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Abstract

The exact minimum width that allows for univer-
sal approximation of unbounded-depth networks
is known only for RELU and its variants. In this
work, we study the minimum width of networks
using general activation functions. Specifically,
we focus on squashable functions that can ap-
proximate the identity function and binary step
function by alternatively composing with affine
transformations. We show that for networks us-
ing a squashable activation function to univer-
sally approximate L? functions from [0, 1]% to
R4, the minimum width is max{d,, d, 2} un-
less d, = d, = 1; the same bound holds for
d, = d, = 1if the activation function is mono-
tone. We then provide sufficient conditions for
squashability and show that all non-affine analytic
functions and a class of piecewise functions are
squashable, i.e., our minimum width result holds
for those general classes of activation functions.

1. Introduction

Understanding what neural networks can or cannot do is
a fundamental problem in deep learning theory. The clas-
sical universal theorem states that two-layer networks can
approximate any continuous function if an activation func-
tion is non-polynomial (Cybenko, 1989; Hornik et al., 1989;
Leshno et al., 1993; Pinkus, 1999). Likewise, several studies
on memorization show that neural networks can fit arbitrary
finite training dataset (Baum, 1988; Huang and Babri, 1998).
These results guarantee the existence of networks that can
perform tasks in various practical applications such as com-
puter vision (He et al., 2016), natural language processing
(Vaswani, 2017; Brown et al., 2020), and science (Jumper
etal., 2021).
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The minimum size of networks that can universally approxi-
mate or memorize has also been studied. For example, clas-
sical results show that the minimum depth for both universal
approximation and memorization is exactly two (Pinkus,
1999; Baum, 1988). The minimum number of parameters
depends on the depth of networks. For universal approx-
imation using RELU networks, it is known that shallow
wide architectures require more parameters than deep nar-
row ones (Yarotsky, 2018), where similar results are also
known for memorization (Park et al., 2021a; Vardi et al.,
2022). While these results show the benefits of depth, they
also imply the existence of the minimum width enabling
universal approximation and memorization.

There have been extensive research efforts to characterize
such a minimum width. The minimum width for memoriza-
tion is constantly bounded (i.e., independent of the input
dimension) since any finite set of inputs can be mapped
to distinct scalar values by projecting them (Park et al.,
2021a). Intriguingly, the minimum width for universal ap-
proximation depends on the input dimension d, and the
output dimension d,,. Several works have shown that the
minimum width lies between d, and d, + d, + o where
a > 0 is some constant depending on the activation func-
tion and target functions space; however, the exact minimum
width is known only for approximating LP functions when
the activation function is RELU or its variants (Park et al.,
2021b; Cai, 2023; Kim et al., 2024).

1.1. Related works

The minimum width for universal approximation has been
studied for two function spaces C'(X,)) and L?(X,)):
C(X,Y) denotes the space of continuous functions from X
to ) endowed with the supremum norm sup,,¢ v || f ()|l
and LP(X,)) denotes the space of LP functions from X to
Y endowed with the LP-norm || f||» £ ([ Hf||§dudm)1/p
for p > 1. Recent studies on the minimum width (say
Wpin) Was initiated by Lu et al. (2017). They show that
dy +1 < Wpin < dy + 4 for universally approximat-
ing L'(R% R) using RELU networks. Hanin and Sellke
(2017) consider universally approximating C([0, 1]%=, R%v)
using RELU networks and prove d; +1 < wpyin < dy +d,y.
Johnson (2019) proves the lower bound wyi, > d, + 1 for
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Table 1: A summary of known bounds on the minimum width for universal approximation.

Reference \ Function class Activation o \ Upper /lower bounds
Lu et al. (2017) Ll(Rd ,R) RELU de +1 < wpin < dy +4
Hanin and Sellke (2017) | C([0, 1]%,R%) RELU dy + 1 < Wiin < dy + d,,
Johnson (2019) C([0,1] I,Rdy) uniformly conti.l dy +1 < Winin
. C([0,1]% ,R%)  conti. nonpoly.T Winin < dy +dy + 1
Kidger and Lyons (2020) | ([o, }df, R%)  nonaffine poly. Winin < dy + dy + 2
L”(Rd 4v) RELU Wiin = max{d; + 1,dy,}
Park et al. (2021b) Lr([0,1]% ,R%)  conti. nonpoly.” | wmin < max{d, +2,d, + 1}
Cai (2023) Lr ([0, ]dr ,R%¥)  Leaky-RELU Winin = max{d,,d,, 2}
Kim et al. (2024) L?([0,1]% R%)  RELU-LIKE™ Wmin = Max{dy, dy, 2}
| Ours(Theorem2) | L?([0,1]% ,R%)  Squashable® Wmin = max{dg,dy,2} |

|| requires that o is uniformly approximated by a sequence of one-to-one functions.

1 requires that o is continuously differentiable at some point z, with o’ (z) # 0.

1 denotes RELU, leaky-RELU, ELU, SOFTPLUS, CELU, SELU, GELU, SILU, and MISH.

§ includes all analytic functions and a class of piecewise functions such as leaky-RELU (see Sections 3.1 and 3.3).

* d. + dy > 3 is required for non-monotone activation functions.

activation functions that can be uniformly approximated by
a sequence of one-to-one functions, which has been later
extended to Lipschitz continuous and monotone functions
when d; > d, (Rochau et al., 2024). Kidger and Lyons
(2020) show that for C([0, 1]%, R¥), wpnin < dy +dy + 1
if an activation function is continuous, non-polynomial, and
continuously differentiable at some point with non-zero
derivative. For non-affine polynomial activation functions,
they also show wy,in < dy + dy + 2. However, the upper
bounds in these results are at least d;, 4-d,, which has a large
gap compared to the lower bound d, + 1. Such limitation
arises from their universal approximator constructions that
use d, neurons to preserve the d,-dimensional input and

d, + a neurons to compute the d,-dimensional output.

The exact minimum width was first characterized by Park
et al. (2021b). They show wyin = max{d, + 1,d,} for
RELU networks to universally approximate LP(R% R4 )
and for networks using both RELU and the binary step func-
tion STEP(x ) to universally approximate C'([0, 1]4, R%v).
For LP([0, 1]4s ,Rv), they also show wpi, < max{d, +
2,d, + 1} for a class of continuous non-polynomial activa-
tion functions. Specifically, Park et al. (2021b) construct
two networks called the encoder and decoder to approxi-
mate a target function f* : R% — R%: the encoder maps
a d -dimensional input vector x to some scalar value ¢ con-
taining the information of z and the decoder maps c to a
neighborhood of the d,-dimensional target vector f*(x).
Then, the concatenation of the encoder and decoder approx-
imates f* using an autoencoder structure with an internal
width one. Cai (2023) use a different approach to show
Wiin = max{d,, dy, 2} for leaky-RELU networks to uni-

'STEP(x) = 1if x > 0 and STEP(z) = 0 otherwise.

versally approximate LP([0,1]% R9). Specifically, they
derive the bound using the two results: (1) neural ODE
can approximate any LP functions (Li et al., 2022) and (2)
Leaky-RELU networks can approximate any neural ODEs
using width max{dy, d,, 2} (Duan et al., 2022).

The coding scheme proposed by Park et al. (2021b) has also
been used to characterize wyy,;y, for different problem setups.
For example, Cai (2023) show Wi, = max{d,, d,, 2} for
networks using both RELU and FLOOR, Kim et al. (2024)
show wy,in = max{dy, dy,2} for variants of RELU (see
the footnote 1 in Table 1), and Rochau et al. (2024) show
Wmin = Max{dy, dy, 2} for leaky-ReLU. Nevertheless, ex-
isting proof techniques for tight minimum width highly rely
on the property of RELU and/or its variants, and the mini-
mum width for general activation functions was unknown.

1.2. Summary of contributions

In this work, we study the minimum width enabling univer-
sal approximation of LP([0, 1]% R?) using general activa-
tion functions. Specifically, we cons1der activation functions
o such that an alternative composition of ¢ and affine trans-
formations can approximate the identity function and binary
step function; we call such functions squashable (see Defini-
tion 1). Using the squashability of an activation function o,
we show that the minimum width of o networks to univer-
sally approximate LP ([0, 1]%s, R%) is max{d,., d, } unless
d, = d, = 1 (Theorem 2). We also show wp,in = 2 when
d, = d, = 1if the squashable function ¢ is monotone.

Our result can be used to characterize the minimum width
for a general class of practical activation functions, by show-
ing their squashability. For example, we show that any
non-affine analytic function (e.g., non-affine polynomial,
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SIGMOID, tanh, sin, exp, etc.) is squashable (Lemma 4).
Furthermore, we also show that a wide class of piece-
wise continuously differentiable functions including leaky-
RELU and HARDSWISH are also squashable (Lemma 5).
Hence, our result significantly extends the prior exact mini-
mum width results for RELU and its variants.

Even if an activation is not analytic or piecewise continu-
ously differentiable, it can be squashable, i.e., our minimum
width result can be applicable. To check the squashability of
general functions, we also provide a sufficient condition for
the squashability: o is squashable if and only if there exists
an alternative composition f of ¢ and affine transformations
such that f is strictly increasing and has a locally sigmoidal
shape on some proper interval (Lemma 3).

We use the coding scheme (Park et al., 2021b) to prove
our result. In particular, we construct our decoder fg. as a
curve that densely fills the codomain of a target function so
that supe p+(j0,1]d») Iy e fuee ((0.1]) [|7 — Ylloo is small. We
then construct our encoder to map each = € [0,1]% to a
neighborhood of f,.}(z) for some z =~ f*(x). Although we
use the coding scheme, our constructions largely differ from
existing ones (Park et al., 2021b; Cai, 2023; Kim et al., 2024;
Rochau et al., 2024), which highly rely on properties (e.g.,
shape and discontinuity) of specific activation functions
(e.g., RELU, FLOOR, STEP, and their variants). Namely,
existing proofs do not easily extend to general activation
functions. See Section 4 for our detailed constructions.

1.3. Organization

We first introduce notations and the problem setup in Sec-
tion 2. We then formally define the squashability of ac-
tivation functions, describe our main result on minimum
width for universal approximation, and provide sufficient
conditions for the squashability in Section 3. We prove our
main result in Section 4 and conclude the paper in Section 5.
Proofs of technical lemmas are deferred to Appendix.

