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ABSTRACT

We study the error landscape of deep linear and nonlinear neural networks with
the squared error loss. Minimizing the loss of a deep linear neural network is a
nonconvex problem, and despite recent progress, our understanding of this loss
surface is still incomplete. For deep linear networks, we present necessary and
sufficient conditions for a critical point of the risk function to be a global mini-
mum. Surprisingly, our conditions provide an efficiently checkable test for global
optimality, while such tests are typically intractable in nonconvex optimization.
We further extend these results to deep nonlinear neural networks and prove sim-
ilar sufficient conditions for global optimality, albeit in a more limited function
space setting.

1 INTRODUCTION

Since the advent of AlexNet (Krizhevsky et al., [2012)), deep neural networks have surged in pop-
ularity, and have redefined the state-of-the-art across many application areas of machine learning
and artificial intelligence, such as computer vision, speech recognition, and natural language pro-
cessing. However, a concrete theoretical understanding of why deep neural networks work well in
practice remains elusive. From the perspective of optimization, a significant barrier is imposed by
the nonconvexity of training neural networks. Moreover, it was proved by Blum & Rivest| (1988)
that training even a 3-node neural network to global optimality is NP-Hard in the worst case, so
there is little hope that neural networks have properties that make global optimization tractable.

Despite the difficulties of optimizing weights in neural networks, the empirical successes suggest
that the local minima of their loss surfaces could be close to global minima; and several papers have
recently appeared in the literature attempting to provide a theoretical justification for the success
of these models. For example, by relating neural networks to spherical spin-glass models from
statistical physics, Choromanska et al.| (2015)) provided some empirical evidence that the increase of
size of neural networks makes local minima close to global minima.

Another line of results (Yu & Chen, |1995;|Soudry & Carmon, 2016} Xie et al.,[2016; Nguyen & Hein,
2017) provides conditions under which a critical point of the empirical risk is a global minimum.
Such results roughly involve proving that if full rank conditions of certain matrices (as well as some
additional technical conditions) are satisfied, derivative of the risk being zero implies loss being
zero. However, these results are obtained under restrictive assumptions; for example, Nguyen &
Hein| (2017) require the width of one of the hidden layers to be as large as the number of training
examples. |Soudry & Carmon| (2016) and Xie et al. (2016) require the product of widths of two
adjacent layers to be at least as large as the number of training examples, meaning that the number
of parameters in the model must grow rapidly as we have more training data available. Another
recent paper (Haeffele & Vidal,2017) provides a sufficient condition for global optimality when the
neural network is composed of subnetworks with identical architectures connected in parallel and a
regularizer is designed to control the number of parallel architectures.

Towards obtaining a more precise characterization of the loss-surfaces, a valuable conceptual simpli-
fication of deep nonlinear networks is deep linear neural networks, in which all activation functions
are linear and the output of the entire network is a chained product of weight matrices with the
input vector. Although at first sight a deep linear model may appear overly simplistic, even its opti-
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mization is nonconvex, and only recently theoretical results on this problem have started emerging.
Interestingly, already in 1989, Baldi & Hornik! (1989) showed that some shallow linear neural net-
works have no local minima. More recently, |[Kawaguchi| (2016) extended this result to deep linear
networks and proved that any local minimum is also global while any other critical point is a saddle
point. Subsequently, |[Lu & Kawaguchi| (2017) provided a simpler proof that any local minimum
is also global, with fewer assumptions than (Kawaguchi, 2016). Motivated by the success of deep
residual networks (He et al.| 2016agb), Hardt & Ma| (2017) investigated loss surfaces of deep linear
residual networks and showed every critical point is a global minimum in a near-identity region;
subsequently, Bartlett et al.[(2017)) extended this result to a nonlinear function space setting.

1.1 OUR CONTRIBUTIONS

Inspired by this recent line of work, we study deep linear and nonlinear networks, in settings either
similar to or more general than existing work. We summarize our main contributions below.

e We provide both necessary and sufficient conditions for a critical point of the empirical risk to be a
global minimum. Specifically, Theorem [2.1|shows that if the hidden layers are wide enough, then
a critical point of the risk function is a global minimum if and only if the product of all parameter
matrices is full-rank. In Theorem[2.2] we consider the case where some hidden layers have smaller
width than both the input and output layers, and again provide necessary and sufficient conditions
for global optimality. In comparison, Kawaguchi|(2016)) only proves that every critical point of the
risk is either a global minimum or a saddle; it is an “existence” result without any computational
implication. In contrast, we present efficiently checkable conditions for distinguishing the two
different types of critical points; we can even use these conditions while running optimization to
test whether the critical points we encounter are saddle points or not, if desired. It is also worth
noting that such tests are intractable for general nonconvex optimization (Murty & Kabadil |1987).

e Under the same assumption as (Hardt & Ma, 2017) on the data distribution, namely, a linear model
with Gaussian noise, we can modify Theorem to handle the population risk. As a corollary,
we not only recover Theorem 2.2 in (Hardt & Mal [2017), but also extend it to a strictly larger set,
while removing their assumption that the true underlying linear model has a positive determinant.

e Motivated by (Bartlett et al.,|2017)), we extend our results on deep linear networks to obtain suf-
ficient conditions for global optimality in deep nonlinear networks, although only via a function
space view; these are presented in Theorems d.T]and B2

2 GLOBAL OPTIMALITY CONDITIONS FOR DEEP LINEAR NEURAL NETWORKS

In this section, we describe the problem formulation and notations for deep linear neural networks,
state main results (Theorems[2.T]and [2.2), and explain their implication.

