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Abstract: A core problem in statistical network analysis is to develop
network analogues of classical techniques. The problem of bootstrapping
network data presents a particular challenge, since one typically observes
a single network rather than a sample. Here we propose two methods for
obtaining bootstrap samples for networks drawn from latent space models.
The first method generates bootstrap replicates of network statistics that
can be represented as U-statistics in the latent positions, and avoids actually
constructing new bootstrapped networks. Many network quantities can be
represented as U-statistics, including average degree and subgraph counts,
but other equally popular summaries, such as clustering coefficients, are
not expressible as U-statistics. Our second bootstrapping method generates
replicates of whole networks, and thus can be used for bootstrapping more
general network functions. Under the assumption of a random dot product
graph, a type of latent space network model, we show consistency of the
proposed bootstrap methods. We give motivating examples throughout and
demonstrate the effectiveness of our methods on both synthetic and real
data and show that they improve upon prior methods.
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1. Introduction
1.1. Motivation: network data and bootstrapping

As networks become ever more common in the sciences, there is a pressing need
for network analogues of classical statistical methods. Such analogues have been
developed for tasks such as two-sample testing [24, 61, 60], changepoint detection
[65] and community estimation (i.e., the network analogue of clustering; see
[45, 1]) to name a few. Among these fundamental classical tasks is the bootstrap
[21], which allows one to make inferences about a population distribution by
resampling from an observed i.i.d. sample as though it were the population itself.
Unfortunately, since one typically observes only one network, naive resampling
is insufficient. While resampling methods for other dependent data such as time

arXiv: 1907.10821
745


https://imstat.org/journals-and-publications/electronic-journal-of-statistics/
https://doi.org/10.1214/25-EJS2347
mailto:kdlevin@wisc.edu
mailto:elevina@umich.edu
https://mathscinet.ams.org/mathscinet/msc/msc2020.html
https://arxiv.org/abs/1907.10821

746 K. Levin and E. Levina

series (see, e.g., [32]) exist, and methods for the related task of network cross-
validation have been developed (see [40] and citations therein), the network
bootstrap remains underexplored.

We propose two bootstrap methods for networks, one for generating boot-
strap samples of network statistics with a particular structure, and another for
generating bootstrap replicates of whole networks. The latter method can also
be used to bootstrap network statistics, but it comes with a higher computa-
tional cost. The topic of bootstrapping network data is still relatively new, and
nearly all papers on the topic [9, 25, 44] focus on the problem of bootstrapping
subgraph counts of networks generated from graphons [42]. For a particular sub-
graph of interest on p vertices, [9] generate bootstrap replicates of its counts by
sampling from the set of connected p-node subgraphs of the observed network
on n > p nodes, using the algorithm introduced in [66]. Following similar lines,
[25] consider two related methods for generating bootstrap samples of subgraph
counts from an observed network. The first resamples from what the authors
term the “empirical graphon”, which amounts to resampling vertices with re-
placement from the observed network. The second method draws samples from
a stochastic block model fit to the observed network, since such a model can
approximate any graphon using sufficiently many communities [50]. Chang and
co-authors [16] considered the problem of estimating subgraph densities under a
different setting, where there exists a true underlying network, but one observes
a noisy version in which edges have been added or removed at random. The
authors presented a bootstrap method for constructing confidence intervals for
the subgraph densities of the true underlying network.

Recent independent work by Lunde and Sarkar [44], concurrent with this
work, presents a bootstrapping procedure based on sampling induced subgraphs
of the observed network. They showed that their bootstrap is valid for any
network statistic obeying a central limit theorem under appropriate scaling and
subgraph sampling operations, under a condition that is nontrivial to verify in
general. Our results in this paper can be adapted to show that this condition is
satisfied by the U-statistics we consider. However, since their bootstrap operates
by sampling subgraphs of the observed network, it cannot take advantage of
computational speedups available to our method (see Section 3). More recent
work, which appeared during revision of this manuscript, has applied some of
these computational speedups in a similar way [41]. We note also recent work
by [71], which uses Edgeworth expansions to produce confidence intervals for
subgraph counts.

There are many other network quantities of interest beyond subgraph counts,
and little is known about bootstrapping these more general quantities. Under
network latent space models [29], many such quantities of interest can be ex-
pressed as U-statistics in the latent positions. We show in Theorem 3.3 that
under the fairly general latent space model known as the random dot product
graph [69], these U-statistics can be bootstrapped by first estimating the latent
positions of the vertices and then bootstrapping a plug-in version of the quan-
tity of interest using known techniques for bootstrapping U- and V-statistics
[3, 30, 15]. Beyond U-statistics, there are settings where we may require boot-
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strap samples of whole networks. For example, we may be interested in boot-
strapping network statistics that do not admit a latent space U-statistic repre-
sentation. Here we seek to use a single observed network to generate bootstrap
network samples with (approximately) the same distribution as the observed
network. We show in Theorem 4.4 that this is possible under the random dot
product graph, which includes many common network models as special cases,
including the stochastic block model and its variants [29, 2]. Previous work has
considered generating parametric bootstrap network samples from the stochas-
tic block model [10, 11, 34]. Shalizi and Asta [56] proved that in latent space
models, generating network samples based on maximum likelihood estimates
of the latent positions yields consistent bootstrap samples, but obtaining these
maximum likelihood estimates is, under most latent space models, computation-
ally infeasible. Lei [36] studied a latent space model for exchangeable random
graphs. While that paper does not consider bootstrapping, it contains a result
analogous to our Theorem 4.4 for a weaker notion of graph convergence. To
the best of our knowledge, the present paper is the first to establish rigorous
theoretical results for generating whole-network samples under the random dot
product graph. An early version of our whole-network resampling approach was
suggested by Athreya and co-authors [4], albeit without any theoretical guar-
antees. Further, while we restrict our attention here to the random dot product
graph for the sake of concreteness and notational simplicity, the basic ideas of
this paper are applicable to general latent space models, so long as the latent
positions can be estimated at a suitable rate.

1.2. Latent space models and U-statistics

As a simple example of how latent space models interact nicely with certain
network statistics, consider the triangle density, defined as

P(}@)(Q)l > AiApAi, (1)

1<i<j<k<n

where A € {0,1}"*" is a symmetric adjacency matrix. Subgraph densities such
as this play a role for node-exchangeable random graphs (i.e., those generated
from graphons) that is analogous to the role of moments for Euclidean data
[12, 42, 47]. As a result, obtaining confidence intervals for expected subgraph
densities such as Elf’(Kg) based on a single observed graph is of statistical
import.

Under a latent space model, A is generated by first drawing latent positions
X1, Xo, ..., X, i.i.d. from some distribution F' on a set X with a symmetric link
function x : X x X — [0,1]. The entries of A are drawn independently condi-
tional on the latent positions, with A;; ~ Bern(x(X;, X)), and the conditional
expectation of the triangle density is

—1
N n
E[P(Kg) |X1,...,Xn] = <3) E I{(Xi,Xj)I{(Xj,Xk)Ii(Xk,XZ'),
1<i<j<k<n
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which is a U-statistic with kernel h(x,y, z) = k(z,y)x(y, 2)k(z, z). In Section 3,
we show that many network quantities can be written similarly, including all
subgraph densities. For any such U-statistic with kernel h, if we had access
to the latent positions, we could apply existing techniques for bootstrapping
U-statistics [13, 3, 30] to generate bootstrap replicates of

Un = Upn(h) = <”)1 3 WX, Xiy oo Xi ).

1<ii<ig < <im<n

In practice, we do not observe the latent positions and must instead estimate
them from the observed adjacency matrix A. Supposing for now that we had
estimates Xl, Xg, ey X, based on A, a sensible approach would be to bootstrap
the quantity

-1
0,y = 0, (h) = <") S WX X X),

1<i1<ig< - <tm<n

Under suitable smoothness conditions on h and provided that the true latent
positions can be sufficiently accurately estimated, we may reasonably expect
U, to be a good approximation to U, and that, furthermore, bootstrap tech-
niques applied to U, instead of U,, will still produce (approximately) equivalent
bootstrap samples.

1.3. Nonparametric network bootstrap samples

The classical bootstrap [21] is based on sampling with replacement from a sample
X1, Xo, ..., X, as though it were the population itself. There is no straightfor-
ward analogue for network data, both due to dependence among the edges and
because we typically observe only one network rather than an i.i.d. sample. For-
tunately, the structure of latent space models provides a way forward. The latent
positions X1, Xo,..., X, are drawn i.i.d. from F', and thus a bootstrap sample
X, X3,..., X} drawn i.i.d. from the empirical distribution F,, =n=* Y7, dx,
can be thought of as being approximately drawn from F. Once again, if we
had access to the latent positions, it would be natural to generate a bootstrap
replica A* of the adjacency matrix by drawing from F,, as though it were the
latent position distribution. That is, we draw X7, X3, ..., X ii.d. from F, and
generate Aj; ~ Bern(x(X}, X7)). Since we do not observe the latent positions

X4, Xo, ..., X,, anatural approach is to produce estimates Xl, XQ, e ,Xn from
A and use their empirical distribution F, in place of F},. Then we may generate
bootstrap network samples A* by drawing from a latent space model with latent
position distribution F,. Once again, provided that the estimates approximate
the true latent positions well, we may expect F, to be a good approximation
to F,, which is in turn a good approximation to F. We may then expect that
the distribution of A* approximates the distribution of A. Indeed, we will prove
below that A* converges to A in a suitably-defined Wasserstein metric. Defining
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a Wasserstein distance on graphs requires a notion of distance on graphs. There
are a few such distances in the literature. In Section 4, we consider a distance
that we call the “graph matching distance” and show that under the random
dot product graph, the network resampling scheme outlined above produces
bootstrap samples A* that converge to the distribution of A in the Wasserstein
distance defined with respect to the graph matching distance.

1.4. Roadmap

The rest of this paper is structured as follows. In Section 2, we briefly review the
necessary background related to the random dot product graph and U-statistics.
Section 3 presents our method and theoretical results for bootstrapping network
U-statistics, and Section 4 covers our method for generating bootstrap samples
of whole networks. Section 5 gives a brief experimental demonstration of both of
these methods. We conclude in Section 6 with a brief discussion and directions
for future work.

2. Background and preliminaries
2.1. Notation

For a positive integer n, [n] denotes the set {1,2,...,n} and S,, denotes the set
of permutations of [n]. For integers m < n, CI denotes all ordered m-tuples of
distinct elements of [n],

CZ:{(il,i%...,im)E[n]m:1§i1<i2<-~-<im§n}.

For a vector z, ||z| denotes its Euclidean norm. For a matrix M, ||M|| denotes its
spectral norm, | M || g its Frobenius norm, and ||M ||, = > |M;;|. Throughout, C
is a positive constant, not depending on network size, whose value may change
from line to line or within the same line.

2.2. The random dot product graph

The random dot product graph [69, 4] is a latent space network model in which
the latent positions are points in Euclidean space, and edge probabilities are
given by inner products of the latent positions.

