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Abstract

Over the past decade deep learning has revolutionized the field of computer vision, with
convolutional neural network models proving to be very effective for image classification
benchmarks. Given their widespread adoption, several works have attempted to analyze
their expressiveness, and study the class of functions that they can realize. However, a
fundamental theoretical questions remain answered: why can CNNs express discrete image
classification functions that involve feature extraction? We address this question in this
paper by introducing a novel mathematical model for image classification, based on feature
extraction, that can be used to generate images resembling real-world datasets. We show
that convolutional neural network classifiers can express a class of functions based on our
simplified model of image classification datasets. In our proof, we construct piecewise linear
functions that detect the presence of features, and show that they can be realized by a
convolutional network.

1 Introduction

Over the past decade, convolutional neural network architectures have led to breakthroughs in a range of
computer vision tasks, including image classification (12)), object detection and semantic segmentation (21)).
Architectures such as AlexNet (6)), VGG (22) and ResNet (13) have empirically shown that large convolutional
neural networks can perform well on complex benchmarks such as ImageNet (3). While there has been
theoretical research attempting to explaining their success in this context, fully understanding the underlying
principles that contribute to their widespread adoption and effectiveness remains an open question.

From a mathematical perspective, two lines of work have emerged to theoretically explain the empirical
success of neural networks. The first line focuses on their expressiveness, and examines the class of functions
they can approximate. The second line investigates their learning capabilities, particularly their ability to
learn these functions using stochastic gradient descent, and establishes bounds on their generalization error.
The current work fits into the first category, and introduces a class of functions based on a simplified model of
real-world vision data. A key result in this field is the universal approximation theorem for neural networks,
which shows that they can approximate continuous functions with arbitrary precision (2)), (14). While this
result indicates that neural networks are suitable for regression problems, a key open problem is to establish
an analogous result showing convolutional neural networks are suitable for discrete image classification tasks,
that require the extraction of features from the input image.

It is well-known that convolutional neural networks with ReLu activations compute piecewise linear functions,
and the complexity of these function classes has been studied in recent work (27)), (I6)), (4), (I7)). Since their
inception in the 1990s, it has also been empirically established that convolutional networks excel at feature
extraction tasks (I2). From a theoretical perspective, it is unclear why piecewise linear functions are effective
for feature extraction. By answering this question, our key results bridge the gap between existing theoretical
work analyzing the expressiveness of neural networks using piecewise linear functions, and empirical results
on the success of convolutional neural networks for computer vision problems.

Our contributions. To address these problems, in this paper we present a rigorous mathematical framework
that serves as a simplified model for image classification problems, which can be used to generate images



Under review as submission to TMLR

resembling real-world datasets. Our approach is based on the observation that an object corresponds to a
set of constituent features. Intuitively, an object is present in an image precisely if one of the constituent
features are present, though the location of these features can vary.

We analyze the expressiveness of convolutional network classifier, and construct networks can solve these
image classification tasks perfectly, i.e. with zero error. In the proof, we construct piecewise linear functions
that detect the presence of feature in an image, and show that these functions can be realized by convolutional
neural networks. These piecewise linear functions are constructed by taking the sum of functions defined
on patches in the input images; each function detects whether or not the patch contains a relevant feature.
Our networks have several convolutional layers and one fully connected layers. The number of convolutional
filters needed increases linearly with the complexity of the constituent features.

The paper is organized as follows. In Section 2, we introduce the convolutional neural networks that will be
used and sketch the main results. In Section 3, we present our mathematical framework for image classification,
with examples illustrating that it can be used to model real-world data. In Section 4, we present our main
results on expressivness, showing that convolutional networks can realize this function class corresponding
to image classification tasks, and outline the proof by constructing piecewise linear functions that extract
features. In Appendix A, we perform an experimental analysis with our image classification framework, using
features extracted from Fashion-MNIST. In Appendix B, we provide detailed proofs of the main results.

Related work.

Approximation theory. In the 1990s, it was shown that a neural network with a single one hidden layer can
approximate any continuous function provided that its width is sufficiently large (2)), (I4). More recently,
analogous results were established for deep neural networks; it was proven that fully connected ReLu networks
with bounded width and unbounded depth can approximate continuous functions with arbitrary precision
(8)), (I1)), (15). Similar results were established for deep convolutional neural networks in (28]). While these
results give valuable insights, they do not explain why the class of continuous functions is suited for image
classification tasks that involve feature extraction.

Ezxpressiveness of neural networks. Another line of work analyzes the number of linear regions in the piecewise
linear function that is computed by a neural network with ReLu activations (I6]), (19). Using combinatorial
results, they derive lower and upper bounds for the maximal number of linear regions in a fully connected
ReLu network with L hidden layers and pre-specified widths (23), (1), (9)), (I0). These results show that deep
fully connected networks can express functions with exponentially more linear regions than their shallower
counterparts (I8)), (24)). Analogous results for deep convolutional networks were established recently (27)).
Our work complements the above paper, by demonstrating that piecewise linear functions can also be use to
extract features and solve image classification tasks.

2 Preliminaries

In this section we introduce notation, for convolutional neural networks and image classification tasks, that
will be used throughout the paper.