2.1 PROBLEM FORMULATION AND NOTATION

Suppose we have m input-output pairs, where the inputs are of dimension d, and outputs of dimen-
sion d,. Let X € R%*™ be the data matrix and Y € R%*™ be the output matrix. Suppose we
have H hidden layers in the network, each having width d, ..., dy. For notational simplicity we
let dy = d, and dy+1 = d,. The weights between adjacent layers can be represented as matri-
ces Wy, € RXde—1 for | = 1,...,H + 1, and the output of the network can be written as the
product of weight matrices W1, ..., W) and data matrix X: Wy Wy --- W1 X. We consider
minimizing the summation of squared error loss over all data points (i.e. empirical risk),

minimize L(W):= 1 |[Wygaa Wy - -WiX - Y5, (1)
where W is a shorthand notation for the tuple (Wy,..., Wg1).

Assumptions. We assume that d,, < m and d,, < m, and that X X7 and Y X7 have full ranks.
These assumptions are common when we consider supervised learning problems with deep neural
networks (e.g. Kawaguchi|(2016)). We also assume that the singular values of Y X7 (X X7)~1 X are
all distinct, which is made for notational simplicity and can be relaxed without too much difficulty.

Notation. Given a matrix A, let opax(A) and omin(A) denote the largest and smallest singular
values of A, respectively. Let row(A), col(A4), null(A), rank(A), and || A|| be respectively the row



Published as a conference paper at ICLR 2018

space, column space, null space, rank, and Frobenius norm of matrix A. Given a subspace V' of R™,
we denote V1 as its orthogonal complement. Given a set V), let V¢ denote the complement of V.

.....

Let us denote k := min,e o, . m+1} di» and define p € argmin,c ¢y g1y di- That is, p is any
layer with the smallest width, and k£ = d,, is the width of that layer. Here, p might not be unique,
but our results hold for any layer p with smallest width. Notice also that the product Wy 1 --- W3
can have rank at most k. Let Y X7 (X XT)~1X = UXV7 be the singular value decomposition of

YXT(XXT)"1X € R%w*d=, Let U € R%*¥ be a matrix consisting of the first k& columns of U.

2.2 NECESSARY AND SUFFICIENT CONDITIONS FOR GLOBAL OPTIMALITY

We now present two main theorems for deep linear neural networks. The theorems describe two
sets, one for the case & = min{d,,d,} and the other for k& < min{d,,d,}, inside which every
critical point of L(W) is a global minimum. Moreover, the sets have another remarkable property
that every critical point outside of these sets is a saddle point. Previous works (Kawaguchi, 2016
Lu & Kawaguchi, 2017 showed that any critical point is either a global minimum or a saddle point,
without providing any condition to distinguish between the two; here, we take a step further and
partition the domain of L(W) into two sets clearly delineating one set which only contains global
minima and the other set with only saddle points.

Theorem 2.1. If k = min{d,, d,}, define the following set
Vi={(Wi,...,Wgy1) :rank(Wg gy --- Wh) = k}.
Then, every critical point of L(W) in V1 is a global minimum. Moreover, every critical point of
L(W) in V¥ is a saddle point.
Theorem 2.2. If k < min{d,,d,}, define the following set

Vg = {(Wl, ceey WH+1) : rank(WH+1 tee Wl) = k‘, COI(WH_H s Wp—l—l) = CO](U)} .

Then, every critical point of L(W) in Vs is a global minimum. Moreover, every critical point of
L(W) in V5 is a saddle point.

Theorems and provide necessary and sufficient conditions for a critical point of L(W) to be
globally optimal. From an algorithmic perspective, they provide easily checkable conditions, which
we can use to determine if the critical point the algorithm encountered is a global optimum or not.
Given that L(W) is nonconvex, it is interesting to have such efficient tests for global optimality,
which is not possible in general (Murty & Kabadi, [1987).

In|Hardt & Ma|(2017)), the authors consider minimizing population risk of linear residual networks:
minimize 1E,, [H(I +Whi)--- (I +Wh)z — y||12:} :

where d, = dy = --- = dg = d, = d. They assume that = is drawn from a zero-mean distribution
with a fixed covariance matrix, and y = Rz + £ where £ is iid standard Gaussian noise and R is
the true underlying matrix with det(R) > 0. With these assumptions they prove that whenever
Omax(W;) < 1 for all 4, any critical point is a global minimum (Hardt & Ma, 2017, Theorem 2.2).

Under the same assumptions on data distribution, we can slightly modify Theorem [2.1] to derive
a population risk counterpart, and in fact notice that the result proved in |Hardt & Ma| (2017)) is a
corollary of this modification because having opax(W;) < 1 for all 7 is a sufficient condition for
(I + Wg4q)--- (I + W) having full rank. Moreover, notice that we can remove the assumption
det(R) > 0 which was required by Hardt & Ma| (2017). We state this special case as a corollary:

Corollary 2.3 (Theorem 2.2 of Hardt & Mal (2017)). Under assumptions on data distribution as
described above, any critical point of SE, , [|| (I+Wgiq) - (I+Wy)x — y||12:} is a global min-
imum if omax(W;) < 1 for all i.

We also note in passing that the classical problem of matrix factorization minyy [|[UVT — Y| is
a special case of deep linear neural networks, so our theorems can also be directly applied.