Definition 2.1 (Random dot product graph). Let F on R be a d-dimensional
inner product distribution, meaning that 0 < 27y < 1 for all 2,y € supp F. Let
X1, Xs,...,X, be drawn i.i.d. from F and arranged as the rows of X € R"*¢,
Conditional on X, generate the symmetric adjacency matrix A € R"*" by
independently drawing A; ; ~ Bern(X? X;) for all 1 < i < j < n. We say that
A is a random dot product graph with latent position distribution F', and write
(A, X) ~ RDPG(F,n).
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We assume without loss of generality that the second moment matrix of
F, EX; X! € R4 has full rank, since otherwise we may consider a lower-
dimensional model in which it has full rank. Since any orthogonal transformation
of the latent positions preserves inner products and yields the same distribution
for A, we can only hope to recover the latent positions up to an orthogonal
transformation. Non-identifiability of this type is unavoidable in latent space
models; see [56]. Under the random dot product graph, the latent positions can
be estimated (up to this non-identifiability) via spectral methods. One such
method is the “adjacency spectral embedding” [58].

Definition 2.2 (Adjacency spectral embedding). Let S € R%*4 he the diagonal
matrix formed by the top d largest-magnitude eigenvalues of the adjacency
matrix A and let U € R"*? be the matrix with the corresponding eigenvectors
as its columns. The adjacency spectral embedding of A is defined as ASE(A, d) =
US1/2 c RnXd,

The rows of X = ASE(A, d) are estimates of the latent positions, with a guar-
anteed convergence rate. This convergence suggests that the plug-in procedure

sketched in Section 1 may succeed in the limit. We will formalize this intuition
in Section 3.

Lemma 2.3 ([45], Lemma 5). Let (A, X) ~ RDPG(F,n). Then with probability
at least 1 — Cn~2 there exists an orthogonal matriz Q € R4 such that

N Clogn
T
max [|Q° X; — X;|| < .

As specified in Definition 2.1, the random dot product graph generates only
networks with positive definite expected adjacency matrices. This restriction
can be removed by replacing the inner product X! X; with X/ I, ,X;, where
I, 4 is a diagonal matrix with p ones and ¢ negative ones on its diagonal [54].
The graph root distribution [36] further generalizes this model to allow for
infinite-dimensional latent positions. In both models, an eigenvalue truncation
similar to Definition 2.2 yields estimation akin to Lemma 2.3. While both of
these generalizations are useful, we restrict our attention to the random dot
product graph for the sake of brevity and notational simplicity, noting that our
results can be extended with minimal additional assumptions to these two more
general models. In essence, all that is required is that the latent positions can be
estimated at a rate like O(n~'/2), up to logarithmic factors. We note that care
must be taken in extending our results to the graph root distribution: estimation
in that model relies on truncating infinite-dimensional latent positions to finitely
many dimensions, which would force us to allow the U-statistic kernel to change
in n. To avoid this, we must think of the estimated latent positions in the graph
root distribution as being infinite-dimensional latent positions with all entries
after the truncation dimension set to 0.

As defined here, the random dot product graph produces dense networks, in
the sense that the number of edges grows as (n?). This is a basic property of
node-exchangeable models [42], but it is at odds with many networks observed
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in the real world, where sparsity is the norm: the number of edges is observed
to grow much slower than the quadratic number of possible edges. The solution
typically pursued in the literature is to scale the edge probabilities by a sparsity
parameter p, € (0,1) obeying p, — 0 as n — oo. That is, we replace the la-
tent positions X1, Xo, ..., X, with scaled versions \/p, X1, /PnX2; ..., \/PnXn.
Provided that this sparsity parameter does not decrease to zero too quickly, this
poses no real complication for the bootstrapping methods proposed here, but
it does complicate the notation and setup. As such, we consider bootstrapping
under the dense random dot product graph in the next few sections below. We
return to the matter of incorporating sparsity in Section 3.4.

2.3. Bootstrapping U-statistics

Given a measurable function h : X — R symmetric in its arguments and a
sample X7, X5, ..., X,, drawn i.i.d. from a distribution F' on X, the U-statistic
with kernel h is given by

1
Unp=Uy,(h) = ™ > (X, Xy X, (2)
m/ iecn,

The study of quantities of this form dates to [28]. See Chapter 5 of [55] for a more
thorough overview. Consider a quantity of interest § = §(F) = Eh(X;, Xo,.. .,
X)), where the expectation is taken with respect to X, Xo,..., X, I p A
classic result states that if X1, Xs,..., X, i F', then provided the kernel h
is non-degenerate with respect to F (i.e., hi(z) = Eh(z, X3, X3,..., X;n) has
Var h1(X3) > 0), vn(U, — 6(F)) converges in distribution to a mean-0 normal
with variance m2¢;, where

G =E(ERX, Xa, ..., X)) | X1] —6)%. (3)
(1 is typically unknown, but can be estimated via the bootstrap [13, 3, 30, 15].

[13] showed that for non-degenerate h, if Eh(X1, X1,...,X1) < 0o, one can draw
X, X500, X L F,, and consider

-1
n * * *
(m> > (X5, XG, LX)

iecr,

As observed by [13], resampling from F,, fails when the kernel h is degenerate,
but a weighted bootstrap can be used instead [3, 30]. We do not consider degen-
erate kernels here, but weighted bootstrap schemes can also yield computational
speedups [3]. See also [48, 20] for more recent work on bootstrapping array-like
data.

Following [15], consider the quantity

-1
Ur = <”> 3" Wi h(Xiy, Xy, X)), (4)

m .
iecn,
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where W € R¢m is a vector of random weights. Taking W; = [T, W, with
W ~ Multinomial(n,n~!), one recovers the “Efron-weighted” bootstrap [3, 30].
Taking

. Wi, +---+ W,

my/1—1/n

one obtains the additive bootstrap discussed at length in Chapter 4 of [15]. Un-
der suitable conditions on the weight vector W, the quantity in Equation (4)
converges in distribution to the same N(0,m?¢;) limit as U,,. The specific con-
ditions on W vary, but provided those conditions are met, U is distributionally
consistent in the sense that the asymptotic distribution of the bootstrap sample
vn(U} — 6) matches that of \/n(U, —0).

Wi

3. Bootstrapping latent position U-statistics
3.1. Network U-statistics: examples

Our aim in this section is to obtain bootstrap samples of a U-statistic U,, =
U, (h), which is a function of the latent positions X1, X», ..., X,,. The obstacle is
that we observe the adjacency matrix A and not the latent positions themselves.
We will show below that using the estimates X1,X2, . ,Xn in place of the
true latent positions results in a U-statistic that converges to U,, almost surely.
Further, bootstrapping the resulting plug-in U-statistic yields asymptotically
equivalent bootstrap samples to those we would obtain by following the schemes
in Section 2.3 if the latent positions were observed. Before presenting these
convergence results, we highlight a few examples of network quantities that are
expressible as latent position U-statistics.

Example 1 (Average Degree). Consider the (normalized) average degree,

- 1~ d; 1 - Ej#iAi,j
d(A)_ﬁZn—l_;Z n—1

=1 i=

Under the random dot product graph, its conditional expectation is

1 n n —1 -
E[d(A) | X] = Em DSOS E[A | X X = 2(2> > XTX;,

i=1 j#i i<j
which is a U-statistic with kernel h(z,y) = 2z7y.

Example 2 (Subgraph Counts). Let R and G be graphs on m and n vertices,
respectively, with m < n. Numbering the vertices of G arbitrarily, for i =
(i1,42,...,0m) € CI, let G[i] denote the m-vertex subgraph of G induced by
1,42, - - ., i, and consider the quantity

P(R) = ﬁ S” Gl ~ R}, (5)

iecn,
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where we write H ~ R to denote that graphs H and R are isomorphic. P(R)
thus measures the (empirical) proportion of times that R appears as a subgraph
out of the total number of possible subgraphs on m vertices. Letting B € R™*™
be the adjacency matrix of graph R, we can write

( ZT(k)XT(Z))BkI(]' - XT X )17Bk£

. H1<k<€<7n Tr(k) " T (0)
E[P(R) Z Z N(R) 7 (k) 4

m ieCn 7€Sm

where N (R) denotes the number of graphs isomorphic to R. From this, we see
that E[P(R) | X] is a U-statistic with kernel

_ By T 1—Bys
hr(x1, 29, ..., Tm) = g H lT(m Ti ) H (1 —a; mxITm) .
TES 1<k<t<m

Example 3 (Maximum Mean Discrepancy). The maximum mean discrepancy
[26] is a test statistic for nonparametric two-sample hypothesis testing. Given
A € [0,1] and two distributions F; and F5, let Xl,Xg, ..., X, be drawn i.i.d.
from the mixture AF; + (1 — \)Fy, and let Y; 1if X; ~FiandY; =0
otherwise, for ¢ € [n]. Letting I, = {i : ¥; = 1} and ny = |I;]| and defining I
and ns analogously, the maximum mean discrepancy is given by

k(X X;) (X, X;) XZ X;)
M, = Rl DAY ) )
o Z nl(nlfl) o Z 2(2,1 ZZ
i,j€I1 distinct i,j€I5 distinct i€l jels

where & is the kernel of a reproducing kernel Hilbert space. By definition, M, is a
U-statistic in X1, X, ..., X, with kernel h((z;,v:), (z;,9;)) = (=1)¥ ¥ r(z;, x;).
Suppose that F} and Fy are such that F = AF} + (1 — A\)F; is a d-dimensional
inner product distribution, with (A4, X) ~ RDPG(F, n), and suppose that we ob-
serve the indicators Y7, Ys, ..., Y,. A natural approach to testing the hypothesis
that Fy; = Fy is to form a test statistic from the (estimated) latent positions,

~ K(X“X) X“X XMX
e v i)y y g
ijel distinct ni(ni —1) i,j€ls distinct na(nz — 1) i€l jEls

where X = ASE(A,d). A slight variant of this statistic was considered by Tang
and co-authors for the purpose of two-network hypothesis testing [61].

Example 4 (Degree Moments). The degree distribution of a graph carries
important information about graph structure. Measures such as the variance of

the degrees,
di —d;\>
— 2 v J
- ()

where d; = )", A; 1, is the degree of the i-th vertex, provide a useful summary
of vertex behavior. Rearranging the sum, we have

E[Va(A) | X]=n"* Y E[Aix(Aig—Aj0) | X]=n* > XIX0(Xi—X;)" X,
i,k L i,5,k,0
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which is a V-statistic [55] in the latent positions after appropriate symmetriza-
tion. Similar results can be shown for other central moments of the degree
distribution.

A number of other network quantities are expressible similarly, either un-
der a different latent geometry or after appropriate rescaling by some network-
dependent quantity that converges almost surely to a parameter depending only
on the latent position distribution. Examples include measures of assortative
mixing by degrees [49], energy statistics [59, 33] and the Randi¢ connectivity
index [52].

Remark 1 (Specifying the Parameter of Interest). Among the examples above,
we have seen statistics of the form ¢ : {0,1}"*"™ — R (e.g., the average degree),
where E[t(A) | X] is expressible as a U-statistic in the latent positions. We stress,
however, that the target of inference here and in what follows is E[t(A)], rather
than the conditional expectation E[t(A) | X] or, say, t(EA). Indeed, it is precisely
because E[t(A) | X] is expressible as a U-statistic in the latent positions that
we are able to construct a confidence interval for Eh(X1, Xo, ..., X,,) = Et(A).

3.2. Consistency of network U-statistic bootstrap

Having seen how U-statistics arise in network analysis, we return to our setting
where the latent positions X7, Xs,..., X,, must be estimated from the matrix
A. Letting X1, Xo,...,X,, € R? be the rows of X = ASE(A, d), we consider the
plug-in U-statistic,

—1
O, — () S K X)), (6)

1<i1 <2< <tm<n

If this quantity is to resemble U,,, h must be invariant to the non-identifiability
inherent to the random dot product graph, and thus we make the following
assumption.

