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ABSTRACT

We propose a density-based estimator for weighted geodesic distances suitable for
data lying on a manifold of lower dimension than ambient space and sampled from
a possibly nonuniform distribution. After discussing its properties and implemen-
tation, we evaluate its performance as a tool for clustering tasks. A discussion on
the consistency of the estimator is also given.

1 INTRODUCTION

In most unsupervised learning tasks such as clustering, classification, recommendation, or dimen-
sionality reduction, a notion of similarity between points is both crucial and usually not directly
available as an input, Shaw et al.|(2011). Instead, this distance has to be guessed or inferred from
the data itself. This is the case when the data is in fact on an unknown manifold with lower dimen-
sion, which is a typical situation in most applications, [Bengio et al.[(2013). In these situations, the
Euclidean distance is typically misleading; this effect, being more dramatic as dimension increases,
Aggarwal et al.|(2001).

Learning based on similarity has been considered in diverse applications: time series, Morse & Patel
(2007)), clustering of chemical structures, [Barnard & Downs|(1992), genetic data, Lawson & Falush
(2012) and documents or texts, Wang et al.| (201 1)).

Some historical linear methods as Principal Component Analysis can actually be thought as a first
attempt to do this,|Wall et al.|(2003). More advanced powerful nonlinear procedures have also been
developed to perform dimensionality reduction of the data by representing them in a lower dimen-
sional space. Examples of such methods are Multidimensional scaling (MDS) Borg & Groenen
(2003)), t-distributed stochastic distance embedding (t-SNE) van der Maaten & Hinton|(2008)), Spec-
tral embedding Belkin & Niyogi|(2003)) and Isometric mapping (Isomap) and C-Isomap Tenenbaum
et al.| (2000); |de Silva & Tenenbaum!| (2002).

A particular feature of Isomap and C-Isomap is that they implement a distance estimator before
performing the dimensionality reduction, building up a bridge between geodesic estimation and un-
supervised learning. The seminal paper introducing Isomap, [Tenenbaum et al.| (2000) underlines
the improved efficiency in dimensionality reduction and classification when considering adequate
notions of distances. Particularly in the context of image analysis. However, Isomap is designed
to deal with data with constant density and C-Isomap is designed to estimate the distance in the
preimage for conformal embeddings, which could not be the case in many transformations. Neither
of them takes into account the underlying density from which the points are sampled to define the
geodesic estimator. In the sequel, we propose a new method to estimate distances in high dimen-
sional non-uniform datasets that attacks this two issues.
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2 d-DISTANCE ESTIMATOR

Let M C R be a D-dimensional manifold. That is, M can be locally transformed into R”.
Typically we have D < P, but this is not required. Consider a sample of NV points Xy C M. Let
¢(-,-) be a distance defined on M x M (a typical choice could be Euclidean distance in R”, but
other choices are allowed). For d > 1 and given two points p,q € M we define the d-distance
estimator as

. d
Dxy(p;q) (xl,...r,ilclz?)EXIK\, Z C(xi, Xit1)" - (1)
The minimization is done over all KX > 2 and all finite sequences of data points with x; =
argmin, cx  £(x, p) and X = argmin, .x  £(x,q). Note that the curse of dimensionality effects,
Aggarwal et al.| (2001) are much stronger on the distance between those points that are faraway to
each other than on those which are close to each other. With this in mind, for d > 1, the d-distance
discourages consecutive points with large ¢. Also observe that Dx , verifies triangular inequality and
s0, it is indeed a distance. When d = 1, we recover the distance £(-, ), but if d > 1, the d—distance
tends to follow more closely the manifold structure and regions with high density values. We con-
jecture that for given p,q € M, if X is an i.i.d. sample with density f: M — R, the estimator
Dx, (P, q) converges in the following sense:

lim N%Dx, (p,q) = ca,p 1nf /fa 2)

N—o0

Here o = d;Dl and ¢4, p is a constant that depends only on d and D. The optimization is performed

over all continuous rectifiable paths I" contained in the manifold that start at p and end at q. In other
words, we expect N*Dx, (p,q) to be a consistent estimator of the right hand side of (@), which
turns out to be a distance in M if f is positive. Observe that this distance is a weighted geodesic
distance in which paths are adjusted according to the value of 1/f*.