Remarks. The previous result (Kawaguchi, 2016) assumed d, < d, and showed that: 1) every
local minimum is a global minimum, and 2) any other critical point is a saddle point. A subsequent
paper by |[Lu & Kawaguchi| (2017) proved 1) without the assumption d, < d,, but as far as we
know there is no result showing 2) in the case of d, > d,. We provide the proof for this case
in Lemma [B.1] In fact, we propose an alternative proof technique for handling degenerate critical
points, which is much simpler than the technique presented by [Kawaguchi| (2016).
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3 ANALYSIS OF DEEP LINEAR NETWORKS

In this section, we provide proofs for Theorems [2.1and [2.2]

3.1 SOLUTIONS OF THE RELAXED PROBLEM

We first analyze the globally optimal solution of a “relaxation” of L(W), which turns out to be very
useful while proving Theorems[2.1]and Consider the relaxed risk function

1 2
Lo(R) = L |RX ~ V2.

where R € R% >4 and rank(R) < k. For any W, the product W41 Wy - - - W has rank at most
k and setting R to be this product gives the same loss values: Lo(Wg 1 Wy ---Wy) = L(W).
Therefore, L is a relaxation of L and
inf Lo(R) < inf L(W).
R:mr}l?(R)gk o(R) < il W)
This means that if there exists W such that L(W) = inf g ank(r)<k Lo(RR), then W is a global
minimum of the function L. This observation is very important in proofs; we will show that inside
certain sets, any critical point W of L(WW) must satisfy R* = Wy - -- Wy, where R* is a global
optimum of Lo(R). This proves that L(W) = Lo(R*) = inf grank(r)<k Lo([2), thus showing that
W is a global minimum of L.
By restating this observation as an optimization problem, the solution of problem in (1)) is bounded
below by the minimum value of the following:
minimize 1 ||[RX — Y[
subject to rank(R) < k.
In case where & = min{d,, d,}, () is actually an unconstrained optimization problem. Note that

Ly is a convex function of R, so any critical point is a global minimum. By differentiating and
setting the derivative to zero, we can easily get the unique globally optimal solution

R =yXT(xxT)=1 3)
In case of k < min{d,,d,}, the problem becomes non-convex because of the rank constraint, but

its exact solution can still be computed easily. We present the solution of this case as a proposition
and defer the proof to Appendix [C|due to its technicalities.

Proposition 3.1. Suppose k < min{d,,d,}. Then the optimal solution to () is
R =00TYyxT(xxT) !, 4)
which is the orthogonal projection of Y X (X XT)~! onto the column space of U.

)

3.2 PARTIAL DERIVATIVES OF L(W)

By simple matrix calculus, we can calculate the derivatives of L(TV) with respect to W;, for i =
1,..., H + 1. We present the result as the following lemma, and defer the details to Appendix
Lemma 3.2. The partial derivative of L(W') with respect to W; is given as

oL T
aw; ~ Wi
forv=1,...,H+ 1.

Wi Wa i Wy - WX = Y)XTW] - Wi, (5)

This result will be used throughout the proof of Theorems 2.1 and [2.2] For clarity in notation, note
that when i = 1, W' --- W is just an identity matrix in R%*%=_ Similarly, when i = H + 1,
Wi o+ Wi, is an identity matrix in R% <%,

We also state an elementary lemma which proves useful in our proofs, whose proof we defer to

Appendix [C]
Lemma 3.3. . Forany A € R™*" and B € R™*! ywhere m > n,

|AB|: > 02, (A) | Bl -

2. Forany A € R™*" and B € R™*! where n <1,
2 2
IAB||5 > 07 (B) |All5 -

min
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3.3 PROOF OF THEOREM [2.1]

We prove Theorem 2.1} which addresses the case k¥ = min{d,, d, }. First, recall that the set defined
in Theorem 2.1]is

Vl = {(Wl, ey WH+1) : rank(WH+1 s Wl) = k‘} .
As seen in (3), the unique minimum point of Ly has rank k. So, no point W € V¢ can be a global

minimum of L. Therefore, by [Kawaguchil (2016, Theorem 2.3.(iii)) and Lemma [B.T] any critical
point in V§ must be a saddle point.

For the rest of our proof, we need to consider two cases: d, < d; and d, < dy. If d; = d, both
cases work. The outline of the proof is as follows: we define a new set V., show that any critical
point in the set W, is a global minimum, and then show that every W € V) is also in W, for some
e > 0. This proves that any critical point of L(W) in V; is also a critical point in W, for some
€ > 0, hence a global minimum.

The following proposition proves the first step:
Proposition 3.4. Assume that k = min{d,,d,}. For any € > 0, define the following set:

W, = {{(Wl’ R WH—H) : Umin(WH-H s Wg) > E} s lfdy < d,
{Wh,...,Whi1) : omin(Wg - - W1) > €}, ifd, <d,.
Then any critical point of L(W) in W, is a global minimum point.