Assumption 1. Let Q4 denote the set of all d-by-d orthogonal matrices. The
kernel h satisfies

h(Xl,XQ, . 7Xn) = h(QXhQXz, .. 762)(71) for all @ € Qy.

The main results of this section state that for suitably smooth kernel func-
tions, the plug-in estimate in Equation (6) and bootstrap samples formed from
it are asymptotically equivalent to the U-statistic formed from the true latent
positions X1, Xs,..., X, S P The following assumption makes this notion of
smoothness precise.

Assumption 2. Let V2h : R™? — RMdxmd he the Hessian of kernel h. V?2h is
continuous on the closure of supp F and there exists a neighborhood S C (R4)™
of supp F’ with

sup{||V2W(Z1, Za, ..., Zw)| : (Z1,Za, ..., Zpm) € S} < 0.
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We note that with the exception of the maximum mean discrepancy, the
rotation-invariance and homogeneity properties in Assumption 1 are trivially
obeyed by all our example statistics in Section 3.1, by virtue of being based on
inner products of latent positions. Whether or not the maximum mean discrep-
ancy obeys these properties boils down to properties of the function x chosen by
the practitioner. We note that most commonly-chosen kernels that are mono-
tone functions of distances (e.g., Gaussian radial basis functions), will obey these
conditions. The bounded Hessian property in Assumption 2 is slightly more com-
plicated: it depends on the interplay of the U-statistic kernel i and the latent
position distribution F'. We note, however, that if the U-statistic kernel h obeys
Assumption 1, then so long as F is well-behaved (i.e., its support is bounded
away from singularities of V2h), all our example statistics in Section 3.1 obey
Assumption 2.

The following theorem shows that Assumptions 1 and 2 are sufficient to
ensure that the plug-in U-statistic U, recovers U,, asymptotically. The proof is
given in the Appendix.

Theorem 3.1. Let F' be a d-dimensional inner product distribution and suppose
that h = (RH™ — R is a symmetric kernel satisfying Assumptions 1 and 2.
Suppose (A, X) ~ RDPG(F,n) and let X = ASE(A,d). Let U, and U, be the
U-statistics based on, respectively, the true latent positions X and their estimates

X. Then /n(U, — U,) — 0 almost surely.

From the fact that U, converges almo§t surely to the population parameter
0 = 0(F) = EU,, ([55] Theorem 5.4 A), U, is a strongly consistent estimate of
0. Further, by Slutsky’s Theorem, U,, has the same distributional limit as U,,

provided that the underlying U-statistic kernel is non-degenerate.

Corollary 3.2. Under the setting of TheoArem 3.1, provided that h is non-
degenerate with respect to F, U, satisfies U, — EU,, = 6(F) almost surely
and /n(U, — ) — N(0,m?¢y) in law, where (1 is defined in Equation (3).

We note that convergence to a normal random variable in this corollary (and
several of our results to be discussed below) requires that the kernel A be non-
degenerate with respect to F. That is, the function h; : R? — R given by
hi(z) = Eh(z,X3,...,X;n) is such that Varh;(X;) > 0. This is a standard
assumption when dealing with U-statistics (see, e.g., [55]). As an example of
how degeneracy arises in the RDPG, consider the special case of the Erdos-
Rényi random graph with edge probability p. That is, an RDPG in which the
latent position distribution is a point mass at /p € [0,1]. For our statistic,
consider the edge density (i.e., the subgraph density for the complete graph on
two nodes)

-1

i<j
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Conditional on the latent positions,

s %= (3) LXK,

1<j

so the kernel function is h(z1,22) = x122, and hi(x) = ExX; = x,/p. Since
X1 = X2 = /p almost surely under this model, we have

Var h1(X1) = pVar X; =0.

This degeneracy disappears once we allow F' to be a distribution more complex
than a point mass. More generally, we stress that degeneracy is a property that
arises as an interplay between the kernel h and the latent position distribution
F. With the exception of very particular, highly structured choices of h and F,
degeneracy is very much the exception, not the norm.

Theorem 3.1 and its corollary establish the appropriate convergence of the
(estimated) latent position U-statistic U, but our main goal is the more delicate
task of obtaining bootstrap samples to approximate the sampling distribution
of U,. If we knew the true latent positions, any number of techniques for boot-
strapping U-statistics would work. The idea is thus to construct, instead of a
bootstrap sample U} as in (4), a plug-in version

—1
U;;:<”> S W h(Xe,, Xy X),

m
iecn,

where again W € RS is a vector of random weights independent of the observed
network. We will assume that these are adjacency spectral embedding estimates,
but we stress that similar results can be obtained under any estimation scheme
that recovers the latent positions at a suitably fast rate (see, e.g., [67, 68]). As
mentioned in Section 2.3, the specific conditions on W needed to ensure the
distributional consistency of U} vary, but for our plug-in scheme to work, we
require the following additional growth condition.

Assumption 3. The weight vector W satisfies

o =0 (V).

iecr, log

With this assumption, we have the following theorem for the plug-in U-
statistic bootstrap. The proof is given in the Appendix.

Theorem 3.3. Let F' be a d-dimensional inner product distribution and suppose
that h : (RY)™ — R is a symmetric kernel non-degenerate with respect to F' and
satisfying Assumptions 1 and 2. Let (A, X) ~ RDPG(F,n) and X = ASE(A, d).
Let U} be the weighted bootstrap U-statistic defined in Equation (4) and let ﬁ;
be its plug-in version. Then,
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1. If U} is distributionally consistent and the weight vector W € RCm satisfies
Assumption 3, then

V(U —U,) = N(0,m?¢)  in law,

where (1 is as defined in Equation (3),
2. For the unweighted adjacency spectral embedding bootstrap

1
V= (”) PIRIG ID NS e}

m .
ieCr,

we have
Va(VrE —U,) = N(0,m?¢)  in law.

Remark 2 (The degenerate case). The reader familiar with U-statistics may
wonder what can be said when the kernel h is degenerate with respect to F' (see,
e.g., [55], Chapter 5). It is known that if & is r-degenerate, then n"/2(U, — 6)
converges to a nondegenerate limiting distribution, which is not, in general,
normal [55, 3]. A result analogous to Theorem 3.3 for this case, unfortunately,
does not appear feasible, since the concentration of U,, about the true parameter
0 is of a smaller order than the concentration of the estimates X7, X27 o X
about the true latent positions [45]. That is, the estimation error in Lemma 2.3
does not vanish fast enough to yield convergence of U,’; to U;; in probability.

3.3. Computational concerns

Both U-statistics and the bootstrap are well known to be computationally in-
tensive. As a result, a naive implementation of our positional U-statistic re-
sampling scheme would be of little practical utility for large n. To alleviate
this computational burden, we use an additive weighted bootstrapping pro-
cedure, discussed at length in Chapter 4 of [15]. Consider a U-statistic with
kernel h taking m arguments. Having generated a vector of weights W € R™,
we form the weight vector W € R¢n by setting W; = ;" | W;, /m for each
i=(i1,42,...,9m) € C7. While a number of choices for the distribution of W are
possible (see [7] for a general discussion; for U-statistics specifically, see [30, 15]),
we take W ~ Multinomial(n,n 1) in our experiments in Section 5 for simplicity.
A concentration inequality applied entry-wise to W followed by a union bound
is enough to ensure that maxjccn |Wi| < C'log™ n, so that Assumption 3 is sat-
isfied. The additive structure of W enables a speedup in computing bootstrap
replicates of U,,. We construct, for each i € [n], the quantity

ﬁm:("_l)l N X, Xy, X, (7)

m—1
ieCn, : i€i

Recalling our definition of U} from Equation (4), it is simple to verify that

1 & -
U ==Y WUp.



758 K. Levin and E. Levina

As discussed in [15], this enables generation of many bootstrap samples after
only a single instance of O(n™) computation time to construct the U,;, rather
than O(Bn™) computation time to generate B bootstrap samples under a more
naive implementation.

Unfortunately, the O(n™) time required to compute the quantity in Equa-
tion (7) for all ¢ € [n] may still be quite substantial, particularly if m is larger
than 2. We can further reduce the computational cost by making use of in-
complete U-statistics [14, 19], replacing the average in (7) with a Monte Carlo
estimate, drawing for each i € [n] a uniform random sample of size M with re-
placement from the set {i € C?, : i € i}. With this modification, our method for
obtaining B bootstrap samples for a U-statistic in the latent positions requires
a single low-rank spectral decomposition followed by O((M + B)n) sampling
operations. Thus our bootstrap is far less computationally demanding than ex-
isting algorithms for generating bootstrap samples of subgraph counts, which
require extensive sampling and counting operations.

3.4. Sparse networks

Our results above hold under the assumption that F' does not depend on n,
with the result that the expected node degrees grow linearly in n, which is un-
realistic in many applications. A natural fix is to rescale the expectation of A
by a sparsity factor p,, so that E[A | X] = p,XX7T, and let p, decrease in
n. For identifiability, we assume that if X, X5 are i.i.d. draws from F', then
EX{ X, =1, and for all suitably large n, z,y € supp F implies 0 < p,aTy < 1.
Analogous assumptions are common in the literature [12, 9, 25]. This is equiv-
alent to rescaling the latent positions by ,/p,. Under this scaling, U,, now esti-
mates Eh(\/pnX1,...,/PnXm) rather than Eh(Xy,. .., X,,), and thus we must
specify how the kernel h behaves with respect to scaling of its arguments. A
consistency result analogous to Theorem 3.1 can be established under this set-
ting with an additional homogeneity assumption on h. A proof can be found in
the Appendix.

Theorem 3.4. In the sparse setting just described, let h be a non-degenerate
kernel satisfying Assumptions 1 and 2, with supp F' replaced with the convex hull
of {0} Usupp F. Suppose in addition that there exists r > 1 such that for all
a>0and all x1,29,...,T,m € supp F,

hazy,...,0zy) =a " h(z1,..., ). (8)

Define the estimator p,, = (g)fl Ziq A;j. Then

M — 0 in probability.
Pn

The condition in Equation (8) is satisfied by the average degree, subgraph
count and degree moment examples presented at the beginning of this section.
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Whether or not the maximum mean discrepancy obeys this condition depends
on the kernel . Focusing on subgraph counts, for a graph R on m vertices with
edge set £ = E(R), we have the U-statistic kernel

1 Z H T H T
hR<.’II1,l‘2,-.-,-Tm) = N(R) xr(i)‘r‘r(j) (1 _xT(i)xT(j))’
TESm {i,j}€E {i,j}¢E

where N(R) is the number of graphs isomorphic to R. Thus,

h(\/PnZ1, /Pr®2,s - - s/ PnTm) = plfl(l - pn)(g)ilE‘h(xl, T2,y ).
Rescaling by pn Bl yields the normalized subgraph density considered in [12],

P(R) = p;,"P'Ehg(VPu X1, /P X2, o s /P Xm)

Bootstrapping this quantity is the focus of both [9] and [25]. Note that estimat-
ing P(R) requires estimating both p,, and the subgraph density

]EhR(\/ PnX1, vV pnXa, ..., V anm)

Letting p, = (Z) D ic j A;;j again, we have the following distributional result
under suitable structural assumptions on R (see [12, 9] for previous use and
discussion of these assumptions) and suitable lower-bound on the sparsity p,
(required to ensure that suitably accurate estimation of the latent positions is
possible). A proof of this result can be found in the Appendix.