We proved this fact in the simplest case in which f is constant in a compact set. Since the strength
of our estimator lies in the fact that it can deal with non-constant f, this result is not meaningful by
itself. But we think it is a first step towards a full proof of (2)). We can also observe that (2)) holds in
simulations. See supplementary material.

For d > 1, the d-distance is indeed taking into account the density f imitating Fermat’s principle
for the light pat}ﬂ with f~¢ playing the role of the refraction index.

2.1 ALGORITHM AND IMPLEMENTATION

In practice, the computation of the d-distance relies on local estimations. Although the optimization
is defined on all possible paths using data points, we show in supplementary material thatif d > 1, it
can be restricted to local paths. Let NV (x) be the set of k-nearest neighbors of x and let Dx, (p, q)
be a new estimator defined as in (T)) but with the additional constrain that x; 1 € N (x;) for each
i < K — 1. Then it holds that given £ > 0 there is k = O(log(N/¢)) such that Dx, (p,q) =
Dx,, (P, q) with probability 1 — . In this way, the complexity can be reduced to O(N?2(log N)?)
without modifying the asymptotic properties of the estimator.

3 CLUSTERING PROPERTIES

We compare the performance of the d-distance estimator for various values of d and Isomap/C-
Isomap for clustering tasks. We use the well-known example coined “Swiss roll”, Figure [I(a) and
We consider a dataset composed of 4 subsets steaming from independent Normal distributions
(restricted to the unit square) with mean puq = (.3,.3), u2 = (.3,.7),u3 = (.7,.3), ua = (.7,.7)
respectively and constant variance, Figure [[(a)] Then, we apply the Swiss Roll transformation,
Figure Observe that the transformed data set is not Gaussian and each subset of transformed
data has different variance. We then compute the d-distance between all pair of points and run (1000

'In optics, Fermat’s principle states that the optical length of the path followed by light between two fixed

points, p and q, is a local minimum of the functional I' — f rn dl. Here n is the refractive index of the medium

and the integral represents the time required by light to do the path I'.
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Figure 1: Clustering the non-uniform Swiss Roll data.

iterations with different initial conditions) the classical K-medoids clustering algorithm,
let al[(2001)), using this matrix of d-distances as input. To evaluate the clustering results, we compute
the median (green line), the mean (blue line) and the inter-quantile range (gray) for the adjusted
mutual information, [Meild (2007); [Vinh et al| (2010), the adjusted Rand index,
(1985), [I(e)} the accuracy, [1(d)] and the F} score (2011), [I()] for different values

of d and with k& = 300. The case d = 1 corresponds to Euclidean distance and the dashed line
corresponds to best output among Isomap and C-Isomap, for which the nearest-neighbors parameter
was selected to maximize the performance of each index. For all performance criteria employed,
there is a large range of the parameter d where the d-distance behaves significantly better than
Isomap. For the adjusted mutual information and adjusted Rand index we observe an optimal region
for 1.8 < d < 3.2, while for the accuracy and F} score this region is limited to 1.7 < d < 2.2.

4 CONCLUSIONS

We proposed a new estimator for distances between points on an unknown manifold which takes into
account the intrinsic density f in order to bring closer two points if there is a (short) path between
them lying on a region with high density values. This distance can be then used as an input for
dimensionality reduction or clustering algorithms.

The choice of the parameter d might depend on the specific application the d-distance is used for,
but it has a clear meaning. It measures how we decide to weight the density values f. Observe that
d is not a parameter of the algorithm but of the macroscopic distance we want to estimate. Similar
to the parameter p in p-norms.

We evaluated its performance for clustering tasks in the classical Swiss Roll example with non-
uniform distribution. In this case, we have shown that the use of the d-distance improves the clus-
tering. In future work, we plan to study convergence properties of our estimator in more detail; to
establish criteria to choose the value of d and to use this criteria to perform dimensionality estimation
in real data.

