u = — Y _(Attn, o Lincar(Z));
n, o Linear(Z))u ni:l( n, o Linear(Z7))
171
==Y —nVi(w e —y)zi + €
02 Vel (w z; —y;)z; + €

= VL, (w)+¢

Therefore,
_ 1
Wep = w + ;(Attns o Linear(Z));
=w—nVL,(w)+¢
= wgD +€,
where Wgp is the approximate and warD is the exact GD iterate. This completes the proof. O

D.3 PROOF OF COROLLARY 3.1.3

Theorem D.3 (In-Context Emulation of Linear Regression; Corollary 3.1.3 Restate). For any
dataset {(z;, ;) }7; with z; € R%, y; € R and any € > 0, there exists a depth-L stack of single-head

attention layers {Attn’ } !, linear maps {Linear'}~ ', and a readout u € R™ such that the iterates

@l =@k + (Attn, o Linear'(ZY))u, ¢=0,...,L—1

linear = Wiinear )
with Z! := [X; W' and W := [@} 01y - - - » Whinen) @8 in (3.1) (for any fixed bounded w'), satisfy

||@£near - wlinear”oo <€

where Wiinear := argmin ,cpa % Yoo ((w, @) — yi)2
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Proof. Define the squared-loss objective

n

Z((w,:&) - yi)27 Wiinear = arg min En(w)

~ 1
L,(w) :
Pt weR?

Assume En is a-strongly convex and 3-smooth, and take stepsize n = 1/0.

Let {wkp }i>0 be the exact gradient descent iterates for minimizing L,,.

By Corollary 3.1.2, each attention layer emulates one GD step with per-layer:

~ l
||wli?1re1ar_wG+Dl||00 <€/2, [=0,...,L—1.
Next, applying Corollary D.1.1 to L = En gives
L 2 L 0 2
”wGD - IUIinearHQ < exp _E ||wGD — wlinear||2> K= ﬁ/a

Taking square roots and using || - ||oo < || - ||2 yields

L
||wé]:) - wlinear”oo < Hw(L}D - wlinear||2 < exp (_%) Hw?}D - wlinear||2-

Choose L large enough so that ||whp — Winear[l oo < €/2
Finally, by triangle inequality together with (D.27) and (D.28),

L

||ﬁj\liLnear — Wiinear||oco < || Wiinear — w(L}DHoo + ”w(L}D — Wiinear|[oo < €.

This completes the proof.

D.4 PROOF OF COROLLARY 3.1.4

Theorem D.4 (Restate of Corollary 3.1.4: In-Context Emulation of Ridge Regression).

(D.27)

(D.28)

For any

input-output pair (z;,y;), where x; € R% y; € R,i € [n], and any € > 0, there exists a depth-L
stack of single-head attention layers {Attn’ } -~ !, linear maps {Linear'}7 "', and a readout u € R”

such that the iterates

@ﬁgle = @fidge -+ (AttnlS o Linearl(Zl))u, £=0,...,L—1,

with Z' = [X; W] and W' := [@lge. - - -

||@£dge - wridge”oo S €,

,@ﬁidge] as in (3.1) (for any fixed bounded w'), satisfy

where wyigge 1= argming, cpa 5= Y1 ((w, 2;) — y;)? + 5 ||w||3 with regularization term A > 0.

Proof. Define the loss objective

n

1

Ln(w) = %

Rd
i=1 we

~

gradient descent iterates for minimizing L,,.

46
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By Corollary 3.1.2, each attention layer emulates one GD step with per-layer:
Bl — wEp e <€/2,  1=0,...,L—1. (D.29)
Next, applying Corollary D.1.1 to L = En gives
L 2 L 0 2
[wép — Wridge|[7 < exp T [wap — Wridge 2, k= p/a

Taking square roots and using || - ||oo < || - ||2 yields

L
o~ vl < ok — wrslle < exp (= ) oo — vl (D30

Choose L large enough so that ||w&p — Wridge||oo < €/2.

Finally, by triangle inequality together with (D.29) and (D.30),
”@rLidge — Wridge|[oo < H’a}rli/dge - w(L}D”oo + ”w(L}D — Wridge|[oo < €.

This completes the proof. O

D.5 PROOF OF THEOREM 4.1

Theorem D.5 (In-Context Emulation of Attention; Theorem 4.1 Restate). Let X € R%*™ be an
input sequence, and let Wy, W, Wy € R% *4 be the weight matrices of the target attention head we
wish to emulate in-context. Assume ||Wx X ||co, [|[WoX | oo, [Wv X |lco < Brgv With Bxgy > 0.
Then, for any € > 0, there exists a two-layer attention network — a multi-head attention layer Attn,,
followed by a single-head attention layer Attng — such that

|| Attng o Attn,, (X,) — Wy X Softmaxs (WrgX) TWoX) [le <€,

Emulator Target

where X, is the prompt defined in Definition 4.2.
Proof. We state our high-level proof sketch first.

Step 1: In-Context Weight Encoding. We define

K =Wg- X, Q =Wo- X, V =Wy  X.
~— —~— \ , ~~ ~—~ ~~
dp Xn dpxd dXn dpxn dpxd dxn dpXn dpxd dxXn
We aim to approximate the attention mechanism V' Softmaxs (K ' Q) using a two-layer transformer
Attng o Attn,,. Therefore, the transformer Attng o Attn,, must have in-context access to the

information about Wx, W and Wy . This is equivalent to exposing the transformer Attn, o Attn,,
to the target algorithm’s specification.

To that end, we augment the input sequence X with two auxiliary blocks:

1. The weight encoding W, of the target algorithm. W;, contains the vectorization of the
target weights Wx, W and Wy,

2. A positional encoding I,,. I,, exposes token indices.
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Concretely, following Definition 4.2, we form

X
N——
(d+6ddy+n)xn 6ddy, xn
and

W
w = WQ
Wy

3ddp x1

Step 2: Multi-Head Decomposition for In-Context Recovery of K, (), V. In this step, we use
the multi-head layer Attn,, to build approximators of K, (), and V' from the prompt X,,. We denote
these approximators by K’, Q’, and V", corresponding to K, ), and V.

Explicitly, we have

Attng, (Xp)
—~
K’ K
8] e
\% \%4
—— ——
3dp xn 3dp xXn

Intuitively, this works as: X, contains the raw input X and the weight encodings of Wi, Wq and
Wy . Then Attn,, “reads” X and the target weight parameters from X, within its attention heads to
form the desired approximation.

Step 3: Single-Head Assembly for Emulated Map. We use the single-head layer Attn, to perform
the attention computation. From K’, Q’, V', Attn, produces

V’Softmaxs((K’') " Q).

For reference, the target computation is V Softmaxg((K) " Q). This step aligns the output of Attn
with the target attention, using the approximated K’, @', V"’ as inputs.

Step 4: Error Bound. Finally, we bound the gap between the computed and target attention:

|V'Softmaxg(K') T Q") — VSoftmaxs((K) T Q)|lee < €0 + nBrover.
Our proof starts here.

Step 1: In-Context Weight Encoding. For clarity and simplicity, we define

ki = (Wg).; € RS, (D.31)
g = (Wg).: €RY, (D.32)
v; = (Wy ). € RY, (D.33)
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such that the vectorized weight matrices W ., EQ, W, in Definition 4.2 become

k1 q1 U1
ka q2 V2
Wg=|.|eR" Wo=|_ | eRI¥ W, =] |ecR",
ka, qdy, Vg,
and w becomes
F ey T
kq,
Wy q1
w= |Wol ="
EV qdy,
U1
LVdp |
W, remains as
. 1- 9. .. —1)-
Win 1= Oww ww ww ... (n w) w] € RO,

Then, for the input X, we append it with the target weights W, and the positional encoding I,, as in
Definition 4.2. We denote this result with X, and write it out as

X
X, = [Win] . (D.34)
I,

——
(d+6ddp+n)xn

Step 2: Multi-Head Decomposition for In-Context Recovery of K, (), V. In this part, we con-
struct approximators for K, ) and V' via Attn,,,. We construct the approximators by approximating
each row of K, @,V and then aggregating the results across rows. Each row in K, () and V' has the
form: k;' X, ¢ X, and v, X. To approximate these rows in K, Q, V', we apply Theorem D.1 to each
row separately. Namely, we allocate an H-head attention to each row of K, @Q and V to carry out
the row-wise approximations. Since K,Q,V € R *" each of K, Q, V uses H - dj, heads. We
interpret H as the number of heads per row dimension, since each K, ), and V has dj, rows. Finally,
we define a multi-head attention Attn,, as the union of these three groups of Hd}, heads. Therefore,
Attn,,, has 3Hdj, heads in total.

We label the 3Hd}, heads in Attn,, as:

Attnj%, J € [da], he {J+1,...,J+ H}; (Approximates K)
Attnfﬁ, J € [2dp] \ [dn], he {J+1,...,J+H}; (Approximates Q)
Attnj‘,/;b, J € [3dn] \ [2d1], he {J+1,...,J+ H}, (Approximates V)

where we define J := (j — 1)H to simplify our notation. Each Attn;ﬂ, Attn?ﬁ, and Attn;./ﬁ is

a single-head attention. Index j identifies the target row, and index 1 identifies the head allocated
to that row. Here j € [2dp] \ [di] denotes the set difference. That is, j € [2dy] \ [dn] means
jed{d,+1,...,2dp}.
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Thus, Attn,, consists of three groups of attention heads:

dp, J+H 2dp, J+H 3dp J+H
Attng, =Y ) Attnfz + ) ) AtthE + > > Attn;,/z,
s Js ’
J=1h=jg11 j=dn+1h=J+1 J=2dp+1h=j41
Approximates K Approximates @ Approximates V'

In the subsequent proof, we provide the constructions of Attnfﬁ, Attn?z, Attnyﬁ from Theo-
rem D.1. ' v ’

To apply Theorem D.1 to construct heads in Attn,,, let a and b denote the minimum and maximum
of the inner products k' 2, ¢, T, and v, ,,, over all i € [dy,] and m € [n]:

a < min{k; Zm, ¢ T, v T} and  max{k 2, ¢ zm, v Tm} < b

Next, we choose

_20b—qa)
H'* ((’I’L—Q)EQL

such that the interpolation error in Theorem D.1 is at most < for any €y > 0.

