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Abstract

We propose Homological Representation Learning (HomRL), an architecture-agnostic regu-
larization for graph encoders that aligns latent embeddings with an efficiently computable
homological signature of the input. Concretely, alongside the task head we train a linear
homological head to regress s(G) =

(
β1(G), χ(G), |V (G(2))|/|V (G)|, #comp(G(2))

)
, where

β1 is the cycle rank (aka. the first Betti number), χ is the Euler characteristic, G(2) is
the 2-core, and #comp is the number of connected components. These quantities are
additive (except for the normalized ratio) and computable in O(|V |+|E|) time. Theoreti-
cally, if the homological head fits with error at most ε and two graphs satisfy s(G)=s(G′),
then their embeddings obey ∥zθ(G)− zθ(G

′)∥ ≤ 2ε/σmin(Wm), and more generally with
δ = ∥s(G)− s(G′)∥ we have ∥zθ(G)− zθ(G

′)∥ ≤ (2ε+δ)/σmin(Wm). Empirically, HomRL
significantly improves accuracy in a molecular graph task with identical encoders, optimiz-
ers, and budgets. HomRL, with negligible computational overhead, provides interpretable
supervision, and complements symmetry-aware architectures.
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1. Introduction

Deep encoders for discrete structures such as molecular graphs must remain reliable under
transformations that preserve the underlying scaffold (for example, attaching pendant trees,
rewiring branches away from ring systems, or modest attribute corruption). Standard
objectives encourage task fit but do not explicitly control how representations respond to
such scaffold-preserving edits. This paper introduces Homological Representation Learning
(HomRL), a principled addition to encoders that aligns learned features with computable
homological invariants of the input, thereby injecting additivity and cycle-space awareness
into the representation.

Given a finite graph G = (V,E) with node features X, let zθ(G) ∈ Rd be the output of
a permutation-invariant encoder (for example, message passing + pooling) (Gilmer et al.,
2017; Kipf and Welling, 2017; Hamilton et al., 2017). Many scaffold-preserving edits leave
global topological information unchanged: the cycle rank β1(G) (aka. the first Betti number),
the Euler characteristic χ, and statistics of the 2-core G(2) obtained by iteratively pruning
degree-one vertices (Seidman, 1983; Batagelj and Zaveršnik, 2003; Matula and Beck, 1983).
We collect these into a homological signature

s(G) =
(
β1(G), χ(G), |V (G(2))|

|V (G)| , #comp(G(2))
)
∈ R4,

∗ This work was supported by JST Moonshot R&D JPMJMS2033, JST PRESTO JPMJFR206P, JST
FOREST JPMJPR24K9, and JSPS KAKEN 25K03181.

© 2025 Y. Maruyama & A. Yasuda.



Maruyama Yasuda

computable homological information that is additive on disjoint unions and invariant to
many tree-like edits.1 Alongside the usual classification head ŷ, we train a homological head
ŝ = Wmzθ(G) + bm to regress s(G). The training loss augments the task objective with an
ℓ2 penalty:

L = CE(ŷ, y) + λ ∥ŝ− s(G)∥22 (optionally +µ ∥ŝ(a·G)− ŝ(G)∥22 for augmentations a).

This encourages zθ to factor through an additive, deformation-stable summary of G. In
particular, when Wm is well conditioned and the regression error is small, scaffold-preserving
edits that leave s(G) fixed induce small changes in zθ(G).

Why does this help? (i) Inductive bias: homological targets inject cycle-space information
that ordinary task losses do not enforce. (ii) Additivity and stability: the signature s(·) is
additive over disjoint unions and invariant to pendant-tree moves; matching it constrains
representation drift across such edits. (iii) Compatibility: HomRL is a drop-in head and loss;
it leaves the encoder class, capacity, and optimizer unchanged.

The contributions of this paper can be summarized as follows:

• Formalism. We formulate HomRL as learning a representation that approximately
factors through an additive, homology-derived signature s(·).

• Theory. Under a mild assumption on Wm, if two graphs share the same signature
and the homological head fits with error at most ε, their embeddings satisfy a stability
bound of the form ∥zθ(G)− zθ(G

′)∥ ≤ c ε for a constant c depending on Wm.

