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Abstract

Temporal difference (TD) learning is a fundamental algorithm for estimating value
functions in reinforcement learning. Recent finite-time analyses of TD with linear
function approximation quantify its theoretical convergence rate. However, they
typically require algorithm parameters that depend on problem-dependent quanti-
ties that are difficult to estimate in practice, such as the minimum eigenvalue of the
feature covariance (w), or the mixing time of the underlying Markov chain (7yix)-
Furthermore, some analyses require non-standard, impractical algorithmic modifi-
cations, limiting adoption. We address these limitations by using an exponential
step-size schedule with the standard TD(0) algorithm. We analyze this method
under two standard sampling regimes: independent and identically distributed
(i.i.d.) sampling from the stationary distribution, and the more practical Markovian
sampling from a single trajectory. Unlike previous works in the i.i.d. setting, the
proposed algorithm requires no knowledge of such problem-dependent quantities
and simultaneously attains the optimal bias-variance trade-off for the last iterate. In
the Markovian setting, we propose a regularized TD(0) algorithm with exponential
step-size schedule that achieves a similar convergence rate as previous works while
requiring no projections, no averaging, and no knowledge of 7, or w.

1 Introduction

Reinforcement learning (RL) is a general framework for sequential decision making under uncertainty
and has been successful in various real-world applications, such as robotics (Kober et al., [2013)
and aligning language models (Uc-Cetina et al |2023). Value functions underpin value-based
algorithms (Sutton and Barto, [2018) and play an important role in actor-critic methods (Konda and
Tsitsiklis|, [1999). Hence, efficiently calculating the value function for a given policy is a key building
block in RL.

Temporal-difference (TD) learning (Sutton, | 1988) is an incremental policy-evaluation algorithm that
iteratively updates a value-function estimate via bootstrapping. It is efficient to implement and, as
opposed to the tabular case, scales to large state-action spaces with linear function approximation.
Given the algorithm’s importance, a large body of theoretical work analyzes the convergence of TD
with linear function approximation (Tsitsiklis and Roy, [1997; Dalal et al., [2018; |Lakshminarayanan
and Szepesvaril 2018 Mou et al., [2020; [Bhandari et al., 2018} [Patil et al., [2023; [Samsonov et al.}
2024) and its variants (Liu and Olshevsky, |2021; Mustafin et al., 2024)). However, many analyzed
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algorithms (i) rely on difficult-to-estimate problem-dependent parameters and/or (ii) use nonstandard
modifications such as projections onto a ball or iterate averaging. These modifications are uncommon
in practice, leaving a gap between theory and practice. In this paper, we aim to design a theoretically
principled TD algorithm with minimal modifications that does not require any difficult-to-estimate
problem-dependent constants.

To this end, we first consider the independent and identically distributed (i.i.d.) sampling regime,
where states are sampled from the stationary distribution of the underlying Markov chain for the
evaluated policy. The i.i.d. sampling regime is often used as a testbed for designing and analyzing
policy-evaluation algorithms (Lakshminarayanan and Szepesvari, 2018} Dalal et al.,[2018; |Bhandari
et al., 2018 [Patil et al., 2023 |[Samsonov et al.,|2024). In this regime, [Dalal et al.| (2018) analyze
the TD(0) algorithm using tools from stochastic approximation. They explicitly trade off bias (the
rate at which the influence of initialization vanishes) and variance (from i.i.d. sampling) for the last
iterate. Follow-up work by |Bhandari et al.| (2018)) relates TD to stochastic gradient descent (SGD)
and uses optimization tools to analyze TD. They study three step-size schedules (see Table[T) under
i.i.d. sampling. Some require knowledge of the smallest eigenvalue of the state-weighted feature
covariance w, while others yield slower rates. While these rates hold for the last iterate, they do not
achieve the optimal bias-variance trade-off. More recent work (Patil et al., 2023 |Samsonov et al.,
2024])) uses tail averaging to achieve the optimal bias-variance trade-off without problem-dependent
constants, but averaging iterates differs from typical practical implementations of TD.

Contribution 1. For TD(0) with linear function approximation under i.i.d. sampling, we take an
optimization lens similar to|Bhandari et al.|(2018)) and develop a TD algorithm that uses exponentially
decaying step-sizes (Li et al.|[2021)). Such exponential decaying step-sizes have been used with SGD
for minimizing smooth, strongly convex objectives (Vaswani et al.,[2022). Although the TD(0) update
shares certain properties with SGD, it is not the gradient of a fixed objective. Nevertheless, we prove
that TD(0) with exponentially decaying step-sizes achieves the optimal bias-variance trade-off for the
last iterate without requiring knowledge of problem-dependent constants such as w (Section [3).

Direct access to the stationary distribution is unrealistic, so the i.i.d. regime is impractical. Conse-
quently, many theoretical works analyze TD(0) with Markovian sampling (Bhandari et al.| 2018}
Samsonov et al. [2024; |Patil et al., 2023; Mou et al.| 2020). In this setting, data are collected along
a single Markovian trajectory, introducing temporal dependence that complicates analysis. To en-
able analysis, prior work often assumes fast mixing so the state distribution approaches stationarity
exponentially quickly. Under this assumption, Bhandari et al.|(2018)) analyze a projected variant of
TD(0) under three step-size schedules. Similar to the i.i.d. case, the algorithm does not achieve the
optimal trade-off between bias and dependence on the mixing time. Moreover, the projection step
is nonstandard in practice and requires w. More recent Markovian analyses fall into two categories:
(i) Srikant and Ying| (2019); Mitra (2025)), which control correlations between consecutive samples
and prove convergence without projection; and (ii) [Samsonov et al.| (2024); Patil et al.|(2023), which
study TD with data drop, a nonstandard variant that does not explicitly analyze the consecutive
sample correlations. Both approaches can achieve the optimal trade-off between bias and mixing-
time dependence, but they require knowledge of the mixing time (hard to estimate) and prove only
average-iterate convergence. Furthermore, algorithms that discard samples (Samsonov et al., [2024;
Patil et al., 2023) are sample-inefficient.

Contribution 2. In the Markovian sampling regime, we show that standard TD(0) with linear function
approximation, using similar exponentially decaying step-sizes, achieves the optimal bias-mixing
time trade-off. Furthermore, the algorithm requires neither impractical modifications, such as such as
projections, iterate averaging or data drop, nor knowledge of the mixing time (Section4.T). However,
it still requires w. To remove this requirement, we consider a regularized variant of TD(0) (Patil
et al.| 2023) with exponentially decaying step-sizes. Unlike Patil et al.[(2023)), who use regularization
to improve constants, we use it to make the algorithm parameter free. In Section 4.2} we show
that regularized TD(0) retains the benefits of standard TD(0) while removing the need for any
hard-to-estimate problem-dependent constants.

Table[T] compares our results with prior work by convergence rate, required parameters, projection,
and whether average- or last-iterate convergence is guaranteed. The rest of the paper is organized
as follows: Section [2|formalizes the problem and notation and introduces TD(0) with exponentially
decaying step-sizes. Section [3]presents the i.i.d. analysis. Section[d]extends the analysis to Markovian
sampling. Section[.2]establishes our parameter-free regularized TD(0) guarantees.
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Table 1: Comparison of our method and other methods. w is the smallest eigenvalue of the state
feature covariance matrix, 7" is the number of updates, Tix is the mixing time of the Markov chain as
defined in Eq. (E[), m and p are Tyx related constants defined in Deﬁnition@ Our i.i.d. result and
our regularized TD(0) result under Markovian sampling require no projections, no prior knowledge
of Tmix Or w, and no iterate averaging.

2 Problem Formulation

In this section, we formalize the setting and notation: the Markov decision process (MDP) and TD(0),
linear value-function approximation and assumptions, and an exponential step-size schedule.

Markov decision process. We consider a discounted MDP M = (S, A, «, Py, po,7,7), where
S is the state space, A is the action space, 7 is a fixed policy mapping each state s € S to a
distribution over actions in A, P, € RISIXISI ig the transition matrix induced by 7 with entries
(Pr)ij 2 P(si1 = s;j | 8¢ = s;), po is the initial state distribution, r : S x A — R is the reward
function, and v € (0, 1] is the discount factor. At time ¢, an action a; ~ 7(- | s¢) is selected, the next
state s;41 ~ Py (- | s¢) is sampled, and a reward (s, a;) is received. Because the policy = is fixed,
we define the expected immediate reward as r(s) £ Eq () [7(s, a)]. For simplicity, we assume
r(s) € [0,1]. Iterating this interaction produces a trajectory 7 = (so, ag, $1, . . . ) with distribution
pr(7) under policy 7. Let u, denote the stationary state distribution induced by 7. The initial state
distribution po may differ from pi,. The state distribution at time ¢ is PLyuo. The value function
V™ gives the expected cumulative discounted reward starting from po and following policy 7 i.e.

VT(8) = Erpr (o) [Dimo 17 (80)]-

Sampling is considered in three regimes: mean-path, i.i.d., and Markovian. In the mean-path setting,
expectations are evaluated exactly under pi. In the i.i.d. setting, samples are independent draws from
1. In the Markovian setting, the process starts from p and evolves along a single trajectory.

With these sampling regimes in place, we now turn to policy evaluation for 7 using TD methods.
Given data from the Markov chain induced by 7, TD learning estimates the value function. In
particular, given a sampled transition (s, at, s;) at iteration ¢, TD with one-step bootstrapping
(referred to as TD(0)) updates the value estimate using the following equation:

V(st) < V(se) + e (r(se) + 4V (s}) = Visy)), (TD(0) update)



where 7 > 0 is the step-size at time ¢. For simplicity, we omit the superscript 7 in V™.