2. Problem setup and notations

In this section, we introduce notations and our problem
setup. For n € N, we use [n] to denote {1,...,n}. For
S, T C R% we use diam(S) £ sup, ,cs [l — yllo and
dist (S, T) £ infres yer |7 — Yoo If S is a singleton set,
(i.e., S = {s}), we use dist (s, T) to denote dist ({s}, T).
Fory € R%and S C RY, B,.(y) = {z € R? : dist (z,y) <
r}and B,.(S) 2 {x € R : dist (2, S) < r}. For a function
f:RY - RY, f(z); denotes the i-th coordinate of f(z).
For n € N, we use f” to denote the n times composition
of f. Weuse t : R — R to denote the identity function
(t(z) = x) and STEP to denote the binary step function
(STEP(z) = 0 if x < 0 and STEP(z) = 1 otherwise). We
note that all intervals in this paper are proper: they are

neither empty nor degenerate (e.g. [a, a] = {a}).

2.1. Fully-connected networks

Throughout this paper, we consider fully-connected neural
networks. Formally, given a set of activation functions 3,
we define an L-layer neural network f with input dimension
dyp = d, output dimension d; = d,, and hidden layer
dimensions dy, - ,dr_1 as

A ~ ~
fEtroop_10tp_q10---0010%;

where ¢, : R%-1 — R is an affine transformation and
5’((3;‘1, . ,a:dg) = (O‘g,1(f[}1), s 7U€,d4($dz)) for some
001y.-.,004, € X forall £ € [L]. We denote a neural
network using a single activation function o (i.e., ¥ = {o})
by a “o network” and a neural network using a two acti-
vation functions o1, 09 (i.e., ¥ = {o1,02}) by a “(01, 02)
network”. Here, the width w of f is defined as the maximum
over the hidden dimensions dy, - -- ,d_1.

We say “o networks of width w are dense in LP(X,Y)” if
for any f* € LP(X,)) and € > 0, there exists a o network
of width w such that || f* — f||z» < €. Given an activation
function ¢ and d,, d, € N, we use wy 4,4, to denote the
minimum w € N satisfying the following: o networks of
width w are dense in LP ([0, 1]%=, R9) but o networks of
width w — 1 are not dense. We often drop d, d, and use
wg if dy, dy are clear from the context.

3. Main results
3.1. Squashable activation functions

To formally state our main result, we first introduce a class
of activation functions o that we mainly focus on.

Condition 1. There exists z € R such that o is continuously
differentiable at z and o’(2) # 0.

Condition 2. ¢ is continuous and for any compact set /C C
R and for any ¢, ¢ > 0, there exists a o-network p. o : R —
R of width 1 such that

* maXgek\(—¢.Q) |Pe.c(7) — STEP(z)[ <,
* pe,¢ i strictly increasing on K, and
¢ pt‘aC(’C) C [Ov 1]

Condition 1 is that an activation function ¢ is has a contin-
uously differentiable point with a nonzero derivative. This
property enables us to approximate the identity function on
a compact domain by composing o with affine transforma-
tions as stated in the following lemma.

Lemma 1 (Lemma 4.1 in (Kidger and Lyons, 2020)). For
any € > 0, 0 : R — R satisfying Condition 1, and compact
set IC C R, there exist affine transformations hy, hs : IC —
R such that

sup |[he oo o hy(x) — x| <e.
ek
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Figure 1: Illustration of construction of squashable function using a o network p of width 1 that has a sigmoidal shape when
¢(x) = x. The intersections of p(z) and ¢(x) serve as fixed points. Thus, o can achieve the squashability by iteratively
composing p: p"(z) — a forx € (a,c) and p"(x) — bfor x € (¢,b) as n — oo while p™ is strictly monotone.

Condition 2 assumes the continuity of o and the existence
of a o network of width 1 (i.e., an alternative composition
of affine transformations and o) that can approximate the
binary threshold function (i.e., STEP) on any compact set,
except for a small neighborhood of zero (i.e., (—(, ¢)). One
important property in Condition 2 is that p. ¢ should be
strictly increasing on K. This allows p. ¢ to preserve the
information of inputs in /X since it is bijective on K.

Using these conditions, we now define the squashability of
an activation function.

Definition 1. A function o : R — R is “squashable” if o
satisfies Conditions 1 and 2.

One can observe that width-1 networks using a squashable
activation function can approximate the identity function on
any compact domain and the STEP function on any compact
domain except for a small open neighborhood.

A class of squashable activation functions covers a wide
range of practical functions. Condition 1 can be easily sat-
isfied: e.g., any piecewise differentiable function with a
non-constant piece satisfies Condition 1. Furthermore, we
prove that any analytic activation function (e.g., SIGMOID,
exp, sin.) and a class of piecewise continuously differen-
tiable functions (e.g., leaky-RELU and HARDSWISH) sat-
isfy Condition 2. We formally state these results and easily
verifiable conditions for Condition 2 in Section 3.3.

3.2. Minimum width with squashable functions

We are now ready to introduce our main theorem on the
minimum width for universal approximation.

Theorem 2. Let o be a squashable function. Then, w, =
max{dy,dy} if dy > 2 0rd, > 2 and w, € {1,2} if
d, = d, = 1. Furthermore, if o is monotone, then ws = 2
ifdy, =dy = 1.

Theorem 2 characterizes the exact minimum width enabling
universal approximation for squashable activation functions:

We,d,.d, = Max{d,,d,} unless the input/output dimen-
sions are both one. Furthermore, it fully characterizes
We.d, d, forall d,, d, if an activation function is squashable
and monotone. The proof of Theorem 2 is in Section 4.

To the best of our knowledge, the exact minimum width
enabling universal approximation has been discovered
only for a few RELU-LIKE activation functions such
as RELU, leaky-RELU, SOFTPLUS, GELU (Park et al.,
2021b; Cai, 2023; Kim et al., 2024). Furthermore, the best
known upper bound for a general class of activation func-
tions was w, < max{d,+ 2, d, + 1} when o is continuous
non-polynomial and continuously differentiable at some
point with non-zero derivative (Park et al., 2021b). Our re-
sult extends prior exact minimum width results to a general
class of activation functions (i.e., squashable) including all
analytic functions (e.g., SIGMOID, tanh, sin, exp, polyno-
mial) and a class of piecewise continuously differentiable
functions (e.g., HARDSWISH). See Lemmas 4 and 5 in
Section 3.3 for more details on squashable functions.

3.3. Easily verifiable conditions for Condition 2

In Theorem 2, we have observed that wg, 4,4, can be char-
acterized if o is squashable. However, checking whether a
given activation function is squashable, especially whether it
satisfies Condition 2, can be non-trivial. In this section, we
provide easily verifiable conditions for Condition 2 based
on the following lemma.

Lemma 3. A continuous function o : R — R satisfies
Condition 2 if there exist a o network p of width 1 and
a,b € Rwith a < b satisfying the following:

* pis strictly increasing on [a, b] and
* there exists ¢ € (a,b) such that

plw) < B) Vo € (ac), pla) > ¢(x) Var € (c,b)

where ¢(x) is a line passing (a, p(a)) and (b, p(b)).

Lemma 3 provides a sufficient condition for Condition 2: if
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we can make a o network of width 1 that has a “sigmoidal
shape” on some compact domain (e.g., see Figure 1a), then
o satisfies Condition 2. We can easily approximate the
STEP function using a function with the sigmoidal shape
by composing the function and some affine transformations
(see Figures 1b and 1c). For a more formal argument, see
the proof of Lemma 3 in Appendix A.2.1.

Such a sigmoidal shape (or its symmetric variants) ex-
ists in various smooth activation functions such as GELU,
SIGMOID, tanh, and sin. In addition, for any non-affine
analytic function o, we can always make a o network of
width 1 that has the sigmoidal shape. Since all non-constant
analytic functions are continuously differentiable and have
a non-zero derivative at some point, all non-affine analytic
functions satisfy Conditions 1 and 2, i.e., they are squash-
able. The proof of Lemma 4 is presented in Appendix A.2.2.

Lemma 4. All non-affine analytic functions from R to R
satisfy Condition 2.

In addition, a class of piecewise functions also satisfies the
condition in Lemma 3. We defer the proof of Lemma 5 to
Appendix A.2.3.

Lemma 5. A continuous function o : R — R satisfies
Condition 2 if there exist ¢ € R and § > 0 such that

* o is continuously differentiable on (¢ — 6, ¢+ 0) \ {c},
e vt =lim,_,.- o/(z) and v~ = lim,_, .+ o’ () exist,
vt £ v, and vtvT > 0.

Lemma 5 states that if an activation function ¢ contains
a point such that the left limit of the derivative and the
right limit of derivative at that point are different but have
the same sign, then o satisfies Condition 2. We note that
piecewise functions such as leaky-RELU and HARDSWISH
satisfy the condition in Lemma 5; for those functions, one
can choose the point ¢ in Lemma 5 as some break point
between consecutive pieces.

While we provide easily verifiable sufficient conditions
(Lemmas 4 and 5) for Condition 2, we note that Theorem 2
covers any activation function satisfying Conditions 1 and 2,
even if that activation function does not satisfy conditions
in Lemmas 4 and 5. We also present additional sufficient
conditions for Condition 2 in Appendix A.3.

4. Proof of Theorem 2

We now present the proof of Theorem 2. Theorem 2 is a
direct corollary of the following lemmas.

Lemma 6. Let o be a squashable function, ¢ > 0, f* €
C([0,1]%=,[0,1]%), and p > 1. Then, there exists a o
network f : [0,1]% — R% of width max{d, d,, 2} such
that

If =" ller <e.

Lemma 7 (Lemmas 21 and 22 in (Kim et al., 2024)). For
any o : R — Rand d;,d, € N, w, > max{d,,d,}.
Furthermore, if o is monotone, then w, > 2.