-1

Theorem 3.5. Under the sparse setting described above, let R be a graph on m
vertices, either acyclic or equal to a cycle on m wvertices. Provided that np, =
w(logn),

A~ A~

*

\/EM — N(0,0?) in law,
p"‘

where o2 depends on R and F. An analogous result holds for the unweighted
bootstrap V..

Remark 3. Work by Zhang and Xia [71], focused on Edgeworth expansions for
subgraph counts, observed a phenomenon in which sparsity acts as a “smoother”:
sparsity allows one to avoid concerns about, e.g., non-lattice conditions on F
that typically arise in Edgeworth expansions. The reader may wonder if a similar
phenomenon applies here. In short, no obvious analogue of such a “smoothing”
effect exists for our setting. The key structural concern in our setting relates
to non-degeneracy, which arises from an interplay between the latent position
distribution F' and the U-statistic kernel h, and it is not clear that sparsity
provides any way to avoid these issues.

4. Generating whole-network bootstrap samples

In this section, we turn to the more general case of bootstrapping network
quantities that cannot be expressed as U-statistics in the latent positions. We
start with two examples.
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Example 5 (Global Clustering Coefficient). For a graph G with adjacency
matrix A, the global clustering coefficient is given by
_ 32 1<icjckn AijAjrAki

El§i<j<k§n<AijAjk + AjiAri + AriAij)

C(@)

Letting L3 denote the chain on three vertices and K3 denote the triangle
on 3 vertices, we can write C(G) as a ratio of subgraph counts, C(G) =
Fr,(G)/Fr,(G). A quantity similar to this appeared in [9], where the authors
constructed a confidence interval via the delta method and properties of sub-
graph counts.

Example 6 (Average Shortest Path Length). For a graph G on n vertices with
adjacency matrix A, the shortest path distance between vertices i and j, which
we denote da(i, ), is the length of the shortest path connecting vertices ¢ and
jin G. We take d4(i,j) = oo if ¢ and j are in different connected components.
The average shortest path distance,

L=(3) S 0

1<J

provides a natural measure of the extent to which a graph exhibits small-world
behavior. While Equation (9) looks superficially like a U-statistic, this is not the
case, since d4 is a function that itself depends on the data, rather than being a
fixed kernel.

For quantities such as these that cannot be directly represented as U-statistics,
a natural approach to generating bootstrap samples would be to generate ran-
dom adjacency matrices A* having similar distribution to A and compute the
statistic on those replicates. This approach requires, at a minimum, that the
bootstrapped network A* be similar in distribution to A, which in turn requires
a notion of distance on networks. A well-known example of such a distance is the
cut metric [42]. It is especially well-suited to node-exchangeable random graphs
because it metrizes convergence of subgraph densities ([42], Theorem 11.3). A
resulting drawback of the cut metric is that it captures only the local infor-
mation of small subgraphs, and ignores larger network structures. A first step
toward a more global network distance is given by the graph matching distance,
which measures the fraction of edges that differ between two graphs after their
vertices have been aligned to minimize the number of such edge discrepancies.

Definition 4.1 (Graph matching distance). Let G;, G2 be two graphs each
on n vertices, with adjacency matrices Ay, Ay € R™*™. The graph matching
distance is defined as

dGM(Al,AQ) = min

Pell,

(10)

(n) YA, — PA,PT|,
2 b

where I1,, denotes the set of all n-by-n permutation matrices.
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Two sequences of networks converge in this distance if they are, asymptoti-
cally, isomorphic to one another up to a vanishing fraction of their edges.

We note that this distance has appeared in the literature under a number of
different names (see [8] and citations therein). The graph matching distance is,
up to a constant depending on choice of normalization, an upper bound on the
cut metric, which is also based on a computationally hard optimization problem.
This upper bound is immediate from the fact that the cut norm of a matrix M
is upper bounded by || M]||1/n? (see [42] Chapter 8).

With this network distance in hand, we define a Wasserstein distance between
graphs analogously to the well-known Wasserstein distance between Euclidean
random variables.

Definition 4.2. Let p > 1 and let A; and Ay be the adjacency matrices of
two random graphs both on n vertices, and let I'(A;, A5) denote the set of all
couplings of A; and A,. The Wasserstein p-distance between A; and As is given
by
W;)(Al,AQ) = yeF(igf’Az)/d%M(Al’AZ)dy

The following lemma shows that, essentially, the Wasserstein distance be-
tween two random dot product graphs is bounded by the Wasserstein distance
between their respective latent position distributions (up to an orthogonal trans-
formation). Since the latter Wasserstein distance must account for the orthog-
onal rotation, we define the Wasserstein p-distance between two d-dimensional
inner product distributions Fy, F5, for all p > 1, as

dy(Fy, F) = tin d,(F1, F> 0 Q). (11)

The lemma below will be the main technical tool required to show that the boot-
strapped A* described above converges to A in the graph matching Wasserstein
distance. A similar result was shown by [36], in a different context and for the
weaker cut metric instead of the graph matching distance. A proof of the lemma
can be found in the Appendix.

Lemma 4.3. Let Fy, Fy be d-dimensional inner product distributions with Ay ~
RDPG(Fy,n) and Ay ~ RDPG(Fy,n). Then

WEP(Ay, Ag) < 2d, (Fy, Fy)

Recall the procedure for generating network bootstrap replicates outlined in
Section 1.3. Given A, we obtain latent position estimates X1, Xo, ..., X, via
the adjacency spectral embedding. Letting F, be the empirical dlstrlbutlon of
these estimates, we draw (A* X*) ~ RDPG(Fn,n). The convergence of the
estimates to the true latent positions ensures that F,, approximates F,, (up to
orthogonal transformation). Since the empirical distribution approximates the
population distribution, F}, is close to F. Lemma 4.3 thus suggests that A* will
be distributionally similar to A. The following theorem makes this precise. Proof
details are given in the Appendix.
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Theorem 4.4. Let (A, X) ~ RDPG(F,n) where F is a d-dimensional inner
product distribution. Letting F, denote the empirical distribution of the esti-
mates X = ASE(A,d), generate A* ~ RDPG(E,,,n). If (H,Z) ~ RDPG(F,n)
is an independent copy of (4, X),

W]f(fl*,H) =0 ((n*l/2 + Y4 logn) .

Since the graph matching distance upper bounds the cut metric, which met-
rizes convergence of subgraph densities, Theorem 4.4 implies that the subgraph
densities of A* converge almost surely to the same limit as those of H. We
would also like these counts to have the same distributional limits after appro-
priate rescaling. Unfortunately, this distributional limit is more delicate. While
Theorem 4.4 ensures that the bootstrap replicate A+ converges in the Wasser-
stein metric to the correct target distribution, this is not in itself sufficient to
ensure that some network statistic of interest, say t(fl*), converges to the same
distribution as ¢(H). Provided Et(H) is finite, it is sufficient that the network
statistic in question be continuous with respect to our network Wasserstein met-
ric, in the sense that Wi (A*, H) — 0 implies that (by slight abuse of notation),
dy (t(A*),t(H)) — 0. This continuity is immediate for subgraph counts, since the
graph matching distance upper bounds the cut metric and convergence in the
cut metric implies convergence of subgraph densities [42]. However, proving this
continuity even for the y/n-scaled subgraph densities considered in Section 3
using the techniques of Theorem 4.4 does not appear feasible. The coupling
argument used in the proof fails under the \/n-scaling needed to ensure a non-
degenerate limit for subgraph densities (see, e.g., [12] Theorem 1), because of the
parametric rate (up to logarithmic factors) in estimating the latent positions.
On the other hand, our experiments in Section 5 suggest that the whole-network
bootstrap does indeed succeed for subgraph densities, and thus we suspect that
a more careful analysis will show that (y/n-scaled) subgraph counts are contin-
uous with respect to Wi. An expansion of each m-tuple of vertices about its
expectation, similar to the analysis in [71], would be a natural starting point
for such an alalysis. Looking beyond subgraph densities, our experiments sug-
gest that the whole-network bootstrap produces asymptotically valid bootstrap
samples for the Fiedler value (see Section 5.3). We anticipate that convergence
of these statistics or more complicated linear spectral statistics (see, e.g., [5, 31])
should hold. Roughly speaking, one would simply need to bound the spectral
or Frobenius norm in terms of the graph matching distance, but this approach
depends on first establishing the appropriate asymptotic scaling for the Fiedler
value under the RDPG, which remains an open problem. All told, our theoreti-
cal results above may be used to motivate the whole-network bootstrap as a tool
for building confidence intervals for network statistics more complicated than,
for example, subgraph counts. Nonetheless, there remains a theoretical gap in
rigorously establishing the asymptotic behavior of these network statistics under
this bootstrapping scheme that warrants future study.
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5. Experiments
5.1. Overview of bootstrap methods under comparison

We now turn to a brief demonstration of the performance of the methods intro-
duced in Sections 3 and 4 on both simulated and real data. Before we present
these results, we address a few points related to implementation and model se-
lection. Firstly, we note that our theoretical results in Sections 3 and 4 assume
that the latent space dimension d is known. Of course, in practice one must
estimate the dimension, and this model selection problem has received much at-
tention [72, 23, 27, 18]. In the experiments that follow, we use the method of [18]
to select the embedding dimension. We note that a range of other methods and
heuristics exist for choosing the embedding dimension (see, e.g., [72, 27, 40]),
and that choosing the embedding dimension remains an area of active research
in network analysis. “Folklore” results state that it is better to choose the em-
bedding dimension too high rather than too low. That is, it is better to over-
estimate d then to underestimate it. A brief exploration of the effects of model
misspecification can be found in the Appendix. These experiments lend support
to the “folklore” on dimension selection.

Our results are written for the adjacency spectral embedding, but this em-
bedding may yield estimates that have inner products outside [0, 1], Additional
issues arise from the diagonal entries of A, which are negligible for the pur-
pose of our asymptotic results in Sections 3 and 4, but tend to introduce a bias
to the adjacency spectral embedding for finite-size networks. Further, one may
worry that the adjacency spectral embedding is not asymptotically efficient [68],
leading to overly wide confidence intervals (though this is not the case in the
stochastic blockmodel; see [62]). To contend with these concerns, we consider
latent position estimates based on the one-step estimator of [68], which corrects
the adjacency spectral embedding to account for the Bernoulli edge model. In
practice, we find that this one-step estimator and the adjacency spectral em-
bedding perform quite similarly, with the one-step estimator performing slightly
better than the adjacency spectral embedding in sparser networks, at the cost of
occasional numerical instability, and we report results throughout using latent
position estimates based on this one-step estimator.

In addition to the two methods presented in this paper, we consider confidence
intervals produced by the empirical graphon introduced by [25]. Under this
method, one produces a bootstrap replicate adjacency matrix A* by drawing
Z1,Z3, . .., Zp iid. from the uniform distribution on [n], and take A}; = Az, z,.
A drawback of this scheme is that since the diagonal elements of A are equal
to 0, resampled vertices k, ¢ with Zy = Z; are precluded from forming an edge.
For the purposes of estimating subgraph counts, this can be adjusted for, as
demonstrated by the results in [25], but we will see in Section 5.3 that this causes
inaccuracy when generating whole networks. We expect that correcting for this
deficiency is possible, but it is not trivial and we do not pursue the question
here. Where applicable, we also apply a whole-network bootstrap method based
on fitting a stochastic blockmodel to the observed network, then generating a
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network according to the estimated blockmodel parameters. We use spectral
clustering of the one-step estimator embeddings followed by K-means, with K
chosen according to the method of [18]. Unfortunately, when applied to models
other than the stochastic blockmodel, this procedure performed quite poorly,
producing coverage rates well below 80%, and thus we do not include it in plots
here. Experiments applying our methods to the stochastic blockmodel can be
found in the Appendix, where our methods are competitive with this stochastic
blockmodel resampler.