Proof. (If d, < d,) Consider (®) in the case of i = 1. We can observe that Wy --- W} | € Ri*dy
and that d; > d,,. Then by Lemma[3.3]1,
oL || 2
’ S|l 2 OoinWrga - Wo) [|(WasaWh - WX = Y)XT ||,
1ilr
2
> | Wy Wy - WX =Y)XT|

By the above inequality, any critical point in WV satisfies

oL

Vi, —— =0= (WguWg--- W1 X -Y)X' =0,

oW;
which means that W1 Wy -+« Wy = Y XT (X XT) 71, The product is the unique globally optimal
solution (3] of the relaxed problem in (2)), so W is a global minimum point of L.
(If d, < d,) Consider (B) for i = H + 1. We can observe that W --- W} € Rd=*d1 and that
dy < dg. Then by Lemma[3.3]2,

2

OL 9 2
> WeiWg-- - W1 X -Y)X
W1 || Z € H( H+1WH 1 ) ||F7
and the rest of the proof flows in a similar way as the previous case. O

The next proposition proves the theorem:
Proposition 3.5. For any point W € V), there exists an € > 0 such that W € W..

Proof. Define a new set W, a “limit” version (as € — 0) of W,, as
W {Wy, ... ;W) srank(Wy gy ---Wa) =dy}, ifdy < dg,
{(W,...,Wgi1) : rank(Wg --- W7) =d,. }, if d, <dy.
We show that V; C W by showing that W€¢ C V{. Consider
We — {Wh,...,Wgy1) :rank(Wyiq - Wa) < dy,}, ifd, <d,
{(W1,...,Wg1) : rank(Wg --- Wy) < d}, if d, <d,.
Then any W € W¢° must have rank(Wgy1--- W1) < min{d,,d,} = k, so W € V{. Thus, any
W € V; is also in W, so either rank(Wg 1 - - - Wa) = d, or rank(Wy - -- W1) = d,, depending
on the cases. Then, we can set
€= Umin(WH+1"'W2)7 lfd'q dev
o O'min(WH'“Wl), lfdx de
We always have € > 0 because the matrices are full rank, and we can see that W € W.. ]
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3.4 PROOF OF THEOREM[2.2]
In this section we prove Theorem which tackles the case k¥ < min{d,,d,}. Note that this
assumption also implies that 1 <p < H.
As for the proof of Theorem define
Vi ={(Wi,...,Wgi1) : tank(Wg 1 ---W7) = k}.

The globally optimal point of the relaxed problem (2) has rank k, as seen in (@). Thus, any point
outside of V; cannot be a global minimum. Then, by [Kawaguchil (2016, Theorem 2.3.(iii)) and
Lemma it follows that any critical point in V{ must be a saddle point. The remaining proof
considers points in V.

For this section, let us introduce some additional notations to ease presentation. Define

E:= Wy Wi X —Y)XT € Rlv¥de,

Ay =Why - Wl eR¥> B=W ... WL eREXE =1 H+1,
so that (‘3671/1[;1; = A;EB;. Notice that Ay, and B; are identity matrices.

Now consider any tuple W € V). Since the full product Wy --- W; has rank k, any partial
products A; and B; must have rank(A4;) > k and rank(B;) > k, for all ¢. Then, consider A4, €
R**dy and B,,+1 € R% ¥, Since rank(4,) < k and rank(B,+1) < k, we can see that rank(4,,) =
rank(Bpy1) = k. Also, notice that A; = W11 A;41 and B; 1 = B; W, so that

rank(A;) <rank(As) <--- <rank(A,) and rank(Bg41) < rank(By) < --- <rank(Bpi1).

However, we have k < rank(A;) and k < rank(Bgr41), so the ranks are all identically k. Also,
row (A1) C row(As) C --- C row(A4,) and col(Bg41) C col(By) C --- C col(Bpt1),

but it was just shown that the these spaces have the same dimensions, which equals k, meaning
row(A;) =row(Az) = --- =row(A4,) and col(By41) = col(By) = - -+ = col(Bpy1).

Using this observation, we can now state a proposition showing necessary and sufficient conditions

for a tuple W € V; to be a critical point of L(WW).

Proposition 3.6. A tuple W € V) is a critical point of L if and only if A,E = 0 and EB,11 = 0.

Proof. (If part) A,E = 0 implies that col(E) C row(A4,)* = --- = row(4;)*, so k= =

A;EB; =0-B; =0,fori =1,...,p. Similarly, EB,1 = 0 implies row(E) C col(Bp+1)*t =
- =col(By41)*, 50 o= = A, EB; = A;-0=0fori=p+1,....,H+1.

(Only if part) We have ‘9L = A;EB; = 0 for all i. This means that
col(EBi) C row(A;)" =row(A,) - fori=1,...,p
row(A;E) C col(B;)* = col(Byy1) fori=p+1,...,H+1.

Now recall that B; and Ap,; are identity matrices, so col(E) C row(A,)* and row(E) C
col(Bp+1)*, which proves A,E = 0 and EB, 41 = 0. O

Now we present a proposition that specifies the necessary and sufficient condition in which a critical
point of L(W) in V; is a global minimum. Recall that when we take the SVD Y X7 (X XT)~1X =

UusvT, U € R%*F is defined to be a matrix consisting of the first £ columns of U.

Proposition 3.7. A critical point W € Vy of L(W) is a global minimum point if and only if
col(Wetq -+« Wpi1) = row(4,) = col(U).