Lemma 6 implies that for any squashable activation func-
tion o, w, < max{d,,d,,2}. This is because (1) con-
tinuous functions on [0, 1]% are dense in LP([0, 1]%, R%v)
(Rudin, 1987) and (2) g([0, 1]%) is compact for all g €
C(]0,1)% R4v), i.e., we can scale the range of g to be in
[0,1]9s. Lemma 7 provides the lower bound of the mini-
mum width. Here, the lower bound wy,in > max{d,, d,,2}
naturally follows since the first/last operations in networks
are affine transformations. Hence, combining Lemmas 6
and 7 results in Theorem 2. In the rest of this section, we
prove Lemma 6.

4.1. Proof of Lemma 6

To illustrate our main idea for proving Lemma 6, we first
define a d-filling curve.

Definition 2. Let d € N and 6 > 0. We say a continuous
function f : R — R% is a “6-filling curve” of D C RY if

sup dist (y, £([0,1])) < 4.
yeD

A J-filling curve of D C R? can be considered as a weaker
version of a space-filling curve of D (Sagan, 2012). While
the range of the space-filling curve contains D but the -
filling curve covers D within ¢ distance.

Suppose that we can implement a §-filling curve h of [0, 1]
using a o network for some small § > 0, i.e., for each
y € [0,1]%, there is z € [0, 1] such that h(z) ~ y. Hence,
if we can design a o network g that maps each x € [0, 1]
to some z, such that h(z;) =~ f*(z), then the o network
h o g approximates f*. Here, g and h can be considered
as an encoder and decoder: g encodes a d,-dimensional
vector x to a scalar value z, that contains the information of
f*(z) and h decodes z, to a dy-dimensional vector h(z;)
that approximates f*(x).

We explicitly construct networks that approximate the en-
coder and decoder. To this end, we introduce the following
lemma where the proof is deferred to Appendix C.

Lemma 8. Let o be a squashable function, d,w € N, and
K C R? be a compact set. Then, for any € > 0 and (o, 1)
network f of width w, there exists a o network g of width w
such that

sup || f(z) = g(z)[lec <&
ekl

Here, ¢+ : R — R denotes the identity function (see Sec-
tion 2). Lemma 8 implies that constructing a (o, ¢) network
of width max{dy, d, 2} that approximates f* is sufficient
to prove Lemma 6. Hence, we focus on approximating the
encoder and decoder using (o, ¢) networks.



Minimum Width for Universal Approximation using Squashable Activation Functions

.......................................

fenc (7‘(1,1) )
T2,2)

=0 A
] -

fen:C(T(l,Z))

S

El

fcnc(ﬁQ,l))

—_—
>‘.

-

fcnc(7-(272))

Figure 2: Illustration of fgec © fenc When dy, = 2, d, = 2, and N = 2. fo, first encodes each 7, to a bounded interval
fonc(T,). Then, fqcc implements -filling curve of [0, 1]2, represented by the black curve, to decode each fop,.(7,,) (colored)
that approximates f*(7,) (represented by the light gray area).

We first show that the decoder can be implemented using
a (o, ¢) network of width d,. The proof of Lemma 9 is in
Section 4.2.

Lemma 9. Let o be a squashable function and 6 > 0. Then,
there exists a (o,1) network fae. : [0,1] — [0,1]% of width
d, that is a 6-filling curve of [0, 1]%v.

Lemma 9 states that for any § > 0, we can always imple-
ment a §-filling curve of [0, 1]% using a (o, ) network fec
of width d,. Further, the implemented network satisfies
faee([0,1]) € [0, 1]% regardless of 6.

We also show that the encoder can be approximated by

a (o,t) network of width max{d,,2}. The proof of
Lemma 10 is in Section 4.3.
Lemma 10. Let o be a squashable function, N € N

and v € (0,0.5). For each v € [N]%, let T,
H?;l[%, “t and ¢, € [0,1]. Then, there exists a
(0,1) network fene : [0,1]% — [0, 1] of width max{d,, 2}
such that for each v € [N]%,

Jene(Ty) C B’Y(CV)'

Here, B, (c,) denotes the {.-ball of radius  centered at
¢, (see Section 2). The collection of 7, in Lemma 10
can be regarded as an approximate partition of [0, 1]%: its
elements are disjoint and it covers almost all parts of the
domain with a small enough v > 0. By choosing a large
enough N, the diameter of f*(7,,) can be arbitrarily small,
ie., f*(z) = f*(«') for all x,2’ € T,. Under this setup,
choose ¢, for each v so that faec(c,) = f*(T,). Then, fonc
in Lemma 10 maps each element 7, in the approximate
partition to some small ball centered at ¢,,, with diameter ~.
Since fge. is continuous, this implies that for each z € T,,,
faec © fenc(z) = f*(x) with small enough ¢ for fg.. and
small enough +, large enough N for fe,.. See Figure 2
for the illustration. Here, we note that fgec © fenc is a (0, 1)
network of width max{d,, d,, 2}.

For z ¢ |J,7,, we have foec © fenc(®) € [0,1]% (ie.,
bounded) by Lemmas 9 and 10. Since pg, ([0, 1]% \

(U, 7)) = 0as~y — 0, one can observe that for any
€ > 0, there exist small enough ~, § and large enough N
such that || faec © fene — f*||z» < €. Namely, a (o, ¢) network
f = fdec © fenc has width max{d,, dy, 2} and completes the
proof. Given € > 0, our explicit choices of §,y, N and the
detailed derivation of || fgec © fenc — f*||L» < € can be found
in Appendix B.

4.2. Proof of Lemma 9

In this section, we prove Lemma 9 by showing the following:
for each N,d € N, there exists a (o, ¢) network of width
d, thatis a (1/N)-filling curve of [0, 1]¢. In particular, we
inductively construct a (1/N)-filling curve of [0, 1] from
d = 1. Here, the base case d = 1 is trivial: a (o, ¢) network
f(x) = u(x)is a (1/N)-filling curve of [0, 1] forall N € N.

We prove the general case (d > 2) using the inductive
step described in the following lemma, whose formal proof
is in Appendix D. Here, for N,d € N, we use Cn 4, e

H?zl[”i]\;l, Y“landv = (vy,...,vq) € [N]L

Lemma 11. Ler N,d € N and o be a squashable function.
Suppose that there exist disjoint open intervals Z,, C [0, 1]
forallv € [N]4 and a (o,1) network f : [0,1] — [0, 1]¢ of
width d such that for each x € [0,1] and v € [N]4,

f(x)1 =2 and f(Z,) CCNdu-

Then, there exist disjoint open intervals J; C [0, 1] for all
7 € [N]*! and a (0,1) network f : [0,1] — [0,1]¢F! of
width d + 1 such that for each x € [0,1] and v € [N]*+1,

f(ll?)l =X and f(jﬂ) C CN,d-i—l,D-

One can observe that (o, 1) networks f and f in Lemma 11
are (1/N)-filling curves of [0,1]? and [0, 1]4*L, respec-
tively. Furthermore, our filling curve construction f(z) =
() for the base case satisfies the assumption in Lemma 11
with 7, = (4, £) forall N € Nand v € [N]. Hence,
by Lemma 11, we can conclude that for each N,d € N,
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Figure 3: (a) lllustration of a (1/N)-filling curve f of [0,1]3. f maps each open interval Z,,, represented by the colored
brackets (left), to be intersected with the corresponding cube of the same color (right). (b) and (c) illustrates our network p
satisfying the properties of ¢ when N = 1 and N = 3, respectively.

there exists a (o, ¢) network that is a (1/N)-filling curve of
[0, 1]¢; this proves Lemma 9.

We now briefly illustrate our main idea for constructing f
in Lemma 11 given f. Suppose that disjoint open intervals
T, for all v € [N]¢ and corresponding (o, ¢) network f of
width d in Lemma 11 are given. Then, to prove Lemma 11,
it suffices to construct a (o, 1) network f of width d+ 1 such
that for each i € [d] and v € [N]4,

f@)i = f(2)i and [55,1 = 5] € f(Zo)at1-
This implies that if we can construct a (o, ¢) network ¢ :
[0,1] — R? of width 2 such that for each v € [N]9,

#(z); = rand [55,1 —

v 1 — 3] € 0(Zv)o, (1

then we can construct f in Lemma 11 by choosing

f@) =o(f(2)1)1, f(2)as1 = ¢(f(2)1)2, and
f(x)i=10---ou(f(x);) foralli € {2,...,d}.

See Figure 3a for the illustration. We can construct such ¢
using the squashability of o. For example, suppose that N =
1land d =1 (i.e., there is exactly one Z,). By Definition 1,
for any e,¢ > 0 and compact £ C R with [-(,(] C K,
there is a width-1 o network p such that

max

x) — STEP(z)| < e.
oiax p(x) (z)] <

Then, by the intermediate value theorem, we have

[e,1—¢] C p([=¢, <D

This implies that by choosing p(x) = p(x — z,) for some
z, € Z,, and K containing Z,, with small enough ¢, > 0,
it holds that [}, 1 — 5%-] C 5(Z,) (see Figure 3b). In this
case, we can choose a width-2 (o, ¢) network ¢ satisfying

Eq. (1) as ¢(z)1 = z and ¢(x)2 = p(z).

Such a construction also extends to an arbitrary number of
T, by composing p (i.e., an approximation of STEP). For
example, let Z1,75,Z3 C [0, 1] be disjoint open intervals
and let z; € Z;. Then, we have

Y(z) = STEP(z — 21 + (21 — 23) X STEP(x — 29))

0 ifx<zor z9<z<23
1 otherwise '

Namely, by replacing STEP by p in ¢ with small enough
€, > 0 (and denoting that function by %), we have
(55,1 — %] C ¥(Z;) by the intermediate value theorem
(see Figure 3c). We present a more detailed argument for

general N, d in the proof of Lemma 18 in Appendix D.1.

4.3. Proof of Lemma 10

We now prove Lemma 10. Our construction of fe,. consists
of two (o, ¢) networks: f; : [0,1]% — R of width d,
and fy : R — R of width 2. Here, f; maps each 7, to a
disjoint compact interval f1(7,) and f5 is designed to satisfy
f2(fl(77/)) - B"/(Cu) for each v. Namely’ fenc = f2 o fl
satisfies f(7,) C By(c,).