ACKNOWLEDGMENTS

We thank Aristas SRL for the support with servers and programming. We would also like to thank
Martin Arjovsky and Ezequiel Smucler for their suggestions that helped as to improve this work.



Workshop track - ICLR 2018

REFERENCES

C. C. Aggarwal, A. Hinneburg, and D. A. Keim. On the surprising behavior of distance metrics in
high dimensional space. In Database Theory, ICDT 2001. Springer Berlin Heidelberg, 2001.

J. M. Barnard and G. M. Downs. Clustering of chemical structures on the basis of two-dimensional
similarity measures. Journal of Chemical Information and Computer Sciences, 32(6):644—649,
1992.

M. Belkin and P. Niyogi. Laplacian eigenmaps for dimensionality reduction and data representation.
Neural computation, 15(6):1373-1396, 2003.

Y. Bengio, A. Courville, and P. Vincent. Representation learning: A review and new perspectives.
IEEE Transactions on Pattern Analysis and Machine Intelligence, 35(8):1798-1828, 2013.

I. Borg and P. Groenen. Modern multidimensional scaling: Theory and applications. Journal of
Educational Measurement, 40(3):277-280, 2003.

V. de Silva and J. B. Tenenbaum. Global versus local methods in nonlinear dimensionality reduction.
In Proceedings of the 15th International Conference on Neural Information Processing Systems,

NIPS’02, pp. 721-728. MIT Press, 2002.

J. Friedman, T. Hastie, and R. Tibshirani. The elements of statistical learning, volume 1. Springer
series in statistics New York, 2001.

C. D. Howard and C. M. Newman. Euclidean models of first-passage percolation. Probability
Theory and Related Fields, 108(2):153-170, 1997.

L. Hubert and P. Arabie. Comparing partitions. Journal of Classification, 2(1):193-218, Dec 1985.
0. Kallenberg. Foundations of Modern Probability. Springer, second edition, 2002.

D. J. Lawson and D. Falush. Similarity matrices and clustering algorithms for population identi-
fcation using genetic data. In Annual Review of Human Genomics, number 13, pp. 337-361,
2012.

M. Meild. Comparing clusteringsan information based distance. Journal of Multivariate Analysis,
98(5):873 — 895, 2007.

M. D. Morse and J. M. Patel. An efficient and accurate method for evaluating time series similarity.
In Proceedings of the 2007 ACM SIGMOD International Conference on Management of Data,
SIGMOD 07, pp. 569-580. ACM, 2007.

D. M. W. Powers. Evaluation: From precision, recall and f-measure to roc., informedness, marked-
ness & correlation. Journal of Machine Learning Technologies, 2(1):37-63, 2011.

B. Shaw, B. Huang, and T. Jebara. Learning a distance metric from a network. In Advances in
Neural Information Processing Systems 24, pp. 1899—1907. Curran Associates, Inc., 2011.

J. B. Tenenbaum, V. de Silva, and J. C. Langford. A global geometric framework for nonlinear
dimensionality reduction. Science, 290(5500):2319-2323, 2000.

L. J. P. van der Maaten and G. E. Hinton. Visualizing high-dimensional data using t-sne. Journal of
Machine Learning Research, pp. 2579-2605, 2008.

N. X. Vinh, J. Epps, and J. Bailey. Information theoretic measures for clusterings comparison: Vari-
ants, properties, normalization and correction for chance. Journal of Machine Learning Research,
11(Oct):2837-2854, 2010.

M. E. Wall, A. Rechtsteiner, and L. M. Rocha. Singular Value Decomposition and Principal Com-
ponent Analysis, pp. 91-109. Springer US, 2003.

F. Wang, C. Tan, P. Li, and A. C. Konig. Efficient document clustering via online nonnegative matrix
factorizations. In Proceedings of the 2011 SIAM International Conference on Data Mining, pp.
908-919. SIAM, 2011.