The computational cost of the subgraph count bootstrap methods of [9] pre-
cluded a thorough comparison. Small-scale experiments suggest that both are
broadly competitive with our methods, albeit at a much higher computational
cost. The methods presented in [44, 57, 71], all of which appeared after sub-
mission of this work, are also applicable to the problem of estimating subgraph
densities. In small-scale experiments, we found that all three of these meth-
ods performed comparably to our methods for both edge density and triangle
density. Given that [71, 57] are not, strictly speaking, bootstrap methods, and
that [44] require computation of a scaling factor, we leave a more thorough
comparison of these various methods to future work.

5.2. Simulated data: subgraph densities

We begin with an application of our network bootstrap methods to the prob-
lem of estimating subgraph densities. In particular, we consider the problem
of obtaining a confidence interval for the triangle subgraph density P(K3) in a
random dot product graph. In the Appendix, we also consider the edge density,
which illustrates particularly clearly the issue with the empirical graphon. We
consider networks generated from a random dot product graph whose latent po-
sition distribution is a rescaled mixture of Dirichlet distributions. To generate a
latent position in R?, we draw from a d-component mixture, in which the k-th
component is given by a Dirichlet distribution with parameter vector in which
the k-th entry is 1.5 and all other entries are 1. We then scale the resulting
latent position by a Beta(d — 1,1) random variable.

For each of our methods under comparison, we estimate the variance based
on 30 bootstrap samples and use this estimate to construct a 90% confidence
interval for the triangle density. We consider networks with latent dimension
d = 2,5,10 and number of vertices ranging from 100 to 2000. Figure 1 shows
the coverage rates obtained. Each data point is the empirical coverage rate of
500 Monte Carlo replicates. All three methods perform largely comparably, with
performance degrading in the presence of higher-dimensional latent positions,
though we see that in the case of latent dimension 5 or 10, performance improves
as the network size increases. In the d = 10 case, while all three methods are
overly conservative, the empirical graphon improves more slowly as a function
of n compared to our methods.

Figure 2 shows the average runtime in seconds of these three methods, as a
function of n for the d = 10 case of the triangle density experiment just de-
scribed. The left-hand plot shows the full runtime of each of the three methods,
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F1c 1. Coverage rate for the triangle density as a function of the number of vertices for the
whole-network (crosses, dotted line), U-statistic (circles, solid line) and empirical graphon
(triangles, dotted dash).
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Fi¢ 2. Runtime in seconds as a function of the number of vertices for the whole-network
(crosses, dotted line), U-statistic (circles, solid line) and empirical graphon (triangles, dotted
dash). The left-hand plot shows the full time, including preprocessing. The right-hand plot
shows only the time required to produce bootstrap samples, ignoring preprocessing time.

incorporating both preprocessing time and resampling time. This preprocess-
ing time includes, for example, the time to compute leading eigenvectors and to
compute U,; as in Equation (7). The right-hand plot shows the runtime required
only to generate bootstrap replicates, once all preprocessing has been finished.
Examining the left-hand plot, we see that our whole-network method and the
empirical graphon require more or less identical runtimes, and both scale cubi-
cally with the number of vertices This is unsurprising; both methods require gen-
erating whole networks and then computing the triangle density on the resulting
network. The empirical graphon is consistently slightly slower than the whole-
network method at larger network sizes, likely due to the sporadic memory access
pattern required when constructing each sample. The U-statistic bootstrap is
consistently slower than the other two methods, but we note that its runtime
appears to scale quadratically with the number of vertices, rather than cubically.
This is due to our use of incomplete U-statistics to estimate (~Im rather than com-
puting it exactly, where we have chosen to estimate each of these O(n) quantities
based on n Monte Carlo samples each. Turning our attention to the right-hand
plot in Figure 2, we see that once this preprocessing step is completed, the U-
statistic network resampling procedure is orders of magnitude faster than the
whole-network and empirical graphon methods. This is an important and useful
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property of this method, since the slower runtime seen in the left-hand plot can
be further ameliorated by parallelizing the estimation of U,,; for i € [n].

5.3. Simulated data: more complicated network functions

We now illustrate the broader utility of our whole-network bootstrap method
discussed in Section 4. Recall that our U-statistic method, like most other exist-
ing network bootstrap methods, is designed first and foremost for bootstrapping
subgraph counts. Of course, not all network statistics of interest can be repre-
sented as subgraph counts (or, more generally, as U-statistics in the latent posi-
tions). Here, we consider two such network statistics that cannot be represented
as subgraph counts, and thus serve to illustrate the utility of our whole-network
bootstrap method for constructing confidence intervals for these quantities. We
first apply this method to the problem of estimating the expectation of the the
Fiedler value.

The Fiedler value [22] of a network is given by the second smallest eigen-
value of the combinatorial Laplacian, L = D — A, where D is the degree matrix,
the diagonal matrix having D;; = > j A;ij. We generate networks of size n =
100, 200, 500, 1000 from a random dot product graph with latent position dis-
tribution given by a Dirichlet with parameter vector (0.02,0.01,...,0.01) € R¢
for latent space dimension d = 2,5,10. We aim to produce a 90% confidence
interval for the expectation of the Fiedler value under this distribution. To the
best of our knowledge, there is no closed-form expression for our inferential tar-
get. As such, we estimate the expected Fiedler value based on 10,000 Monte
Carlo replicates for each experimental condition. We compare our whole-network
bootstrap against the empirical graphon method discussed in Section 5.2. All
methods use 30 bootstrap replicates. The results of this experiment are de-
scribed in Figure 3. Each data point captures the empirical coverage rate of 500
independent Monte Carlo trials. In the d = 2 setting, the empirical graphon pro-
vides slightly more accurate confidence intervals, but in the higher-dimensional
settings of d = 5, 10, our whole-network bootstrap achieves the nominal cover-
age rate on much smaller networks than the empirical graphon, with the two
methods becoming comparable for larger networks.

To further illustrate our whole-network bootstrap method, we consider an-
other network statistic that is not expressible as a latent U-statistic: the expected
average shortest path length,

E[JA | CiA < OO], (12)

where we condition on the event that the graph is connected to avoid the situa-
tion where IE[J 4] is infinite. For comparison, we consider the empirical graphon
as well as a parametric bootstrap procedure, which performs estimation over a
much smaller space of models compared to the RDPG-based resampling scheme
and the empirical graphon, and can thus serve as a gold standard when its un-
derlying model is true. Once again, since we are not aware of any closed-form
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Fia 3. Coverage rate for the Fiedler value as a function of the number of vertices for the
whole-network (crosses, dotted line) and empirical graphon (triangles, dotted dash) bootstrap
methods.

expression for our inferential target, we estimate the quantity in Equation (12)
based on 10,000 Monte Carlo replicates for each of our experimental conditions.

We generate A from a random dot product graph with latent position distri-
bution given by Beta(2,3) for n = 50, 100, 200, 500, 1000, 2000, 3000. We discard
and regenerate A in the event that the resulting graph is not connected, since
we are interested in the average shortest path in A conditional on that average
being finite. Given A, we estimate the latent positions again using the one-step
estimator [68]. Letting E), denote the empirical distribution of these estimates,
we then draw bootstrap replicates of (fl*, X*) ~ RDPG(F‘n, n), computing the
average shortest path of each iterate, resampling in the event that a sample A*
is not connected. For the empirical graphon, we resample from the same original
observed network A. For the parametric bootstrap, we fit the parameters of a
beta distribution to latent position estimates produced by the one-step estima-
tor. Letting (a, l;) denote the estimated parameters of the Beta distribution, we
draw the n x n adjacency matrix A* from RDPG(Beta(a, b),n).

For each method, we generate 30 bootstrap samples, discarding and regen-
erating samples as needed to ensure connected networks. We construct a 90%
confidence interval centered on the observed d4 via a normal approximation.
The results are summarized in Figure 4. Each data point is the empirical cover-
age rate of 500 independent Monte Carlo trials. Our whole-network bootstrap
and its parametric counterpart are both near the nominal coverage rate at all
network sizes, while the empirical graphon is overly conservative for n < 1000.

5.4. Example: soctal network comparison

We now apply our novel bootstrap methods to a collection of social networks
derived from Facebook [64, 53] at eight U.S. colleges and universities. We se-
lected eight institutions pre hoc to be representative of different overlapping
styles of school: selective non-Ivy (Johns Hopkins, Massachusetts Institute of
Technology), engineering-focused (Massachusetts Institute of Technology, Rice),
women’s colleges (Simmons, Smith, Wellesley), small liberal arts (Oberlin, Trin-
ity, Smith, Wellesley). The networks range in size from about 1500 to 6500
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vertices for the whole-network (crosses, dotted line), parametric bootstrap (circles, solid line)
and empirical graphon (triangles, dotted dash).
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Fi1c 5. 90% confidence intervals for the triangle density of social networks for eight different
schools, using both our whole-network (crosses, dotted line) and U-statistic (circles, solid line)
bootstrap methods.

vertices. For each network, we used both our U-statistic and whole-network
bootstrap methods to produce 90% confidence intervals for the triangle density.
The results are summarized in Figure 5. Our two methods are largely in agree-
ment, with no obvious trend of one producing narrower or wider intervals than
the other. While there is no ground truth against which to verify our results, a
few interesting patterns suggest that our confidence intervals are capturing true
underlying similarities and differences in the social dynamics of these schools.
For example, Massachusetts Institute of Technology and Johns Hopkins, both
urban, selective non-Ivy schools, have very similar triangle densities, with con-
fidence intervals that suggest they are distinct from the other six institutions.
Smith and Wellesley, both small women-only liberal arts colleges, have very
similar triangle densities. The similarity of Oberlin to these two institutions is
unsurprising, given that it is a similarly-sized liberal arts college. One surprising
result is that Rice University, an engineering-focused school similar in size to
Massachusetts Institute of Technology, is more in line with the small liberal arts
colleges.
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6. Discussion and conclusion

We have presented two methods for bootstrapping network data under latent
space models. For network quantities expressible as U-statistics in the latent po-
sitions, our results in Section 3 show that plugging in latent position estimates
and applying existing bootstrap methods for U-statistics yields a distribution-
ally consistent resampling procedure. Experimental evidence in Section 5.2 sup-
ports this claim. By design, our resampling scheme is able to take advantage
of computational speedups for bootstrapping U-statistics, and thus provides a
substantial computational improvement over existing approaches to bootstrap-
ping subgraph counts, which require expensive combinatorial enumeration. We
have also proposed a method to resample whole networks by first estimating the
latent positions and then drawing bootstrap samples from the empirical distri-
bution of these estimates and using these draws to generate a network. We have
shown that under the random dot product graph model, networks produced in
this way converge in a suitably defined Wasserstein distance to the network from
which they are built.

Directions for future work are many. As alluded to in the paper, the core
ideas presented here apply more broadly than the random dot product graph.
Our results in this paper can be extended trivially to the generalized random
dot product graph [54] and graph root distributions [36], but the basic ideas
should work for any latent space model, as long as the latent positions can be
accurately estimated. We leave an exploration of the precise analogues of our
results for other latent space models to future work, along with investigating the
extent to which the smoothness conditions required by the results of Section 3
might be relaxed.