Construction of f. The following lemma shows the ex-
istence of fo such that f>(f1(7,)) C B,(c,) for each
v € [N]%=.
Lemma 12. Let  C R be a compact interval and
Ti,...,In C K be disjoint closed subintervals. Then, for
any € > 0, squashable o, and c1, ..., cn € R, there exists
a (o, 1) network f : IC — [0, 1] of width 2 such that for each
k € [N],

sup |f(z) — x| <e.

T€Ly
We prove Lemma 12 by explicitly constructing a (o, ¢) net-
work that approximates a piecewise constant function which
maps each interval 7, to cg. The formal proof of Lemma 12
is in Appendix E.
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Figure 4: (a) Illustration of a function g : R? — R? that maps sets in a 3-grid G3 of size (2,2, 2) to distinct sets in 2-grid Go
of size (2,4). (b) Ilustration of 1. : R? — R2. Here, the first coordinate of ¢.(x) is approximately 1 or 0 depending on
whether x1 exceeds c or not while the second coordinate is x5. (c) Illustration of our construction of f when G is a 2-grid of
size (3,2) and ez, e3 > 0 are chosen so that all sets in G are disjoint in the second coordinate.

Construction of f;. In the remainder of this section, we
construct a (o, ¢) network f; of width d, that maps each
T, to a disjoint compact interval f; (7, ). Here, we assume
d, > 2;if d, = 1, we choose f1(x) = ¢(x). To describe
our construction we define a d-grid.

Definition 3. A collection of sets G C 2R" is a “d-grid”

of size (ny,...,nq) € NZif there exist disjoint compact
intervals Z; 1, . .., Z; »,, C R for each i € [d] such that
g= {Ii,h X oo X Ii,jd 17 € [le], Vi € [d]}

One can observe that any finite set of disjoint intervals is
a 1-grid and 7, is a d,-grid. We construct f; using the
following lemma. The proof of Lemma 13 is in Appendix F.
Lemma 13. Let o be a squashable function and G be a
2-grid of size (n1,n2). Then, there exist a (o, 1) network
f K — R of width 2 such that {f(S) : S € G} isan
1-grid of size nins.

Lemma 13 implies that there exists a (o, ¢) network f of
width 2 that maps sets in a 2-grid to sets in an 1-grid. This
implies that for any distinct sets S, S’ in the 2-grid, f(S) N
f(8") = 0. We now construct f; by using (o, ) networks
that reduce dimensions one by one while preserving the
disjointness of each 7.

We first show that for any d > 2 and d-grid G of size

(n1,...,nq), we can construct a (o, ¢) network g of width
d that maps sets in the grid to a (d — 1)-grid of size
(n1,...,n4—2,nq—1nq). Specifically, such g4 can be con-

structed by using Lemma 13. Let G’ be a 2-grid defined by
considering the last two coordinates of sets in G, i.e.,

G = {{(za=1,2q) : (x1,...,74) ES}: S EG}.

Then, g can be constructed as

T ifi <d-—2
9(x)i =  p(wg—1,2a)1 ifi=d—1
¢(ra—1,2q)2 ifi=d

where ¢ is a (o, ¢) network of width 2 in Lemma 13 that
maps the 2-grid G’ of size (ng4—1,n4) to some 1-grid of size
nqg—1ngq; see Figure 5a for the illustration of g when d = 3.

Let Go, = {7, : v € [N]%} be a d,-grid of size
(N,...,N). As in the construction of g, we recursively
construct g; fori = d,,d, —1,...,2as a (o, ) network of
width 7 that maps an i-grid G; of size (N, ..., N, Nd%=—i+1)
to some (i — 1)-grid G;_1 of size (N,..., N, Nd==i+2),
We then construct f; as fi = g2og3o0---0gq,. One can
observe that f; has width d, and maps sets in G4, to distinct
sets in some 1-grid.

Intuition behind Lemma 13. We now briefly describe our
main proof idea for Lemma 13 where the formal proof is
deferred to Appendix F. Our construction of f is based on
the squashability of o. Observe that by the definition of the
squashability (Definition 1), for any compact set £ C R,
there exists a width-1 network p that is strictly increasing
and approximates STEP on K (see Condition 2).

Consider a width-2 network v, : R? — R? defined as
Ye(x) = (p(x1—c), 22) for some ¢ € R. Then, by choosing
a proper c and /C, 9 splits sets in G into two parts depending
on whether their first coordinate exceeds ¢ or not. Here,
1¥.(S8)1 will be close to one if the first coordinate of S
exceeds c and 9.(S); will be close to zero otherwise. We
note that by the strict monotonicity of p, the order of the
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Figure 5: (a) Illustration of a function g : R3 — R? that maps sets in a 3-grid G3 of size (2,2, 2) to distinct sets in 2-grid Go
of size (2,4). (b) Ilustration of 1. : R? — R2. Here, the first coordinate of ¢.(x) is approximately 1 or 0 depending on
whether x1 exceeds c or not while the second coordinate is x5. (c) Illustration of our construction of f when G is a 2-grid of
size (3,2) and ez, e3 > 0 are chosen so that all sets in G are disjoint in the second coordinate.

first coordinate of the sets does not change. See Figure 5b
for the illustration.

Furthermore, we can also change the second coordinate
while splitting the first coordinate. For any e > 0, by
composing ), with some invertible affine transformation
ke : R? — R?, we can construct a width-2 network ¢ . =
ko1 o, o ke so that

T ifzy =~ 1
Gee(r) = w
(L,za +€)

ifri;~0andz; < ¢

ifx;y ~0and z; > c.

Using such 1. and ¢. ., we construct f by sequentially
separating sets in G based on their first coordinate. First,
we apply some invertible affine transformation so that the
first coordinate of all sets in G is close to zero (as in the
left of Figure 5c). We then split the sets of the largest first
coordinate using 1. with some proper choice of c. After
that, we sequentially split sets as in Figure 5c. Lastly, we
apply a projection onto the second coordinate. For a more
formal argument, see Appendix F.

5. Conclusion

In this work, we characterize the minimum width enabling
universal approximation of L?([0, 1]%= , R%v). In particular,
we consider a general class of activation functions, called
squashable, whose alternative composition with affine trans-
formations can approximate both the identity function and
STEP on compact domains. We show that for networks us-
ing a squashable activation function, the minimum width is
max{dy, dy,2} unless d, = d, = 1; the same minimum

width holds for d, = d, = 1 if the squashable activation
function is monotone. Since all non-affine analytic functions
and a class of piecewise functions are squashable, our result
covers almost all practical activation functions. We believe
that our approach would contribute to a better understanding
of the expressive power of deep and narrow networks.
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A. On activation functions

A.1. Definition of activation functions

* exp:
exp(z) = €.
* SIGMOID:
SIGMOID(z) !
r)=—""7"7—=.
1+ exp(—x)
* tanh:

exp(x) — exp(—x)
explz) + exp(=2)

tanh(z) =

* Leaky-RELU: for o € (0,1)

T ifz >0

Leaky-RELU(z; o) = .
ax ifx <0.
e ELU: fora >0

T ifz >0
alexp(x) — 1) ifz <O0.

ELU(z; ) = {
e SELU: for A > 1and o > 0,

if
SELU(z; A, a) = A x 4" ifz>0
alexp(r) —1) ifz <0.
* GELU:
GELU(z) =z x ®(x)

where ® is the cumulative distribution function for the standard normal distribution.
e CELU: fora >0

T ifzx >0

CELU(z;0) = {a@xp(x/a) 1) itz <.

* SOFTPLUS: for o > 0,
SOFTPLUS(z; ) = élog(l + exp(ax)).
* SWISH:
SWISH(z) = z X SIGMOID(z).
* MISH:
MISH(z) = z x tanh(SOFTPLUS(z;1)).

¢ HARDSWISH:

ifx < -3
HARDSWISH(z) = < = ifx >3
z(x+3)/6  otherwise.

11
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A.2. Proofs related to squashable activation functions

In this section, we prove Lemmas 3-5 by constructing o network of width 1 satisfying the conditions listed in Condition 2
where o has the property in each lemma.

A.2.1. PROOF OF LEMMA 3

In this section, we prove Lemma 3. We first prove that if o satisfies the conditions listed in Lemma 3, then o is squashable
by explicitly constructing a network of width 1 satisfying the Condition 2 using the activation o that satisfies the conditions
listed in Lemma 3. Namely, we now show that for any ¢, ¢ > 0 and compact set /C, there exists a o network f : R — R of
width 1 such that | f(x) — STEP(z)| < e forall z € K \ (—(, {). To this end, without loss of generality, we assume that
¢=0, ¢(x) =xand K = [-M, M] for some M > 0 and [-M, M| C [a,b].

Then, we have p([a, b]) C [a, b]. For any n € N, define v, : R — R by

Then, v, ([a,b]) C [a,b] and b, is strictly increasing on [a, b]. Furthermore, for any n € N, ¢, (z) < t,41(z) for
x € (0,b) and ¥, () > 41 (x) for z € (a,0). We now show that there exists N € N such thatif n > N,

a<in(=C) <a+(b—a), b—(b—a) <yn(() < )

Then, since 1, is strictly increasing, ¢(z) € (a,a + (b — a)e) for any [-M, —(] and ¢(z) € (b — (b — a)e, b) for any
x € [¢, M]. Then, define a o network f : R — R of width 1 by

f(#) = 5 (o) — o)

Then, f([-M, M]) C f(la,b]) C [0,1] and f is strictly increasing, and 0 < f(z) < f(—¢) < ¢ for z € [-M, —(] and
1—e< f(¢) < f(z) < 1forz € [¢, M]. It implies that f is squashable and this completes the proof.

We now show the existence of N € N such that v,, satisfies Eq. (2) if n > N. Let a,, = ¥,(¢). Then, a,, < a1 < b for
all n € N. Then, by the monotone convergence theorem, there exists L € R such thata < L < b and lim,, o a,, = L.
Here, if L < b, then

Jim apyy = lim plan) = p(L) > L

which is a contradiction. Hence, L. = b and this guarantees the existence of N; € N such that if n > N, then
b— (b—a)e < ¥n(¢) < b. Likewise, there exists N2 € N such that if n > Na, then a < ¢,(—¢) < a+ (b — a)e. If we
choose N > max{Ny, Nz}, then our o network f of width 1 satisfies Condition 2.