Third, Theorem D.1 requires a single map A : R4*"™ — R(3¢+7)x7 shared across all H heads. In our
construction, we realize this augmentation by prepending each head of Attn® in Theorem D.1 with a
head-specific linear map A; : R(@+0ddntn)xn _y R(3d+n)xn The map A; maps the input X, to the
desired dimension and picks out the target k;, g; or v; (this is equivalent to the w, in Theorem D.1.)
to let Attn” perform the desired linear transformation k; X, v, X or ¢; X. Here h still identifies
the single head assigned to a specific row. By Lemma D.3, Attn o Aj; remains an H-head attention.
Therefore, we use Attn’? o A;L to build the heads in Attn,,.

We construct A; as

Is Ogx3dd, Odx3dd, Odxn

A — Odxd E; Odx3dd, Odxn
h™" | Ogxa E; Kz B Ogxn |’

Onxd Onx3dd, Onx3dd, In

(3d+n) X (d+6ddp +n)

where

Iy 0

= [de(d[E/H]) dx(sddh—d[E/H]—d)]a

>

dx3ddy,
K; = [(h%H — 1)(n — 2) —1].

>

Here h%H denotes the remainder of dividing h by H. We define % such that instead of the common
(kH)%H =0,

kH%H = H, forall ke&NT.
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Applying A; to X, yields

[ 1a  Odx3ad, Odx3dd, Odxn e
A x — |Qaxa  Ep  Oaxsda,  Oaxn
h p- 0d><d E’E K’HEE Oan I

_On xd On x3ddp, On x 3ddp, In ~——
(d+6ddp+n)xn

(3d+n) x (d+6ddp+n)
r X
_ | [E5 Oaxsda,] - Wi
(B KGER] Wi |
(3d+n)xn

where [E; Odx3dd, | Win expands as

[E5 Odxsdd, | Wi

W, ‘| (By the definition of A; and /\',))

Ocw 1w 2w -+ (n—1)-w
dx6ddp
6ddy Xn
= E 00w 1w 2w -+ (n—1) - w+[0dx3da,] [w w w - w]
~—
dx3ddp, 3ddp xn 3ddp xn
=[0-EBw 1-FBw 2-Ew - (n—1)- EBpw],
dxn
and
My
kq,
a1
Eﬁw = [de(d[ﬁ/H]—d) Iy Od><(3ddh_(d|"ii/H"_d)_d):| (By the definition of £, and w)
dx3ddy, 4ay,
U1
LVdy, |
N——
3ddy x 1
Yt el 1§h§~Hdh
Ay HY—dy Hd, < h <2Hdy, (D.35)
U]'Tz/H'\—2dh’ 2Hd, < h < 3Hd,

The equality (D.35) holds since £ selects the [ﬁ /H-th block in w.

Similarly, [E; K5 E5] - Wiy, expands as

(B KGEp] Win

0w 1w 2w -+ (n—1)-w
=B, KB, o e .. w
dxGdd, 6ddy xXn
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= E 0w 1w 2w - n=1)w+EKEWw w w - w
~~ S——
dx3ddp, 3ddp Xn dx3ddp, 3ddy, xn
C ,
(By[A B M — AB +CD)
= [KEEE’LU (Kﬁ—‘rl)EEw (Kﬁ“rn—l)EEwL

dxn

Up to here, we are capable of selecting a target k;, g; or v;, and we start to build our heads in Attn,,.

When 1 < h < Hdy,, we compute Ay - X, as

X
- x, = |0 Fgm LR (= 1) kg a
(/1 R (/1
(3d+n)xn

This means every hin {J +1,...,J + H} with j € [d},] has the same Ar - Xp:

X
O'kj 1-]{/’]‘ (n—l)-kj
kj o ke k;
In
(8d+n)xn

For each j € [d], by Theorem D.1, there exists an H-head attention Attn : RBd+n)xn _y R3dnxn
such that the output satisfies

(3d4+n)xn
—
| At (A - X, )i — (k] ) ™) | < eo, (D.36)
~——

3dp x1 3dp x1
for every i € [n] and any ¢y > 0.
From (D.36), we have

(3d+n)xn

I
| Attny (A5 - X, ) — BT X oo < o,

3dp xXn 3dpXn
where
eggdh)ijX = [(k‘;xﬁe;gdh) (kiijz)ef’dh) (k;xn)e;‘gdh)} :
3dh Xn

We use Attn;-(s) to label the heads in Attn’, and we define AttnfE(Z ) to be

Attn;%(Z) = Attn;(h) (ATL AR (Z € R(@+6ddn+n)Xn gonotes any input>

where j € [dy)and h € {J +1,...,J + H}.
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By Lemma D.3, Attn®* (Z) is still an attention.
J:h
Thus

J+H
K . K
Attnf(Z) = ) Attn’(2),
h=J+1
is also an attention.

Thus, we have

| Attn® (X,) — ek X oo < eo.

3dp xn 3dp Xn
This means that
dh K
1Y Attnf (X,) = | Oyxn | lloo < €o- (D.37)
j:1 dpXn
3dp Xn 3dp xXn

Similarly for @, by (D.35), when Hdy, < h < 2Hd},, we have

Efw =45/ m -4,
—_——

dx1
and
X
O.q”—d 1- id . n_l id
A X, = i—dn QJ dn ( ) qj—dy, :
dj—dy qj—dy, qj—dy
n
(3d+n)xn

where j € [2dp] \ [dh]-
For each j € [2d,] \ [ds], by Theorem D.1, there exists an H-head attention Attn/ : RGd+mxn

R3dnXxn_ guch that

| Attn (45 - X,) — 2™ g4 X e < co,

3dp xXn 3dp Xn
for any ¢p > 0.

K~

Then we construct Atthﬁ in a way similar to Attnj :
Js )

AttnijF(Z) = Attn;-/(h)(A-]:b - 7)), (Z € R(HEddntm)Xn denotes any input)

where j € [2d,] \ [dn] and h € {J +1,...,J + H}.

By Lemma D.3, AttanE(Z ) is an attention.
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Thus

J+H

Attn?(Z) =

Attn?_(2),
7,h

h=J+1

is also an attention.

Thus, we have

3d
| Attn? (X,) — el*™ gl X [loo < €o.

J

3dpXn

This means that

2dh

I > At (X,) -

j=dn+1

3dp Xn

3(ih Xn

Odth
Q Hoo S €0-

dpXn

3dp xXn

(D.38)

For V, with analogous construction to that of K and @), there exists an H-head attention Attn}/ :

RBd+n)xn _y R3dnxn guch that

I AttnY (X,) — eP™o] by X |l < o,

J

3dpXn

for each j € [3d,] \ [2d] and any €y > 0.

This means that

3dp

Y At} (X,) -

Jj=2dp+1

3dh Xn

Combining (D.37), (D.38) and (D.39), we have

K
[ Attn,, (Xp) — lQ] [loo
1%

3dh Xn

Odth
Odhxn ||oo < €0-
v
———
3dh,><n

3dp,

dp Xn j=2dp+1

dn K 2d), 04y, xn
= ZAtthK(Xp) - [Odhxn + Z Attn?(Xp) - [ Q
j=1 dp Xn j=dp+1
<€
We define
K/
Q| = Attn,, (X,).
V/
~——
3dh><7l
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Odh Xn
Odh xn
\%4

(D.40)
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Thus, (D.40) becomes

K’ K
I [Q’] - lQ] lloo < €0, (D.41)
% 1%
——

3dpxn  3dpxXn

Step 3: Single-Head Assembly for Emulated Map. Our goal in this part is to reconstruct the
attention mechanism

V’Softmaxs((K')"Q'), and VSoftmaxs((K)'Q),

from K’,Q', V' and K, Q,V via Attn,.

In order to achieve this, we construct Attn, to be

AttnS(Z) = [Odh><2dh Idh] Z - SOftmaX/j(([Idh Odh><2dh] Z)T [Odhxdh 1q, Odhxdh] Z),
~——

=Wy s =Wk, s =Wq,s

where Z € R34 %" denotes any input.

Thus, we have

dpXn
K
Attng( |Q|) = _V Softmaxs((K)'Q), (D.42)
v —~— NS
dpXn nxn
3(1}, Xn
and
dp Xn
KI
Attng(|Q'|) = V' Softmaxs((K')TQ"). (D.43)
V/ dp Xn
nxn
3dp xXn

Step 4: Error Bound. From (D.42) and (D.43), we have

K’ K
Attng (| Q' ]) — Attng (| Q|)
Vv’ Vv
= V' -Softmaxg(K'TQ') — V -Softmaxs(K'Q) (By (D.43) and (D.42))
dh Xn nxn dth nxn
= V’'Softmaxg(K'T Q') — VSoftmaxs(K'" Q') + VSoftmaxs(K'T Q') — VSoftmaxs(K ' Q)
= (V' = V)Softmaxs(K'T Q") + V(Softmaxs(K'" Q') — Softmaxs(K ' Q)), (D.44)

and the last equality follows from the distributivity of matrix multiplication.
Then, (D.44) yields

K/

[[Attng (| Q'
V/

K
)Attns([Q])oo
1%

= [|(V' — V)Softmaxs (K’ Q") + V(Softmaxs (KT Q') — Softmaxs(K ' Q)|
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< |[(V' = V)Softmaxs(K'TQ")|| e + ||V (Softmaxs (K’ T Q") — Softmaxs(K ' Q))|ls, (D.45)

=(I) =(I1)

and the last inequality follows from the triangle inequality.
For term (I) in (D.45), since each column in Softmaxs(K'T Q') sums up to 1, then
(V' = V) Softmaxs(K'" Q). ;,

———
dpXn nx1

is a weighted sum of the columns in (V' — V).

Thus we have
(V! — V)Softmaxs(K'" Q). jllec <V = Ve < €0,

and the first inequality holds since the column average of (V/ — V') has a maximum entry no greater
than the maximum entry among the original columns in (V' — V). The second inequality holds since
(D.A41).

