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Abstract

Trajectory inference seeks to recover the temporal dynamics of a population from snapshots of its
(uncoupled) temporal marginals, i.e. where observed particles are not tracked over time. Lavenant
et al. [35] addressed this challenging problem under a stochastic differential equation (SDE) model
with a gradient-driven drift in the observed space, introducing a minimum entropy estimator relative
to the Wiener measure. Chizat et al. [15] then provided a practical grid-free mean-field Langevin
(MFL) algorithm using Schrédinger bridges. Motivated by the overwhelming success of observable
state space models in the traditional paired trajectory inference problem (e.g. target tracking), we
extend the above framework to a class of latent SDEs in the form of observable state space models.
In this setting, we use partial observations to infer trajectories in the latent space under a specified
dynamics model (e.g. the constant velocity/acceleration models from target tracking). We introduce
PO-MFL to solve this latent trajectory inference problem and provide theoretical guarantees by
extending the results of [35] to the partially observed setting. We leverage the MFL framework
of [14], yielding an algorithm based on entropic OT between dynamics-adjusted adjacent time
marginals. Experiments validate the robustness of our method and the exponential convergence of
the MFL dynamics, and demonstrate significant outperformance over the latent-free method of [14]
in key scenarios.

1. Introduction

Estimating the temporal dynamics and trajectories of a population from collections of unpaired
observations at specific time points is a challenging fundamental problem with many potential ap-
plications and a recent flurry of interest in the community [14, 15, 34, 35]. Previous work focused
on the fully observed setting, where all variables that are important to the underlying dynamics are
directly observed with no hidden states. This setting is relevant to single-cell genomic data analysis,
where the goal is to understand the trajectories of a population of cells at unobserved times and
reconstruct the trajectories of individual cells in gene space. Here, note that physics properties such
as momentum do not apply. That said, research in signal processing and control theory has over-
whelmingly shown the importance of being able to handle latent states in dynamics modeling more
generally [17, 24]. Even linear state space models have enjoyed a recent resurgence for modeling
text sequence data with large language models (e.g. [22]).

While in general the problem of recovering a hidden state is not identifiable, systems theory
has developed observability conditions on the underlying dynamics model that does allow for such
recovery [31]. For instance, in target tracking, oftentimes only a position variable is observed,
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Figure 1: Constant velocity model. We see that our method, PO-MFL, is more robust as the MFL
method fails to converge, and provides per-particle velocity in contrast to MFL. See Section H for
the experiment setting.

yet the tracking algorithm uses a state space model that includes a hidden velocity state [6, 18].
This hidden state allows for better predicting the future position of the target, improving the final
trajectory inference by not only better modeling the dynamics, but making it easier to identify which
of several targets observed at any given time correspond to the current track [6, 18]. The hidden
states themselves, when interpretable, may also be of direct interest for downstream applications.

The trajectory inference problem has many similarities to the tracking problem. In particular,
at any given time, a cloud of points is observed, but these points are not labeled, i.e. there is no
indication of which points at time ¢; match to the points at time 2. Inferring these “matches” is
the task of trajectory inference, and closely parallels the data association problem in target tracking
[32, 46]. As a result, we are motivated to introduce latent state space modeling to the trajectory
inference problem.

While itself being a fully observed framework without incorporating a known dynamics, the
optimal transport (OT)-based method of [15] is particularly amenable to our aims. It proposes
to optimize collections of particles at each time step to minimize a data fit term (a cost between
the particle cloud and the observed data points) and a trajectory fit term consisting of the entropic
Wasserstein distance between sets of particles at adjacent time points. The entropic OT framework
arises naturally from the SDE model (as we will see later), and provides an explicit and robust
procedure for obtaining inferred trajectories from unpaired time series data by following the OT
plan between time points. Representing the inferred time marginal densities as particles is also
particularly amenable to our partially observed framework, as we can have the particles be in the
hidden state space and form a data fit term to the observations using a specified (stochastic) obser-
vation model. In many ways this parallels the observation model/hidden state particle setup used
by the particle filter [4] and other sequential Monte Carlo methods [18] for the paired-observation
trajectory inference setting. We provide additional discussion in Appendix A.

2. Latent Trajectory Inference

Let X; € X be an unobserved state vector evolving according to the following SDE for ¢ € [0, 1]:
dX; = —E(t, X3)dt — VU (t, X;)dt + /TdBy, (D

where {B,} is a Brownian motion, 7 is the known diffusivity parameter, = € C([0,1] x X : X)
is a known driving vector field, and ¥ € C2([0, 1] x X)) is an unknown potential function. Let P
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be the law of the SDE with initial condition Py where P; € P(X) are the marginals of P at time
t€0,1).1

Consider a smooth function g : X — ) transforming X; into the observation space ): Y; =
9(X¢). Suppose we have T" observation times with 0 < tlT < <L t% < 1, and we observe NZ-T
i.i.d. samples from the marginal distribution of }/;z“:

T NT iid L
Yighizs ~ 9P = Qur,

T
forming empirical distributions ﬁiT = Zjvz’l Oyr.
7
The goal is to recover P given the snapshots (57, ..., ,5%) In general, to make this problem

well-posed and tractable, we make several assumptions on this very general setup. The first of these
is a notion of observability that generalizes the ensemble observability introduced in [60]:

Definition 1 (Cy-ensemble observability) Assume that V is unknown but restricted to a class Cy.
We say the tuple (g, =, Cy) is Cy-ensemble observable if, given g, Z, 7, and all marginals Q; = gy Py
of Yy for all t € [0, 1], the marginals P of X; are uniquely determined for all t € [0, 1].

With this observability assumption, we can infer the latent dynamics solely from the marginals Q.
A discussion of the relationship between this condition and that of classical/ensemble observability
is present in Appendix C. There, we also verify the conditions of Definition 1 for several important
setups, e.g., the key velocity-based dynamics model we use in our experiments. We also provide a
more complete discussion of our assumptions in Appendix A.

3. PO-MFL: Approximate Minimum Entropy Estimation

Inspired by [35], we use minimum entropy estimation as the fundamental tool for connecting tempo-
ral snapshots into continuous trajectories, where the entropy is the relative entropy (KL divergence)
of the estimated trajectory distribution with respect to the known portion of the SDE. In other words,
we estimate the trajectory distribution by maximizing its log-likelihood with respect to the distri-
bution induced by the SDE, subject to matching the observed marginals. We will show that the
optimal point of the minimum entropy objective function converges to the ground truth trajectory
distribution.

It is not practical, however, to directly work with the trajectory distribution as it is an infinite-
dimensional object. In what follows, we will show that the minimum entropy objective in trajectory
space can be reduced to an OT-based objective, where marginals at adjacent time points are con-
nected via entropic OT.

This reduction allows us to perform trajectory inference using only representations of the latent
space time marginals, which can be accomplished via sets of particles. These particles can then be
optimized via MFL dynamics.

3.1. Minimum entropy objective function

In this section, we specify the minimum entropy objective function on the trajectory distribution.
Let {t/} C [0, 1] be our observation times, where At; := t],, — ¢! Recall that in general, we do

1. Our SDE differs from that of [15, 35] with the addition of non-zero =.
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not have exact measurement of the temporal marginals, we will only have samples from them. As
a result, we must introduce a fit function to measure the discrepancy between the observation space
time marginals of the estimated trajectory distribution R and the observed samples.

Let the observed empirical distribution smoothed by the h-wide heat kernel &, be ﬁ;fr’h =

1 NT . 2 . . Ao T
Py, <W it 5y_T_) € P(Y) for i € [T].= Consider the fit function Fit™” : P(¥)" — R:
i ¥

T
. 1 o
Fit™?(Qup, .. Qup) i= 5 D_ ALDF (g Ry, "),

i=1

with data-fitting term introduced by [15] augmented by observation function g to be

DF (gRyr. 1) = [ 1o [ [ e (—M) th;<:c>] 45" ()

hY% 20'2
= H(p"|g:Ryr + No) + H(p]") + C,

where N, is the Gaussian kernel with variance 02, C' > 0 is a constant, and we use the substitution
Qur = gﬁRtT.3 Note that this is the negative log-likelihood under the noisy observation model

Yf’; = g(XlTj) + 0Z; j, where }717; is the observation and Z; ; s N(0,7). Tt is easy to see that
DF? is jointly convex in (R,r, ﬁiT’h) and linear in ﬁ?’h. The main difference compared to [15] is
that our data-fitting term is in observation space, e,g. the addition of the function g. We briefly
mention that the data-fitting term in [35] is H (N; ﬂf’h R,r). The data-fitting term introduced by
[15] (and thus ours also) is computationally more effective when R, is a discrete measure and thus
is more amenable for the MFL dynamics. This difference in data—ﬁztting term does not yield major
changes for the theoretical results, which can be seen in Appendix D.

The minimum entropy estimator introduced in [35] is the minimizer of the functional F :

P —R

F(R) :=Fit" (Qyr, ..., Q) + THR|[W=T). )

Recall that our key novelties are the fit term in observation space and entropy minimization in
path space with respect to divergence-free, Markov path measures. Nonetheless, we show that we
can still recover the ground truth in the limit as the number of observations becomes dense.

Theorem 2 (Consistency (informal, see Thm. 11)) Suppose P is the SDE given in (1) with ini-
tial condition Py € P(X) such that H(Pgy|vol) < +oo. Let RT"M ¢ P(Q) be the unique
minimizer of (2), e.g. RTM .= arg mingep)F (R). Then, we have the weak convergence
hmh%O,)\%O (hmT—mo RT’)\’h) =P.

This result parallels Theorem 2.3 in [35], which provides a consistency result in the fully ob-
served setting where the entire state vector X; is observed and = = 0 identically. Due to these
differences, the result in [35] cannot be directly applied to our setting, and while our proof is able to
follow a similar overall structure, dense and nontrivial changes throughout the extensive proof are
required. These arguments can be found in Appendix D.