Linear value function approximation. The above TD(0) update is done on a per-state basis, and
becomes computationally expensive for MDPs with a large state space. Consequently, previous works
(Tsitsiklis and Roy, |1997; |Bhandari et al., 2018)) consider a linear approximation of the value function.
Specifically, for parameters w € R? to be estimated, these works assume that V,,(s) = w ' ¢(s),
where ¢(s) € R? is the known feature vector of state s. Given a sampled transition (s;, a;, s} ), the
linear TD(0) update (Sutton, [1988) is given as:

W1 = Wt + M (T(St) + vw;¢(s;) - th¢(5t)) B(s¢)
= wy + Mg (wy) -

where g;(w;) = (r(s¢) +yw/ ¢(s}) — w, ¢(s¢)) p(s¢) is the TD(0) direction at iteration ¢ and
7 is the corresponding step-size. To analyze convergence, we adopt the following standard MDP
assumptions:

ey

Assumption 2.1. The Markov chain induced by policy = is irreducible and aperiodic, and there exists
a unique stationary distribution .

It is convenient to define the expected TD(0) update direction g¢(w) where
the expectation is over the stationary distribution i . In particular, g(w) :=
Egmpin,simp(ls) [0(5) (r(s) + (vp(s") — ¢(s)) Tw)], referred to as the mean-path update.

The next assumption concerns the feature vectors used in the linear approximation. Let n denote
the number of states. Define ® € R"*9 as the feature matrix whose i-th row is ¢(s;) ", and

D := diag(pr(s1), ..., r(Sn)) as the diagonal matrix of stationary state probabilities. Finally, let
¥ := & D®, and let w denote its smallest eigenvalue.
Assumption 2.2. The feature matrix ® = [¢(s1)",...,¢(s,) "] € R™? has full column rank,

which ensures a unique solution w*. In addition, ||¢(s)||* < 1 for all s.

Under Assumption [2.T]and Assumption [2.2] TD(0) with suitable step-size 7, converges to the unique
fixed point w* with g(w*) = 0 (Bhandari et al., 2018). We next study how to choose 7; in the TD(0)
update (T)) for robust and efficient convergence.

Exponential step-size schedule. We adopt an exponential schedule (L1 et al.,|2021)). For a fixed
number of iterations T', set ; = 1o o' with a = (1/7)"/". This schedule is effective for smooth,
strongly convex problems and adapts to noise without prior knowledge of its level.

3 Exponential step-size with i.i.d. sampling

Prior analyses under the i.i.d. sampling either set step sizes using problem-dependent constants
(Bhandari et al.l 2018} Mustafin et al., [2024) or provide guarantees only for an averaged iterate
(Bhandari et al.| |2018}; [Samsonov et al.| [2024]), limiting practical utility. We adopt an exponential step-
size schedule and develop a problem-dependent parameter-free variant of TD(0) for i.i.d. sampling,
and establish a last-iterate guarantee. We first present optimization style lemmas that we will use, and
then show how the exponential schedule delivers our objective.

We first provide an one step expansion as follows.
E [werr — w*|?] = w, — w*|
+ 200 Es, o, [9e(we) T (wr — w)] + 1B, [ge(we) 7]
The expectation is taken over the i.i.d. sampling from the stationary distribution p,. We omit the

subscript in the following for brevity. Following we provide lemmas that give upper bounds on the
red and blue terms. The red term can be analyzed using the following lemmas.

Lemma 3.1. [Lemma 3 from |Bhandari et al| (2018)] Under the i.id. sampling,
E [(w* — w)Tgt(w)} > (1 =) ||Vig — Vi %, Yw, w* € R4

This is analogous to a one-point strong monotonicity (or strong convexity) condition in optimization
analysis. It lower bounds the alignment between the direction w* — w; from the optimum to the

current iterate, and the update direction g;(w) by the value-space error ||V, — Vi, %.




Lemma 3.2. [Extended Lemma 1 from |Bhandari et al.| (2018)] Under the i.i.d. sampling,
wllwy = wa|* < [[Vio, = Vi, | = l[wn — wall5; < [lwy — wa]*, Yaoy, wy € RY.

This lemma lower bounds ||V,,, — Vi, Hi, with w [|[wy — ws ||, allowing us to use strong convexity
like arguments from the optimization literature. Using these lemmas, we can bound the red term as
follows:

2 g (wy) T (wy — w*)] < —2n (1 — ) w [Jwe — w*||>.

In order to bound the blue term, we use the following lemma.
Lemma 3.3. [Lemma 5 from|Bhandari et al.| (2018)] Under the i.i.d. sampling, E [Hgt(w) ||2} <
202 + 8|V — Vi ||3D, where 02 = E [Hgt(w*)HQ}

o2 is the variance of the TD update at the optimum. This lemma is analogous to the variance control
in optimization.

Combining these bounds on the red and blue terms and setting 179 < 1_77, we get the following
bound:

E [lwesr — w*|?]

<JJwy — w*||* (1=2m0’ (1 — 7)w) + 2n5a* o>

Taking expectation over ¢ € [T] and using the fact (1 — z) < e~*, we have

E [lwr — w*|?]

<Jlewo — w*||? exp (—nowu —9) Zaf>

t=1

T T
+ 2002 Z o* exp (—now(l —-7) Z ai> .

t=1 i=t+1

aT 1

As shown in Appendix E, the exponential step-size yields Zthl at > —= and

= T ~ InT
2321 o exp (— E?:t 41 ai) < O(%) The exponential step-size achieves bias-variance
trade-off without iterate averaging (Patil et al., [2023} Samsonov et al., [2024). Combining these
bounds with the TD(0) recursion under i.i.d. sampling gives the final convergence rate:

Theorem 3.4. Under Assumption and TD(0) under the i.i.d. sampling from stationary
distribution with n; = nooy, where ng = 1 o = ot = %t/T, o = %I/T, has the following

S
convergence:
E [[lwry1 —w*|?]
ol

<y~ [Peexp (—mwlt -2
802  In®T

Tl — ) T

wmmﬁzEwﬁmwﬂ.

The proof of this theorem is in Appendix [D] Compared with other methods in Table[T] TD(0) with an
exponential step-size under i.i.d. sampling attains a fast convergence rate without requiring problem-
dependent parameters, and it enables the optimal bias-variance trade-off. Moreover, our guarantee
holds for the last iterate rather than an averaged iterate, which better reflects common practice.



4 Exponential step-size with Markovian sampling

We now relax the i.i.d. assumption and consider Markovian sampling, where the TD update uses the
samples drawn sequentially from a single trajectory of the Markov chain. This setting is more realistic
because it does not assume that the samples are being drawn from the stationary distribution. It is
also more practical since the TD algorithm can effectively use all the samples obtained by interacting
with the environment. However, since the samples are temporally correlated, the update direction is
biased relative to the mean-path update. In particular, when the chain is not at stationarity then in
general E [g;(w;¢)] # g(wy). This will require controlling an additional error term.

In order to do so, we will use the property that the Markov chain is fast-mixing. This is a standard
assumption in the analysis of the TD algorithm (Bhandari et al.l |2018}; Mitra, [2025). In particular,
under Assumption the t-step state distribution pg P! started from any po converges to the
stationary distribution y,, geometrically fast, i.e.,
sup dTV (P7t|-/'L07 ,LL,T) < mPtth € NOv (2)
Ho
where dry is the total variation distance, and initial distance m and mixing speed p € (0, 1) are
positive constants that depend on the underlying Markov chain. This deviation from stationarity is
quantified via the mixing time.

Definition 4.1. Define the mixing time as 75 = min{t € Ny | mp' < 6}, where 6 € (0,1).

We define 7, as 75 for an appropriate J to be determined later.

Using this property of fast-mixing, |Bhandari et al.| (2018]); [Mitra (2025) controlled the error term
from Markvovian sampling. In particular, the analysis in[Bhandari et al.| (2018) requires projecting
the iterates onto a bounded set containing w*. This projection step is non-standard in practice, and
requires the knowledge of w.|Mitral (2025)) avoids this projection step by using an induction argument
to show the iterates remain bounded. However, they can only prove convergence for the average
iterate (obtained by Polyak-Rupert averaging) and require the knowledge of both 7,;x and w. Unlike
the analysis in |Mitra (2025)), we show that using exponential step-sizes allow us to prove convergence
for the last iterate without knowledge of 7,;x. Moreover, to the remove dependence on w, we use the
regularized TD(0) update in [Patil et al.|(2023)). The regularized TD(0) update at iteration ¢ is given by

wip1 = we + Meg; (W),  where,
g1 (W) := ¢(s1) (r(se) + (v0(se11) — ¢(s4)) Tw) — A
= gi(w) — Aw,

where A > 0 is the strength of regularization. The corresponding mean-path regularized direction is
defined as

9" (w) = E [¢(s:) (r(se) + (v9(s011) — ¢(s5¢)) "w)] = dw
= g(w) — Mw.

We define w as the fixed point of the regularized TD(0) update satisfying ¢” (w;) = 0. Note that the
standard TD(0) update involving g:(w) is a special case of g} (w) with A = 0. We now establish the
properties shared by both the regularized and standard TD(0) variants.

In particular, we first show that the following two lemmas provide upper bounds of ||g; (w)|| and
lg" (w)]| for the regularized and standard TD(0) variants.

Lemma 4.2. For stochastic update g;, we have
lgt (W) < 2+ A) [[w — wrl| + (3 + )¢,
where ¢ = max{1, ||wX| }.