As discussed at the end of Section 4, convergence under the Wasserstein net-
work distance does not necessarily imply convergence of other network statistics
such as y/n-scaled subgraph densities or the average shortest path length. It is
possible that a stronger notion of distance is needed to ensure such convergences,
one that eschews the local perspective of the cut metric and graph matching
distance in favor of more global measures of graph similarity. A distance be-
tween networks that considers path lengths or k-hop neighborhoods of individ-
ual vertices might better capture the global properties necessary to ensure this
convergence. A number of works [17, 8, 63] present possible starting points for
this line of work to better understand how notions of network distance interact
with network statistics.

Appendix A: Additional experimental results
A.1. Additional simulated data: edge density
As in the first simulated data experiments in the main text, we consider a

random dot product graph with d-dimensional latent space, but this time seek
to estimate the edge density, E(g) ! > A;;. We again take as our latent position
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distribution a rescaled mixture of Dirichlet distributions, with the k-th of the d
mixture components given by a Dirichlet distribution whose parameter vector
has k-th entry 1.5 and all other entries are 1. We then scale the latent positions
by independent Beta(d — 1,1) random variables.

Our goal is to produce a 90% confidence interval for this expectation. We
consider networks with latent dimension d = 2,5,10 and number of vertices
ranging from 100 to 1000. Once again, we compare our U-statistic bootstrap and
our whole-network bootstrap against the empirical graphon. Figure 6 describes
the outcome of this experiment. Each data point is the empirical coverage rate
of 500 Monte Carlo replicates. Here we see more clearly the issue with the
empirical graphon: the sampled network contains fewer edges than it should,
resulting in eratic performance visible in the d = 2 and d = 5 settings. Our
full-network method exhibits similar behavior, to a lesser extent. We observe
that our U-statistic-based bootstrap encounters no such problem, matching or
improving upon both other methods.

d=2

1.00 1.00
8 o095 0.95 A
c
&
2 0.90 0.90 A
—
()
>
S o085 0.85

0.80 + T 0.80 + T 0.80 T

10? 103 102 103 10?2 103
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Fic 6. Coverage rate for the edge density as a function of number of vertices for the whole-
network (crosses, dotted line), U-statistic (circles, solid line) and empirical graphon (trian-
gles, dotted dash).

A.2. Effect of model selection and misspecification

As discussed in the main text, we have used the method of [18] to select the em-
bedding dimension for our bootstrap methods in our experiments. Nonetheless,
one may wonder how incorrectly choosing this dimension may influence subse-
quent inference. In addition, while we mentioned in the main text that we use the
one-step estimator of [68] throughout, one may wonder how this method com-
pares with the adjacency spectral embedding. To explore both of these points,
we generated networks as in the simulated data triangle density experiments
in the main text, with n = 1000 vertices and latent space dimension 10. We
then applied our U-statistic and whole-network bootstrap methods, using esti-
mates obtained from both the adjacency spectral embedding and the one-step
estimator, varying the embedding dimension between 2 and 20. Figure 7 sum-
marizes the results of this experiment. Each data point is the empirical coverage
rate of 500 independent Monte Carlo trials. The plot shows performance of both
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and whole-network (dotted line) bootstrap methods based on the adjacency spectral embedding
(crosses) and one-step estimator (circles). The true latent space dimension d = 10 is indicated
by a vertical dashed line.

our U-statistic and whole-network bootstrap methods, using both the adjacency
spectral embedding and the one-step estimator. We see that performance is quite
similar across the board for both methods and using both estimators. Choosing
the embedding dimension too low seems to introduce slight over-estimatation
of the variance, but the coverage rate of both of our methods is otherwise quite
stable with respect to choice of dimension. Of course, increasing this embedding
dimension too far does eventually lead to a degradation in performance, but we
found that performance was stable with dimension chosen incorrectly as large
as about 50.

Beyond dimension selection, another possible source of model misspecification
arises from the fact, mentioned in the introduction to the main text, that the
random dot product graph generalizes the widely used stochastic blockmodel,
and is a special case of the graphon. As such, it is natural to ask how the random
dot product graph and bootstrap methods based thereon performs when applied
to these related models.

First, we consider how our methods perform when applied to a network gen-
erated from a stochastic blockmodel. Since the stochastic blockmodel is a spe-
cial case of the random dot product graph, we expect our methods to perform
well. Still, we expect them to be out-performed by a method specialized to the
stochastic blockmodel. We consider a method that fits a stochastic blockmodel
to the observed network and generates new networks according to the fitted pa-
rameters. We estimate the parameters according to spectral clustering, whereby
we first estimate latent positions using the one-step estimator of [68] to estimate
embeddings, then assign vertices to communities according to K-means cluster-
ing. We note that this is broadly similar to the histogram network bootstrap
introduced in [25].

We continue with the task of estimating the triangle density, this time gen-
erating networks from a stochastic blockmodel, in which each vertex is equally
likely to belong to any community. Pairs of vertices in the same community
form an edge with probability 0.4, and vertices in different communities form
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Fic 8. Coverage rate of a number of bootstrap methods as a function of the number of vertices
for stochastic blockmodels with K = 2 (left), K = 5 (center) and K = 10 (right) communi-
ties. The lines indicate coverage rates for the U-statistic (circles, solid line), whole-network
(crosses, dotted line), empirical graphon (triangles, dotted dash), stochastic blockmodel (plus
signs, solid line) and oracle (plus signs, dotted dash) bootstrap methods.

an edge with probability 0.1. We consider networks with number of vertices
ranging from 100 to 2000 and number of communities K = 2,5, 10. In addition
to our two novel network bootstrap methods and the empirical graphon, we also
apply the stochastic blockmodel resampling scheme discussed in Section 5.1 of
the main text and an “oracle” parametric method. This oracle method is given
access to the correct community memberships of all of the vertices, estimates
the stochastic blockmodel parameters according to those known memberships,
and generates resampled networks using those parameter estimates. Figure 8
summarizes the results of this experiment. Each data point is the empirical
coverage rate of 500 independent Monte Carlo trials. We see that all methods,
including the stochastic blockmodel bootstrap and the oracle method, struggle
to achieve the nominal coverate on small networks. Somewhat surprisingly, our
methods and the empirical graphon appear to outperform the two stochastic
blockmodel methods in the K = 5 case, but that these two correctly-specified
methods markedly outperform the other methods in the higher-dimensional case
K =10.

Just as the stochastic blockmodel is a special case of the random dot product
graph, the random dot product graph is a special case of the graphon. There-
fore, we now consider the case of a network generated from a graphon. Recall
that a graphon is encoded by a symmetric function ¢ : [0,1] x [0,1] — [0,1].
To generate a network on n vertices, we generate independent uniform random
variables Uy, Us, . . ., U,, then generate edges (conditionally) independently with
probability Pr[A;; = 1] = ¢g(U;, U;). We consider a graphon of the form g(u,v) =
pmin{u, v}, where p € [0,1] is a sparsity parameter. This graphon has infinite
spectrum, so while it can be approximated by a random dot product graph,
its behavior cannot be recovered exactly by any finite-dimensional random dot
product graph. We consider networks generated from this graphon for sparsity
values p = 0.1,0.3, 0.5 and number of vertices n = 100, 200, 500, 1000, 1500, 2000.
The results of this experiment are summarized in Figure 9. As in our other ex-
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F1c 9. Coverage rate for the triangle density as a function of the number of vertices for the
whole-network (crosses, dotted line), U-statistic (circles, solid line) and empirical graphon
(triangles, dotted dash) when the network is generated from a graphon with sparsity parameter
0.1 (left), 0.3 (center) and 0.5 (right).

periments involving models outside the stochastic blockmodel, the blockmodel-
based resampler performed exceptionally poorly in this setting, but the other
three bootstrapping methods under study perform broadly similarly. Reassur-
ingly, we see that our two methods are competitive with the empirical graphon.
We suspect that this is because while the graphon from which we are sampling
is infinite dimensional, its structure can be approximated suitably well (for the
purposes of resampling, at least) by a low-rank truncation. See [36] for further
discussion of this point.

Appendix B: Technical results

In the sections below, we provide supplemental proofs and technical details
supporting the results in the main text. We note that in handling the competing
goals of notational precision and conformity with the existing literature, we have
opted for the latter, and as a result, a few symbols are overloaded. In particular,
in the appendices that follow, P will be used to denote either the subgraph
density introduced in Section 3 or the n-by-n expectation of the adjacency
matrix A conditional on the latent positions. Which of these two uses is intended
will be clear from the context. Similarly, the symbol U is overloaded, denoting
a U-statistic in some contexts and denoting an n-by-d matrix with orthonormal
columns in others. Again, which of these two is intended will be clear from the
context and from the fact that we subscript by n (i.e., U, Un, etc.) in the case
of U-statistics, and leave plain U, U to denote the matrices.

We begin by collecting a handful of technical results from the existing litera-
ture on random dot product graphs that will be useful in the proofs below. We
note that many of the logarithmic terms in the bounds below may be removed
via more careful analyses (e.g., those in [37, 6]). We use simpler bounds below
for the sake of brevity and simplicity.

Lemma B.1. Let (A, X) ~ RDPG(F,n) for some d-dimensional inner product
distribution F. Define P = XXT € R™" so0 that E[A | X] = P and let USUT
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be the rank-d eigendecomposition of P, so that S € R%*? is a diagonal matriz
with entries given by the eigenvalues A1 (P) > Xo(P) > -+ > Ng(P) > 0 and
U € R™? has as its columns the d corresponding unit eigenvectors. Similarly,
let USUT = XXT e R™ " be the rank-d approzimation of A given by its top
d largest-magnitude eigenvalues and eigenvectors. That is, let S e R4 pe the
diagonal matriz with entries given by the d largest-magnitude eigenvalues of A
and let U € R™ % have as its columns the d corresponding unit eigenvectors.
There exist constants Cy > Cy > 0 such that with probability at least 1 — Cn~2,

and ||A — P|| < Cy/nlogn. (14)

Further, letting Q € R*™*? be the orthogonal matriz quaranteed by Lemma 2.3,
for all suitably large n it holds with probability at least 1 — Cn~? that

Clogn

lQ-U"Ullr < —==, (15)
N _ Clogl/Zn
QST — §712Q|p < sz (16)
A Clog'’?n
10Q - Ullp < =51 (17)

NG

Proof. Equations (13) and (14) are Observations 1 and 2, respectively, in [38].
Equation (15) and (16) follow from, respectively, Proposition 16 and Lemma 17
in [46], with the slight alteration that we use the spectral norm bound of [51]
rather than that of [43]. A proof of Equation (17) appears in the course of the
proof of Lemma 5 in [38]. We restate it here for the sake of completeness.

By Theorem 2 in [70], there exists orthonormal @ € R?*? such that

CVd||A - P|
Aa(P)

Applying Equation (14) yields (17). |

I0Q - Ullr <

Lemma B.2. With notation as above, letting @ € R4*? denote the orthogonal
matriz guaranteed by Lemma 2.3, with probability at least 1 — Cn~2,

|AT(S7Y2Q — QS™?)||r < Cn='/210g"/? .
Proof. Let E = A — USUT be the residual after making the best rank-d ap-
proximation to A. By deﬁni‘cion7 the eigenyectoysAof FE are orthogonal to the
columns of U, whence FEU = 0, and thus AU = US.
IAT(S712Q = QS™V3)||r = |USTTTU(S™/2Q — QS™/?)||r
<|SIIS2Q — QS| .