2. This smoothing h aids the proofs and will be taken to a limit of zero in the following theoretical results.
3. Note that the inner integral is over X" as the optimization will occur on the latent space, while the inner integral is
over ) as the observations are over ).
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3.2. The reduced problem

As in [15], we need to “reduce” our problem over the space P (X )T to use the MFL dynamics [27].
As before, let At; := t1, | —tI and 7; := At; - 7. Consider the following entropic OT cost (see
Appendix B), defined for some 7; > 0, as

T.2nv) = min [ E@y)dey) +nHOkeY) = mn nHOEEY), O
~ell(p,v) ye(p,v)

where pf is the transition probability density of W=7 over the time interval [0,¢] and the cost

function is cfi (z,y) := —At; log(pi (z,y)). Note that in general, pfi cannot be found explicitly, so
we discuss how to approximate it in Appendix G. We recall from [15, App. A] that this optimization
problem is a Schrodinger bridge problem [37, 38, 50]. Define the functional G : P(X)” — R for

n= (u(l), ceey u(T)) that represents a family of reconstructed temporal marginals, by
T-1
G(p) := Fit™ T, =(u®, D), 4
(1) = Fit™ (gyp) + z; g Dris(e n) )

We consider the reduced objective F : P(X)T — R, defined as

F(p) == G(p) + 7H(p), (5)

where H () = Zszl J log () dp is the minus differential entropy of the family of measures
p. Similar to [15], we have an equivalence of minimizing F (2), the objective in path space P(£2),
and I (5), the reduced objective over P(X)?. The proof is provided in Appendix E.

Theorem 3 (Representer theorem) Let Fit : P())T — R be any function and let = be bounded
and divergence-free. If F admits a minimizer R* then (R:T, . ,R;‘T) is a minimizer for F. If F
1 T

admits a minimizer p* € P(X)T, then a minimizer R* for F is built as

R*() = W:’T(~‘x1, . ,$T) thT tT(.’El, . ,xT),
XT R
where W=7 (-|z1, ..., x7) is the law of W=7 conditioned on passing through x1, . .., xT at times
tr{, e t%, respectively and Rt{’m,t; is the composition of the optimal transport plans y; that min-

imize Ty, =(p*@, w0+, fori € [T —1].=
Note that the composition of the transport plans is obtained as:

Ry, o (dxy,. .., doy) = yi(dzy, deo)yo(dzs|ae) - - - yr—1 (der|zr—1), (6)

where the OT plans 7;(dz;, dziy1) = vi(dzit1|z;)pi(dz;) are conditional probabilities (or “disin-
tegrations”). As in [15], the “reduction” of the optimization space from P(Q) to P(X)7 is enabled
by the Markov property of W=7, which holds for us due to the Lipschitz continuity assumption
on Z and that W=7 remains the uniform measure at all time. Theorem 3 allows us to compute a
minimizer for F from a minimizer for F' and its associated OT plans.

To approximate the OT terms, we replace T, =(p(, 1)) in (4) with Ty, (5;”1 @) ),
where T7, (11, v) = min,eryy,) 7l (v|pr it ® v) and py(w, y) is the transition probability density
of the Brownian motion on X over the time interval [0,¢]. This cost is easily computed as p;, is
the Gaussian kernel. In particular the cost function is & (z,y) = —At; log(py, (€2'(2),y)), and
we use Varadhan’s approximation [42], &= (z,y) ~ 3 |ly —  + AtZ(t1, 2) |2, which holds for ;
small, e.g. see Algorithm 1.
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Algorithm 1 PO-MFL: framework for latent trajectory inference

Input: Collection of observations (f1, . . ., o), collection of T time samples (¢] , . .., t%.), velocity dynamics =, number
of iterations for MFL dynamics N, number of particles m, entropic OT parameter \
Initialize m particles for each time: (M1, ..., 7h7r) € xmxT

for N iterations do
fori c [T — 1] do
Aty =t —tT
Ci = {Cja}jhmr < 3lliizan — 1 + ALE(E] 7 5)|1?
Vi < Sinkhorn(mi, m,-+1, Ci, A Atz)
end
m + MFL(rn,~, p) >m := (M1,..., M), etc.
end
Output: collection of particles m, trajectories y¢—1 0 -+ 01

3.3. PO-MFL

We summarize our proposed latent trajectory inference method in Algorithm 1. We recall that
discussion on the cost function (line 4) and MFL dynamics (line 7) can be found in Sections G and
F, respectively. We use the Sinkhorn algorithm for entropic OT, which we discuss in Appendix B.
Using N iterations of the MFL dynamics, the total runtime for our algorithm is O(NT'm?), as we
need to solve T' — 1 entropic OT problems on m X m size matrices in each iteration.*

Given the set of observed temporal marginal samples in the observation space ), Algorithm 1
yields a set of m particles at each time step ¢ representing the temporal marginal distributions in
the latent space X. Simulated trajectories may be recovered by sampling from the composition of
entropic transport plans as shown in (6). We provide a variety of experiments in Appendix H.

4. Conclusion

We consider the problem of trajectory inference in latent space based on indirect observation, ex-
tending the theoretical analysis of the min-entropy estimator introduced in [35] and the MFL dy-
namics algorithm introduced in [15]. Experiments were provided showing that the ability to include
simple non-informative latent dynamics models, such as the “constant velocity” model, and autore-
gressive models, can dramatically improve the trajectory inference performance over the baseline
MFL method.

For future work, while we do here provide some flexibility for model misspecification via the
unknown U potential, it would be interesting to further explore the stability of our method when
the dynamics model = is misspecified. Further exploration of ensemble observability would also be
a highly interesting fundamental direction to explore. Finally, we will seek to explore the various
promising empirical use cases outlined in the introduction.
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Appendix A. Discussion

Applications While our focus is on the theoretical underpinnings of the latent trajectory inference
problem and MFL-based algorithm, we envision our approach being broadly applicable to a variety
of real-world tasks. For instance, the extra smoothing induced by introducing a hidden velocity state
could improve trajectory inference in the genomic data analysis setting mentioned above [15], or
any application where trajectory inference is relevant. Another possible application domain could
be survey or medical data. Specifically, when trajectory data is needed, longitudinal studies are
often designed where individuals are followed over time and continue to be re-interviewed, but
significant logistical challenges are involved in such a procedure [55]. Trajectory inference could
allow for different individuals to be sampled at each time point, significantly easing the burden
on researchers. Our approach for introducing hidden states (e.g. velocity) would be particularly
impactful, as in both social science and medical data, often individual’s trajectories (e.g. preferences
or health) do carry significant momentum. Finally, our approach could have advantages in private
learning of time series models or private synthetic data generation for time series. This is because
in (differential) privacy [19, 20], the goal is to preserve the statistics of an individual, and trajectory
inference allows for each individual’s data to be limited to a single point in time, not requiring a full
trajectory record that may be difficult to privatize. Our partial observation framework would allow
for even more privacy to be maintained as some variables could remain hidden if an appropriate
dynamics model was available.

Related works There have been many works in the mathematical and computational biology
community on trajectory inference: see [47] for a survey and comparison of single-cell trajectory
inference methods. [49] introduces the use of OT for trajectory inference; however, the method
generates paths that are generally not smooth. [13] uses OT to construct measure-valued splines,
which yields smooth paths, [9] models population dynamics as a Jordan-Kinderlehrer-Otto (JKO)
flow [30], and [45] uses OT to analyze gene trajectories.

[59] consider the limits of trajectory inference from single-cell snapshots in the equilibrium
setting. However, as far as we are aware, [35] was the first work to provide theoretical guarantees of
any estimator for trajectory inference. They introduce a min-entropy estimator for gradient-driven
drift models and prove convergence to the ground truth in the limit as the number of observations
become dense in the observation period. [15] extends the entropy minimization formulation of [35]
by considering a different fitting functional, reducing optimization space, and using MFL dynamics.
[61] considers the application of these OT frameworks to the steady-state setting with known cell
birth and death rates. A recent work [58] builds on [35] and provides theoretical guarantees for
trajectory inference in the branching case.

There has been much work on latent space for generative models, many of which use OT. [56]
uses score-based generative modeling in latent space. [29] uses a pre-trained encoder and decoder,
consider diffusion in latent space, and prove theoretical guarantees that the output distribution is
close to the ground truth. [23, 62] consider learn latent manifold structures using OT, [51] considers
gradient flow in latent space to study equivariant networks, [52] studies the latent space of generative
models using OT, and[1] considers the nonlinear filtering problem using partial observations using
OT. There are also some works considering concrete applications of Schrodinger bridges with non-
Wiener reference measures. For example, [12] considers Schrodinger bridges where the prior is any
Markov evolution for control theory and [10] shows that Schrodinger bridges between Gaussians
against reference measures induced by linear SDEs have a closed forms.
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Notation For probability measures 1, v, the relative entropy (e.g. the KL divergence) is H (u|v) =
[log(dp/dv)dp if 4 < v and +oco otherwise. For n € N, let [n] := {1,...,n}. We use X to
denote the latent space and ) to denote the observation space. We use the notation P(-) to denote
the probability distributions over a space. The path space is 2 = C([0, 1] : &), the set of continuous
X-valued paths. In our theoretical discussion, as in [35], we assume without loss of generality that
the end time interval is ¢ = 1. If R € P(Q) is a probability measure on the space of paths, its
marginal at time ¢ is denoted as R; € P(X). We generally use the Greek letters j, p to denote
probability distributions on X', ), respectively. We use d,. to denote a Dirac delta at . By an abuse
of notation, we use | - |> = (-,-) € R for both the squared norm of a vector and the quadratic
variation of a stochastic process. For clarity, we use the notation gy when applied to measures and
g(+) when applied to random variables (similarly for £). We use vol to denote the uniform measure
on X.

Theoretical assumptions Let X', ) be Polish spaces, where X is a smooth and compact Rie-
mannian manifold or a compact and convex subset of R?. In the manifold setting, we assume its
Ricci curvature K is bounded from below, e.g. K > —oo.

The path space 2 = C([0,1] : X) is equipped with the uniform topology and its Borel o-
algebra. The probability space on paths P(€2) is equipped with the weak topology, e.g. convergence
against bounded, continuous functions. Assume our probability space (€2, F,P) is complete and
filtered, where the filtration is with respect to the process { X; }. I is a probability measure, and if it
is not specified, expectations are taken with respect to P. Let W=7 be the measure induced by the
SDE dZ; = —E(t, Zt) dt + \/FdBt

Assumption 4 (Dynamics and Observation Model) Assume Z : C([0,1] x X : X)) is known,
divergence-free, Lipschitz continuous, and satisfies ||Z| L < +00. Assume the observation func-
tion g : X — Y is smooth, measurable, bounded, and time invariant.