• Experiment. With an identical encoder for both methods, HomRL improves binary
ring-system classification over a baseline by +4.83 points on the test set (from 0.6517
to 0.7000) and by +5.50 points under an out-of-distribution shift that preserves β1
(from 0.6317 to 0.6867); the homological regression attains test MSE 0.0905.

• Practicality. The signature uses quantities computable in linear or near-linear time
in |V |+ |E|, being computationally tractable.

Note that we deliberately use a tractable signature rather than full homological information;
this makes the approach easy to implement but coarse. Nevertheless, the homological
constraints already yield measurable robustness gains without increasing model capacity.

1.1. Related Work

Here we compare our method with related work.

1.1.1. Invariant and Equivariant Representation Learning

Group-equivariant neural networks enforce symmetries by architectural design, yielding
representations that transform predictably under prescribed actions. Early examples include
group-equivariant convolutions for planar images (Cohen and Welling, 2016); broader
unifying perspectives for grids, groups, graphs, and gauges are provided by geometric deep
learning surveys (Bronstein et al., 2021). On graphs, permutation invariance/equivariance is

1. Graphs are 1-dim. CW complexes, so χ(G) = |V | − |E|. #comp is the number of connected components.
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achieved via message passing and set/graph pooling, with expressivity often analyzed through
Weisfeiler–Lehman tests and extensions; recent work studies topological expressiveness
explicitly (Maron et al., 2019). Our method is complementary: instead of hard-coding a
symmetry group, we regularize the learned representation to regress additive, homology-
derived signatures that remain stable across scaffold-preserving edits.

1.1.2. Topological Data Analysis in Learning

Topological Data Analysis (TDA) provides deformation-invariant summaries (e.g., Betti
numbers, persistence diagrams) that capture global structure while being stable to small
perturbations; see Carlsson (2009) for an overview. Numerous pipelines inject persistent
features into learning via fixed summaries (such as persistence landscapes or images) or
differentiable surrogates (Carrière et al., 2017; Adams et al., 2017; Carrière et al., 2020; Hofer
et al., 2019). In contrast, we target a compact, task-agnostic signature that is (i) additive
under cut-and-paste, (ii) efficiently computable on graphs (cycle rank and 2-core statistics),
and (iii) used as a training target so that the encoder’s intermediate representation aligns
with homological structure rather than merely consuming topological features as inputs.2

1.1.3. Sheaf-Theoretic Learning on Graphs

Sheaf-theoretic models generalize classical signal processing on graphs by encoding local con-
sistency constraints over cells and computing cohomological invariants (e.g., sheaf Laplacians,
cohomology ranks). Overviews of sheaves and cosheaves and their applications are given in
Curry (2013). While sheaf neural networks design architectures whose operators are derived
from a chosen sheaf, our approach is orthogonal: we keep a standard encoder and impose a
homological head that regresses global invariants (cycle-space and 2-core summaries), thereby
encouraging the latent space to factor through an additive, topology-aware summary without
committing to a specific sheaf construction (Hansen and Ghrist, 2019).

1.1.4. Additive Measures and Computable Specializations

Additivity under disjoint unions and compatibility with gluing operations are central in
Grothendieck-style constructions: objects are mapped to an abelian (semi)ring where
invariants respect cut-and-paste identities. For graphs viewed as 1D CW complexes, the
first Betti number β1 (cycle rank) and Euler characteristic χ already furnish such additive
invariants; simple statistics of the 2-core further summarize cycle support. We treat the

vector (β1(G), χ(G), |V (G(2))|
|V (G)| , #comp(G(2))

)
as computable homological information for

training. Unlike pipelines that use a topological descriptor as an extra feature, we learn
a representation whose linear readout predicts this additive summary, thus encouraging
factorization through an invariant of the cut-and-paste semiring of graphs (Bittner, 2004).