2.1 Convolutional network architectures

Definition 2.1. We define the ReLu function o, and the softmax function & as follows. Here z = (z1,- -+ ,2q4)
for some d.

o(z); = max(x;,0) for z € R?

eri

Definition 2.2. A fully connected layer with n; input neurons and ny output neurons consists of matrix
A € Mat,,, ,,(R) and biases B € R™?; we refer to the pair W = (A, B) as the weights of the layer. We define
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the map ¢y, : R" — R"2 as follows (here v € R™).
o (v) = o(Av + B) ]

Definition 2.3. A convolutional filter is a k x | matrix w € Maty ;(R), which induces the following map.
Here z € Mat,, ,(R)and 1 <m/ <m—-k+1,1<n’'<n-—-k+1.

w Matm,n(R) — Matm—k+1,n—k+1(R)

Guw(Z)ms s = E Wr 1 Lkt gom — 1,0 4! —1 u
1<k <k,1<U<I

Definition 2.4. A convolutional layer consists of a set of convolutional filters w = (wy,--- ,wy) and biases
b= (b1, - ,bs). Here w; € Maty;(R) and b; € R for 1 <17 < f; we refer to the pair (w,b) as the weights of
the convolutional layer. The induced map is as follows.

@ : Matmxn(R) — Matm—k+1xn—k+1(R)®f
95(2) = (0(duwy (2) + b1), -+, 0(du, (2) + b))

In the sum ¢y, (x) + b;, the bias term b; is added to each co-ordinate of the matrix ¢, (x). B
Definition 2.5. A flattening layer is a linear isomorphism as follows, given by identifying Mat,,’ ,»(R) with
R™™

¢ : Maty,y o (R)® 5 R™™F m
Definition 2.6. A convolutional neural network A consists of L convolutional layers, a flattening layer, and
L’ fully connected layers. Denote the weights of the i-th convolutional layer by (w,,b;), and the weights of

i L

the i-th fully connected layer by W; = (A;, B;). The induced function fur as follows. Here m and n denotes
the height and width of the input image, and ! denotes the dimension of the output.

fn :Mat,, ,(R) — R!
fan(z) = EWL, O 05w1 ° Qs OE(HL,QL) O OE(%@)@)

We denote by fur the classification function corresponding to the convolutional neural network N
v s Maty, o (R) — [1,2,--- ]

fn(z) = argmaxfi(z) W
1<4i<i

2.2 Image classification

For image classification tasks, the input image is represented by rectangular matrices whose entries are scaled
so their values between 0 and 1. Visually, the input image is divided into a rectangular grid, and the value of
an entry in the matrix represents the color present in the corresponding portion of the rectangular grid (for
instance, 0 could represent a white pixel, and 1 represents a black pixel).

Definition 2.7. Denote the input space as follows.

X = {2z = (z5;) € Maty,xn(R) |0 < z;; <1} [ |

While color images are typically represented using multiple channels, for simplicity we only consider images
which can be represented with a single channel (such as black-and-white images). We note however that it is
straightforward to extend the results of this paper to the multi-channel setting.

We formalize the image classification problem below, using a pre-specified set of image labels £ (such as "cat",
"dog", etc). We restrict ourselves to a subset of the input space X, ,, consisting only of those matrices that
correspond to one of the image labels. The objective is to construct an image classification map with zero
error.
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Definition 2.8. Let £ be the finite set consisting of all image labels. For each image label [ € £, let X _’
denote the set of all input matrices that contain the image corresponding to [. We assume that the sets

Xl s X,ﬁ;n are disjoint if [ # I. Denote by X%, the set of all image matrices containing one of the images
in L.
= ]x,, =
lel
Definition 2.9. An image classification map is a function f : » — L. We say that the map f has zero

error if the following holds.
reXs = fla)y=1 W

We now give a sketch of the main results in this paper. For each label [ € £, we formally define the set
Xé%n C X, by specifying parameters that describe the features present in the corresponding image. We
then construct a convolutional network classifier f : X% — £ which has zero error, and present an upper
bound on the number of neurons that it contains. The detaﬂb of these constructions will be presented in the
next section.

3 A mathematical framework for image classification

In this section, we present a rigorous mathematical framework for image classification problems and state our
main results.

3.1 Image classification

We start with the observation that an image consists of a set of features that define it (4), (I7)), (25). For
instance, a face consists of four typical features: a mouth, ears, eyes and nose. We proceed to rigorously
define a feature.

For simplicity, our model stipulates that each feature can be characterized by a finite collection of fixed
images. In the above example, a mouth would be defined by a set of distinct images, each of which resembles
a human mouth. We introduce the notion of a “feature tile" to describe the constituent images.

Definition 3.1. Given a matrix m € Mat,, ,(R), define its support supp(m) as follows.
supp(m) = {(i,/)| 1 <i<m,1 <j<mnym,;; #0} W

Definition 3.2. A feature tile T' with dimension k x [ is a pair T'= (t,¢) with t € X} ; and e > 0. W
Definition 3.3. Given a feature tile T' = (¢, ¢) with dimension k x [ and an image z € X}, ; define the quantity

t(x) as follows.
ta)= > lmij—ti
(4,5) €supp(t)

The quantity #(x) is used to determine whether or not the image = contains the tile T, with the parameter
¢ bounding the discrepancy between the two. The sum is taken over supp(t) in the case where the feature
that T contains is not a full rectangle, but rather a subset of pixels inside a rectangle (i.e. the non-zero
coordinates of ¢ contain the relevant feature). Below, we define the space of images X.© n, containing the tile
T; the subscripts [i + 1,7 + k] x [j + 1, j + ] specifies the region of the input image that contains it.

Definition 3.4. Given a feature tile T = (t,€) with dimension k x I, define X* C Xj; and X |
Xm.n as follows. Given z € X, ,,, below Liit1,i +m] [J +1,j+n) denotes the sub-matrix with rows 1ndexed by
[i+1,--,i+m] and columns indexed by [j + 1,---,7 + n].

