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Abstract

We study sampling problems associated with potentials that may lack smoothness or con-
vexity. Departing from the standard smooth setting, the potentials are only assumed to be
weakly smooth or non-smooth, or the summation of multiple such functions. We develop a
sampling algorithm that resembles proximal algorithms in optimization for this challenging
sampling task. Our algorithm is based on a special case of Gibbs sampling known as the
alternating sampling framework (ASF). The key contribution of this work is a practical re-
alization of the ASF based on rejection sampling for both non-convex and convex potentials
that are not necessarily smooth. In almost all the cases of sampling considered in this work,
our proximal sampling algorithm achieves a better complexity than all existing methods.

1 Introduction

The problem of drawing samples from an unnormalized probability distribution plays an essential role in
data science and scientific computing (Durmus et al., 2018; |Clarage et al., [1995; Maximova et al., |2016)).
It has been widely used in many areas such as Bayesian inference, Bayesian neural networks, probabilistic
graphical models, biology, and machine learning (Gelman et al., 2013} |[Kononenko, [1989; |Koller & Friedman),
2009; [Krauthl 2006} [Sites Jr & Marshall, [2003; Durmus et al., [2018]). Compared with optimization oriented
methods, sampling has the advantage of being able to quantify the uncertainty and confidence level of the
solution, and often provides more reliable solutions to engineering problems. This advantage comes at the
cost of higher computational cost. It is thus important to develop more efficient sampling algorithms.

In the classical setting of sampling, the potential function f of an unnormalized target distribution
exp(—f(z)) is assumed to be smooth and (strongly) convex. Over the past decades, many sam-
pling algorithms have been developed, including Langevin Monte Carlo (LMC), kinetic Langevin Monte
Carlo (KLMC), Hamiltonian Monte Carlo (HMC), Metropolis-adjusted Langevin algorithm (MALA), etc
(Dalalyan) [2017; |Grenander & Miller, |1994; Parisi, [1981; |Roberts & Tweedie, |1996; Dalalyan & Riou-Durand,
2020; [Bou-Rabee & Hairer, 2013; [Roberts & Stramer, 2002; |Roberts & Tweedie| [1996; Neal, 2011). Many
of these algorithms are based on some type of discretization of the Langevin diffusion or the underdamped
Langevin diffusion. They resemble the gradient-based algorithms in optimization. These algorithms work
well for (strongly) convex and smooth potentials; many non-asymptotic complexity bounds have been proven.
However, the cases where either the convexity or the smoothness is lacking are much less understood (Chewi
et all [2021; |Chen et al.| 2022} |Chatterji et al.l [2020; Erdogdu & Hosseinzadehl [2021; [Liang & Chenl [2022;
Dalalyan et al.|, [2022; [Balasubramanian et al., |2022; [Mou et al., |2019)).

In this paper, we consider the challenging task of sampling from potentials that are not smooth and even
not convex. Many sampling problems in real applications fall into this setting. For instance, Bayesian neural
networks are highly non-convex models corresponding to probability densities with multi-modality (Izmailov,
et al., 2021)). The lack of smoothness is due to the use of activation functions such as ReLU. The goal of
this work is to develop an efficient algorithm with provable guarantees for a class of potentials that are not
smooth. In particular, we consider potential functions that are semi-smooth, defined by .

Inspired by the recent line of research that lies in the interface of sampling and optimization, we examine
this sampling task from an optimization perspective. We build on the intuition of proximal algorithms
for non-smooth optimization problems and develop a proximal algorithm to sample from non-convex and
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semi-smooth potentials. Our algorithm is based on the alternating sampling framework (ASF) (Lee et al.
developed recently to sample from strongly convex potentials. In a nutshell, the ASF is a Gibbs
sampler over a carefully designed augmented distribution of the target and one can thus sample from the
target distribution by sampling from the augmented distribution. The convergence results of ASF have
been recently improved (Chen et al) 2022) to cover non-log-concave distributions that satisfy functional
inequalities such as the Logarithmic Sobolev inequality (LSI) and the Poincaré inequality (PI).

The ASF is an idealized algorithm that is not directly implementable. In each iteration, it needs to query the
so-called restricted Gaussian oracle (RGO), which is itself a sampling task from a quadratically regularized
distribution exp(— f(x)— % |z —y||?) for some given n > 0 and y € R%. The RGO can be viewed as a sampling
counterpart of the proximal map in optimization. The total complexity of ASF thus depends on that of the
RGO. Except for a few special cases where f has certain structures, the RGO is usually a challenging task.
One key contribution of this work is a practical and efficient algorithm for RGO for potentials that are
neither smooth nor convex. This algorithm extends the recent work [Liang & Chen)| (2022) for convex and
non-smooth potentials. Combining the ASF and our algorithm for RGO, we establish a proximal algorithm
for sampling from (convex or non-convex) semi-smooth potentials. Note that the techniques used in
are no longer applicable to these non-convex semi-smooth settings. In this work, we developed
a new algorithm and associated proof techniques for efficient RGO implementation.

Our contributions are summarized as follows. i) We develop an efficient sampling scheme of RGO for semi-
smooth potentials which can be either convex or non-convex and bound its complexity with a novel technique.
ii) We combine our RGO scheme and the ASF to develop a sampling algorithm that can sample from both
convex and non-convex semi-smooth potentials. Our algorithm has a better non-asymptotic complexity than
almost all existing methods in the same setting. iii) We further extend our algorithms for potentials that
are the summation of multiple semi-smooth functions.

Table 1: Complexity bounds for sampling from non-convex potentials.

Source Complexity Assumption Metric
- ((oltl/er2/a241/a i
|Chewi et al.| (]2021[) O\ —F— weakly smooth Rényi
PLLa>0
this paper (Thm. @) (C’pILi/ (1+a)d2> semi-smooth PI Rényi
55)
~ ! L2 max{1/a;}
Nguyen et al. @) (Ci;max{l/a"’} {iLa}d] ) a; > 0, composite KL
(2021 semi-smooth, LSI
this paper (Thm. @) (C’LSI S Lié(a”l)d) composite KL
4.4) semi-smooth, LSI
this paper (Thm. @, (CPI > Li{(“i“)d) composite Rényi
4.5)) semi-smooth, PI

Related works: MCMC sampling from non-convex potentials has been investigated in [Raginsky et al)
(2017); [Vempala & Wibisono| (2019); [Wibisono| (2019)); |(Chewi et al (2021)); Erdogdu & Hosseinzadeh| (2021));
Mou et al. (2022)); Luu et al.| (2021). There have also been some works on sampling without smoothness
Lehec| (2021)); Durmus et al.| (2019); Chatterji et al.| (2020); Chewi et al.| (2021); Mou et al.| (2019)); Shen et al.