1.1.5. Molecular Graphs and Ring-Aware Modeling

In molecular property prediction, ring systems and scaffold structure are known to drive
generalization behavior; scaffold-preserving distribution shifts stress-test encoders that rely
on superficial local patterns. Prior work augments GNNs with bond/atom chemistry, virtual

2. For our related work, see Maruyama (2026a,b,c); Maruyama and Yasuda (2025); Maruyama (2025a,b,c).
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nodes, or domain-inspired descriptors, while data augmentation typically targets permutation
and minor attribute noise (Hu et al., 2020; Wu et al., 2018; Duvenaud et al., 2015; Gilmer
et al., 2017). Our focus is complementary: we enforce sensitivity to global cycle-space
structure (via β1 and 2-core statistics) and additivity, which standard objectives do not
guarantee, without increasing encoder capacity or changing its architecture.

1.1.6. Relation to Prior Work and Novelty

Compared to equivariant architectures (Cohen and Welling, 2016; Bronstein et al., 2021),
HomRL introduces a constraint that is (i) architecture-agnostic, (ii) additive and deformation-
stable by construction, and (iii) tailored to scaffold-preserving edits common in molecular
graphs. Relative to TDA-based pipelines (Carlsson, 2009), our contribution is to use
homological information as supervised targets for an auxiliary head, thereby shaping the
latent representation rather than only enriching inputs. Compared to sheaf-based models
(Curry, 2013), we do not require designing a sheaf; instead, we regress a small, computable
signature that implicitly captures global structure and yields empirical robustness gains
with unchanged model capacity.

2. Graph Homology

This section explains graph homology used throughout, introduces the 2-core and its
properties, and formalizes the additive viewpoint we leverage.

We regard a finite, simple, undirected graph G = (V,E) as a 1-dimensional CW complex.
Its homology over a field (here Q) is concentrated in degrees 0 and 1:

H0(G;Q) ∼= Qβ0(G), H1(G;Q) ∼= Qβ1(G).

Here β0(G) is the number of connected components and β1(G) is the cycle rank (dimension
of the cycle space). The Euler characteristic is χ(G) = |V | − |E|.

Proposition 1 For any finite graph G, β1(G) = |E| − |V |+ β0(G).

Proof Let F be a spanning forest of G, i.e., the union of one spanning tree per connected
component. Then |E(F )| = |V | − β0(G). For each e ∈ E \ F , adding e to F creates exactly
one fundamental cycle Ce (the unique path in F between the endpoints of e plus e). These
cycles are linearly independent in the cycle space since each Ce contains the edge e, which
no Ce′ with e′ ̸= e contains. Hence β1(G) = |E \F | = |E| − |E(F )| = |E| − (|V | −β0(G)).

The 2-core G(2) is obtained by iteratively removing all vertices of degree < 2 and their
incident edges until none remain. Equivalently, G(2) is the unique maximal induced subgraph
with minimum degree ≥ 2. A standard queue-based implementation computes G(2) in
O(|V |+ |E|) time.

Proposition 2 Let G′ be obtained from G by attaching a finite forest F so that each tree
T ∈ F meets G in exactly one vertex (either by identifying a vertex of T with a vertex of G
or by adding a single edge from a vertex of G to a vertex of T ). Then

β1(G
′) = β1(G), χ(G′) = χ(G), G′(2) ∼= G(2), #comp

(
G′(2)) = #comp

(
G(2)

)
.
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Moreover, |V (G′(2))| = |V (G(2))|. (The normalized ratio |V (G(2))|/|V (G)| may change since
|V | changes.)

Proof Euler and cycle ranks. For a tree T with |V (T )| = n and |E(T )| = n − 1: (i) If
a vertex of T is identified with a vertex of G, then ∆V = n − 1 and ∆E = n − 1; hence
|V | − |E| is preserved. (ii) If T is kept disjoint and connected to G by a single new edge,
then ∆V = n and ∆E = (n− 1) + 1 = n; again |V | − |E| is preserved. In either case the
number of components of G does not change: we either glue at a vertex or add exactly one
edge to merge the newly added component with one component of G, never merging two
distinct components of G with each other. Therefore χ = |V | − |E| and β1 = |E| − |V |+ β0
are both preserved.