P ={r e Xy [ ) < ¢}
XT {z S Xm,n | 3 Z,j such that l[’i-‘rl,i-‘rk],[j-‘rl,j-‘rl] (S XT} ]

m,n

We say that an input image contains an image Z if it contains any of the constituent tiles corresponding to
that image, so the corresponding subset of X, ,, is given by taking the union.
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Definition 3.5. An image 7 is a set of feature tiles, Z = {1, T5,--- ,T,}, with T; = (t;,¢;) for 1 <i <g.
Note that the dimensions of the tiles 7; need not be the same. Define Xn];n, the space of all images X, »,
containing the image Z, as follows.

q
Foo_ T;
Xm,n T |_| Xm,n
i=1

Let s(F) = q be the number of feature tiles in the feature F. Define the quantity c¢(F) below.
q
o(F) = |supp(t;)| W
i=1

Our image classification problem will be defined by a set of images. To avoid ambiguity, the corresponding
; T, .

set of image matrices will exclude any which contain multiple images (so the set anz{ n N X'y is excluded).

In other words, we stipulate that any input matrix contains only one image.

Definition 3.6. An image class 7 consists of a set of images Z = {Z;,--- ,Z;}. Define Xgm to be the set

of images which corresponds to exactly one of the images in Z.

l
7 o T T Ij/
=1 1<j<j'<l

3.2 Examples

Here we use the above framework to model a real-world image classification task, with two labels: "cat" and
"dog". Below we describe the defining features in more detail, and present examples from the image class that
resemble real-world data.

Both of the image classes are defined by a single feature. For each feature, we specify two feature tiles of
differing dimensions corresponding to the object. The "cat" (respectively, "dog") tiles are non-rectangular
pictures that were extracted from real-world images of cats (resp. dogs). Both features are depicted below.

"dOg" "cat"

Figure 1: Features for "cat" and "dog"

Using the above features as building blocks, we present four examples from the the two image classes in
the below figures. These examples are generated by superimposing one of the feature tiles above onto a
background image. Note that our framework does not impose any restrictions on the background image.
These resulting images are very realistic, and show that our framework can model a broad class of image
classification tasks for a suitable choice of parameters.
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'cat'

Figure 2: Images from the "cat" class

= e

'dogl
Figure 3: Images from the "dog" class

While the above images show that our framework can generate interesting data in the case where each image
consists of a single feature, more complex images can be generated by increasing the number of features.
For instance, each of the two classes above could be divided into "eyes", "nose", "mouth" and "ears" features,
resulting in a larger variety of images.

3.3 Main results

In order to solve the image classification problem presented in Section 3, we need to construct a convolutional

network classifier that accurately predicts the labels of input matrices from XZ,n. Our key result below
constructs such a classifier.

Intuitively, we expect that each convolutional layer will be used to help identify the constituent feature tiles
appearing in regions of the input image. The fully connected layers will be able to use the information
extracted in the convolutional layers to solve the image classification task. See the discussion in Appendix
A for more details about the number of parameters in the convolutional and fully connected layers of the
network A/[Z], expressed in terms of the image class Z.

Theorem 1. Let Z = {Z;,--- ,Z;} be an image class, such that each image Z; contains at most r features.

There exists a network A'[Z] with one convolutional layer and one fully connected layers such that the induced
classifier TN[T] : X,%Lm — T has zero error.
It is widely understood that the success of deep convolutional networks is due to the principle of hierarchical

compositionality (see (I7)), whereby complex structures are obtained by combining simpler ones in a
hierarchical fashion. Deeper layers in the network can recognize more complex features, building upon the
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simpler features that were detected by earlier layers. Theorem 2 below, which is a variant of Theorem 1,
highlights this concept.

Theorem 2. Let Z = {7, -+ ,Z;} be an image class, such that each image Z; has size less than 2" for some 7.
There exists a network C[Z] with r convolutional layers and one fully connected layers such that the induced
classifier 765] : X,,I%n — T has zero error.

Convolutional neural networks compute piecewise linear functions, which leads us to the question of why
these classes of functions can separate different image classes. The first key step in the proof is to construct

piecewise linear function that can extract features from image, and detect whether or not an input matrix
contains a given image. More precisely, we show the following.

Proposition 1. Given an image Z € Z, there exists a piecewise linear function ¢z(z) such that the following
statement holds.

or(z) : X = R
¢r(z) >0 zeXl, W

The second key step in the proof of Theorem 1 is to show that these piecewise linear functions can be realized
using convolutional neural networks. The functions ¢7(z) are constructed by defining functions that can
detect the presence of features. We show that the latter functions can be realized by a single convolutional
layer with multiple filters. We then use a fully connected layer to realize ¢z(z) using these simpler functions.
The proof gives us additional insight into the functions of individual neurons in the convolutional neural
network.

In Appendix A, we conduct experiments with our image classification framework, focusing on special cases
with features extracted from MNIST and Fashion-MNIST. We find that convolutional neural networks trained
with stochastic gradient descent can achieve near-perfect accuracies in this context, provided that there is
sufficient training data.

4 Proofs
In this section we outline the proofs of the main results; see Appendix B for details.

4.1 Proof of Proposition 1: constructing piecewise linear functions for feature extraction

The feature tile is the fundamental building block of an image class. As a first step towards the construction
of ¢z (x) needed for Proposition 1, we start by defining a piecewise linear function ¢r(z) for a given feature
tile T', and show that an analogous statement holds in this setting.