2020); |[Durmus et al.| (2018)); Freund et al.| (2021); [Salim & Richtarik (2020); Bernton| (2018)); Nguyen et al.
2021); [Liang & Chenl (2022). The literature for the case where the potential function lacks both convexity

and smoothness is rather scarce. In [Nguyen et al. (2021); [Erdogdu & Hosseinzadehl (2021)), the authors
analyze the convergence of LMC for weakly smooth potentials that satisfy a dissipativity condition. The
target distribution is assumed to satisfy some functional inequality. [Erdogdu & Hosseinzadeh| (2021) also
assumes an additional tail growth condition. The dissipativity condition is removed in |Chewi et al| (2021)).
The results in [Nguyen et al.| (2021)) are applicable to potentials that are the summation of multiple weakly
smooth functions, while those in [Chewi et al.| (2021)); Erdogdu & Hosseinzadeh| (2021)) are not. To compare
our results with them, we make the simplification that the initial distance, either in KL, or Rényi divergence,
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to the target distribution is @(d) The results in cases with non-convex potentials are presented in Table
It can be seen that our complexities have better dependence on all the parameters: LSI constant Cpgr, PI
constant Cpy, weakly smooth coefficients L., and dimension d. Moreover, our complexity bounds depend
polylogarithmically on the accuracy € (thus e does not appear in the O notation) while all the other results
have polynomial dependence on 1/e.

2 Problem formulation and Background

We are interested in sampling from distributions with potentials that are not necessarily smooth. More
specifically, we consider the sampling task with the target distribution v o« exp(—f(z)) where the potential
f satisfies

@ Yy, € RY (1)

1/ (w) = F' )1 < D Layllu— vl
i=1

for some «; € [0,1] and L,, > 0,1 <i < n. Here f’ denotes a subgradient of f in the Frechet subdifferential
(see Definition[A.1)). When n = 1 and oy = 1, it is well-known that f is a smooth function. When n = 1 and
0 < a1 <1, f satisfying is known as a weakly smooth function. When n = 1 and a; = 0, f satisfying
is a non-smooth function. Thus, the cases we consider cover all three cases: smooth, weakly-smooth,
and non-smooth. For ease of reference, we termed a function satisfying the condition a semi-smooth
function. The target distribution v is assumed to satisfy LSI or PI, but f can be non-convex. The class
of distributions we consider have been studied in (Chatterji et al. [2020; [Chewi et al., |2021}; [Nguyen et al.|
2021)) for MCMC sampling. One example of such a distribution is v o exp(—||Az0(A1x) —b||* — ||z[|* — ||z|))
for some full rank matrices Aj, Ag, vector b, and some activation (e.g., ReLU) function o. This is a Bayesian
regression problem.

In this work, we aim to develop a proximal algorithm for sampling from non-convex potentials that satisfy
(I). Our method is built on the alternating sampling framework (ASF) introduced in [Lee et al| (2021).
Unlike most existing sampling algorithms that require the potential to be smooth, ASF is applicable to
semi-smooth problems. Initialized at xo ~ pg, ASF with target distribution 7% (z) x exp(—f(z)) and
stepsize 1 > 0 performs the two alternating steps as follows.

Algorithm 1 Alternating Sampling Framework (Lee et al.l [2021])
YIX(y [ ax) o expl— 55 [|lzx — yl|?]
K (@ | i) oc expl—f(2) — 551z — yill?]

1. Sample yp ~ 7

2. Sample xp1q ~ 7

The ASF is a special instance of the Gibbs sampling (Geman & Geman, [1984) from
1
o) o oxp (~f0) = 5o = P @)

In Algorithm|[1} sampling yj, given . in step 1 is easy since 71X (y | 2) = N (2, 7) is an isotropic Gaussian
distribution. Sampling zp; given yi in step 2 is however a highly nontrivial task; it corresponds to the
restricted Gaussian oracle for f (Lee et al., |2021]), defined as follows.

Definition 2.1 Given a point y € R? and stepsize n > 0, the restricted Gaussian oracle (RGO) for f :
R? — R is a sampling oracle that returns a random sample from a distribution proportional to exp(—f(-) —

I+ =yll*/(2n)).

The RGO can be viewed as the sampling counterpart of the proximal map in optimization that is widely
used in proximal algorithms for optimization (Parikh & Boyd, [2014). The ASF is an idealized algorithm;
an efficient implementation of the RGO is crucial to use this framework in practice. For some special cases
of f, the RGO admits a computationally efficient realization (Mou et al.; 2019} |Shen et al., 2020} |Liang &
Chenl, [2022)). For general f, especially semi-smooth ones considered in this work, it was not clear how to
realize the RGO efficiently.
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Under the assumption that the RGO in the ASF can be efficiently realized, the ASF exhibits surprising
convergence properties. It was firstly established in |Lee et al.| (2021) that, when f is strongly convex,
Algorithm (1| converges linearly. This result is further improved recently in [Chen et al.| (2022) under various
weaker assumptions on the target distribution 7% o exp(—f). We summarize below several convergence
results established in |Chen et al| (2022) that will be used.

Throughout the paper, we abuse notation by identifying a probability measure with its density w.r.t.
Lebesgue measure. To this end, for two probability distributions p < v, we denote by

2 q
— P 20y [P 1 p
H,(p) f/plogy, Xo(p) ~—/ ;b Bawlp) = — 1log/yq_1

the KL divergence, the Chi-squared divergence, and the Rényi divergence, respectively. Note that Ry, =
log(1+x2), Ry, =H,,and R;, < Ry, forany 1 < ¢ < ¢’ < oo (Rényi, |1961; [Vempala & Wibisono, [2019).
We denote by Ws the Wasserstein-2 distance (Villani, 2021). Recall a probability distribution v satisfies
LSI with constant Crgr > 0 (1/Crgr-LSI) if for every p, H,(p) < %Jy(p), where the Fisher information
Ju(p) is defined as J,(p) = E,[||[V1og £[|?]. A probability distribution v satisfies PI with constant Cp; > 0

(1/Cpi-Pl) if for any smooth bounded function ¢ : RY — R, we have E,[(¢) — E, (¢))2] < CpiE, [| V4.