Workshop track - ICLR 2018

Supplementary Material

A RINGS DATA SET

Let us illustrate further how the d-distance operates on the following simple example. Consider
a set of points made of concentric rings of different radius with or without bridges, Figures 2(a)]
and Consider first the data without bridges. The macroscopic d-distance (right hand side of
(2)) between two points in different connected components is infinity, while two points in the same
connected component have a finite distance. Computing the d-distance and representing this distance
(for instance with t-SNE), we retrieve the connected sets, of course distorted in terms of Euclidean
distance. Note that the distance relation between the rings is lost, as expected (Figure 2(b)). The
fact that rings well separate in the absence of bridges sheds light on the d-distance leverages that can
be used for clustering. When we consider the rings with bridges data we see that the d-distance can
recover the geometric structure of the data as well (Figure [2(d)).

o
-
(a) Rings data set (b) t-SNE representation of Rings dataset with 2-
distance as input.
-8
M
(c) Rings with bridges data set (d) t-SNE representation of Rings dataset with

1.2-distance as input.

Figure 2: The d-distance enlarges the distance between points in different connected components.
If we take into account the normalization factor N<, from (2) it can be seen that points separated
from a region where the density f is close to zero have large d-distance. While points that can be
connected by a path lying in a region with high density, are close to each other.

B CONSISTENCY OF THE d-DISTANCE ESTIMATOR

In this section we prove the macroscopic limit of the d-distance estimator for the simple case in
which f is constant in a compact set C' C R”.
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B.1 POISSON POINT PROCESSES

We start with the following results from [Howard & Newman| (1997). For a Borel set A C RPD,
denote |A] its Lebesgue measure and # A the number of points in A. We also denote with || - || the
Euclidean norm.

Let X be a locally finite subset of R”. We are going to be mainly interested in the case in which
X is a Poisson Point Process in R”, [Kallenberg| (2002) but other cases are going to be treated as
well. We refer to points in X as particles, to distinguish them from other points in R”. For any point
P € RP, define the center of its Voronoi cell as
y(p) = argmin|[|p — yl|.
yi€X
For any p, q € RP, a finite sequence y1, . .., yx of particles with y; = y(p), yx = y(q) is called

a path (or an X-path if necessary) from p to q. Given a parameter d > 1 we define the d-distance
between p, q € R” with respect to X by

k
Dx(p,q) = inf Z lyis1 — yill¢: k> 2, and (y1,...,yx) is an X-path from p to q

=1

Given a Borel set C C R, a random locally finite configuration of points X C C'is said to be a
Poisson point process with intensity A > 0 if for any pair of disjoint Borel sets A, B C C, we have
e~ AAIFABD (X A| + | B|)*+7

k! j! '
We observe that if X turns out to be a Poisson process, {Dx(p, q)} is a family of random variables

indexed by (p,q) € R?P and almost surely, for any two points p, q there is a unique path along
which Dx(p, q) is realized. Let 0 be the origin of R”, then

P(#(X N A) = k, #(X 1 B) = j) =

Proposition B.1 (Howard & Newman| (1997), Lemma 3 and Lemma 4). Let X be an intensity one
Poisson process. There exists 0 < p < oo such that

DX(Ov q)

= pu, almost surely. 3)
lall=oc ||

B.2 RANDOM NUMBER OF POINTS IN A COMPACT SET

We use a scaling argument to export the above result to our setting, in which we have an i.i.d sample
in a compact set and the number of points goes to infinity. Let C C R be a convex compact set
andlet Xy = {x1,..., X, } be a Poisson process in C' with intensity N. So that, My is a Poisson
random variable with parameter | A| N and conditionally on My = K, Xy is a uniform i.i.d sample
in A of size K. Call A = 1/|C] the density.