The divergence-free assumption is required so that the time marginals of W=7 remain vol for all
time if the initial condition is vol®. Lipschitz continuity and |||~ < o0 are technical conditions
necessary for our proofs, and there are also some necessary mild technical conditions on the pair
(Z,¥). These assumptions are discussed in Appendix D. Finally, by bounded for g, we mean the
image of a set of finite measure also has finite measure.

Appendix B. Entropic Optimal Transport

We provide a brief exposition to entropic OT. We refer the reader to [16, 44] for a more thorough
introduction.

Let X', be arbitrary spaces, ¢ : X x Y — R be a cost function, and u, v be probability
measures on X', ), respectively. The entropic OT problem is

Tuv) = inf / e(z, y)m(de, dy) + cH (xlu @ v),
mell(p,v) Jxxy

where II(u, v) is the set of all probability measures on X' x ) with marginals ¢ on X and v on ),
H is the relative entropy, and € is the regularization parameter. By standard duality theory, this is

5. Note that if X has a boundary, we need a zero flux condition on =, but we do not consider this in our theoretical
analysis.
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equivalent to the following problem
T.(u,v) = max / d +/ dv + € (1 _ /ei(w(x)er(y)—c(x,y))d 2)d > ’
(1, v) e (B 11 | PO 0 p(x)dp(y)

which admits a unique solution up to a translation (¢ + k,1 — k) for & € R. Furthermore, the
functions (¢, 1) satisfy the following conditions:

p(x) = —elog [ exp(¢(p(y) — c(z,y)))dv(y)
U(y) = —elog [ exp(¢(p(y) — c(z,y)))du(z).
In the discrete (empirical measure) setting, these potentials give motivation for the Sinkhorn

algorithm, which we describe in Algorithm 2. Here, © is taken to be element-wise multiplication.
[2] shows that the entropic OT problem can be solved in approximately linear time.

Algorithm 2 Sinkhorn
Input: Probability measures (i, v, cost matrix C, regularization parameter €, number of iterations
N
(p(O) ~—1
K + exp(—C/e)
fori=1,...,Ndo
YD v o KTpl=1
0 Kypli—1)
end
Output: transport plan diag(p™)) K diag(y)(N))

Appendix C. Ensemble Observability for Linear Systems

Recall that in classical observability [21], the goal is to recover the dynamics of a single particle,
while here we want to recover the dynamics of a probability distribution. The notion of ensemble
observability introduced in [60] tackles this problem. Consider the non-stochastic model with linear
E(X) = A=X + B=:

dX, = —(A=X, + B=)dt (7

with initial condition P and linear observations Y; = ¢g(X;) = CyX; + Dg. For shorthand, we
denote this system as (A=, Bz, Cy, Dy).

The following is the definition of ensemble observability as introduced in [60]: it does not
consider stochasticity.

Definition 5 (Ensemble observability [60, Def. 1]) The linear system (7) is ensemble observable
if given marginals gsPy of Y; for all t € [0, 1], the marginals P of X; are uniquely determined for
all't € [0,1].

We can consider Definition 1 as an extension of ensemble observability. In particular, if we con-
sider 7 = 0 in Definition 1, we exactly recover ensemble observability. [60] showed that classical
observability is a necessary condition for ensemble observability, and provided several sufficient
conditions as well. For a random variable X, we denote ¢ x to be its characteristic function. We
assume the following on the initial distribution Xj.
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Assumption 6 Letr X be such that s — px,(sv) is real-analytic for all non-zero v € R™.

This assumption is not very strong and most “nice” distributions satisfy it, e.g. if they have a density.
Recall that by [21, Thm. 5.2], classical observability holds if and only if the observability matrix
0 = [Cz,Cz4z,. .. ,C’EA%_l] has rank n. [60] provides two useful sufficient conditions® for
ensemble observability of such systems.

Proposition 7 ([60, Thm. 8]) Under Assumption 6, if (A=, B=, Cy, Dy) is observable and rank Cy =
n — 1, then (A=, Bz, Cy, Dy) is ensemble observable.

Corollary 8 ([60, Cor. 8]) Under Assumption 6, if X = R? and (A=, Bz, Cy, Dy) is observable,
then (Az, Bz, Cy, D) is ensemble observable.

We now show that these two conditions can be carried over to stochastic systems, i.e., those
with 7 > 0. Consider adding stochasticity to (7) with the model

dX; = —(A=X; + B=) dt + /7 dB; (®)

with initial condition Py, {B;} is an R™-valued Brownian motion, and observations Y; = Cy X; +
D,. We have the following result:

Corollary 9 Suppose (A=, Bz, Cy, Dy) is ensemble observable (with T = 0). Then the system (8)
with known T > 0 is ensemble observable.

Proof It is easy to see via direct calculation’ that the solution to (8) is

t t
X, =e A5tX, — ( / e A=(t=9) ds> Bz + /T / e A=(t=9)gpB,. )
0 0

where we use matrix exponentials. Using arguments similar to those in [57], we can characterize
the covariance:

t
Yt = Cov [Xy] = 7'/ e~ (A=tA2)(t=5) g
0

We also know that
t
e = E[X] = e 4=t X, — </ e~ A=(t=s) ds> B=.
0

Then as the first two terms on the right-hand side of (9) have zero variance and the It6 integral of a
deterministic integrand is normally distributed with mean zero, we know that (9) is distributed as

X~ N(pe, 3t).

As we know 7, and the corresponding observability matrix to the system has full-rank, we see
that the pushforward (to observation space) of every term in (9) is also fully recoverable as well.
Note that it is possible to deconvolve® the known Gaussian noise from X, and hence the system is
ensemble observable. This concludes the proof. |

Next, we extend Corollary 8 to independent processes and apply Corollary 9.

6. These are not the only concrete conditions provided therein. Furthermore, a more general sufficient condition is
provided which is possible to check numerically.

7. E.g. using an integrating factor.

8. E.g., using the fact that deconvolution is equivalent to division in the Fourier domain.
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Proposition 10 Let X = X} X -+ X X,,, where each X; = R%. Suppose (As,, B=,, Cy;» Dy, ) is
observable for each i € [n]. Further, suppose the initial condition joint distribution for the X ; sat-
isfies Assumption 6 with [Xo 1, [Xo ;|2 conditionally independent conditioned on [Xg ;2, [ Xo ;]1,
for each j # i. If noise parameter T > 0 is known and { By} is an X-valued Brownian motion, then
the system

=1 =1 Cgl Dgl

Az Bs Cy.) \Dy.

=n En
is ensemble observable. Furthermore, the system remains ensemble observable under (known) per-
mutations.

Proof This follows from a simple application of Corollaries 8 and 9. |

C.1. Example: “Constant velocity’’ model

The two-dimensional “constant velocity” model, so named because the velocity would be constant
if there were no process noise (7 = 0), uses a state vector

X = (v,y,4,9) € RY,

where here (x, y) are two-dimensional positional coordinates, and (, ) is the current two-dimensional
velocity. The “constant velocity” dynamics model uses =(X) = Az X where

00 10
000 1
Adz=14 0 0 0|
00 0 0

which is a very simple matrix simply implying that the rate of change of X; = z is given by the
current state vector X3 = &, and similarly for y.

Having defined the dynamics, in this model, only the positions are observed. In other words,
the observations g(X) = [I2,02x2] X, i.e. C= = [I2,02x2] and D= = 0.

Note that this experimental setting satisfies Proposition 10 as the x and y dynamics are indepen-
dent. Hence, it is sufficient to check if the system is observable. Here C' = [1,0] and A = [0, 1;0, 0],
so the observability matrix for each of these subsystems becomes

AN

which is the identity and thus full rank. By observability theory, the system is classically observable,
and by the results above, ensemble observable as well.

Note that ensemble observability can be extended to non-zero ¥ in this setting. For instance, in
the “constant velocity” model of the main text, V¥ = [0; 1] for constant but unknown 1 will serve
simply as a drift term on the mean of the hidden velocity state. Since without this drift the mean of
the velocity is constant, this drift will be identifiable and the system will be ensemble observable.

Finally, as a brief remark, note that in Definition 1, we require ¥ to be restricted to a class of
functions Cy as otherwise the SDE (1) may fail to satisfy classical observability. Further exploration
of Cy classes is left to future work.
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Appendix D. Proofs for Consistency

We make this section as self-contained as possible, although we suppress some of the longer details
when they are very similar to certain corresponding results in [35]. Whenever we do, we point to
the fuller arguments in [35]. The main result in this section is the following:

Theorem 11 (Consistency, (formal version of Thm. 2)) Let P be the law of the SDE given in (1),
restated below:
dXy = —E(t, X¢) dt — VU(t, Xy) dt + /7 dBy,

with initial condition Py € P(X) such that H(Pg|vol) < +oo. Assume we have the following:

1. g : X — Y is a smooth, measurable, bounded, time invariant function, and (g,Z,Cy) is
Cy-ensemble observable.

2. ForeveryT' > 1, we have a sequence of ordered observation times {tzT}Z-T:1 between 0 and 1,
and {tI'}L_| becomes dense in [0,1] as T — +oc.

T
3. For each T and each i € [T], we have N} > 1 random variables {Yfg é\f:"l, which are i.i.d.
and distributed according to g;P,r.

4. The variables YZTJ and YZ/T;, are sampled independently from their respective distributions
except when (T,1,7) = (T",4, 7).
Consider the functional (2), restated below:
F(R) = Fit"* (gyRyr, ..., sRyr) + TH(R|W=T),
and let RTMM € P(Q) be its unique minimizer:

RTM .= arg min F(R).
REP(Q)

Then, we have the weak convergence
lim lim RTM ) = P,
h—0,A—0 \T—oc0

almost surely.

Proof We use Theorem 15 to take the limit 7' — +4-oc0. By the law of large numbers and the
weak convergence assumption, we have p, = ®;(P;), almost surely. Define R to be the limit of
RTA" as T'— 400. By Theorem 15, it is the unique minimizer of

I -
R — Fy\n(R) = A/ DF(R;, ®,P;) dt + 7H(R|/W=T),
0

By definition of the data-fitting term, the functional G 5, in Theorem 29 differs from F) ;, only by
a constant. We see that

1
Gin(R) = F\n(R) — / H(®,P)dt — C,
0
so RM" must also be the unique minimizer for G . Finally, we use Theorem 29 to take the limit

of RM as h — 0 and A — 0. This concludes the proof. |
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D.1. Variational characterization of the SDE

We recall some previously introduced preliminaries and notation. @ = C([0,1] : X) is the set
of X'-valued paths, {Xt}te[o,l] is our canonical process, and F is the Borel o-algebra generated
by the random variables X for s < ¢ such that {F;}c[oq] is a filtration. We use the notation
| -|> = (-,-) € R for the quadratic variation of a process (similarly use this notation for cross-
variation).