For standard TD(0) corresponding to A = 0,
case, ¢ = max{1, ||lw*||}.

gy (w)]] < 2||lw—wk| + 3¢. Since w* = w in this

Lemma 4.3. For mean-path update g", we have
lg" ()l < 2+ A) [lw —wr],
where ( = max{l, |w}||}. For standard TD(0) corresponding to A\ = 0,

g"(w)|| < 2w —wi].



For Markovian sampling, we show that the fast-mixing property in Eq. (2) implies the following
result.

Lemma 4.4. For any initial state distribution ji, state distribution as time t is PLyug. For any w,

when t > 5,
| Esim P 97 (w)] = g"(w)|| <22+ X)3 (lw]| +1). 3)

For standard TD(0) corresponding to A = simPtuo (9t (w)] — g(w)]| < 46 [|w]| + 1.

For the initial step-size 7 in the TD(0) update, for the fixed 7', we set § and define 7,x as follows:

"o
0= ot 5 mix — . 4
2@+ NT ¢ =T @)
By Eq. ' when T' > W ensures that 7' > 71, := W. Furthermore,
using Lemma[4.4]ensures that the folowing property holds for all ¢ > Tyiy,
[Esinpruo 97 (w)] = g"(w)]| <o (Ilwll +1) )
=nr (IIwH +1),

where 7y and 7 are the step-sizes at iterations ¢ = 0 and ¢ = 7" in the exponential step-size schedule
1; = noat, respectively. The above equation shows that the deviation of expectation between the
update direction at iteration ¢, g;(w) and the corresponding mean-path update g(w) becomes small
once t > Tmix-

In the next step of the proof, we bound one-step progress similar to the i.i.d. case in Section[3] In
particular, we separate the Markovian component g (w;) — g" (w;) from the corresponding mean-path
term, and use the following bound.

||wt+1 - UJ*-HQ
© Jwe — wil” + 206 (g7 (we), we —w?) + 1 |97 (we) ||
= flwe — wi | + 2] (wr) — g" (wr), wy — w})

+ 02 gy (w)l|? + 2neg” (wy), wp — w)

— Eqrpp |01 — )]

(ii) f , X . f
< flwe = wi | + 2m(g" (we), wy = wf) + 2157 [lg" (wy)|?
+2UTEM~P§I’0 [<g’tr(u"t) - gr(u"t)ﬂ wy — wi”

207 Eqnpypn |97 (0r) = g™ ()] ©)

where (i) uses the TD(0) update and (i) uses the fact that [|al|> < 2|la — b]|* + 2||b]|*. Note
that the two terms involving g7 (w:) — ¢"(w;) in red and blue capture the Markovian noise,
while the remaining terms in green only depend on mean-path quantities. Unlike the i.i.d. set-
ting, since g; and w; are correlated even after conditioning on the randomness at iteration ¢,
B, ~Ptuo [(9F (wi) — g7 (wy), wy — w;)|wy] # 0. Consequently, we follow the proof in Mitra (2025)
and use a strong induction argument to simultaneously control the red and blue terms and show
that the iterates remain bounded i.e. for a constant B(7nix) that depends on the mixing time,

—w? < B(7Tmix)-

[[wr —wi|

For this, we first note that for ¢ > 7yix, Eq. (3 allows us to bound the average discrepancy between
g7 (w) and g" (w) in terms of ||w||. Hence, in order to setup the induction we use t = Tpyx as the base
case and first show that ||w; — w|| is bounded by B(Tmix) for all t < Tpix.

Lemma 4.5. For the regularized TD(0) update with exponential step-sizes n; = mnocy, where
el ot 1YT YT .
M S mry =% =7 =7 Lif T > max{3,1/no},

V< Toie, w0y — > < B(Tmix) (Base case),

l

where B(Tmi) = exp(2(2+ A\)max{a,b}) - |wy —w’ + ||, where a m, b
B ¢ = ma{1,



With Lemma giving the bound on ||w; — w} ||2 for iterations ¢ < Tnix, the base case for the

induction is set up. We now state the inductive hypothesis for iteration ¢.

Inductive Hypothesis: For a fixed ¢, for all k < ¢, ||wj, — w*||* < B(7mix)-

Inductive Step: To complete the induction, we now need to show that for a fixed ¢, forall k < ¢+ 1,
lwi — w]|* < B(7mix). In order to do so, we use the inductive hypothesis and first prove a lemma
that controls the size of the update across Tyix iterations. Specifically, for ¢ > Tix, we bound wy in
terms of w;_,,, as follows.

Lemma 4.6. Let T > max{3, nio}, and T large enough such that 1112# < ﬁ In(T) < %, and
In(T") > max{a, b}. Suppose for all t > Ty, if |wi — w||* < B(Tmix) for all k € [t], then,

> < & B(Ti) 07 In*(T),

lwy = wi s,

and b — In(2(24+X)m)

where c3 = 2560(2 + \)?, a = 111(11/;)) In(1/p)

Next, we decompose the first Markovian error term in red for all ¢ > 7,;x. In particular,
Ee[(gi (we) — 9" (we),we —wp)] =Th + To + T3 + Ty
s.t T1 = ]Et[<wt — Wi—ry, 91 (We) — g" (wr))],
E¢[(wi— s — wy, g7 (wi— ‘rm> = 9" (Wi—r )],
Ts —]Et[<wtfrmix —wy, g; (i) — g (wt ) s
Ty = E¢[(wi—rp — wi's §" (Wi, ) — 9" (we))].

Note that terms 73, T5 and T can be bounded deterministically by using Young’s inequality. In
particular, T; can be bounded using Lemma [4.6]and the uniform bound on || gi (w 7(w)|| and ||g" (w)]]
glven by Lemma4.2|and Lemma@ Terms 75 and T can be bounded by usmg the Lipschitzness
of g", Lemma.6[and using the inductive hypothesis to bound ||w;_, . — w}||. For T5, we use the
bound from Eq. (5) after conditioning on w;_r,, . Summing these four terms yields the following
lemma:

Lemma 4.7. Let T > max{S oo} and T' large enough such that In’ (T) < 5 Inng) < ¢ and

In(T) > max{a, b}. Fort > Ty, suppose ||wy — wX||* < B(Tmix) for all kelt ] Then:

E¢ [{g; (wt) — g"(wy), we — wy)]
gc e IHZ(T) B(Tmix)7
where C = Cy + 34 2Cy, C = § and Cy = %52, ¢y = 2560(2 + N2 and co = 4(2+ )\)2
4B34+N°+2(2+ N>

Finally, using the inductive hypothesis and the uniform bound on ||g} (w)|| and ||g" (w)]||, we can show
that the blue term in Eq. (@) can be deterministically bounded in terms of B(7yx). The following
lemma provides this bound.

Lemma 4.8. Assuming |wy — w?||*> < B(Tmix), Vk € [t], then we have
Eomptu |95 () = g (w)]]*] < C'B(7),
where C" = 10(3 + )2

In order to complete the inductive step, we will use Eq. (6) and the bounds on the red and blue terms
along with the mean-path analysis for the green term to show that ||w;41 — w?*||* < B(7mix) and

therefore for all k < ¢ + 1, [|w, — w} ||2 < B(Tmix)- For this last step, the analysis for the standard
and regularized TD(0) updates is different, and we handle them separately.

4.1 Standard TD(0)

We use the above lemmas with A = 0. Consequently, w; = w* and ¢"(w) = g(w) where g(w*) = 0.
The following lemma shows that if the initial step-size 7y is small enough, then we can use the

inductive hypothesis to show that [Jw; 1 — w?||> < B(7mix)-



Lemma 4.9. For the standard TD(0) update, when T > max{3, n%’ % Y}, and T large enough

such that "0 < 1 (D) <1 ng In(T) > max{a, b}, for a fixed t, if ||wy — w*HQ < B(Tiix)
fOr all k < tj;li’ldi o = b - [ ’ r = mix

(I —9)w
[C n*(T) +C1’

<
770_2

then ||wit1 — w*||> < B(Tmix), and hence, ||wy — wi||> < B(Tmix) forall k < t + 1.

This completes the induction for standard TD(0), and shows that for all ¢ € [T], |lw; — w*||* <
B(Tmix). Using Lemma4.7] this also implies that the red term in Eq. (6) is bounded for all ¢ € [T
Similarly, the blue term is also bounded for all ¢ € [T'] as shown in Lemma[4.8] Putting together
these results, we state the complete theorem for the standard TD(0) update.

Theorem 4.10. The standard TD(0) update with exponential step-sizes ny = mnooy, where ng =

%, o = ol = % /T, and T > max{nio, %}, and T large enough such that

IHZET) <4 ln(TT) < 1. and In(T) > max{a, b}, achieves the following convergence rate:

2a’
* (12
E [Jwrs —w|’]

o{en(-0) (2 )

where m and p are related to mixing time as Tpyix = %.

The complete proof can be found in Appendix [El Comparing with other methods in Table|[I] standard
TD(0) with exponential step-size achieves a fast convergence rate without requiring projection onto a
bounded set. In addition, our guarantee is for the last iterate. Compared with our i.i.d. sampling result
in Section 3] the rate under Markovian sampling is comparable. While it requires problem-dependent
parameter w to set the initial step-size 7)y. In the next subsection, we will show that regularized TD(0)
update solves the w dependence.

4.2 Regularized TD(0)

In this section, we provide analysis for regularized TD(0). The following theorem provides the

step-size condition that, under the inductive hypothesis, ensures ||w; — w?||*> < B(mix) for all
t e [T].