Lemma B.1 bounds the spectral norm as ||S|| = O(n) and the Frobenius norm

as
15712Q = Q5™ |lr = O(n=**10g!? ),
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which completes the proof. O

The following lemma is a generalization of Lemma 10 of [45] to the case where
the second moment matrix ErX; X7 € R?*? may have repeated eigenvalues.

Lemma B.3. With notation and setup as above, Let Q € R**? be the orthogonal
matriz guaranteed by Lemma 2.3. With probability at least 1 — Cn =2,

|AUQ —U)S™V2||p < Cn~ Y% logn.

Proof. Let E= A — USUT as in the previous proof. Taking @ € R?*? to be as
in Lemma 2.3, by the triangle inequality and basic properties of the Frobenius
norm,

JATQ — U)S™ 2| p = (TSUT + E)TQ - U)S™/?| 5
< |0811Q - OTU eS| + IENNTQ = UllellS~/2].

Applying Lemma B.1, with probability 1 —Cn~2, Equations (13) and (14), both
hold, so that )
1S7H2] = O(n™"/?) and ||S]| = O(n),

and Equation (15) implies
IONISINQ — TTU | p[S72] < On~/? logn.

Similarly, since || E| < ||[A—P|| = O(n'/?logn) by Equation (14), Equation (17)
implies that .
IEITQ — UllrllS~/2|l < Cn™'/21og!? n.

Thus, combining the above two displays,
|A(UQ — U)S™V2||p < Cn~Y2logn,

as we set out to show. O

Appendix C: Proof of Theorems 3.1 and 3.3

Here we provide detailed proofs of the results in Section 3. Both rely on a
second-order Taylor expansion of the U-statistic evaluated at the true latent
positions. A similar argument appears in [61]. The main technical challenge
here comes from the more complicated dependency structure of U-statistics
which in turn requires a more involved indexing and counting argument. The
following two lemmas will prove useful in bounding the linear and quadratic
terms, respectively, in the Taylor expansion. Throughout this appendix we use
C to denote the set of all m-tuples of strictly increasing integers from [n]. That
is, C;LT = {(i17i2,...,im) 101,12, ,0m € [n],l i<l <+ - <y < n} We
write R to denote the set of vectors over the reals with entries indexed by the
() elements of C1, so that if v € R®, then v; € R for each i € CI%. For i € I}
and X € R™¥4, we use X; to denote the m-by-d matrix formed by stacking the
rows of X whose indices appear in i = (i1,%2,...,%m).
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Lemma C.1. Let F be a d-dimensional inner product distribution with (A, X) ~
RDPG(F,n) and let X = ASE(A,d). Let h : (RY)™ — R be a kernel function,
symmetric in its arguments, satisfying Assumptions 1 and 2. Then there exists
orthogonal matriz Q € R such that for any fivred v € RCm , with probability
at least 1 — Cn~2,

Z u(XQ — X)) (Vh)(X;)| < C max |us] (n B 1> logn.
et iecn, m—1

Proof. Define the map 7T,, : R"*4 — RCn*md which transforms the matrix
Y € R™¢ with rows Y; € R? for i = 1,2,...,n into the matrix Y = T,,(Y) €
REn*md as follows. Indexing the (") rows of Y = 7,,(Y) by the () elements
of CI, define the row indexed by i = (i1,42,...,%m) € C, as

v, 1"
= Y.h e R™4,

!

—

}/Vi’nl
Define M = M(Vh) € RSn*™4 with the row indexed by i = (i1, g, ..., im) € C?,
given by

X,

X,

M; = (Vh)(X;) = (Vh) . € R™,

X,
That is, the row of M indexed by i € C? is the gradient of h : R™? — R
evaluated at X; = [X], X7,..., X[ 7. With these three definitions in hand,

i Xigs e
we have

> u(XQ = X) (Vh)(Xi) = tr M7 diag(v) T (XQ — X),

iecy,

where diag(v) € RCm*Cm denotes the diagonal matrix with entries given by the
elements of v. Using the fact that X = US'Y/2 = PUS~/? and X =082 =
AUS—Y 2 adding and subtracting appropriate quantities, and using the linearity
of the trace and 7,,, we have

> ulXQ -] (Vh)(Xy)

iecn
= tr [MT diag(v) T (A J(8712Q — QS?I/Q))}
+tr [MT diag(v) T (A(UQ - U)S_l/z)]

+tr [MT diag(v)Tr, ((A - P)Us—1/2) }
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Applying the triangle inequality, Cauchy-Schwarz and submultiplicativity, we
have

> w(XQ - X)7 (Vh)(X)

iecn

m

< M| r| diag(v)]] [HT (AU(S72Q = QS ')k (18)
+ | T(ADQ — U)S/2) ]
+ ‘tr {MT diag(v) T ((A — P)US_I/z)} ‘ .
By definition of 7,,, each row of Z € R"*¢ appears in (:71__11) rows of T,,(2),
and thus || 7, (2)||F = (::;11)1/2HZHF. Using this fact and applying Lemma B.2,

| Tua0 (512~ @s=12))|| < ) |av(s—12q - Qs

L\ 12
C(n 1) n~?logn

(19)
Similarly, this time using Lemma B.3,

F

n—1\12
< C( ) n~?logn.
m—1

Combining Equations (19) and (20) and using the fact that

risca-us o], < (27) " -],

1/2

n
e = | X iewmer | <oyf(2)

ieCn,

by Assumption 2, it follows that with probability at least 1 — C'n =2

)

1M ¢l ding (0) | || T (AT (571/2Q = QS™2))]
+ | T(ADQ = 1)S /)] 1)

< Cn=12| diag(v)| ((;) (2—11»1/2 oen (21)

. n—1
< Cllaiag) (1 ogn,

where we have used the fact that m is assumed constant in n.
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Returning to Equation (18), it remains to bound

tr (MT diag(v) T (A — P)US”/Q)) ] .
By definition, for i € C},, k € [m], s € [d],

(Tm((A - P)Us—l/z)) _ [(A B P)Us_l/z}

i,d(k—1)+s Tk,S

For any i = (i1,42,...,im) € Cy, and j € [n], if j = i), for some k € [m], define
7(j,i) = k. With this notation in hand, define the matrix M € R"*? by

Mj7s = Z UiMi,T(j,i)JrS? VES [’I’L],S € [d}v

ieCn :jei
and note that for some constant Crj; < oo depending on h and F' but not
depending on n,
~ n—1 .
300 < G (1) Ntiogol, (22)
where we have again used Assumption 2. With this definition, let us € R",
s = 1,2,...,d be the eigenvectors of P with non-zero eigenvalues (i.e., the

columns of U), so that u,; denotes the i-th entry of the s-th eigenvector of P.
Then

tr M7 diag(v) T (A — PYUS™/%) = 3 UIZM,]T (A—P)US*W)

iecr,  j=1 ij
m d
U‘ZZ im(k—1)+s [(A—P)US’_UZ}
iecn k=1s=1 kS
d
=2 YN WA Pl
s=1 1=1 j=1
d
=Y "o YT M (A-P)jus — Z)‘ 1/QZMHP”%Z
s=1 1<i<j<n
(23)

The second term is bounded by

ZA 1/QZMHP”uM

1/2
< Z/\ 1/ (Z .5 zz) HU’SH (24)

. -1
< cading(o)) (1 ):

where the first inequality follows from the Cauchy-Schwarz inequality, and the
second inequality follows from Equation (22), the fact that ||us|| = 1, the fact



Bootstrapping networks with latent space structure 779

that P?, < 1, and Equation (13). For fixed s € [d], the sum over 1 <i < j<n

1,0 —

in (23) is a sum of independent mean-0 random variables. Hoeffding’s inequality
combined with Equation (22) yields

—2t2
Pr MZ s(A—P)ijusj| >t] <2exp{ —————=5
Z 7 { lJwsll? 32— Mﬁa}

1<i<j<n

—2¢2
Cn diag(v)]|2( ;- 1)

m—1

< 2exp

Taking t = C|| diag(v)|| (:1__11) v/nlogn for suitably large constant C' > 0, a union
bound over all s € [d] implies that with probability 1 — Cn~2, it holds for all
€ [d] that

- . n—1
Z Mi,s(A — P)i7jus,j S C” dlag(v)H <m B 1) \/ nlog n.

1<i<j<n

Applying Equation (13) to bound /\;1/ 2 and using Assumption 2, it holds with
probability at least 1 — Cn~2 that

22)\ V2SS (A= Py | < Caldiago)] (7 ) log!

1<i<j<n

Combining this with Equation (24), both sums in (23) are bounded by

-1
Cd|| diag(v)]| (:1 B 1> logt%n

and it holds with probability at least 1 — Cn~2 that, since d is a constant,

-1
tr M7 T, (A — P)US‘”Q)‘ < C|| diag(v)]| (T’; B 1) log'/%n

Applying this and Equation (21) to Equation (18), we have

5 wlkQ =01 (VR0 < Cl gl (1 )ogrn

iecr

m

and the result follows by construction of diag(v). |

Lemma C.2. Let (A, X) ~ RDPG(F,n) for some d-dimensional inner product

distribution I, so that X1, Xo,..., X, R B and let X = ASE(A, d), with rows
given by X1,Xo,..., X, € R For each i € Cn, let Z; € R™ be some point

on the line segmem‘ connecting (XQ) and Xj. Suppose that b : (RH)™ = R a
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kernel, symmetric in its arguments, satisfying Assumptions 1 and 2. Let v € RCm
be a fized vector and let Q € RYX? be the orthogonal matriz guaranteed by
Lemma 2.3. For all suitably large n, with probability at least 1 — Cn =2,

~ ~ —1

»  w(XQ - X){ (Vh)(Z)(XQ — X)i| < C max [vs| (;:L 1) log® n.
ieCn —

iecn m

m

Proof. Let @ € R%*? be the orthogonal matrix guaranteed to exist with high
probaAbility by Lemma 2.3. By Assumption 2, Lemma 2.3 implies that eventually
Xi, (XQ); € Sfor all i € Cl*, and thus also Z; € S for all i € S. Applying the

m?
triangle inequality, Cauchy-Schwarz and Assumption 2,

> ulXQ - X)) (Vh)(Z)(XQ — X);
iecn,
< 3 1l (X Q = X)ill3 0 I(V2h)(Z3)]

iecn,

n A
< - XQ - X3
< Ceamxul () 15Q - X1

m

Applying Lemma 2.3 again, we have that with probability at least 1 — Cn~2,

3 u(XQ - X)T (V2h)(Z:)(XQ — X)i| < O max v (;) logn o (25)

iecrn.
iecn, "

Using the fact that n=! (:fl) =m! (:;11) and m is constant in n completes the

proof. O

C.1. Proof of Theorem 3.1

Proof. For i € C and X € R™*4 define

X;=| . | erR™.
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Viewing the function h : (supp F)™ — R as as h : R™? — R and applying a
second-order multivariate Taylor expansion,

v (0, -1,) = ﬁ(ﬁl)_l > (A& i) = B(X 0 X))

ieCrn,

m

V() Q- 0rEnen) (26)

iecn

m

= > (XQ - X){(Vh)(Z)(XQ — X);,
2(m) 52

where @ € Qy is the orthogonal matrix guaranteed by Lemma 2.3 and Z; € R™¢
lies on the line segment connecting (X@); and X;. Lemma C.1, with v, =

\/ﬁ(;)_l for all ¢ € Cy},, implies

Clogn
T

va() S (ke 0Fwmen| <

iecr,

Lemma C.2 similarly implies that

v X0 — X\ (V2h)(Z:)(X x| < Clog’n
21y 2 (K@ - X (ThA)KQ - 0 < =

both holding with probability 1 — Cn~2, and thus

C'log’n

va(e. -0,

<

The Borel-Cantelli lemma implies that \/ﬁ(f]n — U,) — 0 almost surely, as we
wished to show. O

C.2. Proof of Theorem 3.3

Proof. We prove the convergence /n(U* — U,) N N(0,m?¢1). The proof for
the unweighted adjacency spectral embedding bootstrap V,;" follows by a similar
argument, and thus details are omitted.