For the Girsanov transforms to be martingales, we have the following mild technical assumption.

Assumption 12 (Novikov conditions on =) Assume that the following Novikov conditions hold:

1 M
E [exp (/ |E]2ds>} < +0o0
2 Jo
I )
E |exp 5 |24+ VV¥|%ds || < +oc.
0

Also, assume that there exists C' < +oo such that fol Z|?ds < C and fol |2+ VV¥|2ds < C.

and

This last condition is so that we can apply Girsanov’s on manifolds, e.g. [25, Thm. 8.1.2].

Proposition 13 (analogous to [35, Prop. 2.11]) Let P be the law of the SDE in (1). Then the
Radon-Nikodym derivative of P with respect to W=7 is given W="-q.e. by

P Py 0(0, Xo) — ¥(1, X1)
S x) = 80k,
aw=r %) = Geal O)eXp< T

exp <i </01 <asqf - %\vw _ (=, V) + gA\IJ) (5, X.) d5>) |

To prove this proposition, we do not use a martingale characterization as in [35], but directly use
the Girsanov theorem (which by our assumption on =, can be applied on manifolds) and the It
formula.

Proof By the chain rule, we have

10)

AP dPy AP AW
dww( ) dvol( 0) dW™  dWET

The first term follows from an averaging argument identical to that of [35, Prop. 2.11]. For the
second term, recall that P is the measure induced by the process dX; = —(2 + VW) dt + /7 dB;
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and W7 is the measure induced by the process dY; = /7 dB;. We have

P _. 1/t(:+V\I/)(sX)dB —1/t]:+V\I/\2(sX)ds
dWT_ Xp \/,7_ 0 — 9 S S 27_ 0 — 9 S

= exp <\; /OtV\I/(s,XS) dBs — % /Ot IVU|?(s, X) ds>
- exp (\} /ta(s,Xs)st—21T/Ot(\EP+2<E,vq/>)(s,Xs)ds)
—exp< < (0, Xo) — W(1 X1)+/Ot (asxp— ;\V\I/\QJr;A\I/) (S,Xs)ds>>
(f/ (s, X,)dBs — /t(\EP+2<E,V\I/>)(3,Xs)ds>
—exp< < (0, Xo) — ¥(1, X;) +\F/ (s, Xs) dB>>
-exp (T/O <aqf—|'+v\m?+ A@)( s)ds)

where the first line follows from the Girsanov theorem, [43, Thm. 8.6.6] and the third line follows
from Itd’s formula, [43, Thm. 4.2.1]. Letting W=7 be the measure induced by the process dZ; =
—Z=(t, Z¢) dt + /T dBy, we have

d‘iNW_ = ( /\_\23—/ dB) (12)

by Girsanov. Combining (11) and (12) yields (10). The claim follows. |

QY

The next result is the variational characteristic of the SDE.

Theorem 14 (analogous to [35, Thm. 2.1]) Suppose (g, =, Cy) is Cy-ensemble observable. Let
E:[0,1] x X — X be a smooth function and ¥ : [0, 1] x X — R be a smooth potential. Let P be
the law of the SDE

dX, = —Z(t, X;) dt — VU(t, X;) dt + /T dB;

with initial condition Py € P(X) such that H(Pg|vol) < 4o0. If R € P(Q) is such that gsR; =
g4Py for all t € [0,1], we have

H(P|W=T) < HR|W=")
with equality if and only if P = R.
The argument follows that of [35] with our ensemble observable assumption and reference measure.
Here, the proof is the same, but now we use the fact that our reference measure “cancels out” the
stochastic integral, e.g. see Proposition 13.
Proof Let P be the law of the solution of (1) and suppose R € P () is another path measure such

that H(R|W=7) < +o0. Let p,r € LY(Q, W=T) denote the Radon-Nikodym derivative of P, R
with respect to W=7, respectively. By strict convexity of 2 — x log z, we have

rlogr —plogp > (14 logp)(r — p),
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W=T-almost everywhere, with equality if and only if 7 = p. Integrating with respect to W=7, we
see
H(R|W=T) — H(P|W=") > Eg|[l + log p] — Ep[1 + logp]. (13)

Using Proposition 13, we have

U (0, Xo) — ¥(1, Xy)

T

dP
Egr[l + logp] = Er [1 + log (dvool> (Xo) +

1t 1
+/ (asqf - 5|v\11|2 — (E, V) + ;A\If> (s, Xs) ds} :
0

T

By definition of ensemble observability, if gsR; = ¢gyP; for all ¢ € [0, 1], this implies R, = P, for
all t € [0, 1]. Because this expression only depends on the temporal marginals of R as the Radon-
Nikodym derivative of P with respect to W=7 does not contain a stochastic integral, the right-hand
side of (13) vanishes if gsR; = gsP; forall ¢ € [0, 1]. This concludes the proof. |

D.2. The main technical result: Theorem 15

Theorem 15 (analogous to [35, Thm. 2.7]) Fix A > 0 and assume we have the following:

1. ForeveryT € N, we have a sequence of ordered observation times {t?}iT:l; a sequence of
data smoothed by the heat-kernel ﬁiT (a collection of T probability measures on )); and a
sequence of non-negative weights {wl }1_,.

2. There exists a P(Y)-valued continuous curve p € C([0,1] : P())) such that the following
weak convergence holds: for all continuous functions a : [0,1] x J — R,

T

1
li I tF 2)pl(d —// t, z)p(dx) dt.
lim Do | et )il @) = [ [ att.apias)

1

For each T, let RT € P(Q) be the unique minimizer of

T
= 1
R Fr(R) = TH(RIWST) + ¢ Y w!DF(g:R,r, p}). (14)
=1

Then as T — +o0, the sequence {R™'} converges weakly on P () to the unique minimizer of
= 1 /1
R P(R) = TH(RIW=") + / DF(g;Ry. 7).
0

Before proving this theorem, we state the following result that is immediate from the non-
negativity of our data-fitting term.

Fact 16 (Non-negativity) With the assumptions of Theorem 15, the functionals Fr and F are
bounded from below by 0.
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Proof [Proof of Theorem 15] The argument follows that of [35]. Let R be a minimizer of F' and
R be the minimizer of F'r. By optimality of the minimizers, we have GoR = R and GoR” = R
Using Proposition 27, we can find a sequence R that converges weakly to R as T' — 400 such
that
F(R) > limsup Pr(RT) > lim sup min Fr = limsup Fr(RT).
T—+o00 T—+o00 P() T—+o00

In particular, the sequence is bounded, which by Fact 16, implies the sequence H(R”|W=7) is
bounded. Then from the compactness of the sublevel sets of the entropy, we have a limit point R of
the sequence {R”}. Using the optimality of R and Proposition 28, we see

F(R) < F(GoR) < liminf Fr(R”).
T—4o00

Thus, we have equalities everywhere, so

F(R) =limsup Fr(RT) = lim Fp(RT).
T—+o00 T—+o00

Then we see B ~

Fr(R) — Fr(RT) = Fp(RY) — min Fr

P(©)
converges to 0 as T' — +4-o0. By [35, Lem. B.3], relative entropy is 1-convex with respect to the
total variation, i.e. if p, g, r are three probability measures,
H P+q
2 2

1 1 1
r) < SH(plr) + S Hdr) = 5llp = alltv-

Since the data-fitting term is also convex, the full objective Fr(-) is 1-convex with respect to the
total variation. By a classic strong convexity argument, since Frr(R) converges to the minimum
value minp (o) Fr achieved at R”, |[RT — R” || py must also converge to 0 as T — +oc. Recall

that TV convergence is stronger than weak convergence. Then, using the weak convergence of RT
to R, we see that R converges weakly to R as 7' — +o0. This concludes the proof. |

The remainder of Appendix D.2 is dedicated towards proving Theorem 15.

D.2.1. HEAT FLOW AND REGULARIZATION OF THE MARGINALS

Recall that we use ®, to denote the heat flow with width s. We use the heat flow to regularize the
marginals. First, we have the following result showing that the density of ® ;R is continuous jointly
intand z.

Proposition 17 (analogous to [35, Prop. 2.12]) Let s > 0. There exists a constant C depending
only on X and = for which the following hold:

1. For each R € P(Q), its heat flow regularization ®sRy has density p©*)(t,-) (with respect to
the volume measure) that satisfies for all t € [0,1],x € X, we have

1

G)(t,2) > =.
p (,x)_cs
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2. Forallty,ts € [0,1] and x1,x2 € X, we have

P (b1, 21) = p1) (b2, 22)| < C (\E\/H(R\WE’T) +C+CTV/ [t —ta| + dx(x1,$2)> :

Proof The first estimate is directly from [35]. The second estimate follows from [35] and the
following proposition. |

Proposition 18 (analogous to [35, Lem. 2.13]) There exists a constant C' depending only on X
and E such that for each R € P (),

Erldx(Xe, X1,)%] < C (HRIW=T) + C + Co?) o?|t; — ta].

Proof The argument follows that of [35]. For any n > 0, using the dual representation of entropy
with the function X +— ndx (X4, , Xi,), we have

NER[dx (Xt X1,)?) < HRIWST) + log Ey= - [exp(ndx (Xe,, X,)°]-

Using an upper bound on the heat kernel from [36, Cor. 3.1] and that ||Z||z < 400, we have the
following bound on the transition probability for W=7

CelE2e

e (crt - W) .

t) <
pr(z,y,t) < Ot

Then the remainder of the argument of the proof of [35, Prop. 2.13] yields the desired result. |

D.2.2. HEAT FLOW AND ENTROPY ON THE SPACE OF PATHS

We introduce an auxiliary variational problem in which all the temporal marginals are fixed.