Definition 4.1. We define R;";", which indexes all sub-rectangles of size k x [ inside a larger rectangle of
size m x n as follows.
Rii"={Gj)litk<mj+i<n} ®
Definition 4.2. Given a feature tile T = (¢, ¢) and an image z € X, ,, define ¢ (x) as follows.
ér(z) = Z max(0, e — i(£[z‘+1,i+k],[j+1,j+l])) L
(i) ERY"
Lemma 4.3. The following inequality holds.

or(z) >0 zeXl W

Proof. The inequality can be deduced as follows. Here 2 € X, ..
or(z) >0
t(g[iﬁ-l,i-'rk],[j+l,j+l])) < € for some (’L,j) S 'R,Lnl’n

T . 5
S Tii1 ik 14 €A for some (i, 5) € RYY"
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By definition, this is equivalent to saying that z € Xg;n. O

Using the above Lemma, now we are define the piecewise linear function ¢z(x) with the desired property
from Proposition 1.

Definition 4.4. Given an image Z = {11,--- ,T,} and an input matrix z € X, ,,, define ¢z(z) as follows.
¢r(x)= Y ¢n(@) W
1<i<q

Proof of Proposition 1. This can be deduced from Lemma 4.3 using the following argument. Note that since
or;(z) > 0,
¢r(z)= Y ¢n(z)>0
1<i<q

if and only if ¢, (z) > 0 for some 7. This is true precisely when z € X7¢ for some i. In other words, it is true
precisely when z € X7 . O

4.2 Proof of Theorem 1: realizing piecewise linear functions via convolutional networks

To prove Theorem 1, the key step is to construct convolutional neural networks that express the piecewise
linear functions ¢z, (z). The image classification problem can then be solved using Proposition 1, which
was proven in the previous section. Since these functions are built from the corresponding functions ¢r(x)
for feature tiles, we start by showing that these can be expressed by a convolutional neural network. See
Appendix B for complete proofs.

Lemma 4.5. Let T = (t,¢€) be a feature tile with dimension k x 1. There exists a convolutional neural network
N[T| with one convolutional layer and one fully connected layer such that the following holds.

v (@) = ¢r(z)

The convolutional layer of N'[T| has 4(|supp(t)| + 1) filters with 2 x 2 kernels, and the fully connected layer
has less than mn neurons. W

Outline of proof.
or(z) = Z max(0, € — l(£[i+1,i+k],[j+1,j+l]))
(LERY™

In the definition of ¢r(z) above, L(}; 41 ;4 k), [j41,541) 15 @ sum of the terms ||y j1 — tyo]|.
lly —cll = maz(y —c,c—y) =0(2y —2c) —o(y) +c¢  fory,ceR

Using the above identity, #(2; 41 4x),[j+1,j+1) can also be expressed as a linear combination of the quantities
o(zy ;) and o(2x j» — 2t,,), with a constant term. The latter quantities can be realized the outputs of a
convolutional layer. The quantity ¢r(x) can be then realized by adding a fully connected layer. O

It is straightforward to extend the above Lemma to features, and construct convolutional neural networks
that express the piecewise linear functions ¢z (z) (see the Appendix B for a precise statement and proof).
Now we are ready to construct convolutional neural networks that express the piecewise linear functions
¢z,(x), and outline the proof of Theorem 1.

Outline of proof of Theorem 1. For each image Z;, denote the constituent feature tiles as follows. Z; =

{17, ,7:% }. By Lemma 4.6 and Definition 4.4, there exists networks N’ and A/ such that the following
holds.

fn(@) = [or(@), - o7 (), s o7 (@), 07y, (2))]
ff\f” [¢7_11 (£)> e 7¢T,.11 (£)7 T 7¢7’1l (£)7 U 7¢7—Tll (g)} = [¢I1 (§)7 e 7¢Ir(£)]
By composing the two networks N’ and N, and adding a softmax layer at the end, we obtain the desired

network A[Z], which has one convolutional layer and one fully connected layers. O
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4.3 Proof of Theorem 2: hierarchical compositionality

To prove Theorem 2, the key step is to construct convolutional neural networks that express the piecewise
linear functions ¢z, (x). The image classification problem can then be solved using Proposition 1, which was
proven in the previous section. We build these functions using the principle of compositionality, and show
that the functions D, (z) defined below can be expressed by a deep convolutional neural network.

Definition 4.6. Given a matrix ¢ € Mat, 4(R) and z € X, ,,, define Dy(z) € Maty,—pt1,n—g+1(R) as follows.
Here we using the notation from Definition [3:3] and assume p < m and ¢ < n.

i@l:p,l:q) i@l:pz:q-s-l)
Dﬁ(g) = t(£2:p+1,1:q) e

Lemma 4.7. Given a € R, there exists a convolutional neural network A with two convolutional layers that
has the following property. Below D, (z) denotes the matriz from the above definition, with a € Maty 1(R).

fa(z) = Dy(2)

Both convolutional layers have 1 X 1 kernels; the former has two filters, and the latter has one filter.