Theorem 2.2 ((Chen et al., 2022, Theorem 3)) Assume that 7% o< exp(—f) satisfies \-LSI. For any
initial distribution pg , the k-th iterate pi of Algorithm|1| with step size n > 0 satisfies

H.x (py)

Hox(py) < =0~
(pk) (1+)\77)2k

Moreover, for all g > 1,
Ry xx (1)

R, x(p¥) < —ar* o/
q, ( k) (1+)\77)2k/q

Theorem 2.3 ((Chen et al., 2022, Theorem 4)) Assume 1% o exp(—f) satisfies \-PI. For any initial
distribution pf, the k-th iterate p;x of Algorithm |1 with step size n > 0 satisfies

Xix (pg()

2 X
Xax (P ) S ———35
x (i) (14 An)**

Moreover, for all g > 2,

2k log(1+X .
Rq,ﬂ'x (pé() - w ) ka < W[{‘FW (Rq,ﬂ'x (pé() - 1) ’

Ry -x(pp) < 2(k—k )

I 1/(1 + A)>FRo/a, if k> ko = [grctimy (Bonx () — D]
Theorem 2.4 ((Chen et al., 2022, Theorem 2)) Assume that 7% o exp(—f) is log-concave. For any
initial distribution py , the k-th iterate pyX of Algorithm |1l with step size n > 0 satisfies

20X X

Hox (o) < T2

To use the ASF for sampling problems, we need to realize the RGO with efficient implementations. In the
rest of this paper, we develop an efficient algorithm for RGO associated with a potential satisfying ,
and then combine it with the ASF to establish a proximal algorithm for sampling. The complexity of the
proximal algorithm can be obtained by combining the above convergence results for ASF and the complexity
results we establish for RGO. The rest of the paper is organized as follows. In Section [3|we consider a special
case of with n = 1, develop an efficient implementation for RGO via rejection sampling, and establish
complexity results for sampling from distributions with non-convex and semi-smooth potentials. In Section[d]
we extend the aforementioned complexity results to the general cases . In Section |5 we specialize (1) to
the case where f is convex. In Section [6] we present preliminary computational results to demonstrate the
efficacy of the proximal sampling algorithm. In Section [7} we present some concluding remarks. Finally, in
Appendices [AHE] we present technical results and proofs omitted in the paper and provide a self-contained
discussion on solving a subproblem in the proximal sampling algorithm.
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3 Proximal sampling for non-convex and semi-smooth potentials

Our main objective in this section is to establish complexity results for sampling from distributions with
non-convex and semi-smooth potentials satisfying with n =1, i.e.,

1f/ () = £'(v)

We refer to such a function an L,-a-semi-smooth function.

“ Vu,veR (3)

< Lo|lu—w

The bottleneck of Algorithm [1| for sampling from a general distribution exp(—f) is an efficient realization
of the RGO, i.e., step 2 of Algorithm To address this issue, we develop an efficient algorithm for the
corresponding RGO based on rejection sampling. We show that, with a carefully designed proposal and
a sufficiently small 7, the expected number of rejection sampling steps to obtain one effective sample in
RGO turns out to be bounded above by a dimension-free constant. The core to achieving such a constant
bound on the expected rejection steps is a novel construction of proposal distribution that does not rely on
the convexity of f and a refined analysis that captures the nature of semi-smooth functions. We utilize a
useful property of semi-smooth functions that they can be approximated by smooth functions to arbitrary
accuracy, at the cost of increasing their smoothness parameters. This is formalized in the following lemma,
of which the proof is postponed to Appendix Relevant ideas have been explored in Devolder et al.| (2014);
Nesterov| (2015]) to design universal methods for convex semi-smooth optimization problems.

Lemma 3.1 Assume f is an L -a-semi-smooth function, then for § > 0 and every u,v € R?

M 1—a)d
M=o+ 129

£ = F0) = (@) u—v)] < 5 = @

where )
L3t
M=—. (5)
[(a + 1)d]) =1

Our algorithm is inspired by |Liang & Chen| (2022}, which also uses rejection sampling for RGO. The proposal
of rejection sampling used in |Liang & Chen| (2022) is a Gaussian distribution centered at an (approximate)
minimizer of the regularized potential function. We thus consider the regularized optimization problem

prox, ;(y) := argmin , cpa {f;(x) = f(x) + %Hm _ y||2} , (6)

where y € R? is given. Departing from the convex setting studied in Liang & Chen| (2022)), when f is non-
convex and semi-smooth, @ may not be a convex optimization regardless of the value of 7. Nevertheless,
thanks to Lemma J,) is close to a strongly convex and smooth function up to some approximation
error, and @ can still be solved efficiently using convex smooth optimization algorithms such as Nesterov’s
acceleration. We describe a variant of the method in Algorithm [3]in Appendix[D] The following proposition
presents a complexity result of Algorithm [3[for finding an approximate stationary point of f;] with a small
7. Its proof is postponed to Appendix

Proposition 3.2 Assume n < ﬁ, and let w € R? be an approzimate stationary point of Iy ie.,
1
sl <V Md, S=f'(W)+5(w—y)7 (7)

where M is as in . Then, the iteration-complexity to find w with Algom'thm@ is @(1)

With this approximate stationary point, we obtain the following key ingredients of our rejection sampling-
based RGO.

Lemma 3.3 Let w* € RY be a stationary point of Iy ie,
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and w be an approrimate stationary point as in . Define

M 1 1—a)d
Y (@) 1= F(w) + ()2~ ) = 2 e~ w]? + ol — g2~ L5 (9
0
B0) = £w") + (w0 + G o= w4 gl -l + G (10)
Then, we have for every x € R?, )
e () < f(z) < BY (). (11)

Proof: Inequalities in directly follow from and the definitions of hY’, and h%"; in @D and ,
respectively. [

We are now ready to present the rejection sampling algorithm (Algorithm [2)) for RGO.

Algorithm 2 RGO Rejection Sampling
1. Compute an approximate solution w satisfying @ with Algorithm
2. Generate sample X ~ exp(—h{’, (z))
3. Generate sample U ~ U[0, 1]
4. If

exp(— /(X))
~ exp(=hy, (X))’

then accept/return X; otherwise, reject X and go to step 2.