Then we get
(I) < €. (D.46)
Term (1) in (D.45) is
(IT) = ||V (Softmaxs (K" Q') — Softmaxs(K ' Q))]|cc-
For simplicity of presentation, we define

AS := Softmaxs(K'" Q') — Softmaxs (K ' Q),

such that for each entry in (/7), we have

n
‘(VAS)U‘ =| Z V}k(AS)kﬂ (By the definition of matrix multiplication)
k=1
n
< Z [Vik| - |(AS) ;] (By triangle inequality and |ab| = |a| - |b| for all a, b € R)
k=1
n
<) Voo - 1AS]oo (By [Vik| < [[V]|oo and |(AS) ] < [AS]w0)
k=1
=n[[Vlieo - [AS]oc,

and this leads to

(1) < [V - A8 (D.47)
For each entry in AS, we have
[(AS)i ;] (D.48)
= |(Softmaxs (K’ Q') — Softmaxs(K ' Q)), |
‘ eﬁKg'Q} eBKi-Q; | ( )
= —r — =7 - K!, Q% K;, Q; denote the i-th column in K', Q’, K, Q
Z:ﬁ:l eBKi’.Qj Zi’:l eﬁKi"Q]
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‘ eﬁK§~Q} eBKi-Q; eBKi-Q; eBKi-Q; |
= 7.0 7.0 + .0 Qs
DN A B DN e B D C D DY
BK[-Q) _ ,BKi-Q; 1 1
e i—e
< —— | + |PK Qi —r — By triangle inequality
‘ 22:1 ePKiQ; ‘ | (2221 ePKi@; ZZ:I G )| ( )
BK;-Q". BK;:-Q; n BK,-Q;
=& 1 PEQKQ) y © ’ D=1 € S 1|
i1 e D iy €@ D=1 ePKiQ;

(By non-negativity of exponential )
o N ePEQ;
< ‘176ﬁ(Ki.ijKi»Qj)|+|17 Zzlzle J

—(I1-1) ey
=(11-2)
and the last inequality holds since
eﬂKi'Q; eBKi-Qj
S PR <1, S ePEiQ; <L
Z,: =

To bound term (/7-1) in (D.49), we recall

K’ K
|| [QI] - lQ] ||oo S €0,
\% \%4

N——
3dp xXn 3dpXn

SO

”Kl _KHOO < €o,
dpXn
<60.

1@ - Rl <
——

dp Xn
Let K/, Q}, K;, Q; denote the i-th column in K’, Q’, K, Q, then we have

AK;, = K, - K;, |AK|s < eo,
N~ ——

dpx1 dpx1
AQ; = Q; —Qi,  [|[AQillw < o
dh,Xl dh><1

Thus, for term (I7-1) in (D.49), we have
(I1-1)

=1 —exp{B(Ki-Q; — K; - Q})}|

=1 —exp{B(K; - Q; — (Ki + AK;) - (Q; + AQ;))}|
(By K=K, +AK;and Q; = Q; + A(),)

=1 —exp{—B(K; - AQ; + Q; - AK; + AK; - AQj) }H,
(By K - Q; — (Ki + AK:) - (Qi + AQ) = —(Ki - AQ; + Q; - AK; + AK; - AQ;))

and we know

Ki-AQ; + Q; - AK; + AK; - AQ;
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<dp - ||Kz||ooHAQj||oo +dp - ||QJ||00||AKZHOO +dp - ”AKlHOOHAQj”oo
(By a-b < dn|lal|os||b]|s forall a, b € R?")

< 2dpBroveo + dnep. (By [|Killoo, [|Qjlloc < Brov and [[AK oo, [|[AQ; oo < €0)
Thus, we have

(IT-1) < |1 — e P (2Broveote)| (D.50)

For term (I7-2) in (D.49), we have

(I1-2)
=1- %| (By the definition of (11-2))
Zi/:l e )
=11- ZZ:l P Qs | (By K, = Ky + AKy and Q; = Q; + AQ;)
- S B TAK ) (@ +AQ)) A S o

ir=1¢
n BK,;1-Q;
Zi’:l € ’ I
Zn; 1 eBKirQj+ K AQ;+Q; AKy +AK;1-AQj) V
i'=

and for all 7’ in the denominator, we have

Ky Q;+ Ky - AQ; + Q; - AKy + AK, - AQ;

S Ki - Qi +dp - [|[ K[| o[ AQj oo + dn - [|Q5llco[[AKG oo + di - [[AK [|oo[| AQj [loo
(By a- b < dn||al|o]|b]|cc for all a, b € R")

S Ki’ . Q] + thBKQVEO —|— thg. (B_\’ “[\'71/“X. H(gf HX S BKQ" and HA['\"]/Hx, HA(JIHX < ('1))

Thus,

(I1-2)

n BK;1-Q;
Ei’:] € |
> B(K;Qj+KyAQj+Q - AKy +AK;-AQj)

i'=1€
23:1 eBKi-Qj

<|1-
- | 23:1 eB(K1-Q;j+2dn Bkqv eo+dned) |
n o BKLQ |
=|1- D1 € | (p‘”'l(-’B’“J\"““f') is independent of ¢)
ePdn(2Brqveoted) S0 eBKiQ; A
2
= |1 — e Pdn(2Brgvente)| (D.51)

and the last equality holds since the common factor >, _; ePKi-Qj cancels out.

Combining (D.49), (D.50), and (D.51), we have

|(Softmax(K'T Q") — Softmaxs(K Q)|
< 2‘1 . e—ﬂd;L(QBKQV€o+€g)|

< 2‘1 - e_ﬂd}L(QBKQVEO+€O)|' (By requiring 0 < ¢p < 'l)

Thus for any 0 < €; < 2, when ¢ satisfies

“hn(1 - §)

0 < e <min{l,
0= { Bdn(2Brgv + 1)

b
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we have
|(Softmaxg (K’ Q') — Softmaxs(K 'Q)); ;| < e1. (D.52)
From (D.47) and (D.52), we have
(IT) < n||V]|eo||AS]|ec < nBrgver, (D.53)

since ||V ||oo < Brgv and ||AS||s < €1.

Combining (D.45) with (D.46) and (D.53) yields

K’ K
|Attng (| Q" |) — Attng(| Q| )||c < €0 +nBrgver.
4 v

When we take ¢y and €; to be infinitely small, the right-hand side tends to 0.
This completes the proof. O

D.6 PROOF OF THEOREM 4.2

Theorem D.6 (Theorem 4.2 Restate). Let X € R%*™ be the input sequence, and let
Wi, Wo, Wy € R"™ % be the weight matrices of the target attention. Assume B =
maxc{[| X oo, [Witlloo: [Walloo: [ W lloc} and [Wi X oo, [ WX loo, IWy X[low < By for
Brgv > 0. Then, for any € > 0, there exists a single-head attention layer Attn, followed by a
multi-head attention layer with linear projections such that

3n VIAi(T

[|Attng o ( g Attn; o Linear; ( WI% )) — Wy X Softmaxs (Wg X)  WoX) [|e < e
: NS e
Jj=1 M{% nxn nxn

Proof. Follow our proof sketch in Appendix A.2, our proof consists of four conceptual steps.

Step 1: Encoding Weights into the Input. For clarity and simplicity, we define
ki:::(vbﬂg)hi E1Rd,
g =(Wg).: €RY,
v = (W\—/r)z € R?,

such that Wy, W, Wy writes out as

Wih =k ke - ki, W(—gr:[QI G qnl, WY =l v oo vyl

dxn dxn dxn

Then, we express the input as

XT .’I/‘l .’1’;2 PR l‘n
Wy ki ko --- Kk,
= Y D. 4
Wé qg1 42 - dn (D-54)
4% vp V2 ot Up
4dxn

where x;, k;, ¢; and v; are all d dimensional vectors for ¢ € [n].
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Step 2: Multi-Head Approximation of /K, (), V. For the simplicity of presentation, we define

K=Wg X, Q=Wo X, V=W, X .
NG ~ ~—
nxd dxn nxd 4xXn nxd dxn

Writing Wy, Wq, and Wy, row-wise as

T T T
o oy o
Ky qs Vg
Wrg=|.1|, Wo=|.|, Wy=| .|,
T T T
k, In Un,
—— —— ——
nxd nxd nxd
and X =[z1 -+ x,], weexpress K, @, and V entry-wise as
kizy kizg - kjm,
koxy kgxg - kg,
K= ,
kley klag -0 Kz,
rT T T
Q1T331 Q1T$2 ce Q1T53n
2 T1 G2 T2 -+ 43 Tn
Q= s
T T T
_Qn'rl Qn'r2 qn l’n
_vlTxl vl e o v Ty
v;ml v;xg e v;mn
V =
_v;ml vgxg cee v;xn

Here &, , g;', and v, identify the i-th row of K, Q and V, while x; identifies the j-th column.
In this section, our goal is to approximate K, (), and V. Our strategy is to approximate K, (), and V'
row by row, and within each row, entry by entry. More precisely, for each i € [n], we approximate

ki X, ¢ X, X,

K2

by approximating the scalar products
klz;, ¢ x;, vlx;, forallj € [n],

and then collecting these approximations to form approximations of the full matrices K, @), and V.

To approximate each scalar k,” zj, q; z;, and v, x;, we first determine their joint range over all
1,7 € [n]. Within this joint range, we construct a set of uniform-space grid points. Then, we
approximate each target entry k, Zj, q x;, or v x; by an entry-specific weighted sum of these grid
points, where grid points closer to the target entry value receive larger weights. In this way, we
represent every entry by its own set of interpolation weights, while all approximations share the same
global grid.

We introduce our notation for the uniform grid points used in our interpolation scheme.

Interpolations. We recall

B = max([[X|loo, Wk l[oo: [Welloo: [Wrllo)-
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Thus, for all 4, j € [n],
—d-B*<klwj,q ;0] x; <d B (D.55)

Namely, [-dB?, dB?] contains all entries of K, (), and V.

Then, we take Lg := —dB? and Lp = dB? as the two endpoints of our interpolation and define for
ie {0}u[P]

iLp+ (P —1i)Lo

Li = P 3

(D.56)

where P is the number of interpolation steps (the number of equal divisions of [Lg, Lp]). The points
{L;}£ , form our uniform grid over the target range.