A.2.2. PROOF OF LEMMA 4

In this section, we prove Lemma 4. To this end, it suffices to show the existence of the o network p : R — R of width 1
such that

* pis strictly increasing on [0, 1],
* p(0) =0and p(1) =1, and
e p(0) <landp'(1) < 1.

Then, from the second and third line in the above conditions, one can observe that p(z) < z if € (0,6) and p(z) > x if
x € (1 —4,1) for some § > 0. Then, by the intermediate value theorem, the equation p(z) = x has at least one solution in
(0,1). Here, since p is analytic, there are finitely many solutions ¢1, -+ ,¢; € (0,1) such that¢; < -+ < ¢ and p(¢;) = ¢
fori € [k]. If kK = 1, then p satisfies the conditions of Lemma 3 with [0, 1] and ¢(x) = x. Otherwise, p satisfies the
conditions of Lemma 3 with [0, c2] and ¢(z) = x. It completes the proof.

We now construct such a o network p by considering the following cases: (1) there exists a € R such that ¢’(a) = 0 and (2)
o'(x) # 0forall z € R.

12



Minimum Width for Universal Approximation using Squashable Activation Functions

We considered the case (1) in Lemma 15 in Appendix A.3. We now consider the case (2): o/ (x) # 0 for all z € R. Without
loss of generality, o’ (z) > 0 for all z € R. To this end, we consider the following cases again: (2-1) there exists ¢ € R such
that 0"’ (z) > 0in (¢ — d,¢) and ¢”(z) < 0in (¢, ¢ + 0) for some § > 0 and (2-2) otherwise.

We considered the case (2-1) in Lemma 14 in Appendix A.3. We now consider the case (2-2). Specifically, it suffices to
consider the case that there exists a € R such that ¢”/(a) > 0 and ¢” () > 0 for > a. Otherwise, suppose that ¢’ (z) < 0
for all z € R. Then, we can makes ¢ to convex function by taking an affine transformation: oo (z) = —o(—z).

Without loss of generality, assume that a = 0 and 0(0) = 0. Then, we define a o network ¢ : R — R such that

1

() = ﬁa(bx)

for b > 0. We will assign an explicit value of b later. Then, we have )(0) = 0, ¢»(1) = 1, and ¢ is strictly increasing on
[0, 1]. Then, we construct a o network p : R — R of width 1 by

p(z) =1 =41 — ().
Then, p(0) = 0, p(1) = 1, and p is strictly increasing on [0, 1]. Furthermore, one can observe that

20_/ O_/
10) = (1) = (1) = =2 L)

‘We now show the existence of b € R such that

b2 ! !
o) 0) _ |
a(b)?
To this end, consider a function g : (0, c0) — R defined by
1 /(0

Then, one can observe that

Sy = L <x20’(a:)a’(0) - 1>.

T 22 o(z)2

Since = > 0, it suffices to show the existence of b > 0 such that ¢’(b) < 0. Since ¢”(0) > 0 and o(z) > 0 forall x > 0, it
can be easily shown that o(z) > ¢’ (0)x for all > 0. It implies that g(x) > 0 for 2 > 0. Furthermore, since o(z) — oo as
x — 00, it holds that g(x) — 0 as © — oco. Then, there exists M > 1 such that g(1) > g(M) since g(x) — 0 as x — oo
and g(1) > 0. Then, by the mean value theorem, there exists b € (1, M) such that

g(M) —g(1)

o
U1 =4'(b) <O.

It completes the proof.

A.2.3. PROOF OF LEMMA 5

In this section, we prove Lemma 5. To this end, we first consider the case that the given activation is a piecewise linear
function. Without loss of generality, we assume that

ax z €[-1,0)
= 3
71(2) {x x €10,2] ©)
where 0 < a < 1. We now construct a o network p of width 1 as
azx z € [-1,0)
pl)y=1—0c1(1—01(x)=(x z €10,1)

ax+1—a z€(l,2].

13
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Since 0 < a < 1, it is easy to observe that o; satisfies Condition 2 by Lemma 3.

We now consider the general case. Suppose that o : R — R satisfies the conditions listed in Lemma 5. We show this by
constructing a o network ¢ of width 1 that approximates o1 () in Eq. (3) with a = ¢’ (c_)/c’(c4) within an arbitrary error
for any « € [—1, 2]. Then, we can easily verify that Lemma 3 can be applied to the same construction of o network of width
1 as above, 1 — ¢(1 — ¢ (x)), and this completes the proof.

We now show the existence of such . To this end, without loss of generality, we assume that ¢ = 0,0(0) = 0,
0 < o'(c_) < 0'(cy), and o is strictly increasing on (¢ — §, ¢ + §). For r > 0, construct a o network ) of width 1 as

o(re) .

V() =

r

By the mean value theorem, for —1 < z < 0, there exists d,. € (ra,0) such that ¢,.(z) = zo’(d,.) and for 0 < = < 2, there
exists e, € (0, rx) such that ¢,.(x) = xo’(e,). Since ¢’ (z) is continuous on (¢ — §, ¢ + §), it holds that ¢’ (d,.) — o’ (c_)
and o’(e,;) — o’(c4) as 7 — 0, respectively. It implies that

r—0
Thus, choosing 9 (z) = ¥,.(z)/o’(c4) with sufficiently small » > 0 completes the proof.

A.3. Additional properties for functions to satisfy Condition 2

In this section, we suggest the additional properties for activation functions to satisfy Condition 2. Lemma 14 implies that
an activation o satisfies Condition 2 if there exists a point where the sign of ¢” converts from positive to negative.

Lemma 14. Let ¢ € R and 6 > 0. Suppose that a function o : R — R such that o is twice differentiable in (¢ — 6, ¢+ §),
o"(z) > 0in(c—4d,¢)and 0" (x) < 0in (c,c+ 9). Then, o satisfies Condition 2.

Proof. To prove Lemma 14, we now choose appropriate a,b € R and ¢ : R — R and apply Lemma 3 with our a, b, c and ¢.
We consider a line passing (¢, o(c)) as ¢. Since p”(z) > 0if 2 < cand p”(x) < 0if x > ¢, we can choose a slope of ¢
so that ¢ and p meet once in (¢ — 4, ¢) and (¢, ¢ + §), respectively. Let « = max{o(c) — o(c — §/2),0(c+/2) — o(c)}
and ¢(x) = 575 (T = ¢) + o(c). Here, one can easily observe that 573 < o’(¢). Without loss of generality, suppose that
a = o(c) — o(c— 46/2). Then, it holds that

d(c+6/2)=0(c)—a(c—9/2)+0(c) > o(c+6/2) —o(c) =0c(c+d/2).
Then, by the intermediate value theorem, there exists b € (c¢,c + /2] such that ¢(b) = o(b). Furthermore, since

d(c—08/2) = o(c—6/2), choosing a = ¢ — §/2 and applying Lemma 3 with our a, b, ¢ and ¢ completes the proof.  [J

Lemmas 15 and 16 imply that if o satisfies a condition stronger than the analytic condition in a compact interval, then o
satisfies Condition 2.

Lemma 15. Consider a1, as € R such that o(x) is nonaffine analytic on x € [ay, az]. Suppose that there exists ¢ € [ay, az]
such that o' (c) = 0. Then, o satisfies Condition 2.

Proof. Tt suffices to show the existence of the o network p : R — R of width 1 such that p is strictly increasing on [0, 1],
p(0) =0,p(1) =1,p(0) < 1and p'(1) < 1 (see Appendix A.2.2). Since o is a nonaffine analytic function that has a zero
derivative at some point, b € (¢, as] such that o is strictly monotone on [c, b] with nonlinearity. Without loss of generality,
assume that ¢ = 0, 0(0) = 0 and o(x) is strictly increasing on [0, b]. Then, we define a o network ¢ : R — R such that

1
P(z) = @O‘(bl‘).

Then, ¢(0) = 0, ¢(1) = 1, and ¢ is strictly increasing on [0, 1]. We now construct a o network p by
p(x) =1 =11 —9(x)).

14
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Then, p(0) = 0, p(1) = 1, and p is strictly increasing on [0, 1]. Furthermore, one can observe that

p(x) = ' (1= () (x).
Then, we have p'(0) = p/(1) = 0 since ¢'(0) = 0. It completes the proof. O
Lemma 16. Consider a1, a2 € R such that o(x) is analytic on © € [a1, ag]. Assume that there exists x© € [ay, az] such that

20" (z)

O’”(CC) +z.

az >

Then, o satisfies Condition 2.

Proof. In this proof, o(™)(z) is defined as n-times derivative: o™ (z) = d:;(;(z )

o’(z) > 0and ¢ (z) > 0; see the case (1) and (2-1) in Appendix A.2.2.

. We only need to consider the case

Consider an arbitrary zg € (a1,az2). Forb € (a1 — xg,a2 — xg), define ¢ : (0 —¢,1+¢) - Ras

1
(@) = o (b + x0) — o(20)

(o(bx + o) — o(x0)).

Then, ¥(0) = ¢(1) = 1. Define p as

Then,

_ b2a’ (b + xz0)o’ (z0)
(0(b+z0) — o(0))*

It is sufficient to find a value b such that p’(0) = p’(1) < 1. Define g as

_ 1 o’(x0)
9lx) = x  o(z+z0) —o(zg)’
Then, as
) — 1 o' (xo)o’ (x + x0) _ 1 220’ (x + x0)0’ (10) 3
10 =2+ (G ey oe) =5 ot o —otan? )

it is sufficient to find a number x such that g’(x) < 0. Then, there exist smooth functions A, hq, ho such that

(2) 1 o' (o) 1 o’(zg)
)= — — = — -
I z  o(@+mzo)—o(x) 2z o(xg)r+0® (x@% + 0'(3)(£80)% + z4h(x)

1 1

T T+ 0(22(13(;)%2 + 0(32(1())) % + h((z;))x4
o’ (zo o’ (xo o' (xo
0(2)( ) 0(3)( ) » h(z) @ (z "
e (1 S s + seie ) 0@ (ag) L+ Trag § + ha(a)e?