By construction, the proposal o exp(—h{,(z)) is close to the target XY (z | y) o exp(—f;(v)) when 7

is sufficiently small, and hence the expected number of rejection steps is small. The following proposition
rigorously justifies this intuition.

Proposition 3.4 Assume f is Lo-a-semi-smooth and let f)] be as in @ Then X generated by Algorithm
@follows the distribution 7Y (z | 3) o exp (=f(x)). Moreover, if

l1—a
1 a+ 1)0]eF1
Lstd
. . . . . 3(1—a)d
then the expected number of rejection steps in Algomthm@ is at most exp (# + 3).

Proof: It is well-known in rejection sampling X ~ 7X!Y(z|y). By definition, the probability that X is
accepted is

ep(-fI(X)) \ [ (=R ep(-hpy () [en(-f@)ds
g (U = eXp(—h’ﬁy(X))> -/ exp(—hY, () Jexp(—ht, ()dz "~ Jexp(—h, @)dz

Using the above identity, , and Lemma we have
b (U _ (/X)) ) o Joo(=hg, (2)de

exp(—ht, (X)) ) — [exp(=hi,(x))dx
(- nM)dxz exp (5w = () + (F/(w).w) — & ll? — 1520)
L4+nM exp (%”wHQ + 2(1_7777M) [[s[]* = f(w) + %(w,y —w) - %HyHQ + kTaé)

() e (- )

Ll = fw) + fw) + (F (), w) %<w,y - w>) . (13)

1 * (12
X exp %Hw [ “ o
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It follows from (4)) with (u,v) = (w,w*) that

M 1—a)d
)+ F) 44 )0 ) < 2 w2 L2
which together with implies that
L) = S fwll? = fw®) + Fw) + (F(w"),w") — = (w,y — w)
21 2n ’

1 * (12 1 2 * / * * *
=2nllw I —%Ilwll — f(w*) + f(w) + (f'(w),w") = = (w,nf (w") + w" - w)

:\»—ﬂd\'—‘

1 * |12 * / * *
=g v = wIF = f7) 4 flw) + (f(w), w” —w)
7(1704)5> (I1-a)d

*||2 _
2 - 2 ’

1
>—Jlw—w
2n
where the last inequality is due to (12). Plugging the above inequality into , we obtain
exp(—f1(X 1—nM\"? 3(1—a)d
p(o< SPCHE) o (10) e (-250 - ).
exp(—hl,y(X)) 14+n0M 2 2(1 —nM)

Hence, using the above bound, and , we arrive at the following bound on the expected number of
rejection iterations

/2
1+77M> (3(1—04)(5 n 9
< exp + [[sll
CX(f(X) <1M 2 2(1— M
(U < Solht, o) (X))) 7 (1= nM)

P
d/2 . . 2
(1+ 20l > exp (3(1 o +n||s||2> < (1+ 4™ exp (3(1 9, Ll )

1—nM 2 Md

) (059 4 1) <o (25 1),

IA

2

Note that J is a tunable parameter. Choosing a large 6 makes M small and 7 large in view of and ,
respectively. Such a choice results in a better complexity of ASF but a larger number of expected rejection
steps in RGO. Combining Proposition and the convergence results of ASF we obtain the following non-
asymptotic complexity bound to sample from non-convex semi-smooth potentials. This complexity bound
is better than all existing results when « € [0, 1), see Table [1] for comparison.

Theorem 3.5 Assume f is L,-a-semi-smooth and 7% o exp(—f) satisfies PI with constant Cpr. With

2
initial distribution pf and stepsize n < 1/(L&""d), Algom'thm using Algom'thm@ as an RGO has the
iteration-complexity bound

o (ommdlog Cox (pé‘)) (14)

to achieve € error to the target ™% in terms of Chi-squared divergence, and
- 2
O (CrrLd™ admy s (1)) 022 (15)

to achieve € error in Rényi divergence R, .x. Each iteration queries @(1) subgradients of f.

Proof: The result is a dlrect consequence of Theorem [2.3] Proposition [3.2] and Proposition with the
choice of stepsize n < 1/(L“+1 d). n
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Remark: When the coordinate is scaled by v as x — ~x, by definition, the semi-smoothness coefficient
becomes y*T1L,, and the PI constant becomes Cpr/v2. By Proposition to attain O(1) complexity for

l-a l-a

the RGO, the stepsize should be n < KQH)O]E = KQH)@ . Thus, applying Theorem [2.3{ the total
(rHLa)THTd  2pig

complexity remains the same as that without coordinate scaling. [

4 Proximal sampling for non-convex composite potentials

This section is devoted to the sampling from distributions with non-convex composite potential f satisfying
(1). Results presented in this section generalize those in Section |3, which are for the setting with n = 1.
Although Section |3|is developed for the simple case where n = 1 in , the proof techniques apply to the
general case of Hence, to avoid duplication, we present the following results analogous to those in
Section [3] without giving proofs.

The following lemma is a direct generalization of Lemma which shows that functions satisfying can
be approximated by smooth functions up to some controllable approximation errors.

Lemma 4.1 Assume f satisfies , then for any 6 > 0, we have

F) — F0) — (/@) =) < o2 30 G2 gy e e, (16)
i=1

where

n LO‘_LJFI
My =3 — . (17)

The next proposition is a counterpart of Proposition [3.2] and gives the complexity of solving optimization
problem @ in the context of .

Proposition 4.2 Assume n < 1/(M,d), and let w,, € R? be an approzimate stationary point of Iy such
that || f' (wy) + %(wn —y)|| < VM,d. Then, the iteration-complezity to find w, with Algorithmla is O(1).
Again, the core to the proximal algorithm (Algorithm [1)) is an efficient implementation of RGO. We use
Algorithm [2| with slight modification as a realization of RGO in the context of . First, in step 1 of
Algorithm [2] we use Algorithm [3]to compute w,, as in Proposition [4.2] instead of w. Second, in steps 2 and
4 of Algorithm [2| instead of using hY’, as in @, we define hy’, as follows,

" M, 1 " (11— ay)d

WYy (@) = f(w) + (f'(w), = w) = o = wl* + %le —ylIP =
i=1

where M, is as in ([17). The next proposition is a generalization of Proposition

Proposition 4.3 Assume [ satisfies and let f;] be as in @ Then X generated by Algorithm@ with

1

modification follows the distribution mX!Y (z | y) o exp (—fg(x)) Moreover, if n < 17—,

then the expected
3 " (1-a;)8

number of rejection steps in Algom'thm@ s at most exp (231—12(0‘) + 3).