Lemma 4.11. For the regularized TD(0) update, when T > max{3 L M} and

o In(1/p)
T large enough such that mz# < i, ID(TT) < %, and In(T) > max{a,b}, for a fixed t, if

lwi — wX||* < B(Tix) for all k < t. When the step-size satisfies

A
[C In*(T) + C"] + (8 +2)2)’

No <

then ||wi1 — wi||> < B(Tmix), and hence, |wy — wi||> < B(Tmix) forall k < t + 1.

This completes the induction for regularized TD(0). Comparing with the step-size requirement in
Lemma[.9] regularized TD(0) removes the requirement of w. Similar to standard TD(0), together
with Lemma and Lemma we have upper bounds for red and blue terms for ¢ € [T']. Having
bounded all terms in the one-step expansion for all ¢ € [T'], we combine these bounds and state the
final convergence rate, also accounting for the distance between w; and w*.

Theorem 4.12. Apply reguarlized TD(0) with exponential step-size 1n; = mooy, where 19 =

A _ ot YT 1 In(2Q24N)Tm/n0)
OOy M = ot =7, and T > max{ -, =507 51}, and T large enough
In(T)

such that m < i 7 < %, and In(T) > max{a,b}, and \ = 1/VT, where a = 71n(11/p) and




b= BEEENM) 1oy e have the convergence rate:

In(1/p)
E [HwTﬂ - W*HQ}
wVT 1n4(T) ( m )
=0| exp| — + expl —— | |,
( p( ln3(T)> 2T “P\m/p)
ixing ti . — In(@R+NTm/no)
where m and p are related to mixing time as Ty = T(1/p) .

We leave the complete proof of above lemmas and theorems to the appendix. Comparing to the
methods in Table[T] our method requires no projection onto a bounded set or any prior knowledge of
problem-dependent parameters. In addition, our guarantee is for the last iterate, which is often more
practical than iterate averaging.

5 Conclusion

In this paper, we address a fundamental challenge in temporal difference (TD) learning: the sensitivity
to step-size selection and the reliance on unknown problem parameters by using an exponential step-
size (1/ T)t/ T that keeps strong theory while removing such requirements. Our main contributions
are: First, our method needs no prior knowledge of problem-dependent constants under both i.i.d. and
Markovian sampling and, in the Markovian case, avoids projections. Second, prove finite-time, last-
iterate convergence guarantees in both settings. These results indicate a possible gain in practicality
for TD learning, with some reduction in step-size tuning required.
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A Additional Inequalities Used in the Proofs

There are other inequalities regarding g(w) that we used in the proofs, we also list them here for
completeness.

—g is 2-Lipschitz. i.e. |g(w1) — g(ws)|| < 2||wy — wa||.

Proof.
lg(w1) = gw2)ll = Esmpi,s0rimPrpin [|9(50)(0(50) = 6(5011)) " (w1 — w2)|] o
< 2||lwy — wel|.
O
—gy is 2-Lipschitz. i.e. ||g;(w1) — gi(w2)]| < 2]Jwy — w2l
Proof.
lgi(w1) = gi(wa)|| = || [d(s0)(B(s1) = vb(5041)) ] (w1 — wo)]| ®
< 2[|lwy — wel|.
O
Equation 7 and 8 in Mitral (2025).
lge(w)l| < 2w —w™[| + 4¢, )
where ¢ = max{1, ||w*||}. Since g(w*) = 0, we have
lg(w)ll < 2w —w"|. (10)

B Constant step-size with mean-path update

Follow the vanilla TD(0) update proof in Bhandari et al.|(2018)),

Theorem B.1. For the mean-path TD(0) update with a constant step-size 1 < 1_T7, the algorithm
achieves the following convergence rate:

lwr — w*||* < exp (=n(1 =)o) [[lwy —w*[3] -
Hence, to obtain accuracy |wr — w*|| < €, we need O (() log (1)) gradient evaluations.
Proof. With the update w;1 = wy + ng(w;)
s = w2 = flwe — w*)|* + 2ng(we) T (we —w*) +n?|g(we) 2.
lwesr = w*|? = Jwe —w* || + 2ng(we) T (we — w*) +n*|lg(w)||?
< Jlwe —w*||? = (2n(1 — ) — 87%) ||Vip — Vi, |5, (by Lemma[3.1]Lemma[3:3)
< Jlwe = w*|* = n(1 = Vi = Vi 1B (< (1-7)/8)
< Jlwe = w*|* = (1 = Ywlwe —w*|?. (by Lemma[3.2)
=1 =01 = y)w)we — w|?
Recurrsing over ¢t € [T], we have
lwr —w*|* < (1 =01 = y)w)” [lwr —w|?].
Since (1 —n(1 —7)w) < exp (—n(1 —7)w),
lwr — w*[|* < exp (=n(1 = y)wT)|Jwr —w|*.

Then for € accuracy, the gradient computation is O(% log (%) ). O
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C Constant step-size with i.i.d sampling

In the following sections, we assume that we have access to i.i.d. observations from the stationary
distribution. Follow the vanilla TD(0) update proof in [Bhandari et al.| (2018)),

Theorem C.1. Ifthe sampling data are from i.i.d observation, let the constant stepsizen < (1—-)/8,
we have the following convergence rate:

202
(1=’

Then to obtain accuracy E||6, — 6*|| < €, we need total gradient computation O (=) log (1))
1) oo }

E [[lwr — w*[*] < exp (=n(1 = y)wT)|wy —w*|* + 1

with step-size satisfying n < min {

Proof. With the update w; 11 = w + g (wy)
lwerr = w*(|* = [Jwe — w*||* + 2ngs(we) " (wy — w*) + 12|l ge(we) |-
Taking expectation over the i.i.d samples, we have

E [lwepr — w*|?] = [lwe — w* || + 20Eg, o, [ge(we) " (w0 — w)] 4+ 0°E [[lge(we)|1?]
< [lwy — w*|* = (2n(1 =) = 8n%) [|Vir — Vi |} + 200

(by Lemma[3.1| Lemma [3.3))
< Jlwe = w* | = (1 = V) Vaor = Vao, |15 + 20°0 (< (1-7)/8)
< oy — w | = (1 =yl — w2+ 2202 (by Lemma[2)
Taking expectation over ¢ € [T, we have
* |12 T * 2
E [Jwr — w*[[2] < (1 = (1 = )T [[lwr — w*|?] + 220 Z 1= (1= 7))’
Since (1 —n(1 = 7)w) < exp (—n(1 - 7)w),
20

E — w2l < (1 = NwT —w*||? + p—-o.
[[lwr —w*|[*] < exp(=n(1 —=y)wT)|jwr —w|| T e

Then for e accuracy, select < min{@, %} the gradient computation is

O(Wlog( )) =O(€w2 log( )) O
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D Exponential step-size with i.i.d sampling proof

We now complete the proof of Theorem [3.4]
Theorem 3.4. Under Assumption 2.1 and 2.2] TD(0) under the i.i.d. sampling from stationary

distribution with n; = nooy, where ng = %, ap = ot = %t/T, a = /T , has the following
convergence:
E [|lwrs1 —w*|?]
T
Sy~ [Peexp (—mwt )
N 802 T
e(w(l—7))?* T’
2

where 7% = E [[lgi(w")]-

Proof. With the update w11 = wy + g+ (wy)

lwes — w1 = [lwe = w*|* + 2mege(we) T (we — w*) + 17 [l ge (we) |-

Taking expectation over the i.i.d samples, we have

E [lwerr = w*|*] = llwe — 0| + 20¢Esym i sisamPrsn [96(w0) T (w0 = w*)] + 0By 1 Prgi (196 (w0) 1]
< flwe = w*|* = (201 =) = 807) Vi = Vo, | + 200
(by Lemma[3.1] Lemma 3.3))
< wy = w*||? = (1 = P Vior = Vi, | + 2070 (n<(1-7)/8)
< e — 0P = (1 = wlfwn — w2 + 2002, (by Lemma[3)

Taking expectation over ¢ € [T] and unrolling, we have

T T
E [lwr — w*[|*] < flwo — w*|? H (1 —now(1 — ) + 20708 Za% H (1 —now(1 —y)at)
t=1 i=t+1

T T
< o — w* |2 exp | —mow(1 — 5 za +2a2n32a2texp<—now<1—wZai>.
t=1 i 1

W—/
X Y

Applying Lemma [FI]to the first term, we have
T
lwo — w*||* exp ( now(1l — Za >
t=

* (12 T
<l = 0l exp( ~mtt =) (55 ~ 07
1

<Jhwo —w* IQexp(W(1 —Wmm) e"p< lt =) h?é))

* aT
§||w0 —w H2e exp <_7]0W(1 — 7%ﬂ()>

< 1whenT > 3, thus exp(now(l — )ln(T)) <e

(HOSLUJSL( )<1’1n(T)
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And applying Lemma|[F.2]to the second term, we have

T T ]
> aexp <—now(1 -7y a’)
t=1 i 1

<46Xp(now(1 = V)ﬁ) In2(T)
e (nw(l—n))? T

de In?(T) .
SEQ (nOW(l _ ’7))2 2T (eXp('r]Ow(l - ’Y)m) <e)
4 In*(7)

e (now(l —))* T

Putting two terms together, we have the convergence result:

ol ) 802 In?(T)

¥ 12 < k2 _ _ .
B [y 1] < o — w7 eexp (mesl = 3) s ) + =T

E Exponential step-size with Markovian sampling

Here we analyze standard TD(0) and its regularized variant with an exponential step-size under
Markovian sampling. We include standard TD(0) for reference and focus on regularized TD(0)
because it requires no problem-dependent parameters. The regularized update at iteration ¢ is

g7 (w) = ¢(s¢) (1(se) + (v(se41) — B(s¢)) Tw) — Aw
= g:(w) — dw.