2-core. The subgraph added is a forest. Any finite forest has a vertex of degree 1; under
iterative removal of all vertices of degree < 2, every vertex in each attached tree is eventually
deleted (the root may temporarily have degree 2, but once its tree neighbors are removed
its degree drops below 2 and it is removed as well). Hence no new vertex from the forest
survives in the 2-core, and the induced subgraph on V (G) that remains is exactly G(2).
Consequently G′(2) ∼= G(2), |V (G′(2))| = |V (G(2))|, and #comp(G′(2)) = #comp(G(2)).

Given G, the quantities β0(G), β1(G), χ(G), G(2), |V (G(2))|, and #comp(G(2)) can all
be computed in O(|V |+ |E|) time via a union–find (for β0), a spanning forest (for β1 by
Proposition 1), and pruning (for G(2)).

Let G denote isomorphism classes of finite graphs, with disjoint union ⊔ as the additive
operation and the empty graph ∅ as the zero. This makes (G,⊔, ∅) a commutative monoid.
We use “cut-and-paste” to refer to reasoning that decomposes a graph into a disjoint union
of subgraphs and aggregates invariants additively.

Definition 3 (additive measure on graphs) Let G denote isomorphism classes of finite
graphs, with ⊔ the disjoint union and ∅ the empty graph. A map µ : G → R to a commutative
semiring (R,+, ·) is additive if µ(G ⊔H) = µ(G) + µ(H) and µ(∅) = 0.

For finite graphs, µβ0(G) = β0(G), µβ1(G) = β1(G), µχ(G) = χ(G) are additive. Since
(G ⊔H)(2) = G(2) ⊔H(2), the quantities |V (G(2))| and #comp(G(2)) are also additive under
disjoint union. Normalized statistics such as |V (G(2))|/|V (G)| are not additive, but are useful
as scale-aware summaries. In practice, we package several additive pieces into a vector-valued
measure and may optionally include a normalized coordinate for interpretability.

Why does additivity matter? If a representation z(G) is trained so that a linear readout
predicts an additive µ(G), then for disjoint decompositions G = H⊔K we expect the readout
to respect µ(G) = µ(H) + µ(K). This imposes algebraic structure on z(·) that is stable
under common edit operations (Proposition 2) and supports compositional generalization
across subgraph assemblies.

3. Homological Representation Learning

This section specifies the homological signature used as an auxiliary target, the encoder and
training objective, a stability bound linking signature fit to representation invariance, and
basic computational considerations. Throughout, G = (V,E) denotes a finite simple graph.
β0(G), β1(G), χ(G) = |V | − |E|, and the 2-core G(2) are as in Section 2.
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3.1. Homological Signature

We collect homological and core-structure summaries into a small vector

s(G) =
(
β1(G), χ(G), |V (G(2))|

|V (G)| , #comp
(
G(2)

) )
∈ R4.

It has the following properties:

• Additivity. For disjoint unions, β1, χ, |V (G(2))|, and #comp(G(2)) are additive; the
normalized ratio |V (G(2))|/|V (G)| is not additive but is scale-aware.

• Stability to tree edits. Attaching or pruning forests at existing vertices preserves β1, χ,
G(2), and #comp(G(2)) (Proposition 2).

• Computability. Each entry of s(G) is computable in O(|V |+ |E|) time.

In practice, one may use the full s(G) or its additive subvector (β1, χ, |V (G(2))|,#comp(G(2)))
depending on the augmentation regime.

3.2. Encoder and Objective

Let zθ(G) ∈ Rd be the output of a permutation-invariant encoder (e.g., message passing
with pooling). We add two linear heads:

ŷ = Wczθ(G) + bc, ŝ = Wmzθ(G) + bm,

for classification and homological regression, respectively. Given a label y, the training loss
augments the task objective with an ℓ2 penalty on the signature prediction,

L = CE(ŷ, y) + λ ∥ŝ− s(G)∥22 + µ Ea∈A
[
∥ŝ(a·G)− ŝ(G)∥22

]︸ ︷︷ ︸
consistency on chosen augmentations

, (1)

where λ, µ ≥ 0, and A is a set of scaffold-preserving augmentations (e.g., node feature noise,
branch rewires that do not alter cycles). The consistency term is optional and can be set to
zero when not used.