We use AL to denote the length of the interval between two neighboring grid points. We have

Lp—1Ly 2dB2
fr— pr— . D.57
P D ( )

AL :

Now we have all the ingredients needed to approximate each entry using a weighted sum. However,
the input,

XT :L'l x2 ... .’I/‘n
Wil _ |k ke - Ky
Wé G Q2 qn|’
Wi viov2 e v

4dxn

contains information from all rows in the target K, (), and V, but does not contain the grid points.
We need a mechanism to select a specific k;, g;, or v; (corresponding to one row of K, @, or V) and
to include the grid points for us.

To address this, we introduce row-specific linear transformations Linear;, where j € [3n], since we
have n rows for each of K, @), and V. Each Linear; serves two purposes: it incorporates the input
and the uniform grid points, and selects the k;, g;, or v; associated with index ¢ (corresponding to one
row of K, Q, or V).

For the clarity of presentation, we relabel these 37 linear transformations according to whether they
are responsible for K, Q, or V

Lineaij = Linear;, j € [n], (Responsible for K)
Linear? = Linear,y;, Jj€ [n], (Responsible for Q)
Linear}/ = Linears,yj, J € [n]. (D.58)

Later in the proof, we specify the explicit form of these Linear;.

So far, Linear; allows us to combine the input with the uniform grid points and to select the desired
ki, qi, or v;. The next step is to implement the entry-specific weighted sums to approximate the
entries of K, Q, and V.

For this, we use a row-specific single-head attention: for each i € [n], we assign one head to
approximate k; X using the weighted sum, one head to approximate g, X in the same manner, and
one head to approximate v;” X in the same manner. Each such head operates token-wise: given its
designated row i, the head approximates all scalars k;' z;, ¢;' z;, or v;) z; across j € [n].
Since each of K, @), and V has n rows and we use a single-head for each row, we use a total of 3n
heads to approximate K, ), and V. We use Attn; to label these 3n heads and j € [3n).
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Again, for the clarity of presentation, we provide another equivalent way, as Attn;, to label these 3n
heads

Attnf = Attn;, j € [n],

Attn;?2 = Attn,y;, Jj€[n],

Attn} = Attn,.j, J € [n]. (D.59)
Later in our proof, we provide the construction of these Attn; explicitly.

Now we are ready to approximate each of K, (), and V. We approximate K first to demonstrate our
procedure and deal with @ and V' in a similar manner later.

In-Context Calculation of K. First, we define the linear transformation Linearf : Ridxn _y
R(2d+3)x(P+1) gitached before AtthK as:

[Odxd Odxd Ogx2d]

Lineaij(Z) = |Ogxa Iq  Ogxoal| Z |:2Loe§-n) 2L1€§-”) 2Lpe§n)j|+
103xa  O3xa  O3x2d] 4dxn
nx(P+1)
(2d+3) x 4d
(Z € R***™ denotes any input)
[ Ia Odxd Ogx2d] O2dx (P+1)
Odxd Odxd Odx2d| Z_ [In Onx(py1-n)| + My )
<~
103xd  O3sxa  Osx2d] 4dxn My,
nx(P+1) N .
(2d+3) x 4d (2d+3)x (P+1)
where My, My, are
M = [lixn O1x(P1-n)], (D.60)
1x(P+1)
[Ly Ly - Lp
My=| P Tl T (D.61)
2x(P+1)

The Lineaij layer takes the input [X T Wk Wo WV] " and outputs in the following way:

v
_xl o - xn_
Odxd Odxd Oax2qa by ky oo K ) ) )
= |Oaxa Iz Odax2a 0 G g {2Loej 2Lye;” .- 2Lpe; }Jr
O3xd  O3xa  O3x24 v vy e o
L n nx(P+1
(2d+3) x4d — XD
Ig Odxa Odx2d ;gi ij in O2dx (P+1)
Odaxd Odxa Odx2d n @ q" I Onx(Pyi—n)] + M, (By (D.54))
O3xa  Osxa Osx2d Lo " My,
L U1 V2 . Un n><(P+1) N
(2d+3)x 4d rem (2d+3)x (P+1)
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+

(By selecting k; with e; ) )

(D.60) and (D.61 ))

(D.62)

_del Ocl><1 del-
= |k k ko | [2Loe™ 2Lyl 2Lpel] +
[03x1  O3x1 03%1.
nXx(P+1)
(2d+3)xn
[ x1 To Ty ] O2ax (P+1)
Oax1 Odx1 Oax1| [In Onx(pi1-n)| + My
[03x1  O3x1 03%1] < (PD) My
(2d+3)xn (2d+3)x (P+1)
(By selecting k; and x; with I forall i € [/[)
Oax1 Oax1 Ogx1 x1 T2 Tn  Ogx1 Ogx1
= |2Lok; 2L1k; 2Lpk;| + |O0gx1  Ogx1 Ogx1 Ogxi Ogx1
03x1 O3x1 03x1 03x1  O3x1 03x1 O3x1 03x1
(2d+3)x (P+1) (2d+3)x (P+1)
02ax1  O2dx1 02dx1 O2ax1 -+ O2qx1
1 1 1 0 0
LO Ll Lnfl Ln LP
R R
(2d+3)x (P+1)
(By the definition of My and M7y, ; i.e.,
1 T2 Tn 0q 0q
2Lok; 2Lik; 9 Lprk; 2Lnk; 2Lpk;
= 1 1 1 0 e 0
LO Ll Ln 1 Ln e LP
e I N T
(2d+3) % (P+1)

Next, we construct Attn§<

Attan(D

o Kijry . K:j p\ Ty K .
)= W5 7D Softmaxfg((Wf{ D) W@ D)

——
3nx (P+1)

. R(2d+3)><(P+1) - R37X7 (5 be

(P4+1)x(P+1)

where D € R(24+3)x(P+1) denotes any input, and

K:j
W= =
R

Kij .
W@ =

Ji'j
|/[/ ==
v

K;ij
WZEH =

|

I

Odxa  Ia  Ogxi Ogx1  Ogxi
Oi1xd  O1xd 0 0 1
(d+1) % (2d+3)

Is Ogxa Ogxi Ogxi  Ogxi
01><d 01><d 1 0 0
(d+1)X (2d+3)

e [O1x@arny 1 0],
~—~—

3nx1 1x(2d+3)
O(PJrl n)><n:|

(P+1
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K;j
19)
——

)

(P4+1)xn

(D.63)

(D.64)

(D.65)

(D.66)



Published as a conference paper at ICLR 2026

We define the K JK of Attan to be:

X
~ o %7480
K = Wg’] 'Llnear]K( Wg )
Wy
T ) Ty Od
2Lok; 201k, 2L, 1k; 2Lpk;
_ |:Od><d Is Oax1 Oaxa del]_ 17 o1 T 0
01><d O1><d 0 0 1 LO Ll Lnfl LP
(d+1)x (2d+3) -Lj -Li —-L7 ~-L}
(2d+3)x (P+1)
(By (D.63) and (D.62))
2Lok; 2L1k; 2L, 1k; 2ka]]
- , D.67
i L3, L} el
(d+1)x (P+1)

and the last equality holds since I selects the 2L;k; row, and 1 selects the fo row where 7 €

{0} U [P].

We define the @f of Attn’ to be:

X
~ y ) wr
QF = WC{;J - Linear] ( Wg: )
Wy
I xTo Tn Od
2Lok; 2Lq1k; 2L, _1k; 2L pk;
_ { Iq Odxd Oaxi Oaxi del}_ H e 5
O1xd O1xa 1 0 0 Lo L L1 Lp
(d+1)x (2d+3) —-L —L% o —-L%
(2d+3) x (P+1)
(By (D.64) and (D.62))
T1 T ZTn, Ogx(P+1-n)
= D.68
[1 1 1 Oux(piion)’ (D.68)
(d+1)x (P+1)
and the last equality holds since I selects the x; row where ¢ € [n], and 1 selects the 1 row.
We define the ‘A/jK of Attan to be:
X
K Kij 1 K, | Wi
Vit =W 7 - Linear;' ( Wé )
Wy
T T2 T 0qg 04
X 2Lok; 2L1k; 2L, _1k; 2Lyk; 2Lpk;
= ¥ [01xarny 1 0| 1 1 1 0 0
?"{ 1% (2d+3) LO Ll Ln—l Ln LP
n X X
—L§ -L% -Ly ., L ~L%
(2d+3)x (P+1)
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:e;Sn)[LO Ly -+ L,y L, - Lp, (D.69)
3nx1 1x(P+1)

and the last equality holds since the 1 selects the L, row where i € {0} U [P].

Combining the results of IA(]K and QX , we calculate the Softmaxlg((f(f()T@f) in Attn}* as

Softmaxs((K ) TQK)

T
2Lok; 2L1k; -+ 2L, _1k; --- 2ka} |:$1 To -+ Tp Ogx(pii—
— Softmax 3 J 3 J n X (P+1-n)
a( —L} - ... L2 .. _LfD I 1 -+ 1 Oix(pti-n)
(P+1)x(d+1) R (@)X (P+1)
(By the definition of K_f‘ and Qi"; i.e. (D.67) and (D.68))
_QLOkZTr —L§
2041k ; —L .. ~
= Softmaxg( ! ) ' mll :512 «Tln deéi+1_";] ) (By the transpose of K *)
: : e Ix(P+1—n ’
2Lpk] —L% (d+1)x (P+1)
(P+1)x(d+1)
[2Lok] 21 — L§  2Lok]xo — L% -+ 2Lok @ — L Ogx(pii1-n)
Softma ( 2L1kj T, — L% 2L1kj Ty — L% ce 2L1k'j Tn — L% Od><(P+17n)
= Xg . . . .
_2kaj—»r(£1 — L%} QLPkJTIL'Q - L% cee 2kaj—riL’n - L% 0d><(P+1—n)
(P+1)x(P+1)
(By matrix multiplication)
[—(k] 21 — Lo)? + (k] z1)* -+ —(k] 2 — Lo)* + (k] 20)?  Oax(Pi1-n)
Soft ( _<kj Ty — Ll)2 + (kj 551)2 _(kj Tn — L1)2 + (kj 9Cn)2 OdX(PJrlfn)
= Softmaxg ) . .
_—(k:ijl — Lp)2 + (k;xl)Q e —(k‘jTl‘n — Lp)2 + (k]Txn)Z Odx(P+1-n)
(P+1)x(P+1)
(274,1«} T — ff =—(kj om — Li)? + (].'_lv‘ Tom ,)2 where i € {0} U [P]and m € [n])
_—(k‘jTTUCl - Lo)z v —(kf @, — Lo)z Odx (P+1-n)
—(kjz1—L1)* - —(kjzn—L1)* Ogx(Py1-n)
= Softmaxg( . ) ) ), (D.70)
|—(k]xy —Lp)? -+ —(k/xn—Lp)* Ogx(pii-n)
(P+1)x(P+1)