Proof. Since W is a critical point, by Proposition we have A,E = 0. Also note from the
definitions of A;’s and B;’s that W1 --- Wy = AL B

p Ppt1> 8
AE =A,(AIBl X -V)XT =4 AZBZHXXT - A4,YX" =0.
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Because rank(A,) = k, and A, AT € R¥*¥ is invertible, so B, is determined uniquely as
Bg+1 = (APAZ;)ilApYXT(XXT)ily
thus
W1+ Wi =A]Bl,, = AL(A,AD) A Y XT(XXT) ™
Comparing this with (@), W is a global minimum solution if and only if

UUTYXT(XXT)™ = Whyr - Wi = AT(ApAT) A Y XT(XXT) ™1

This equation holds if and only if A7 (A,AT)"*A, = UU”, meaning that they are projecting
Y XT(XXT)~! onto the same subspace. The projection matrix AT (A, AT) ™' A, is onto row(A4,),
while TUT is onto col(()' ). From this, we conclude that W is a global minimum point if and only if

row(A,) = col(U). O

From Proposition we can define the set V; that appeared in Theorem [2.2] and conclude that
every critical point of L(W) in V, is a global minimum, and any other critical points are saddle
points.

4 EXTENSION TO DEEP NONLINEAR NEURAL NETWORKS

In this section, we present some sufficient conditions for global optimality for deep nonlinear neu-
ral networks via a function space view. Given a smooth nonlinear function h* that maps input to
output, Bartlett et al.|(2017) described a method to decompose it into a number of smooth nonlinear
functions h* = hgq o --- o hy where h;’s are close to identity. Using Fréchet derivatives of the
population risk with respect to each function h;, they showed that when all h;’s are close to identity,
any critical point of the population risk is a global minimum. One can see that these results are direct
generalization of Theorems 2.1 and 2.2 of Hardt & Ma/ (2017) to nonlinear networks and utilize the
classical “small gain” arguments often used in nonlinear analysis and control (Khalil, |1996; Zames)
1966). Motivated by this result, we extended Theorem @] to deep nonlinear neural networks and
obtained sufficient conditions for global optimality in function space.

4.1 PROBLEM FORMULATION AND NOTATION

Suppose the data X € R% and its corresponding label Y € R% are drawn from some distribution.
Notice that in this section, X and Y are random vectors instead of matrices. We want to predict Y
given X with a deep nonlinear neural network that has H hidden layers. We express each layer of
the network as functions h; : R%-1 — R% so the entire network can be expressed as a composition
of functions: hg 410 hg o---ohy. Our goal is to obtain functions k1, . .., hg1 that minimize the
population risk functional:

1
L(k) = L{b,- s hirs1) = 5B [harsa o0 ha(X) = V3]

where h is a shorthand notation for (hq, ..., hg41). It is well-known that the minimizer of squared
error risk is the conditional expectation of Y given X, which we will denote h*(z) = E[Y | X = x].
With this, we can separate the risk functional into two terms

1
L(h) = 5E[llhms1 00 ha(X) = h*(X)[3] + €,

where the constant C' denotes the variance that is independent of A1, ..., hgy1. Note thatif hgyq o
.-+ 0 hy = h* almost surely, the first term in L(h) vanishes and the optimal value L* of L(h) is C.

Assumptions. Define the function spaces as the following:

h
F = {h : R% — R | h is differentiable, h(0) = 0, and sup | |(:E”)”2 < oo} ,
T Zilo
h
Fi= {h : R%-1 — R% | h is differentiable, h(0) = 0, and sup ” ”f”)“ < oo},
x 2
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where F; are defined for all¢ = 1,..., H + 1. Assume that h* € F, and that we are optimizing
L(h) with hy € Fq,..., hH+1 S ]:H-H- In other words, the functions in F, Fq,... 7]:H+1 are
differentiable and show sublinear growth starting from 0. Notice that hg 1 o--- o hy € F, because
a composition of differentiable functions is also differentiable, and a composition of sublinear func-
tions is also sublinear. We also assume that d; > min{d,,d,} foralli = 1,..., H + 1, which is
identical to the assumption k = min{d,, d,} in Theorem 2.1

Notation. To simplify multiple composition of functions, we denote h;.; = h;oh;_10---0hj 10
h;. As in the matrix case, ho.1 and hg11.7+2 mean identity maps in R4 and Rv, respectively.
Given a function f, let J[f](x) be the Jacobian matrix of function f evaluated at . Let Dy, [L(h)]
be the Fréchet derivative of L(h) with respect to h; evaluated at h. The Fréchet derivative Dy, [L(h)]
is a linear functional that maps a function (direction) € F; to a real number (directional derivative).

4.2 SUFFICIENT CONDITIONS FOR GLOBAL OPTIMALITY

Here, we present two theorems which give sufficient conditions for a critical point (D, [L(h)] = 0
for all ) in the function space to be a global optimum. The proofs are deferred to Appendix

Theorem 4.1. Consider the case d, > d,. If there exists € > 0 such that
1. J[hgi12)(2) € RY*4 has o (J[hprs12)(2)) > eforall z € R%,
2. hpt1.2(2) is twice-differentiable,

then any critical point of L(h), in terms of Dy, [L(h)], ..., Dy, [L(h)], is a global minimum.

Theorem 4.2. Consider the case d, < d,,. Assume that there exists some j € {1,..., H + 1} such
thatd, = d;j_ and dy < dj. If there exist €1, €3 > 0 such that

1. hj_q11: R% — R%-1 = RY% js jnvertible,

[\

. hj_1.1 satisfies |[hj—1.1(w)||, > €1 |Jull, for all u € R,

w

. JhEt1541)(2) € R%*di has Omin(J[hE41:54+1](2)) > € forall z € R%,

N

. hu41.541(2) is twice-differentiable,
then any critical point of L(h), in terms of Dy, [L(h)], ..., D, [L(h)], is a global minimum.