Proposition B.2. Let « = (d — 1)/D. For p, q in the interior of C we have
lim N%Dx, (p,q) = uA"%|lp — ql|, in probabiliry. 4)
N —o00

Proof. We first observe that, since the limit is deterministic, it is enough to prove convergence in

distribution in {@). So, all the limits in this proof are in that sense. By translating, rotating and scaling

C, we can assume without loss of generality that p = 0O and q = e; = (1,0...,0). For every N,
1

the distribution of X coincides with the distribution of WX N C. So (@) is equivalent to

. AN
lim

1/D _
N—oo W Xm(AN)%C(07 (AN) e1) = p.

The only difference between (@) and (3)) is that in (3) the distance is minimized among X—paths
while in @) the distance is minimized among X N (AN)'/PC-paths. For any two points p and
and a > 0, consider the a—dilation of the segment from p to q

[P, d]. := {x: ||x — y|| < a for some y in segment between p and q}.
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We will show the stronger result that, for every a > 0

. Dx(0,Ne1) .. Dxno,NeiJ.n (0, Ner)
NN A N ~ ®)

Assume there is an infinite sequence (Nj)x>1 such that the minimizing path in Dx(0, Nye;) con-
tains at least one particle qj, in the complement of [0, Ne; ], . For a such values of k& we have

Dx(0, Nyey) _ Dx(0,qy) " Dx(qk, Nre1)

N, N, N,
By Proposition[B.1] as k — oo we have
.. Dx(0,Nyei) oo llaell | flak — Nied|]
1 f————=—=>ul f > uv1l+42 .
e A e A A

A contradiction with (3)) that proves (3)) and hence the proposition.

B.3 NN POINTS IN A COMPACT SET

First observe that given two locally finite configurations X and X, if X C X, then
Dx(p,q) < Dg(p. q).

Lemma B.1 (Coupling, Kallenberg|(2002)). Let X and X be Poisson point processes with intensities
0 < A1 < Ag respectively. Then both processes can be constructed in the same probability space
(Q, F,P) in such a way that with probability one X C X.

Proposition B.3. Let C' C RP be a compact set and X,, = {xX1,...,xn} i.i.d random variables
with uniform distribution in C. Call A = 1/|C|. Then

lim N°Ds, (p,q) = +c|lp - all

N—o00
Proof. Fore > 0, let X}, X}, be Poisson point processes in C' with intensities N (1 +¢), N(1 —¢)
respectively and denote My, = # (X}, N C), My = #(Xy N C). Then,

+ M]\?

lim =&~ =1+4¢, lim —*= =1—¢, a.s.
N—o0 N —oc0

In particular, with probability one, for N large enough,
€

MEN < (1-5)N < (145) N < MEN.

Due to Lemma we can construct X}, Xy and Xy in the same probability space in such a way
that in the event O = {My < N < My} we have X, C Xy C XJ. Since P(Qy) — 1, by
Proposition[B.2] we have for w € Qy,

N°Dyy (p,q) < N*Dy, (p,q) < N*Dy_ (p,q).

PATE
1+e

|lp — q| and the right hand side converges to “{Y: lp—all-

But the left hand side converges to
This implies that for every £ > 0

— —Q
. . B
lp—dql < l}gl_}gof N°Dx (p,q) < limsup N*Dx,, (p,q) < . lp —dall-

N—00 — €

UA
1+¢

We conclude

lim N“Dx,(p,q) = pA~%|lp —ql|.

N—o0

To be more precise, for 6 > 0, call N*Dx  (p,q) =: n and L := pA~%||p — q||. Then
P(|én — L| > 8) < P(Iéy — L| > 8|Qn)P(Qn) + P(Q%) =0, N — oo,
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C BEHAVIOR OF THE d-DISTANCE FOR NON-CONSTANT DENSITIES:
FERMAT’S PRINCIPLE

In this section we present synthetic data as additional evidence for the asymptotic behavior of
our estimator as N — oo. Figure [3] shows different optimal paths for the d-distance for dif-
ferent values of d. Points are sampled from a bi-dimensional distribution with density given by
F(x) = A11a, (%) + A2l 4,(x), with Ay > Ay > 0. In this case, Fermat’s principle is equivalent to
Snell’s law: when the path crosses from one region to the other, since they have different densities,
the path breaks (black line).