Proof. We use the following identity.
llzi; — al| = maz(x;j —a,a —x; ;) =02z, ; — 2a) — o(z; ;) +a for y,c € R

The first convolutional layer has two filters, and its weights and biases are chosen so that the corresponding
outputs are o(2z; ; —2a) and o(x; ;). The second convolutional layer has one filter, and its weights are chosen
so that the output is ||z; ; — a|| (using the above identity). O

Lemma 4.8. Let t € Matoy 2k (R) and z € Xy, ,, be matrices (as in Definition 3.2-3.4). We divide t into four
smaller matrices as follows.
t11 =tk 1k t12 = L1k ka 12k
to1 = tkt1:2k,1:k> t22 = Cpy1:2k ktr1:2k

There exists a convolutional layer with weights w(t), satisfying the following property.

¢;(t) (Dtu (g)a Dt12 (g)v thl (&), thz (g)) =Dy (l)

The convolutional layer has one filter and k x k kernels.
Proof. We use the following identity, which follows from the definitions.

§(§i+1:i+2n,j+1:j+2n) = t11(£i+1:i+n,j+1:j+n) + m(§i+1zi+n,j+n+1:j+2n)

+ t21(§i+n+1:i+2n,j+1:j+n) + @(£i+n+1:i+2n,j+n+1:j+2n)

Let w(t) = (w1, w2, ws,ws), with the matrices wy,ws, w3, ws € Maty ;(R) defined below (here E;; €
Maty, ,(R) denotes a matrix with a 1 in the (4, j)-th position, and zeroes elsewhere).

wy = Ei1,we = By w3 = By 1,ws = By i,
From the above expression for £(2;. 1,;4.25j41:j420), it follows that the map ¢i)(t) has the desired property. [

Lemma 4.9. Let T = (t,€) be a feature tile with dimension k X k, where k = 2" for some r > 1, and let
z € Xy, n. There exists a convolutional neural network N[t] with r + 1 convolutional layers such that the
following holds.

Iag(z) = Dy(z)
The (i + 1)-st convolutional layer of NT| has 2° x 2° kernels. W
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Outline of proof. We proceed by induction. The r =1 case can be deduced from Lemma [4.7] as follows. As
in Lemma we construct the first convolutional layer so that the outputs are o(2z; ; — 2a) and o(z; ;).
We choose the weights of the second convolutional layer so that the resulting output is D;(x), by using the
identities in Lemma and Lemma (4.8

For the inductive step, we argue as follows. We divide ¢ into four smaller matrices - t11,t12,t21 and tog -
as in Lemma By the inductive hypothesis, there exists convolutional neural networks Nt;;] such that
Inltijl(z) = Dy, (z) (here 1 <4,5 < 2). By concatenating these four networks and adding the layer ¢,
from Lemma we obtain the desired convolutional network whose output is D;(z). O

Definition 4.10. Let 7' = (t, €) be a feature tile with dimension k x [ where &, < 2". Define the enlarged tile
T = (£ ) to be the feature tile where ¢(") € Matar o (R) is obtained by padding the matrix ¢ € Maty ;(R)

with zeroes (so that tif,;u =1t). Given an image F = {T4,--- ,T,}, define the enlarged image F) as follows:

Fr) — {Tl(r), . ’Tq(r)}
Now we are ready to construct convolutional neural networks that express the piecewise linear functions
¢1,(z), and outline the proof of Theorem 2.

Outline of proof of Theorem 2. Our convolutional neural network will consist of a padding layer p, r + 1
convolutional layers, and two fully connected layers. We start with a padding layer p which adds 2" pixels on
each of the four sides of the input.

For each image class Z;, denote by {t{, e ,tﬁ;j} the tiles appearing in the features that constitute Z7. Using
Lemma 4.9, there exists a convolutional neural networks A/ such that the following holds.

(@) = [Dpe (p(2)), - Dpo (p(z), -+ Do (p(2), -+, Dy pla)]

From Definition 4.6, it is easy to see that there exists a fully connected network N/ with two layers such that
the following holds.

v (p(2)), -, Dy (p(2)), 5 Dyaen (p(2)s -+ Dpenp()] = (b7 (p(2)), -+, 700 (p(2))]
= [¢I1 (£)7 e 7¢Il (@)]

By composing the two networks N and N, and adding a softmax layer at the end, we obtain the desired
network A[Z], which has r convolutional layers and 2 fully connected layers. O

4.4 Discussion and further directions

Are convolutional layers needed for feature extraction? One key advantage of convolutional layers is
that weight sharing reduces the number of parameters that are stored, thus lowering the memory requirements.
While it is possible to construct a network with the required properties in Theorem 1 using fully connected
layers alone, the number of parameters needed would grow by an order of magnitude. In our image classification
framework, one convolutional layer suffices as each features is represented by a discrete set of matrices. We
also note our framework does not account for various subtleties of real-world vision data - for instance, CNNs
are robust to wide range of distortions. These include scenarios where the image is rotated, and those where
part of the image is partially occluded or distorted.

How many convolutional layers are needed? The success of convolutional neural networks for computer
vision is predicated on the observation that deeper networks are better able to capture and represent more
nuanced features. Deeper CNN architectures, such as VGG(22]) and ResNet(I3]), perform better on real-world
datasets (such as ImageNet(29)) than their shallower counterparts, like LeNet(12]). The image classification
task from Section 3 can be solved with a network that has a single convolutional layer (see Theorem 1). It
would be interesting to generalize this, and construct a framework for image classification that can only
be solved efficiently with deeper convolutional networks, where the features corresponds to a continuous
spectrum of images.

10
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Stochastic gradient descent. In practice, convolutional neural networks are trained with stochastic gradient
descent on image classification tasks. This leads us to the question of whether the network constructed in
Theorem 1 can be learned using stochastic gradient descent. As a step towards answering this, in Appendix A
we conduct experiments using special cases of our image classification framework with features extracted from
MNIST and Fashion-MNIST, and find that convolutional neural networks can achieve near-perfect accuracies
in the large-data regime. It would be interesting to analyze this further from a theoretical perspective.