Note that these theorems give sufficient conditions, whereas Theorems[2.Tand[2.2]provide necessary
and sufficient conditions. So, if the sets we are describing in Theorems E] and @] do not contain
any critical point, the claims would be vacuous. We ensure that there are critical points in the sets,
by presenting the following proposition, whose proof is also deferred to Appendix

Proposition 4.3. For each of TheoremsHd.1|and[.2) there exists at least one global minimum solution
of L(h) satisfying the conditions of the theorem.

Discussion and Future work. Theorems and state that in certain sets of (h1,...,hxy1),
any critical point in function space a global minimum. However, this does not imply that any critical
point for a fixed sigmoid or arctan network is a global minimum. As noted in (Bartlett et al., 2017),
there is a downhill direction in function space at any suboptimal point, but this direction might
be orthogonal to the function space represented by a fixed network, and may hence result in local
minima in the parameter space of the fixed architecture.

Understanding the connection between the function space and parameter space of commonly used
architectures is an open direction for future research, and we believe that these results can be good
initial steps from the theoretical point of view. For example, we can see that one of the sufficient
conditions for global optimality is the Jacobian matrix being full rank. Given that a nonlinear func-
tion can locally be linearly approximated using Jacobians, this connection is already interesting. An
extension of the function space viewpoint to cover different architectures or design new architectures
(that have “better” properties when viewed via the function space view) should also be possible and
worth studying.
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A ANALYSIS OF DEEP NONLINEAR NETWORKS

A.1 NOTATION

In this section, we introduce additional notation that is used in the proofs. To emphasize that
the Fréchet derivative Dy, [L(h)] is a linear functional that outputs a real number, we will write
Dy,,[L(Rh)](n) in an inner-product form (Dy,,[L(h)], ). This notation also helps avoiding confusion
coming from multiple parentheses and square brackets.

There are many different kinds of norms that appear in the proofs. Given a finite-dimensional real
denotes its > norm. For a matrix A, its operator norm is defined as [|A|,, =

sup,, Hlﬁcﬂl? Let h € F. Then define a “generalized” induced norm for nonlinear functions with

sublinear growth: ||A||.; = sup, ”}ﬁ(f\l) l2 where the subscript nl is used to emphasize that this norm
@y

is for nonlinear functions. -], s defined in the same way for F;’s. Now, given a
linear functional G that maps a function f € JF; to a real number (G, f), define the operator norm

. (G.f)
1Gllop = suprer, 7~

A.2 FRECHET DERIVATIVES

By definition of Fréchet derivatives, we have

(D, [L(h)],m) = lim L(hy,...,hi+en,....hygi1) — L(h)

e—0 €

where 1 € F; is the direction of perturbation and (Dp,,[L(h)],n) is the directional derivative along
that direction 7). From the definition of L(h),

L(hl,...,hi +61’],...,hH+1)
1
=ZE [Hhmml o (i + en) o him1a (X) = " (X) 3] + €

2

=3 [l (hia (X) + enlha 1a(X)) W (X))2] + ©

; MhHH 1(X) + eJlhm i) (hia (X))n(hi12(X)) + O(e Xl }
—L(h) + €E [(hsr 11 (X) h*(X))TJ[hHHMJ(m<X>>n<hz-71:1<X>>] +0(e2).

Therefore,
(Dn, [L(R)],m) = E [(hrr41:1(X) = b (X)) T [hrrgrisa) (hioa (X))n(hi—aa (X))] . (6)
This equation (6) will be used in the proof of Theorems[.T|and 4.2

A.3 PROOF OF THEOREM [4.]]
From (6)), consider Dy, [L(h)]. For any n € F7,
(Da LAY, 1) = E [(hr 1 (X) = 1* (X)) T Tty 1:2) (o (X))(X)]
Let A(X) = J[hgi1.2](h1(X)). Since A(X) has full row rank by assumption, A(X)A(X)7 is
invertible. Then define a particular direction
7(X) = AX)T(AX)AX)T) " (b1 (X) = B (X)),
so that
(D (L)), 7) = B [l 1 (X) = b7 (X)13]

It remains to check if 7 € F. It is easily checked that 77(0) = 0 because hgy1.1(0) — A*(0) = 0.
Since J[hp41.2] is differentiable by assumption and hy € F;, A(X) is differentiable and A(X)7,
(A(X)A(X)T)~1 are differentiable functions. Also, h41.1 — h* € F, so we can conclude that 7}
is differentiable.

10
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Moreover, if we decompose A(X) with SVD, A(X) = USVT, X is of the form X = [£; 0] and
AX)TAX)AX)D ! =vxtuTwsvlvesTuh)-t = veTuT(ux?u”)—!

1
—VSTUTUS 20T = v Fé ] UT,

from which we can see that
1A (AOAE)T) |, = Tman(AX) T (AX)A)T) ) < 1/e,
by our assumption. Note that, for any X € R¢%,
17X, = [ACOT (AX)AX)T) " (a1 (X) = B (X)),
< (AT (A AX)T) |, a1 (X) = B (X)),
< [J[AX) T (A AX)T) | s = By X,

Since this holds for any X, we have

i - * h : —h* n
Il < AT ACOAG)) ™ W — b7y < L=,

€

which ensures that 7 € F7. Finally,

(D, (L)), 7)) [HhHJrltl(X) XM (rm) - 1)

op = 17701 B [hesia — Ry  hEgra — RA

[ D, [L(R)]]]
which yields
1Dy (L) llop 1har 10 = B¥ [l = €(L(R) = L7).