The corresponding mean-path regularized update is 9" (w) =

EoimpirssessmPopn |0(5¢) (1(s0) + (v0(5041) — 0(s¢)) "w)] — Aw = g(w) — Aw, where P
is the transition matrix induced by 7, and pi, is the stationary distribution. We define w;: as the fixed
point of regularized TD(0) update satisfying ¢" (w;") = 0.

It is clear that the standard TD(0) update involving g;(w) is a special case of g} (w) with A = 0. We
first state the properties shared by both methods that will be used in the proofs, and then highlight the
points where their analyses differ.

Lemma E.1. [Lemma 3 from Bhandari et al.|(2018) with regularized update] For regularized TD(0)
with mean-path sampling, the following inequality holds:

(g (w),wy —w) = [(1 = 7w+ A] [w - wf]*

For standard TD(0) corresponding to A = 0, (g"(w), w} — w) > (1 — 7w [|w — w|>.

Proof. Define &, = (w} —w) T ¢(s) and &. = (w} — w) " ¢(s441). Since both s and s’ are sampled
from the stationary distribution, &, and &/ have the same marginal distribution. Using the expression
for g",

g"(w) = g"(w) — g" (wy) (since g"(w;) = 0)
= g(w) — g(wy) — Mw — wy) (by definition of g")
=Eq, o, [0(58) (v0(St41) — 9(s¢)) (w — w))] — Aw — wy) (by definition of g)
=Eqmpn [0(8) (& —7E)] = Mw — wy).
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Therefore
(g7 (W), w} = W) = Bayopiy o gr P [0 — ¥ED] + A0 — wi |
(Since gr = <¢(S)a w;k - ’LU>)
=Es,npn [fg] - EStNMW;St+1NP7rN7r [grfi] + A ||w - w:HQ

~
> Euirr (6] = ¥/ Boemne 1y Bariimr (€7 + A = w |
(by Cauchy-Schwarz)

%112
=Esympr [62] = VB [€7] + A lw — w]]|
(since &, and /. have the same marginal distribution)

= (1= ) (W] =) Euynpe, [B50)0(0) ] (w0 = w) + A — wi |
(by the definition of &,.)
> (1= 7)w +A) lw—wy|?. (since By p, [$(s0)6(s1) "] = wly)
O

Lemma E.2. [Lemma 4 from Bhandari et al.|(2018) with regularized update] For regularized TD(0)
with mean-path sampling,

2 *(2
lg" (w)]I* < (8 +2X%) [w — wi||”.
For standard TD(0) corresponding to A = 0, ||gr(w)||* < 8 |lw — w|*.

Proof. Similar to the proof of Lemma define ¢, = (w}—w) " ¢(s;) and & = (w) —w) " d(s141)s
and note that &, and &/ have the same marginal distribution.

lg" (w)|”
=lg"(w) — g"(w})||” (since g" (w?) = 0)
=|lg(w) — g(w}) — AMw — w})|? (by the definition of ")
<2||g(w) — g(w})[|* + 2A* ||w — w}|? (since (a + b)? < 242 + 2b?)
=2|[Eg s, [8(50) (& — YEDIN + 207w — wy|? (by the definition of g)

2
sz(ﬁst% (160 17] /B (65 wsn?]) + 202 [l — w}|* (by Cauchy-Schwarz)

=2Bq, s [19050) 2] Bogmpr [(€ = 7€)% + 22 o — wi|”
<22y [67] + 29 Bapn [(61)°]) + 227 [l — wy])®
(since [|¢(s¢)||* < 1 and (a + b)% < 2a2 + 2b%)

=2(2(1 + %) (w; = w) " Bop, [$(s0)0(50) ] (wy —w)) + 227 w — wy |
(since &, and £ have the same marginal distribution)

<(84222) lw — wi|*. (since ||¢||* < 1and y < 1)
O
Lemma E.3. The distance between the fixed points of regularized and standard TD(0) is bounded by:
ot —wi) < 2
T A4w(l-—%)

For standard TD(0) corresponding to A = 0, ||w* — w}|| = 0.

Proof. By Lemma[3.1]

(w* —w) T g(w) > (1 =) |[Ve — Vuor | 5
> (1 - y)w lw—w*|?

(since Vi — Vi |5 = | @ (w — w?)|[% > w [lw — w|*)
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Substituting w = w;:, we obtain

*1(12
D g(wr) > (1 =y wy —w*.

By the definition of w}, we have g.(w}) = g(w}) — Aw} = 0, thus g(w}) = Aw}. Using this
relation with the above inequality,

Muw* —wi)Twr > (1= y)w wy — w*||?
* (12

— A —w)) (W] - w?) + AW —wh) Tw* > (1 - )w [l -
(adding/subtracting)

(w* —w

— Ao —wf P A" —wp) T > (1= y)wlfw —w®
— P twl =)o —wl* < Mw* —w) Tw* < Ajw® = wr || v

(by Cauchy-Schwarz)
Allw H

The following two lemmas are analogous to Equation 7 and 8 in Mitra) (2025).
Lemma 4.2. For stochastic update g;, we have

lg: ()| < (24 A) lw = wll + (3 + A)C,

where ( = max{1, |[wX||}.

For standard TD(0) corresponding to A\ = 0,
case, ¢ = max{1l, |[w*||}.

gy (w)|| < 2||lw—wk| + 3¢. Since w* = w in this

Proof.
gz (W)l = llgz (w) — gt (wy) + gi (w *)|| (add/subtract)
= [lg:(w) = ge(wy) = AMw — wy) + g7 (wy)]|
< lge(w) = ge(wy) = AMw —wi)l[ + llgg (wi)| (triangle inequality)
= [[(e(s0) (v (se41) — (St))T = M) = w)|| + [[o(se) (r(se) + ((se41) = $s0)) " wy) = Awy|
< [[(9(se)(vo(se41) = d(s0)) ") (w — wy) el
+llo(se)r(sll + [[¢(se) (v(se1) = d(s0)) wy) || + Ayl
(lla + bl < llall + [l5D
< [[(¢(s) (ve(ser1) = b)) ) || 1w = wyil] + Aflw — wy]
FlleCse)r(soll + [lo(se) (o (ser1) = dls))| lwrll + Aflwy]] (by Cauchy-Schwarz)
<2+ N [lw — wi]| + (3+ NG, (r(se) < 1,[l¢(se) ]| < 1. Eq. @)
where ¢ = max{1, ||w¥||}. O

The corresponding bound on the mean-path update is
Lemma 4.3. For mean-path update g", we have

lg" (W)l < 2+ M) [lw —wr],
where ¢ = max{1, ||wX||}. For standard TD(0) corresponding to A = 0, ||g" (w)|| < 2 ||lw — wZ||.

Proof.
I ()l = Il () — 97| (G (w}) =0)
= [l(g(w) — ( 7)) = Aw —wy)| (by definition of g"(w))
<|lg(w) — gwi)]| + A Jw — wy|| (triangle inequality)
<2+ flw—wrfl. (by Eq. (7))
O
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In Markovian case, we also need the definition of mixing time. We restate below and provide proof.
Definition 4.1. Define the mixing time as 75 = min{t € Ny | mp’ < §}, where 6 € (0, 1).

Lemma 4.4. For any initial state distribution fio, state distribution as time t is PLpo. For any w,
whent > 1y,
(Esmpt o 97 (w)] = g" (w)|| <22+ X3 (w] +1). 3

For standard TD(0) corresponding to X = 0, || Es, < pt 1 [g:(w)] — g(w) || < 46 [|w]| + 1.

Proof: Let ||g7 (w)l| o
s _ '
lgz (w)ll o = max flg; (w)]]

= max||(r(se) + 7w é(s}) —w'é(s,))@(si) = M| (Definition of g7 (w))

S

denote the supremum of ||g} (w)|| over states.

< (242 ] + 1. (since r(s;) < 1, [ ¢(s)] < L,y < 1)

With 75 = min{t € Ny | mp’ < 6}, and PZug representing the probability distribution over the
states after ¢ steps with initial state distribtion (o, we have

[Eainpruo L7 (w)] = g7 ()] = s, mprpg [97 ()] = By, [7 ()]

(Definition of g} (w) and g" (w))

Z g{(w)((Pfruo)(st) - #w(st))

st €S
< Z gt (w) ((PEpo) (se) — pix(se)) H (triangle inequality)
s: €S

<lgr @)l Y [(Pho) (st) = p ()] g ()] < llgF (w)] o)

s:€S

< 2|\g7 (w)|| o, sup drv (Pp pro; fix)

Ho
(by the definition of the total variation distance, and taking the sup over sq)
< 21|97 (w)]], " (using Eq. @)
<2mp'((2+ \) [Jw| + 1) (using the bound on ||g} (w)|| )
<224+ N)i(Jw| +1) (using the definition of ¢s)

O

Lemma E4. For 7, defined in Eq. (d),
Toix = aIn(T") + b,

where a and b are constants with a = ln(ll/p)’ b= 1n(12r§(21-|;2§m) and T' = nlo

Proof. By Eq. (2), Lemma4.4]and the definition of 7, in Eq. (@), we have the expression of Ty as:
In(2(2 + X\)Tm/no)

Tmix = In(1/p)
() @24 Am) o
~W(i/p) T /) (defining 1= 3,

O

Equipped with this expression of 7,ix, we prove the following lemmas.
LemmaE.S. Ifa = %I/T, T > 3, ng < 1 for 7y defined in Eq. , then for all t < Ty

1—at

1o < 4max{a, b} In(T"),

_ 1 _ In(2(24X\)m) T
where a = W75 b= T (170) and T = P
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Proof. Using the expression of Tmix = aIn(7”) + b from Lemma[E.4]