Sparsity. Empirically it has been observed that neural networks trained on computer vision datasets can
be sparsified without a drop in accuracy (5)), (7). Our theoretical results aligns well with these empirical
observations. In the networks constructed in Theorem 1, most of the weights connecting the convolutional layer
to the fully connected layer, are zero. This can be seen in the proof of Lemma 4.4; when t(g[i+1,i+k]’[j+17j+l])
is expressed as a linear combination of the quantities o(z; ;) and o(2x; j» — 2ty ), most of the coefficients
are zero.

5 Conclusion

In this paper, we present a novel mathematical framework that can be used as a simplified model of real-world
computer vision tasks. We focus on the image classification task, using convolutional neural network models
that consist of convolutional layers and fully connected layers. In this context, we analyze the expressiveness
of convolutional networks and show that they can solve image classification tasks, by constructing piecewise
linear functions that extract features from the input image. We do not anticipate any negative societal impacts,
as the present work is theoretical. Our work provides some insight into the theoretical underpinnings of
computer vision, and we anticipate that our results can be generalized to provide a more detailed mathematical
explanation as to why deep learning models can solve computer vision tasks.

References

[1] Monica Bianchini and Franco Scarselli. On the complexity of neural network classifiers: A comparison
between shallow and deep architectures. IEEE Transactions on Neural Networks and Learning Systems,
25(8), 2014.

[2] George Cybenko. Approximation by superpositions of a sigmoidal function. Mathematics of Control,
Signals, and Systems, 2(4), 1989.

[3] Jia Deng, Wei Dong, Richard Socher, Li-Jia Li, Kai Li and Li Fei-Fei. ImageNet: A Large-Scale
Hierarchical Image Database. In Computer Vision and Pattern Recognition, 2009.

[4] Arturo Deza, Qianli Liao, Andrzej Banburski, and Tomaso Poggio. Hierarchically compositional tasks
and deep convolutional networks. ArXiv preprint arXiv:2006.13915, 2020.

[5] Jonathan Frankle and Michael Carbin, The lottery ticket hypothesis: Finding sparse, trainable neural
networks. In International Conference on Learning Representations, 2019.

[6] Alex Krizhevsky, Ilya Sutskever and Geoffrey Hinton, Imagenet classification with deep convolutional
neural networks. In Advances in Neural Information Processing Systems, 2012.

[7] Song Han, Huizi Mao and William J. Dally. Deep compression: Compressing deep neural network
with pruning, trained quantization and huffman coding. In International Conference on Learning
Representations, 2016.

[8] Boris Hanin. Universal function approximation by deep neural nets with bounded width and relu
activations. Mathematics 7(10), 2019.

[9] Boris Hanin and David Rolnick. Complexity of linear regions in deep networks. In International Conference
on Machine Learning, 2019.

[10] Boris Hanin and David Rolnick. Deep relu networks have surprisingly few activation patterns. In Advances
in Neural Information Processing Systems, 2019.

11



Under review as submission to TMLR

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

Boris Hanin and Mark Sellke. Approximating continuous functions by relu nets of minimal width. arXiv
preprint arXiv:1710.11278, 2017.

Yann LeCun, Leon Bottou, Yoshua Bengio and Patrick Haffner. Gradient-based learning applied to
document recognition. Proceedings of the IEEE, 1998

Kaiming He, Xiangyu Zhang, Shaoqing Ren and Jian Sun, Deep residual learning for image recognition.
In IEEE Conference on Computer Vision and Pattern Recognition, 2016.

Kurt Hornik. Approximation capabilities of multilayer feedforward networks. Neural networks. 4(2),
1991.

Zhou Lu, Hongming Pu, Feicheng Wang, Zhigiang Hu and Liwei Wang. The expressive power of neural
networks: A view from the width. In Advances in neural information processing systems, 2017.

Guido Montufar, Razvan Pascanu, Kyunghyun Cho, and Yoshua Bengio. On the number of linear regions
of deep neural networks. In Advances in Neural Information Processing Systems, 2014.

Tomaso Poggio, Andrzej Banburski and Qianli Liao. Theoretical issues in deep networks. Proceedings of
the National Academy of Sciences, 2020.

Ben Poole, Subhaneil Lahiri, Maithra Raghu, Jascha Sohl-Dickstein and Surya Ganguli. Exponential
expressivity in deep neural networks through transient chaos. In Advances in Neural Information
Processing Systems, 2016.

Razvan Pascanu, Guido Montufar and Yoshua Bengio. On the number of response regions of deep feed
forward networks with piece-wise linear activations. ArXiv preprint, arXiv:1312.6098, 2013.

Maithra Raghu, Ben Poole, Jon Kleinberg, Surya Ganguli and Jascha Dickstein. On the expressive power
of deep neural networks. In International Conference on Machine Learning, 2017.

Joseph Redmon, Santosh Divvala, Ross Girshick and Ali Farhadi. You Only Look Once: Unified,
Real-Time Object Detection, In Computer Vision and Pattern Recognition, 2016

Karen Simonyan and Andrew Zisserman. Very deep convolutional networks for large-scale image recogni-
tion. International Conference on Learning Representations, 2015.

Thiago Serra, Christian Tjandraatmadja and Srikumar Ramalingam. Bounding and counting linear
regions of deep neural networks. International Conference on Machine Learning, 2018.