From this we can see that if we have a critical point of L(k), then ||Dp, [L(h)]]]
L(h) = L*, which means that the critical point is a global minimum of L(h).

op = 0 implies

A.4 PROOF OF THEOREM [4.2]

Recall that by assumption we have j € {1,..., H + 1} such that d, = d;_1 and d,, < d;. Consider
Dy, [L(h)], then for any n € F;,

(D, [L(W)],n) = E [(ha14(X) = h* (X)) T[ha1:5401) (B (X))n(Ry—1:2(X))] -

As done in the previous theorem, for any w € R%-1,let A(w) = J[hgr41.5+1](h;(w)). Since A(w)
has full row rank by assumption, A(w)A(w)? is invertible. Then define

(w) = A(w) (Aw)A@w)") " (harsaa = h*) o bty (w),
so that
(D, (L], 7) = B [lhsr 11 (X) = B*(X)3]

We need to check if 7 € F;. It is easily checked that 77(0) = 0. Since J[hp1.541] is differentiable
by assumption and h; € F;, A(w) is differentiable, and so are A(w)” and (A(w)A(w)”)~!. The
inverse function of a differentiable and invertible function is also differentiable, so (hgy1.1 — h*) o
hj_fm is differentiable. Hence, we can conclude that 7) is differentiable.

As seen in the previous section,
[ A(w)" (Aw) A(w)") |, = Tmax(A(w) T (A(w) A(w)) ) < 1/ea.
By the assumption that /;_1.; is invertible and [|h;_1.1(u)||, > €1 [|ul],.

ol > e [P @],

11
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for all v € R%-1. From this, we can see that Hh]fl:le < 1/e;. Forany w € R%-1,
li(w)lly = [|A(w)" (A(w) A(w)") " (e = h*) o bt (w)]],

< HA(W)T(A(W)A(U})T)_lHOP [(herra = h*) o b (w)]],

< HA(w)T(A(w)A(w)T)*lHOP [Prs1a = h* |y [|hy g (w)]),

< ||A(w)T(A(w)A(w)T)71H0p Br g1 =¥y 1A 2l el -

From this, we have

_ _ . _ hgi1a — B,
[l < AT A @YY Whsrsra — Bl [ ], < L2t = 2,

€1€2
Finally,
X 2
<Dh, [L(h)]’f]> €1€2E |:HhH+1:1(X) —h (X)||2] 6162(L(h) _ L*)
| Dn, [L(W)]],, = L= > _ 7
] . 17l 1P =¥l [hers1a — h*|
which yields

[ Dn, [L(W)] [, a1 = B ||y > evea(L(R) — L¥).

A.5 PROOF OF PROPOSITION[4.3]

(Theorem [4.1)) By assumption, we have dy > d,,. Set hy(z) = (h*(x),0,...,0) where for every
x € R% the first d,, components of h; () are identical to h* (), and all other components are zero.
For the rest of h;’s, define h; : R%-1 — R% to be

. ifd;, <d;_
hz(IU):{(wh 7wd1)7 lfdzfdz 1

7
(wl,...,wdi7170,...70), ifd; >d;_1, @

for all w € R%~1, Since d; > d, for all 7, we can check that hgr4q 0---0ohy = h*, and h; €
F; for all i. Moreover, for all z € R%, J[hg 1.2](2) is all 0 except 1’s in diagonal entries, so
Omin(J[Pm+1:2](2)) > 1 and hp11.2(2) is twice-differentiable.

(Theorem .2) It is given that we have j € {1,...,H + 1} such that d, = d;_; and d,, < d;. Set
hj(z) = (h*(x),0,...,0), where the first d,, components are h*(x) and the rest are zero. All the
rest of h; are set as in . Then, it can be easily checked that h; € F; for all 7 and all the conditions
of the theorem are satisfied.

B DEFERRED LEMMA

Lemma B.1. Suppose we are given a data matrix X € R%**™ and an output matrix Y € R%>x™,
where d, < d,. Assume XX T and YXT have full ranks. Consider minimizing the empirical
squared error risk:

1
LWy, ...,Wi41) = 3 |We i Wi - Wi X = Y2,

where Wy, € RW>xde—1 k= 1. ... H + 1 are weight matrices of the linear neural network, and
do = dy and dg41 = dy, for simplicity in notation. Also let W denote the tuple (W1, ..., Wri1).
Then, any critical point of L(W) that is not a local minimum is a saddle point.

Proof. For this lemma, we separate the proof into two cases: Wy --- W7 # 0and Wy --- W7 = 0.
The crux of the proof is to show that any critical point cannot be a local maximum. Then, any critical
point is either a local minimum or a saddle point, so the conclusion of this lemma follows.

In case of Wy --- W7 # 0, we use some of the results in [Kawaguchi| (2016) and examine the
Hessian of L(W) with respect to vec(W7 ), where vec(A) denotes vectorization of matrix A.

12
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Let DVQC(W§+1)L(W) be the partial derivative of L(W) with respect to vec(WF, ;) in numerator
layout. It was shown by |Kawaguchi (2016, Lemma 4.3) that the Hessian matrix

T
HW) = Dyecw, ) (Dvec(W§+l)L(W)) =(I® Wy Wi X)Wy --- W1 X)T)
= (I®WH---W1XXTW1T-~-W§),
where ® denotes the Kronecker product of two matrices. Notice that 7 (W) is positive semidefinite.