L—al _l-a™ 1-(1/T)™/T 1-(1/T)enT)+/T et
l-a - 1-a 1-Q/DVUT ~ 1_(1T)UT (since < Taix)

( —a(In(T") In(T)) _ bIn(T) )
T

T
1-— exp(—%)

Define j := (@) ln(;l)erln(T), and k := lngT), notice that j and k have the relationship j =

aln(T")k + bk. We can simplify the above inequality as follows:

1 —exp

I —a™x 1—exp(—j)
l—a  1—exp(—k)

To bound the numerator and denominator separately, we use the fact that 111; <1—exp(—v) <w
for v > 0. For the numerator, setting v = j, we have 1 — exp(—j) < j. And for the denominator,

setting v = k, we have 1 — exp(—k) > k/1+%. Combining the above relations,

— ot 1
11—« <](1+k)

l—a — k
!/
= (aln(T")k —}; bk)(1 + k) (since j = aIn(T")k + bk)
= (aIn(T") + b) <1 + IH(TT)) (since k = In(T)/T)
< (aIn(T") +b)(1 + 1/e) (% decreases after T' = e, assuming 7' > 3)
< 4max{a, b} In(T"). (sinceng <landT >1 = T'>1)

L 1Yr 1 In(T) 1
Lemma E.6. [f o := %', T > max{3, - and T’ large enough such that —— < and

% < %, No < 1, for Ty defined in Eq. and for all t < Ty,

0577-"11'). —
11—«

o 1 _ In(2(24X\)m) T
where a = Wi75) b= 115(1/,;; andT' = P

o= (2)" =ew (L)

Using the expression of Tyix = aIn(1”) + b from Lemma E.4]

< 8 max{a, b} In(T")

Proof. First note that,

mix In(T"
a™ = exp (_TT ln(T)) — exp (_a n( T) +b ln(T))
Define k := lnng) and j := [aln(T") + ¥] lnng) = [aIn(T") 4 b] k. Using the above relations,

a ™ —1  exp(j)—1
l—a  1—exp(—k)
In order to simplify the above expression, we use the following inequalities:

T 14y
5 V 0715 2 Si
T2 y €(0,1),exp(2y) Ty

Ve >0,1—exp(—z) >

Since T' > 1, k > 0 and hence we can use 2 = k to conclude that 1 — exp(—k) > .
We substitute y with j/2, which requires 0 < j < 2. 7 = [aln(T") + b] % = Tinix 2
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already satisfied. Ensuring j < 2 requires that [a In(T") + b] % <2 Forng <landT > 1,

T’ > 1. Moreover, for T > L, 2(T")
no’ In(T)

< 2. Hence, it suffices to ensure that,

2 b <2
a T + T =
Hence, it suffices to ensures that,
n*(7) 1 In(T) 1
< — d < -
T “S2¢ M T =%

With these constraints on 7', we can guarantee that j < 1. Using y = % in the above inequality, we
can conclude that,

L2
1—j/2 1—j/2~

exp(j) — 1< 2]

Combining the above relations, we get that,

OF"“X—1<2](19+1)
l—a — k

Following the same steps as in the proof of Lemma we conclude that, for 7' > 3 and g < 1,

a_"'mix —

T < 8 max{a, b} In(T")

Lemma 4.5. For the regularized TD(0) update with exponential step-sizes 1, = mnooy, where

— t 1 .
o < ﬁ(}), ap=al = %/T, o=+ /T if T > max{3,1/m},

Vit S Tmix, Hwt - w;”? g B(Tmix) (Base case),

where B(Ti) = exp(2(2+ A)max{a,b}) - |wy —w’ + C||°, where a = m, b
G ¢ = max{L, .
Proof.

lwigr — wrl| < lwe — wrl| +ne g (w) |
< (1 4+ 24 X)) |lwe —wy|| + (34 X)neC. (by Lemma[4.2)
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Iterating the above inequality, we have V¢ < 7ix:

t
[wr = wil| < Jlwr —wi | T+ 24 Mm) + 3+ A CZm H L+ (2+ Mn;)
=1 =1 Jj=i+1

t t t
< [lun —willexp<(2+A)Zm> + BN miexp| 242 Y 0
=1

i=1 j=i+1
(since 1 + = < exp(z))

¢
= Jwy —w}||exp| (2+ A) n02a> 3+)\C7702a exp| (2+ X)no Z o’

=1 Jj=i+1

i=1

il _ gt+l
= Jlw; — (24 A A 2+ N ————
[wi —wy|lexp| (2+ noza + @3+ Cnoza eXp(( +Nm——, >

t i1 _ ol
, altt —

= llwy = willexp{ (2 + Nmo—— >+ 3+/\)Cno;alexp((2+k)nola>
ottl
§||w1w:||exp((2+)\ — >+ 3+ AX) CUOZO‘ exp((2+)\) 1—a>

1=1
(since ot < )

a— ottt L
:exp<2+A — )[||w1—w:|+(3+)\)477020f1

i=1
—at y 1-at
—exp<2+)\ MoaS a) [||w1—wr||+(3+)\)Cn0a1a]

xp(4(2 + N)noc max{a by In(T")) [|Jw1 — wi| + 4(3 + A)¢noa max{a, b} In(T")]

(by Lemmal[E-5)
since ng < ﬁgﬂ,
1 In(T” 1 In(T"
124 Nl =y max{a ) P ) [l = i+ 16+ Nalt - 2 maxfo, ]
32+ Na(t = yymax(a) ) [Jur = wfl + 56+ Va(1 - 1) max(e, )|

1 In(T")
(for T > 70> Tn(T) <2)

<o
<o
< exp( (2 4+ A) max{a, b}) exp(jl(3 + A) max{a, b}) [lwy — wi]| + ¢]

(@ <1,(1—7) < 1,max{a, b} < exp(3 max{a,b}))

< exp((2 + A) max{a, b}) [[|wy — w;]| + (]
Squaring the both sides, we get:
lwe — wi||* < exp(2 (2 + A) max{a, b}) [Juwr —wy | +¢]*.

Let B(7miy) := exp(2 (2 + A) max{a, b}) [[lwy — w || + ¢]?, we have that [|w, — w*||* < B(7miy)
for all t < Tpix. O

Using the above lemmas, we will follow a proof similar to that in Mitra (2025)). For this, we define
the following notation:

dy = E [[[w;, = wi|]?,

and
et := E [(wy —wy, g (we) — g"(wy))]
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which includes the error introduced by sampling along the Markov chain. The expectations are taken
with respect to state distribution at time ¢. For the subsequent lemmas, we omit the subscript P% 1o
for brevity.

1 In?(T) 1 In(T) 1
Lemma 4.6. Let T > max{3, 0 }, and T large enough such that =3~ < 5-, ==+ < 3, and
In(T) > max{a, b}. Suppose for all t > Ty, if |wi — w||*> < B(Tmix) for all k € [t], then,
[y — Wi—r |* < 3 B(Tie) n? In*(T),
— _ 1 _ In(22+N)m)
where c3 = 2560(2 + \)?, a = W7y and b= =L
Proof.
t—1
lwe — wi—r || < Z [|wir: — w;]] (triangle inequality)
1=1—Tmix
t—1
< Z i |lgi (wi) |l (by the update)
1=t —Tmix
t—1
< 3T @4 N flwi — wi] + (34 A)) (by Lemma[&)
1=t —Timix
t—1
< > ((2 + )V B(Tmix) + (3 + A)C)
1=1—Tmix

(assuming that ||wy — w;fHQ < B(7mix) for k € [t])

= ((2 + AV B(Tmix) + (3 + )\)C) Mo X_: al

=t — Tmix
=C
(by definition of the exponential step-sizes)
Tmix— 1
— Cno Oétf'rmix Z Oéi
i=0
at 1 —_ aTmix a_Tmix — 1
e
am™x 1 —q l1-a
< 8C'n max{a,b} In(T") (using Lemmal[EZ6)

— |Jwy — wi—r, ||> < 64C?n? [max{a, b}]> In*(T")
=64 ((2 + AV B(Tmix) + (3 + )\)C)2 n? [max{a, b}]* In*(T")

< 256 ((2 + AV B(Tmix) + (3 + /\)g)2 n? [max{a,b}]* In*(T)

(formo < 1and T > 1, 2T < 9)

<256 [2(2+ )2 B(Tmix) + 2 (3 + A2 ¢?] 0} [max{a,b}]* In*(T)
(since (x + y)? < 222 + 2y?)
<256 [2(2 4+ N)? B(Tmix) + 2 (3 + A2 ¢?] 07 n*(T)
(since In(T") > max{a, b})

< 2560 (2 + \)? B(7mi) 02 In*(T)
~—_———

i=c?
(since (2 < B(Tmiy) and 2 (3 + A)2 < 8 (2 + A\)?)
= C? B(Tmix) 77152 In* (T)

O
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Lemma 4.7. Let T > maX{S } and T large enough such that In” (T) < i m(TT)

In(T) > max{a, b}. Fort > Ty, suppose ||wy — wr]|> < B(Tmix) for all k € [t]. Then:

1
<3 and

Et [{g; (wi) — g"(we), we — wy)]
<Cn lnz(T) B(Tix),

where C' = Cy + 3+ 2C,, Cy = 4 and Cy = %52, ¢ = 2560(2 + N2 and co = 4(2 —|—)\)2 +
AB+N° 422+

Proof. Following Mitra|(2025), we decompose as: {(w; —w?, g5 (w) — g" (wy)) = Th +To + 15 + Ty,
where

Ty = (wg — Wy—ryr 95 (We) — 9" (wy)),

I = <wt_Tnlix - ragt (wt 'rm,x) - (wt T|n|x)>’

Ty = (Wi, — Wy, gt (Wi) — gy (wt i) and

Ty = (Wt — Wy, g (Wi—7 ) — 9" (w4)).