In the rest of this section, we present two results on the complexity of sampling for non-convex composite

potentials where the target distribution satisfies either LSI or PI. Our complexity bounds are better than all
existing results when min a; € [0,1), see Table [1f for comparison.

Theorem 4.4 Assume f satisfies and ™™ o exp(—f) satisfies LSI with constant Crsy. With initial
2
distribution p§ and stepsize n < 1/ <Z?_1 Lg;“d), Algorz'thm using the modified AlgorithmH as an

8
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RGO has the iteration-complexity bound

o (CLSI > oLaT d) (18)
=1

to achieve € error to ™ in KL divergence. Each iteration queries @(1) subgradients of f and generates O(1)
samples in expectation from Gaussian distribution.. Moreover, for all ¢ > 1, the iteration-complexity bound
to achieve € error to ™% in Rényi divergence Ry ~x is

@) (OLSI > oLa dq> .

i=1
Proof: This theorem is a direct consequence of Theorem [2:2] and Propositions [{-2}{4.3] "
Theorem 4.5 Assume [ satisfies and ™% o exp(—f) satisfies PI with constant Cpr. With initial
2

distribution pg and stepsize n < 1/ <Z?_1 L&Xf“d), Algom'thm using the modified Algorithm as an
RGO has the iteration-complezity bound

. "2

o (cm > Lo dlog X2k (o) )) (19)

i=1

to achieve € error to the target ™% in terms of Chi-squared divergence, and

N nooo_2
@ (CPI Z L;;+l qdRq,ﬂ'X (pé()> ) q > 2 (20)
i=1

to achieve € error in Rényi divergence R, .x. Each iteration queries @(1) subgradients of f and generates
O(1) samples in expectation from Gaussian distribution.

Proof: This theorem immediately follows from Theorem 2.3 and Propositions "

5 Proximal sampling for convex composite potentials

For completeness, in this section we present a complexity result for sampling from distributions with convex
potential f satisfying . We only consider the weakly convex setting here as strongly log-concave distri-
butions satisfy LSI and are thus covered by Theorem [£:4 The result is a consequence of Theorem [2.4] for
log-concave densities combined with our RGO implementation. In particular, Lemma [4.1] and Propositions

apply to this setting. Hence, using Theorem and Propositions we directly obtain the
following complexity result. Note our result is applicable to composite potentials with any number of com-

ponents while most existing results are only applicable to composite potentials with at most two components.
We also present an alternative result via a regularization approach in Appendix [C]

Theorem 5.1 Assume f satisfies and ™% o« exp(—f) is log-concave. With initial distribution pf and
_2
stepsize n < 1/ (Z?_l Lot d ), Algorithm |1| using Algorithm |4 as an RGO has the iteration-complexity

bound

o

_2
5 [ W3loo, m™) 3oy Lai ™ d
€

to achieve € error to the target mX in terms of KL divergence. Each iteration queries O(1) subgradients of
f and generates O(1) samples in expectation from standard Gaussian distribution.

Proof: This theorem is a direct consequence of Theorem [2.:4] and Propositions [£-2}{4.3] "
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Histogram Trace Plot

iteration

Figure 1: Gaussian-Lasso mixture using the proximal sampling algorithm

6 Computational results

In this section, we present a numerical example to illustrate our result. We consider sampling from a
Gaussian-Laplace mixture

v(x) = 0.5(2m) "2\ /det Q exp(—(z — 1) T Q(x — 1)/2) + 0.5(2%) exp(—||4z||,)
where Q =USUT, d =5, S = diag(14, 15,16, 17,18), and U is an arbitrary orthogonal matrix.

We run 500,000 iterations (with 100,000 burn-in iterations) for both the proximal sampling algorithm and
LMC with n = 1/(Md) where d =5 and M is as in with (o, L) = (1,27) and 6 = 1. Histograms and
trace plots (of the 3-rd coordinate) of the samples generated by both methods are presented in Figures
and 2] The average numbers of optimization iterations and rejection sampling iterations in Algorithm [2] are
1.5 and 1.3, respectively. In addition, we also run 2,500,000 iterations (with 500,000 burn-in iterations)
for LMC with n = 1/(5Md). Figure |3| presents the histogram and trace plot for this LMC. The red curves
in histograms are the scaled target density v(z). Figures EI and [5| show the results for MALA in the same
settings as those of Figures [2] and [3] respectively. In these experiments, we observe that our algorithm
achieves better accuracy under the same computational budget constraints.

7 Conclusions

In this paper, we develop a novel proximal sampling algorithm for distributions with semi-smooth potentials
and establish complexity-bound results for the proposed method under the assumption that distributions
are log-concave or satisfy LSI or PI. Our proximal algorithm is based on the ASF, which resembles the
proximal point method in optimization. Each iteration of the ASF generates a sample from a regularized
target distribution by querying the RGO, which is itself a challenging algorithmic task due to the lack of
smoothness and possibly convexity. The core to our approach is an efficient realization of the RGO based
on rejection sampling. We develop a novel technique to bound the expected number of rejection steps in the
RGO, which leads to competitive complexity results to sample from semi-smooth and possibly non-convex
potentials.
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A Technical results

This section collects the definition of Frechet subdifferential and a few technical results that are useful for
the analysis of RGO in Section [3]

Definition A.1 (Frechet subdifferential) Let f : R” — R U {oc} be a proper closed function, then the
Frechet subdifferential is defined as

of (z) = {v € R™ : lim inf fy) = f@) = vy =) > O}.

yoe ly — |

The first result is the well-known Gaussian integral.