and the last line holds since the following property of Softmaxg
Softmaxg(v) = Softmaxg(v + C - 1(p11)x1),

for any vector v € RP*! and C € R.
From (D.70), we have

SoftmaXﬂ((I?jK)T@jK) . Wg;j

65



Published as a conference paper at ICLR 2026

-—(k‘j:wl - Lo)z e —(]fiTrxn - Lo)z Odx (P—n+1)
_ Softmass( —(kj x1—L1)? - —( j Tn — L1)? Ogx(P=nt1) ) [ I, ]
: : : O(P+1-n)xn
(k[ 21— Lp)2 - —(kJ2n = Lp)® Ous(poniny]  (Pibnm
(P+1)x (P+1)
-—(kzr—rxl —Lo)? - —(k]z, — Lo)?
—(kjz1 —L1)? - —(kjwn — L1)?
= Softmaxg( . i ), (D.71)
_—(ijxl —Lp)? - —(k;xn — Lp)?
(P+1)xn

where the last line follows from the column-wise nature of the Softmaxs() function.

From (D.71), we have

T 2
efﬂ(Lr*k]‘ zc)

(Softmaxs (KF)TQK) - WAV), . =

s=0

forevery r € {0} U [P] and ¢ € [n].

Thus, for each column in (D.71), we have

T 2
P e B(Lr—k] wc)

EP e_ﬁ(Ls_kJTIc)2 ’

eEFD (D.72)

(Softman((I?]K)T@f) . Wg;j):,c = Z
r=0

ZP —B(Ls—k]w)2 THL
s:Oe

(P+1)x1

Combining ‘7jK and (Softmaxﬁg((f(f()T@jK) : g;j):,c, we obtain

‘7]}{ . (Softmaxlg((f?f{)T@jK) K;j)ac

o
P _5(LT_kTrC)2
— B € ! (P+1)
=™ Ly Ly -+ Lnoy Ln - Lp]y. S AT ert
3nx1 1x(P+1) =0 £2s=0
(P+1)x1
(By (D.69) and (D.72))
—B(Lr—k] @c)?
— B30 € ! (P+1)
=Y P L.kl z,)? Lo In - Lna In Lel et
3nx1 1x(P+1) (P+1)x1
(By the distributivity of matrix multiplication)
P —B(Ly—k]zc)?
3 e J — i i
= e; n) Z P AL ke L, ((‘ii] Y selects L, for every r € {0} U [P])
S D0 2s—0 € S
3nx1
scalar
P —B(Lr—k] x.)?
€ ’ (3n)
= Z L.e: (D.73)
P —B(Le—klz)2 " "5
r=0 Zs:(] € Al i )

for every ¢ € [n].

Hence,

V- (Softmaxs (K[) T Q) - WEY). .,
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is a weighted average of the vectors L,eggn)

L, and k} ..

, with weights depending on 3 and the distance between

We recall: ‘A/jK - (Softmaxg (K K )T@f ) Wg 7). gives the c-th column of AttnS. Therefore,

each column of AtthK stores a weighted sum as an approximator for each entry in ijX .

We show that (D.73) is close to k' z:

||‘7K . (Softmaxﬁ((I?K)TQ\f) . Wg;j):7c — ijxC . 65_37;)”00

e Pk ee @n) _ T _(3n)
”Z R i Teef” lloo ( )
scalar
scalar
Ll e_ﬁ(Lr—k;rmc)Q

= ||(Z =k ) ef‘”)\loo

P 7B(Lsfkac)2
r=0 Zs 06 ’

o B(Lr—k] zc) - L
=| E T )2 —kj x| (We have one non-zero entry in (’i"” )
_ "kl a, ‘
P e—B(Lr—k;wc)z P Bk o)
= ‘Z P B(Lo—k | 20)2 L, — =5 B(L.—k] xc)? kJTxcl
- s—TR,;, T - sTKR; Te
r=0 2.s=0¢ ie 23:0 e B
—B(Ly—k] )2y P J(La—k] )%y _
(By (Crpe 15 (Xm0 € ) =1)
kTmC)2
_ E T
- ‘ 7ﬂ(L 7sz BE (Lrikj $C)|

e B(Lr—k] zc)? - e B(Lr—kwc)? .

= Z TP Bk o) (Lr = kj ze) + Z P Bl w0 (Ly — kj )|
r:|LT—k;rc\<AL s=0 r:|Lr—k;r:vc\2AL s=0
(By dividing the L, into two groups: one within AL away from /\:;,1‘,, one at least AL away from /ﬂ,‘j.’lf(r)

e B(Lr—k] wc)? . e B(Lr—k] wc)? .
< E L, —k; x.)|+ E L,—Fk;x
= ‘ Z e ﬂ( —kTx )2( T 7 C)‘ | ZP e_ﬁ(Ls_k?JTlEc)Q( T 7 C)l

r:|LT7k:_;ra:c\<AL s=0 r:|LT7k_;rrc\ZAL 5=0
(By triangle inequality)

e B(Lr—k]we)? - e B(Lr—k] zc)? .
< E — k! E — k!

— ZP e*B(Ls*ijIc)z |L’r‘ k] $C| + ZP *B(L 7sz )2 |LT‘ kj xclv
T:|erk;xc|<AL s=0 ) r:\erk;rxJZAL s=0¢

=(I) =(I1)
(D.74)

and the last inequality holds due to the triangle inequality and the non-negativity of the exponential
function.
For term (I) in (D.74), we have

(1)

e B(Lr—k]xc)?

M

ALk ) |L, — ijxc| (By the definition of term (I) in (D.74))
r:| Ly — a:c\<AL Zs 0€ e

efﬁ(L,,fija:cf
<

] -

o o fL. I, L T - I
P ( . k‘JT )2 AL (ln this group of L, ‘ 7 j T ¢ ‘ < A ,)
7:|L-,-7k?. .’1(.‘<A1/ ZS*O

<AL, (D.75)
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and the last inequality holds since
—-B LT_kac 2
Zr:|L7-*k;rzc|<ALe ( 7 )

P —B(Ls—k] x.)?
23:06 s

<1 (The numerator is part of the denominator)

For term (I7) in (D.74), we have

(1)
e*ﬂ(erijch

= Z ZP . o B(Lo—k]z)?
5=

r:|erk;rzc\2AL

|L, — k;rxc| (By the definition of term (I7) in (D.74))

e BLr—kj zc)?

< 2d B>
- Z ZP e*B(Lsfk;ra:C)z
r:|LT—k;zC\ZAL s=0
(By (D.55) and (D.56), we have |L, — k; .| < 2dB?)
—BAL?
e
< 2dB?
= Z ZP o~ B(Li—k]zc)?
r:|Lr7k]TzC\ZAL 5=0
(By |L, — kj x| > AL, we have e i —Fi = ¥ <e ‘“Lz)
—BAL?
e
< 2dB?
B Z max {e*B(LS*k;%)Q}
r:|LT7k;—zC\ZAL S
(We only keep the contribution from the nearest L to k",T.’zf(.)
—BAL?
e
< Z —ar 2dB?, (D.76)
4

ri|Lp—k] zc|>AL ©

and the last inequality holds since, by our construction of L, in (D.56), the distance from ij T to
the nearest L is at most %. That is,

AL
|Ls, — k;rzc| < - for sg= arginin |Ls — k;rxc|
From (D.76), we have
S e 198 gp? < pemi0AL 9432, (D.77)

|Lr—k] wc|>AL

and the last inequality holds since, by our construction of L, in (D.56), at most P points satisfy
|L, — ijxC| > AL. This P-point scenario occurs when the value of k:ijC equals one of the L, grid
points.

Combining (D.74), (D.75), and (D.77), we have:

K SK\NT AK K;j T (3n) —38AL? 2
IV;* - (Softmaxs ((K;") Q5 ) W5¥)e —kj ae- e |loo < AL+ Pe”3 2dB2 .
=(a) :==(b)
(D.78)

For term (a) in (D.78), we recall

2dB?
AL = P (By the definition of AL. i.e., (D.57))
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To bound AL, we choose

for any €; > 0, such that

For term (b) in (D.78), we set

2
52% 1 hl(4dB P>’

€1

such that

€1

Pe—iBAL 9qB2 < 5

Thus, from (D.78), we have

IV - (Softmaxs (KF)TQE) - WE?). o — k] we el |0 < AL+ Pe™ 17212452
——

J
~

scalar  3nx1

€1 €1
<=4 =
-2 2
= €1,

and this leads to

IV - Softmaxs(KE)TQE) - WET — ¥ kT X | < .
N N~

3nxl 1xn

‘We recall

V- Softmaxs((K/)Qf) - W&

(D.79)

(By the definition of 1?‘/1‘, (E‘f". and \VA""/")

. T . T .
= WX Linear( WI—?— ) - Softmaxs (WX Linear® WI—?— N T WEI Linear’(
v J WQ'r K J Wer Q J
Wy Wy
X
-
= Attnf o LinearJK( Wg ).
Wy

Thus, we write (D.79) as

X
Wi n
At o Linear] (| 15 |) = ™ - k] X [l <1,
——

69
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and we sum over the index j to obtain the approximation across rows

X K
n T
I ZAttnf o Linearf( %Kr ) — [Onxnl loo < €1, (D.80)
j=1 nxn
j i x

for any €; > 0.

In-Context Calculation of () and V. We approximate ) and V' using the same procedure as that
of K.