Since X X7 is full rank, whenever Wy --- W7 # 0 there exists a strictly positive eigenvalue in
H (W), which means that there exists an increasing direction. So W cannot be a local maximum.

The case where Wy --- W; = 0 requires a bit more careful treatment. Note that this case corre-
sponds to where we have degenerate critical points, which are in many cases much harder to handle.

For any arbitrary e > 0, we describe a procedure that perturbs the matrices Wi, ..., Wgy1 by
perturbations sampled from Frobenius norm balls of radius € centered at 0, which we will denote as
Bi(e),i=1,..., H+1. LetU(B;(¢)) be the uniform distribution over the ball 53;(¢). The algorithm
goes as the following:

1. Forie {1,...,H + 1}

1.1. Sample A; ~ U(B;(¢€)), and define V; = W; + A,;.
1.2, ¥Wyyq - Wig1Vi- - Vi # 0, stop and return i* = 4.

First, recall that the set of rank-deficient matrices have Lebesgue measure zero, so for any sample
A; ~ U(B;(€)), V; = W; + A, has full rank with probability 1. If we proceed the for loop until
1 = H+1, we have a full-rank Vg - - - V; with probability 1, which means that the algorithm must
return ¢* € {1,..., H + 1} with probability 1. Notice that before and after the i*-th iteration, we
have

Wai1 - WisVie_q - V1 =0,
Whyr - Wiga Ve - Vi = Whg - Wi dn (Wi + A ) Vi -+ V1 £ 0.

This means that if we define A = Weg1 - Wie g1 Vi _1 -+ - V1, then A £ 0. Also, notice that
WH+1 T Wi*+1(Wi* — Ai*)Vi*,l V= _A.

Now, define two points

U = (Vi,. oo, Vie g, Wie + Die, Win i1y oo, W),
UB = (V.. Vi1, Wie — Dje, Wis 1, oo, Wirga),

and notice that they are all in the neighborhood of W, that is, the Cartesian product of e-radius balls
centered at W1, . .., Wg. Moreover, we have

1 1
LOW) = 0-X ~ Y[ = L v,
1 > 1 Tie 2 J»
LW :fHAX—YH Y fHAXH _(AXY
) =3 =3I+ - (Axy),
1y - > ] Lie 12 .
L) =g ||-Ax -y =S I¥IF+3 AXF+<AX,Y>,

from which we can see that at least one of L(W) < L(UM) or L(W) < L(U®) must hold. This
shows that for any € > 0, there is a point U in e-neighborhood of W with a strictly greater function
value L(U). This proves that W cannot be a local maximum. O

13
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C DEFERRED PROOFS

C.1 PROOF OF PROPOSITION[3.1]
In case of k < min{d,, d,}, we can decompose the loss function in the following way:
IRX - Y% = |RX - YXT(XXT)'X + VYX"(xXT)'X - Y|
= |RX — Y XT(XXT) X+ [y XT(XXT)" X — V|5
+2tr(YXT(XXT) X - V)(RX - YXT(xxT)~'x)T).

Let us take a close look into the last term in the RHS. Note that Y X7 (X XT)~1 X is the orthogonal
projection of Y onto row (X)), so each row of Y X7 (X XT)~1X — Y must be in null(X). Also,

(RX - YXT(xXT)'x)T = XT(RT — (xxT)~1xYT).

Itis X7 right-multiplied with some matrix, so its columns must lie in col(XT) = row(X). By the
fact that null(X)* = row(X),

YXT(XXT) X - YV)(RX - YXT(xxT)'1x)T =0,
thus 1 1
T Ty\—1 2 T TN—1 2
Lo(R) = 5 [|RX = YXT(XXT) 71X + 5 [y X T (X X)X -
holds.

Now, (@) becomes a problem of minimizing ||[RX — Y X7(XXT)~1X Hi subject to the rank con-

straint rank( R% < k. The optimal solution for this is obtained when RX is the k-rank approxi-
mation of Y X7 (X XT)~1X. Then, k-rank approximation of Y X7 (X X7)~1X can be expressed

as UUTY X T(X X7~ 1X where U is unique due to our assumption that all singular values are
distinct. Therefore, o

R =00y x"(xx*)~!
is the unique global minimum solution of (Z) when k& < min{d,, d,}.

C.2 PROOF OF LEMMA[3.2]

L(Wl, - ,Wi—hWi + Ai7Wi+17 S ,WH+1)
1
=5 Waa - Wipa (Wi + A) Wiy - WX — Yl

1
=3 W1+ WiX =Y + Wirgr - Wi AWy - Wi X |7
=L(W) + tr(Was1 - Wit AWy -+ Wi X)T (Wigr - WiX = Y)) + O(|Aill)
=L(W) +trx(Why - Why(Wia - Wi X =YV)X W] - W AT) + O A7)
From this, we can conclude that

oL
ow;

W W (Wa - WX — Y)XTWT W

C.3 PROOF OF LEMMA[3.3]

1. Since ATA = 02, (A)I, BTATAB = 02, (A)BT B. Then

min ( min (

|AB|ly = te(BTATAB) > o2, (A) tr(BTB) = 02, (A) | B[ -

2. Since BBT = o2, (B)I, ABBTAT = o2, (B)AAT. Then

min

||ABHF =tr(BTATAB) = tr(ABBT AT) > o2, (B) tr(AAT) = 02, (B) ||A||127.

min

14
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