3.3. Representation Invariance Bound

We quantify how accurately fitting the homological head controls the sensitivity of the latent
representation to edits that preserve the target signature.

Theorem 4 Let P be the orthogonal projector onto (kerWm)⊥ and let σ+
min(Wm) > 0

denote the smallest nonzero singular value of Wm. Assume the head attains uniform error
∥ŝ(H)− s(H)∥2 ≤ ε on a family F . If G,G′ ∈ F satisfy s(G) = s(G′), then∥∥P (

zθ(G)− zθ(G
′)
)∥∥

2
≤ 2ε

σ+
min(Wm)

.

More generally, with δ = ∥s(G)− s(G′)∥2,∥∥P (
zθ(G)− zθ(G

′)
)∥∥

2
≤ 2ε+ δ

σ+
min(Wm)

.
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Proof Let ∆z = zθ(G)−zθ(G
′). Affinity of the head givesWm∆z = ŝ(G)−ŝ(G′). Triangular

inequality yields

∥Wm∆z∥2 ≤ ∥ŝ(G)− s(G)∥2 +
∥∥s(G)− s(G′)

∥∥
2
+
∥∥ŝ(G′)− s(G′)

∥∥
2
≤ 2ε+ δ.

Write the SVD Wm = UΣV ⊤ and decompose V ⊤∆z = (ξ, η) with ξ in the span of the
columns corresponding to nonzero singular values and η in kerWm. Then

∥∥ΣV ⊤∆z
∥∥
2
≥

σ+
min(Wm) ∥ξ∥2 and P∆z = Vrξ, so

∥P∆z∥2 = ∥ξ∥2 ≤ (2ε+ δ)/σ+
min(Wm).

This completes the proof.

As a corollary of the above theorem, we obtain:

Corollary 5 If Wm has full column rank (so σmin(Wm) > 0), then P = I and∥∥zθ(G)− zθ(G
′)
∥∥
2
≤ 2ε+ δ

σmin(Wm)
.

For computational considerations, we note the following. (i) Cost: Computing s(G) is
O(|V |+ |E|); the extra head adds O(d× 4) parameters and negligible runtime. (ii) Stability:
The regression target is integer- (or count-) valued for three coordinates and a bounded ratio
for the fourth; this avoids exploding targets and simplifies tuning λ. (iii) Implementation:
The method is architecture-agnostic: any encoder that outputs zθ(G) can be augmented
with the linear head Wm, bm and trained with (1).

4. Graph Classification Experiment

We validate HomRL on a graph classification task designed for ring-system discrimination in
molecular graphs while subjecting models to scaffold-preserving distribution shift. The goal
is to isolate the effect of the homological head without changing encoder capacity, training
budget, or optimization.

4.1. Task and Data

Task. Binary classification with balanced classes:

• Class 0 (mono-cyclic): a single simple cycle of length 5–7 with attached trees
(branches) at random vertices; here β1 = 1.

• Class 1 (bi-/fused-cyclic): two simple cycles (each length 5–7) either disjoint in
the same connected component or fused by sharing an edge or a vertex; branches are
attached as above; here β1 ≥ 2.

Node features. Each vertex carries a one-hot atom-type proxy in {C,N,O,S} and a
(scaled) degree feature. Small zero-mean noise is added to features during training.

Splits. We use 1,800 training graphs (balanced), 600 clean test graphs, and 600 out-of-
distribution (OOD) graphs.
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OOD shift. The OOD set increases branch density, perturbs node features more strongly,
and preserves cycle rank β1 and the 2-core structure, stressing robustness to scaffold-
preserving perturbations.

Invariants for targets. For each graph G we compute the homological signature

s(G) = (β1(G), χ(G), |V (G(2))|/|V (G)|,#comp(G(2))).

Computation uses: union–find for β0, a spanning forest for β1 = |E| − |V | + β0, and
queue-based pruning for G(2); all are O(|V |+ |E|).