Lemma A.2 A useful Gaussian integral: for any n > 0,

1 2 d
= da = (2m)?/2.
[ e (=5l ) o = 2mn)

The following lemma shows that f] as in @ is close to a strongly convex and smooth function when 7 is
small. This result is used in Proposition

Lemma A.3 Let f]! := f + %H -—y||? and (f =f+ %( — ), then we have for every u,v € R?,

1/1 2 (1—04)(5 n n LAY
! (n—M) = ]2 = S22 < fw) = £(0) = (£ (@) u =)

(717 + M) o —of2 + E=2°

<
- 2

DO =

Proof: Using the definitions of f;) and (f;})’, we have
£ ) = £ () = ((£)) (v),u = v)

—f(u) — F) — (f'(v),u— o) + %nu —yl? - inv —yl? - %<v —yu—v)
—f(w) - F(0) = (f' (W) u—v) + %nu -

The lemma now follows from above identity and . [
The next lemma gives equivalent formulas of [ exp(—h{,(z))dz and [ exp(— 72"; (z))dx that are useful in

Proposition

Lemma A.4 Recall w and w* are defined in Pmposition and Lemma respectively. Let hY, and hg”;
be as in @[) and , respectively. Then, we have the following integrals

. /2
Jesplentanas = ({270 ) exp (Ea(w). 21)
- d/2
[ty enas = () e (afu)). (22)
where
(1) = 5ol + gyl = 1) + < = ) = gl + =5 (23)
() = gl | = F() + (). = ol = <5 (24

16
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Proof: We first rewrite hfy and hé"y as follows

w

(@) =Fw) + (7w = w) = G o —wl + 5oyl - LS

1-—nM
—

nM 1 n

_ !
x+1—77Mw 1—77My+1—77Mf(w)

1
- |InMw —y +nf'(w)|?
Qn(lan)H (w)]

M _
+ ) = (') w) = 5 ol + 5ol = 5% (25)
and

*

M 1 1—a)d
hy (@) =f(w*) 4+ (f'(w*), z —w*) + - Il = w*||? + %Hx -yl + d—o)?

2

2n 14+nM 14+nM 14+ nM

1

- M’UJ*+ . /w* 2
s My =g )]

M 1 1-—
H") = (@) + G 4 ol =5 (26)

It follows from and Lemma that

exp

[ et o = (5 f”:M)d/z exp (i (w)) (21)
[ exo(-ng )

- d/2 R
dz = (1<2F nM) exp(Hz(w™)), (28)

where

_mﬂﬁMw —y+nf (W)= fw) + (f'(w),w)

11—«
2

M 9 1 9
w2 - — 5
+ Gl = ol + =5

Hy(w") —WHUMU’* +y = nf (@) = fw) + (' (w*),w”)

M 11—«

1
— w2 = = llyl* = ——.
2 21 2

It suffices to show that Hy(w) = Hy(w) and Hy(w*) = Ha(w*) to complete the proof.

17
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We first verify that H,(w) = H(w). Using the definition of H;(w) above and the definition of s in (@, we
have

1y (1) =g [ = w4 w0 =y 0 () = Fw) + (7 (). )
+ el = oo lwl? + 25
g M = D sl = ) + (7 ().
+ Sl = 5o ll? + <55
ol + el = (a8 + gyl = )+ (f ()
- gl + =5
=gl + el = ) + Sy = w) = gyl + 25

In view of (23], we verify that H,(w) = H,(w) and hence is proved.
We next verify that Hy(w*) = Ha(w*). Using the definition of Hy(w*) and (8), we have

. 1
H(w") ZWHUMW* +w' —w +y = nf (W) = fw) + (f (w*),w")
M, ,, 1, ., l-a
- I = ol - =5
(M D = A 2 — f(w) + (), )
2n(1 +nM) 2 ’
1 s l—-«o
- — - —
sl - 5
1y s . 1, ., l-a
= * o * * ®\ _ 5.
s 01 = )+ (w0 = ol = 25
In view of (24)), we verify that Hy(w*) = Hy(w*) and hence is proved. ]

B Missing proofs

B.1 Proof of Lemma [3.9]

It follows from the assumption that f is L,-semi-smooth that for every u,v € R?,

L
- —{f — )| < =2 |lu—w||*Th 29
£() = 1) = (/@)= )] < == flu o] (29)
Using the Young’s inequality ab < aP/p + b?/q with
L —a 2 2
a=—""fu—vl]**, b=67, p= , q= ;
(a+1)0—= a+1 11—«
we obtain ,
L, Ls™ (I1—-a)d

lu = wf|ott < —=2——
a+1 2[(a + 1)8] =+t 2

Plugging the above inequality into (29)), we have
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This inequality and the definition of M in imply . [

B.2 Proof of Proposition

It follows from Lemma that f) satisfies with

1 1 1—a)d
p=-—M, L=-+M, g (L=0) (30)
n 1 2
Since n < 1/(Md), it is easy to verify that the assumption on p (i.e., vV Md in our case) in Proposition
is satisfied. Hence, it follows from Proposition and that the proposition holds. [

C Sampling from regularized convex semi-smooth potentials

This section presents an alternative approach via regularization for sampling in the same setting as in Sec-
tion i.e., f is convex and satisfies . More specifically, the alternative complexity result is obtained by first
applying Theorem [2.2] on a regularized convex semi-smooth potential and then specifying the regularization
parameter.

We consider the following regularized potential with some u > 0,

OESIORS-TREal (31)

which is clearly I strongly convex by construction. Hence, exp(— f ) satisfies p-LSI and Theorem is
applicable. Since f is p-strongly convex, improved versions of results in Section 4| I can be obtained. We omit
the proofs since they can be easily obtained by following similar ideas in the proofs given in Section [3]

Lemma C.1 Assume f is a convex function and satisfies , then for 6 > 0 and every u,v € R?, we have

Flu) — f0) — {7/ (0)u—v) < LBy H2+Z

A

fu) = fw) = (f'(v);u—v) = §||u -l

where f and M, are as in and , respectively.

Proposition C.2 Assume n < and let w € R? be an approximate stationary point of

M d’
iy { 770 i= @) + o llo =i} @)
i.e., )
Iol < Vihd, 5= Fu)+ 1w -) 3

where M, is as in . Then, the iteration-complezity to find w by using Algom'thm@ is (5(1)

Lemma C.3 Let w* € R? be a stationary point of f{], i.e.,

f1(w) + %(w* —y) =0,

Define
N A A 1
(@) = )+ (P ) e —w)+ Tlle —wl® + 5ol =y,

M, + p
2

1 " (1 — )8
* 12 2 1
[l — w|| +%foy\| +;T

hy (@) == fw) + (' (w"), 2 —w”) +
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where w s as in . Then, we have for every x € R?,
hiy () < fif (z) < hy, ().

Proposition C.4 Assume [ is conver and satisfies and let f?’] be as in . Then X generated by
Algom'thm@ (with , fy, and by, (x) replaced by , f;’, and /Aﬁ”y(x), respectively) follows the distribution

XY (z | y) o< exp (—fg(a:) . Moreover, if n < ﬁ, then the expected number of rejection steps in Algorithm

@ is at most exp (Z?:l W + 1).