Matus Telgarsky. Representation benefits of deep feedforward networks. ArXiv preprint arXiv:1509.08101,
2015.

Xiaobo Xia, Tongliang Liu, Bo Han, Nannan Wang, Mingming Gong, Haifeng Liu, Gang Niu, Dacheng
Tao and Masashi Sugiyama. Part-dependent label noise: Towards instance-dependent label noise. In
Advances in Neural Information Processing Systems, 2020.

Han Xiao, Kashif Rasul and Roland Vollgraf. Fashion-MNIST: a Novel Image Dataset for Benchmarking
Machine Learning Algorithms, ArXiv preprint, arXiv:1708.07747, 2017

Huan Xiong, Lei Huang, Mengyang Yu, Li Liu, Fan Zhu, Ling Shao, On the Number of Linear Regions of
Convolutional Neural Networks, Proceedings of the 37th International Conference on Machine Learning,
PMLR 119, 2020.

Ding Xuan Zhou, Universality of Deep Convolutional Neural Networks, Applied and Computational
Harmonic Analysis, 2020

J. Deng, W. Dong, R. Socher, L. -J. Li, Kai Li and Li Fei-Fei, ImageNet: A large-scale hierarchical image
database, 2009 IEEE Conference on Computer Vision and Pattern Recognition

12



Under review as submission to TMLR

A Appendix A: experimental results

In this section, we conduct extensive experiments on examples of our image classification frameworks that
we construct, by extracting features from MNIST (12) and Fashion-MNIST (26). We describe the dataset
generation process and the models used for experimentation in Section 1.1 and present our experimental
findings in Section 1.2.

A.1 Settings

Dataset. We generate image classes Z as follows, with one class for each of the ten labels (in MNIST or
Fashion-MNIST). Each image Z consists of a single feature, and each feature consists of k feature tiles. Each
of the feature tiles are obtained by randomly choosing a sample from the training set of Fashion-MNIST with
the corresponding label, and setting ¢t to be the 28 x 28 matrix obtained. To generate images from X7, we
start by randomly generating an input image with dimension 40 x 40. We then randomly select a rectangular
subpatch with dimension 28 x 28, and replacing it with one of the k feature tiles.

This process is illustrated in the below figure for Fashion-MNIST. One feature tile is randomly chosen for
each of the ten classes in Fashion-MNIST. The two images directly underneath lie in XZ, and are obtained
by pasting this feature tile in a random position onto a randomized background image.

o i ]

L R

d£ :;Z
hA,.
et

A e

e
1\‘5'?-'"

- P . p—

(b) Images from X7, for each of the ten classes

Figure 4: Images from X7

CNN architectures. We use two convolutional neural network architectures for this image classification
task. The first is a variant of LeNet (I2)) without the batchnorm layers. This network has a total of two
convolutional layers, two maxpool layers, two fully connected layers and one output layer. Both convolutional
layers have 5 x 5 kernels; the first has 6 convolutional filters, and the second has 12 convolutional filters.
Both maxpool layers have kernels of size 2 x 2, with stride 2. The first fully connected layer has 120 neurons,
and the second has 60 neurons.

The second is a simple convolutional neural network, which we refer to as the "simple ConvNet". It consists
of a single convolutional layer followed by a fully connected layer and an output layer. The convolutional
layer has 5 x 5 kernels, and 6 convolutional filters. The fully connected layer has 120 neurons.

Training setup. We use the same training setup for all experiments. The networks are trained using
stochastic gradient descent with the Adam optimizer with learning rate set to 0.01, batch size 100, and a
cross-entropy loss function. All layers are initialized using the Kaiming uniform initialization. We train the
models for 10 epochs and all reported accuracies are averaged over five separate training runs. All experiments
are conducted using PyTorch, with a single P100 GPU; see the supplementary sections for the code.
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A.2 Results

A.2.1 How does the size of the dataset affect the model’s performance?

In this set of experiments, we generate datasets using the above procedure, by starting with k£ random samples
from MNIST (resp. Fashion-MNIST). We generate a training dataset with n samples from each of the ten
classes, for each n € {50,100, 150,200, 300,400} and k£ = 2 . We train both of the above models on these
datasets; the below graphs depict how the performance changes as the size of the dataset is increased.

Dataset size
Dataset Model 500 1000 1500 2000 3000 4000
FashionMNIST | Modified LeNet | 0.92+0.06 | 0.97 =0.02 | 0.99 +0.01 | 0.98 +0.04 | 1.00 +0.00 | 1.00 £ 0.00
FashionMNIST | Simple Convnet | 0.83 +0.06 | 0.93 +0.03 | 0.98 £0.00 | 0.99 +0.01 | 0.99 +0.02 | 0.99 + 0.01
MNIST Modified LeNet | 0.74 +0.30 | 0.98 £0.01 | 0.78 £0.34 | 0.89 +0.23 | 0.97 £ 0.04 | 0.99 £ 0.01
MNIST Simple Convnet | 0.48 +0.17 | 0.81 +0.05 | 0.74 +0.30 | 0.87 +0.19 | 0.94 +£0.11 | 0.98 +0.02
Table 1: Final accuracy of models with varying dataset sizes
FashionMNIST - Modified LeNet FashionMNIST - Simple Convnet
1.0 10
0.9 0.9
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Figure 5: Model performance vs Dataset size

A.2.2 How does the complexity of the dataset affect the model’s performance?