Definition 19 Let p € C([0,1] : P(X)) be a P(X)-valued continuous curve with respect to the
weak topology. Define the problem A (p) to be

~(p):= inf {THR|W=ZT)|Vte[0,1],:R; = .
A (p) Ré%(m{T (R| ) [Vt €[0,1], gsRe = gyt }

We use the convention that A (p) = +oc if the above problem has no admissible competitor.

Using a dual representation of .4, we can use PDE theory to solve this problem. First, we give
a martingale characterization of a class of stochastic processes:

Proposition 20 Suppose W=7 is the law of the SDE dX, = —=dt + \/T dBy; with arbitrary
initial distribution. Let ¢ : [0,1] x X — R be a smooth function. Then, the process whose value at
t € [0, 1] is given by

1 t 1 _ -
exp (3 (00,0 = 900.%0) = [ oo+ 190 — (2.50) + Ja] . xds) ) a9
0
is an Fi-martingale under WET,
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Proof By Assumption 12 on =, the process
t T
M = o(t, Xt) — (0, Xo) —/ [3390 = (5, Vo) + 58p| (s, X) ds (16)
0

is an JF;-martingale under WET by [43, Thm 8.3.1]. We calculate the quadratic variation (M¥),
similar to [26, Prop. 1.3.1]. First, we have

2 1 t
o(t, X1)? = ¢(0, X0)? + Mf + 2/ [—(Z, V?) + Ap?](s, X,) ds
0

2 1 [t _
=00 X0 + M7 + 5 [ 1-20(2.9¢) + APl(5, X.) ds.

Using It6’s formula, we have

(P(tvxt)Q = 90(07X0)2 T 2/Ot SD(SvXS)dSDQ(Sv XS) + <M<p>t

— (0, X0) 42 /0 (s, X.)AME + /0 (5, X2)[{E, V) + Al (s, Xo)ds + (M#),.

Equating the bounded variation parts, we see

1 [t _ _
(M?) = 2/0 [—20(Z, V) + Ap? + 20(E, V) — pAp] (s, X,) ds
1

t
_ = 2
= 2/0 [Ap® — pAg] (s, X;)ds

t
= / IVo(s, Xs)|? ds.
0
Then, (15) is the exponential martingale of Mf . |

Here, recall that Assumption 12 ensures that (16) is a martingale. Otherwise, it is only a local
martingale and we would need to check the L' convergence of the stopped process with an increas-
ing sequence of stopping times that goes to +oc. This is a standard argument in stochastic calculus,
e.g. see [43].

Now we give the dual representation mentioned above.

Proposition 21 (analogous to [35, Prop. 2.15]) Letp € C([0,1] : P(X)) be a P(X)-valued con-
tinuous curve. We have

Ar(p) = T7H (po|vol)

+sup{—/)(s0(07w)po(dx)—/ol/x <6t90+;|V<p\2— <E,V¢>+;A¢> pi(dx) dt},

)

where the supremum is taken over all ¢ € C?([0,1] x X) such that p(1,-) = 0.
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Proof The argument follows that of [35]. From the duality result of [3, Prop. 2.3], we have

Ace) = H b 7w { [ vtanyas— | log By [ 1 vit) ()] }.

where W=7 is the measure such that W§ " = §,, and the supremum is taken over ¢» € C([0, 1] x
X). Here, the characterization holds because the argument in [3] only requires the reference mea-
sure to be uniform at all marginals.

Let — == 100 + 1|V|? — (2, V) + TAyp) for some smooth ¢ satisfying the terminal
condition ¢(1, z) = 0. By Proposition 20, we see

e o (£ 1 g )] 1.

As X = 0 under W% we have

/X {ngWE,T,z exp ( /0 tz/)(t,Xt)dt)] - /X [logeT_l‘P(O’w)] po(dz)

1

=~ [ #(0.0) po(ao).

T Jx

The remaining argument of [35] follows through. |
The main idea is that there is a contraction of A under the heat flow, which we can think of as

a space-time counterpart of the contraction of entropy under the heat flow.

Proposition 22 (analogous to [35, Prop. 2.16]) Lerp € C([0,1] : P(X)) be a P(X)-valued con-
tinuous curve and for s > 0, define the new curve p'® : t — ®p;. Let K be a lower bound on the
Ricci curvature of the manifold X. Then, for any s > 0, we have

A (p")) < e A (p).

Proof Consider the dual formulation in Proposition 21. If ¢ : [0,1] x X — R is a C? function
with boundary condition (1, -) = 0, then by the self-adjointness property of the heat semigroup,
we have

s 1 1 — T s
[ o068+ [ [ (o0 51962 - @ T0 4 Fap) ol
X 0 Jx

1 1 _ T
= / {®s0}(0,)po +/ / <8t<135g0 + f<I>S\V¢]2 — O, (=2, V) + A<I>5¢> P dt,
X 0o Jx 2 2

where ®,0;p = 0;P5p by Schwarz’s theorem and ®;Ap = AP p by simple calculation. By
properties of the carré du champ operator [5, Cor. 3.3.19] and expanding out the inner product, we
see that (®,Z, VO ) < e 2559 (2, V). Thus, letting p = e2K5® p and = = 2K50 =, we

have
s ! 1 — T s
—/ w(O,-)pé)—/ / <8t<p+2\V¢\2—<:,V<p>+2AsO> Py dt
X 0o Jx

) 1 1 ~ T . .
o 2Ks / 2(0,+)po — / / Orp + 7’Vg0’2 _ (:, Vgo) + -AQ ) ppdt
X 0 JX 2 2

< efsz[.Ar(P) — TH(PO’VOI)L

IN
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where the last inequality is due to Proposition 21. Taking a supremum over , we see that
A (p)) < e K5 A (p) + 7 [H(®,polvol) — e~ H (p|vol)] .

By [35, Eq. B.3], the second term in the right-hand side is always non-positive, so the claim follows.
|

Next, we define the regularizing operator G that acts at the level of laws on the space of paths.
Definition 23 For each R € P(Q) with H(R|W=T") < 400 and for each s > 0, define
gs(R) ‘= arg mln{H(quEﬂ—) ‘ vt € [07 1]>gﬁ]§'t = gﬁq)th}'
ReP(Q)

That is, among all probability distributions on the space of paths whose marginals in hidden space
coincide with t — gy ®,Ry, the measure Gs(R) € P(Q) is the one with the smallest entropy.

Note that G, (R) is well-defined because thanks to Proposition 22, A, ((®,Ry):) < e 255 A, ((Ry);) <
e 2K [ (R|W=T) < 400, so the minimization problem has admissible solutions. Since sublevel
sets of entropy are compact, there exists a minimizer, and from strict convexity of the entropy func-
tional, it is unique. Now note that

Ar((25(Re)e) = H(Gs(RIW=T)).
This gives us the following result.

Proposition 24 (analogous to [35, Prop. 2.18]) For each R € P() such that HR|W=T) <
400, we have the following:

1. Foranys >0, H(Gs(R)[W=T) < e 255 H(Gy(R)[W=T) < e 2K [ (R|W=T).
2. Gs(R) converges to Go(R) weakly as s — 0.

Proof The argument follows that of [35]. The first property is a rewriting of Proposition 22 together
with the definition of G, and A,. The second property follows from our observability assumption
and an analogous argument to that of the proof of [35, Prop. 2.18]. Consider the following sequential
characterization. Let {s,},en be a sequence with s,, — 0 as n — —+oo. By the contraction
estimate in (i) and that the Ricci curvature is bounded from below, we know that H (G, R|W=T)
is uniformly bounded in n. Let R be any limit point of G, R. Notice that this limit point exists due
to the compactness of the sublevel sets of H (-|[W=T7).

We show that R = GoR by a standard analytic argument. We consider a subsequence (which we
do not relabel) G, R that converges to R as n — +oo. The marginals of R agree with those of R
as we easily see that the marginals of G, R are the {®, Ry }+c[o 1]» and ®,,, f — f in L' (X, vol) as
sn — 0. Then, using the lower semi continuity of entropy, the definition of G;, , and the contraction
estimate for A, we have

H(RIW=7) < lim inf H (G, RIW=7)
= lm ol A (@0 RONWET)
< lim inf e_QKS"AT((Rt)t) = A-((Rg)t).

n—-+0o

This shows that R = GoR, which concludes the proof. [ |
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D.2.3. THE DATA-FITTING TERM

We recall the definition of the data-fitting term here:

DF? (g;Ryr. ;") ::/y—log [/Xexp< ”9(2) yH2>thiT(x)] dpt ()
= H(p; "|g:Ryr * No) + H(pyr) +

where N, is the Gaussian kernel. First, we have the following result, which is immediate from
properties of entropy.

Proposition 25 The function r — DF(r, p) is convex and lower semi continuous on P(X).
We will require a quantitative control on the effect of the heat flow on the data-fitting term.

Proposition 26 (analogous to [35, Prop. 2.22]) Assume g : X — Y is measure preserving.’ Let
p,r € P(X). There exists a constant C > 0 depending only on X, g, and o such that for every
s> 0,

DF(g;®sr, gsp) < DF(gy7, 9:0) + 5 - C.

Above, for simplification of the notation, we pushforward both parameters of the data-fitting term
by g. This makes the argument below much cleaner.

Proof The argument follows that of [35], but it is much simpler due to our different data-fitting
term. In particular, we do not need a bound on the Fisher information. By an abuse of notation,
denote 7 € L'(X,vol) the density of r with respect to vol. Denote 7(s, -) to be the density of ®¢r
with respect to r. It satisfies the heat equation

or
% = AT.

Then, we have
P = o [ <toe] [ e (L IO s vt ptupwol(an
_ /y log [ / exp (-W) & (s, )vol(d )] p(y)vol(dy)
log[ exp< lg(a 202 )”2> Ar(s,z)vol(dm)] p(y)vol(dy)
<c / y)vol(dy) < C

where the inequality follows from properties of the Gaussian integral and the fact that [ Ar (s, z)vol(dz) =
1. Integrating yields the desired result. |

9. Suppose that (X, Ax), (¥, Ay) are measure spaces with Lebesgue measure. g is measure preserving if for every
Borel set B € X, Ax(A) = Ay (g A).

26



PARTIALLY OBSERVED TRAJECTORY INFERENCE

D.2.4. TWO RESULTS ON LIMITS OF FUNCTIONALS

We require two results of the functional F7 defined in (14). We use these for the I'-convergence
theory required in the proof of Theorem 15.