For T;:
T < |we —wi—r, || |lgs (wi) — g" (wy)]| (by Cauchy Schwarz)
1 2 ane (1) 2
———— ||ws — Wiy, - w) — g (w
< oz 1o el + I g ) — ")

(by Young’s inequality)

_amn 1n2<§) B(Tmix) | 1 12n2(T)

gy (we) — g" (wy)||” (using Lemmal4.6)

Simplifying ||} (w;) — g" (wy)|%,

r r 2 r 2 r 2 .
llgi (we) = g"(we)lI” < 2|lgf (we)[|” + 2 |g" (wy)]] (since (v +y)? < 22° + 2y?)

<2[24 ) lwe — will + B+ A)¢J* +2[(2 + A) Jlwe — wi ]
(using Lemma4.2]and Lemma[4.3)
4240w —w P +4B+N)>C+22+ N |Jw — w?|
(since (z + y)? < 222 + 2y?)
424 N2 B(mix) +4 (3 + N2 B(Tmix) + 2 (2 + A)° B(Tmix)
(since dj, < B(mmix) forall k € [t] and ¢? < B(Tmix))
=@+ HF4B N +2(2+N)?) B(7mix)

=cC2

= g7 (we) = g" (we)|* < e2 B(rinix)

Combining the above inequalities,

c1 My In? (T) B(Tmix) n c1eamy lnz(T)

T, <
b= 2 2

B(Tmix) = 1¢ In*(T) B(Tmix) [01 c1 02}

2 2
=C1
— T1 < Cl Nt 1n2<T) B(Tmix)
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For T3:

T3 < [ We—ry — wrll g7 (we) — g7 (Wi—7y,) (by Cauchy Schwarz)
= ||wi—rpy — Wil [|ge(we) — ge(wi—ry,) — Mwe — wi—r,y,) (by definition)
<N wi—r — wil| (g6 (we) — ge(wi—r )| + A |lwe — wi—r, ||)  (triangle inequality)
< Wi r — Wil 2| we — we—r | + A Jwe — Wi []) (by Eq. @)
= (Wi — Wrl| (24 A) [wr — Wi—ry

L= | # SEEENID e

T

= 2¢1m In?(T) 2
(by Young’s inequality)

c1 M lnz(T) B(Tmix) n cane (24 N) In? (T)

< : : Jt0rry — wil® by LemmafEe)
< G In? (T) B(Tmix) . e (24 A) In? (T) B(Tmix)
- 2 2
(since dy, < B(mix) for all k € [t])
c c1 (24 A
=1 ln2(T) B(Tinix) 2 M
2 2
::C2
= T3 < Cony ln2(T) B(Tmix)
For T}, the same analysis applies.
Ty < | wi—ry — wrll 19" (W) — 9" (wr) || (by Cauchy Schwarz)
= [ Wt—r — wrll [lg(we) — glwi—r,) — Mwr — wi—r,,) (by definition)
< N wimrye — wy || (2 Jwr — we—ry || + AJwe — wi—ryi ) (by Eq. 7))
= lwi—rye —will (24 A) |lwe — we—r,,
Following the same analysis for T5, we get that,
Ty < Cony n*(T) B(Tmix)
For T, following the proof inMitra (2025):
E[T2] = E [(wi—ry, — wis g7 (Wi—ry,) = 9" (We—r,))]
=E [E [<wt—7'mix - w;'j? g: (wt—Tmix) - gr(wt_ﬂnix)>|wt_7—mix]]
= E [(wi—r,, — wr, E g} (Wi—r,) — 9" (W) [W01—7,,.])]
< Efflwi—r — will [E[g7 (wi—ri) = 9" (We—r) | Wiz ] ]
(by Cauchy Schwarz)
S nTIE [Hwt*Tmix - w:” (1 + ||wt77—mix||)] (by Eq' @))
< E [lwi—rpy — wi]l (1 4 Jwe—ryy D] (exponential step-size decreases)
< M [[we—ry, — w0} (14 ]| + [y, —wil)]  (riangle inequality)
< W [0ty — 02 (26 + 01y, — w}I])] (by the definition of ¢)

S 377tB(7-mix)
(assuming dy, < B(Tmix), Yk € [t]. |wi—rpy — wE]| < B(Tmix)s ¢ < B(Tmix))

= E [T <31 n*(T) B(7imix)

Combining 11,75, T35, Ty yields:

ey < (C1 43+ 2C,) ny n*(T) B(Tmix)
N———
=C

In addition to e;, we also need to upper bound E;, . p: [Hg{ (wy) — g" (wy)|I?].
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Lemma 4.8. Assuming |wy — w||*> < B(Tmix), Vk € [t], then we have
Eamptp |97 () = g7 (w)]]*] < C'B(7ir),

where C" = 10(3 + )%

Proof.

Eampipo |97 (w00) = " (w)]]]

<E [2 g7 (w))|* +2 llg" (wo)|]*] - (lz =yl < 21je) + 2yl
<2 [((2+ ) e = wy | + 3+ X)) + (2 + N lwy = wy )]
(by Lemma[4.2]and Lemma4.3))
<10(3 +A)? B(Tmix)- (assuming that d, < B(Tmix), Vk € [t])
——
=C"
O

For the subsequent steps, the proofs for standard TD(0) and regularized TD(0) deviate. We will first
provide the convergence rate for the standard TD(0) where the step-size depends on w, subsequently
show that regularized TD(0) removes the requirement on w.

E.1 Standard TD(0)

Lemma 4.9. For the standard TD(0) update, when T > max{3, n—lo, % }, and T large enough

such thar 0 < 1 WD) <144 In(T) > max{a, b}, for a fixed t, if ||wi, — w*||*> < B(Tmix)
forallk <tand = T 7 - Y TR T =
orall k <

(I —7y)w
[C n*(T) +C1’

wy, — w:||2 < B(Tix) forall k <t + 1.

<
770_2

then ||wit1 — w*||> < B(Tomix), and hence,

Proof. We use the above lemmas and prove the result by induction. We assume that for any ¢ > Tpix,
dr, < B(Tmix), Vk € [t]. Now we show that with an appropriate choice of 7, we have di41 < B.
We continue the expansion in Eq. (€) and take expectation w.r.t the randomness in iteration ¢:

E [Jwi -]

< Jlws = w*|* + 20.E [(ge (we) — glwe),we = w)] + 207E |[lg8(ws) — g(wy)|?

| + 202 lg(wo)lI? + 2mudg(awe), we = w*)

< lws = w1 + 20 (g (we), we — w*) + 207 | g(we)|* + 2C 17 n*(T) B(rinix) + 2C" 1 B(7mix)
(using Lemmas .7 and [-8)

= [lwe = w*[|* + 2ne (g (we), we — w*) + 207 [|g(w)|* +2[C W*(T) + C'| 0} B(rimiy)

We notice that ||w; — w*||* + 20, (g(wy), wy — w*) + 202 ||g(w,)||” is similar to the analysis for the

mean-path update in Appendix [B] We continue the analysis as follows:

E (w1 = w'*] < llwe = 0 I + (1697 = 200 = 1)) [Vas, = Vi | + 2[C W(T) + C'1 7 B(7iin)
(by Lemma 3.1]and Lemma [3.3)

Setting 1y < wl%?T) < 1, we can guarantee 7; < 11_—67, thus

2 + 2 [C 1112 (T) + C,] 7],52 B(Tmix)

< we = w*[* = (1 = y)muw [Jwy — w*|* +2[C W*(T) + C'] 17 B(Timix)
(by Lemma[3:2)

E [luwrss — ] < fow =0 = (1= 1) [V, = Vi
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By assumption dy, < B(Tmix), Vk € [t], and since (1 — v)mw < 1, we have
E [t — 0] < (1= (1= y)mew +2[C m*(T) + C'|n?) B(riiy).

When 7o < min { 570 ﬂi;ﬁ};;c,], 6 (T } we have (1 — (1 —7)nw + 2 [C In*(T) + C"]n?) <
1.

Furthermore, since 0 < (1 —v) < 1,0 < w < 1,T > 3, we know that 79 < 1, and consequently,
(1 —y)mpw < (1 —v)now < 1, implying that 1 — (1 — y)mw > 0.

Hence, (1 — (1 —)nw + 2[C In*(T) + €] n?) € (0, 1), and consequently,

E |wess = w'?] < B,
which completes the induction.

Yw (1—y)w

(-
2[C'In%(T)+C’"] ~ 4461n%(T)+180"

1—vy)w — . 1—y)w
In? (T) > In(T), we have 4461512(;))“80 < 1611H?T). Thus it suffices to have ng < W
O

Plugging in the value of C' and C” with A = 0, we have Sincew < 1,

The next theorem quantifies the convergence rate of standard TD(0) with exponential step-sizes under
Markovian sampling.