In this second set of experiments, we vary the complexity of the dataset (and not its size). We generate
datasets using the above procedure by starting with & random samples from MNIST (resp. Fashion-MNIST),
for each k € [1,2,4,8,16,32]. We generate a training dataset with 320 samples from each of the ten classes.
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We train both of the above models on these datasets; the below tables depict how the performance changes
as the complexity of the dataset increases.

Dataset Model 1 2 4 8 16 32
FashionMNIST | Modified LeNet | 1.004+0.00 | 1.00 £0.00 | 0.95+0.01 | 0.924+0.01 | 0.80 +0.04 | 0.80 + 0.04
FashionMNIST | Simple Convnet | 1.00 +0.00 | 1.00 £0.00 | 0.95+0.01 | 0.884+0.03 | 0.76 = 0.02 | 0.76 £ 0.05

MNIST Modified LeNet | 1.00 +0.00 | 1.00 +0.00 | 0.94 +0.02 | 0.83 +0.05 | 0.80 = 0.02 | 0.84 + 0.04

MNIST Simple Convnet | 0.99 +0.01 | 0.90 +0.14 | 0.88 +0.07 | 0.73 £ 0.12 | 0.63 £ 0.18 | 0.54 +0.27

Table 2: Final accuracy of models with varying k

A.2.3 Discussion.

In all four settings, the above experiments indicate that convolutional neural networks trained with stochastic
gradient descent can reach near-perfect accuracies on the image classification tasks that we analyze, provided
that there is sufficient training data. Our results show that the amount of training data needed is heavily
dependent on the complexity of the image classification task, which depends on the number of constituent
features in each image class (k). In the case where k = 2, the models require approximately 300 images for
each of the ten classes in order to reach near-perfect accuracies. As k increases, the number of images needed
per class also increases. On the other hand, a human classifier would be able solve these tasks with much
fewer than 300 images per class. This indicates that while stochastic gradient descent performs well in the
large-data regime, it would be interesting to develop alternative algorithms that are more effective when
there is limited data.

B Appendix B: proofs from Section 4.1

We start by presenting a constructive proof of Lemma 4.4. This Lemma will play a key role in the proof of
Theorem 1.

Proof of Lemma 4.4. Recall the definition of ¢7(z), as follows.

>

(L) ER"

or(z) =

max (0, € = (L} 1 i4k),[j+1,54+1))

m,n

To simplify the notation, given (i, j) € R;’;", define the following quantity.

Gij) (@) = max(0, € — L(Zpiy1igr),[j+1,40))

First we show that there exists a neural network N’[T] such that the following holds.
faim = 106,59 @6 erpyr

Define the four binary matrices as follows.

(10 (01
w11f00’w12f00
{0 0 (0 0
w21—10,w22—01

Define the vectors w; € Maty(R)* and by, b; € R?* as follows.

w; = (wll,w12,w21,w22)

QO = (0507070)7 bl = (1, 1,171)
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Define S, the set of all non-zero entries in the matrix ¢, as follows.

S = {tuw | (u,v) € supp(t)}
Let d = |S|. For convenience, we relabel the entries, so that S = {s1,--- ,s4}.

We specify the weights (w,b) of the convolutional layer below. Here w € MatQ,Q(R)4(d+l) denotes the
convolutional filters, and b € R*?+1) denotes the biases.

w = (w1a2w17"' 72M1)
b = (b()a _2slbla e 7_25dbl)

Let 2’ be the image of the input image z under the map ¢, ;) induced by the convolutional layer composed

with a flattening layer.
Ql _ ¢f(¢(w b)&) c R4(d+1)(m—1)(n—1)

By the above construction, it is clear that the quantities o(z; ;) and o(2zy j» — 2s;) appear as coordinates of
' (forall 1 <7 <m,1<j <nand1l<I<d). We will need the following identity to obtain the quantities
||zir 50 = sull-

ly = ¢l| = max(y —¢,c —y)
= max(2y — 2¢,0) + (¢ — y)
=0(2y—2c)—o(y)+c
Using the above equation and the definition, ¢(2(;; 1 ;4x),(j41,j4+4) can be expressed as a linear combination of

the quantities o(x; ;/) and o(2z, j» — 2s;), with a constant term. It follows that there exists a fully connected
layer ¢, 3y with the following property.

P ) = [D(i,) (@) 5erp

The desired neural network A/[T] can be obtained by adding a fully connected layer with one output neuron to
the network A/'[T], with all weights equal to 1. The resulting network A/(T") has 4(|supp(¢)|+ 1) convolutional
filters with dimension 2 x 2. The fully connected layer has |R};"| neurons, and |R}";"| < mn. The conclusion
follows. O

Next we extend Lemma 4.4, from functions corresponding to feature tiles to the analogous functions for
features.

Lemma 4.5 Let Z be an image, consisting of feature tiles {T4,--- ,Ty}. There exists a neural network N[Z]
with one convolutional layer and one fully connected layer such that the following holds.

Inm () = ¢z(2)

Proof of Lemma 4.5. We construct the networks N'(T1),--- ,N(T,) from the above Lemma. Recalling the
definition of ¢x(z), it suffices to construct a network A (Z) with the following property.

Ino (@) = vy (@) + -+ favr,) (@)

The convolutional (resp. fully connected) layer of AM[Z] is obtained by concatenating the convolutional (resp.
fully connected) layers of N (T}), for 1 < ¢ < gq. The weights are chosen so that the above identity holds.

O

Theorem 1 now follows from Lemma 4.5 and Proposition 1, as described in Section 4.2.
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