0'(2) (zo) T 0'(3)(1’0) LZ 0'(2) (zo) x

h(z) - ! .
1+ o' (z0) 5 + o' (o) 6 + O'/((L‘U)xg 20 (J?O) 1—|— o7 (w0) 2 +h1(1‘)$2

Then, ¢'(z) < 0if
o@(x0) o) (x0)
20" (z9) ~ 203 (xg)’

Assume that the above inequality is not satisfied for any 2o € (a1, as); that is, for any = € (a1, az)

“

o@(z) o) (z)
20" () = 30 (z)"

15
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Then, forany a; < 21 <y < aq,
Y 5(2) ¥ 5(3) ! (2)
[y I P A
v 207(0) = ), 30@(a) 2 B\ o'(a1) o (1)
(2) (2)
= T <U (y;,)),

o'(z1)s ~ \o'(y)

which leads to

m@—m =2 (a(in% . 0’<1Z)§) |

for any a1 < 21 < z < ao. Thus,

We lastly present Lemma 17 which implies that if strictly monotone ¢ has a limit, then o satisfies Condition 2.

Lemma 17. A continuous function o : R — R satisfies Condition 2 if o has strictly monotonicity and there exists
limg 00 o(2) or limg, o o ().

Proof. Without loss of generality, we assume that o(x) is strictly increasing and lim,_,_~, o(z) = 0. We consider the two
cases: (1) lim, o 0(z) = a < 00, and (2) lim, o o(z) = 0.

For the first case, we can easily verify that o satisfies Condition 2 by composing affine functions before and after o

() = ~o(Mz)

where M > 0 is sufficiently large.

We now consider the second case. Suppose that lim,_,, o(z) = co. We construct a o network ¢ of width 1 such that
—— %X (c(1) —o(l —o(x))).

Then, it is easy to observe that 4 is strictly increasing, lim,_, o, ¥(x) = 1 and lim,_, _, ¥(2) = 0. Then, we can consider
¢ as in the first case. Hence, o is squashable and this completes the proof. O

16
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B. Our choice of §, v, N
We first choose a sufficiently small § > 0 so that § < 6/(d@1/p x 3'%1/P). And then, choose a small enough v > 0 so

that v < e?/(3d,d,) and wy,  (v) < €/3'F1/P. Lastly, we choose large enough N € N satisfying diam(f*(7,)) =

wp ((1—27)/N) < &/(dy/? x 31+1/?) for each v € [N]%. Here, wy,.. and wy- denote the modulus of continuity of given
function f in the p-norm: || f(x) — f(2')|, < ws(||x — 2||,) for all z, 2" € [0,1]%. Then,

faeeo fone = 8"V = [ faceo fonelz) = 5@,
0,1]d=

<

/ ||fdec © fenC(l‘) - f*('r)Hgd/J’dm + ||fdec © fenC(x) - f*('r)Hgd/’[’dm
[0,1]4= \UVE[N]dw Tv U)/E[N]dl‘ To

<d,xpa, (00N U T+ D / | face © fonc(@) — f*(2)||2dpa,
VE[N] To

dg vE[N]d=

Sdyx (1-(1-29)%)+ Y / (1 face © fenc(@) = face(c)llp + Il face(cr) — F*(@)llp)Pdpra,

vE[N]dx

<odydyy+ Y / (@gane () + dY/P x (diam(F(T;)) + 6))Pdpua,
T

vE[N]dz
< 2y dyy + (Wga. (v) + dy/P X (diam(F*(T2)) + 6))7 < &P

where ¢, is chosen so that dist (faec(cy ), f*(7,)) < & for each v € [N]%. This leads us to the statement of Lemma 6.

17
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C. Proof of Lemma 8

In this section, we prove Lemma 8. Since f : K — R is a (0,t) network of width w, we can express [ : K — R< as
follows:

f=trog¢gr_1otr_10---0¢10ty

where t; : R%-1 — R is an affine transformation, and ¢,(z) = (p¢.1(2), -, pe.a,(z)) for pe1,--+ , pe.a, € {o,¢} for
all ¢ € [L]. Since o satisfies Condition 1, by Lemma 1, for arbitrary compact set C and for any é > 0, there exist affine
transformations A1 : R — R and hs : R — R such that

|hioooha(x) —u(z)| < d
for all x € C; we will assign explicit value to § later. We denote hy o o o hy as 6. We note that this lemma can be applied for

any given compact set. Since we are considering a compact domain and a continuous activation function, the error arising
from replacing ¢ with & can be reduced.

To this end, we choose a o network g by applying same affine transformation ¢1,--- , ¢, and &:
g=troyp 10t 10---0tr0ty
where Y(x) = (pe1(x), -, pe,a,(x)) wWith pp; = o if pp; = o and pg; = & if pg; = ¢ for £ € [L] and i € [dy)].
We denote f, and gy by the first £ layers of f and g with the subsequent affine transformation t,, respectively. i.e.,
Je=tiogp10ti—10---0¢10ty and gr=tpoy_10ti_10---0thot;.

Then, for each ¢ € [L] \ {1} and for any = € K, it holds that

| fe(z) = ge(x)|loo = [te © Pe—1 © fo—1(x) — te 0 the—1 0 go—1()]s0
< wi, (|pe—1 0 fe—1(x) — o1 0ge-1()]0)
< wi, ([[pe—1 0 fe—1(x) — do—1 0 go—1(2)|loo + ||Pe—1 © go—1(x) — Ye—1 © gr—1(x) |00 )-

Here, we note that for any ¢ € [L], wy, is well-defined since t; is uniformly continuous on R%-1. Then, by the definition of
1pp_1 and &, it holds that

1610 g01(2) = o1 0 gea(@lloo < max [5(ge-1(2)s) = tlger(@)i)] <0

Furthermore, since we are considering the compact domain and ¢,_; is continuous, wg, , is well-defined and
[e—10 fe—1(x) = dr—1 0 ge-1(#) o0 < wo,_, (I fe-1(2) = ge—1(2)llo0)

Hence, we have

| fe(z) = ge(@)]lo0 = wi, ([[@e—1 0 fo—1(x) = Pr—1 0 ge—1(2)|loo + |Pe—1 0 ge—1(x) — o1 0 gr—1(x)]|00)
< wi, (e, ([[fo-1(2) = go—1(2)]| ) + 6) O]

forall £ € [L] \ {1}. By iteratively applying Eq. (5), we have

1/ (@) = g(2)lloe < wip (wor_, (I[fL-1(2) = gr-1(2)][o0) + 6)

< Wiy, (W¢L—1(. o (th (OJ¢2 (th (6) + 6) + 6) + 5) o ) + 6)

Consequently, by choosing sufficiently small § > 0, we can reduce this within arbitrary error € > 0 and this completes the
proof.
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D. Proof of Lemma 11

In this section, we prove Lemma 11. To show Lemma 11, we construct (o, ¢) network f of width d + 1 as follows: for each
i € [d] and v € [N]%,

1 1

f(z); = f(x); and [2N’1_2N

] F(Z)ar1. (6)
Then, since f is continuous, for each v € [N]% and j € [N], there exists J(v.j) C I, such that
; J—1 3
f(j(u,j))d-i-l - |: N ’N:| .
Furthermore, since J(,, ;) C Z,, for each v = (v1,- -+ ,vq) € [N]* and j € [N], it can be easily observed that
~ Vi — 1 v;
f(s7(z/,j))i C [N’ N}

for all i € [d]. It implies that f(7,/) C Cx.a41., and this completes the proof.
We now construct a (o, ¢) network of width d + 1 satisfying Eq. (6). To this end, we first present the following lemma.

Lemma 18. Let 0 € & and 21,29, -,z € [0,1] such that z; # zj for all i # j. Let v > 0 such that v <
min, z; |2; — z;|/2. Then, there exists a (o, ) network f : [0,1] — R? of width 2 satisfying the following:

f(z)1 =z onl0,1],
: [;V, 1 5] C (B, ())aforall € [,
f(0,1]) c [0, 1]~

One can observe that Lemma 18 allows us to prove Lemma 11 directly. We choose v > 0 and z,, € Z,, for each v such that
B.(z,) C Z,. Applying Lemma 18 with our choices of z,’s and ~y, we construct a (o, ¢) network ¢ : [0, 1] — R? of width 2
satisfying the conditions listed in Lemma 18. Then, we complete the proof by constructing f in Eq. (6) as follows:

F@y=o(f @01, f@)ar = 6(f(x)1)2, and
f(x)i=10---ou(f(x);) foralli e {2,---,d}.

D.1. Proof of Lemma 18

Without loss of generality, we assume k£ = 2m for some m € Nand 0 = zp < 21 < 29 < -+ < 29y < Zomy1 = 1}
otherwise, we can add an auxiliary zxy1 € R such that z;; < zp41 < 1. Let X = {z1,227~-~ Zam}s Day = [0,1]\

UP™ (2 — 7,2 + ), and Ax = U7 (2201, 22:)-

To construct f in Lemma 18 using (o, ¢) network, we use the Condition 2 that for any compact set C, o can approximate
STEP except for the neighborhood of a breakpoint. We first construct (STEP, ¢) network A : [0, 1] — {0, 1} of width 2 such
that

0 otherwise

h(x):{l ifr e Ay o

and then we construct a (o, ¢) network f : [0, 1] — R? of width 2 such that f(z); = x and | f(z)2 — h(x)| < 1/2N except
for the neighborhood of each z; € X'. Since f is a continuous function, one can observe that such f satisfies the conditions
listed in Lemma 18.

We first construct h in Eq. (7) as follows: h = h,, 11 where h,,1(x) is recursively defined as
hi(x) = STEP(Z — Zpm11) he(x) = STEP(z — zm—r12 + (Zm—rt+2 — Zm+e)he—1(x)). )
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From Eq. (8),
STEP(x — zp,— ho_ =0
h(z) = (T = zm—e42) he-a(z)
STEP(Z — Zmte) he—1(z) =1
for any ¢ € {2,---,m + 1}. One can observe that h, forms additional breakpoints z,,_¢42 and z,,+¢, and for any
x € [2i,2i41) where i € {m — £+ 2,--- ;m + £}, the values of hy(z) alternates with 0 and 1 as ¢ increases. Hence, h(z)

in Eq. (8) can be rewritten by

he(z) = {1 T € [Zm—t42ks Zm—t42k+1), Yk € [L —1] or & > Zppg

0 otherwise

forany ¢ € {2,--- ,m + 1}, which implies that h.,1 is equal to & in Eq. (7).