We start with Q).
Again, we define Linear?2 preceding Attn® first. We construct Linear? similarly to Linear]K . The

only difference is the position of the identity I in the first term. Explicitly,

[Odxd Odxd Odaxd Odxd

Linear?(z) = |0axa Oixa Iq Oaxa| _Z [2Loe§") 2L16§") 2LP6§H):| +
103xd  O3xd Osxa Osxdl 4dxn
nx(P+1)
(2d+3)x4d
[ Iq  Odaxd Odx2d O2ax (P+1)
Oaxd Odaxd Oax2da| Z [In Onx(Pi-n)| + My
103xd  03xd  03x24] 4a%n My,
nXx(P+1) ———
(2d+3)x4d (2d+3)x (P+1)
Linear? takes (X' Wx Wo Wy] T as input and outputs:
¥ o Ty - T, 04 - 0y
o \wr 2Loq; 2Liq; -+ 2L,_1q; 2L,q; --- 2Lpg;
Linear * Wf-f— )= 1 1 1 0 0
Q Lo L - Lp. L, - Lp
Wy -z - ... -2, -12 ... -I?

Next, we construct Attn? : R2A+3)X(PH1) _y R3nX71 (4 he

Attnf (D) = WD - Softmaxs(WZYD)'WED)- W7,
~—— S~—~—
3nx(P+1) (P4+1)x (P+1) (P+1)xn

where D € R(24+3)x(P+1) denotes any input, and

Qi _ yyKid _ |Odxd Iy O0dx1 Oax1  Oaxi
e ="k —[OM Oa 0 0 1|

(d+1)x (2d+3)

Qi — wiKd _ | da Oaxda Oax1 Ogxi  Ogxi
W@ ‘_W@ _|:01><d 01xa 1 0 0 |’

(d+1)x(2d+3)
W = ¥ [01xa O1xa 0 1 0],
~—~—~

3nx1 1% (2d+3)

70



Published as a conference paper at ICLR 2026

Qi _ yirKsi I,
T

O(PJrlfn)Xn
| —
(P+1)xn
We define the ]A(]Q of Attn?2 to be
X
-
5Q @i 1o Q| Wk |y _ |2Log; 2Lig; -+ 2Ln_1q; - 2Lpg,
K7 =Wz - Linear  ( Wé ) = {L% >R Fh e - (D.81)
Wy (d+1)x (P+1)
We define the QJQ of Attn§2 to be
X
T
NQ @I T QI Wriy_ [r1 22 - @n Oax(pyi-—n)
Q7 =Wg Linear ( W; ) = [1 Lo 1T Ouprim ]| (D.82)
Wy (d+1)x (P+1)
We define the ‘A/JQ of Attn;2 to be
X
P2 W Linear®(|VE ) = @ 1, L Lo L L D.83
=W mearj(W-r )_en+j[0 1 e 1 e Pl (D.83)
ol et
WV 3nx1 1x(P+1)

Then, by going through the same calculations as those of K, we have

X
~ At o Linear@( | VE Onen
I ZAttnj o Linear; ( W )= | @ |l < e (D.84)
j=1 WV nxXn
To approximate V', we define
v [Odxd  Odxd Odxd Odxd
Linear; (Z) = |O0dxa Odxa Odxa Id Z [2Loe(n) 2L16(,") 2Lpe(-n)} +
<~ J J J
[03xa O3xa  Osxd  Osxdal adxn
nx(P+1)
(2d+3) x4d
[ la Oaxa Odx2d O2ax (P+1)
Oaxd Odaxda Oax2d| Z_ [In Onx(pt1-n)] + M,
~~
103xa  O3xd  03x2d] 4d%n My,
nx(P+1) N .
(2d+3) x4d (2d+3) x (P+1)
Linear}/ outputs in a similar manner as Linear]K :
"L'l :L'z PR xn Od PRI Od
2L01}j 2L1Uj te 2Ln—1”j 2anj e 2Lp1)j
Linear) (Z) = | 1 TR 1 0o - 0
Lo Ly A L, .o Lp
o R S S R
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Next, we construct Attn}/ : R(2dH3)x(P+1) _y R3nX71 (4 e

Vi Vg Vi Vii

Attn} = WZ'D -SoftmaxB((Wf{’D)TW@ ‘D) W37,
—— N——

3nx(P+1) (P+1)x(P+1) (P+1)xn

where D € R(24+3)x(P+1) denotes any input, and

vii _ 1K _ |Oaxd  Ia Oax1 Ogx1 Oaxi
Vg™ =W —[olxd Oia 0 0 1]

(d+1) % (2d+3)

Is Ogxa Oax1  Ogxi deﬂ

Vig o yirEKsi
Wa =W —[olxd Oixa 1 0 0

(d+1) % (2d+3)

WY = ef) [0ixa O1xa 0 1 0],
——

3nx1 1x(2d+3)
” i I
wYi = wki = " .
o o |:O(P+1n)><n:|
(P4+1)xn
We define the K V' tobe
X
~ i Wi 2Lov; 2Lqv; -+ 2L, qv; --- 2Lpo;
ViV v K|y 07 1% n-1Yj PYj
K; .fo( Linear; ( Wé ) {—Lg 5 —pr]' (D.85)
Wy (d+1)x (P+1)
We define the @y to be
X
T
AV Vi T vilWk(y_|t1 22 - @y Odx (P+1-n)
Qj = W@ Linear ( WQTr )= [1 1 1 Opprim)|” (D.86)
Wy (d+1)x (P+1)
We define the XA/]»V to be
X
oV Vi iV (| WE (3n)
‘/j = W"} o Lmearj ( WT ) = 62n+j [L() Ly --- L,y L, --- LP] . (D.87)
S e
WV 3nx1 1x(P+1)
Similarly, by going through the same calculations as those of K, we have
X
n v v wr Onxn
I Attn} o Linear) (| ;1 |) = [Onxn | [loo < €. (D.88)
— \%
Jj=1 WV
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Then, by combining (D.80), (D.84), and (D.88), we have

X X
n T K n T Onxn
[ ZAttnf o Linear’* ( WKr ) = | Onxn Attn? o Linear?( WKF )= Q@ |+
j=1 W?; nxn j=1 Wi’ nxn
X
n On n
Z AttnY o Linear? ( Wi )— 1|0 . lloo <
4 j i Uwt 7%/>§n co X €1
=1 W%

As previously stated in (D.58), Linearf ,Linear? and Linear}/ denote Linear;, Linear,; and

Linears, 1 ; respectively. Also, as in (D.59), Attnj( , Attan and Attn}/ denote Attn;, Attn,; and
Attn2n+]‘.

Thus, we have

3n WT K
I ZAttnj o Linear; ( WKF ) — 8 loo < €. (D.89)
Jj=1 W‘%
3nxn
We define
K/ 3n I/Ii(—r
‘C;i = Z Attn; o Linear; ( WKr )s
=1
J W,
such that (D.89) becomes
K’ K
I Q’] — [Q} lloo < €1. (D.90)
% 1%

Step 3: Single-Head Assembly of the Attention Output. Our goal in this part is to reconstruct the
attention mechanism

V'Softmaxs((K')"Q'), and VSoftmaxs((K)'Q),

from K',Q', V' and K, Q,V via Attn,.

To achieve the reconstruction of attention mechanisms, we build Attn, as
Attng(Z) == [Onxon In] Z - Softmaxg(([{n  Onx2n] Z)T Onxn In Onxn] Z),

where Z € R3"*" denotes any input.

Then, we have

K
Attng(|Q|) = _V Softmaxs((K)'Q),
v nxn nxn
3
nxn
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and
nxn
KI
Attng(|Q'|) = V' Softmaxs((K')TQ").
V/ nxn
nxn
3nxn

Step 4: Error Bound From the results of Step 3, we have

K’ K
Attng(|Q'|) — Attn (| Q1)
Vv’ Vv

= V'Softmaxs(K'T Q') — VSoftmaxs (K ' Q)
= V’'Softmaxs(K'T Q') — VSoftmaxs(K'" Q') + VSoftmaxs (K’ Q') — VSoftmaxs(K ' Q)
= (V' — V)Softmaxs(K'T Q") + V(Softmaxs(K'" Q') — Softmaxs(K ' Q)).

Thus, we have

K/

[[Attn, (| Q'
V/

K
)—Attns([Q])w
v

= ||(V' — V)Softmaxs(K'" Q") + V(Softmaxs (K" Q') — Softmaxs(K ' Q)|
< |[(V! = V)Softmaxs(K'TQ")|| e + ||V (Softmaxs (K’ T Q") — Softmaxs(K 'Q))|ls, (D.91)

=(A) =(B)

and the last inequality follows from the triangle inequality.

For term (A) in (D.91), since each column in Softmaxz (K’ Q') sums up to 1, then for each column
of (A),

(V' — V) Softmaxs(K'" Q). ;,

nxn nx1

is a weighted sum of the columns from (V/ — V).

Then, we have

(V" — V)SoftmaXB(K’TQ'):7j

m)SHvﬂ—‘VHw‘<€b

and the first inequality holds since the column average of (V' — V') has a maximum entry no greater
than the maximum entry among the original columns in (V' — V). The second inequality holds since
(D.90). This conclusion holds for every column in term (A), so we obtain

(A) < &. (D.92)

Term (B) in (D.91) is
(B) = ||V (Softmaxs(K'T Q") — Softmaxs(K ' Q))|c-
For the simplicity of presentation, we define

AS = Softmaxg (K'"Q") - SoftmaXB(KTQ),
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such that for each entry in (B), we have

n
‘(VAS)U‘ = | Z Vik(AS)kﬂ (By the definition of matrix multiplication)
kn 1
< Z [Vik] - [(AS) ;] (By triangle inequality and |ab| = |a| - |b| for all a, b € R)
k=1
n
< Voo - 1AS]loo (By [Vik| < [[V]loo and [(AS) ;] < |AS]|oo)
k=1

= n[[Vlloo - [[AS]loo,

and this leads to

(B) < n[Vlloo - [AS]|. (D.93)
For each entry in AS, we have
ry
[(AS) ;]
= |(Softmaxs(K'" Q') — Softmaxs(K ' Q)); ]
‘ PKIQ) BKQ; |
= — — - K., Qi, K;, Q; denote the i-th column in K', Q’, K, Q
Z’Z:l eBKi’.QJ z?’:l eBKi/'QJ ( )
B ‘ eﬂK'E'Q;‘ eBEKi-Q; N ePKi-Qj eBKi-Qj |
PO IRNC A I ST A D SRR e G D AR
BK;-Q) _ ,BK:-Q;
ertitti —e J 1 1
<| —| + |85K1“Qj( — — -)| (By triangle inequality)
22:1 PE @ ZZ:l PEL Q) ZZ:1 ePKi-Q;
eBK£~Q} ePKi-Qj Z?’:l eBKi-Qj