Adding and subtracting appropriate quantities,

V(U = Ua) = Va(Uy; = Up) +Va(Uy; = Un) +Va(Uy = Un).

By Theorem 3.1, the last term converges to zero in probability. By our assump-
tion that U} is distributionally consistent, v/n (U} — U,) — N(0,m?(;) in law.
Thus, by Slutsky’s theorem, it will suffice for us to show that

Vn(U* —U) =0 in probability. (27)
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Applying an expansion similar to that in Equation (26) above, we have
V(O - U = v Y W (h(Xil,X,»Z,...,Xim) - h(Xil,XiQ,...,Xim)>

iecn,

=vn Z Wi(XQ — X){ (Vh)(X;)
iecn,
n A .
F VS WK Q - X0 (V)(Z)(XQ - X);
ieCn,

Condition on the weight vector W € RS, which is independent, of (A, X) ~

RDPG(F,n). Applying Lemmas C.1 and C.2 with v; = v/nW; /() implies that
with high probability,

2
. n— 1\ maxjeen |Wj C maxieen |[Wi|log®n
n(U: —UX) < Cy/n _ m ,
where we have again used the fact that m is constant in n. Unconditioning,
Assumption 3 ensures that

log2 n <

which completes the proof. O

Appendix D: Proof of Theorems 3.4 and 3.5

Here we give proofs of the sparsity results discussed in Section 3. We first need
to ensure that in scaling the latent positions, we do not break the recovery
guarantees of the adjacency spectral embedding.

Lemma D.1. Let p, — 0 be a sparsity parameter, satisfying p,n = w(logn).
Let F be a distribution on R with the property that for all suitably large n it
holds for all z,y € supp F that ppa’y € [0,1]. Let X1, Xa, ..., X,, be drawn i.i.d.
from F and, conditional on these n points, for all suitably large n such that the
Bernoulli success parameter makes sense, generate symmetric adjacency matriz
A with independent entries A;; ~ Bern(p, XFX;). Letting X = ASE(A,d),
there exists a sequence of orthogonal matrices Q € Qg4 such that

. logn
1XQ — /pX 2,00 < 2

NGID

Proof. Writing E[A | X] = pP = pXXT € R™" and letting (M) denote the
ratio of the largest and smallest non-zero singular values of matrix M (i.e., the
condition number ignoring zero eigenvalues), using Lemma 1 in [39], there exists
a matrix @ € Qg4 such that with high probability

Cll(A = pP)U||2,00 n CIIUT(A—pP)U|r
Aa(pP) Aa(pP)

C||A = pP|*k(pP)
2% (oP)

IXQ — VX

2,00 S

)
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provided that
|4 = pP| < Coa(pP) (20)

for some nonnegative constant Cy < 1. Our assumption that np = w(logn) is
enough to ensure that Theorem 3.1 in [51] applies, and it follows that

|4~ pP|| = O(/pnlogn)

By Equation (13) in Lemma B.1, we have \;(P) = O(n), whence \;(pP) =
©(pn). Since pn = w(logn) by assumption, it follows that ||A—pP|| = o(Aa(pP)),
and we conclude that the bound in Equation (29) holds eventually, and thus so
does the bound in Equation (28).

We turn now to bounding the right-hand side of Equation (28). For fixed
k,¢ € [d], consider the quantity

Rye = (UT(A - PP)U)k,z - Z(Aij = PPy Uik Uje-

0]
By Bernstein’s inequality, for ¢ > 0,
—¢2
P (| Ruel > ] < 2exp {m} , (30)
where
vee =2 _Var ((Ay; — pPij)UsxUje) =2 pPy(1 = pPyy)U2U?,.
i<j 1<j

Using the fact that 0 < P;; <1 for all 4, j and the fact that the columns of U are
orthonormal, we have v < p < 1. Thus, taking ¢ = C'logn in Equation (30)
for suitably large constant C' > 0, we conclude that

Pr[|Ry| > Clogn] < 2n~?

Recalling that the dimension d is constant, a union bound over all k, ¢ € [d] and
an application of the Borel-Cantelli Lemma implies that

|UT(A~ pP)Ur = Ollogn). (31)
A similar argument shows that

(A = pP)U|l2,00 = O(log n). (32)
Applying Equations (29), (31) and (32) to the right-hand side of Equation (28),

A 1 P 1
1% = pX oo < Cogn+C/<a(p )pon ogn.
7 Vo (pn)3/2

Again using Equation (13) in Lemma B.1, k(pP) = A1 (pP)/Mi(pP) = O(1),
and thus

N Clogn
X—PX 2,00 S )
I~ X oo < 22

which completes the proof. O
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D.1. Proof of Theorem 3.4

Proof. Using arguments similar to the proof of Lemma D.1 above, one can
establish sparse analogues of Lemmas B.1, C.1 and C.2. Details are omitted.
Theorem 3.4 then follows by precisely the same line of argument as that used
to prove Theorem 3.1. d

D.2. Proof of Theorem 3.5

Proof. The proof follows a similar use of Slutsky’s theorem to that in Theo-
rem 3.3, using Theorem 3.4 followed by a delta method argument applied to the
ratio of U,, — pr Eh(X1, Xo, ..., X,,) and p,/pn. The delta method argument is
broadly similar to that of Theorem 1 in [12] and is thus omitted. O

Appendix E: Proof of Theorem 4.4

Proof. Fix € > 0. Since orthogonal transformation of the latent positions does
not change the graphs’ distributions, we may assume without loss of generality
that dy (Fy, Fy) = di(F1, F»), i.e., that Q = I is the minimizer in the right-hand
side of

o

di(F1, F») = Juin dy(F1,Fy0Q).
d

By definition of the Wasserstein distance d;, there exists a coupling v of X7 ~ F}
and Z; ~ F5 such that

LﬂWrﬂth%WM@+e (33)

We will use this coupling v to construct a coupling of A and H. Draw pairs

(X1, 21), (X2, Z2), -, (X, Zn) "5 0,

It is a basic fact of Bernoulli random variables that if £ ~ Bern(p;) and &3 ~
Bern(ps), then d;(&1,&2) < |p1 — p2|. Using this fact, conditional on (X, Z), we
can couple (A;;, H;;) for each i < j so that

Pr[A;; # Hij | Xi, X5, 2Zi, Z;) < |X{'X; — 2] 7. (34)

By construction, (A, X) ~ RDPG(F1,n) and (H, Z) ~ RDPG(F53, n) marginally,
so this scheme yields a valid coupling of A and H, which we denote (A, H) ~ 7,
and thus

W%AMS/%MAMW%H)
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By the definition of dgy, Jensen’s inequality, and the fact that A and H are
binary, we have

(A H) < (%(;‘) 4~ H||1>

—1 -1
n n
<(3) Twa-mn=(5) Tia-m

i<j i<j
whence

[ dtana manta, ) < (Z) S o (A, # Hy)). (33)

i<J

Since Equation (34) holds under the coupling 7, we have
P (A # o)) < [ [IXTX - 20 250X, Z0a0(X;, 2,).
We can therefore further bound Equation (35) by
/d div(A, H) //|X1TX2 — ZT Zy|dv(X 1, Z1)dv(X 2, Z5)
< [ [l + 12000 1% - Zeldva
< 2/ | X2 — Zs||dv < dy(Fy, Fs) + €

where we have used the fact that both F; and F5, being inner product distribu-
tions, have supports contained in the unit ball, and the last inequality follows
from Equation (33). Thus, we conclude that

Wy(A H) <2(di(Fy, F2) +€),

and the result follows since € > 0 was arbitrary. |

E.1. Proof of Theorem 4.4

Proof. Let us first fix notation. Recall that (A, X) ~ RDPG(F,n) and that
(H,Z) ~ RDPG(F,n) independently of (4, X). Let F,, =n~! 3" 0y, denote
the empirical distribution of the true latent positions of A, and, conditional on
X, let (A*, X*) ~ RDPG(F,, n). Letting F}, denote the empirical distribution of
the ASE estimates X1, X, ..., X,,, by definition of A*, we have that conditional
on A, (/i*, X*) ~ RDPG(F, n) analogously. By the trlangle inequality,

W, (H, A*) < W,(A*, H) + W,(A*, A). (36)
By Lemma 4.3, we have

WP (A*, H) < 2d1(F,, F) = O(n~"/%logn), (37)
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where we have used the fact that d-dimensional product distributions have
bounded support (hence all moments of X; ~ F are finite) to apply Theo-
rem 3.1 and Corollary 5.2 from [35] (with ¢ = oo and p = 1 in the notation
of that paper) to bound d; (F,, F) = O(n~Y 2V logn). To bound W, (A*, A*),
we will construct a coupling similar to that in the proof of Lemma 4.3.

Letting & = (£1,&2,-..,&,) be a vector of independent draws from the uni-
form distribution on [n], we can write X} = X, for each i € [n] and X} = X¢,
analogously. We couple the latent positions of A* and A* through the Condi-
tional on X, A and &, we couple the entries of A* and A* via the same coupling
construction used in the proof of Lemma 4.3 above, so that

Pr[A}; # A7, | A, X, €] < | X2 Xe, — XT X,

Letting v denote the resulting joint measure on (£, X, A, A*, A*),

: LS e A,
DA™ A") <
WA, )_/<n(n1 e ()

where we have used Jensen’s inequality and the fact that A* and A* are binary,
as in the proof of Lemma 4.3. We will proceed to bound the integral on the
right-hand side. Let E,, denote the event that the bound in Lemma 2.3 holds.
On E¢, we can trivially bound dgm (A%, A*) by 1. Since E,, depends only on A
and X, and the marginal distribution of (A4, X) under v is (4, X) ~ RDPG(F,n)
by construction of v, Lemma 2.3 implies v(ES) = O(n~2). Thus,

==t A we [ =Ey, s o0
En

(n—1) n(n —1)
v ({A;k:l;j 1_4;;3)} ’En) +0(n™?).

1<j

By our construction of the coupling v, we have

v ({4, # A7, }) < IXExe, - XTXe |

By Lemma 2.3, when FE, holds, this difference of absolute values is bounded by
O(n~'?logn), and thus we have

/||A*n 7A1*||1d < (Z) 712” ({az; # 43} 8.) + 002

i<j
=0(n~Y?logn) + O(n=2) = O(n~?logn).
Plugging this bound into Equation (38), we conclude that

k0 Ak —-1/2
WP(A*, A*) = O(n 2logn).
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Applying this and Equation (37) to Equation (36), we conclude that
Wr(H, A =0 ((n_1/2 + n_l/d)logn) ,

as we set out to show. O
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