Proposition 27 (analogous to [35, Prop. 2.24]) Use the notation and assumptions of Thgorem 15.
Suppose R € P(Q) with F(R) < 400 and GoR = R. Then there exists a sequence RT which
converges weakly to R as T — +00 and

limsup Fr(RT) < F(R).

T——4o00
Proof The argument follows that of [35]. Let s > 0. Combining Proposition 26 for the data-fitting
term and Proposition 24 for the relative entropy on the space of paths, we see that

= 1 [t
F(Gs(R) = TH(G,R|W=") + 3 / DF(®,Ry, 77) dt
0
= 1 [t
gTe*QKSH(R\V\W)jLX / DF(Ry,p;) dt + s - C,
0

so we have
limsup F'(GsR) < F(R).
s—0
Now as — log[GsR]; is a continuous function of ¢ and x by Proposition 17, we can use the weak
convergence of 5’ to p to write, for s > 0,

T 1
lim Y w/DF ([QSR]tT,ﬁiT) :/ DF([G,R]:. ;) dt.
‘ 0

T—~o00 4
=1

This implies for all s > 0, we have lim7, 1o Fr(GsR) = F(GsR), so it is sufficient to let
R := G, R for a sequence {sr}r>1 that decays to O sufficiently slowly as 7' — +oo. This
concludes the proof. |

Proposition 28 (analogous to [35, Prop. 2.25]) Use the notation and assumptions of Theorem 15.
For each T > 1, let RT € P(Q) and assume that it converges weakly to some R € P() as
T — oo. Then
F(GoR) < liminf Fr(RT).
T—4o00

Proof The argument follows that of [35]. Assume that lim inf7_, ;o FT(RT) < 400 otherwise we
are done. Then, up to a subsequence (that we do not relabel), we have supy H(RT|W=T) < +o0.
Combining Proposition 26 for the data-fitting term and Proposition 24 for the relative entropy on
the space of paths, we have

T
- . _ 1 5
Ty _ T =T T T AT
Pr(G.R”) = TH(G,RTIW=") + ;1 wIDF (gﬂ@thiT,pi )

- - 1 L
< re 2 H(RT|W=T) + {DF (RZT, p;r”) + %
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Now we rewrite the above as
Fr(R") > Fr(G;R") — C(s),

where
sc

A

is upper bounded by a quantity independent of 7" and lim,_,o+ C'(s) = 0. For the data-fitting term,
define the sequence of functions a® (¢, ) to be

oT(t,2) = — log [ / exp <—”~"(z>_‘]"”2> d@sf{tT(z)] ,

202

C(s) = T|€_2KS — 1| sup H(f{T|WE’T) +
T

which is parametrized by 7'. Notice that from the definition of the data-fitting term, we have

T T
Sl DR (R 1) = Yool [ Tl )l (o).
i=1 =1

For a fixed s > 0, the family of functions a! (¢, z) indexed by T is uniformly equicontinuous due
to g being continuous and Proposition 17. Then there exists a subsequence (that we do not relabel)
that converges uniformly on [0, 1] x ) as 7" — oo to the function

—=||?

al (t,z) = —log [/exp <_”9(

22)02 > d@th(z)}
— —log [ [ e (—W) d[gsRMz)] .

o2
Using this uniform convergence with the weak convergence of ﬁzT to pg, we see

T T
i S DF (eRf 1) = i S o [l )il (@)
=1

T—+o0 i1
1
- / / as(t, 2)7,(dx) dt
0 X
1

- / DF(G.Ry,7,) dt.

0

Using lower semi continuity of entropy, we have F(GsR) < liminfp_, FT(QSRT). Thus, for
each s > 0, we have
liminf Fp(RT) > F(G,R) — C(s).
T—~+o00
Finally, we use Proposition 24 to take s — 0T using the lower semi continuity of F and the
convergence of GsR to GoR when s — 0. [ |
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D.3. I'-convergence: taking h — 0, A — 0

Theorem 29 (analogous to [35, Thm. 2.9]) Let P € P(Q) with H(P|W=T) < +oo. For each
X > 0and h > 0, let RM be the minimizer of the functional

- e
R— GA,h(R) = TH(R‘WH’T) + )\/ H((I)hPt’Rt *Ng’) dt
0

Then, as h — 0, X — 0, the measure RN converges to the minimizer of R +— H(R|W=7) among
all measures such that gsR; = gsPy for all t € [0, 1]. Furthermore, if P is the law of the SDE in
(1), then RM" converges to P.

Proof The argument follows that of [35]. First, consider R := G, P € P(2) as a competitor in
G\ 5. Using the contraction estimate given by Proposition 24, we have

min G, = GAn(RM) < 7H(GyPIW=T) < re KM H(GoP|W=T).

As K > —oc and H(P|W=T) by assumption, we see that G, ,,(RM") is uniformly bounded in A
and h. Thus, H(RM"/W=T) is uniformly bounded as well. Due to [35, Prop. B.2], this implies
that the family RM" belongs to a compact set in the weak topology. Let R be any limit point in the
limit as A — 0, h — 0. We only need to show that R = GoP. Note that

HRM|W=T) < Gy p(RM) < 7K H(GP[W=T).
By taking h — 0 and using the lower semi continuity of entropy, we see
H(R|W=T) < H(GoP|W=T).

Now using Fatou’s lemma, the chain rule for relative entropy, and joint lower semi continuity of the
entropy, we have

1
/HPt|Rt*N)dt<)\hm1nf/H(I)hPt|R’\h*N)
0

< liminf / H(®,P|RM") dt
A—0,h—0 J

< liminf Ayl = .
< Jiminf (AS;},?GWR >> 0

3 Thus, it follows that gﬁf{t = g4P; for almost every t. Therefore, by definition of Gy, we have
R = GyP. This concludes the proof. |

Appendix E. Reduced Formulation
E.1. Proof of Theorem 3

We use the following result to prove Theorem 3. Here, the statement is identical to that of [15], but
we consider a different reference measure.

29



PARTIALLY OBSERVED TRAJECTORY INFERENCE

Lemma 30 (analogous to [15, Prop. B.2]) There exists a constant C' > 0 such that, for any R €

P(Q) and t1', ...tk a collection of time instants, it holds
=D =
HRIWS") S HRy oW )
> H(R tT’tzjl»l Ip7; (th" ® thTH)) — Z H(Rt? ‘W;g;‘f) +C
=1 L=

The first inequality (1) becomes an equality if and only if

R(:) = WEyT(.|$1, e, TT) th{,...,t% (x1,...,27),
xT
where W=7 (-|z1, ..., x7) is the law of W= conditioned on passing through 1, . ..,z at times
tlT, ce t%, respectively. In addition, the second inequality (x) becomes an equality if and only if R

is Markovian.

Proof Using the fact that = is divergence-free and that W=7 has the Markov property, the proof
from [15] holds. We provide the full proof for completeness. The first inequality () and the equality
case follows from the behavior of entropy with respect to a Markov measure under conditioning,
e.g. [37, Eq. 11]. In particular, we have

HR|W=") = HR,r tT|W;T’ o)

10 15wty

/H |1,‘1, e ,:UT)‘W:’T('|:E1, c. ,:L'T)) th{w.’t; (IL‘1, ce ,:ET),

where the second term vanishes if and only if the conditional distributions R(+|z1,...,zr) follow
the law of W=, for Ryr . ,r almost every (z1,...,z7). The second inequality (x) follows from
[7, Lem. 3.4], which states

T-1 T—-1
H(Ryr oW EDS H(Rtf,t?+1|wff,tf+l > HR[WyT) = E,
i=1 =2

with equality if and only if Rt’{"..7tg is Markovian. As in [15], we reorganize the terms in E.
Without loss of generality, assume that R,z are absolutely continuous with density dR,r (x)/dz :=
ri(x) and let Vy be the Lebesgue volume of AL,’ . Since WtEZTT is the uniform measure on X’ lfor every

t;fp, we have ~
H(RtiT]WZT’T) = H(Rtg“) + log Vx.

Letting 7; := 7(t],; — tI'), we also have

T 1 =
W (da,dy) = Vj(p:i(w,y) dz dy.

7 0741
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Thus, we see that for any p, v € P(X) with finite differential entropy and v € II(u, v), we have

-, dy v
16w, )= [1os (2% ) o)

dr @ dy pz,

dry du dv
= log V. 1 ————|d
o8 X+/Og<p%d(u®1/)dfvdy> !

= log Va + H(Y|pZ (p @ v)) + H(p) + H(v),

where the last line follows from [39, Lem. 1.6]. Now using the fact that RtT7tT+1 € II(R,r, Rtr+1 ),
we have

T T—1
=logVx + Z H(th",tiTH P, (RtiT ® thTJrl)) + Z H(Rtf)a
i=1 1=1
which proves the formula. |

Theorem 31 (Thm. 3, restated) Let Fit : P())” — R be any function and let = be bounded and
divergence-free.

1. If F admits a minimizer R* then (R:T, R RZ‘T) is a minimizer for F.
1 T

2. If F admits a minimizer p* € P(X)T, then a minimizer R* for F is built as

R*() = W:’T(“(L'l, ey xT) th? tT(l'l, R ,{L’T),
XT yees b
where W=7 (-|z1, ..., 1) is the law of W=7 conditioned on passing through 1, . . .,z at
times tr{, cee t::ﬁ, respectively and Rt{,...,t% is the composition of the optimal transport plans

i that minimize Ty, =(p*@, w00, fori € [T —1].