= |1- eﬁ(Ker—Ké'Q;” +

70"
Som S

7 7 -1
Sra e o

(By non-negativity of exp(mcntiu])

no o BK-Q;
< |1 UKy = @

=(B-1) =l
:=(B-2)
and the last inequality holds since
eﬂKi'Q; eBKi-Qj
S PR <1 S PR <l
= =

To bound term (B-1) in (D.94), we recall

K’ K
6] <o
Vv’ |4
——

——
3nxXn 3nxn

SO

[ K — K [loo < €1,

nxn

75



Published as a conference paper at ICLR 2026

1Q =Rl <er.
——

nxn

Let K/, Q}, K;, Q; denote the i-th column in X', Q’, K, @, then we have

7

AK; = K] - K;, ||AK|lo < e,
——

~—~—

nx1 nxl1

AQi = Qi — Qi, [|[AQillw < 1.
—~— ——

nx1 nxl1

Thus, for term (B-1) in (D.94), we have

(B-1)
=1 —exp{B(K;-Q; — K; - Q})}|
=1 —exp{B(K; - Q; — (K; + AK;) - (Q; + AQ;))}
(By K/ =K; +AK;and Q) = Q; + AQ,)
= [1 —exp{-B(K; - AQ; + Q; - AK; + AK; - AQ;)}|,
(By Ki- Q; — (Ki + AK:) - (Qi + AQi) = —(Ki - AQ; + Q; - AKi + AK; - AQ;))

and we know

Ki-AQ; +Q; - AK; + AK; - AQ;

< [ KillosllAQj lloe + 1 Qs oo IAK[loo + 12 - [AK o [ AQ; |0
(By a-b < nllal|os||b]|ec forall a, b € ]R’”’)

< 2nBgqver + nel. (BY 1 Killso, [|Qslloc < Brov and [[AKi |0, [AQjloc < 1)

Thus, we have
(B-1) < |1 — e #n@Bravetd)| (D.95)

For term (B-2) in (D.94), we have

(B-2)
" BK;-Q;
=|1- %l (By the definition of (B-2))
Dim1 K
=1 Z:';Zl eBKi/.Qj K, =K AK: and O = C A
== PO B TAK (@, 750, (By Kir = K + ARy and Q5 = Qi + AQ:)
>y €M
_ _ i/ =
- ‘1 ZZ:I eﬁ(Ki/‘Qj""Ki"AQ1+Qj'AKi’+AKi/'AQj) |7

and for all 7’ in the denominator, we have

SKi- Q41 [Killool|AQjlloc + 7 - |Qjlloc [AKi oo + 1+ [|AK |00 [ AQj lloo
(By a - b < nflal|s||bl|es forall a, b € R™)

S Ki’ . Q] + 2ﬂBKQV€1 =+ TLG%. (By “IX'I/HQCA H(2J H% < B/\Q\,' and HAA’NHXF HAQ/H% < (Z[)

(B-2)
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.y > et

=[1- Z;zl eﬁ(Ki"Qj+Ki"AQj+Qj'AKi/+AKi/'AQJ)|
K,;1-Qj

< |1 _ Zz:l 65 ! QJ

o, eB(Ki-Q;+2nBrqver+ne]) |
_ Y M@

— |1_ | ((ﬁ/z(.’[’;’,\»(g\v(l-ff]
eﬁn(ZBKQvelJrE%) ZZ—l eﬁKj/-Qj

is independent of 7'/)
— |1 — e Pr@Broveate)| (D.96)

and the last equality holds since the common factor Z?,Zl ePKi-Qj cancels out.

Combining (D.94), (D.95), and (D.96), we have

|(Softmaxs (K’ Q') — Softmaxs (K ' Q)); ;|
<21- e*ﬁn(QBKQvflJrEf”

<2|1- 67'871(2BKQV61+61)|. (By requiring 0 < ¢1 < 1)

Thus, for any 0 < ¢y < 2, when ¢; satisfies

—In(1 - &
0 < e; < min{l, WQB(KQV2+)1) ,
we have
|(Softmaxs (K’ Q") — Softmaxg (K ' Q)i ;| < eo- (D.97)
From (D.93) and (D.97), we have
(B) < nl[V][eol|ASlloe < nBxqveo, (D.98)

since ||V |loo < Brgv and ||AS]|s < €.

Combining (D.91), (D.92) and (D.98) yields

K’ K
|Attng (| Q' |) — Attng (| Q |)|leo < €1 + nBrqv€o.
Vv’ 1%

When we take €p and €; to be infinitely small, the right-hand side tends to 0.
This completes the proof. O

D.7 PROOF OF COROLLARY 4.2.1

Theorem D.7 (Restate of Corollary 4.2.1: In-Context Emulation of Statistical Methods). Let .4
denote the set of all the in-context algorithms that a single-layer attention is able to approximate. For
an o € A (that is, a specific algorithm), let W1, W§, Wy, denote the weights of the attention that
implements this algorithm. For any ¢ > 0 and any finite set Ay € A, there exists a 2-layer attention
Attn o Attn,, such that

3n
| ZAttns o Attn; o Linear; ([W)/(“}) —a(X)|lo <€ a€ A,

j=1

where W is the W defined as Definition 4.2 using Wg., W5, Wy
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Proof. Without loss of generality, assume all Wi, W§, Wy to be of the same hidden dimension
since we are always able to pad them to the same size. According to Theorem 4.2, there exists a
network Z?Zl Attng o Attn; o Linear; that approximate a(X) with an error no larger than € > 0
when given input of the form:

X
war

aT
147

Then for a set of a € Ay, define P, := max,e 4, Pe(a).

By Theorem 4.2, there exists a network consisting of a self-attention followed by a multi-head
attention with a linear layer and parameter P equals to P,,, such that for any a € A(, we have

X
3n WaT
I ZAttnS o Attn; o Linear; WIJT —a(X)]leo <€ a€ A.
=1 W{CC,%T
This completes the proof. O

E IN-CONTEXT APPLICATION OF STATISTICAL METHODS BY MODERN
HOPFIELD NETWORK

Definition E.1 (Modern Hopfield Network). Define Y = (y1,---,yn)' € R%>Y as the raw
stored pattern, R = (r1,--- ,75)" € Rfr*5 ag the raw state pattern, and Wy € R4 Wy €
R¥¥dy | T}y, € R <4 a5 the projection matrices. A Hopfield layer Hopfield is defined as:

dx N

5 — T dy xS
Hopfield(R; Y, Wo, Wk, Wy ) := Wy WkY Softmax(8(WkY) WgR) € R , (ED)
~—~ —_——
dyxd NxS

where (3 is a temperature parameter.
With K € R¥>*N denoting Wi Y, Q € RS denoting W R and V' € R%>¥ denoting Wy WiY,
(E.1) writes out as:

Hopfield(R; Y, W, Wi, Wy/) := VSoftmax(8 - KT Q) € R%*5,

Theorem E.1. Let Z = [z, 22, -+, 2,] € R4X™ denote the input from a compact input domain.
For any linear transformation [(2) = a' 2z + b : R? — R, and any continuous function f : R — R®
where o is the output dimension, there exists a Hopfield network Hopfield such that

|Hopfield(Z) — [f(i(z1)) f(i(22)) --- f(l(za))] ]l <e,

for any € > 0.

Proof. We first perform a simple token-wise linear transformation on the input:

|:0d><n:| _ |: A :| GR(d+1)Xn.

. Iixa
L Z) = 7
lneal"( ) |: :| * 11><n 11><n

led
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We then construct W, to be:
Wq = L+,
which is an identity matrix of dimension R(4+1)*(d+1),

This yields that

Q := WylLinear(Z) = [ Z } e Rd+1)xn

11><'n

Following the definition of Interpolations in Appendix D.6, K,V are constructed as (here we omit Y’

since it’s not the input):

Ko 2Lga 2L a 2L pa
T {2Lgb — L(Q) 2L1b — L% 2Lpb — L% ’
V= [f(Lo) [f(L1) f(Lp)].
By Definition E.1, we have
Hopfield(Z)
2[(2’1)[;0 - Lg 2[(22)[/0 - L% ce 21( )LO - L%
2l(z1)L1 — L% 2l(z2) L1 — L% coo 2l(zn)Ln L%
= [f(Lo) [f(L1) f(Lp)]Softmax | 3 ) )

QZ(Zl)Lp - L%)

This is equivalent to:

2l(22)LP - L2P

Hopfield(Z)
1o D O e SO o i
— [f(Lo) f(L1) - F(Lp)|Softmax | -4 | :
(I(z1) = Lp)? (I(z2) — Lp) (I(0) — Lp)?

For any column ¢ € [n] in Hopfield(Z), we have

Hopfield(Z).. = [f(Lo) f(L1) f(Lp)] Softmax(—0
P Bl(ze)—Ly)?
= L,).
S e
When S is large enough, we have

—B(1(ze)~Ly)? ~BAL
Z Pe —B(I(2¢)—L,s)? = Z e—ﬂ¥
(1(ze)~Loy?2AL 2r/=1€ o ((zi)~Ly)?>>aL € 7

for any €; > 0.
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This means that the proportion of the f(L,) in Hopfield(Z). . that deviates from [(z.) is no larger
than ¢;.

Since f and [ are continuous, and Z comes from a compact domain, {(z;) comes from a compact
domain for all ¢ € [n]. Thus f is uniformly continuous on its input domain. This means that for any
€2 > 0, there exists a § > 0 such that when(z — 3)2 <6, || f(2) — f(¥)|loo < €2.

Configuring AL < § yields:

[Hopfield(Z). . — f(I(zc))lls
P eBz) L)

Z 25:1 e_B(l(ZC)_Lr/)Z

r=1

IN

1 (Lr) = FU(ze))lloo

e—BU(ze)=Ly)?

= Y s M)~ 1
r’'=1

(I(ze)—Lr)2>AL

e—B(ze)~Lr)?