Theorem 4.10. The standard TD(0) update with exponential step-sizes 1, = ooy, where 1y =
— t
%, o =al =% " and T > max{nio, %}, and T large enough such that

W*(T) o 1 In(T) < 3, and In(T) > max{a, b}, achieves the following convergence rate:

T — 2a° T
E [Jwrs1 — v

({2 + B (),

where m and p are related to mixing time as Tyix = %

Proof. Continuing the one-step expansion with step-size 1y < 1;—67 asin Lemma we have that,

for the absolute constants C' and C” defined in Lemma and Lemmarespectively,
E [t — 0] < e — w7 | = (1= 7)mew [l = w*[* + 2[C n*(T) + C'] 0 B(7n)
| S
:=C(T)
Taking expectation over ¢ € [T], we have:

E [[lwr — w**] < Jlwo - w*||2exp(—now<1 —) Zaf>

t=1

T T
+C(T) B(rmi )15 Y ” exp (—now(l -7 > ai) :
t=1 i=t+1
This result has the same form as in Section[3] Applying Lemma[F.I]and Lemma[F2] we obtain the
convergence rate:

aT ) 8C(T) B(Tmix) In*(T)
In(T) e(w(l—~))?* a?T

_0 B WwrT n In*(T) m
O\ U ) T e TP\ )
(plugging in the values of 1y, B(mmix), C(T"))

B orss = wl] < oo — w | coxp (—ma( - )

where m and p are related to mixing time as Tix = %
Additionally, for the condition of T" > max{ni07 3}. When 1y < %, T > 1/no implies
T > 3, thus it suffices that T" > n% O
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E.2 Regularized TD(0)

Now we provide the proof for regularized TD(0), and demonstrate that it does not require w.
Lemma 4.11. For the regularized TD(0) update, when T > max{3, nio, W} and
T large enough such that hﬁ# < 5 lnFEFT) < 1. and In(T) > max{a,b}, for a fixed t, if
lwi — w||* < B(Tix) for all k < t. When the step-size satisfies

A
[C In?(T) + C"] + (8 + 2)\2)
wy — w:||2 < B(Tix) forall k <t + 1.

o <

then ||wis1 — w?||> < B(Twir), and hence,

Proof. We use the above lemmas and prove the result by induction. We assume that for any ¢ > 7y,
di < B(Tmix), Vk € [t]. Now we show that with an appropriate choice of 79, we have di11 < B.
We continue the expansion in Eq. (6) and take expectation w.r.t the randomness in iteration ¢:

E [Jwi1 - w'|?]
< llwe = w** 4+ 20 [{ge(wr) = glawe),w = w)] + 207E [[lge(we) — glwe)|*] + 207 g(we)|* + 2melglawe), wr — w)

< fwp = w*|* + 2me(g(we), we — w*) + 207 || g(we)|* + 20 57 W*(T) B(7inix) + 2C" 177 B(Timin)
(using Lemmas [4.7]and

= [lwe = w*[|* + 2ne{g(wy), wp — w*) + 207 [|g(we)|* +2[C W*(T) + C'] 0 B(rinix)

We notice that ||w; — w*||* + 2 (g(wy), w, — w*) + 202 ||g(w,)||* is similar to the analysis for a
mean-path update. We continue the analysis as follows:

E w1 = w ] < llwe = wf I + [28 + 22207 = 2x0.] llwy = ] = 2m(1 = ) oy = wy
+2[C n*(T) 4 C'] 12 B(Tmix) (by Lemma[E.T|and Lemma[E.2)
< (14 [28+ 2307 — 22m]) [lwr — wil|* +2[C W*(T) + C') 1 B(rimi)

If no < 55, m < 35 and consequently, 2(8 + 2A?)n? — 2\, > —1. Hence, for 1y <

1+2(8+2X%)nZ — 2\, > 0.
By the assumption dj, < B(myix) for all k € [¢], and consequently,

E (e = wiI] < (1+2(8 + 20202 = 2x0, +2[C W(T) + C'] 1) B(riiy)
L (L+2(8 +2X2)n2 — 2Mp, + 2 [C In*(T) + C']n?) < 1. Hence,

E [ loe1 = w}[*] < Blrm)

1
2X°

A
Forno < eremrorerae

This completes the induction.

We now state the final convergence rate for regularized TD(0) under Markovian sampling.

Theorem 4.12. Apply reguarlized TD(0) with exponential step-size n; = mnooy, where 19 =

—at = %t/T, and T > max{ni07 W}, and T large enough

A
[C > (T)+C T+ (3+2x2)” M
1n2(T) 1 In(T) 1 —1 — 1
such that =2 < 5., == < ¢, and In(T') > max{a, b}, and X\ = 1/VT, where a = 177 and
b= %. Then we have the convergence rate:

E [Jwrss -]

B ~ wVT In*(T) ox m
‘O<exp< hﬂT))+ T p(lnu/p)))’

where m and p are related to mixing time as Ty, = W.
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Proof. As in the proof of Lemma [II} we obtain that if 1y <

. 1 1—v A
min { 2X° 16 In(7) ’ [C In2(T)+C" |+ (8+272)

lwerr = wi | < flwy = wyl|* + [28 + 2377 = 2Am] [lw, — wi]* = 2m(1 = 7)w [|w; — wy ]

+2[C In*(T) + C") 7 B(Tmix)
N—_——

:=C(T)
Moreover for C” = 10, since 1; < 1), if g < % < W 2(8 +2A%)n? — 2\ < 0.
. 11— A A
Hence, for 7o = min {57 6 ()" [ W2(T) FC7I 707 (T} ’

ey = wil* < (1 =201 = y)) [[wr — w;||* + C(T) 17 B(rimix)

Taking expectations over ¢ € [T'] and recursing,

T T T
E |Jwrsr = wfl] < fwr = wil? TT(1 = 200" (1 = 7)) + CT) Blrm)nd Y- o* T (1= 2ma’(1 = 7))
t=1

t=1 i=t+1

T T
< Jwy — w:f||2exp< 2now(1 — Za ) B(Tmix) 8 Za2t exp <—2770w(1 —) Z o
t=1

t=1

Similar to the proof in Appendix D] applying Lemma[FT|and Lemma[F2]yields:

T ' 4 In?(T)
) O BOw) St

B [furss = wil?] < oy = w1 coxp (~2me1 )
Expressing the result in terms of the distance to w™:
E [Jwrs1 - w*|]

= 2 [HWTH - w:”z} +2 Jwp — w (since (z +y)* < 22 +2y?)

oT ) 8C(T) B(tmix) m3(T) 222 ||jw*|?
n(7) 2wl —=7)2 T (1 —7v)%w?
(by Lemma[E3)

< lfwn — w}] 266XP(—2770W(1 )

Setting A = —= o7 < 1 gives:

B lurss - 0l < oy — w1 2eenm ~2mtt - ) 2

B wVT In*(T) m
) (e"p<_ln3<T>> Tt eXp(ln(l/M))’

(plugging in the values of 1y, B(mmix), C(T))

In(4Tm /no)

where m and p are related to mixing time as Tpix = T (1/p)

Additionally, for the condition of 7. When 1y <

T > 1/n implies T > 3,
In? (T) < 1 In(T) < 1

= 2a’ = b

A

[C In%(T)+C']+(8+2A2)°
thus it suffices that 7" > max{ 1 %} and 7 large enough such that
and In(7") > max{a, b}.

O

F Helper Lemmas

Lemma F.1.

oT > 8 C(T) B(Tmix) In*(T) 2 HU)*HQ
w(1=7)2 T  (w(l—v)*T

T

i=t+1

)



Proof.
T+1 T+1

T
Zat:a—a _ (0% _O[
1—a l—-a 1-a

We have
B o 1 1 1 1 1

l-a Tl-a) TYa—1-Th(Ya) n(T)
where in the inequality we used Lemma 4 and the fact that 1/« > 1. Plugging back into X we get

> « 1 S a 1 o 1
“1l-a In(7T) ™ In(l/a) In(T) In(T) In(T)
O
1Yr
Lemma F.2. For oo = T and any k > 0,
T T 2
; 4c (In(T))
2t %
2 otexp (‘“_Z “) ST
t=1 1=t+1
where ¢ = exp (aﬁ).
Proof. First, observe that,
T . altl — oT+1
> o=
) 11—«
1=t+1
We have
ol o 1 1 - 1 1
l—-a T(l-a) T Ya—1"T In(l/a) In(T)
These relations imply that,
I, att! 1
3 > -
Z R In(T)
i=t+1
= exp | —a i o' <expl —a ot +a 1 =cexp| —a o™
A =P AT Ty ) TP T —a )
1=t+1
where ¢ = exp (aﬁ). We then have
T T _ T o+
Za% exp | —a Z o] < cZaQt exp (—al )
t=1 i=t+1 t=1 -
T 2
2(1 — ) .
2t _
< C;Of (eaam) (by LCmmaE]Wlth v=2)
4c 2
= gl a)
4c 2
< mT(ln(l/a))
_ 4e(In(T))?
aZe2a?T
O
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Lemma F.3. Forall z,v > 0,

exp(—xz) < (L) ’

exr

Proof. Letxz > 0. Define f(v) = (l)u — exp(—=). We have

f(v) =exp (vIn(v) — vin(ex)) — exp(—zx)

and
1
f'v)= (1/ -— +In(v) — ln(ex)> exp (vIn(v) — vin(ex))
1%
Thus
f'(v)>0 < 1+In(v) —In(ex) >0 < v >exp(ln(ex)—1) =2z
So f is decreasing on (0, ] and increasing on [z, c0). Moreover,

T

1) = () = ewa) = (1) —exnlo) —0

exr

and thus f(v) > 0 for all v > 0 which proves the lemma.

30



	Introduction
	Problem Formulation
	Exponential step-size with i.i.d. sampling
	Exponential step-size with Markovian sampling
	Standard TD(0)
	Regularized TD(0)

	Conclusion
	Additional Inequalities Used in the Proofs
	Constant step-size with mean-path update
	Constant step-size with i.i.d sampling
	Exponential step-size with i.i.d sampling proof
	Exponential step-size with Markovian sampling
	Standard TD(0)
	Regularized TD(0)

	Helper Lemmas