Proof The proof from [15] holds using our transition probability densities and OT plans. We pro-
vide it for completeness. First, note that a minimizer R* € P(Q) of F(R) = Fit(QtT, e QtT)

7H(R|W?=T) is of the form in Lemma 30. Let p() := R* be its marginals and 7(’) =R+

i i1
which clearly satisfies 7 € TI(u®, p(*+1). Using C := log Vy, we see that

F(R*) = Fit(ggu', ..., gy +TZH @p% (W @ pit)) + 7H(u) + C
=1

T—-1
' T i)
> Fit(gpu®, . gan™) + =D Trs(u® uO ) 4 T H () + €,
bi=1

where the inequality becomes an equality if and only if Ry, = ~() is optimal in the definition
i olit1

of Ty, =(pu, ul+1)). The claim follows. u

31



PARTIALLY OBSERVED TRAJECTORY INFERENCE

Appendix F. Mean-Field Langevin Dynamics

MFL dynamics are designed to minimize functionals of the form F, = G + (7 + €)H, where
G : P(X) — R is smooth and H is minus the differential entropy. As in [15], we increase the
entropy factor by ¢ > 0 because G is not convex, but Fy = G + 7H is. Using the first-variation
V[p] of G given in Proposition 32, the MFL dynamics is defined as the solution of the following
non-linear McKean-Vlasov SDE, for s > 0:

{de) = —VVO[u (X ds +\/2(r + ) dBY) +del), Law(x{") = pf)

. . 17
Mgl) — LaW(Xgl)), 1 E [T], ( )

where d@ﬁl) is the boundary reflection in the sense of the Skorokhod problem, e.g. [54]. Here, =
does not, and should not show up in (17) as we already consider = for the entropic OT problem (3)
that induces the Schrodinger potentials. Thus, the McKean-Vlasov SDE is exactly the same as that
of [15]. The family of laws {p,}s>0 of this stochastic process are characterized by the following
system of PDEs:

Ospl) =V - (VV O[] ul)) + (7 + ) Apf), (18)

which are coupled via the quantity vV [es]. The link between (17) and (18) follows from the
Itd6-Tanaka formula, see e.g. [28, Lem. C.3]. This is a multi-species PDE where each of the species
19 attempts to minimize %Fitk’"(7 pF) + (7 + €)H via a drift-diffusion dynamics, and it is

connected to u(i_l) and ,u(”l) via Schrodinger bridges.

F.1. Properties of G and F

We describe some properties of functions G (4) and F' (5).
Recall that the first-variation of G : P(X)T — R at p is the unique (up to an additive constant)
function V'] € C(X)7T such that for all v € P(X)7,

T
lim 2 [G(1 — Y+ ) — Gl)] = S VO[l(@) d(v — )V (a).
=1

e—0 €

Proposition 32 (analogous to [15, Prop. 3.2]) The function G is convex separately in each of its
inputs (but not jointly), weakly continuous and its first-variation is given for p € P(X)T and
i €[T) by

; oFit Diit1 i1
VO = ' ; :
= S
and SFit Ati [ No(g(z)—y)
1 i a\g\T)—Y ~
— iz — — / 4 dp(y),
5u(”[ ] A (No * gip®)(y) )

where (p;.j,%i;) € C®(X) are the Schridinger potentials for Ty, =(p), u)), with the conven-
tion that the corresponding term vanishes when it involves 11 o or o1 141. The function F' is jointly
convex and admits a unique minimizer ", which has an absolutely continuous density (again de-
noted by p*) characterized by

(u*)(i) o< e*V(i)[“*]/T, fori e [T].
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Here, the Schrodinger potentials are classically L' by standard (entropic) OT theory, but we can
extend them to C'*° functions, as discussed in [15].
Proof The argument is similar to that of [15]. The properties of GG and its first-variation are clear.
In particular, the first-variation of 7", = follows from the fact that g is smooth and [48, Prop. 7.17],
and the first-variation of Fit follows by direct calculation. The convexity of G follows from the
convexity of T, = and the fact that the pushforward of g is linear. The joint convexity of F, its
unique minimizer, and the characterization of the minimizer follow directly from the argument in
the proof of [15, Prop. 3.2]. |

F.2. Noisy particle gradient descent

Let m € N be the number of particles used in the discretization for each of the time marginals
19, For computation, we approximate the MFL dynamics by running noisy gradient descent on
the function Gy, : (X™)T — R defined as G, (X) := G(fs ), where

From [14, Prop. 2.4], we see that mV @ Gm(X) = VV O [ 5] ( A](-i)). Thus, this yields the
discretization of (17): ’

XMk +1] = XV - gVV ORIV /) + Vot a2z, X0 R
12 [ ] m j=1 X(Z)[ K (S [ ]7

where 7 > 0 is a step-size, the Z (@ ) are i.i.d. standard Gaussian variables, and all the particles
should be projected onto X" at each step if X has boundaries. The MFL dynamics are recovered in
the limit as m — oo and n — 0, e.g. see [14, 41, 53].

Recently, [11, 53] have shown a uniform-in-time propagation of chaos for the MFL dynamics:
the “distance” between the m-particle distribution and the infinite-particle limit is order O(%) for
allt > 0.

F.3. Mean-field Langevin dynamics and exponential convergence

In [14, 15], it is shown that the MFL dynamics in (17) converges at an exponential rate to the
minimizer, and this convergence also holds in relative entropy and in Wasserstein distance. We
provide the proof for the following similar result for our partially observed setting in Appendix F.

Theorem 33 (Convergence) Assume X is the d-torus. Let puy € P(X)T be such that F(p,) <
+00. Then for € > 0, there exists a unique solution (ft4)s>0 to the MFL dynamics (17). Let € > 0
and assume that puy has a bounded absolute log-density, it holds

F.(p,) —min F, < e"Y*(F.(py) — min F,),

where C' = e~ /¢ for some a, B > 0 independently of p and e. Moreover; taking a smooth time-
dependent €, that decays asymptotically as &/ log s for some & > «, it holds Fy(pu,) — Fo(p*) <
loglog s/log s — 0 and pg converges weakly to the min-entropy estimator p*.
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Proof As in [15], we simply need to verify the assumptions in [14, Thm. 3.2]. Recall that the
objective function is of the form F, = G + (7 + €)H. The stability and regularity of the first-
variation V, [14, Assumption 1], is immediate from [15, Prop. C.2] and that g is bounded. The
convexity of Fj and existence of a minimizer for F¢, [14, Assumption 2], follows from Proposition
32.

For the uniform log-Sobolev inequality (LSI), [14, Assumption 3], first note that the ¢th com-
ponent of the first-variation of Fy is given by V() (1] + 7log 9. Define D := diam X and
E := diam g;X, where D < +oc by assumption and £ < +o0 as g is bounded. Note that
osc VW [u] < +o0 as the gradient formula for §Fit/du(? is non-negative and is bounded by
EeF?/(29%) and by [15, App. A, Eq. 17], the Schrodinger potential o; ;11 has an oscillation bounded
by

. 2
z?;er CtiT’tiTH(x’y) - x}ygrlefX CtiT’tz‘TJrl(x’ y) < D7/2.
Following the argument in the proof of [14, Thm. 3.3], the probability measure proportional to
e~ (VOlul+rlog ™) /e gatisfies a LSI with constant p > ae P/c for some «, 3 independent of

5, € K-
Then, [14, Thm. 3.2] guarantees the exponential convergence with rate e~¢* with C' = 2ep.
Furthermore, the convergence result with simulated annealing follows from [14, Thm. 4.1]. |

Appendix G. Approximation of the kernel

Note that we cannot directly solve the objective function F (5), as the entropic OT cost T, =(u, v/) is
defined with the transition function pfi , which is generally not available in closed form. We give an
approximation of 7", =(y1, v) by considering an Euler-Maruyama discretization [33]. Let € P ()
be a stochastic process following the SDE dX; = —Z(t, X;) dt + /7 dB; with an arbitrary initial
distribution. Let At := t9 — t; and suppose 1, , fiz, are two time marginals of ;. Recall that if

th ~ Wy, and
to

to
X, = Xy, — / Z(s, Xs)ds+ /7 | dBs, (20)
t1 i1

then X, ~ p4,. For small At = t5 — 4, since = and p, are smooth, the integrand of the second
term will be approximately constant over the integration interval. Thus, we can approximate the
first two terms of (20) as £2(Xy,) := X, — Z(t1, Xy, ) - At. Finally, note that the last term of (20)
is an isotropic Gaussian with variance 7 At. This suggests approximating the transition kernel pfi as
a deterministic drift given by the current =, followed by isotropic Gaussian noise. For = = 0, this
would reduce to the kernel used by the MFL method, i.e. the Brownian motion transition kernel.

This provides an intuition for why our approach is more robust than that of the MFL method
when the true = is non-zero, since £2¢(Xy,) — Xy, ~ N(0, 7At) for small At, while the X3, — X,
used by the MFL algorithm has non-zero expectation, is non-Gaussian, and often has significantly
higher variance.!”

Let TV(-,-) denote the total variation distance. We have the following result for using the
approximation in the transition kernel , which is a special case of [8, Thm. 2.1]. Note that this

10. In a sense, our Euler-Maruyama approximation can be considered a first order approximation method, while MFL
corresponds to a zeroth order method. Higher order methods could be an avenue for future work.
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One particle Y Velocity Mean Y Velocity
10 4

0 200 400 0 200 400
Iteration Iteration

t=0 t=1 t=2 t=3 t=4

Figure 2: (left) Velocity of one particle at end of optimization. (right) Population velocity at begin-
ning of optimization, showing exponential convergence.

implies that the difference in probability between the approximate kernel and true kernel for any
event is of order O((At)'/3), which converges to 0 as T' — oc.

Proposition 34 Let Xy, be as in (20) and X;, = 2 Xy,) 4+ /7(By, — By,), where X;, = 0.
Then, 3 ,
TV(Xy,, Xp,) < Cre®2 7 (A1)3,

where the constants C1,Cy > 0 depend only on dim X and the Lipschitz constant of =.

Using this approximation yields tractable OT terms in the objective function. Specifically, in-
stead of T, =(pu, 1) in (4), we use T, ({gi“_tiu(i), w0+, where

T, (p,v) == min 7,H(Y|pr,p @ v)
YEI(p,v)
is the entropic OT cost in [15, Eq. 6] and p;(z, y) is the transition probability density of the Brow-
nian motion on X" over the time interval [0, ¢]. This cost is easily computed as p-, is the Gaussian
kernel. In particular the cost function is 6%, (x,y) == —At; log(ps, (& At(z),y)), and we use Varad-
han’s approximation [42], &5 (z,y) ~ 5 |ly — z + AtE(ty, 2) |2, which holds for 7; small, e.g. see
Algorithm 1. To wrap up our discussion here, it is important to highlight that we require a general-
ization of [35, Thm. 2.3] using our path measure W=7, Theorem 2, to justify convergence of our
estimator when including = in our cost function in the entropic OT problem (3).