Proposition C.5 Assume f is convex and satisfies , and letf be as in . With initial distribution pg
_2
and stepsize n < 1/ (Z?zl Lgit d>, Algom'thm using Algom'thm% as an RGO achieves € error in terms

of KL divergence with respect to exp(—f) in

_2

- LSt d

6 | Zizmtlal d (34)
I

iteration, and each iteration queries (’5(1) subgradient oracle of f and O(1) Gaussian distribution sampling

oracle.

Proof: By construction, f is p-strongly convex and exp(— f) satisfies p-LSI. Using Theorem starting
from initial distribution py, it takes
1 g (p5)
2un €

iterations for Algorithm |1] to achieve e error to exp(— f) with respect to KL divergence.

By Propositions and Algorithm [2] queries O(1) subgradient oracle of f and O(1) Gaussian distri-
bution sampling oracle. Complexity then follows by plugging n into . [

Building upon Proposition for sampling from exp(—f(z)) = exp(—f(z) — pllz — 2°]|2/2), we establish a
complexity result, in the following theorem, to sample from the original target distribution 7% oc exp(—f)
by choosing a proper regularization constant p.

(35)

Theorem C.6 Let % o< exp(—f(x)) be the target distribution where f is conver and satisfies , Let
20 € R? and £ > 0 be given and set

3

,LL =
V2 (VMy 4 1120 = Zmin2)
where My = [pal|# — min|*dr™ (z) and zpin, € Argmin{f(z) : z € R}, With initial distribution pg

_2__
and stepsize n =< 1/ (Z?_l L§§+1d), Algom'thm using Algom’thm as an RGO for step 1, applied to

(36)

v o exp(—f) = exp(—f — pl| - —2°||2/2) has the iteration-complexity bound

_2
O Z?:l Laaf“ d (V My + ”330 - xmin||2)
€

(37)

to achieve € error to ™% in terms of total variation.

Proof: Let pX denote the distribution of the samples generated by Algorithm [1| using Algorithm [2| as an
RGO. Following the proof of Corollary 4.1 of |Chatterji et al.| (2020), we obtain

o™ = a¥ v < llp™ = vllzv + v = 7¥lrv

20
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and

o vl = 3 ([ - fopart) =L ([ (G- ) )

i , 1/2
5 (L = ol + i = 271 4

Rd

1/2
£ (/ (2f|z — Tonin||* + 2||Zmin — 330\\4) dnX (x))
2 \Jra

V2 172 V2 £
= 25 (Ma+ amin — 21" < 25 (VMa+ llzo = 2minl?) = 2
where the last identity is due to the definition of u in . Hence, it suffices to derive the iteration-complexity
bound for Algorithm 1] to achieve ||p* — 7% ||rv < /2, which is ([37) in view of Proposition |C.5|with y as in
. Note that even though the complexity result in Proposition is with respect to KL divergence, one
can get the same order of complexity with respect to total variation using Pinsker inequality. L]

IN

D Solving the optimization problem

In this section, we use Nesterov’s acceleration to establish the iteration-complexity for solving a general
optimization problem that is nearly strongly convex and nearly smooth. This general result is then applied
in Section |3| to find an approximate stationary point of f/ (see Proposition .

We consider the optimization problem min{g(z) : z € R%}, where g satisfies
L
B~ vl]? 0 < gfu) — glv) — {6/ (W), u—v) < Zllu—vl?+0, Vu,ve R, (38)

for some given 8 > 0, p > 0, and L > 0. We use Nesterov’s accelerated gradient method to find a p-
approximate stationary point w such that ||g’(w)|| < p. We also establish the iteration-complexity to obtain
a p-approximate stationary point.

Algorithm 3 Accelerated Gradient Method
0. Let an initial point xg, parameters L, ;x > 0 be given, and set yg = xg, Ag =0, 70 = 1, and k = 0;
1. Compute

+ /72 +4m, LA
Tk Tk2L Tk k, Ak+1 :Ak‘Fak, (39)

Qg =
5 A + apx
Th+1 = Tk + Qklh, Tk = W (40)
k+1
2. Compute
. L - 2
enr = argmin L y(u) + o — 24l | (41)
u€ER4
. Tk 2
Tpy1 1= argmin {ak’yk(u) + ?Hu — x| } , (42)
u€Ra
where "
Vi (u) = g(Zx) + <9'(i‘k)7u—5?k>+§|Iu—i"k||2; (43)
3. Set k < k+ 1 and go to step 1.
Lemma D.1 For every k >0 and u € R?, we have
0 < g(u) — i) < 5 ju— 32 + 6. (44)
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Proof: This lemma directly follows from and the definition of v in . [
Lemma D.2 For every k > 0, the following statements hold:
a) Ax+1 = Lai /7i;

b) Apy1 >+ (1 I 2\\?)%;

¢) Z?:o Aper > eXp(Q(k+(1)(6 )1)/5) where 3 =1+ &

Proof: a) This statement directly follows from (39).

b) It is easy to see from , Ap =0and 79 =1 that A; = 1/L. Using the definitions of Ay and 73 in
and , respectively, and the facts that Ag = 0 and 79 = 1, we easily derive that

Tk = To + App = 1+ Agp. (45)
It follows from that

A=A =A > Ap + — >
k41 kT ak K+ oL +2L+ N L

The above inequality and (45]) imply
V1+Agu < VI >
/A > /A +7 VA, + F— > [ 1+ Y= | VA
= ovL —\ Tavi) VT

This statement now follows from the above relation and the fact that 4; = 1/L.

¢) Noting from b) that Ay, ; > 5% /L, which together with the fact x > exp((z — 1)/z) for x > 1, implies
that

ZAM > = ; Zﬂm _ 52(k+1) -1 o exp(2(k+1)(B—1)/8) — 1.