P —
(U(ze)—Lr)2<AL Doy € AHE) L)

S €1 - 2B + (]. — 61)62,

+

1 (Lr) = F(Uze) oo

where B := || f||z.. is the bound of f in infinite norm.
We set ea < €/2, € < €/(4B). This yields:
|Hopfield(Z). . — f(I(zc))]|oo < €1-2B + (1 — €1)€2

€ €
<—.2B+1- - =e.
=B + 2 €

This completes the proof. O

Theorem E.2. Define

= (Y1 T2 Inl cRUEADXR g Woi=[w w --- w] € R,
Y Y2 - Yn

where 2; € R? and 3; € R are the input-output pairs. w € R¢ is the linear coefficient to optimize.
Suppose z;, y; and w are bounded by B in infinite norm.

For any continuous function f : R — R, there exists a Hopfield layer Hopfield with linear connec-
tions such that

|[Hopfield(W; X)) — [f(wal —y)z1 fw'ze—y2)ze - flw'a, — yn)iﬂn] oo <6

for any € > 0.

Proof. Before plugging input W to the Hopfield layer, we pass it through a linear transformation
Linear,,:

den w
I _11><n _11><n
Linea‘rw(W) = d W + 0d><n - den c R(2d+n+2)><n'
O(d+nt2)xd 1 1
Ixn 1xn
I, I,

We also pass X through a linear transformation Linear,,:

Linear, (X)
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N Lot (n) (n) (n)
= [0(d+1+n)x(d+1)] \AX/ [Onx(i—l)(P.H) 2L0€i 2L1€i s QLPei 0n><(n—i)(P+1):|
i=1
—— ——— (d+1)xn
(2d+n+2)x (d+1) nxn(P+1)

n | O@+1yxa  Owat1) } _ ‘
| e 00 | X [OnX(ifl)(PJrl) F(Lo)e  f(Ly)el” F(Lp)el” Onx(nfz‘)(ml)}
i=1 |O(nt1)xd  Ont1

(2d+n+2)x (d+1)
O2d+1)x(P+1) e O2d+1)x(P+1)
+ S . S
(2dB% + B —Ineg)el™ 11 (py1) (2dB* 4+ B —Ine)el 11 (py)
(2d4+n+2)xn(P+1)
I T - T,
where
Lix(pt1) i= 1 - 1e R1X(P+1)7
S:=[-L% —L? - L3%] e R+,
2L0£B1 2L1£L'2 QLPSQ
T; := f(Lo)w; f(Lr)z; e f(Lp)z; € RZdHn+2)x(P+1)
—L3 —L? e —L%
(2dB? + B —Ine)el™ (2dB2 + B —Inep)el™ -+ (2dB2+ B —Ineg)el™

Here ¢ is a parameter that we will designate later according to e.
Now construct Wy, Wg, Wy to be:

Wq = Ladyn+o2,
Wk = Daynio,

Wy = [Oax(a+1) la Oax(ns1)] € RGATnH2),

Therefore, by Definition E.1, the output becomes:

Hopfield(Linear,, (W); Linear, (X)) = Wy Linear, (X )Softmax(SLinear, (X ) " Linear,, (W)),

where

w

*llxn
Tn}T den )

_11><n
I,

Softmax(Linear, (X) " Linear,,(W)) = Softmax(8[T1 T2

This is equivalent to:

" w

TT -1

(Linear, (X) " Linear,,(W)). . = 21| 0a
: -1

T ] el
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Ml,c
M2,c
Mn,c
where
w
-1
Mi,c = TZ-—r . Od
-1
)

2L0x:w — 2L0y1 — L(Q) + (2dB2 =+ B — h’l 60)]].1'26
2L1£U;|—’LU — 2L1y1 - L% + (2dB2 + B —1In 60)]].1'26

)

2pr;rw - 2pr2 - L%;. + (2dB2 + B—1n EQ)IL,L‘:C
where i € [n] and ¢ € [n], and 1,_. represents the indicator function of i = c.

This means that
Softmax(BLinear, (X) " Linear,, (W)). .

M .
My .

= Softmax (s
My

_s 2": EP: exp{2L;z]w—2Ljy; — L3+ (2dB% + B —Ineg)Li—c} (np)
n i i—1)P4j°
=1 =1  Di_q Zf/:o exp{u§f ) 4 (2dB%2+ B —In 60)]11‘:6} (i=1)P+j

Thus we have (without loss of generality, we ignore the 5 parameter in Softmax):

Hopfield(Linear,, (W); Linear, (X)). .
= Wy Linear, (X)Softmax(Linear, (X) " Linear,, (W)). ..
(H'_ only retrieves the (d + 2)-th row in 'I‘,)

exp{2ij;rw — 2Ljy7; — L? -+ (2d32 +B—-In 60)]11'26} (nP)
(i—1)P+j

=R - F”]ZZ

=1 =1 2y Z;D/:o exp{2Lj/x;',_w —2Ljyy — L3 + (2dB? + B —In eo)]li:c}
exp{2L;x]w — 2L;y; — L? + (2dB* + B —Ine€g)l;—c }
i=1 j=0 E?’:l Z;D,:O eXp{QLj/xiT/w - 2Lj’yi’ - Lf, + (2d32 + B—1In 60)11':0

f(Lyj)s,
J

where F'is:
F;:=[f(Lo)x; f(L1i)x; --- f(Lp)z.
For every i € [n], if i # ¢, we have

- exp{2L;z] w—2L;y; — L3 + (2dB® + B — In€o)1—. |

>

=0 >y ;‘3':0 exp{2Lj/xiT,w — 2Ly — L?, +(2dB?+ B —1n eo)]lizc}
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P SN Sl OeXp{QL ol w— 2Ly — L2 + (2dB? —I—B—lneo)]li:c}
eXp{Ziji w—2L;y; — L?}
Dy Oexp{QL afw—2Ljyy — L% + (2dB? + B —1In 60)}

(only taking the i’ = ¢ purt)

<X

B XP: exp{2L»xTw—2Ljyi —L?}
P

exp{2d32 —l—B} B
Z “ Pexp(2dB* + B —Ine) N

For 7 = ¢, since

Z Z exp{2L;x] w—2L;y; — L3 + (2dB® + B — Ineo) 1.}
iZe i=0 Dom_q Z o Oexp{QL xjw— 2Ly — L2 + (2dB? + B —In 60)]]-1':0}

S (n — ].)607

we have

Zf:o exp{ug»c) +(2dB*+ B —In eo)}
Sh_y 25:0 eXp{QLj/xiT,w —2Ljiyi — L2 + (2dB? + B —In eo)ﬂizc}

exp{u(.c) +(2dB?*+ B —1n 60)}
=D SN i Oexp{2L a}w—2Ljys — L% + (2dB? + B~ In eo)]li:,:}
Z 1-— (’I’L — 1)60

Thus for the parts in the weighted sum output that corresponds to rows in M. . in the attention score
matrix, we have

i exp{ () + (2dB*+ B —In 60)}
P Z 0 exp{2L pahw — 2Ly — L3 + (2dB? 4+ B — In€g) Li=.
i exp{ () +(2dB?*+ B —1n eo)}

= ,Oexp{u, +(2dB? + B — In¢)

}f(Lj)xc - f(IcTw —Ye)Zelloo

} (f(Lj)mc - f(x::rw - yc)xc)

ZP, 0 exp{u(/) +(2dB? + B — lneo)}
. S S, exp{ugc )+ (2dB? + B — 1neo)]lizc}
25:0 exp{ugf) +(2dB?*+ B —In 60)}
Sh_y kazo exp{ugl) +(2dB?+ B — ln¢p) 1=
Lis exp{ (e) +(2dB*+ B — lneo)}
: go =0 exp{u(,) + (2dB?+ B —In¢)

-(1- })f(xjwyc)zr|oo

} (L) = fladw = ye)l - dllae]

2‘5:0 exp{ugf) +(2dB?>+ B —In eo)}

S S, exp{u,(fl) +(2dB? + B — Ineg) 1=

- (1= })f(xjw—yc)lllxcﬂoc
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exp{u§0) +(2dB?+ B —1n 60)}

<y

j=0 Z;‘D/:o eXp{uj(f) + (2dB? + B — In¢)
+ (n = Deo By ||zl

5-_ewle)
=0
P
j=0

<

}If(chw = ye)lllzello

= { (C)}|f(Lj)f( e w = y)llzelloc + (n = Deo By [l

D jr—0 €XP{ Uy/

<

_ exp{fﬂ(:cjwfyc—Lj)z} N T, B
ST el Ly ) el eyl

where we define By := | f| as the bound for f.
For any €; > 0, set AL to be sufficiently small such that

[f(@) = fy)l < e,
when |z —y| < AL.

Then when 3 is sufficiently large, we have

Z exp{—B(z, w—y. — L;)*}

P
|Li—(z] w—yc)|>AL Z]":O eXp{_ﬂ(x;‘rw Y~ Lj/)Z}

< e,

for any ez > 0.

Thus
P
S e v Z B Sy T - g
J c c
=0 Z;‘D/:o exp{—ﬁ(x;rw —Yec — Lj/)Q}
- X oA v Z Lol T )
- P _ T _ _ L 2 J c Ye
|Li—(z] w—ye)|>AL Zj’:o exp{—B(zlw —ye i)}
_ T, _ — L. 2
n Z PeXp{ 5(1'c wT Ye j) } ; \f(Lj)—f(l”Zw—ycﬂ
Lo ey <an im0 eXP{=B(@lw —ye — L;j)?}
S €g - 2Bf + €1.
This completes the proof. L]

Corollary E.2.1 (In-Context GD of Hopfield Layer). Define

— r1 Xy - Tp c R(d—i—l)xn and W := [U] W - ’LU] = Rdxn’
yl y2 DY yn

where z; € R? and y; € R are the input-output pairs. w € R is the linear coefficient we aim to
optimize. For any differentiable loss function £ : R — R, There exists a Hopfield layer Hopfield
with linear connections such that

|[Hopfield(W; X) — [Vf(wal —y)zr VO(w' xe —yo)ze - Ve(w z, — yn)xn] loo < €,
for any € > 0.
Proof. Replacing the continuous function f in Theorem E.2 with V/ completes the proof. O
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