We now construct a (o, ¢) network f of width 2 based on h. It suffices to show that for any ¢ > 0 and ¢ € [m + 1] there
exists a (o, ¢) network fy : [0,1] — R? of width 2 such that

Cl. f¢(xz); =xon]0,1],
C2. |fe(x)2 — he(x)| < eforxz € Dy,
C3. fi([0,1]) C [0,1]%

Then, choosing f = f,4+1 with e < 1/(2N) completes the proof: C1 and C3 directly imply the first and third conditions
of Lemma 18, respectively, and C2 guarantees that f,, 1 satisfies the second condition of Lemma 18 from the definition
of Dy ~ and h. We prove this via mathematical induction on £. We first consider the base case, £ = 1. Since o satisfies
Condition 2, there exists a o network p of width 1 such that

|p(z) — STEP(z)| < €
forall x € [0,1] \ (—,7) and p([0, 1]) C [0, 1]. Then, we construct a (o, ¢) network (1) : [0, 1] — R? of width 2 as
fl(x)l =, f1($)2zp($—zm+1).

Then, one can easily observe that (1) satisfies C1-3. We now consider the general case, ¢ > 2. From the induction
hypothesis, for any § > 0, there exists a (o, ¢) network f;_1 : [0, 1] — R? of width 2 such that f,_1(x)1 = =, | fo—1(x)2 —
he—1(x))| < §and fo—1([0,1]) C [0, 1]%. Since o satisfies Condition 2, for any compact set C, there exists a o network p of
width 1 such that

|p(x) — STEP(2)| < £/2
for all C \ (—~,). We now construct f; : [0,1] — R? as
fe(@)1 = feer(x)1, fo(@)2 = p(fo—1(2)1 — 2m—e42 + (2m—t12 — Zm+e) fe-1(2)2)
Here, by the induction hypothesis, f;—1(z); = «. Thus, we can simplify this to
fe@h =z, fo(@)2 = p(x — 2m—rs2 + (Zm—r42 — Zmte) fr-1(2)2)

which is just the substitution of STEP in Eq. (8) by p. Here, one can observe that f; satisfies C1. Then, for any x € Dy ,

| fe(x)2 = he(2)]
<|p(® = zm—r42 + (Zm—t+2 = Zm+e) fo-1(x)) — STEP(T — 2m—p12 + (Zm—r42 — Zm+e)he—1(2))|
<lp(x = zm—et2 + (2m—t42 — 2Zm+e) fe-1(2)) — p(@ — Zm—t12 + (Zm—r42 — Zmte)he—1(2))|
+lp(x = 2m—t+2 + (Zm—t+2 = Zmt0)hu—1(x)) = STEP(T — 2Zim—r42 + (Zm—t42 — Zm+e)he—1(2))].  (9)

Here, we note that the second term of Eq. (9) is bounded by /2 since
T — Zm—0+2 + (Zm7€+2 - zm+€)hﬁfl(l’) ¢ (_’Ya ’Y)
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forall x € Dy ; since hy_1(z) = 0or 1, then & — 2y g2 + (Zm—r42 — Zm+e)he—1(T) = T — Zm—p42 O T — Zp—yp.
Hence, we have

[fe(@)2 = he(2)] < wp(|(zm—r12 = 2m—e) (fe-1(2)2 = her(2))]) + /2 < Wp(|(zm—r12 = 2m—0)d]) +€/2 <€

by choosing sufficiently small 6 > 0. It implies that f, follows C2. Lastly, we can easily observe that f;(z); = x € [0, 1]
and fo(x)2 € [0, 1] since p(x) € [0, 1] for all z € C. It implies that f, satisfies C3 and this completes the proof.

E. Proof of Lemma 12

In this section, we prove Lemma 12. To this end, without loss of generality, assume that £ C [0,00) and ¢1,--- , ey € (0,1);
if there exists ¢; such that ¢; = 0 or ¢; = 1, then we can substitute ¢; = £/2 or 1 — /2 respectively and approximate them
within error £/2. Let £ = dist ({c1,- -+ , ¢k}, {0,1}). Then, one can observe that £ > 0. In addition, we assume that for any

i€ [N —1],z <yforallz € Z; and y € Z;,,. Since Z;’s are disjoint, for any i € [N — 1], there exists z(¥) € R such that
supZ; < 20 < infZ; 4. Let 2 = min K, z(¥) = max K and

Wziéggu{&ﬁ<x@%10,dﬁ(mm,L+0}. (10)

In this proof, we construct a (o, ¢) network f : K — [0, 1] of width 2 such that for any & € [N],

sup |f(z) —ex| <n
€Ly
where 1 := min{¢, e}.

To this end, we construct two (o, ¢) networks hy : K — R and hs : R — R of width 2 such that

Cl. foreach k € [N], sup,cz, |h1(z) — cx| < /2,
C2. forany x € U,Icvzl Tk, |ha o hy(xz) — h1(x)| < n/2and hy o hy (K) C [0, 1].

Then, one can observe that h; maps input z to near the corresponding cy, if * € Zj, and he bounds the codomain of hy
while the approximation for piecewise constant is preserved. If we choose f = hq o hq, then such f satisfies the desired
conditions.

We first construct h; satisfying C1 using the property of o that can approximate STEP. To this end, we consider a (STEP, ¢)
network ¢ : K — R of width 2 approximating the given piecewise constant function, and then we construct a (o, ¢) network
hy of width 2 approximating g in (J,_, Zy.

We now construct a (STEP, ¢) network g approximating piecewise constant function. To construct such g, we compose
(STEP, ¢) networks g1, --- ,gn : R — R of width 2 such that each g; shifts « by a sufficiently large length L; > 0if z €
[0~ 2()). Here, for each i € [N}, L; is defined as a x (¢; +b) where a > max{1,4z™) /n} and b = V) —min;¢ny ¢;
which implies that each g;(x) = 2 + L; > 2N) for 2 € [z~ 2(). i.e., we construct each g; such that

z+ax(c;+b) xez® M)
z+ax(ca+b) xez® z?)
gio-ogi(z) = (11)

z+ax(c+b) xe[zt-D @)
T otherwise

for all ¢ € [N]. Then, we define g as follows: g = gcut © gn © gn—1 © - - - © g1 Where gey : R — R is defined as

1
Jeut(T) = Ex —b.
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Then, one can easily observe that

a+f re [2(©), (1)

o+ zex® 2®)
gla) =

CN—'_% 1'6 [x(Nfl)jm(N)]

Since a > 4™/, it holds that |z/a| < n/4 for all = € K. Thus, g approximates the piecewise constant function within
an error n)/4.

We now construct (STEP, ¢) networks g1, - - - , g satisfying Eq. (11). For each i € [N], we define g; : R — R as
9i(z) =z + a x (¢; + b)STEP(—(z — 2")).

One can observe that g; shifts 2 by a x (c; +b) if z < 2(*). Here, we note that since a x (c; +b) > 2¥), the values shifted
by g; for some i € [N] are not shifted again, resulting that g; shifts only € [z(*~1), 2(?)). Thus, our g can approximate a
given piecewise function within an error 7/2.

We now construct a (o, ¢) network h; of width 2 approximating g on | J, €[] ;. Since o is squashable, then for any compact
set C and o > 0, there exists a o network p : R — R such that p is increasing on C, p(C) C [0, 1], and

|p(z) — STEP(2)| <

forallz € C\ (=0, ) where 0 < 8 < min{~, £} (Eq. (10)). We will give an explicit value to « later. We now construct a
(0,t) network h of width 2 as follows:

hi = geut © fv o -+ o fi where

filz) =z +ax (c; +b)p(—(x—2)) VielN].

Then, one can observe that | f; () — g;(x)| = |¢; +b||p(—(x—2®)) = STEP(— (2 —2®))| < |e;+blaforallz € C\Bg(z™)
and i € [N]. For the notational simplicity, we denote 0; = |¢; + b|a. We note that for any ¢, j € [N] and z € Z;,

gjo---ogi(x) ¢ Bs(x). (12)

Eq. (12) holds since g; o - - - 0 gy maps x to & € Z;, or a value out of £ (z +a x (¢; +b) >z + ™) from the definition of
a and b) and 3 < . Then, for any ¢ € [N] and € Z;, it holds that

|h1(z) = g(@)| = |gews © fn © -0 fi(®) = geus © gn © -+~ 0 g1 ()]
< Wgee ([fN 0 w0 fi(z) —gn o 0gi(z)])
S Wy ([fv oo fi(x) = fyogn-10---0ogi(x)+ fyogn_10-0gi(x) —gno-ogi(x)])
< Wgewe Wen ([fv—10- -0 fi(z) —gn-10---0g1(2)]) + [fnogn-10-0g1(x) —gno--0gi(a)])

Here, |fy ogny—10---0¢g1(x) —gn o -0 ¢g1(x)| < dn from Eq. (12). Thus, by conducting this procedure iteratively, we
have

|h1(2) = 9(2)] < |wgey (Wry (fN—10 70 fi(z) —gn-1 0 0g1(2)) + On)
< |wgcut (wa(wa—l(fN—Q ©---0 fl(m) —gN—-20 """ 091(50)) + 5N—1) + §N)|

< wge Wiy (- (W (01) +02) -+ ) +0n)| < /4

by choosing sufficiently small o > 0, which leads us to have sufficiently small §; for all ¢ € [N]. Consequently, for any
i € [N]and z € Z;, we have

|hi(x) — ci| < [hi(z) — g(@)| + |g(z) — el <n/d+n/4=n/2. (13)
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Hence, our h; satisfies C1.