-1 - L(p*—1)
L]
Lemma D.3 For every k > 0, define
te(u) = Ac [g(ye) — 9(w)] + o llu — . (46)
then for every u € R%, we have
S AR h1 = Bl < 1 () = g (u) + 245416, (47)

Proof: Using the fact ~; is convex and the definition of Zj in , we have

-
Ay () + aryi () + 5 [lu—
Apyr + aku) AL || Akyr +aku
>A + -z
k+17k ( Apir 2“% Apit k
A Akyk + aru " £ Akyk —+ aru B 2
=Ak+1 [Tk 7141@-&-1 B 714“1 k

. L -
> Ak min {’yk(u) + §||u — xk||2}

) I )
=Apt1 |76 Yrt1) + §||yk+1 - ka||2} )

22



Under review as submission to TMLR

where the first identity is due to and the second identity is due to the definition of yx11 in . It
follows from the second inequality of with u = yx41 and the above inequality that

7 i
Api1 [g(ykJrl) -0+ §Hyk+1 - CEkHQ}

L -2
< Apgr [e(Wrt1) + EHka — Tkl

Tk
< Arv(yr) + awye(@r1) + o o = |
(L=
2
where the last inequality is due to and the fact that agyg + 7kl - —2x|?/2 is Tk41-strongly convex.
Rearranging the terms in the above inequality, we obtain

.
SAka(yk)Jrak'yk(u)JrEkHufx lu — oy

5 Akally -

Tk+1|

.
<A (i) + axye () + 5w = apl® = S5 = wrga P = Ak [9(um4n) — 6]

T T,
=4 [9(ur) — 9] + 3 llu = ill* = Ay [9(r1) — 9(w)] = =5 lu — i
+ Ak [ve(yr) — ()] + ak [vi(u) — g(u)] + Ag410
<ti(u) — terr1(u) + 245410
where the identity is due to the fact that A1 = Ag + ag, and the last inequality is due to and the first
inequality of . [

Proposition D.4 If p > 2v/2(u + L)\/é/\/ﬁ, then the number of iterations kg to obtain a p-approximate
stationary point of g is at most

0= (48)

2\/p 2/
Proof: It follows from the optimality condition of that
g (@) = (n+ L) (Zk — Yrt1)-

Using the above relation and summing with v = z* from k =0 to k — 1, we have

M 2_ M
— Al Z; Az 4 — I
STTESAE Z +1llg’ (@)]1* = ; +1llyin — &

WL+ Vi, <(u+L)2d3 2ﬁ+\m+1>
P '

k—1 22
< tolx +2ZA1+19_?° ZZAZHH

=0

where the last identity follows from the facts that Ag = 0 and 75 = 1. The above inequality and the
assumption on p imply that

. i +L)? d? +L)? d3 i
min ()2 < VD () RS b 7
0<i<k—1 i SV A w3 A 2

In order to show ming<;<x—1||¢’(Z;)|| < p, it suffices to show

)2 2 2
(M + ) kilO < & (49)
H Zi:o Ai+1 2
Using Lemma (c) and the fact that k > ko where ko is as in , we have
= exp(2k(8—1)/8) =1 _ 2(u+ L)*d3
Z A1+1 = 2 2 2 Y
— L(p? - 1) 1P
and hence is proved. "
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E Approximate implementations of ASF

The implementation of RGO in Algorithm [2]is exact, hence the samples of both RGO and ASF are unbiased.
In contrast, it is shown in Theorem 1 of [Wibisono| (2019) (resp., Theorem 2 of [Vempala & Wibisono (2019))
that the proximal Langevin algorithm (PLA) (resp., LMC) is biased. From the perspective of proximal
sampling, we give an explanation of this fact by showing that PLA and its equivalent method, namely,
proximal Langevin Monte Carlo (PLMC) of Bernton| (2018), can be viewed as an instance of ASF whose
implementation of RGO is inexact.

Assume the potential function f is convex and smooth. Recall that PLMC iteratively generates samples
as follows: given 3, € R? then the next sample yj4, takes the form of yz,1 = prox, ¢ (yx) + /2nz where
2 ~N(0,1I). Tt is easy to verify that the following algorithm gives an equivalent form of PLMC.

Algorithm 4 Proximal Langevin Monte Carlo (Bernton, [2018)

1. Sample xj ~ exp[—ﬁHﬁC - PYOan(yk)||2]

2. Sample yri1 ~ 77X (y | 2x) o exp[—5- [y — z]|?]

Next, we show that PLMC is an approximate implementation of ASF. Similar to ASF, PLMC also alternates
between steps 1 and 2. More specifically, step 2 of PLMC plays the same role as step 1 of ASF, and step
1 of PLMC can be viewed as sampling from the proposal density o exp[—hi(z)] without rejection, where
hi(z) = f}}) (prox, ;(yx)) + ﬁHx — prox, ¢ (yx)||> < f} (x). Since f]] () is the potential function of the RGO
in step 2 of ASF. Hence, step 1 of PLMC is an approximate implementation of the RGO. As a result, both
PLMC and PLA are approximate implementations of ASF, and thus they are biased.

Following a similar argument, we show that LMC can be viewed as an instance of ASF whose implementation
of RGO is inexact. Assume f in the target distribution 7w o< exp(—f) is convex and smooth and recall that
the iterative step in LMC can be described as

Yir1 = yk — NV (ye) + /202, 2~ N(0,1). (50)

We claim that the following algorithm gives an equivalent form of LMC from the proximal sampling
perspective.

Algorithm 5 Langevin Monte Carlo
Y|X (

1. Sample y, ~ 7 y | zp) exp[f%nHIk —yl?]
2. Sample zp11 ~ expl—g. |z — y + 7V f(y) ]

Indeed, steps 1 and 2 can be equivalently written as

Tet1 =Yk — NV F(Yr) + N2k, 2k ~ N(0, 1),
Yk+1 = Tk+1 + \/ﬁzl/ca Z],c ~ N(Oal)a

where yi41 is the sample from step 1 in the next iteration. Combining the above identities, we have
/N d
Yrr1 = Yo — 0V () + vz + 25) =y — 0V f(yr) + /202, 2~ N(0,1).

Moreover, LMC and ASF share the same step 1, and step 2 of LMC equivalently generates xy;1 from
exp[—hi(x)] where

ha() = ) + (V)7 — i) + %nx el (51)

Using the definition of hy in and the convexity of f, we have

ha(z) < f(z) + %ux )

24



Under review as submission to TMLR

Note that f;! (z) is the potential function of the RGO in step 2 of ASF. Hence, step 2 of LMC can be
interpreted as an RGO implementation with the proposal density exp[—h;(x)] but without rejection. As a
result, LMC is an approximate implementation of ASF and thus LMC is biased.

It is worth noting that many other sampling algorithms, for example, symmetric Langevin algorithm of
Wibisono| (2018) and Metropolis-adjusted proximal gradient Langevin dynamics of Mou et al.| (2019)), can
also be shown to be approximate implementations of ASF in an analogous way.
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