A A

Figure 3: Optimal paths for the d-distance. The black line corresponds to the theoretical calculation
of the macroscopic optimal path (equation (2)).

D RESTRICTION TO k-NEAREST NEIGHBORS

In this section we prove that the d-distance estimator does not change significantly if the mini-
mization is performed over paths in wich consecutive particles are choosen among the k-nearest
neighbors. The parameter k£ depends on N and the precision €.

Let Ny (x) be the set of k-nearest neighbors of x and define

K-1
Dxy (p,q) = min Z (xig1,%0)" (6)
(x1,...,%xK) € XK, i—1

, X1 = argm.inxefo(x p)
X = argmin, .x (X, q)
Xi+1 (S Nk (Xi)

Proposition D.1. For every ¢ > 0 and k = O(log(N/¢)), with probability 1 — £ we have that

ﬁXN (p,;q) = Dx, (P, q). More precisely, the minimizing path y3,. ..,y verifies Yii1 € Nk(yf)
foralli=1,..., K — 1with probability 1 — ¢.

The following lemma gives a upper bound for the probability that two consecutive particles in the
path are k-nearest neighbors. Propositionfollows easily from that. Denote B(x,7) = {y: ||y —
x|| < r} the open ball centered at x with radius r and wp = |B(0, 1)|.

Lemma D.1. Let kg € N. Let Ky be the length of the optimal, path and for each i € N, let
F;, = {Ky > i} be the event that the optimal path has at least i particles. Then, there exists
c1,0 > 0 such that,

B (yii & Nio(y), F) < 55 (1= 9)" 7, )
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Proof of Lemma|D.1} For k € N, denote with k(y;) the k-nearest neighbor of y; and consider the
event

={yi1 =k} NFi
Since there is no particle in the optimal path between y; and y7, ;, in the region defined by
* d * d * *||d
B; = {X: ly; =<9+ llyipr — x| <llyiz: — ¥l }7
we have B;NXy = @. Define r; = |ly;,; —y;|. Itis easy to see that B; N B(y;, r;) has non-empty
interior and that there is a deterministic constant 6 > 0, such that By, (x) C B; for some x € B;.
Furthermore, {y;,,; = k(y;)} = {#(B(y;,7:) N Xn) = k — 1}. Then
EF C

{i < Ky, |By!,r) NXy| =k — 1,
there isx € B;: B(x,dr;) C B(y!, ),
#(B(x,0r;) NXy) = o}
C
{there isr>0: #(B(y!,r)NXy) =k —1,
there is x with B(x, ér) C B(y;},r),
4(B(x,6r)NXn) =0, i < KN}.

Let us consider a family {C;}, N, Where each C; is a open D-hypercube with length or/ VD that

satisfies
Nl()l

cclJaG ., anCi=0 i#j
i=1
Then, it is clear that any ball of radius r has non empty intersection with as much
N = wp(2r)P  2PwpDP/?
“> = (6r)PD-D/2 — 4D
cubes and that any ball of radius Jr contains at least one cube. Then there is p > 0, which depends
linearly only on 6 such that, regardless the value of 7, we have P(E¥) < N (1 — p)*. Then,

C
P (yi,y & Neo(v7), Fi) Z P(ES) < o5 (1- )"
k=ko+1
O

Notice that the events {y}, ; € Ny, (y;)} and {y; 5 € N, (y;,1)} are not independent. However,
it is possible to bound the event that all consecutive particles in the optimal path are k-nearest
neighbors, for Nok large enough.

Proof of Proposition[D.1] For fixed kg, the probability that for all pairs of consecutive particles are
ko-nearest neighbors is

K-1 K-1
P ( N {vin eNko(y?)}> =1-P < U {vipr & Mo (07} OFZ)

i=1 i=1
K—1
>1- Z P (y:+1 gNko(y:)v Fl)
i=1
17%(176)’“0“
Z 1- g,
if ko is chosen in order to satisfy & (1 — §)Ft! < & Thatis, ko = O(log(N/e)). O
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