4.2. Models and Training Setup

Encoder (shared). A two-layer message passing block with mean pooling:

h(1) = ReLU
(
XW0 + (AX)U0 + b0

)
,

h(2) = ReLU
(
h(1)W1 + (Ah(1))U1 + b1

)
,

g = 1
|V |

∑
i∈V

h
(2)
i , zθ(G) = ReLU(gWr + br).

Here A is the (binary) adjacency matrix; W·, U·, b· are learned parameters.

Heads. Both methods use the same encoder. The baseline uses a linear classification head
ŷ = Wczθ + bc. HomRL adds a linear homological head ŝ = Wmzθ + bm and trains with the
loss in (1) using λ = 0.8 and µ = 0.

Training. Stochastic gradient descent, batch size 32, 25 epochs, identical data order and
initialization across methods.

4.3. Methods and Results

We compare the following two methods:

• Baseline (no homology): encoder + classifier trained with cross-entropy only.

• HomRL (ours): encoder + classifier + homological head trained with cross-entropy
and signature regression; encoder architecture and dimension d are identical to the
baseline.

We report accuracy on the training set, clean test set, and OOD set.

Results. As shown in the table below, HomRL improved accuracy by +4.83 points on the
clean test set and by +5.50 points under OOD shift while learning to predict the signature
with low error. The encoder was unchanged; gains are attributable to the homological
regularization rather than capacity increases. The homological regression attained test MSE
0.0905. The learned homological head is well conditioned, with empirical singular values
approximately σmin(Wm) ≈ 1.046 and σmax(Wm) ≈ 1.635, supporting the stability bound in
Theorem 4.
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Table 1: Results. Encoder, optimizer, epochs, and batch size are identical across rows.

Model Train Acc Test Acc OOD Acc

Baseline (no homology) 0.6294 0.6517 0.6317
HomRL (ours; λ=0.8) 0.6922 0.7000 0.6867

5. Conclusion

We introduced Homological Representation Learning (HomRL), a regularization method that
aligns graph-level embeddings with an efficiently computable signature capturing cycle-space
and 2-core structure. The approach is architecture-agnostic: any encoder producing a pooled
graph embedding can be augmented with a linear homological head and trained with the
composite objective in (1).

Theoretically, Theorem 4 shows that accurate regression of the signature controls the
sensitivity of the latent representation to scaffold-preserving edits, yielding a bound of the
form ∥∥zθ(G)− zθ(G

′)
∥∥
2
≤ 2ε+ δ

σmin(Wm)
.

where ε is the uniform regression error and δ = ∥s(G)− s(G′)∥2 measures true signature
discrepancy.

Empirically, on a molecular graph task with identical encoders and training budgets,
HomRL improves accuracy over a baseline by +4.83 points on the test set and +5.50 points
under an out-of-distribution shift that preserves the cycle rank (Table 1). These gains
arrive with negligible parameter overhead and are consistent with the invariance mechanism
captured by Theorem 4.

We note that regressing an additive, deformation-stable signature s(G) shapes the latent
space in ways not enforced by task loss alone, improving robustness to scaffold-preserving
perturbations. HomRL can also complement architectural symmetry design and can be
combined with permutation- or group-equivariant layers without modification to the training
recipe. Note also that the targets are interpretable and computed in O(|V | + |E|) time;
tuning requires only a single weight λ (and optionally µ for consistency).

Natural extensions of this work include: (i) augmenting s(G) with finite-dimensional
encodings of persistence summaries to capture graded information while retaining stability; (ii)
incorporating domain-specific additive descriptors when available; (iii) adding a consistency
term when using augmentations that provably preserve the selected signature components;
and (iv) extending the recipe beyond graphs, e.g., to images via cubical complexes or to
higher-dimensional cell complexes where additional Betti numbers are relevant.

In summary, HomRL provides an effective way to inject homological bias into learned
representations. Its theoretical invariance guarantee and empirical gains suggest that
efficiently computable additive targets can serve as a reliable lever for improving robustness
without increasing model capacity.
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