Appendix H. Experiments

In this section, we briefly provide synthetic experiments that demonstrate the advantages of having
a dynamics prior. All experiments were run on an M1 Macbook Air with 16 GB of RAM. Synthetic
experiments take a few minutes to run, and Wikipedia experiments take a few hours to run.

“Constant velocity” model We compare the behavior of our method, PO-MFL, to that of
MFL, using the “constant velocity” model popular in target tracking [40], see Appendix C.1 for
further details of this model and its ensemble observability.!! In this model, the state space is
X = (x,y,4,9) € R, with = given in the appendix and observations g(X) = [I2, 02x2]X. Note
that due to non-zero process noise 7, despite the name, this model does not imply that the velocity
is constant in time. The particles are initialized at the origin with velocities setas z = 5and y = 7,
i.e. Xo = (0,0,5,7). The ground truth is shown in Figure 1a.

11. This model can be interpreted as introducing velocity as a hidden state to be inferred, in order to build momentum into
the dynamics (an object in motion tends to stay in motion). This is an extremely generic model and makes minimal
assumptions on the underlying data, as evidenced by its use in target tracking.
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Our optimization method observes only the positions of the particles, i.e. g(z,v,-,:) = (z,y),
but it uses = as being a constant velocity prior. Results shown in Figure 1b show that PO-MFL is
able to successfully reconstruct the paths trajectories, while MFL fails to converge. Furthermore, in
Figure 1c, we verify that the population average of the particles’ velocities matches with the ground

truth‘ Position Velocity
Figure 2 (left) displays the y velocity of one z s . j:
particle for the last 500 iterations of optimiza- ol ) | i Oioi
tion. Although at each iteration, the velocity S s
is stochastic, we can see that the mean is at 7. » 50
In Figure 2 (right), we plot the average y ve- 25 00 25 0 5 10
locity in the first 400 iterations of optimization, ’ ’
providing empirical evidence of the exponen- (a) Ground truth.
tial convergence of our algorithm guaranteed by o PO-MFL N ML
Theorem 33. 2 N ]
Figure 3 shows a crossing paths experi- | e - . ol o
ment where the population is divided into two |~ N N
groups, one moving right and down, and the |~ N L

other right and up, with their paths crossing
in the middle. In this particularly illuminating
regime, PO-MFL leverages the “constant veloc-
ity” model used in this section to distinguish
the downward moving group from the upward
moving group. Note that PO-MFL is not told
a priori which samples belong to which group.
While MFL here collapses to the centroid, we
point out that even if its optimization was suc-
cessful, the MFL would prefer U-shaped trajec-
tories here rather than the correct straight-line
trajectories, as it does not retain a hidden veloc-

(b) Reconstructed trajectories.

Velocity

P
4 i

-2

]

-4

-6

ity state and only seeks to match adjacent time
points by their relative position via entropic OT.

We provide a variety of additional ex-
periments below illustrating how performance

(c) Reconstructed velocity from PO-MFL. Note the bi-
modal velocity estimate.

Figure 3: Crossing paths experiment under the

changes as the number of observed particles, constant velocity™ SDE.

the spacing of time points, and the underlying ground truth initial velocity affects performance.
Figure 5 shows the average W5 distance between the ground truth positions and recovered positions
(averaged by time point) across these experiments. Our approach remains significantly more robust
as these parameters are varied compared to MFL.

In this experiment, the diffusivity parameter is set at 7 = (0.05. Particles are initialized from
Xo ~ N(0,0.12 - T) and simulated over the time interval ¢ € [0, 5] with marginals sampled at 5
evenly spaced intervals. Both PO-MFL and MFL are applied using m = 100 particles, we observe
32 particles at each time point, and we use a kernel width of o = 1.0 for the data-fitting term. The
optimization procedure is initialized with 7 = 0.5 and continues for 2,000 iterations. The number
of Sinkhorn iterations for entropic OT is capped at 500 iterations.
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PO-MFL MFL

0 100 200 300 400 500 0 100 200 300 400 500

(a) Ground truth. (b) Reconstructed trajectories.

Figure 4: Wikipedia data.

For the crossing paths experiment, the diffusivity parameter is set at 7 = 0.0005, and the time
interval is [0, 2.25], and marginals are sampled at 10 evenly spaced intervals we use m = 50 parti-
cles.

Wikipedia traffic data For real world data, we consider daily traffic data from Wikipedia.'2
Because some of the webpage traffic has large spikes/outliers, we only consider pages whose daily
visits are between 100 and 500. We use the data from 3 pages over the course of 500 days as our
ground truth.

For PO-MFL, we do not consider partial observa- m | PO-MFL | MFL
tions: we utilize an autoregressive model x;1 = 0124 + 3 1.01e7 1.61e7
Oox4_¢. In this setting, the state space for MFL is R0, 6 | 1.07e7 | 1.76e7
while the state space for PO-MFL is R2%500 " The first 15 1.05¢e7 1.91e7

marginal of PO-MFL matches the data for MFL, while
the second marginal of PO-MFL is the data lagged by 6
days. To compute the values of 61 and A2, we take the
average of the regression parameters calculated from 30
trajectories drawn from the same distribution.

We try different number of particles m = 3,6, 15 and
report the results in Tablfz 1. To compute the values in true and sampled trajectory distribu-
the ta'ble we sample 3 traJectorles_from the output of the tions for Wikipedia dataset over 100
algonthrp and use this as ou;ozmplrlcal measure. We use MCMC trials. (Top) mean, (Bottom)
the Euchdean dlstanc§ in R as our cost metric. Here, 1.4 qovioe o
we use just the first dimension for PO-MFL. We see that
both the mean and variance from PO-MFL are significantly less than that of MFL. We plot three
trajectories in Figure 4 with the m = 3 experiment, and note that PO-MFL yields less volatile
trajectories.

In this experiment, the diffusivity parameter is set at 7 = 0.001. Particles are initialized uni-
formly over the interval [100, 300]. We use a kernel width of o = 1.0 for the data-fitting term. The
optimization is initialized with = 0.5 and continues for 2,000 iterations. The number of Sinkhorn
iterations for entropic OT is capped at 250 iterations. We scale the data by 1/50 for stability during
optimization.

PO-MFL | MFL
3.95e5 | 2.06e6
7.26e5 | 3.03e6

15| 9.56e5 | 4.43e6

o W3

Table 1: Average W5 distance between

12. We use train_2.csv from https://www.kaggle.com/competitions/web-traffic-time-series-forecasting
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Changing Timepoints Changing Observations Changing Velocity

40 6 11 po-MFL

35 . MFL

3.0
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Mean W2 distance

2
£20 % 3
f1s H
10 5
05

0.0 0 0
10 20 30 0 10 20 30 2 4 6 8 10

Timepoints Observations ¥ Velocity

Figure 5: Average W5 distance between ground truth and PO-MFL recovered positions in “constant
velocity.” (left) Number of time points. (middle) Number of observations. (right) Velocity.

H.1. Circular motion model

In the circular motion experiment, the diffusivity parameter is set at 7 = 0.0002. Particles are ini-
tialized from X ~ N(0,0.1% - T) and simulated over the time interval ¢ € [0, 3.14] with marginals
sampled at 15 evenly spaced intervals. Both PO-MFL and MFL are applied using m = 100 par-
ticles, we observe 32 particles at each time point, and we use a kernel width of ¢ = 1.0 for the
data-fitting term. The optimization procedure is initialized with n = 0.5 and continues for 4,000
iterations. The number of Sinkhorn iterations for entropic OT is capped at 500 iterations.

In our second model, the particles (6, 0, 9) € S x R? represent a constant acceleration model
on the unit circle, starting from the initial condition (0, 0.5,1). Here, we use angular velocity and
angular acceleration. In this experiment, we only observe the position, e.g. (@, -,-) = 6. In Figure
6a, we show the ground truth with position on the left and angular velocity on the right. In Figure
6b, we show that PO-MFL successfully reconstruct the positions while although MFL converges, it
does not recover the ground truth. In Figure 6¢, we show that the reconstructed velocity matches
that of the ground truth in Figure 6a.

In the following sections, if a parameter is not stated, we assume the same setting of parameters
as in the main text.

H.2. Varying velocity

Experiments varying the mean of the ground truth initial velocity distribution are shown in Figure 9.
At the endpoints, we observe 32 particles, and in the intermediate stages, we observe just 2 particles
per time point. Note that in the small velocity regime, although MFL converges, it converges to the
wrong distribution.

H.3. Varying number of observed particles

Figures 7 and 8 show results when the number of observed samples at the intermediate time points
are varied (the number of observations at the endpoints is held constant at 32). Here, we try the same
settings as above, but now we consider velocity (z,y) = (2,4). We try the number of observations
1,2,4,8,16,32,128,256. Even in a large number of observation regime, the MFL algorithm is
not capable of reconstructing the full trajectory, instead clustering around the center of the overall
trajectory.
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PO-MFL MFL
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10 s = 3.5 0.5 N\, J/
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(a) Ground truth. (b) Reconstructed position marginals.
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Time step
(c) Reconstructed angular velocity marginals from PO-MFL.
Figure 6: Circular motion model.
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Figure 7: Varying number of observations at the intermediate times.
tions improves the optimization.

H.4. Varying temporal sampling density At

Increasing number of observa-

In Figure 10, we show results for increasing the density of temporal sampling. At the endpoints, we
observe 32 particles, and in the intermediate stages, we observe 2 particles. MFL was sensitive to
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Observation = 128

PO-MFL

MFL

10

01e i i 0 . i 01, . .
0.0 2.5 5.0 0.0 2.5 5.0 0.0 2.5 5.0
Observation = 256 PO-MFL MFL
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L
e Z
51 «° > 51
01e . i 0 i . 01, . ‘
0.0 2.5 5.0 0.0 2.5 5.0 0.0 2.5 5.0

Figure 8: A high observation regime at the intermediate time points.

hyperparameter values as we needed to try different parameters to get semi-reasonable results for
the figure. We used o = 0.1, m = 25.
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Figure 9: Varying velocity. We see that as the ground truth initial velocity increases, MFL breaks
while PO-MFL remains robust.
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Figure 10: Varying the number of observed time points for fixed time window, i.e. varying At. Note
that PO-MFL is always robust. MFL does better with more observations, but the method still tends
to collapse inwards because its model suggests that, in expectation, particles should not be moving
(as the Brownian motion reference measure has 0 expectation).
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