We now construct hs satisfying C2. We suppose that there exists u € K such that k1 (u) < 0; we will discuss the case that
there exists v € KC such that /1 (v) > 1 later. To this end, we consider a (o, ¢) network of width 2 that iteratively adds some
constant to the region such that /1 (x) < 0. Namely, it suffices to show that for any &’ > 0, there exists a (o, ¢) network
1 : R — R of width 2 such that

o ifx > n/4, then |¢(z) — x| <€
o ifx € (0,n/4), then ¢(zx) € [0, 1], and
o ifx <0, then ¢(z) —x > 1/2.

Then, let hy = ¥ for some Ny € N such that N1 /2 > | mingex hi ()|, then we obtain
hy o hy(z) = N1 o hy(x) € [0,1]

for all z € K such that h;(x) < 0.

Furthermore, since n < ¢ and h; satisfies C1, hy(x) > /2 for any x € Uf\; Z;. Thus, if we choose sufficiently small
¢’ > 0 such that ¢’ < 7/(4N1), then
|hg © hi(z) — ha(z)| = [N 0 hy(z) — by ()|
< PN ohy(z) — ™Mo hy (@) + -+ i o hi(x) — ha(2)]
< Mg’ <n/4 <n/2.
Here, for each i € [Ny — 1], %% o hy(x) > n/4 since ¥ o hy(z) C B, (hi(x)) and hy(z) > n/2. It guarantees that

|9 o hy(z) — "~ o hy(z)| < & foreach i € [Ny]. Hence, hs satisfies C2. If there exists v € K such that hy(v) > 1, then
the same argument can be applied with the choice of ¢4 (z) = 1 — ¥(1 — z).

We now construct such v using the property that o network can approximate STEP. Since o is squashable, for any ¢’ > 0
and a compact set D, there exists a o network p* : D — R such that

|p*(z) — STEP(x)| < &

forallz € D\ (—n/8,1/8). We choose §’ > 0 such that 6’ < min{3¢’/2,1/4}. Consider a (o, +) network 1 of width 2
defined as

V@) = o+ 20" (e = 0/9))

Then, one can easily observe that |¢(x) — x| < 20'/3 < ¢'ifx > n/4,¢(x) € (0,n/4+2/3) C [0,1] ifx € (0,7/4), and
|(z) — (x 4+ 2/3)| < 26'/3 < 1/6 if < 0 which implies ¢(x) — 2 > 1/2. It completes the proof.
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F. Proof of Lemma 13

In this section, we prove Lemma 13. To this end, we construct a (o, ¢) network f of width 2 that maps for each S € G to a
disjoint interval. Then, since f is continuous, { f(S) : S € G} is a 1-grid of size n1n2 and this completes the proof. Before
we illustrate our proof, we define the additional notation used in this proof. Since G is a 2-grid of size (n1,ns), there exist
compact intervals [a1,b1],- - -, [an,, bn, ], [a], 1], -, [ay,,, b, ] satisfying the following:

* b < a1 and b < a’y,, foreachi € [n; — 1] and j € [ny — 1], respectively,

s forany S € G, there uniquely exist i € [n1] and j € [no] such that S = [a;, b;] x [a}, b]].

Foreach i € [n1] and j € [no], letUs; = [a;, b] x [a], V)], Vi = U, Uij,

n= min {aj, 0}
and L = b/, — a}. We write e; = (1,0) and e; = (0,1) € R% Fori € {1,2} and b € R, we use H(e;,b) = {z €
R?|z; + b = 0}. We first consider a (o, ¢) network h1 : K — R? of width 2 defined as

hi(z)r = p(x1 — 1),  ha()2 = o(22)

where ¢; € (bn—1,a,) and p is a o network of width 1 such that |p(z) — STEP(z)| < ¢ on [a1,b,]. We will assign an
explicit value to . Then, one can observe that

hl(Vn) C Bg(%(el, —1)), h1(Vl) C Bc(%(@h 0)) for all ¢ € [TL — 1]. (14)

Furthermore, since hq(2); is strictly increasing on K, the ordering of V;’s with respect to the first coordinate is preserved: if
i < j,thenz < yp forall x € V;, y € V;. We then iteratively apply some (o, ¢) networks hg, - - - , hy, so that for each
i € [n1], h; maps Vy,, —;41 to Be(H(e1, —1)) and shifts V,,, _; 41 by sufficiently large length such that the images of V; are
disjoint for the second coordinate.

We now formally construct such (o, ¢) networks ha, - -+ , hy,. See the following lemma where the proof is deferred to
Appendix F.1.

Lemma 19. Let £ > 0 and r > 0. Let Xy C Be(H(e1,0)), X1 C Be(H(er,—1)), and Y C Be(H(e1,0)) be compact sets
in R? such that i1 > x1 for all x € Xy and y € Y. Then, there exists a (o, 1) network f : R? — R? of width 2 satisfying
the following properties:

e forany x € Xy U Xy,

f(x)2 — 2| < 216,

Af(y)2 = (g2 + )| < 26,

* f(Xo) C Be(Her,0)) and f(V), f(X1) C Be(H(ex, —1)),

o there exists strictly increasing ¢ : R — R such that f(x)1 = ¢(x1) for all x € Xj,.

Lemma 19 implies that there exists a (o, ¢) network of width 2 that maps ) to in H(e1, —1) with approximately shift for the
second coordinate by . From Eq. (14), we can apply Lemma 19 with

Xo= |J mO), X=hmOVn), Y=hmV, 1),

1€[n1—2]

r =L+ 1and £ = (. Then, there exists a (o, ¢) network hs of width 2 that maps the points of X and X; approximately
identically while shifting the second coordinate of )) by L + 1. Here, one can observe that if we choose a sufficiently small
¢ > 0, then ho(h1(Vy,)) and ha(h1(Vy,—1)) are disjoint for the second coordinate by our choice of r. Furthermore, from
the third and fourth lines of the properties listed in Lemma 19, Lemma 19 can be applied iteratively with the recursive choice
of Xy, X1, Y, r and £ in Lemma 19. In particular, by the fourth line of the properties from Lemma 19, the ordering of V;’s
with respect to the first coordinate is preserved while Lemma 19 is applied. Thus, among the sets contained in Xy, we can
choose ) as the set that is the highest with respect to the first coordinate.

We now construct such (o, ¢) networks ha, - -+, hy,, : R? — R? as follows: for each k € [n1] \ {1}, hy, is from Lemma 19
with the choices of
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* Xy = Uie[rn—k] hg—10--0 hl(Vl),

. Xl = Uze[k—l] hk—l [SENe] hl(an—i—‘,-l)a

. y = hk’—l O-+--0 hl(an—k-‘,-l)?

e r=rywherery, =(k—1)(L+1)and § = (.

Then, we construct a (o, ¢) network f : K — R of width 2 as

f(@) =pohn, o--ohi(z) (15)

where p : R2 — R is a projection onto the second coordinate: p(z,y) = y. We now prove that if we choose sufficiently
small ¢ > 0 such that

We first show that if 4, j € [n4] such that ¢ < 7, then f(x) > f(y) forall z € V; and y € V;, and then we prove that for
each i € [nq], if j, ' € [ng] such that j < j/, then f(z) < f(y) forall x € U;; and y € U;;r.

)

DN =

ni
Z 2r,¢ < min {

k=2

N3

then for each i € [nq] and j € [ng], f(U;;) is disjoint.

We first consider x € V; and y € V;. From our definition of f (Eq. (15)) and Lemma 19, one can observe that

1

= 1 1
If(z) = (T2 + 7y —ir)| < D 20 < o5 [f(y) = (Y2 + 7oy —j+1)| < ) 2rkC < .
2 2
k=2 k=2
Since 7y, —i+1 — Tny—j+1 = L + 1, the above equation implies that
f@) = fy) >rni—it1 = Tn—js1 — (Y2 —22) =1 > L+1-L-1=0
We now consider x € U;; and y € U, /. As in above, we have
ni ?7 ni ’[’]
f(x) = (@2 +rn,—ig1)| < D 2rkC < 30 W) =+ )l < ) 2nC < 5.
k=2 k=2

Since y5 — x2 > 7 by the definition of 7, we have
fy) = f@)>y2—22 =1 >0
and this completes the proof.
F.1. Proof of Lemma 19
In this section, we prove Lemma 19. Let b € R such that 27 < b < y; forall z = (z1,22) € Xy and y = (y1,y2) € Y and
n=min{y; —b,b— 1|y € V,x € Ap}.

We note that such b is well-defined and n > 0 because x; < y; forall x € Ay, y € Y and &), )Y are compact. Since o is
squashable, for any compact set /C, there exists a o network p : R — R of width 1 such that

|p(x) — STEP(2)] < &

1

forallz € £\ (—n,n). Let A = { 1

ﬂ . Then, one can easily observe that Al = [714 0} .

We now define functions fi, fo, f3 : R? — R? as

file) = Az, fo(z) = (ple1 = b),u(22)),  fa(a) =A'w
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forallx = (z1, -+ ,2,) € R", respectively. We now define a function f : R" — R™ as

f(x) = (fzo fao f1)(x)

for all z € R™. Then, f is a (o, ¢) network of width 2 and
[ =plzr=b),  f(@)2 =22 +7(p(z1 = b) — 21). (16)

We now show that our f satisfies the properties listed in Lemma 19. One can easily observe that f satisfies the fourth
property of Lemma 19. Thus, we consider the first—third properties. From Eq. (16), we can classify the image regions
corresponding to each input region.

We first consider « € Aj. Since Xy C Be(H(eq1,0)) and zy < b —n, we have 21 € (—¢,€) and p(z1 — b) € (0,£). Thus,
it holds that f(z); € Be(H(e1,—1)) and |f(z)2 — z2| < 2r§. We now consider x € X;. Since X; C B¢(H(e1, —1)) and
x1 >b+mn,wehavex; € (1—&,1+¢)and p(xq —b) € (1 —&,1). Thus, f(x)1 € Be(H(e1,0)) and |f(x)2 — z2| < 2r¢.
Lastly, let y € ). Since Vi C B¢(H(e1,0)) and y; > b+, we have y; C (—¢,€) and p(y1 — b) € (1 — &, 1). Thus,
f(y)r C Be(H(er, —1)) and | f(y)2 — (y2 +1)| < 2r. Conclusively, f satisfies all properties listed in Lemma 19 and this
completes the proof.
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